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Abstract

Compressed Sensing (CS) is an appealing framework for applications such as Magnetic
Resonance Imaging (MRI). However, up-to-date, the sensing schemes suggested by CS the-
ories are made of random isolated measurements, which are usually incompatible with the
physics of acquisition. To reflect the physical constraints of the imaging device, we introduce
the notion of blocks of measurements: the sensing scheme is not a set of isolated measure-
ments anymore, but a set of groups of measurements which may represent any arbitrary shape
(radial lines for instance). Structured acquisition with blocks of measurements are easy to
implement, and they give good reconstruction results in practice. However, very few results
exist on the theoretical guarantees of CS reconstructions in this setting. In this paper, we fill
the gap between CS theory and acquisitions made in practice. To this end, the key feature to
consider is the structured sparsity of the signal to reconstruct. In this paper, we derive new
CS results for structured acquisitions and signal satisfying a prior structured sparsity. The
obtained results are RIPless, in the sense that they do not hold for any s-sparse vector, but
for sparse vectors with a given support S. Our results are thus support-dependent, and they
offer the possibility for flexible assumptions on the structure of S. Moreover, our results are
also drawing-dependent, since we highlight an explicit dependency between the probability
of reconstructing a sparse vector and the way of choosing the blocks of measurements.

Key-words: Compressed Sensing, blocks of measurements, structured sparsity, MRI, exact
recovery, {1 minimization.

1 Introduction

Since its introduction in [CRT06b, Don06], compressive sampling triggered a massive interest in
fundamental and applied research. However, despite recent progresses, existing theories are still
insufficient to explain the success of compressed acquisitions in many practical applications. Our
aim in this paper is to extend the applicability of the theory by combining two new ingredients:
structured sparsity and acquisition structured by blocks.

1.1 A brief review of existing results

Compressed sensing - as proposed in [CRT06a] - consists in recovering a signal x € C", from
a vector of measurements y = Ax, where A € C™*" is the sensing matrix. Typical theorems



state that if = is s-sparse, m 2 slog(n) and A have some good features, then x can be recovered
exactly from y by solving the following /1 minimization problem :

amin el 1)
Moreover, it can be shown that the recovery is robust to noise if the constraint in is penalized.
An important fact about this theorem is that the number of measurements mostly depends on
the intrinsic dimension s rather than the ambient dimension n.

The first sensing matrices studied were generated by selecting a few Fourier coefficients
uniformly at random |[CRT06a]. The theory was then extended to random matrices with i.i.d.
components [CT06] and sensing vectors selected randomly from orthogonal bases [CRT06b] or
discrete or continuous frames [CP11]. An interesting class of sensing matrices for application
was introduced in [Rom09] and based on a convolution with a random vector. In the meanwhile,
different tools were introduced to analyse sensing matrices such as UUP (uniform uncertainty
principle), RIP (restricted isometry property). Many recent works on CS are rather based on
coherence or local coherence [KW14] and RIPless proofs [CP11]. The book [FR13| proposes a
detailed and self-contained description of most of those concepts.

A common aspect of the above results is that they assume no structure - apart from sparsity
- in the signals to recover. Recovering arbitrary sparse vectors is a very demanding property
that precludes the use of CS in many practical settings. To the best of our knowledge, the work
[AHPR13] is the first to consider the recovery of sparse signals with a structured support. To
treat such cases, the authors introduce new concepts such as sparsity by levels.

1.2 The need for new results

One of the main current limitations of CS is the small number of sensing matrices studied so far.
Let us illustrate this insufficiency with a practical example from Magnetic Resonance Imaging
(MRI). This example will be the red thread of the paper.

In MRI, images are sampled in the Fourier domain and can be assumed to be sparse in the
wavelet domain. Under this hypothesis, a byproduct of standard compressed sensing results
[CP11] implies that variable density sampling [PVWI1Il [CCW13, KW14] allows perfect recon-
struction with a limited number of measurements. The theory in [AHPR13]|, based on structured
sparsity, also leads to the same conclusion. This is illustrated in Figure . The white dots
on the left image indicate which Fourier coefficients are probed. As can be seen, 4.6% of the
coefficients are enough to reconstruct a well resolved image.

Unfortunately, probing Fourier coefficients independently at random is infeasible in MRI:
the samples have to lie on piecewise smooth trajectories [CCKW14, BWB14]. One of the most
successful practical sampling scheme in MRI consists of measuring whole lines of Fourier coeffi-
cients at random [LDPO7]. The lines are all parallel and drawn indepently, at random, according
to a certain distribution. This is illustrated in Figure|2|in 2D [ﬂ As can be seen on this example,
compressed acquisitions with a lot of structure make it possible to reconstruct well resolved im-
ages. To the best of our knowledge, there currently exists no theory able to explain this favorable
behavior. The only works dealing with such an acquisition are [PDG15, BBW14]. They assume
no structure in the sparsity and we showed in [BBW14] that structure was crucially needed to
explain results such as those in Figure [2, We will recall this result in Section

1.3 Contributions

The main contributions of this paper are the following: (i) we provide recovery guarantees for
vectors € C" with a fixed support S C {1,...,n}. This is in strong contrast with the usual
works that consider the reconstruction of arbitrary s-sparse vectors. (ii) we provide a theoretical

'"Paper [LDPQ7] considers 3D lines.



justification to the use of block acquisitions in compressed sensing. By doing so, we enrich the
family of sensing matrices available for compressed sensing. The proposed theory has a few
important consequences:

e the concepts of RIP or coherence are not sound anymore. They are replaced by a new
quantity I'(S, ) which explicitly depends on the support S, the sensing vectors and the
drawing probability 7 of measurements.

e the proposed theory allows envisioning the use of CS in situations that were not possible
before. The use of incoherent transforms is not necessary anymore, given that the support
S has some good properties.

e The example given in Figure [2| can be analyzed precisely. In particular, we show that a
block structured acquisition can be used, only if the support structure is adapted to it.
The resulting structures are more complex than the sparsity by levels of [AHPR13].

e The explicit dependency on the support S allows to provide guarantees of reconstruction
for random signals with known distribution.

(d) SNR = 21 dB

Figure 1: An example of reconstruction of a 2048 x 2048 MR, image from isolated measurements.
(a) Sensing pattern from a variable density sampling strategy (with 4.6% measurements). (b)
Corresponding reconstruction via ¢;-minimization. (¢) A zoom on a part of the reconstructed
image. (d) Image obtained by using the pseudo-inverse transform. (e) A zoom on a part of this
image.

1.4 Related notions in the literature

In this paper, structured acquisition denotes the constraints imposed by the physics of the
acquisition, that are modeled using blocks of measurements extracted from a full deterministic



(d) SNR = 21 dB (e)

Figure 2: An example of reconstruction of a 2048 x2048 MR image from blocks of measurements.
(a) Sampling pattern horizontal lines (13% of measurements). (b) Corresponding reconstruction
via ¢1-minimization. (c¢) A zoom on a part of the reconstructed image. (d) Image obtained by
using the pseudo-inverse transform. (e) A zoom on a part of this image.

matrix Ag. This notion of structured acquisition differs from the notion of structured random
matrices, as described in [Raul0] and [DET1I]. Indeed, this latter strategy is based on acquiring
isolated measurements randomly drawn from the rows of a deterministic matrix. The resulting
sensing matrix has thus some inherent structure, which is not the case of random matrices with
i.i.d. entries, that were initially considered in CS. In our paper, the sensing matrix A is even
more structured, in the sense that the full sampling matrix Ag has been partitioned into blocks
of measurements.

We also focus on obtaining RIPless results by combining structured acquisition and struc-
tured sparsity. RIPless results [CP11] refer to CS approaches that are non-uniform in the sense
they hold for a given sensing matrix A and a given support S of length s, but not for all s-sparse
vectors. Nevertheless, existing RIPless results in the literature are only based on the degree of
sparsity s = |S|. A main novelty of this paper is to develop RIPless results that depend explic-
itly on the support S (and not only on its length s) of the signal to reconstruct. This strategy
allows to incorporate any kind of prior information on the structure of S to study its influence
on the quality of CS reconstructions. To the best of our knowledge, this setting has not been
considered so far. Note that preliminary results have been proposed in [GNOS, [HSIGT3].

In [DE11], a more general model on the signal sparsity is also considered. Indeed, it deals
with sparse signals that can be represented in a union of subspaces. Nevertheless, the authors
focus on modifying the recovery algorithm to the chosen assumption on sparsity. In this paper,
any assumption on the support S of the signal to reconstruct can be addressed, including the
case of union of subspaces for instance. Moreover, we do not particularize the reconstruction
method. Indeed, instead of modifying the recovery algorithm (i.e. the ¢;-minimization problem)



as in [DETT, JKN™12], we focus on adapting the sampling scheme to the assumption made on
sparsity. Furthermore, as [AHR14b] suggests, it seems that exploiting structure in sampling is
more efficient that exploiting structure in the recovery algorithm.

1.5 Organization of the paper

The paper organization is as follows. Section [2]gives the formal setting of structured acquisition.
Section (3| gives the main results, with a precise definition of I'(S, 7). Applications of our main
theorem to various settings are presented in Section [4l Technical appendices contain the proofs
of the main results of this paper.

2 Preliminaries

2.1 Notation

In this paper, n denotes the dimension of the signal to reconstruct. The notation S C {1,...,n}
refers to the support of the signal to reconstruct. The vectors (ei)lgigp denote the vectors of the
canonical basis of R?, where d will be equal to n or \/n, depending on the context. In the sequel,
we set Pg € R™ "™ to be the projection matrix onto span ({e;,7 € S}), i.e. the diagonal matrix
with the j-th diagonal entry equal to 1 if j € S, and 0 otherwise. We will use the shorthand
notation Mg € C™*" and vg € C" to denote the matrix M Pg and the vector Psv for M € C**"
and v € C". For any matrix M, for any 1 < p, ¢ < oo, the operator norm || M||,—, is defined as

[Mllp—q = sup [[Muvllg,
lellp<1

with || - ||, and || - || denoting the standard £, and ¢, norms. Note that for a matrix M € R"*",

M locsoe = . [ M)

Finally, the function sign : R” — R" is defined by

1 if x; >0
(sign(x)), = ¢ —1 if ;<0

2.2 Sampling strategy

In this paper, we assume that we are given some orthogonal matrix Ay € C™*™ representing the
set of possible linear measurements imposed by a specific sensor device. Let (Zj), <1<, denote a
partition of the set {1,...,n}. The rows (a])1<i<n € C" of Ay are partitioned into the following
blocks dictionary (Bj);<p< s, such that

B = (a});ez, € CHP™ st Ty c{1,...,n},
with UM T, = {1,...,n}. The sensing matrix A is then constructed by randomly drawing

blocks as follows )

4= Tn (&B@ . @

where (K¢);</<,, are i.i.d. copies of a random variable K such that

P(K = k) = mp,



for all 1 < k < M. Moreover, thanks to the renormalization of the blocks By, by the weights
1/\/Tk, in model , the random block By satisfies

M
B:B
IE( K K):ZB;;Bk:Id, (3)

v
K k=1

since A is orthogonal and (By), ., is a partition of the rows of Ay.

Remark 2.1. The case of overlapping blocks can also be handled. To do so, we may define the
blocks (By)1<p<ps as follows:

1
Bk:< a*) , for 1<k< M,
\/0677; ' Zel-k

M

where U Ty = {1,...,n}. The coefficients (a;),<;<,, denotes the multiplicity of the row aj,
k=1

namely the number of appearances o; = |{k,i € Zy}| of this row in different blocks. This

renormalization is sufficient to ensure the isotropy condition I (@) = Id where K is defined
K

as above.

Note that our block sampling strategy encompasses the standard acquisition based on isolated
measurements. Indeed, isolated measurements can be considered as blocks of measurements
consisting of only one row of Aj.

Remark 2.2. More generally, the theorems could be extended - with slight adaptations - to the

case where the sensing matrix s
B,
A= — :

I :
By

m

where By, , ..., Bk, arei.i.d. copies of a random matriz B € C™" satisfying
E(B*B) =1d.

The integer b is itself random and 1d is the n xn identity matriz. Assuming that B takes its value
in a countable family (By,)cx, this formalism covers a large number of applications described in
|BBW1J)j: (i) blocks with i.i.d. entries, (ii) partition of the rows of orthogonal transforms, (iii)
cover of the rows of orthogonal transforms, (iv) cover of the rows from tight frames.

3 Main Results

3.1 Fundamental quantities

Before introducing our main results, we need to define some quantities (reminiscent of the
coherence) that will play a key role in our analysis.

Definition 3.1. Consider a blocks dictionary (By) <p<pr- Let S C {1,...,n} and 7 be a
probability distribution on {1,...,M}. Define

lef B Br,s 1
)

O )= B 1P Prslloomoo = 28, 100, 1 W
21

Y(S,7):= joax  sup Z - |le; By, B, svl?, (5)
olloo<1 5= Tk

(S, 7) :== max (Y (S, 7),0(S,)) . (6)



For the sake of readability, we will sometimes use the shorter notation ©,T and I' to denote
O(S,m),Y(S,m) and ['(S, 7). In Definition[3.1] © is related to the local coherence and the degree
of sparsity, when the blocks are made of only one row (the case of isolated measurements).
Indeed, in such a case, © reads as follows

2
@(S,ﬂ') = max M < s- max %

1<k<n Tk 1<k<n T

2
The quantity maxi<p<p % refers to the usual notion of coherence described in [CP1I]. The
quantity T is new and it is more delicate to interpret. It reflects an inter-block coherence. A
rough upper-bound for T is

M
1 *
T(S,m) < Z - 1B} Br,sll”, ... -
k=1

by switching the maximum and supremum with the sum in the definition of Y. However, it is
important to keep this order (maximum, supremum and sum) to measure interferences between
blocks. In Section [4] we give more precise evaluations of ©(S, ) and Y (S, 7) in particular cases.

Remark 3.2 (Support-dependency and drawing-dependency). In Deﬁm’tion the quantities
O and Y are drawing-dependent and support-dependent. Indeed, I' does not only depend on the
degree of sparsity s = |S|. To the best of our knowledge, existing theories in CS only rely on
s, see [CRT06d, [CP11], or on degrees of sparsity structured by levels, see [AHPR13]. Since
I' is explicitly related to S, this allows to incorporate prior assumptions on the structure of S.
Besides, the dependency on w (i.e. the way of drawing the measurements) is also explicit in the
definition of I'. This offers the flexibility to analyze the influence of ™ on the required number of
measurements. We therefore believe that the introduced quantities might play an important role
in the future analysis of CS.

3.2 Exact recovery guarantees

Our main result reads as follows.

Theorem 3.3. Let S C {1,...,n} be a set of indices of cardinality s > 16 and suppose that
x € C" is an s-sparse vector supported on S. Fix e € (0,1). Suppose that the sampling matrix

A is constructed as in (2)). Suppose that T'(S,m) > 1. If
m > 73 -T'(S,7)In(64s) <ln <98n> +1In ln(64s)> , (7)

then x is the unique solution of with probability larger than 1 — &.

Remark 3.4. In the sequel, we will simplify condition by writing:

m > C-T'(S,7)In(s) In (g)

where C' is a universal constant.

The proof of Theorem [3.3] is contained in AppendifA.d] It relies on the construction of an
inexact dual certificate satisfying appropriate properties that are described in Lemmal[A1] Then
our proof is based on the so-called golfing scheme introduced in [Groll] for matrix completion,
and adapted by [CP11] for compressed sensing from isolated measurements. Nevertheless, the
methodology in the proof differs from the techniques that are described in [CP1I]. Indeed, a
straightforward adaptation of the arguments in [CP11] does not allow to relate the number of
measurements to the support S. In the golfing scheme, the main trick is the control of operator



norms of random matrices extracted from the sensing matrix A. In [CP11], it is proposed to
control (in probability) the operator norms || - ||co—2 and || - [[2—,2. However, this technique only
gives results depending on the degree of sparsity s. In order to include an explicit dependency
on the support S, one has to modify the golfing scheme in [CP11], by controlling the operator
norm || - ||co—sco, instead of controlling the operator norms || - ||co—2 and || - [[2—52. A similar idea
has been developed in [AHPRI3| but our main result is more general than the finite-dimensional
setting in [AHPRI13].

Remark 3.5. Compared to standard results in compressed sensing, the condition required in
Theorem involves an extra In(s) factor. The latter can be removed at the price of additional
technicalities, using an extra hypothesis called the Balancing Property in [AHPRI13]. In this
paper, this possibility has been put aside for the sake of clarity.

3.3 Consequences for stochastic signal models

The explicit dependency of I' in S allows us to consider the case of a random support S.

Proposition 3.6. Let S C {1,...,n} denote a random support. For some real positive -,
suppose that the event T'(S,m) < ~ occurs with probability larger than 1 — &'(y). If m 2
vIn(s)In(n/e), then = is the unique solution of Problem |1 with probability higher than 1 —

e —ee' ().

Proof. Set m 2 ~1In(s)In(n/e). Define the event R “z is the unique solution of Problem [I
where R stands for “reconstruction of the signal”. Define also A the event “I'(S,7) > ~”. The
hypothesis of Proposition and Theorem give that P (R|A) > 1 —e. To prove Proposition
we must quantify

P(R)=P(RNA)+P(RNA°) =P(R|A)P(A) + P (RN A°)
>(1-e)(1-€(y)=1-e—<(v),

which concludes the proof. |

3.4 Choice of the drawing probability

The choice of a drawing probability 7 minimizing the required number of block measurements
in Theorem is a delicate issue. The distribution 7* minimizing ©(S, ) in Equation can
be obtained explicitly:

HBsz,SHoo—mo
M
> =1 I1B;Bes

T = for 1<k<M. (8)

;
‘oo—)oo

Unfortunately, the minimization of Y (.S, 7) with respect to 7 seems much more involved and we
leave this issue as an open question in the general case.

Note however that in all the examples treated in the paper, we derive upper bounds depending
on (S, m) for Y(S,7) and ©(S, 7) that coincide. The distribution 7* is then set to minimize the
latter upper bound.

Note also that optimizing 7 independently of S will result in a sole dependence to the degree
of sparsity s = |.S| which is not desirable if one wants to exploit structured sparsity.

4 Applications

In this section, we first show that Theorem can be used to recover state of the art results in
the case of isolated measurements [CP11]. We then show that it allows recovering recent results
when a prior on the sparsity structure is available. The proposed setting however applies to a



wider setting even in the case of isolated measurements. Finally, we illustrate the consequences
of our results when the acquisition is constrained by blocks of measurements. In the latter
case, we show that the sparsity structure should be adapted to the sampling structure for exact
recovery.

4.1 Isolated measurements with arbitrary support

First, we focus on an acquisition based on isolated measurements which is the most widespread
in CS. This case corresponds to choose blocks of form By = aj for 1 < k < n with M = n,
where aj are the rows of an orthogonal matrix. In such a setting, the sensing matrix can be
written as follows

1 1
A=-L (K ) , (9)
vm \ rE, 1<0<m

where (K¢){</<,, are i.i.d. copies of K such that P (K = k) =7, for 1 <k < n.

We apply Theorem when only the degree of sparsity s of the signal to reconstruct is
known. This is the setting considered in most CS papers (see e.g. [CT06, Raul0l [CP11]). In
this context, our main result can be rewritten as follows.

Corollary 4.1. Let S C {1,...,n} be a set of indices of cardinality s and suppose that x € C"
is an s-sparse vector. Fiz e € (0,1). Suppose that the sampling matriz A is constructed as in

@. If

> .5 - 4 v —
m > C-s 1m<ka<xn . In(s) In <€> ) (10)

then x is the unique solution of with probability at least 1 — €.

lla |

2
Moreover, the drawing distribution minimizing (10)) is m, = ST L which leads to
=1 oo

n
n
m > C-s- Z |ag || In(s) In (g> :
k=1
The proof is given in Appendix
Note that Corollary is identical to Theorem 1.1 in [CP11] up to a logarithmic factor.

This result is usually used to explain the practical success of variable density sampling. It is the
core of papers such as [PVW11l [KW14, [CCKW14].

4.2 Isolated measurements with structured sparsity

2
When using coherent transforms, meaning that the term maxj<xp<y, % in Equation is
an increasing function of n, Corollary is unsufficient to justify the use of CS in applications.
In this section, we show that the proposed results allow justifying the use of CS even in the

extreme case where the sensing is performed with the canonical basis.

4.2.1 A toy example: sampling isolated measurements from the Identity matrix
and knowing the support S

Suppose that the signal = to reconstruct is S-sparse where S C {1,...,n} is a fixed subset.
Consider the highly coherent case where Ay = Id. All current CS theories would give the same
unsatisfactory conclusion: it is not possible to use CS since Ay is a perfectly coherent transform.
Indeed, the bound on the required number of isolated measurements given by standard CS
theories [CP11] reads as follows

* (|2
1
m>C-s leillze n(n/e)=C-s- max —In(n/e).
1<k<n T} 1<k<n Tk



Without any assumption on the support S, one can choose to draw the measurements uniformly
at random, i.e. my = 1/n for 1 < k < n. This particular choice leads to a required number of
measurements of the order
m>C-s-nln(n/e),
which corresponds to fully sampling the acquisition space several times.
Let us now see what conclusion can be drawn with Theorem [3.3]

Corollary 4.2. Let S C {1,...,n} of cardinality s. Suppose that x € C" is an S-sparse vector.
Fiz e € (0,1). Suppose that the sampling matriz A is constructed as in @D with Ay = Id. Set

T = (S’“T’S for 1 <k <n where s =1 if k €S, 0 otherwise. Suppose that
m > C-s-ln(s)ln(ﬁ) .

€
then x is the unique solution of with probability at least 1 — €.

With this new result, O(sln(s)In(n)) measurements are sufficient to reconstruct the signal
via a totally coherent. The least amount of measurements necessary to recover x is of order
O(sln(s)), by an argument of coupon collector effect [Fel08, p.262]. Therefore, Corollary is
near-optimal up to logarithmic factors.

Proof. The result ensues from a direct evaluation of I'. Indeed,

lerer, slloosoo = max sup | (ei,eref gv)| = sup lef gv] = g5,
SIS o)l <1

V||oo<1

where 05, g = 1 if k € §, 0 otherwise. Therefore

Ok,
© = max —=.
1<k<n T

Then, we can write that

n * 2
1 * * 2 |Q£U
Y(S,7) = max sup g —|ejerer gv|° = max sup

SIS oo <1 (27 Tk ’ SIS oot T
di.s
= max :
1<i<n m;

To conclude the proof it suffices to apply Theorem [3.3] [ |

4.2.2 Isolated measurements when the degree of sparsity is structured by levels

In this part, we consider a partition of {1,...,n} into levels (€;),_; n C {1,...,n} such that

|| @={1,....,n} and |Q=N.
1<i<N
We consider that x is S-sparse with |S N ;| = s; for 1 < i < N meaning that restricted to the

level );, the signal P, x is s;-sparse. This setting is studied extensively in the recent papers
[AHPRI3, RHA14, [BHI4]. Theorem provides the following guarantees.

Corollary 4.3. Let S C {1,...,n} be a set of indices of cardinality s, such that |S N Q;| = s;
for 1 < i < N. Suppose that x € C" is an S-sparse vector. Fix e € (0,1). Suppose that the
sampling matriz A is constructed as in @D Set

N
s O(ﬂm zgzlse|rak,m\|oouakum>ln(s)ln(n), 1)
1<k<n T 5
"1 2 n
m > C| max su E — lefag|? laf qv lnsln<—), 12
<1<i<n||v||oop§1k:1 r ol ek ) RERE "

then x is the unique solution of with probability at least 1 — €.

10



The proof of Corollary is given in Appendix We show in Appendix that a
simple analysis leads to results that are nearly equivalent to those in [AHPR13]. It should be

noted that the term M is related to the notion of local coherence defined in [AHPR13].
There are however a few differences making our approach potentially more interesting in the

case of isolated measurements:

e Our paper is based on i.i.d. sampling with an arbitrary drawing distribution. This leaves a
lot of freedom for generating sampling patterns and optimizing the probability 7 in order
to minimize the upper-bounds (11)) and (12). In contrast, the results in [AHPR13] are
based on uniform Bernoulli sampling over fixed levels. The dependency on the levels is
not explicit and it therefore seems complicated to optimize them.

e We can deal with a fixed support .S, which enlarges the possibilities for structured sparsity.
It is also possible to consider random supports as explained in Proposition (3.6

4.2.3 Isolated measurements for the Fourier-Haar transform

The bounds in Corollary [1.3] are rather cryptic. They have to be analyzed separately for each
sampling strategy. To conclude the discussion on isolated measurements, we provide a practical
example with the 1D Fourier-Haar system.

We set Ag = Fo*, where F € C"*" is the 1D Fourier transform and ¢* € C"*™ is the 1D in-
verse wavelet transform. To simplify the notation, we assume that n = 27 and we decompose the
signal at the maximum level J = logy(n) — 1. In order to state our result, we introduce a dyadic
partition (€2;);; of the set {1,...,n}. Weset Qo = {1}, &1 = {2}, Q3 = {3,4},..., Qy =
{n/2+1,...,n}. We also define the function j : {1,...,n} = {0,...,J} by j(u) = j if u € Q;.

Corollary 4.4. Let S C {1,...,n} be a set of indices of cardinality s, such that |SNQ;| = s; for
0 < j < J. Suppose that x € C" is an s-sparse vector supported on S. Fix e € (0,1). Suppose
that A is constructed from the Fourier-Haar transform Ag. Choose my, to be constant by level,
i.e. T = Ty If

J
1 . . n
. 9 —li—pl/24 . b
m > C OréljaSXJ 7}j2 ];)2 sp - In(s) In <5) , (13)
then x is the unique solution of with probability at least 1 — €.
In particular, the distribution minimizing 18
o 9—j Z;:O 2—|j—p\/25p
T 270 ) Ja-lit)-pl/2s)
which leads to
J J n
> C. : 9-li=rl/2g | 1n(s)1 (f) . 14
m > jz(:) sj+pz_; Sp n(s)In . (14)

p#j

The proof is presented in Section [D.3] This corollary is once again similar to the results in
[AHR14Db]. The number of measurements in each level j should depend on the degree of sparsity
sj but also on the degree of sparsity of the other levels which is more and more attenuated when
the level is far away from the j-th one.

Remark 4.5. The Fourier- Wavelet system is coherent and the initial compressed sensing the-
ories cannot explain the success of sampling strategies with such a transform. To overcome the
coherence, two strategies have been devised. The first one is based on variable density sampling

11



(see e.g. [PMGT 12, [CCKWT], [KWTJ]). The second one is based on variable density sampling
and an additional structured sparsity assumption (see e.g. [AHPR13] and Corollary . First,
note that the results obtained with the latter approach allow recovering signal with arbitrary

J J

supports. Indeed, Z sj + Z 2_‘j_p‘/23p < 2s.
J=0 oy
p#j

Second, it is not clear yet - from a theoretical point of view - that the structure assump-
tion allows obtaining better guarantees. Indeed, it is possible to show that the sole variable
density sampling leads to perfect reconstruction from m  sln(n)? measurements, which is on
par with bound . It will become clear that structured sparsity is essential when using the
Fourier-Wavelet systems with structured acquisition. Morever, the numerical experiments led
in [AHR14Y] let no doubt about the fact that structured sparsity is essential to ensure good
reconstruction with a low number of measurements.

4.3 Structured acquisition and structured sparsity

In this paragraph, we illustrate how Theorem explains the practical success of structured
acquisition in applications. We will mainly focus on the 2D setting: the vector x € C" to
reconstruct can be seen as an image of size \/n x y/n.

4.3.1 The limits of structured acquisition

In [BBW14, [PDGI5|, the authors provided theoretical CS results when using block-constrained
acquisitions. Moreover, the results in [BBW14] are proved to be tight in many practical situa-
tions. Unfortunately, the bounds on the number of blocks of measurements necessary for perfect
reconstruction are incompatible with a faster acquisition.

To illustrate this fact, let us recall a typical result emanating from [BBW14]. It shows that
the recovery of sparse vectors with an arbitrary support is of little interest when sampling lines
of tensor product transforms. This setting is widely used in imaging. It corresponds to the MRI
sampling strategy proposed in [LDP07].

Proposition 4.6 ([BBWI14]). Suppose that Ay = ¢ @ ¢ € C" " is a 2D separable transform,
where ¢ € CV™V™ s an orthogonal transform. Consider blocks of measurements made of LD
horizontal lines in the 2D acquisition space, i.e. for 1 <k <\/n

By = (d>k,1¢> ooy ¢k,ﬁ¢) -

If the number of acquired lines m is less than min(2s,/n), then there exists no decoder A
such that A(Ax) = x for all s-sparse vector x € C™.

In other words, the minimal number m of distinct blocks required to identify every s-sparse
vectors is necessarily larger than min(2s,/n).

This theoretical bound is quite surprising: it seems to enter in contradiction with the practical
results obtained in Figure [2| or with one of the most standard CS strategy in MRI [LDP07].
Indeed, the equivalent number of isolated measurements required by Proposition is of the
order O(sy/n). This theoretical result means that in many applications, a full sampling strategy
should be adopted, when the acquisition is structured by horizontal lines. In the next paragraphs,
we show how Theorem allows bridging the gap between theoretical recovery and practical
experiments.

4.3.2 Breaking the limits with adapted structured sparsity

In this paragraph, we illustrate - through a simple example - that additional assumptions on
structured sparsity is the key to explain practical results.

12



Corollary 4.7. Let Ay € C™*™ be the 2D Fourier transform. Assume that x is a 2D signal with
support S concentrated on q horizontal lines of the spatial plane, i.e.

SC{(j_l)\/ﬁ_{'{lav\/ﬁ}a]EJ} (15)

where J C {1,...,y/n} and |J| = q.
Choose a uniform sampling strategy among the \/n horizontal lines, i.e. 7}, =1/\/n for 1 <
k < \/n. The number m of sampled horizontal lines sufficient to reconstruct x with probability
1—¢1s
m>C-q-In(s)ln (g)
The proof is given in Appendix [D.4 By Proposition [£.7, we can observe that the required
number of sampled lines is of the order of non-zero lines in the 2D signal. In comparison,

Proposition 4.6 in [BBW14] (with no structured sparsity) requires
m 2 s-In(n/e),

measurements, to get the same guarantees. This means that the required number of horizontal
lines to sample is of the order of the non-zero coefficients. By putting aside the logarithmic
factors, we see that the gain with our new approach is considerable. Clearly, our strategy is able
to take advantage of the sparsity structure of the signal of interest.

4.3.3 Consequences for MRI sampling

We now turn to a real MRI application. We assume that the sensing matrix Ag € C™*"
is the product of the 2D Fourier transform JFop with the inverse 2D wavelet transform ®*.
We aim at reconstructing a vector x € C" that can be seen as a 2D wavelet transform with
Vv x y/n coefficients. Set J = logy (y/n) — 1 and let (7)), ; denote a dyadic partition of
the set {1,...,v/n}, ie. 7o = {1}, 1 = {2}, = = {3,4},..., 77 = {V/n/2+1,...,/n}. Define
J:{l,...,v/n} = {0,...,J} by j(u) = j if u € 7;. Finally, define the sets Qp ¢ = 7 X 74, for
0 < 4,0 < J. See Figure 3| for an illustration of these sets.

Definition 4.8. Given S = supp(z), define the following quantity

o= g, mex| S N ke NG| 1o

where Cy, represents the set corresponding to the k-th vertical line (see Figure @

The quantity s§ represents the maximal sparsity of x restricted to columns (or vertical lines)
of Ui<y< 8 . We have now settled everything to state our result.

As a first step, we will consider the case of Shannon’s wavelets, leading to a block-diagonal
sampling matrix Ag.

Corollary 4.9. Let S C {1,...,n} be a set of indices of cardinality s. Suppose that x € C"
is an s-sparse vector supported on S. Fir e € (0,1). Suppose that Ag is the product of the 2D
Fourier transform with the 2D inverse Shannon’s wavelets transform. Consider that the blocks of
measurements are the \/n horizontal lines in the 2D setting. Choose (ﬂk)lgk,gﬁ to be constant

by level, i.e. mp = Tjx). If the number of horizontal lines to acquire satisfies

1.
m 2, max —277siIn(s)In (2>,
0<j<J Tj €

s¢/

= /23 .
‘insc;forostjgji
14

then x is the unique solution of Problem . Furthermore, choosing 7j; =
leads to the following upper bound
J

m 2 Zs?ln(s)ln <g)

J=0

13
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Figure 3: 2D view of the signal z € C™ to reconstruct. The vector x can be reshaped in a \/nXx/n
matrix. Cj represents the coefficient indexes corresponding to the k-th vertical column.

The proof is given in Section Corollary [4.9 shows that the number of lines acquired at
level j depends only on an extra-column structure of S. Now let us turn to a case where the
matrix Ag is not block-diagonal anymore.

Corollary 4.10. Suppose that x € C™ is an S-sparse vector. Fiz e € (0,1). Suppose that Ag is
the product of the 2D Fourier transform with the 2D inverse Haar transform. Consider that the
blocks of measurements are the \/n horizontal lines. Choose (ﬂ'k)lgkg\/ﬁ to be constant by level,
1.e. T = ﬁ'j(k)'

If the number m of drawn horizontal lines satisfies

J

277 ; n
> o—li=r1/24¢ 1n(s)1 (7)
m 2 max Z s in(s) In 2)

then x is the unique solution of Problem [1] with probablity 1 — e.
In particular, if
9—i(k) g2 /2

TS 9O 9Ol

Tk

then

J J
mZ Z 8;+Z2_|j_r|/2sﬁ -ln(s)ln<n>
€
j=0

r=0
! oy

ensures perfect reconstruction with probability 1 — .

The proof of Corollary [£.10]is given in Section [D.6]
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This result indicates that the number of acquired lines in the ”horizontal” level j should be
chosen depending on the quantities s. Note that this is very different from the sparsity by levels
proposed in [AHPRI3|. In conclusion, Corollary reveals that with a structured acquisition,
the sparsity needs to be more structured in order to guarantee exact recovery. To the best of our
knowledge, this is the first theoretical result which can explain why sampling lines in MRI as in
[LDPOT] might work. In Figure |4 we illustrate that the results in Corollary seem to indeed
correspond to the practical reality. In this experiment, we seek reconstructing a reeds image
from block structured measurements. As a test image, we chose a reeds image with vertical
stripes of its rotated version. This particular geometrical structure explains that the quantities
s5 are much higher for the horizontal stripes than for the vertical one. As can be seen, the image
with a low s} is much better reconstructed than the one with a high s7. This wa predicted by
our theory.

15



(c) Original image (d) SNR = 14.7 dB
s¢ = (16, 16, 32, 64, 124, 240, 411)

Figure 4: An example of reconstruction of a 2048 x 2048 real image sensed in the Fourier domain.
In (a) (c), Reference images to reconstruct: (c) is the same image as (a) but rotated of 90°. We

precise the value of the vector s¢ = (sj i for both images. Note that the quantities s; are
<<

larger in the case of image (b). For the reconstruction, we use the sampling scheme at the top of

the Figure. It corresponds to 9.8 % of measurements. In (b) (d), corresponding reconstruction

via {;-minimization. We have rotated the image in (d) to facilitate the comparison between

both. Note that (b) is much better reconstructed than (d). This is predicted by Corollary [4.10
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5 Extensions

5.1 The case of Bernoulli block sampling

We analyzed the combination of structured acquisition and structured sparsity with i.i.d. draw-
ings of random blocks. These results can be extended to a Bernoulli sampling setting. In such
a setting, the sensing matrix is constructed as follows

O
A= <Bk) )
VTk 1<k<M
where (0k);<j<ps are independent Bernoulli random variables such that P (6y = 1) = m, for

1 <k < M. We may set Zﬁil m, = m in order to measure m blocks of measurements
in expectation. By considering the same definition for I'(S, 7) with (7);<,<,, the Bernoulli
weights, it is possible, for the case of Bernoulli block sampling, to give a reconstruction result
that shares a similar flavor to Theorem 3.3

5.2 Towards new sampling schemes?

The results in Section [£.3-3]lead to the conclusion that exact recovery with structured acquisition
can only occur if the the signal to reconstruct possesses an adequate sparsity pattern. We believe
that the proposed theorems might help designing new efficient and feasible sampling schemes.
Ideally, this could be done by optimizing I'(S, 7) assuming that S belongs to some set of realistic
signals. Unfortunately, this optimization seems unrealistic to perform numerically, owing to the
huge dimensions of the objects involved. We therefore leave this question open for future works.

However, probing the limits of a given system, as was proposed in Corollary helps
designing better sampling schemes. To illustrate this fact, we performed a simple experiment.
Since the quantity s’ is critical to characterize a sampler efficiency, it is likely that mixing
horizontal and vertical sampling lines improves the situation. We aim at reconstructing the MR
image shown in Figure [f| and assume that it is sparse in the wavelet basis. In Figure [5a)(d),
we propose two different sampling schemes. The first one is based solely on parallel lines in the
horizontal direction, while the second one is based on a combination of vertical and horizontal
lines. The combination of vertical and horizontal lines provides much better reconstruction
results despite a lower total number of measurements.
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Reference image

(a) Sampling scheme

(d) Sampling scheme (e) SNR = 26.74 dB ()

Figure 5: An example of MRI reconstruction of a 2048 x 2048 phantom. The reference image to
reconstruct is presented at the top of the figure. It is considered sparse in the wavelet domain.
In (a) (d), we present two kinds of sampling schemes with 20 % of measurements: the samples
are acquired in the 2D Fourier domain. In (b) (e), we show the corresponding reconstruction
via ¢1-minimization. In (c) (f) we enhance the results by zooming on the reconstructed images.
Note that the horizontal and vertical sampling scheme produces much better reconstruction
results despite a smaller number of measurements since samples are overlapping. Moreover, the
acquisition time would be exactly the same for an MRI.
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A Proofs of the main results

A.1 Proof of Theorem [3.3]

In this section, we give sufficient conditions to guarantee that the vector x is the unique minimizer
of (1)), using an inexact dual certificate see [CP1I].

Lemma A.1 (Inexact duality [CP11]). Suppose that x € R™ is supported on S C {1,...,n}.
Assume that Ag is full column rank and that

1(A5As) 22 <2 and max || AgAeill; < 1, (17)

where (AEAS)_l only makes sense on the set span{e;,i € S}. Morever, suppose that there exists
v € R™ in the row space of A obeying

|lvs — sign(zg)|le < 1/4 and lvse|loo < 1/4, (18)
Then, the vector x is the unique solution of the minimization problem

First, let us focus on Conditions . Remark that AgAg is invertible by assuming that Ag
is full column-rank. Moreover,

o0
| (A5As) " s = <Y ||A5As — Pslls_,, .-

22 k=0

o
D (A5As - Pg)"
k=0

Therefore, if ||[AZAs — PSH2 o < 1/2 is satisfied, then || (A% Ag) las2 < 2. Moreover, by
Lemmau C.1} || (A% Ag)f la—2 < 2 with probability at least 1 — ¢, provided that

m > %@(S ) In (2;) .

By definition of I'(S, 7), the first inequality of Conditions is therefore ensured with proba-
bility larger than 1 — ¢ if

m > 2738r(5 ) In <28) . (19)

e

Furthermore, using Lemma we obtain that
max ||AGAe;lls <1
i | Ay e <

with probability larger than 1 — ¢ if

m > 6(S, ) <1+4 m( )—I—4ln<:>>.

Again by definition of I'(S, 7), the second part of Conditions is ensured if n > 3 and

m > 90(S, 7) In (g) . (20)

Conditions remain to be verified. The rest of the proof of Theorem relies on the
construction of a vector v satisfying the conditions described in Lemma[A 1] with high probability.
To do so, we adapt the so-called golfing scheme introduced by Gross [Groll] to our setting. More
precisely, we will iteratively construct a vector that converges to a vector v satisfying with
high probability.

Let us first partition the sensing matrix A into blocks of blocks so that, from now on, we
denote by AW the first m; blocks of A, A the next my blocks, and so on. The L random
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matrices {A(e) }5:1 _are independently distributed, and we have that m = m;+mao+...+mp.

As explained before, Ag) denotes the matrix A® Pg.
The golfing scheme starts by defining v(?) = 0, and then it iteratively defines

© — ™ 407 40 (g ) (e=1)
v mgA Ag <31gn(x) v )+v , (21)

for ¢ =1,..., L, where sign(z;) = 0 if ; = 0. In the rest of the proof, we set v = v By
construction, v is in the row space of A. The main idea of the golfing scheme is then to combine
the results from the various Lemmas in Section [C] with an appropriate choice of L to show that
the random vector v satisfies the assumptions of Lemma [A.T] with large probability. Using the
shorthand notation vg) = Pgv® | let us define

w® = sign(zx) — vg), t=1,...,L,

where x € C" is the solution of Problem .
From the definition of v, it follows that, for any 1 < ¢ < L,

l

w® = <Ps - mA(;)*Af;)) wD =T] (Ps - mAg>*Ag>) sign(z), (22)
my =1 mj

and

ﬂ (@*A wD. (23)

Mr«
3

/=1

Note that in particular, w(®) = sign(z) and w®) = sign(z) — v. In what follows, it will be
shown that the matrices Pg — mﬂe g)*Agg) are contractions and that the norm of the vector w(®

(¢

decreases geometrically fast with ¢. Therefore, vS) becomes close to sign(zg) as ¢ tends to L. In
particular, we will prove that |[w(")|| < 1/4 for a suitable choice of L. In addition, we also show
that v satisfies the condition ||vge||oc < 1/4. All these conditions will be shown to be satisfied
with a large probability (depending on €).

For all 1 < /¢ < L, assume that

o <] e

2
M (AN 40, (e—1)
Hme (ASC> Ag'w

mo O\ 40 (6—1)
H<m€ (AS> Al Pg)w

< teflw V| (C2-0)

o0

<tV o, (C3-0)

o

with
() L=2+[53],

(ii) T‘g:%, for{=1,...,L,

(iii) te=t, =1 for £=1,... L.

Note that using (C1-4), we can write that

iL < -, (24)

NG

Isign(zs) — vslly = [lw§” |2 < [sign(xs)]> H?“e < fH?" <
=1 =1

where the last inequality follows from the previously specified choice on L.
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Furthermore, Equation (C2-f) implies that

L
> o (49)" A w0

[vselloo =
/=1 [e'9)
L (40)" APl
=1 0
L
O B
=1
L _
<Dt H
(=1 j=1
B -5k 1
-(3) =5 <3 >

Note that in Inequality , the control of the operator norms oo — oo avoids the apparition
of /s as in the usual golfing scheme of [CP11]. Indeed, in our proof strategy, we have used the
fact that ||wpl|co = ||sign(zs)||ec = 1, whereas in [CP11] [Jwo|l2 = ||sign(zg)|l2 < /s is involved.
This is a key step in the proof, since the absence of the degree of sparsity at this stage allows to
derive results depending only on S and not on its cardinality s = |.S].

We denote by p1(£), p2(£) and p3(¢) the probabilities that the upper bounds (C1-4),
and do not hold.

Let us call "failure C” the event in which one of the 3L inequalities (C1-£)), (C2-4)), (C3-4) is
not satisfied. Then,

~

P (failure C) < > " P (failure (CI-0)) + P (failure ([C2-4)) + P (failure (C3-7)) .

=1

Therefore a sufficient condition for P (failure C) < e is S35, p1(£) + pa(£) + p3(¢) < e which
holds provided that pi(¢) < /3L, p2(¢) < /3L and p3(¢) < /3L for every £ = 1,...,L. By
Lemma [C.2] condition p;(¢) < /3L is satisfied if

my > 32I(S, ) <ln (%) + i) .

By Lemma condition py(¢) < e/3L is satisfied if

mye > 1011(S, 7) In (12:L> .
By Lemma condition p3(¢) < e/3L is satisfied if
mye > 1010(S, 7) In <12:L> .
Overall, condition
myg > 101T(S, 7) In (12:L> (26)

ensures that and are satisfied with probability 1 — e. Condition

L In(s) _
m= ;mg > 101 <21n(2) +3> I'(S,7)In (12nLe™")
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will imply . The latter condition can be simplified into
m > 73-T'(S,m)In(64s) <1n <9:> +1In ln(64s)> . (27)

The latter condition ensures that the random vector v, defined by , satisfies Assumptions
of Lemma, with probability larger than 1 — ¢.

Hence, we have thus shown that if conditions , and are satisfied, then the
Assumptions [17) and [18] of Lemma simultaneously hold with probability larger than 1 — 3e.

Note that bound implies and .

B Bernstein’s inequalities

Theorem B.1 (Scalar Bernstein Inequality). Let x1,...,z,, be independent real-valued, zero-
mean, random variables such that |xg| < K almost surely for every £ € {1,...,m}. Assume that
Elz|? < o2 for £ € {1,...,m}. Then for all t >0,

E X exp
g = - o2+ Kt/3)’
with 0% > Y )", 03,

(=1
Theorem B.2 (Vector Bernstein Inequality (V1)). [CP11, Theorem 2.6] Let (Yr)i <<y, be @
finite sequence of independent random complex vectors of dimension n. Suppose that Ey, = 0
and ||yl < K a.s. for some constant K > 0 and set 0® > >, Ellyxll3. Let Z = |37 yill,-
Then, for any 0 < t < 0%/K, we have that

o—1) 2
P(Z >t) <exp (—(t/41)> < exp <_8ta?+lll>'

Theorem B.3 (Bernstein Inequality for self-adjoint matrices). Let (Zy)i<k<n be a finite se-
quence of independent, random, self-adjoint matrices of dimension d, and let ai be a sequence
of fized self-adjoint matrices. Suppose that Zj, is such that EZ, = 0 and || Zk|2—2 < K a.s.
for some constant K > 0 that is independent of k. Moreover, assume that EZ,% = A% for each

1 <k <n. Define
n
> AL
k=1

0'2:

2—2
Then, for any t > 0, we have that

P En 7 >t <de t2/2
X — = .
b =) =P T 2 k3
k=1 22

Proof. This result is as an application of the techniques developed in [Trol2] to obtain tail
bounds for sum of random matrices. Our arguments follow those in the proof of Theorem 6.1
in [Trol2]. We assume that K = 1 since the general result follows by a scaling argument. Using
the assumption that EZ,% = A%, and by applying the arguments in the proof of Lemma 6.7 in
[Trol2], we obtain that

Eexp (0Zy) < exp (Q(G)Ai) ’

for any real # > 0, where g(f) = e’ — 6 — 1, and the notation exp(A) denotes the matrix
exponential of a self-adjoint matrice A (see [Trol2] for further details). Therefore, by Corollary
3.7 in [Trol2], it follows that

|

n
>z
k=1

> < : —9t+029(9)
> t> < dégg {6 } , (28)
22
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where 02 = ||35_; AiHQ_ﬂ. To conclude, we follow the proof of Theorem 6.1 in [Trol2]. The
function 6 + —0t + 0?g(f) attains its minimum for @ = In(1 + #/0?), which implies that the
minimal value of the right-hand size of Inequality is dexp (—o?h(t/o?)) where h(u) =
(I14+u)In(14+u)—wu for u > 0. To complete the proof, it suffices to use the standard lower bound

h(u) > 17f1{/23 for u > 0. ]

C Estimates: auxiliary results

Let S be the support of the signal to be reconstructed such that |S| = s. We set

1 "
A(Sm) = max — || B sBisl,,,

sosoo ¢ therefore,

* < * < *
ot 0], <[] __< 155
A(S,7) < O(S, ).

To make the notation less cluttered, we will write A, ©, T and I' instead of A(S,7), O(S, ),
Y(S,7) and T'(S, 7).

Lemma C.1. Let S C {1,...,n} be of cardinality of s. Suppose that © > 1. Then, for any
0 >0, one has that

mo? /2
P(|AcAs — P >0) <2 — . El
(14545 = Psllon 2 ) < 2sex (1002 ) (B1)
Proof. We decompose the matrix AgAgs — Pg as
1 & Bj, sBus 1 —
AcAg — Pg = — —k2 T Pg=— X
s —py= L3 PSPt g LShy
k=1 k=1
Bj,.sBa.s . .
where X := | ———— — Pg|. It is clear that EX; = 0, and since for all 1 < k < M,
T,
By, sB;
% < A € O, we have that
|25,57.5]
| Xkl j2—s2 < max v 222 _ 11| <oe.
T,
Lastly, we remark that
B HBZ,thSH B B
0 =< EX? IE[ T J’“S] Ps =< max 2%1[«:[ TS J’“’S]
T, 1<k<M Tk T,
|55
= max 22 Pg < APg
1<k<M Tk
< ©Ps.

Therefore, using Theorem 'B.3|, we can set 02 = sz;l IEX,?HQ%Q < m®. Hence, inequality (E1])
immediately follows from Bernstein’s inequality for random matrices (see Theorem [B.3)). [ |

Lemma C.2. Let S C {1,...,n}, such that |S| = s. Let w be a vector in C". Then, for any
0<t<1, one has that

* mt? 1
P([[(A5As — Ps)wlly, > t[|lw]|2) < exp _@+Z . (E2)
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Proof. Without loss of generality we may assume that |wlj2 = 1. We remark that

Aids - Tdws = L5~ (BrsBos N Ly
(AsAs — S)WS_EZ — o, Is w—mkz_lyk,

k=1 k
B* B
where y = ( oS TS Ps ) w is a random vector with zero mean. Simple calculations yield
that
2 1 J SBJk 2 Bj; sBiy.s
=— [w" k2 TP ) w - 2wt T 4+ wtw
m 2 m TFJk
1 By,.s BY sBi..s
< — (Aw' 22— BJ,.s B w— 2 — TSR
m TJy, Tk
— L _ 2 BJkaSBJk7 + 1
m2 T,
1 1
< W((A 2) Afwl|3 +1) = —2((A—2)A+1)
1 1 1
<—(A-1°< A< 0%
- m2 ) m2 — m?
Now, let us define Z = H% oy ka o - By independence of the random vectors yy, it follows

that

1 1
E|[Z%] = —E|ly3 = —E ,
m 27 m T i

B* .B S 2 B 2
<<J’S * ) w,w> ol Busully 1] .
Ty T
To bound the first term in the above equality, one can write
(B§1,SBJ175>2 (B}hSBleS)z
— | w,w )| =(E|| ——— w, w
T, T
B% By s
<A <IE [<W>] w,w> < Aljw|? < ©.
T,

Ssz

One immediately has that IEHJ*

BjsBis Bf},sBJ,S> <Bi§,sBJ,S
w w) —2( ———

T

w,w> + (w,w>]

1
m

|w||3 = 1. Therefore, one finally obtains that

B[] <918
m m

Using the above upper bounds, namely H%kaQ < % and E [ZQ} < %, the result of the lemma
is thus a consequence of the Bernstein’s inequality for random vectors (see Theorem [B.2]), which
completes the proof. ]

Lemma C.3. Let S C {1,...,n}, such that |S| = s. Let v be a vector of C". Then we have

* mt2 4
P (145 Asvl 2 tholl) < tnesp (50t ) (E3)

Proof. Suppose without loss of generality that ||v||cc = 1. Then,

m< Bj By,.s >‘
3~ (e, BuBes |
7

k=1 k

1
|AScAsv| o, = max\(el,A Agv)| = max —
ieS 1€5¢ m




.
B3, Byy.s
ﬂ—‘]k

. . B} BJk,S
Let us define 7, = <ei, v>. Note that EZ; = 0, since for ¢ € 5S¢ E <ei, kv> =

7er:

e; Z i1 Tk ’“B’“ Sv = e} Psv = 0. From Holder’s inequality, we get

Bj} Bj S Bj Bj S
|Zk|:‘<€i,kkv>‘: ej ——""p| < max —HBksBke]HIHUHOO
Tk T, 1%%;\1
< — =
i, max [ BiBes], =0
1<k<M

Furthermore,

2 f |t B} By,sv|”

T, )

B B
E|Zi|? = E‘<ei, b J’“’Sv>

(=1
<T.

Therefore 7" E|Zx|> < mY. Using real-valued Bernstein’s inequality in the case of
complex random variables, we obtain

mt2/4
ST +6t/3

Taking the union bound over i € S¢ completes the proof. |

Lemma C.4. Let S C {1,...,n}, such that |S| = s. Suppose that © > 1.Let v be a vector of
C™. Then we have

mt?/4
*Ag — > < 7).
P (14545 — Ps) ol 2 tol) < dsexp (-~ ) (1)

Proof. Suppose without loss of generality that ||v||ooc = 1. Then,

m *

B} sBi.s
E e, | —2—— —P5> v> )
k,‘1< ‘ < Ter

- P5> v>. Note that EZ; = 0. From Holder’s inequality,

1
I(A5As — Ps) vllo, = max|[{e;, (AsAs — Ps)v)| = max —

€S m

%
BJk,SBJJWS
A

Let us define 7, = <ei, (

we get

B% By, s B* .Bj g
|Zk:|:‘<ei, <W_PS>U>‘§H‘M_PS §max(@—1,1)§@,
’/TJk ﬂ—Jk

o0—00
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since ”BZ,SBk,SHoo—mo < || B Bk,s||co—so0, and using the same argument as in Lemma Fur-
thermore,

B ¢By,.s
B <[ (S - 1))
k

B3, ¢Bi.s \| B% (Bj s B* By s
=k €is MU - <€i,U>E €is Mv - <6iuv>*]E €i, M’U
T,

2

Ter 7TJI€
+ [(eq, v)]?
2
B sBy.s 2 B% By g 2 M G*BZSB&SU‘
:EK@“ TS B, v>' ~lew )2 <]E’< TS B, U>‘ :Z ;
T, T, y T
<7

Therefore, > 1., E|Zx[*> < mT, and using real-valued Bernstein’s inequality in the case of
complex random variables, we obtain
)

1 | B* B
(e (2
M4 Ik

B 1 | B*
< ( Jis B s ps> >zt/\f2 +P me<ei,< .8 Dk p> >>t/\/f
T, mi4 Ty
mt? /4
<4 — .
= eXp( T+@t/3>
Taking the union bound over i € S completes the proof. |

Lemma C.5. Let S be a subset of {1,...,n}. Then, for any 0 <t < m, one has that

(e

P ASAeillo >t ) < E5
(ol Az e, > ¢) < nexo . (85)
Proof. Let us fix some ¢ € S¢. For k= 1,..., M, we define the random vector
B:;k,SBJk
Ty = —EC ey,
T,

Then, since i € S¢ one easily gets Ezy = 3,7 B} Bee; = 3y~ (BePs)* Bee; = Ps Y )", BiBe; =
Pse; = 0 (note that Pg is self-adjoint). In addition, we can write

- Bj; SBJk 1 M
A5 Aey = || S e | — | S
k:: T 2 k=1 2
Then,
B% By B% 4By B% By g
kaHQZH Ji,S kei SH Ji,S ki _ e? Ji k>
T Jp 2 T Jy, 1 T Iy, 1
e
S 15, Bl o yno < ©-
Furthermore, one has that
B3, sBi | Bys|> || Bn | By, |
Euxk\@:EHmei SEH‘]S L, SAEH S| = A3 = A
Tk VT a2 IV Tk g Ve g

m
ZE |zx]13 < mA < mO.
k=1
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Hence, using the above upper bounds, it follows from Bernstein’s inequality for random vectors

(see Theorem [B.2)) that
2
(ﬁt/\@ - 1)

P (| A5Aeilly > 8) < exp |~ ,

Finally, Inequality (E4]) follows from a union bound over ¢ € S¢, which completes the proof. W

D Proof of results in Applications
D.1 Proof of Corollary

The proof relies on the evaluation of © and T in the case of isolated measurements. In this case,
we have n blocks composed of isolated measurements. Then, each block corresponds to one of
the rows (aj)1<k<n of Ag. Recall that [axaj gllcc—co = maxi<i<n Supjy|. <1 l€jara gvl, so the
norm |laxa} gllso—soco is the maximum ¢1-norm of the rows of the matrix apaj ¢. Therefore, the
quantities in Definition [3.1] can be rewritten as follows

Hakagsum%mw

O©(S,7) := max
1<k<n Tk
C andecllags o)
1<k<n Tk
2
o max Joile
1<k<n Tk
=1
Y(S,7) = max sup Z—]e;‘ak\zlaz’svﬁ (30)

i U S il
n

1
< sup 3 a2l soP?

[vlloo<1 3= Tk
2 1 )
< sup max lacle Z’aZsUP: sup HAOPS’UH% max laellse
Iollo<t 1SS e [o]lco<1 1<(<n Ty
5 [|ag||2
= sup |[|Psv|5 max ——=
llv]leo<1 1<t<n Ty
2
<s. max larllSe
1<k<n T

Therefore we can choose I'(S, 7) = s - maxj<g<n %, and the result follows by Theorem

Ky

D.2 Around Corollary
D.2.1 Proof of Corollary

Again, this is all about evaluating ® and T in this specific case. Concerning the evaluation of
T, we can use the expression to conclude that

n

B Low 2 s 12
T(S,m) = max ||j|ipg1; ;k\ei ak|“[ay, sv|”.
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To control O, using , it suffices to write:

G(S’ ﬂ—) - 1I£ka§Xn Tk T 1<k<n Tk
N
< e ol S okl
1<k<n T

By Theorem [3.3] the two conditions

N
s C<max zg1se||ak,m||oo||akuoo>hl(s)ln ().

1<k<n Tk
n
1 * 2| % 2 n
m > C | max sup g — lefar|” |ag,sv|” | In(s)In (=),
1<i<n Iv]lo0 <1 1 Tk &

lead to the desired conclusion.

D.2.2 Comparison of Corollary and the results in [AHPR13].

Note that the sampling in [AHPR13]| is based on Bernoulli drawings structured by level. Their
results are then easily transposable to the case of i.i.d. sampling with constant probability by
level. The first condition on m in Corollary is similar to condition (4.4) in Theorem 4.4

of [AHPR13], since we recognize the term M as the (k, £)-local coherence defined in

[AHPR13|. Let us show that the second condition on m is similar to equation (4.5) in [AHPR13].
First, observe that

n n

1 2| % 2 1 2 * 2
max sup — lefag|* |ar qv|” < max sup — llak.0 aj v
i, s, 3 il ahsol” < s, sup % o oo

n

< max sup 30— okl larll o sof
>~ ]_SKSNHUHOOSI 1 Tk »eelloo o] s

2
Let © denote the maximizer in the last expression, and define §;, = ‘a; Sf)} for 1 <k<n. It

follows,
max  su iiye*a 20 o < max S -~ awoy L lasll 5 (31)
1Si§”||v||oop§1k:1 m R TRSTL =Gy £y 1R oo T oo B0
2
and Y 1Sk = Yor_y ‘azﬁv‘ = |AgPs7|3 = ||Pst|3 < SO0, s, The last inequality and

Equation for i.i.d sampling correspond to the condition (4.5) in Theorem 4.4 of [AHPR13]
in the case of Bernoulli sampling. This completes the comparison between Corollary [£.3] and the
results in [AHPR13].

D.3 Proof of Corollary

Recall that (€2;),;.; the dyadic partition of the set of indexes {1,...,n}. Recall also the
function j : {1,...,n} — {0,...,J} defined by j(u) = j if u € ;. In the interests of simplifying
notation, in this section, the symbol '>’ will be equivalent to > C’, with C' a universal constant.

The following lemma will be useful to bound above the coefficients of Ay in absolute value, and
to derive Lemmas and

Lemma D.1. [AHR1jd] The magnitude of the coefficients of matriz Ay = F¢*, where F is the
1D Fourier transform and ¢ is the 1D Haar transform, satisfies

1P, AgPo, |17 oo S 27927071 for 0<j0< (32)
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Lemma D.2. In the case of isolated measurements, with Ag = F¢* with ¢ to be the inverse
1D Haar transform, suppose that the signal to reconstruct x is sparse by levels, meaning that
| Po,zllo < sj for 0 < j < J. Then,

B+ Z sg2 k=472 | (33)

ﬁij(k)

Choosing T, to be constant by level, i.e. 7 = Tjy), the last expression can be rewritten as
follows

; J
9—J .
< e stz | 4
OF gmax, 2 | &t £ 349
L#j

Proof. Using , we can write

J
lapllocllansl _ llawlloo Sy lana,loose

O = <
1<k<n Tk 1<k<n Tk
J
< max —9-i( ()/2 3 9=(h) /21300112,
™~ 1<k<n Tk =0
1 J
< max 72-]‘(@22 li(k)—tl/2,
1<k<n T —
where we use to bound above ||aj o, ||oo- [ |

Lemma D.3. In the case of isolated measurements, with Ag = F¢* with ¢ to be the inverse Haar
transform, suppose that the signal to reconstruct x is sparse by levels, meaning that HPQjm'H() <s;j
for 0 <5 < J. Choosing mj to be constant by level, i.e. T = Tjxy, we have

< 9 |j pl/2
T oglja<xj 7~Tj2 22 (35)

Proof. Denoting © = 9(i) the argument of the supremum in the definition of T, we get

3

n

1
T = — — 2 0|2
max > —lefarl*laxstl® < max } | —llaka, [5clar.s?]
k=1 k= 1
n 1 J
< max — 9 ik)g=li(k) e‘|ak5v|2 < max —2 Jgli=d E |ak5v]2
0<0<T &~ T}, 0<<.] 4
%,_/
:ZKj

We can rewrite K as follows K; = || Po, AgPst||3. Therefore, since |90 < 1,

J J
VE; = ||Po,AoPsill = || Pa,A0 Y Pa,Psilla <Y ||Pa, Ao Po, Psil2
p=0 p=0
J J
< 1P, AoPay |22l Pa, Psilla < ) (| Pa, AoPay ll2—2/5p.
p=0 p=0
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Using Lemma 4.3 of [AHRI4a], we have the following upper bound

|Po, Ao P, ll2s2 S 2797P2 for 0<jp<J
Then, \/K; S Z;i:o 2_‘j_p|/2\/$, and thus
2
J ' J ‘ J ‘
K; < 22_‘]—17‘/2\/% < Zg—lj—pl/Q ZQ—IJ—pI/Qsp
p=0 p=0 p=0

J
< Z 2*‘3'*17‘/231)
p=0

where in the second inequality we use Cauchy-Schwarz inequality. Therefore,

1
T < 9—li— f\ 2 J 9—li— pl/2
0@%2 Z

J
< | max 91— max —2 322 7 p‘/2

0<0<J 4 0<j<J Tj
Jj=0

< max 72 ANV pl/2
0<]<J 5 Z

Note that the upper bounds given in Lemmas and coincide. Therefore, we can apply
Theorem [3.3| with the following upper bound for I'(S, )

I'(S,7) < max 72 322 i=pl/2g,

0<i<J T

and conclude the proof for Corollary

D.4 Proof of Corollary

Recall that Ag = ¢ ® ¢ € C™ ", where ¢ € CV™ V7™ is a 1D orthogonal transform. Consider a
blocks dictionary made of y/n horizontal lines, i.e. for 1 <k < /n

By, = (qf)km, N mb), and thus  B.Bj, = <¢,’;7i¢k7j1d ﬁ)lgmgﬁ.

Now, let us fix that the signal support S is concentrated on g horizontal lines of the spatial
plane. Formally,

Sc{(i—-Dvn+{1,....,v/n},j€J} (36)
where J C {1,...,+/n} and |J| = q. Therefore,

By Br,s = ( J€J¢kz¢k7jldf)1<”<f

where d;c; = 1 if j € J and 0 otherwise. In such a setting, the quantities in Definition can
be rewritten as follows:

*BrB z . ; 2
O(S,7) = max max Ilei B Br.s = max max Oril 2jes ’(bk’] H¢k I
k<M 1ezn Tk 1<k<Vn1<i<yn Tk 1<k<f Tl

(37)
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Recall that
T(S,m) = max sup Z |ex B} By, sv|?

1SS0 oo <1 27 Tk

and call (i*,v) the argument of the supremum over {1,...,n} and {u, ||u||cc < 1}. Therefore,
SR
Y(S,m) =Y — |efBiBrsv|*.
(5.7 = 32 e BB

We can decompose i* = (i1 — 1)y/n + i with i1, iy integers of {1,...,y/n}. We can write

2 2

vn vn
T(S? 7T) = Z 26]€J¢k z1¢k,] 12 [ ] Z ’qbk Z1| Z(SJGJQSkaJ )
k:l 7j=1 k= 1

where w € CV™ such that w; = ¢} Lvlj] and v[j] € CV™ is the restriction of v to the j-th horizontal
line, i.e. to the components of v mdexed by {(j —1)y/n+1,...,5/n}. We can rewrite the last
expression as follows

Vvn 1 vn
T(S,7) = i ,OP ; ,oP
(8:m =2 Zloral* lfew, oPro)l lg;gxﬁerm 3 lew P
= i P = i P
lirl}g)\;»ﬂ' |¢f 1‘ H¢ JwHZ 15}3)\%7_‘_ ’(W 1| H Jw”Q
<
13(13}\%7Tg|¢£“|

where in the last expression we use that ||w||s < 1. Choosing ¢ as the 1D Fourier transform gives
[¢,:llo0 = # and choosing a uniform sampling among the \/n horizontal lines, i.e. 7; =1/\/n
for 1 < ¢ < /n, leads to

L'(S,7*) <gq,

which ends the proof of Corollary

D.5 Proof of Corollary

We recall that the sampling matrix is then constructed from the full sampling matrix Ag € C**™,
in the 2D setting, where Ay = Fop¥™* with Fop € C™*"™ the 2D Fourier transform and ¥* € C"*"™
the 2D inverse wavelet transform. Since both transforms are separable, Fop = F @ F, ¥ =
Y ® 1, with @ the Kronecker product and F,¢ € CV"*V™ the corresponding 1D transforms.
Then Ay can also be rewritten as Ag = ¢ ® ¢, the Kronecker product of the 1D transforms
¢ = Fap* € CVmxv,

In this section, in order to avoid any confusion, we will denote by (egn)) the canonical
1<i<n
basis in dimension n.

In Corollary we focus on the case where Ag = ¢ ® ¢ € C™"*™ is the 2D Fourier-Shannon
wavelet transform, then ¢ € CV™*V7 ig the 1D Fourier-Shannon wavelets transform. Therefore,
¢ and Ay are block-diagonal orthogonal matrices. The sensing schemes are based on horizontal
lines on the 2D plane, meaning that

B = (94,10 b, yad)

for k=1,...,4/n. By defintion of the Fourier-Shannon transform, we have that

1

BZB/C = <¢Z,Z¢k,m1d\/ﬁ>1§&m§\/ﬁ = 423(’9) (5£€Tj(k) 5m€7’]~(k)1d\/ﬁ> 1§K,m§ﬁ7
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for k=1,...,1/n, where ésc,, = 1if £ € 7;, and 0 otherwise.

First let us start with the evaluation of ©. By definition of || - |[sxo—00, We have
(n)\*
| B Bk,S||oo—s00 = max  sup <€e ) BZBkng‘ :
12N jjvjloo<1

veC™

Setting v = (k) the argument of the supremum in the last expression, then

1 *
©:= max max — (ey)) By By Pst|,
1<k<y/m 1<6<n T

Note that ||7]|cc < 1. The index ¢ can be rewritten as £ = ({1 — 1)\/n+ £y, with 1 < 41,45 < /n.

Ok (¢km< (f)> )1gm§\/ﬁpsﬁ

O := max max
1<k<\/m 1<01 2</n 7Tk

i

= max max Dk A1 Z Pk,m (642 ) (Ps?) [m]|,

1<k<\/m 1< 0o</n -

where (v)[m] € CV™ is the restriction of the vector v to the m-th horizontal line, i.e. to
the components indexed by {(m — 1)y/n + 1,...,my/n}. Set w!l™ := (Psd)[m] € CV", the
restriction of Ps? to the m-th horizontal line. Then the fo-th component of w!(™) written as
w‘ggm) is equal to (eg;/ﬁ))* (Psv) [m]. Note that ‘w‘ggm)‘ <1if (m—1)y/n+4{y € S, and it is
equal to 0 otherwise. Then,

© < max  max Dk, Z P mw€2 : (38)

| <k< /7 1<l s </ T —

By the properties of block-diagonality of the Fourier-Shannon transform, we have

O < max max k w! 39
1<k< /7 1<l o</ T qbkfl m;k)d’ m Zz (39)
< max max w
T 1<k<im 1<fo<y/n T m; . 52
m
< max max )wb ‘
1<k<\/m 1<ly<\/n Tk mET o
1 1
< ma s 40
1<k<f . 20(k) %) (40)
Indeed, ZmET Km)‘ is bounded above by ZmET-(k) O(m—1)y/mtlscs> Which counts the number
J

of mtersectlons between S, the lyth-column and the j(k) (horizontal) level, see the blue line in
Figure [3l Taking the maximum over 1 < ¢y < /n leads to Zme-j(k) S(m—1)yttaes < S5ry-
Secondly, let us evaluate Y. We have that

2

)

T := max L <eén))*BZBm~)
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where 0 = 9(¢) is the argument of the supremum on the fo, unit-ball. Using , with ¢ =
(61 — 1)y/n + {3, we can rewrite

v/ 1
T = max Z ¢k A Z o mwgz )

1<h, bV f —

where w'egm) = (eg;/ﬁ))* (Pgv) [m]. Note again that ‘wégm)‘ <1if (m—1)y/n+/¥ly €S, and it

is equal to 0 otherwise. By denoting w!(+¥2) the vector with components
wlt) = (P, W, ™) (41)

we can rewrite the previous quantity as follows

vn 2
T= 1<£I1IZ§IZ <¢k i £2)>‘ w
Vi 2
= s o > oot

Since ¢ is an orthogonal block-diagonal transform, we have

T e Z 7:k et ’2 ‘<¢Z,:?w|(:’€2)>‘2'

R =i
I

Choosing 7, = 7; for k € 7; meaning that the probability of drawing lines is constant by levels,
we can write that

¥ A ~ 1 Z ‘¢k,€1’2 ‘<¢Z’:,w|(t,é2)>‘2’

1<l,82<v/n T () KET; 0,
1

< max = 3 ol (o, w6

1<b,82<v/n T ()

keT; j(ey)
9—3(f1) 2
a2 S g
) kETj(e)
9—3(f1) _ 2
= max —_ HPT(Z )QZ)’UJ'(-,ZQ) .
16,65y Tiey) W7 2
Since ¢ is orthogonal and block diagonal we have ‘ i )qﬁw'( L) =Py, e )w|(“€2) |3. Then,
T<  max 279t H SP(CEY 2’
1<0,6<vn Tj(ey) 3(e1) 2
9—i(t1) .
< max "78,]‘(41)7 (43)

1<b<Vn Tjey)

(:,2
where the last step invokes that || P, w! CRNE <Y e, Se) O(m—1)yat+tres < S5,y Note that
the upper bounds ) and ( . on T and © coincide. They lead to the following choice for
1<k<n,

9—i(k) s¢, 9—ik) s¢ 9—i(k)
. k k k
T = i) = ( ) _ (k) - J( L)]

. - .
S 85020 Eeo Yeer, 55270 X0
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Then for this particular choice, we can rewrite

J
max(0, 1) 525
J=0

To conclude, by Theorem a lower bound on the required number of horizontal lines to
acquire is thus

m>Zs In(s)In(n/e).

D.6 Proof of Corollary

In this part, using the formalism introduced in the last section, v is the 1D Haar transform, and
¢ is then the Fourier-Haar’s wavelet transform. In such a case, we can reuse in Section
to evaluate O:

vn
O < max max Dh0 Z OlmWm[la]| .
1 <hr/T 10 L2 </ T —

Using Lemma we have for 1 < k,m < /n,
|G| S 2770/ 20713 =i (m)I/2,

Therefore,

vn

m

O < max max — ‘fﬁk ol Z ’st’mw‘eg )
1<k<{/n1<f1,6o<\/n Tk m—1

J
< max max *\%el‘z Z |01 w|f(2m)‘

1<k<\/m 1<0; fo<\/n Tk j:OmETj

< max max ‘ﬁbkél‘z Z |¢km| wL(Qm)‘

1<k<ym 1<£y £o<\/n Tk

j=0mer;
< max max 2 3 (k) 9~ li(k)=3l/2 ‘w ‘
~1<k<m1<l:<\/n Tk ]z% n;]
< max 72 i(k) N o—li(k)—il/2 4 <. 44
1<k<\/n Tk Z ( )

Now let us study Y. Recall the definition of w!(2) depending on ¢ in , we can reuse

to have

T= 1<er1{l€2§fz <¢k o 62)>‘
NG 2
:1<e?}€2§fz |¢Hl| ‘<¢k Sl >‘ ’

- 3L (o)

WA N vl
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by choosing 7, = 7; for k € 7;, meaning that the drawing probability is constant by level. Since

2 . o
for k € 7;, we have ‘Qsz,h‘ < 2779~ li—it)] by Lemma [D.1{ Then,

J

T= max Z 2 Jg=li jszKék wl 82)>‘ .

R N =
J

=:K;
Dealing with K, we can derive that

J

<> ||Pro*P,

2 r=

pTrwl(ib)

\/fj — HPqub*wl(:’ZQ)

22 ‘ 2

J
Pr; " Z P w5
r=0

J
<Y 2l e,
r=0

where the upper bound ‘}P.rjgi)*PT 9 < 2715=71/2 can be found in [AHR14al Lemma 4.3].

Then,
J 4 2 J 4 J
K, < (Z 9—li—rl/2 /37q> < (Z 2—|J—7"|/2> <22—|]—T/237€>
r=0 r=0 r=0
J
< ZQ*IJ*TI/QS%
r=0
Therefore,
'
T < max —9-igli J(h)lZQ li=rl/24 c

s
1§f1§\/ﬁJ —o i —0

max 22 =3 ()] max —Z2 l=rl/2g¢
1<h<yn = 0<j<J T;j

The upper bounds and give

max(0,T) < max— 2~ li- T‘/Qc
SIRORS 0<5<T T z%
.

Therefore, by Theorem a lower bound on the required number of horizontal lines is

Zz 7=r1/24¢ In(n/e) In(s).

r=0

0<]<J 7'(']

By choosing
2_J(k) Zi:o 27 \j(k)7r|/28$

V7 90 YT 9-lit0—rl/2g¢

Tk = Tj(k) =
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for 1 < k < y/n, the lower bound on the required number of horizontal lines can be rewritten as

Vn J
m 2 Z 2730 Z 271 O=T/25¢ In(n/e) In(s)
=1 r=0

J J
22273 2 nn/e)n(s)

j=0 ter;
J .
271=71/24¢ n(n/e) In(s)
r=0

vV
M~

<
Il
o

J
> s+ Y 2707258 | In(n/e) In(s),
r=0

r#j

M-

<
Il
o

which concludes the proof of Corollary
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