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Many two-phase materials suffer from grain-growth due to the energy cost which is associated
with the interface that separates both phases. While our understanding of the driving forces and
the dynamics of grain growth in different materials is well advanced by now, current research efforts
address the question of how this process may be slowed down, or, ideally, arrested. We use a model
system of two bubbles to explore how the presence of an interfacial elasticity may interfere with
the coarsening process and the final grain size distribution. Combining experiments and modelling
in the analysis of the evolution of two bubbles, we show that clear relationships can be predicted
between the interfacial tension, the interfacial elasticity and the change in bubble polydispersity.
Despite its general interest, the presented results have direct implications for our understanding of
foam stability.

Materials consisting of grains separated by well-defined
interfaces are ubiquitous. Examples include polycrys-
talline solids [1], magnetic garnet films [2], two-
phase ferrofluidic mixtures [3], superconducting mag-
netic froths [4], foams [5, 6] or emulsions [7]. In such
systems, the positive energy associated with the inter-
faces is the driving force of a characteristic grain growth
or “coarsening” process by which smaller grains tend to
disappear while larger grains grow, leading to a progres-
sive reduction of the overall interfacial energy and to
characteristic asymptotic grain size distributions.

While our understanding of the main mechanisms of
grain growth in these different systems has advanced sig-
nificantly, much effort is now dedicated to the question of
how this grain growth may be controlled or, ideally, com-
pletely arrested. Since the historic work by the metallur-
gist S. C. Smith [8], liquid foams have served repeatedly
as model systems for related questions. We return here
to this model system in order to tackle the question of
how grain growth may be arrested by the presence of an
interfacial elasticity E [9, 10], i.e. by interfaces whose
interfacial tension γ depends on the interfacial area A,
with a dilatational elastic modulus E defined as

E =
∂γ

∂ lnA
. (1)

In this context, a classical prediction for the growth ar-
rest is due to Gibbs [9]. It consists in considering a single
bubble of radius R and surface area 4πR2 in a liquid at
constant pressure pliq. In the absence of an interfacial
elasticity, the gas pressure pgas inside the bubble exceeds
that in the liquid, the corresponding pressure drop being
given by the Young-Laplace law ∆p = pgas−pliq = 2γ/R.
Since ∂∆p/∂R < 0 this pressure drop increases with
decreasing bubble size, leading to an accelerated bub-
ble dissolution for a single bubble, and a net gas trans-
port from smaller to bigger bubbles in multiple-bubble

FIG. 1: Experimental set-up and bubble volume evolution.
Top: photographs of the bubbles at four different times. Bot-
tom right: setup. Two bubbles are prepared in a nanoparti-
cle dispersion and left to equilibrate. A valve connects both
bubbles. It is opened at topen. Gas exchange between both
bubbles occurs until they reach equal pressures. Bottom left:
evolution of the bubble volumes (mm3). The initial values
correspond to a polydispersity factor x0 = 2.1% while the
final values correspond to xf = 0.69.

systems. Gibbs showed that this evolution can be not
only slowed down but even fully arrested by the pres-
ence of a sufficiently high interfacial elasticity. Indeed,
Eq. (1) implies that ∂∆p/∂R = 2

R2 (2E − γ). Hence,
when E/γ > 1/2, which is now known as the Gibbs cri-
terion [9], the bubble evolution is stopped. This criterion
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has been checked by simulations more recently [10].
In the case of a single bubble, such an interfacial

elasticity arises naturally when working with stabilising
agents which are irreversibly adsorbed to the gas/liquid
interface. Systems which are very much “en vogue” for
this purpose consist of bubbles stabilised by nano- or
micron-sized particles [11–13] or special proteins [14]. In
this case, during the shrinking process, the agents are
compacted at the interface, hence not only does the in-
terfacial tension γ decrease, but the elastic modulus E it-
self increases. As a result, Gibbs’ criterion E/γ > 1/2 is
necessarily fulfilled at some point. However, many ques-
tions remain as to how the behaviour of a single bubble
can be related to that of a complex foam which contains
bubbles of different sizes – since some of them will shrink
and others will grow. Many irreversibly adsorbed sys-
tems have proven to stop coarsening, with a surprisingly
good agreement with the Gibbs criterion [14–18]. Nev-
ertheless, it is not clear at this stage how to provide a
reliable criterion for the coarsening to stop, and to pre-
dict the final bubble size distribution [10].

In order to provide a bridge between the one-bubble
and the many-bubble systems, we here analyse theoret-
ically and experimentally the coarsening process of a
drastically simplified foam which consists of two bubbles
which can exchange gas, as shown in FIG. 1. Using
this simple system, we show that coarsening is expected
to stop from the very beginning if the Gibbs criterion
is fulfilled under the conditions (i) that the bubbles
have exactly identical initial sizes, (ii) that there is no
hydrostatic pressure difference between them and (iii)
that there is no further adsorption onto the surface. If
either of these three assumptions is relaxed, the Gibbs
criterion evolves to higher critical values of the interfacial
elasticity. We confirm this prediction by experiments
performed on bubbles stabilised by nanoparticles.

The set-up we are interested in is schematised in
FIG. 1. A small bubble (1) and a big bubble (2) are
generated in a dispersion of nanoparticles made partially
hydrophobic by the adsorption of oppositely charged sur-
factants. The two bubbles are connected by a tube. With
spherical bubbles and neglecting any difference in hydro-
static pressure between the two bubbles, the pressure pi
in the bubble i writes:

pi(t) = 2γi(t)/Ri(t) (2)

Assuming that E does not depend on the surface area,
Eq. (1) is valid over a wide range of surface areas, which
yields an expression for the interfacial tension of each
bubble:

γi(t) = γ0 + E ln(Ai(t)/Ai,ini) (3)

where Ai,ini is the initial area of the bubble i and Ai(t)
its evolution with time.

Let us now introduce the effective average radius R0

and the polydispersity factor x through 2R3
0 = R3

1 + R3
2

and 2x = (R3
2 −R3

1)/R3
0, which yields:

R1 = (1− x)1/3R0 (4)

R2 = (1 + x)1/3R0 (5)

where x = 0 if the bubbles have the exact same size while
x→ 1 in the limit where the smaller bubble shrinks and
disappears entirely. Using Ai = 4π Ri

2 and Eqs. (2), (3),
(4) and (5), the pressure in each bubble can be written
as:

p1 = +
2γ0 + 4

3E ln
(

1−x
1−x0

)
R0 (1− x)1/3

(6)

p2 = +
2γ0 + 4

3E ln
(

1+x
1+x0

)
R0 (1 + x)1/3

(7)

At equilibrium, both pressures are equal, hence Eqs. (6)
and (7) yield a prediction, in implicit form, for the final
polydispersity xf as a function of two control parameters,
namely the initial polydispersity x0 and the interfacial
elasticity E:

2E

3γ0

 ln
(

1−x0

1−xf

)
(1− xf )1/3

−
ln
(

1+x0

1+xf

)
(1 + xf )1/3


=

[
1

(1− xf )1/3
− 1

(1 + xf )1/3

]
(8)

As shown by FIG. 2a, Eq. (8) predicts that if the ini-
tial polydispersity x0 is rigorously zero (black line), no
coarsening occurs (xf = 0) whenever E/γ0 ≥ 1/2, in
other words Gibbs’ criterion is strictly obeyed. Coarsen-
ing is expected as soon as E/γ0 ≤ 1/2 but it should stop
after a finite change in bubble volume, i.e. for some final
polydispersity xf strictly between 0 and 1. If the ini-
tial bubbles have slightly different volumes (x0 > 0), the
criterion is less sharp (coloured lines in FIG. 2a). The
larger the interfacial elasticity, the smaller is the final
polydispersity xf .

In order to test this prediction, we performed ex-
periments on bubbles stabilized by a mixture of silica
nanoparticles (ludox) and oppositely charged surfactants
(CTAB) which is a well characterized system [19]. Two
syringes are immersed in the solution and their outlets
are positioned at the same altitude. A bubble is gener-
ated at the outlet of each syringe by pressing them man-
ually (FIG. 1). Both syringe outlets are connected by a
tube which is initially closed by a valve. Both bubbles are
left to equilibrate separately, then at topen = 170s, the
valve is opened and the gas is free to flow from one bub-
ble to the other. The bubble evolution is recorded with
a video camera. The pictures are then treated by the
software included in a Tracker (Teclis, France) to extract
the volume, radius, interfacial tension, apex altitude and
apex radius of curvature of each bubble as a function of
time.
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FIG. 2: Expected effect of elasticity, adsorption and gravity
on the final bubble volumes for irreversibly adsorbed surfac-
tants according to: (a) Eq. (8), (b) Eq. (10) and (c) Eq. (12).
The final volume of the big (resp. small) bubble is propor-
tional to 1 + xf (resp. 1 − xf ). Further adsorption onto the
big (growing) bubble is assumed to be blocked in (a). It is
present in (b) and (c). The effect of gravity on the pressure is
neglected in (a) and (b). In (c), gravity is taken into account
and the ratio of the average bubble radius R0 to the capillary
length `cap =

√
γ0/(ρg) is taken equal to 1.0. Black curves

correspond to initially identical bubbles (initial polydispersity
factor x0 = 0) while coloured curves correspond to x0 = 2.1%
(experimental value), 10%, 20% and 30%.

FIG. 1 displays the evolution of the volume V1 and
V2 of the big and the small bubble respectively. After
the bubbles are connected at topen, the smaller bubble
shrinks while the bigger one grows. This coarsening be-
haviour stops after a while and the bubbles reach a rather
stable final volume. This corresponds qualitatively to the
predicted behavior represented in FIG. 2(a). Note that
the total volume decreases slowly with time (see FIG. 1).
This indicates a small dissolution of the bubbles into the
bath.

For a quantitative comparison, the evolution of the
measured interfacial tensions, initially identical, are plot-
ted in FIG. 3a. The interfacial tension γ1 of the smaller
bubble decreases with time and the elasticity is almost
constant (E = 37 mN/m, see FIG. 3b), which justifies the
use of Eq. (3). Thus, the small bubble can be described
using the above assumption that no desorption occurs
during shrinking. By contrast, the interfacial tension of
the bigger bubble is almost constant during the exper-
iment (FIG. 3a), which suggests that adsorption takes
place on much shorter timescales than those of the ex-
periment. In other words, there is an asymmetry between
the big bubble (fast adsorption) and the small one (no
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FIG. 3: Measured bubble evolution while the bubbles are iso-
lated (black data points, t < topen = 170s) and once they have
been connected (blue points, t > topen). (a) Interfacial ten-
sions (mN/m) extracted from bubble shapes and sizes. The
initial value at topen is γ0 = 60mN/m. (b) Interfacial ten-
sion γ1 of the small bubble as a function of the logarithm
of its surface area A1. The straight line, as a guide for the
eye, corresponds to an estimated elasticity E = 37 mN/m.
(c) Theoretical prediction for x0 = 2.1%, E/γ0 = 0.62 and
R0/`cap = 0.42 (blue line), and comparison with the exper-
imental value (blue circle). The case of two initially stricly
identical bubbles (x0 = 0) is shown for comparison (black
curve). (d) Cumulated gas flow (mm3) between both bub-
bles (i.e., volume of the gas transferred) as a function of the
cumulated pressure difference as derived from the bubble di-
mensions via Eq. (14). The slope reaches a final value which
corresponds to the hydrodynamic conductance of the connec-
tion between both bubbles.

desorption).
Let us now therefore complement the model with the

effect of particle adsorption, which we assume instanta-
neous, when bubble 2 grows. The fast adsorption results
in a constant surface coverage and interfacial tension:

γ2(t) = γ0 (9)

Under such circumstances, Eq. (8) is modified and the
condition p1 = p2 now reads:

2E

3γ0

ln
(

1−x0

1−xf

)
(1− xf )1/3

=

[
1

(1− xf )1/3
− 1

(1 + xf )1/3

]
(10)

This modifies the prediction for the final volume of the
two bubbles (FIG. 2b). The result is qualitatively the
same. However (i) the Gibbs criterion becomes E/γ0 > 1
for x0 = 0 and (ii) for E/γ0 < 1, the final polydispersity
factor xf increases less sharply with a decreasing inter-
facial elasticity.

Let us now incorporate another feature into the model,
namely the effect of gravity. In the experiment, the sy-
ringe outlets are positioned at the same altitude. As a
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consequence, the apex of the big bubble is higher than
that of the small one, which reinforces the pressure dif-
ference between them and accelerates the coarsening pro-
cess. To take this effect into account, we complement
Eq. (2) with the hydrostatic pressure:

pi(t) = 2γi(t)/Ri(t)− 2ρgRi(t) (11)

Defining the capillary length `cap =
√
γ0/(ρg), this

yields:

2E

3γ0

ln
(

1−x0

1−xf

)
(1− xf )

1
3

=

[
1

(1− xf )
1
3

− 1

(1 + xf )
1
3

]

+
R2

0

`2cap

[
(1 + xf )

1
3 − (1− xf )

1
3

]
(12)

The prediction for the final volume for R0 = `cap is plot-
ted in FIG. 2c for various initial polydispersities x0. As
can be seen from the (black) curve, for x0 = 0, Gibbs’
criterion turns out to become: E/γ0 > 2, which indicates
that the two-bubble system is more strongly destabilized
than when gravity was not taken into account (compare
with FIG. 2b). Eq. (12) shows that this effect will be
stronger when the bubble size R0 is larger. More gen-
erally, taking Eq. (12) with x0 = 0 and taking the limit
xf → 0, we obtain the new version of Gibbs criterion:

E

γ0
= kads

(
1 +

R2
0

`2cap

)
(13)

where kads = 1/2 when no adsorption takes place, as in
Eq. (8), and kads = 1 for fast adsorption as in Eqs. (10-
12).

Let us now draw a quantitative comparison between
the prediction provided by the full model, given by
Eq. (12), and the experiment. The initial bubble vol-
umes, 4.4 and 4.6 mm3, (see FIG. 1) correspond to a
polydispersity factor x0 = 0.021 while the final volumes,
1.3 and 7.1 mm3, correspond to xf = 0.69. The value
of the effective average radius R0 = 1.0 mm results from
the initial average volume 4π R3

0/3 = 4.5 mm3. The ini-
tial surface tension γ0 = 60 mN/m (see FIG. 3a) yields
the capillary length `cap = 2.45 mm, i.e., R0/`cap = 0.42.
Finally, the elasticity E = 37 mN/m (see FIG. 3b) yields
the value of the ratio E/γ0 = 0.62. These values can
now be used to plot the prediction that corresponds to
the values of x0 and R0/`cap. It agrees remarkably well
with the experimental value of E/γ0 and xf , see FIG. 3c.

Let us now check whether the above theoretical de-
scription, successful for predicting the final state, can also
account for the time evolution within our experiment. If
the gas flowrate between both bubbles is proportional to
the difference in pressure, then the volume (V2 − V1)/2
transfered from bubble 1 to bubble 2 should vary like the

integral of the pressure difference,
∫ t

0
(p1 − p2)dt. Let

us estimate the pressures pi using a modified version of
Eq. (11) to take into account a more realistic (not neces-
sarily spherical) bubble shape:

pi(t) = 2γi(t)/R
apex
i (t)− ρgzapexi (t), (14)

where the apex altitude zapexi , the radius of curvature
Rapex

i at the apex and the interfacial tension γi can be
extracted from the pictures at all time. The result is
shown on FIG. 3d. The linear variation that is reached
eventually (i.e., when the flowrate is low according to
FIG. 1) shows that Eq. (14) is valid, as expected. In
principle, it should also be used in the theory, rather
than Eq. (11), especially for initial bubble radii R0

comparable to the capillary length `cap. This can be
done only numerically, however, and we believe that
the essential trends are already captured by the present
spherical-bubble version of the theory.

This comparison between a model and a simple exper-
iment performed on two interconnected bubbles allows
to rationalize why the Gibbs criterion describes foams
qualitatively well even if the threshold of 1/2 is not al-
ways recovered experimentally. We indeed show in this
Letter that the Gibbs criterion describes well the case
of two bubbles stabilized by agents which are all irre-
versibly adsorbed to the interface from the beginning, in
the absence of gravity, i.e., for small bubbles, and for ini-
tially monodisperse bubbles. In this case, the coarsening
does not even start if E/γ0 > 1/2. If the bubbles are
initially polydisperse, the criterion is somewhat relaxed:
the coarsening starts, but it stops before the small bub-
ble can disappear. In the presence of gravity or in the
presence of fast adsorption, the classical threshold value
1/2 for the Gibbs criterion increases and the total ar-
rest of the coarsening is predicted by a new version of
Gibbs criterion, given by Eq. (13). We have shown that
when all these different effects are taken into account,
the experiments are well captured by the theoretical de-
scription. Coarsening indeed stops experimentally after
a finite time and bubbles reach a finite volume.

In order to generalize the present study and describe
foam coarsening completely, additional steps still need
to be taken because it may differ from the present two-
bubble situation for at least three reasons: (i) when
a given bubble swells or shrinks, its various films may
change size at different rates, depending on the dynam-
ics of the neighbouring bubbles, (ii) different bubbles in a
foam have different altitudes, hence the intensity and the
sign of the gravity term in Eq. (13) depend on the pair
of bubbles under consideration, and (iii) in a dry foam,
the pressure in the liquid, located in the films and in the
channels (called Plateau borders) between neighbouring
bubbles, is significantly lower than the gas pressure in
the bubbles themselves. More generally, the fact that
the coarsening behaviour of two bubbles is very different
from that of a single bubble, as we have shown, suggests
that coarsening in 3D foams may reflect complex collec-
tive behaviours.

We believe that the physical understanding we have
gained from the two-bubble system can be translated
directly to other systems which undergo grain growth.
Most realistic systems are likely to have a more com-
plex elastic behaviour than the one considered here. Al-
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ready in the case of bubbles one may think about more
complex scenarios, for example when considering solu-
ble surfactants with slow desorption/adsorption. In this
case, the coarsening would not be stopped, but the over-
all coarsening dynamics would be affected. Last but not
least, many systems which undergo grain growth consist
of polyhedral grains in which the grain pressure is corre-
lated with the grain size via the grain topology - i.e. in

a less direct manner than considered here for spherical
bubbles.

We would like to acknowledge fruitful discussions with
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CNRS for financing his position. We acknowledge fund-
ing from the European Research Council (ERC Starting
Grant 307280-POMCAPS).
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