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16 Route de Gray, 25030 Besancon, France.
E-mail: mmokhtar@univ-fcomte.fr

Abstract

This paper provides various "contractivity" results for linear opera-
tors of the form I —C where C are positive contractions on real ordered
Banach spaces X. If A generates a positive contraction semigroup in
Lebesgue spaces LP (1), we show (M. Pierre’s result) that A(A—A)~1 is
a "contraction on the positive cone", i.e. |[A(X\ — A)~ x| < =] for all
x € LY (1) (A > 0), provided that p > 2. We show also that this result
is not true for 1 < p < 2. We give an extension of M. Pierre’s result to
general ordered Banach spaces X under a suitable uniform monotony
assumption on the duality map on the positive cone X . We deduce
from this result that, in such spaces, I — C is a contraction on X
for any positive projection C with norm 1. We give also a direct proof
(by E. Ricard) of this last result if additionally the norm is smooth
on the positive cone. For any positive contraction C' on base-norm
spaces X (e.g. in real L'(u) spaces or in preduals of hermitian part
of von Neumann algebras), we show that N(u — Cu) < |Ju|| Yu € X
where NV is the canonical half-norm in X. For any positive contraction
C' on order-unit spaces X (e.g. on the hermitian part of a C* algebra),
we show that I — C is a contraction on X . Applications to relative
operator bounds, ergodic projections and conditional expectations are
given.



1 Introduction

In this paper, we give various "contractivity" results for perturbations of
the identity by linear positive contractions in real ordered Banach spaces.
This work was motivated initially by the computation of relative operator
bounds in a context of perturbation of generators of positive semigroups
of contractions (in connection e.g. with [5][1] and of interest e.g. for
perturbation theory of submarkovian operators with Levy-type structure
steeming from Dirichlet forms [7]).

It is well-known (see e.g. [24]) that if we consider a semibounded (say
bounded from above) self-adjoint operator

A:D(A)cH—H
in a Hilbert space H and if
S:D(A)— H

is A-bounded then the relative A-bound of S (i.e. the infimum of constants
a > 0 for which there exists a constant b > 0 such that

1Sz] < alAz] +bllzl|, = € D(A))

is equal to
lim [|S(A— A

-1

Pel ) HE(H) :

The initial motivation of this work was to look for conditions under which
this property holds true in a Hilbert space when A is no longer self-adjoint
or, more generally, when A is a generator of a Cp-semigroup (U(t));», on
a Banach space. This question turned out to have some connection with
"contractivity" properties of perturbations of the identity by linear contrac-
tions in (ordered) Banach spaces of own interest which in turn have useful
applications.

We show first that the property above remains true in a Hilbert space
setting provided there exists some A € R such that A 4+ X generates a con-
traction semigroup (see Corollary 3). More generally, in the context of
generators A of Co-semigroups (U(?));», on Banach spaces X, the relative
A-bound of S coincides with limy e || S(A — A)*1||E(X) provided that

lim sup |[A(A—A L.

1 <
A—400 ) HL(X) o



On the other hand, it is easy to see that

lim sup HA()\ - A)71H£(X) < limsup [|U(t) = 1| z(x) (1)
A—+00 t—0
and this leads us naturally to wonder if A(A — A)~! or U(t) — I could be
contractions when A generates a Cp-semigroup of contractions (U(t))g-
(Note that
AN=A) =20 -A) -1

and A(A — A)~! is a contraction.) It turns out that this cannot be true in
general. Indeed, in an earlier version of this paper, we proved general neg-
ative results for submarkovian Cy-semigroups in Lebesgue spaces LP (2, ),
over a metric space €2, for large p’s (and also for p close to 1 in the symmetric
case) provided that a suitable smoothing effect on L*(2, u) is assumed. In
particular, for stochastic (i.e. norm-preserving on the positive cone) positive
Co-semigroups on L!(€, 1) with a suitable "dual smoothing effect", we have

the sharp results
lim)\sup |A(X - A)*1||£(L1) =[U@®) = Illgpny=2 (v¢>0). (2)

——+00
These general counter-examples suggest fully that a priori we cannot expect
AMN— A)"Yand I — U(t) to be contractions outside the realm of Hilbert
spaces. Despite this fact, we show in this paper how suitable "contractiv-
ity" properties still hold in suitable (non hilbertian) ordered Banach spaces.
Indeed, this paper is devoted to various "contractivity" results for operators

of the form

1-C
where C' denotes linear positive contractions in suitable ordered Banach
spaces. This study was triggered by the unsuspected fact that if A generates
a positive semigroup (i.e. leaving invariant the positive cone X;) on a real
ordered Banach space with a Riesz norm and if S : D(A)NX — X is
positive, i.e.

S:D(A) N X, — X4,
then the relative A-bound of S is equal to
: —1
/\ILHC}O [S(A—4) HL(X) (3)
(as in Hilbert space settings) provided that A(A— A)~!is a “contraction on
the positive cone” in the sense

sup AN = A)_leX <1 (A>0).
el <1, zeXy



This explains why "contractions on the positive cone” (which are not con-
tractions on the whole space) are worth studying. This paper provides vari-
ous theorems in this direction with applications to relative operator bounds,
ergodic projections and conditional expectations (in both classical or non-
commutative contexts). As far as we know, these results appear here for
the first time. Three classes of ordered Banach spaces (and their duals) are
involved in this study:

(i) Base-norm ordered Banach spaces (see the definition in Section 3).
Such spaces cover e.g. real L!(u) spaces, the space of real Borel measures
on a metric space endowed with the total variation norm, the duals of the
hermitian part of C* algebras or the preduals of the hermitian part of von
Neumann algebras.

(ii) Order-unit ordered Banach spaces (see the definition in Section 3).
Such spaces cover e.g. real L>(u) spaces, real C'(K) spaces or more generally
(hermitian parts of) C* algebras. (We point out that there is a perfect
symmetry (duality) between base-norm spaces and order-unit spaces, see
[15].)

(iii) The class of ordered Banach spaces whose duality map is uniformly
monotone on the positive cone X in the sense (6) below. This class covers
the Lebesgue spaces LP(u) with p > 2 (and also noncommutative LP spaces
with p > 2, see [20]).

For reader’s convenience, Section 3 is devoted to reminders on some basic
definitions and results on real ordered Banach spaces we need in this paper.

Our main results are:

We show first that a bounded operator B € £(X) is a contraction on
the positive cone, in the sense

sup [ Bxlly <1,
HIHSL $€X+

if and only if the dual operator B’ satisfies a sublinear contraction
N'(B'z') <||2'||y, V2’ e X’

where N’ is the canonical half-norm (see the definition in Section 3) in X';
we show also that
N (Bz) < ||z y VzeX

(N is the canonical half-norm in X) if and only if B’ is a contraction on the
dual positive cone X’ (see Lemma 6). Notice that in a Banach lattice or on
(hermitian elements of) a C* algebra we have

N(@) = [lasl, v € X



where x4 is the positive component of = (see e.g. [2]).
It turns out that in Lebesgue spaces LP(u) with

p =2,

A(X — A)~! is a contraction on the positive cone L% (u) for any generator
A of a positive contraction Cp-semigroup in LP(u) (see Theorem 12). This
unsuspected result is due to M. Pierre (private communication). This result
is false once p < 2 (see a counter-example by E. Ricard in Remark 27; see
also Theorem 15 and Remark 17 below for general counter-examples for
submarkovian semigroups if p is close to 1 and Remark 20(ii)).

It follows from Theorem 12 and Lemma 6 that

(AN =) HF| L, < I flle VfELP(p), 1<p<2)

for any generator A of positive contraction Cp-semigroups in LP(u) with
1 < p < 2. We show also that this last result is true in L! spaces or more
generally (with an appropriate formulation in terms of canonical half norm
N) in general base-norm spaces X . Actually, we show the much more general
statement

N(zx —Cx) <|z|| Vzxe X (4)

for any linear positive contraction C on a base-norm ordered Banach space X
(see Theorem 8). An important feature of such spaces is the additivity of
the norm on the positive cone which plays a key role in the proof of (4). In
particular, for any linear positive contraction C' in preduals X, of hermitian
part of von Neumann algebras X we have

H(a: - Cx)iHX* <|lzlly, Vze X

(see Corollary 11) where n* > 0 refer to the unique Jordan decomposition
of € X, ie. =" — = with gl . = 7" e + 17 [Ly- ¥ € X% [10].
Such results imply e.g. "contractivity" properies of I — & for conditional
expectations £ in both contexts of classical and noncommutative probability
(see Remark 32).

We provide an extension of M. Pierre’s result above to general real or-
dered Banach spaces under a suitable monotony assumption on the duality
map. More precisely, let

C:Ry =Ry

be continuous, strictly increasing with ((0) = 0, ((r) — +o0 as r — 400
and let
O: X — X'



be a duality map relative to the gauge (, i.e. such that
(@(z), ) = C(lz]) [[=]] vz e X,

(such a duality map always exists). We show then that A\ — A)7! is a
contraction on the positive cone X, i.e.

JAG— 4)"e| < Jlz]| Ve € X, (5)

for any generator A of positive contraction Cy-semigroups provided the du-
ality map ® is uniformly monotone on the positive cone X, in the sense

(@(z) = 2(y),z —y) = (([z —ylD llz =yl Ve,y € Xy, (6)

(see Theorem 18). This inequality which is true in Lebesgue spaces LP (1)
with p > 2 (see Theorem 12) admits a (non trivial) generalization to non-
commutative LP spaces by E. Ricard [20].

The mathematical results of this paper seem to single out the class C of
ordered Banach spaces for which (5) is satisfied for all generators A of
positive contraction Cp-semigroups (and we wonder if this class is much
larger than the class of ordered Banach spaces whose duality map satisfies
(6)). Indeed, for any generator A of a positive contraction Cp-semigroup on
X € C, the relative A-bound of positive A-bounded operators S is given by

)\li_)rgo [S(A—4) 1Ha(X)
as in Hilbert space settings (see Theorem 21). For any generator A of a
positive ergodic contraction Cy-semigroup with ergodic projection P on an
ordered Banach space X € C

o — Pz| <[lz]| Vo e Xy,

i.e. I—P isa contraction on the positive cone (see Theorem 22). Surprisingly
enough, Theorem 22 implies the more general statement that

|z — Czf| < lzf| Vo € Xy

for any positive projection C with norm 1 on an ordered Banach space
X € C (see Theorem 23). (Notice parenthetically that norm one projections
in Banach spaces are intensively studied in the literature, see e.g. [11][19]
and the references therein.)

I thank E. Ricard who kindly provided me with an elegant direct proof of
this last result on ordered Banach spaces whose duality map satisfies (6) and



is single-valued on X — {0} (see Theorem 26). In particular, if (22, A, P) is
a probability space and if

EB . fe L>®(Q,A P)— L®(Q,B,P)
is the conditional expectation with respect to a o-subalgebra B C A then

I =88l < 1Fl V5 € LLQAP) (0> 2)

see Remark 33); (this result is also true in the noncommutative context,
see the comments in the last section; I thank J. Ch. Bourin for a helpful
discussion around this topic).

I am grateful to Hocine Mokhtar-Kharroubi for helpful informations on
convex analysis; in particular, we "understand" why M. Pierre’s result is
not true in LP spaces once p < 2 because of the fact that the map

X sz —|z|P

is not uniformly convex on the whole space for p < 2 (see Remark 20).

Another result observed by M. Pierre (private communication) is that,
for any linear positive contraction C' on L*(u), I —C'is a contraction on the
positive cone L°(11). We extend this result to general order-unit spaces (see
Theorem 29) and this extension, in turn, provides us with an alternative
"shorter" proof (by a duality argument) of the contractivity property (4) in
base-norm spaces (see Corollary 30).

The author is grateful to M. Pierre and E. Ricard for their help. This
work owes very much to inspiring exchanges with both of them.

2 On relative operator bounds
Let (U(t));»o be a Co-semigroup on a Banach space X with generator
A:DA)C X — X

and let
S:D(A) — X

be bounded on D(A) endowed with the graph norm, i.e. S is A-bounded.
Let
s(A) :==sup{ReX\; A € 0(A)}

be the spectral bound of A. We start with a general observation.



Lemma 1 Let ag be the A-bound of S. Then

IN

as < b {[SO = A) 7 x5 A > s(4)}

lim sup HS()\fA)_
A——+00

IN

§<WMD$W|M@—AYqu
A——+00
In particular, if
lim sup [|A(A—A) 1“5 <1 (7)
=00
then
as = lim SO =47,
Proof:

Let a > 0 and b > 0 be such that
[Sz| < al|Az|| +bljz||, = € D(A).

Let w' be the type of (U(t));5q and let w > w'. There exists M, > 1 such
that ||U(t)]] < Mye*t Vt > 0. Then for A\ > w

[S(A=A)"a]| < allAN-A4)” a:H—l—bH)\ A) e
< aHA)\ A)”
and
lim sup [[S(A—A) 1H£ <alim sup HA()\—A)_lHL(X)
A—+00 A=too
S0
lim sup HS)\ A) 1H£ < aglim sup HA(/\—A)leﬁ(X)
A——+00 A——+00

On the other hand, for any A > s(A),
ISzl = [|S(A = A)7HA = A)z|| < [|SO = A7 | Az][+A ]SO = A)7H] [l

shows that

as < inf { SO\~ 4) > s(4)}

-1
oo
and this ends the proof. H



Remark 2 It follows from Lemma 1 that the A-bound of S is equal to zero
if and only if

Alijgo IS - A)_lHL(X) =0.

An important illustration of this result, in L' spaces, is provided by Kato
class potentials and Schrodinger operators, see e.g. [23] Proposition A.2.35.

We have a more precise result in Hilbert spaces.

Corollary 3 Let there exist some X € R such that A+ \ generates a con-
traction Cy-semigroup on a Hilbert space H and let S : D(A) — X be
A-bounded. Then the A-bound of S is equal to

lim ||S(A—A

-1
A ) HL(H)‘

Proof: _
Let A’ := A+ X. We consider the equation

M —Az=y (A>s(A)+N).

Then
MNA'z,x) — HA'tz = (A'z,y)

and
~ARe(A'z,z) + || A'z|* = = Re(A'z,y) < ||A'z]| ||y

The dissipativity of A’, i.e. Re(A’z,z) <0 Vz € D(A) implies
A% < [|4%]| ]

i.e.

A= A) Yy <yl
so that A’(A — A’)~! is a contraction. Thus

A+NA=A+))t=A0 X -A XA -2 -4t

is a contraction for all A > s(A)+X and then (7) holds since || A(A — X — 4) 7|
goes to zero as A — +oo. H

Remark 4 As pointed out to me by M. Pierre, the fact that (1—X"1A)~! —
I is a contraction is known in the gemeral context of monlinear maximal
dissipative operators A in Hilbert spaces (see [4] Proposition 2.6, p. 28).



Remark 5 In the general setting of Banach spaces, we note that if, for
some A € R, A" := A+ X\ generates a contraction Cy-semigroup then

HA/()‘ o A,)_luﬁ(){) = H_I +AA - A,)_IHc(X) <2
which leads to the estimate

lim sup |[A(X— A)*lﬂﬁ(x) <2
A——400

which cannot be improved in general, see (2).

3 Reminders on ordered Banach spaces

For reader’s convenience, this section is devoted to reminders on some basic
notions and results on real ordered Banach spaces we need thereafter. A real
ordered Banach space is a triple (X, X, ||||) where (X, ||||) is a real Banach
space with norm ||| and Xy C X is a closed convex cone. It follows that
(X', X', |I|I") is also an ordered Banach space with the dual (weak") closed
convex cone

X ={deX' (,x)>0VzeX;}.

If X, is proper, i.e.
Xin-X, ={0},

then X induces an order relation < on X by
r<y&sy—xe Xy

We say that X is weakly generating if X, — X is dense in X; in this case
the dual cone X!, is proper. If

X=X, X,

then we say that X is generating. If additionaly X is normal, i.e. there
exists a > 1 such that x <y < z implies |ly|| < a{||z|| V ||z||} , then the dual
cone X! is also generating and normal. The norm is said to be absolutely
monotone if

—y <z <y=lz| <yl

and approximately absolutely dominating if for any « > 1

VeeX, yeXy, ~y<z=<y, |yl <.

10



A norm is called a Riesz norm if it is both absolutely monotone and approx-
imately absolutely dominating. Then |||| is a Riesz norm if and only if the
dual norm is a Riesz norm. We mention a useful property of a Riesz norm

il
|zl =inf{|ly+z]; =y —2, y,z € X} Vo € X. (8)

Note that a real ordered Banach space (X, X4, ||||) is a Banach lattice if X
is lattice (each pair z,y € X has a least upper bound x V y and a greatest
lower bound z A y) and ||| is a Riesz norm. The canonical half-norm on an
ordered Banach space X is defined by

N(x) = dist(—z, X+) = inf {[lz + y] . y € X3}
or equivalently by
N(z) =inf{||z||, z € X, z > x}. 9)

In Banach lattices or on the self-adjoint part of a C* algebra N(z) = ||z ||
where x is the positive component of z € X. For all these results (and
many others), we refer to the exhaustive survey [2].

An ordered Banach space X is called an order-unit space if IntX, # ()
and there exists e € IntX such that

[z[| = inf {A > 0; —Xe < 2 < Ae};

(we note that X = Uyso[—Me, Ae] for any point e € IntXy). Order-unit
spaces cover real AM-spaces (e.g. L (u) or C'(K) spaces) or more generally
hermitian part of C* algebras.

Let (X, X4, |||l) be a real ordered Banach space with a generating cone
X+. A base for X is a bounded closed subset K of X such that for each
x € Xy there is a unique Ag(x) > 0 such that z € Ag(x)K. In this case,

|lz||  :=1nf {\ > 0; € Aco(K U—-K)}

is a Riesz norm equivalent to the original norm ||||. A real ordered Banach
space (X, X, |||l) is called a base-norm space if there exists a base K for
X, such that

[l e = llll;

in such a case, the norm ||.|| is additive on the positive cone, i.e.

e +yll = llzll + llyll Ve, y € Xy

11



Finally, an ordered Banach space (X, X, ||||) is a base-norm space if and
only if the dual ordered Banach space (X', X’.,||||') is an order-unit space.
Similarly, (X, X4, ||||) is an order-unit space if and only if (X', X', ||||) is
base-norm space. The typical examples of base-norm spaces are provided
by AL spaces (e.g. L'(u) spaces or the space of Borel measures on a metric
space endowed with the total variation norm), the duals of the hermitian
part of C* algebras or by the preduals of the hermitian part of von Neumann
algebras. We refer to [2][15] for the details.

4 Contractivity theorems in ordered Banach spaces

To motivate what follows, let (X, X, ||||) be an ordered Banach space with

a Riesz norm and let
A:DA)CX—-X

be the generator of a positive (i.e. leaving invariant the positive cone X )
Co-semigroup (U (%)), on X. Let

S:D(A) — X
be positive, i.e.
S D(A) ﬁX+ — X+,
and A-bounded. Since S(\ — A)~! is a positive operator then

IS =AMy = sup [|SA = A) 7|
llz]|<1, zeXy

because ||| is a Riesz norm (see [21] Lemma 3.3). Thus, if we resume the
proof of Lemma 1 by using positive vectors x € X, we end up with

as < )\li_)ngo |S(x - A)AHL(X) <ag limAiufm(|lx“§i?€€X+ |AA = A)"'z|))
S0
as = lim [|SO\ = A4) 7« (10)
if
lim sup ( sup HA()\ - A)_lasH) <1, (11)

Artoo [l2l|<1, z€Xy

in particular if A(A — A)~! is “a contraction on the positive cone” X, in
the sense
|AN = A) 12| < ||z V2 e Xy (12)

The contraction property on the positive cone admits a dual characteriza-
tion.

12



Lemma 6 Let (X, X, ||||) be an ordered Banach space and let B € L(X).
Then:
1) B is a contraction on X if and only if N'(B'z") < ||2'||x, V2’ e X'
2) N(Bz) < ||z||x Vz € X if and only if B' is a contraction on X! .

Proof -

(i) Let B be a contraction on X . Then for 2/ € X’ and x € X

[(B'a’ )| = (2, Bx)| < [|o[| ., 2]l x -
Since
N'(y)y= sup (V,z), V€X'
z€Xy, ||lzlI<1
(see [2] Proposition 1.6.2) then
N'(B'2') = sup  |[(B'2,2)| < || -
z€Xy, ||lzlI<1
(ii) Suppose now that N(Bz) < ||z||y Vz € X. Since
N(y) = sup (@' y), Yye X

wex’,, l|<1
(see also [2] Proposition 1.6.2) then

|zl x = N(Bz) = sup (2, Bx) > (¢!, Bz) Va' € X'y, ||2/|| <1
z'eX’, |lz’'[|<1
S0
|<B/x/,x>‘ = |(«/, Bz)| < ||z HJ;’} vz’ € X! ,Vx e X

and then

XI

1B | <[]l Vo' € X,

(iii) To show 1) we have just to show the converse part. Let N'(B'z") <
2’| x» Va' € X'. By (ii), B” (the bidual operator) is a contraction on the
positive cone of X”. This ends the proof since B” leaves invariant X and
coincides with B on X.

(iv) To show 2) we have just to show the converse part. Let B’ be a
contraction on X . Then (i) implies N”(B"z") < [|2"|| y» V2" € X”. On
the other hand (see [2] Proposition 1.6.2)

N'(z) = sup (z,2"), (if z€ X")
wex, [|le||I<1

= N(2) (ifz € X)

so that N(Bz) < ||z||y Vz € X since B” leaves invariant X and coincides
with Bon X. W

13



Corollary 7 Let (U(t)),~ be a positive Co-semigroup with generator A on
an ordered Banach space (X, X1, ||||)-
(i) AN — A)~! is a contraction on the positive cone X if and only if

N (AN =AN1) < |2, Vo' e X'

(i) N (AN — A)~lz) < |lz|| Vo € X if and only if /(A — A)"!is a
contraction on X!,

We start with a "contractivity" theorem in base-norm spaces. A key
point is the additivity of the norm on the positive cone.

Theorem 8 Let X be a base-norm ordered Banach space. If C € L(X) is
a positive contraction then

N (z—Cz) <|z| VrelX.

Proof:
Let
y=x— Cx.

Let 21 > z and 2] > —Cz be arbitrary. Then

y = (v1—(z1—2)+ [ — (21 + Cx)]
= (n1+4) = (22— 2) + (4 + Cx)).

By (9)
N(y) < [Joy + 21| < flaall + ||21]] -

The arbitrariness of x1, 2} imply
N(y) < N(z) + N(—Cxz).

On the other hand, since C'is a positive contraction and because of the Riesz
norm (see [21] Lemma 3.2) we have

N(Cz) < N(z2) Vze X

whence
N(—Cz) < N(—=x)

and then
N(y) < N(z) + N(—=x).

14



On the other hand, the additivity of the norm on the positive cone implies
N(z)+ N(—z) < ||z|| Vz € X.
Indeed, for any decomposition
z=21 — 22, 2 € X4,

we have (by (9))
N(z) < |lzll, N(=2) < |l2]|

so (using the additivity of the norm on X )
N(z) + N(=2) < [lzall + 22l = [lz1 + 22|l

and then
N(z)+ N(—z) < ||z1 + 22|

which shows the claim thanks to the Riesz norm property (8). Finally
N(y) <|z|] VzeX. R

Remark 9 An alternative "shorter” proof of Theorem 8 is given in Corol-
lary 30 as a consequence of a (different) "contractivity" result in order-unit
spaces (Theorem 29).

Theorem 8 and the fact that, for a positive contraction Cy-semigroup
with generator A,

—AN-A) P =T- 20 -A)!
is a perturbation of the identity by a positive contraction yield:

Corollary 10 Let X be a base-norm ordered Banach space. Let (U(t));s
be a positive contraction Cy-semigroup on X with generator A. Then

N(AN-A)y) <yl YyeX, VA>0
where N is the canonical half-norm in X.

A classical result by A. Grothendieck [10] asserts that if X" is the her-
mitian part of a C* algebra then each continuous linear functional n on X
admits a unique (Jordan) decomposition

n=m—ny (n; 20, i=1,2)

15



such that
70l 3 = 1l s + 172l

(see also [22] for more recent developments). Moreover ([22] Lemma 6)

N () = mllax s N*(=n) = 72| 2~ -

On the other hand, if A" is the hermitian part of a von Neumann algebra
with predual X, and if n € X, then n;, € X, (i = 1,2) [10]; thus

Ne(m) = llmlla, » Ne(=n) = In2llx, . (n€ X)
where N, is the canonical norm on X,. By using the notations
Ny =M1, N- =1,
Theorem 8 yields:

Corollary 11 Let C € L(X.) be a positive contraction where X, is the
predual of (the hermitian part of ) a von Neumann algebra X. Then

|(z — Cz)*|| < |lzl| Vz € A
We give now an important result by M. Pierre (private communication).

Theorem 12 (M. Pierre) Let (2; ) be a measure space with a o-finite mea-
sure j1 and let (U(t));sq be a positive contraction Co-semigroup on LP(Q; )
with generator A. Then, for any A > 0, A\ — A)~! is a contraction on the
positive cone, 1.e.

JAN = A) 7 f| o <l VS € LL(Q5 ), YA >0, (13)
provided that 2 < p < 0.

Proof:
We recall that the positivity of a contraction semigroup (U(t));sq in
LP(Q; p) is characterized by the dispersivity of its generator i.e.

/Q(Au)(qu)pl,u(dx) <0, Yue D(A)

when 1 < p < oo (see e.g. [16] Theorem 1.2, p. 249). We can write (13) in
the form

|a+ady =5 <fl Ve@mYas0 (4

16



where A = —A and o = A~ L. Let
u=(I+ad)"tf;
then u > 0 since f is (and the resolvent (I + aA)~! is positive). We have
U+ oAu = f. (15)

Let
q=p—1.
By multiplying (15) by u? — f? we get

[a=nw—ra [ wd =a [ p13u = [ (¢ =ur

and then
/quu >0
9

implies

/ (u— )t — f1) < / (f =) < I1f = ull o 179 o
Q Q

where p’ = 1% ie.

[=nw=rm< [ (=< =l 115"
Now using the identity
(a—b)(a?—b9) > |a—b", Ya>0,b>0 (16)

for ¢ > 1 (i.e. for p > 2) we get

/Q = FP < |1F — ullgo £

and then ||f —ul|;, < [|f|l;» i-e. (14) holds. We note that (16) can be
proved by supposing e.g. a > b, dividing (16) by b9*! and using the relation

Vo> 1, (@ - 1)~ 1) > (@ - )0,

the last relation follows from the fact that g(z) = 29 — 1 — (x — 1)9 is
non-decreasing on [1, co[ and ¢g(1) = 0. B
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Remark 13 We point out that Theorem 12 is not true in LP(u) spaces for
1 < p <2, see Ricard’s counter-example given in Remark 27 below. We give
also in Theorem 15 (and Remark 17) below, for p close to 1, general counter-
examples for submarkovian Co-semigroups (see also Remark 20 (ii)).

Remark 14 We note that if A is the generator of positive contraction Cy-
semigroup on LP(Q; p) with p € [1,2) then

(AN =A) T HF| L, S Ifle Vf € LP(Qp), YA > 0.

Indeed, the case p € (1,2) follows from Theorem 12 and Corollary 7 while
the case p = 1 is covered by Theorem 8. In L*(; 1) we have a much stronger

result since A(\— A)~! is a contraction on the whole space (see the proof of
Corollary 3).

Theorem 15 Let (1) be a metric measure space and let (U(t));»q be a
positive contraction Cy-semigroup on Ll(Q; w) with generator A. We assume
that A satisfies the following dual smoothing effects:

(A= AL L= ) — Cy(Q) (17)
and, for any T € 2,

(A =A@ = (A= A))(@) ase—0 (18)

where fe is equal to —1 on the ball B(T,e) and equal to 1 outside this ball.
Then A\ — A)~! is not a contraction on LY (Q;p). If (Up(t))5¢ is a sub-
markovian Co-semigroup with generator A, with the dual "smoothing effects”
(17)(18) on L™ then, for p close to 1, A,(A— A,)~! is not a contraction on
LE (s ).

Proof:
Note first that if A(\—A)~! is a contraction on L} (Q; u) then A(A—A)~!
is a contraction on the whole space L'(€; 1) because of

4G =7 = [AA =7 F = £
< A=Al + A= AT
< s+ 11 =111

Since the continuous function (A — A’)~!1 cannot vanish identically, there
exists some T € () such that

(A=AN"1)(=) > 0.

18



Consider the equation
Mz — Alu, = f.

where
£ = —1 on B(zw,e¢)
° | lon B9z,e)
and B(Z,¢) is the ball centered at T with radius €. Then (17)(18) show that
A'u is continuous on B(Z,¢) and, by 18),
(A'uc)(Z) = Mue(T) — f(T) = Mue(T) +1> 1

for & small enough. Thus

Ifellgoe =1 < (Aue)@) < Aue] oo = A = A) e o

and A(A — A)~! is not a contraction on L'(£2; ).

To deal with the second claim, suppose that there exists a sequence
pn > 1 such that p, — 1 and A, (A — Ay, )~! is a contraction on LE"(€; )
for all n. Then

145, A = Ap) " ll o < WS llpon ¥F € LL(Q0) N L2 (1) Y
and passing to the limit as p, — 1 we get
[ A1 = AD)T || S W fllpe VF € Li(95 ) 0L (5 )

which is not true by the first part of the proof since L1 (€ ) N LL(Q; ) is
dense in L1 (Q; n). Hence there exists some p > 1 such that A,(A — A,)~!
is not a contraction on L (Q; ) for all p € [1,p]. W

Remark 16 The smoothing conditions (17)(18) cannot be dropped a priori.
Indeed, the multiplication operateur by a measurable fonction —o(.)

Ap:pe D(T,) —» —ope Ll

(where o(.) > 0) with domain D(Ap,) = {p € LP; op € LP} generates a
positive contraction Cy-semigroup

tApsD _ 670(.)15

¥
having the peculiarity that

0<erp <o Vpe Lk
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SO
0<p—etrp<yp

and therefore I — et» is a contraction on LY for all p € [1,00]. Similarly

Ap(X = Ap)Yis a contraction on LE. for all p € [1,00] since

_ 9%
At op

Ap()‘ - Ap)_l<P

Remark 17 The smoothing conditions (17)(18) are satisfied for instance
by generators of convolution Cy-semigroups on R"

Up(t) 1 ¢ € LP(R") — Ww@—mewELWRU(1§p§+m)

where p, are sub-probability measures such that

Q) = e

and F(.) (the characteristic exponent) is a negative-definite function (see
e.g. [12]), provided that p, is absolutely continuous with respect to Lebesgue
measure on R", e.g. if e *FC) ¢ LY(R™) (for t > 0). This covers e.g. the
Laplacian, fractional diffusions, relativistic Schrodinger operators etc.

We provide now an extension of Theorem 12 to general real ordered
Banach spaces X under a suitable assumption on the duality map. Let

CZR+HR+

be continuous, strictly increasing and such that ¢(0) = 0 and ((r) — 400
as r — +o0o. We say that
o: X - X'

is a duality map relative to the gauge ( if
(@(z),2) = |2(2)] x [Jz]] VeeX

and
[2(z)[lx, = ¢(llz]]) Vz e X.

We recall that a duality map relative to a gauge ¢ always exists. Indeed, for
a vector x on the unit sphere of X, we set



where z* is chosen (via Hahn-Banach theorem) in ON (z) where N (z) = ||z||,
and

d(Az) = ((\)a* ANeR, |z = L.

Thus
(@(z),z) = C(l[=]) ||| Vz € X. (19)

We note that
(®(x),Ax) <0 Vz e D(A)

because

(B(2), Az) = (@([«]

Il ¢(le u><<” H) AL <0

since (ﬁ) € ON (Hi—l) and A is dissipative. Finally (see e.g. [13] Proposi-
tion 2.1, p. 175)

), Az)

(@(z) — @(y),z —y) =2 0 Va,y € X.

Theorem 18 Let X be an ordered Banach space and let (U(t));q be a
positive contraction Cy-semigroup on X with generator A. Let there exist a
duality map ® : X — X' (relative to some gauge ¢ : Ry — Ry ) such that

(@(z) = @(y),z —y) > (®(z —y),x —y) Vr,ye Xy, (20)
Then
|AN = A) 2| < |lz| Va e X4, VA>O. (21)
Proof:
In view of (19), our assumption (20) is equivalent to
(@(z) = @(y),z —y) = [lx —yl ([l —yl) Yo,y e Xy (22)
Given x € X1 and A > 0, let y € X1 be the solution to
Ay — Ay = x.
Then

(@(\y) — @(2), \y —2) = (2(\y) — ®(x), Ay)

= (®(\y), Ay) — (®(x), Ay)
A"HE(Ay), A(Ny)) — (B(x), Ay)

—(®(z), Ay) = —(@(2), \y — x)

[2(2)] x: Ay — ]| = (=) |Ay — ||

IA N
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w0 (B(Ay) — B(x), \y — )

¢! < 2|
Ay — ||
On the other hand, by (22)
((Ay) — @(z), Ay — x)
Z C(lAy — )
Ay — ||
or equivalently
1 [ {(®(A\y) — ®(z), \y — x
Ay — ||
whence
Ay — ]| <[]

ie. [[Ayll < =]l or X
[ AN = A) || < ||

and we are done. W

Remark 19 Note that in LP(u) (1 < p < oo) with the gauge ((r) = rP~!
we have ®(f) = |f[P"2 f and then (20) amounts to

/ P =@ Y —g) > I — g’ VfigeIh(w) (23)

which appears in the proof of M. Pierre’s result (Theorem 12) and follows
from (16) which holds for q := p — 1 > 1. Its noncommutative version (see
(82)) is also true [20].

Remark 20 (i) A helpful discussion with Hocine Mokhtar-Kharroubi al-
lowed to link (22) to a uniform convezity assumption on the positive cone of
the convex function

Xy 5@ — W(a) = p(al])

i the sense
1
V(z) = ¥(y) > ()@ —y) + 5z — yll ¢(lz = yll) Yo,y € X5

where p(r) = fOT C(s)ds. Indeed, by reversing the role of x € X1 andy € X4
and adding we obtain (22). This assumption itself can be derived from the
following stronger one

A1 =N

T(Az + (1= A)y) < A¥(2) + (1 - NT(y) - —

I =yl ¢(lz =yl
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forallx,y € X4, A€]0,1[ (see e.g. [25]).

(ii) We note that with the gauge {(r) = P~ and 1 < p < 2, Condition
(22) never holds. Indeed, according to ([25] Theorem 2) this would imply
that

X3z — [

is uniformly convex (on the whole cone X ) but this is not true for p < 2
(see [25] Theorem 5). This corroborates why Theorem 12 is not true once
p < 2 (see Remark 27 and Theorem 15).

We denote by C the class of ordered Banach spaces X for which (5) is sat-
isfied by all generators A of positive contraction semigroups on X. According
to Theorem 18, this class contains the class of ordered Banach spaces whose
duality map is uniformly monotone on the positive cone X, in the sense
(20).

The question on relative operator bounds which motivated initially this
paper has a general positive answer within the class C.

Theorem 21 Let X € C be an ordered Banach space with a Riesz norm.
Let A be the generator of a positive Co-semigroup (U(t)),sq such that, for
some real v, |U(t)]| < e* ¥Vt > 0 and let S : D(A) — X be positive (i.e.
S:DA)NX; — X, ) and A-bounded. Then the relative A-bound of S is
equal to
. -1
/\1520 [S(A—4) Hﬁ(X) :

Proof:

By assumption A=A-a generates a positive contraction semigroup.
By assumption (or a consequence of Theorem 18) E(/\—E)_l is a contraction
on Xy VA > 0. Finally, for A > a,

-~ -1
AN—A) 1= A [(A —a) - A} +a(h— A)7!
yields
lim sup ( sup HA()\ - A)_1$H) <1
A—+oo ||z]|<1, zeX 4
i.e. (11) is satisfied and consequently (10) holds. B
Furthermore, the property (5) characterizing the class C has consequences
on ergodic semigroups on X € C.
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Theorem 22 Let X be an ordered Banach space and let (U(t)),5q be a
positive contraction Cy-semigroup on X with a generator A satisfying (21)
(e.g. let (20) be satisfied). If (U(t)),s is mean ergodic (e.g. if X is reflezive)
with ergodic projection P then I — P is a contraction on the positive cone,
1.€.

o - Pzl < lal] Va € X,

Proof:
We recall that the mean ergodicity of (U(t)),, means that

t—4o00

1 t
Pz := lim / U(t)xdt
0

exists for all x € X. In this case, P is a projection on the kernel of A along
the closure of the range of A. On the other hand, the mean ergodicity of
(U(t))40 is equivalent to the existence of the strong limit

lim AA—A)" 'z Ve X
A—=04

and we have

Pz = lim A\ —A)" 'z Vre X;

A—04

(see [6], Theorem 5.1, p. 123). By assumption (or according to Theorem
18),
AN = A) " z|| < =] Vo e Xq, VA > 0.

It suffices to note that
HA()\ — A)_le = Hx — A — A)_lmH

and to pass to the limit as A — 0. l
More generally, the positive projections with norm 1 on X € C enjoy a
remarkable property.

Theorem 23 Let X € C be an ordered Banach space. Then
|z — Caf| < [|=]| Vz € Xy

for any positive projection C' on X with norm 1.
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Proof:
We define
Ult): X - X (t eR)

by
Utz =e o+ (1 —-e"Cu. (24)

It is elementary to check that (U(t)),cr is a continuous group which is
positive and contractive for ¢ > 0. On the other hand

U(t) » Cast— +oo

(in operator norm) and C'is its ergodic projection. Finally Theorem 22 ends
the proof. B

Remark 24 Theorem 28 applies for instance in commutative or non-commutative
LP spaces with p > 2 since (20) is satisfied, (see Remark 19).

Remark 25 The semigroup (24) appears e.g. in [3] where C is a condi-
tional expectation in L?(u) where p is a probability measure.

We give now a very nice direct proof of Theorem 23 (under slightly
stronger assumptions) kindly communicated to the author by E. Ricard.

Theorem 26 (E. Ricard) Let X be an ordered Banach space such that the
duality map satisfies (20). If the norm |||| is smooth (i.e. Gdteauzx differen-
tiable) on X — {0} then

o = Cul| < Jlzf| Vo e Xy
for any positive projection C on X with norm 1.

Proof:
Let x € X. We consider the convex function

hi[0,1]3t— |Cx+tx — Cx)].

Since

|Cz]| = |C(Cx + t(z — Cx))|| < [|Cx + t(z — Cz)

then h reaches its minimum at ¢ = 0 and then

i 17+t = Co)l = |Ca] _

t—04 t
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Let By be the unit sphere of X’ and let J : X — {0} — 2Bx’ be the duality
map

J(z)={a" e X5 ||| =1, (&', 2) = |||}

Let now z € X with Cz # 0 and x — Cz # 0. Since |||| is smooth at Cx
then J(Cz) is a singleton and

i Gz + (e = o)l = |Cal] _

t—04 t

(J(Cz),z — Cx)

(see e.g. [8] Corollary 1.5 (i), p. 5). Since J(Cx) is a singleton then

d(Cx) B .
cqc= ~ e
(®(Cx),x —Czx) >0

(®(z) — ®(Cx),z — Czx) < (P(x),z — Cz).
Now (20) (or equivalently (22)) implies

o = Cz|[((|z — Cz[) < (®(z)—2(Cx),z - Cx)
< (P(z),z — Cx)
< [@@)][x |z — Cxf
= ([} lz — Cx]l
whence
C(llz = C=f]) < <(li=l)
and finally

o - Cal < |la]| Ve € Xy

since ¢ : Ry — R, is strictly increasing. W

Remark 27 (E. Ricard). Theorem 12 is not true in LP(u) for 1 <p < 2.
Indeed, let s € (0,1) and let Q = {0, 1} be endowed with a probability measure
P, where P; ({0}) = s and Py ({1}) = 1 —s. Let C be the positive contractive
projection (on the constants)

of = /Q f(@)dPy(w)
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and consider the positive ergodic semigroup (U(t)),»q on LP(S2, Ps) where
Ut f=ef+(1—-eHOf.

If (13) were true for any generator of positive contraction semigroup then
Theorem 22 would imply that

If = CrI<IIfIl Vf =0.

In particular, the choice f(0) = 1 and f(1) = 0 would imply

s

(1—s)P+(1—-s)sP 1 <1

or
142711 — ps? P + s27Pe(s) —s) < 1

(where e(s) — 0 as s — 0) which is violated for small positive s if 1 < p < 2.

Remark 28 Let X be (say) a reflexive ordered Banach space whose dual
norm satisfies (20) and let N be its canonical half-norm. The following
statements follow directly from the results above and a duality argument
(Corollary 7 and Lemma 6).
(i) If (U(t));sq is a positive contraction Co-semigroup on X with gener-
ator A. Then
N (AN —A)t2) < ||lz|| VzeX.

(ii) If C is a positive projection with norm 1 then

N (z—Cz) <|z| VrelX.

M. Pierre pointed out to me that, for any positive linear contraction C'
on L>(u), I — C is a contraction on the positive cone L°(y). This result
extends to general order-unit spaces.

Theorem 29 Let C be a linear positive contraction on an order-unit space
X. Then I — C is a contraction on the positive cone X ..

Proof:
We recall again that an ordered Banach space X is called an order-unit
space if IntX; # () and there exists e € Int X such that

lz|| = inf {\ > 0; —Xe <z < Xe}. (25)

27



Note that (25) implies that ||e]| = 1 and
—|lzlle <z <|z|e Vze X. (26)
Thus, for z € X,
0<Cx<|z|Ce

and
—z<Cx—z<|z||Ce—=z

so that
—|lz|le <Cx—x < |z| Ce.

On the other hand, by (26)
Ce < ||Ce|le<e.

Hence
—llzlle <Cz—z<|z|e

and then (25) implies
ICz — 2]l < 2] V€ X,

and ends the proof. B
It is interesting to observe that this result, in turn, provides us with an
alternative "shorter" proof of Theorem 8.

Corollary 30 Let X be a base-norm ordered Banach space. If C € L(X)
18 a positive contraction then

N(z—Cx) <|z| VzelX.

Proof:

We know that X’ is an order-unit space [15]. Let C’ be the dual positive
contraction on X'. It follows from Theorem 29 that I — C’ is a contraction
on the positive cone X and consequently a duality argument (Lemma 6)
ends the proof. B

Remark 31 Similarly, we could derive Theorem 29 from Theorem 8 by a
duality argument (Lemma 6) since the dual of an order-unit space is a base-
norm space [15].
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5 On conditional expectations

We end this paper with different remarks on "contractivity" properties of
I — £ for classical or non-commutative conditional expectations £.

Remark 32 The following statements are direct consequences of Theorem
8, Corollary 11 and Theorem 29.
(1) Let (2, A, P) be a probability space and let

EB . fe L™®(Q,A P)— L¥(Q,B,P)
be the conditional expectation with respect to a o-subalgebra B C A. Then
Hf - ngHLoo S Hf”LOO vf € Lcjro(QaAa P) (27)
and
I(F = €505 o < Ifllp VF € LHQ, A P). (28)

(2) Let (X, ) be a quantum probability space (i.e. X is a von Neumann
algebra and ¢ is a o-weakly continuous state on X'), let Xy C X be a sub-von
Neumann algebra and let

EXo L x = Xy
be a conditional expectation (see e.qg. [9] or [18] for the different definitions).
Then
|a—E%al|, < llally Vae X, (29)

Moreover, if E% is o-weakly continuous then the dual operator (£*0)' leaves
invariant the predual space X, and its restriction to X, (the so-called quan-
tum reduction [17]) is such that

[(@=E®ya)"|| <lally, Vae . (30)

(where ny refer to the unique Jordan decomposition of hermitian element

1 such that e o0 and Tl = [l % ol 1160
We don’t know if (27)(29) belong to the folklore on the subject. Their

dual versions (28)(30) seem to appear here for the first time.

Remark 33 It follows from Theorem 23 (or Theorem 26) and Remark 24
that
1f=E8f|p <l VFELRL(QAP) (p>2) (31)

and then (because of the self-adjointness of EB on L?(Q, A, P)) Lemma 6
implies

1(fF =80 < Il YfELP(QAP) (1<p<2).

29



We end this section with a comment on the non-commutative analogue
of (31). Let H be a Hilbert space and let X be the self-adjoint part of a
von Neumann algebra on H (i.e. a C*-subalgebra of B(H) which contains
I and is w*-closed). Let 7 be a finite faithful trace normalized by 7(I) = 1
and let LP(X, ) be the completion of X endowed with the norm |[||,, where

|l == 7(j«l”)  (p=1)

where |z| = V2. Let L®(X,7) = X endowed with the operator norm on
H. Then we can identify (isometrically) the dual of LP(X,7) (with 1 < p <
00) to LP" (X, 7) where p* is the conjugate exponent and the duality pairing
is given by
<$>y>LP,LP* = 7(zy).
Let &y C & be a sub-von Neumann algebra. Then the conditional expecta-
tion
EXox = Ay

extends to a positive contractive projection from LP(X,7) to LP(Xp, 7) (1 <
p < 00) still denoted by £%0. We refer e.g. to [26] for the details.

Thus the non-commutative version of (23) (i.e. the condition (20) in
LY (X,7)) amounts to

@t =y @ - y) 2 rla - ) Veye LX) (32)

and has been proved by E. Ricard for p > 2 [20]. It follows from Theorem
23 that

H.’L’ - SXO"EHLP(XH—) < HxHLP(X,T) Vo € Lg—(XaT) (p > 2)7

see also [20].
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