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UNRESTRICTED VIRTUAL BRAIDS, FUSED LINKS AND OTHER
QUOTIENTS OF VIRTUAL BRAID GROUPS

VALERIY G. BARDAKOV, PAOLO BELLINGERI, AND CELESTE DAMIANI

ABSTRACT. We consider the group of unrestricted virtual braids, describe its structure
and explore its relations with fused links. Also, we define the groups of flat virtual

braids and virtual Gauss braids and study some of their properties, in particular their
linearity.

1. INTRODUCTION

Fused links were defined by L. H. Kauffman and S. Lambropoulou in [21]. Afterwards,
the same authors introduced their “braided” counterpart, the unrestricted virtual braids,
and extended S. Kamada work ([17]) by presenting a version of Alexander and Markov
theorems for these objects [22]. In the group of unrestricted virtual braids, which shall
be denoted by UV B,,, we consider braid-like diagrams in which we allow two kinds of
crossing (classical and virtual), and where the equivalence relation is given by ambient
isotopy and by the following transformations: classical Reidemeister moves (Figure 1),
virtual Reidemeister moves (Figure 2), a mixed Reidemeister move (Figure 3), and two
moves of type Reidemeister I1I with two real crossings and one virtual crossing (Figure 4).
These two last moves are called forbidden moves.

The group UV B,, appears also in [16], where it is called symmetric loop braid group,
being it a quotient of the loop braid group LB, studied in [1], usually known as the

welded braid group W B,,.
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FIGURE 1. Classical Reidemeister moves.

It has been shown that all fused knots are equivalent to the unknot ([18,27]). Moreover,
S. Nelson’s proof in [27] of the fact that every virtual knot unknots, when allowing
forbidden moves, which is carried on using Gauss diagrams, can be verbatim adapted to
links with several components. So, every fused link diagram is fused isotopic to a link

diagram where the only crossings (classical or virtual) are the ones involving different
components.
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(V2) (V3)
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FIGURE 2. Virtual Reidemeister moves.

FI1GURE 3. Mixed Reidemeister moves
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FIGURE 4. Forbidden moves of type F1 (on the left) and type F2 (on the right).

On the other hand, there are non trivial fused links and their classification is not
(completely) trivial ([12]): in particular in [11], A. Fish and E. Keyman proved that
fused links that have only classical crossings are characterized by their (classical) linking
numbers. However, this result does not generalize to links with virtual crossings: as
conjectured in [11] it is easy to find non equivalent fused links with the same (classical)
linking number (see Section 3).

The first aim of this note is to give a short survey on above knotted objects, describe
unrestricted virtual braids and compare more or less known invariants for fused links.
In Section 2 we give a description of the structure of the group of unrestricted virtual
braids UV B,, (Theorems 2.4 and 2.7), answering a question of Kauffman and Lam-
bropoulou from [22]. In Section 3 we construct a representation for UV B,, in Aut(N,,),
the group of automorphisms of the free 2-step nilpotent group of rank n (Proposi-
tion 3.11). Using this representation we define a notion of group of fused links and
we compare this invariant to other known invariants (Proposition 3.16). Finally, in Sec-
tion 4 we describe the structure of other quotients of virtual braid groups: the flat virtual
braid group (Proposition 4.1 and Theorem 4.3), the flat welded braid group (Proposi-
tion 4.5) and the virtual Gauss braid group (Theorem 4.7). As a corollary we prove
that flat virtual braid groups and virtual Gauss braid groups are linear and that have
solvable word problem (the fact that unrestricted virtual braid groups are linear and
have solvable word problem is a trivial consequence of Theorem 2.7).
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2. UNRESTRICTED VIRTUAL BRAID GROUPS

In this Section, in order to define unrestricted virtual braid groups, we will first
introduce virtual and welded braid groups by simply recalling their group presentation;
for other definitions, more intrinsic, see for instance [2,9,17] for the virtual case and
[8,10,17] for the welded one.

Definition 2.1. The virtual braid group V B,, is the group defined by the group presen-
tation

({o;,p; |li=1,...,n—1} | R)
where R is the set of relations:

0;0;110; = 0110011, fori=1,...,n—2;
0,05 = 0;0;, for |i — j| > 2;
PiPit1Pi = Pit1Pi Pit1> fori=1,...,n—2;
PiP; = PiPi> for |i — j| > 2;
p?zl, fori=1,...,n—1;

T Pj = Pj0; for |i — j| > 2;
PiPit10; = 0i41Pi Pit1> fori=1,...,n—2.

We define the wvirtual pure braid group,denoted V P, to be the kernel of the map
VB, — S, sending, for every ¢ = 1,2,...,n — 1, generators o, and p, to s;, where s;
is the transposition (i,7 + 1). A presentation for V P, is given in [3]; it will be recalled
in the proof of Theorem 2.7.

The welded braid group W B,, can be defined as a quotient of V B,, via the normal
subgroup generated by relations

Relations (1) will be referred to as relations of type F'1.

Remark 2.2. We will see in Section 3 that the symmetrical relations

(2) Pix10i0i41 = 0 0441p;, fori=1,...,n—2
called F'2 relations, do not hold in W B,,. This justifies Definition 2.3.

Definition 2.3. We define the group of unrestricted virtual braids UV B,, as the group
defined by the group presentation

<{O-i’pi |i:1’--'>n_1}|Rl>

where R’ is the set of relations:

(Rl) Uiai+1ai :Ui+1aiai+17 fori:1,...,n—2;
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(R2) 0,0; =0;0;, for |i — j| > 2;
(R3) Pi Pis1Pi = Pit1PiPit1s fori=1,....,n—2
(R4) PiPj = PjPis for [i — j[ > 2;
(R5) p? =1, fori=1,...,n—1;
(R6) o pj = Pj0;, for |1 — j] > 2;
(RT7) PiPi+10i = Oit1PiPit1 fori=1,...,n—-2
(F1) Pi0i410; = 0110 Piv1, fori=1,...,n—2;
(F2) Pis10; 01 = 0;0:41P; fori=1,...,n—2.

The main result of this section is to prove that UV B,, can be described as semi-direct
product of a right-angled Artin group and the symmetric group .S,,: this way we answer
a question posed in [22] about the (non trivial) structure of UV B,,.

Theorem 2.4. Let X,, be the right-angled Artin group generated by z; ; for 1 <i# j <n
where all generators commute except the pairs x;; and xj; for 1 < i # j < n. The
group UV B,, is isomorphic to X, X S, where S, acts by permutation on the indices of
generators of X,,.

Let v : UV B, — S,, be the map defined as follows:

vio,)=vip;) =%, i=12,...,n—1,

where s; is the transposition (i,7+ 1). We will call the kernel of v unrestricted virtual
pure braid group and we will denote it by UV F,. Since v admits a natural section, we
have that UV B,, = UV P, x S,

Let us define some elements of UV B,,. Fori=1,...,n—1:

—1
Nijik1 = P 0;
—1
i1, = P Nii+1p; = 05 p;-

(3)

Fori1<i<j—1<n-—1:

(4) Aij = Pj—1Pj—2 - - - Piy1 Niyit1Pig1 - - - Pj—2P5—15

Aji = Pj1Pj—2 - - Pit1 Nt LiPiy1 - - - Pj2Pj—1-

The next lemma was proved in [3] for the corresponding elements in V' B,, and therefore
is also true in the quotient UV B,,.

Lemma 2.5. The following conjugating rules are fulfilled in UV B, :
1) for1<i<j<nandk<i—1lori<k<j—1ork>j:

PeAijPe = Aij, and - ppXjipe = Aji;
2) for1 <i<j<m:

Pi—1XijPi1 = Ai—1j,  and  pi 1 Ajipi oy = Aji-1;
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3) for1<i<j—1<n:
PiAiit1P; = it PiNigP; = Nitljs
PiXitLiPy = Niiv1,  PiAjiPy = Ajitls
4) for1<i+1<j<mn:
pjflAijpjfl = Aij-1, and ij1)\jipjf1 = \j—14;
5) for1 <i<j<m:

PiNijpj = Nijv1, and  piAjip; = Ajii.

Corollary 2.6. The group S, acts by conjugation on the set {\g |1 < k # 1 < n}.
This action is transitive.

In particular, the group S,, acts by permutation on the set {A\g; | 1 <k #1 < n}.

We prove that the group generated by {A\g; | 1 < k # | < n} coincides with UV P,,
and then we will find the defining relations. This will show that UV P, is a right-angled
Artin group.

Let my; = py,_q pj_g - - p; for I < k and my; =1 in other cases. Then the set

A, = {H myj |1 < i < k}

k=2

is a Schreier set of coset representatives of UV P, in UV B,,.

Theorem 2.7. The group UV P, admits a presentation with generators Ag; for 1 < k #
I <n, and defining relations: X\;; commute with A\ if and only if k # j or 1 # i .

Proof. The proof is a straightforward application of Reidemeister—Schreier method (see,
for example, [24, Ch. 2.2]); most part of relations were already proven in [3] in the case
of the virtual pure braid group V PB,.

Define the map ~— : UV B,, — A,, which takes an element w € UV B,, to the repre-
sentative @ in A,. In this case the element w@w ' belongs to UV P,. By Theorem 2.7
from [24] the group UV P, is generated by

Sha = Aa - (E)*l,

where A runs over the set A,, and a runs over the set of generators of UV B,,.
It is easy to establish that s, , = e for all representatives A and generators p;.
Consider the generators

Sxo, = AT (Api) L

For A =e we get s, , =o0,p; = )\;ilﬂ. Note that Ap; is equal to E in S,. Therefore,

Sxo. = Mo; p ) At

From Lemma 2.5 it follows that each generator s, , is equal to some Ay, 1 <k #1 <n.
By Corollary 2.6, the inverse statement is also true, i. e., each element Ag; is equal to
some generator s, , . The first part of the theorem is proven.



6 BARDAKOV, BELLINGERI, AND DAMIANI

To find defining relations of UV P,, we define a rewriting process 7. It allows us to
rewrite a word which is written in the generators of UV B,, and presents an element in
UV P, as a word in the generators of UV P,,. Let us associate to the reduced word

_ €1 €9 € _
u=aj'a?...a;, e ==x1, a€{0,09,...,0, 1,P1:P2 > Pp_1}

the word

__ L€l g2 Ev
T(u) - skl,al Skg,ag T Skmau

in the generators of UV P,, where k; is a representative of the (j — 1)th initial segment
of the word u if ¢; = 1 and k; is a representative of the j-th initial segment of the word
u if €j =—1.

By [24, Theorem 2.9], the group UV P, is defined by relations

rux =TAT AT, X € Ay,

where 7, is the defining relation of UV B,,.
In [3, Theorem 1] was proven that relations (R1) — (R7) imply the following set of
relations:
(RSl) )\ij)\kl = )\kl)\ij
(RS2) Aki(AkjAig) = (NijAkj) Ak,
where distinct letters stand for distinct indices (this a complete set of relations for the
virtual pure braid group V P,). Consider now relation (F'1). We get the element

o -1 _-1
(f1) 3= pi 034107 Piy10; Oy
Using the rewriting process, we obtain
-1 -1 1

Tfie = 7(f1) = Sepi P50 %00 o8 S — S(f)
t%0% 41 Pi%iq 1% Pi0i41%5Pir1 P05410 04105 10, 1):%i41

-1 —1
=e(p; Ai1,i42 pi) (Pi Pit1 Aiit1 Pit1 Pi) € (Pit1 Nijit1 Pig1) Nit1,it2-
Using the conjugating rules from Lemma 2.5, we get

I R |
Tfie = Ajiga Mig1,ige Aiji+2 AidLiv2.

Therefore, the following relation

Niyib2 N 1,i42 = ANig 1,42 Aijit2

is fulfilled in UV P,. The remaining relations rf, 1, A € A,, can be obtained from this
relation using conjugation by A~!. By the formulas from Lemma 2.5, we obtain the
set of relations X; jAr; = Mg jAij, where ¢, 7,k are distinct letters. On the other hand
rewriting relations of type (F'2) we get the set of relations A\; jAi . = A; xAi j, where 4, j, k
are distinct letters. Using the proven relations AgiA\r; = ApjAri and AjjAr; = AgjAi; we
can rewrite relation (RS2) in the form

AMej (Akidig) = Aij(NijAki)-

After cancelation we have relations [Ag;, Aij] = [Aij, Awi] = 1. This complete the proof.
]



UNRESTRICTED VIRTUAL BRAIDS, FUSED LINKS AND OTHER QUOTIENTS 7

Proof of Theorem 2.4. The group X, is evidently isomorphic to UV P, (sending any z; ;
into the corresponding \; ;). Recall that UV P, is the kernel of the map v : UV B,, — S,
defined as v(o;) = v(p;) = s; for i = 1,...,n —1. Recall also that v has a natural
section s : S, — UV B, defined as s(s;) = p; for i =1,...,n — 1. Therefore UV B, is
isomorphic to UV P, x S,, where S,, acts by permutation on the indices of generators of
UV P, (see Corollary 2.6). O

We recall that the pure braid group P, is the kernel of the homomorphism from B,
to the symmetric group S, sending every generator o; to the permutation (i,7 4+ 1). It
is generated by the set {a;; | 1 <i < j < n}, where

Qi i+1 = UZ? )
Qjj =0j_ 105 9" aiﬂafaijrll e 05_120]'__117 fori+1<j<n.
Corollary 2.8. Let p: P, = UV P, be the canonical projection of the pure braid group
P, in UV P,. Then p(P,) is the abelianization of P,.

Proof. As remarked in ([3, page 6]), generators a; j of P, can be rewritten as

1 1 .
Qiit1 = A Aif1 fori=1,....n—1;
=\t —1 -1 o -1 . SN . S\ . . ; .
Qi = Ny A e Ay (N A ) Ay Ajmg Aoy, for2<i+ 1 <j<n

According to Theorem 2.7, UV P, is the cartesian product of the free groups of rank 2
Fi,j = <)‘i,ja)\j,i> forl1 <i<j<n.

For every generator a;; for 1 < i < j < n of P, we have that its image is in F; ; and
it is not trivial. In fact, p(a;;) = A;;A;;. So p(P,) is isomorphic to Z™"~1/2 The
statement therefore follows readily since the abelianized of P, is Z™"~1)/2, O

3. UNRESTRICTED VIRTUAL BRAIDS AND FUSED LINKS

Definition 3.1. A virtual link diagram is a closed oriented 1-manifold D immersed in
R? such that all multiple points are transverse double point, and each double point is
provided with an information of being positive, negative or virtual as in Figure 5. We
assume that virtual link diagrams are the same if they are isotopic in R2. Positive and
negative crossings will also be called classical crossings.

N /!
NS

a) b) c)

FIGURE 5. a) Positive crossing, b) Negative crossing, ¢) Virtual crossing.

Definition 3.2. Fused isotopy is the equivalence relation on the set of virtual link
diagrams given by classical Reidemeister moves, virtual Reidemeister moves, and the
forbidden moves F'1 and F2.
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Remark 3.3. These moves are the same moves pictured in Figure 1, 2, 3, and 4, with the
addition of Reidemeister moves of type I, both classical and virtual, see Figure 6.

(R1) (V1)
-—> -—>

J

FIGURE 6. Reidemeister moves of type 1.

Definition 3.4. A fused link is an equivalence class of virtual link diagrams with respect
to fused isotopy.

The classical Alexander Theorem generalizes to virtual braids and links, and it directly
implies that every oriented welded (resp. fused) link can be represented by a welded (resp.
unrestricted virtual) braid, whose Alexander closure is isotopic to the original link. Two
braiding algorithms are given in [17] and [21].

Similarly we have the following version of Markov Theorem ([22]):

Theorem 3.5 ([22]). Two oriented fused links are isotopic if and only if any two corre-
sponding unrestricted virtual braids differ by moves defined by braid relations in UV By
(braid moves) and a finite sequence of the following moves (extended Markov moves):
e Virtual and real conjugation: p;Bp; ~ B ~ o; 'Bo; ~ o, Bo;t;
e Right virtual and real stabilization: Bp, ~ B ~ Bort;
where UV Bog = Uney UV By, B is a braid in UV By, o, ,p; generators of UV B,, and
Opns Pn € UVBpi1.

A. Fish and E. Keyman proved the following result about fused links.

Theorem 3.6 ([11]). A fused link with only classical crossings L with n-components is
completely determined by the linking numbers of each pair of components under fused
isotopy.

The proof in [11] is quite technical, it involves several computations on generators of
the pure braid group and their images in UV P,.

In order to be self contained let us give an easier proof which uses the structure
of UV B,, described in Section 2: the advantage is that no preliminary lemma on the
properties of the pure braid group generators is necessary. The main point of the proof
is that if L is a fused link with n component that has only classical crossings, then there
is a braid g € UV P, such that L is equivalent to its closure 5’

Proof. The case n = 1 is trivial because then L is fused isotopic to the unknot ([18,27]).
So let us consider n > 1. Let U; be the subgroup of P, generated by {a;; | 1 <1i < j},
and B;j =0;_10;_9++0;410;, for t <j., and B;; = 1.

We consider a fused link with only classical crossings L with n components, and «
in B,,, with n < m, such that & ~ L.

Even though B, and P, are not subgroups of UV B, since L has only classical cross-

ings, we can consider B,, and P,’s images in UV B,,.
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The braid o can be written in the form o = x9By, o - - - ¥, By, Where x; € U; < Py,
and 1 < k; (we refer to [7] for a complete proof).

If By, ; =1fori=2,...,m, then « is a pure braid, so m = n. So we will assume that
By, s # 1 for some s, and that if i > s then By, ; = 1. The permutation induced by « is
the identity on the strands s + 1,...,m so each of these form a component of &.

Conjugating a by B{™™*)

jugating & by b5y ,,
is the m-strand of ay (whose closure is isotopic to a’s).

We remark that until now we only used classical Alexander theorem and classical
isotopy.

Now we can write a1 = y2By, 2« - Ym By, ,m With y; € U;. Considering the projection
P, — UV P,, we rewrite generators a; j in terms of \; ;: then each y; is in D;_1, the subset
of UV P, generated by {\i1,Ai2,...,Nii—1,A1,i; A2, ... Ai—1,;}. From Theorem 2.4 we
deduce that: D;_1 = (Xj1, A1) ¥+ X (Nii—1, Xi—1,;). We can order the words so that y,,
is of the form w; - - - wy,—1 where w; € (A, A\i.m). In addition By, = 0,1 Bt .m—1-

—m

we obtain a braid a; = B}

aBy,” and the s-strand of «

Let v be y2Bt, 2 Ym-1B4,,_1,m—1. Then ay = v wy -+ wy—1 0,, 1 By, m—1, where
w1 - - Wm—1 18 a pure braid, and v does not involve the m-strand.

The m-strand and the other strand involved in the occurrence of o, _; before B, , y,—1,
and hence in all the crossings of wy,_1, belong to the same component of Ly = dj (see
Figure 7).

FIGURE 7. Braid oj.

We virtualize all classical crossings of wy,—10,,_; using Kanenobu’s technique ([18,
Proof of Theorem 1]): since wy,—1 has a even total number of generators o,,_; and p,,,_1,
after virtualizing w,,_10,,_; becomes a word composed by an odd number of p,,_;.
Applying the relation associated with the virtual Reidemeister move of type 2 we obtain
a new link Lo, fused isotopic to L, associated to as = v wy -+ - wWm—2 py_1 Btp,m—1-

We remark that for all \; ;,, and A, ; with ¢ < m — 1 we have:

Ai,mpm—l = pm_l)\i,mfla
and A ifm—1 = Pm—1 m—1,-

Then ag = yp,,_ W) - wh,_9Bi,, m—1, where w) is a word in (A\p—1.i, Aim—1)-

In g there is only one (virtual) crossing on the m-strand, so, using Markov moves
(conjugation and virtual stabilisation) we obtain a new braid a3 whose closure is again
fused isotopic to L and has (m — 1) strands.

If we continue this process, eventually we will get to a braid 8 in B,, whose closure is
fused isotopic to L. At this point, each strand of 8 corresponds to a different component
of L, so f must be a pure braid.
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At this point, we can rewrite the pure braid in terms of a; ; generators, and conclude
as Fish and Keyman do, defining a group homomorphism 9; ; : P, — Z by

agt

)

1 ifs=iandt=yj
0 otherwise

which is the classical linking number [k; ; of L’s i-th and j-th components. Any fused
link with only classical crossings L with n components can be obtained as a closure of

a pure braid 8 = x5 - -z, where each x; can be written in the form z; = a(lsfi’i e afi:ll’%"
orollary 2.8). is shows that 8 only depends on the linking number of the components.

(Corollary 2.8). This sh that 8 only d d the linking ber of th t
O

In [14, Section 1] a wirtual version of the linking number is defined in the following
way: to a 2-component link we associate a couple of integers (vik; 2, vlks 1) where vlki o
is the sum of signs of real crossings where the first component passes over the second
one, while vlks 1 is computed by exchanging the components in the definition of vlki o.
Clearly the classical linking number [£; 2 is equal to the sum of vlk; 2 and viky ;.

Fish and Keynman in [11] suggest that their theorem cannot be extended to links
with virtual crossings between different components. They consider the unlink on two
components Uy and L = &, where a = o,pj0] 1p,, they remark that their classical
linking number is 0 but they conjecture that these two links are not fused isotopic. In
fact, considering the virtual linking number we can see that (vik; 2, vlks1)(Uz2) = (0,0),
while (viky 2, vlke1)(L) = (—1,1).

Using this definition of virtual linking number, we could be tempted to extend Fish
and Keyman results, claiming that a fused link L is completely determined by the virtual
linking numbers of each pair of components under fused isotopy.

However for the unrestricted case the previous argument cannot be straightforward
applied: the virtual linking number is able to distinguish A;; from A;;, but it is still

an application from UV P, to (ZQ)n(n_l)/2 = 7™"=1 that counts the exponents (i.e,
the number of appearances) of each generator. Since UV P, isn’t abelian, this is not
sufficient to completely determine the braid.

3.1. A representation for the unrestricted virtual braid group. Let us recall
that the braid group B, may be represented as a subgroup of Aut(F},) by associating to
any generator o;, for e =1,2,...,n — 1, of B, the following automorphism of F,:

-1
Ty > TiXi41 X,

Tit1 > T4,

T — xy, #4141

(5) o;

7 -

Moreover Artin provided (see for instance [15, Theorem 5.1]) a characterization of
braids as automorphisms of free groups: an automorphism 5 € Aut(F,) lies in B,, if and
only if 3 satisfies the following conditions:

i) B(x;) =a; " Triy @i, 1<i<n
ii) Bz .. xp) = 2122 ... Ty,
where m € S,, and a; € F,.
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According to [10] we call group of automorphisms of permutation conjugacy type, de-
noted PC,,, the group of automorphisms satisfying the first condition. The group PC),
is isomorphic to W B, [10]; more precisely to each generator o; of W B, we associate
the previous automorphisms of F;, while to each generator p,, fori =1,2,...,n—1, we
associate the following automorphism of F};:

XTi—> Tj11
(6) p; 1R Tit1 — T,
X — 2y, #4141

We have thus a faithful representation ¢: WB,, — Aut(F},).

Remark 3.7. The group PC), admits also other equivalent definitions in terms of mapping
classes and configuration spaces: it appears often in the literature with different names
and notations, such as group of flying rings [2, 8], McCool group [6], motions group [13]
and loop braid group [1].

Remark 3.8. Kamada remarks in [17] that, through the canonical epimorpism V B,, —
W B,,, the classical braid group B, embeds in V B,,. It can be seen via an argument in
[10] that B, is isomorphic to the subgroup of V B,, generated by {o4,...,0,}.

Remark 3.9. As a consequence of the isomorphism between W B,, and PC,,, we can show
that relation F'2 does not hold in W B,,. In fact applying p;,,0;0;,, one gets

-1 -1, .—1
Ti = Tj — Tili41X;  —— TiTip 105420, (1 T;
Pit103 041+ Titl 7 Tig2 7 Tig2 > Tit1,
Tig2 > Tip1 > Tj —— Ty,

while applying o, 0;,1p; one gets

-1 -1 -1 -1,.—1
Ti —> Tili41X; TiTi4 1054205 (1 T; = Ti4+12;Ti42T; Tii1,
Tig2 V> Tjpo V> Tjqp1 — T4

Since xilengx;ﬁlx;l # lexingx;lx;}l in F,, we deduce that relation F'2 does
not hold in W B,,..

Our aim is to find a representation for unrestricted virtual braids as automorphisms
of a group G. Since the map ¢: WB,, — Aut(F,) does not factor to the quotient
UV B,, (Remark 3.9) we need to find a representation in the group of automorphisms of
a quotient of F}, in which relation F'2 is preserved.

Remark 3.10. In [16] the authors look for representations of the braid group B,, that can
be extended to the loop braid group W B,, but do not factor over UV B,,, which is its
quotient via relations of type F'2, while we look for a representation that does factor.

Let F,, = v1F, 2 ¥F, 2O --- be the lower central series of F;,, the free group of
rank n, where ;11 F,, = [F,,,7iFy]. Let us consider its third term, y3F,, = [Fy, [Fy, Fy]];

the free 2-step nilpotent group NN, of rank n is defined to be the quotient E n/’)’g o
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There is an epimorphism from F,, to N, that induces an epimorphism from Aut(F},) to
Aut(N,). Then, let ¢: UV B,, — Aut(N,,) be the composition of ¢: UV B,, — Aut(F,)
and Aut(F,) — Aut(N,).

Proposition 3.11. The map ¢: UV B,, — Aut(N,,) is a representation for UV B,,.

Proof. In N,, we have that [[x;, z;41],2zi12] = 1, for ¢« = 1,...,n — 2, meaning that
xixinng;Lllx;l = xi+1xixi+2xi—1xf_&1, i.e., relation F'2 is preserved. ]

Proposition 3.12. The image of the representation ¢: UV P, — Aut(N,) is a free
abelian group of rank n(n — 1).

Proof. From Theorem 2.4 we have that the only generators that do not commute in
UV P, are Aj; and A\j; with 1 <i # j < n.

Recalling the expressions of \;; and Aj; in terms of generators o; and p,, we see that
the automorphisms associated to A;; and Aj; are

P(Nij) : {

-1
T T LT = T[T, ]
T — xp, for k # i

-1 —1.
S(hy): T T T = sz, @] = wjlwi, 4]
I xp — x), for k # 1.
It is then easy to check that the automorphisms associated to A;jAj; and to Aj;A;;
coincide:

) = b < J T il )
Qb()‘z])\]z) = ¢()‘j1)\13) : { x; xj[xi,xj]_l-
]

Remark 3.13. As a consequence of the previous calculation we have that the homomor-
phism ¢ coincides on UV P,, with the abelianization map.

As a consequence of Proposition 3.12, representation ¢ is not faithful. However, ac-
cording to previous characterization of W B,, as subgroup of Aut(F},) it is natural to ask
if we can give a characterization of automorphisms of Aut(V,,) that belong to ¢(UV B,,).

Proposition 3.14. Let § be an element of Aut(N,,), then B € ¢(UV By,) if and only if
B satisfies the condition f(x;) = a;lxw(i)ai with 1 <1 <mn, where 7 € S,, and a; € N,,.

Proof. Let us denote with UV B(N,,) the subgroup of Aut(N,) such that any element
B € UV B(N,) has the form §(z;) = gi_lmﬁ(i)gi, denoted mfr"(i), with 1 < i < n, where
m € Sy, and g; € N,,. We need to prove that ¢: UV B, — UV B(N,,) is an epimorphism.
Let 8 be an element of UV B(NN,). Since S, is both isomorphic to the subgroup of
UV B, generated by the p, generators, and to the subgroup of UV B(NN,,) generated by
the permutation automorphisms, we can assume that for 5 the permutation is trivial,
ie., B(x;) = z)'. We define g;; to be ¢();;) as in Proposition 3.12, and we prove that 3
is a product of such automorphisms. We recall that every element of N,,, can be written
in the form
x?q . x%n ['Ila xz]ﬂl,z[xhxs]ﬁl,s . [xnil, xn]ﬁn—l,n
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with oy, 851 € Z, so B(x;) can be expressed as

Blx;) = = oyl [1,@0) 12 [01,23) 718 [ ) P m
) =

In addition [z;,z;] for 1 <1i < j < n is a basis for ’VQFYV%F”, that is central in NV, so
commutators commute among themselves and with generators z;. Using this fact, and
the property of commutators that allows us to express xo‘xﬁ as xﬁ ] *ay, Cﬂj]_aﬁ , We can

J
rewrite

X1 ,...0n
T eeTy
,8(1’,) =T,
where o; = 0.
In particular we can assume that

a

Blw1) = z7°

We define a new automorphism £; multiplying 5 for e52---€,,™. We have that

2..gdn

T 1xb2~~~x 7 . .
Bi(x1) = x1, and Bi(xe) = z,' "2 ", with b2 = 0. Then again we define a new
s —by _—b —b b
automorphism By = 81 €5, €53° - ey = B e S EIN g gy eQn” that fixes x;
and x.

Carrying on in this way for n steps we get to an automorphism

/8 5n 15_21"' ;ibnl_ﬂ H61 H62J H n]

setting €;; = 1. The automorphism g, is the identity automorphism: then § is a product
of €;; automorphisms, hence it has a pre-image in UV B,,. ]

n

3.2. The knot group. Let L be a fused link. Then there exists a unrestricted virtual
braid 8 such that its closure S is equivalent to L.

Definition 3.15. The fused link group G(L) is the group given by the presentation
<x1,...,xn o(B)(x;) = x; forie{l,...,n}, >

i, [k, x;]| =1 for i, k,l not necessarily distinct
(@i, [wk, 2] y
where ¢: UV B,, — Aut(N,,) is the map from Proposition 3.11.

Proposition 3.16. The fused link group is invariant under fused isotopy.

Proof. According to [22] two unrestricted virtual braids have fused isotopic closures if
and only if they are related by braid moves and extended Markov moves. We should check
that under these moves the fused link group G(L) of a fused link L does not change.
This is the case. However a quicker strategy to verify the invariance of this group is to
remark that it is a projection of the welded link group defined in [5, Section 5|. This
last one being an invariant for welded links, we only have to do the verification for the
second forbidden braid move, coming from relation F'2. This invariance is guaranteed
by the fact that ¢ preserves relation F'2 as seen in Proposition 3.11. U
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OO LD

szld Hy =oip

FIGURE 8. The group distinguishes the unlink Uy from the Hopf link H,
but does not distinguish the Hopf link with two classical crossings H from
the one with a classical and a virtual crossing Hy. In fact: G(Us) = No,
while G(H) = G(H;) = Z*. We remark however that H and H; are
distinguished by the virtual linking number.

Remark 3.17. This invariant does not distinguish the Hopf link with two classical cross-
ings from the one with one virtual crossing (Figure 8). More generally, the knot group
does not distinguish the closures of the following braids: let us consider )\‘f‘72)\§ L and A] o,
where v is the greatest common divisor of & and . The automorphisms associated to
them are

x1 — 1 (21, T[Ty, 29] )" = 21 [0, [0, 2] TP] V[0, 2] = 21[21, 22]°
Y P

¢()\(1X,2)‘§,1) : {

1 —— X1 [.%'1, .%'2]7

7.
o) { I
Then

G( ?72)\571) =G(\] 2) = (1,22 | [v1,22]" = 1, [, [wg, 7] = 1 for i, k, 1 € {1,2}).

However it distinguishes L = o, p 07 'p;, whose associated group is Z? and Us, whose
associated group is No. On the other hand, as we saw above, L = § and U, have the
same classical linking number.

4. OTHER QUOTIENTS

Several other quotients of virtual braid groups have been studied in the literature: we
end this paper with a short survey on them, giving the structure of the corresponding
pure subgroups and some results on their linearity.

4.1. Flat virtual braids. The study of flat virtual knots and links was initiated by
Kauffman [19] and their braided counterpart was introduced in [20]. The category of
flat virtual knots is identical in structure to what are called virtual strings by V. Turaev
in [28] (remark that every virtual string is the closure of a flat virtual braid).

The flat virtual braids were introduced in [20] as quotients obtained from V' B,, adding
relations

(7) o?=1, fori=1,...,n—1.
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It is evident that F'V' B, is a quotient of the free product S, * S,,. In addition to
relations coming from the two copies of S, in F'V B,, we have mixed relations

(8) sip; = pysi, for i — | =2,
(9) Pi Pit15i = Si+1Pi Pi+1s fori:L...,n—l.
Let us consider natural map
o my: VDB, = FV B, defined by o, — s; and p, — p,,
setting s; (for i = 1,...,n — 1) to be the image of ¢, in the corresponding quotient.

We call flat virtual pure braid group FV P, the kernel of this map. If we consider the
natural projection f: VB, — FV B,,, we have that f(VP,) = FVP,.

VPI=(\;|1<i<j<n).
Proposition 4.1. Let VP the subgroup of V P, defined as

VP =(\;|1<i<j<n).
There is an isomorphism FV P, 2V P},

Proof. Recall that V P, is generated by elements \;; as defined in Eq. (3) and (4). and
with the following complete set of relations

(RS1) Nij Akl = Akt i,
(RS2) Aki(Akjdig) = (NijAj) Ai-
Hence, F'V P, is generated by the images of these elements under f. Then
fQiir1) = pisis [Aig14) = sip;
and we can check that
fNig14) = (f()\@'7l'+1))_1, fori=1,...,n—1.
In the general case
fOa) = (fig) Hfor1<i<j—1<n-—1.
This means that F'V P, is generated by elements
f(Xij), for 1 <i<j<n.

To find the set of defining relations we must replace elements \;; with elements
Ai jl whenever ¢ < j, in all of V P,’s defining relations. The resulting relations are
consequences of relations in V P;. Hence, the map F'PV,, — V P;", which is defined by
the rule

Fhij)—= XNij, for1<i<ji<n
is an isomorphism. O
Remark 4.2. For n = 3, the group
FVP3 = (A2, \13, 03 | Az (M23hi3) A2 = AizAe3)

is the HNN-extension of the free group (A3, Aeg) of rank 2 with stable element Aj2 and
with associated subgroups A = (AggA13) and B = (A13\23), which are isomorphic to the
infinite cyclic group. Moreover, the group F'V Py is isomorphic to the free product Z?2 % Z.
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Let us recall that there is another remarkable surjection of the virtual braid group
V' B, in the symmetric group S,, which sends o; into 1 and p; into p;: the kernel of this
map is denoted by H,, in [4]. In the same way we can define the group F'H,, as the kernel
of the homomorphism p : FV B,, — Sy, which is defined as follows:

w(si) =1, p(pi) =pi, i=1,2,...,n— 1.

Now let us define, for i =1,...,n — 1:

(10) Yiji+1 = Sis
Yit14 = PiSiPi-
For1<i<j—-1<n-1
Yij = Pi—1" " Pit1SiPit1 " Pj—1,
Yji = Pj—1""" Pit1PiSiPiPir1 """ Pj—1-

It is not difficult to prove that these elements belong F'H,, and that:

(11)

Theorem 4.3. The group F'H,, admits a presentation with the generators yy ;, 1 < k #
[ < n, and the defining relations:

(12) yl%,l =1,
(13) Yiij Ukl = Yk 1 Yig & Yijye1)® = 1,
(14) Yik Yk Yik = Yk Yik Uk < Wik ye)° = 1,

where distinct letters stand for distinct indices.
Proof. We know that F'V B, is the quotient of V' B,, by the set of relations
o?=1, i=1,2,...,n—1.

Hence, in F'H,, relation 12 holds. All other relations follow from the homomorphism
H, — FH, and the group presentation for H,, provided in [4]. O

Corollary 4.4. The group FV B, is linear and it has solvable word problem.

Proof. From the decomposition VB, = VP, x S, we have that FV B, = FH, xS,
where F'H,, is a finitely generated Coxeter group. The linearity and the solvability of the
word problem therefore follow from the fact that all finitely generated Coxeter groups
have these properties and that these properties pass to finite extensions. O

4.2. Flat welded braids. In a similar way we can define the flat welded braid group
FW B, as the quotient obtained from W B,, adding relations

(15) 02=1, fori=1,...,n—1,

7

and we can consider the map

o Ty : WB, = FW B, defined by o, — s; and p; — p;;
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setting s; (for i = 1,...,n — 1) to be the image of o, in the corresponding quotient.
In FW B, in addition to relations (8) and (9), we also have relations coming from
relations of type F'1, i.e.,

(16) Si418iPi11 = PiSi+15i, fori=1,...,n—1.

In FW B, relations (15) and (16) imply that also relations of type F'2 hold, since from
pl- Si+15; = 3i+13ipi+1 one gets Sisi—I—lpi = pi+13i3i+1-

Adapting Theorem 2.7 one can easily verify that F'W P, is isomorphic to Z""~1/2_ Ag
a straightforward consequence of Theorem 2.4, we can describe the structure of FW B,,.

Proposition 4.5. Let Z""1/2 be the free abelian group of rank n(n —1)/2. Let us
denote by x;; for 1 < i # j < n a possible set of generators. The group FW B, is

isomorphic to Z"™V/2 % S, where Sy, acts by permutation on the indices of generators
of ZM"=D/2 (setting xjii=a55 for1 <i#j<n).

Proof. Let us recall how elements \; ; in UV B,, were defined.
Fori=1,....n—1:

—1
Aiji4l = Pi0;

1
Aitli = PiNijit1P; = Of Py

For1<i<j—1<n-1:

Aij = Pj1Pj—2 - Pig1 Nii+1Pig1 - - Pj—2Pj— 15
Aji = Pj1Pj—2 - - Pix1 Nt LiPig1 - - - Pj2Pj—1-

Relations (15) are therefore equivalent to relations A; jA;; = 1. Adding these relations
and following verbatim the proof of Theorem 2.7 we get the statement. 0

4.3. Virtual Gauss braids. From the notion of flat virtual knot we can get the notion
of Gauss virtual knot or simply Gauss knot. Turaev [29] introduced these knots under
the name of “homotopy classes of Gauss words”, while Manturov [25] used the name
“free knots”.

The*“braided” analogous of Gauss knots, called free virtual braid group on n strands,
was introduced in [26]. From now on we will be calling it virtual Gauss braid group and
will denote by GV B,,.

The group of virtual Gauss braids GV B,, is the quotient of F'V B,, by relations

sipi = pis;, for i=1,...,n—1.

Note also that the virtual Gauss braid group is a natural quotient of the twisted virtual
braid group, studied for instance in [23].

Once again we can consider the homomorphism from GV B,, to S, that sends each
generator s; and p; in p;. The virtual Gauss pure braid group GV P, is defined to be
the kernel of this map. Since this map admits a natural section GV B,, is isomorphic
to GV P, x S,.

Adapting the proof of Theorem 2.7, we get the following.
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Proposition 4.6. The group GV P,, admits a presentation with generators Ag; for 1 <
k <l < n and the defining relations of FV P, plus relations

Aj=1, for 1<i<j<n.

Moreover as in the case of FV B, also in the case of GV B, we can consider the
map u: GV B, — Sy, defined as follows:

w(si) =1, p(ps) = pi, for i=1,2,...,n—1.
Let GH,, the kernel of p : GV B, — S, and y;,;, defined in subsection 4.1: we can
prove the following result.

Theorem 4.7. The group GH,, admits a presentation with generators yi ;, 1 <k <1 <
n, and defining relations:

(17) iy =1,
(18) (Wi yk,1)” =1,
(19) Wik Uki)® = Wig vkg)® = Wik vig)® =1,

where distinct letters stand for distinct indices.

Proof. We know that GV B,, is the quotient of F'V B,, by the set of relations
Sipi = Pisi, t=1,2,...,n—1.

One can easily verify that it implies that y;; = v;;, 1 < i < j < n. Hence, GH, is
generated by elements yy ;, 1 < k <1 < n. If we rewrite the set of relations of F'H,, in
these generators we get the set of relations given in the statement. O

As corollary, we have:

Corollary 4.8. The group GV B, is linear and it has solvable word problem.
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