N

N

Enumeration of snakes and cycle-alternating
permutations
Matthieu Josuat-Verges

» To cite this version:

Matthieu Josuat-Verges. Enumeration of snakes and cycle-alternating permutations. The Australasian
Journal of Combinatorics, 2014, 60 (3), pp.279-305. hal-01148943

HAL Id: hal-01148943
https://hal.science/hal-01148943
Submitted on 6 May 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01148943
https://hal.archives-ouvertes.fr

ENUMERATION OF SNAKES AND
CYCLE-ALTERNATING PERMUTATIONS

MATTHIEU JOSUAT-VERGES

To the memory of Viadimir Arnol’d

ABSTRACT. Springer numbers are analogs of Euler numbers for the group of signed
permutations. Arnol’d showed that they count some objects called snakes, which
generalize alternating permutations. Hoffman established a link between Springer
numbers, snakes, and some polynomials related with the successive derivatives of
trigonometric functions.

The goal of this article is to give further combinatorial properties of derivative
polynomials, in terms of snakes and other objects: cycle-alternating permutations,
weighted Dyck or Motzkin paths, increasing trees and forests. We obtain some expo-
nential generating functions in terms of trigonometric functions, and some ordinary
generating functions in terms of J-fractions. We also define natural g-analogs, make
a link with normal ordering problems and the combinatorial theory of differential
equations.

1. INTRODUCTION

It is well-known that the Euler numbers E,, defined by
0 n
ZE”% = tanz +secz (1)
n=0

count alternating permutations in &,,, 7.e. ¢ such that o; > 092 < 03 > ...0,. The
study of these, as well as other classes of permutations counted by E,, is a vast topic
in enumerative combinatorics, see the survey of Stanley [27]. By a construction due to
Springer [26], there is an integer K (W) defined for any finite Coxeter group W such
that K(6,) = E,. As for the groups of signed permutations, Arnol’d [1] introduced
some particular kind of signed permutations called snakes, counted by the numbers
K(&PB) and K (&P). Thus snakes can be considered as a “signed analog” of alternating
permutations. Algorithmically, Arnol’d [1] gives a recursive method to compute these
integers with triangular arrays similar to the Seidel-Entriger triangle of Euler numbers
E,, (see for example [14]).

In this article, we are mostly interested in the numbers S, = K(&5), which were
previously considered by Glaisher [12, §§ 109 and 119] in another context. Springer [26]
shows that they satisfy

& n
Z z 1

n. COSZ —SInz
n=0

and we call S, the nth Springer number (although there is in theory a Springer number
associated with each finite Coxeter group, this name without further specification
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2 MATTHIEU JOSUAT-VERGES

usually refers to type B). Another link between snakes and trigonometric functions
has been established by Hoffman [16], who studies some polynomials P, (t) and Q,(t)
related with the successive derivatives of tan and sec by:

n n
P tanx = P, (tanx), o SecT = Qn(tan x) sec x. (3)
Among various other results, Hoffman proves that @,(1) = S, and P,(1) = 2"E,,
moreover this number 2" E,, counts some objects called 8-snakes, which are a superset
of type B snakes.
The main goal of this article is to give combinatorial models of these derivative
polynomials P, and @, (as well as another sequence lea) related the with the ath
power of sec), in terms of several objects:

e Snakes (see Definition 3.2). Besides type B snakes and [-snakes of Arnol’d, we
introduce another variant.

e Cycle-alternating permutations (see Definition 3.7). These are essentially the image
of snakes via Foata’s fundamental transform [22].

e Weighted Dyck prefixes and weighted Motzkin paths (see Section 3). These are
two different generalizations of some weighted Dyck paths counted by FE,,.

e Increasing trees and forests (see Section 4). The number Es, 1 counts increasing
complete binary trees, and FEs, “almost complete” ones, our trees and forests are
generalizations of these.

Various exponential and ordinary generating functions are obtained combinatorially
using these objects. They will present a phenomenon similar to the case of Euler
numbers FE,: they are given in terms of trigonometric functions for the exponential
generating functions, and in terms of continued fractions for the ordinary ones. For
example, in Theorem 3.17, we obtain bijectively a continued fraction for the (formal)
Laplace transform of (cos z —tsin z)~®. While this result was known analytically since
long ago [28], we show here that it can be fully understood on the combinatorial point
of view.

This article is organized as follows. In Section 2, we give first properties of the
derivative polynomials, such as recurrence relations, generating functions, we also
introduce a natural g-analog and link this with the normal ordering problem. In
Section 3, we give combinatorial models of the derivative polynomials in terms of
subset of signed permutations, and obtain the generating functions. In Section 4, we
give combinatorial models of the derivative polynomials in terms of increasing trees
and forests in two different ways: via the combinatorial theory of differential equations
[21] and via the normal ordering problem and results from [11].

2. DERIVATIVE POLYNOMIALS

The derivative polynomials for tangent and secant have been introduced by Knuth
and Buckholtz [19], and several results such as the generating functions have been
proved by Hoffman [16, 17].

2.1. Definitions. We generalize the polynomials @, (¢) defined in (3), by considering
Q,(la) (t) such that

n

Fpe sec® z = Q\Y (tan x) sec® . (4)
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Besides @, which is the case a = 1 in an), the case a = 2 will be particularly

interesting. We denote R,, = Qg). Since sec? z is the derivative of tanz, it follows

that there is the simple relation Py, 11(t) = (1 + t2)R,(t).
By differentiating (3) and (4), we obtain the relations:

Pur=(+BF, QU =(+B500 cagp.  ©

together with Py =t and Q(()a) = 1. Let us give other elementary properties which are
partly taken from [16].

Proposition 2.1. The polynomial an) has the same parity as n, i.e. &“)(—t) =
(=) (@ (t), and P, has different parity. We have:

P,(1) =2"E,, Qn(l) =S, R,(1) =2"FE,41. (6)
(Recall that Q,, = S) and R, = 512) .) The generating functions are:
= z™  sinz+tcosz = z" 1
Pt)—=—"——"-— (@) ()2 = . 7
nzzo ()n' cosz —tsinz’ T;OQ" ()n' (cos z — tsin z)® @

Proof. The generating function of {QS{”}@O is not present in the reference [16], but
can be obtained in the same way as in the particular case @ = 1 (which is in [16]). By
a Taylor expansion and a trigonometric addition formula, we have:

n

o0 a
Z Q' (tan u) sec u = sec(u+ z) = see ¢
n=0

(8)

n! (cos z — tan usin z)2’

We can divide on both sides by sec® u, let t = tan u, and the result follows. O

These exponential generating functions will be obtained combinatorially in Sec-
tion 3. It is interesting to note that P(z,t) = > P,2"/n! is a M&bius transformation
as a function of ¢, in such a way that z — (¢ — P(z,t)) is a group homomorphism from
R to the elliptic M6bius transformations of C fixing ¢ and —i. This has an explanation
through the fact that

P(z,t) = tan(arctant + z), 9)
and consequently, as observed in [16]:
P(z,P(<,t)) = P(z + 2',1), (10)

which is the concrete way to say that z — (¢t — P(z,t)) is a group homomorphism.

2.2. Operators and g-analogs. Let D and U be linear operators acting on polyno-
mials in the variable ¢ by
D(t") = [n]t"~,  U@") =", (11)

where [n], = % is the usual g-integer. The first one is known as the ¢-derivative
or Jackson derivative, and an important relation is DU — qUD = I, where I is the

identity.
Definition 2.2. Our g-analogs of the polynomials @,, and R,, are defined by:
Qult,) = (D+UDUY'1,  Ru(t,q) = (D + DUU)™, (12)

where 1 should be seen as t°, the operators acting on polynomials in t.
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Remark 2.3. Of course, there are many choices for defining a g-analog, leading to
various different properties. We have to mention that another choice can be obtained
as a particular case of the multivariable tangent and secant g-derivative polynomials
studied by Foata and Han in [10].

Proposition 2.4. We have
Qn(=t,q) = (=1)"Qn(t,q),  Ra(=t,q) = (=1)"Ra(t,q), (13)

moreover Qn(t,q) and R, (t,q) are polynomials in t and q with nonnegative coefficients
such that Qn(t,1) = Qn(t) and Ry (t,1) = R, (t).

Proof. From DU — qUD = I, we can write
D4+UDU=(I+qU>D+U, D+DUU=I+¢U>)D+(1+qU, (14
then from (12) and (14) it follows that

Qu+1(t,q) = (1 +qt*)D(Qn(t, ) +tQu(t, ), (15)
Rnsi(t.q) = (L+ ¢**)D(Ra(t.q)) + (1 + @)t Ra(t,q), (16)
which generalize the recurrences for @, and R, (¢ = 1 and a = 2 in (5)). The
elementary properties given in the proposition can be proved recursively using (15)
and (16). O

The fact that Q,(t,q) and R, (t,q) have simple expressions in terms of D and U
permits to make a link with normal ordering [2]. Starting from an expression f(D,U)
of D and U, the problem is to find some coefficients ¢; ; such that we have the normal
form:

f(D,U)= > e U D, (17)

4,7 >0
When f(D,U) is a polynomial, we can always find such coefficients using the com-
mutation relation DU — qUD = I, and a finite number of them are non-zero. For
example, this is what we have done in (14). In Section 4, we will use some general
results on normal ordering to give combinatorial models of P, and @, (when ¢ = 1).
What is interesting about normal ordering is that having the coefficients c; ; gives

more insight on the quantity f(D,U). For example, consider the case of @, (t,q) and
let f(D,U)= (D +UDU)", then we have

Qn(t,q) = (D+UDU)"1 = > ¢;;UD1 =Y ¢t (18)
1,520 i>0
i.e. we can directly obtain the coefficients of @, (t,q) through this normal form.
2.3. Continued fractions. Let D and Uy be the matrices of the operators D and U

in the basis {t'};en. Moreover, let Wy be the row vector (¢!);eny and V; be the column
vector (8;0)ien where we use Kronecker’s delta. We have Wy = (1,¢,¢2,...), and:

0 [ (0) 0 (0) !
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From the previous definitions, it follows that:

Qn(t,q) = Wi(D1 + U1 D1Uy)" V1, Rn(t,q) = Wi(D1 + DU UL)" VA, (20)

D1U1 — qU1D1 = I, W1U1 = th, D1V1 =0. (21)
The point of writing this is that, from (20), we only need the relations in (21) to
calculate Q,(t,q) and R,(t,q). Even more, if Dy, Uz, Ws, and V5 are a second set
of matrices and vectors satisfying relations in (21), we also have Q,(t,q) = Wa(Dy +
Us DyUs)"" Vs and Ry, (t, q) = Wo(Dg + DoUsUs)"Va. Indeed, when we have the relation
(17) for a given f(D,U), the coefficients ¢; ; are obtained only using the commutation

relation, so the same identity also holds with either (Dy,U;) or (D2, Us). We can take
WQ = (1,0,0,... ), V2 = Vi, D2 = Dl, and:

Uy = : (22)

Then we have indeed DyUs — qUs Dy = I, WUy = tWs, and DoVo = 0. What is nice
about this second set of matrices and vectors is that it enables us to make a link with
continued fractions.

Definition 2.5. For any two sequences {bp, }n>0 and {A,}n>1, let J(by, Ap) denote

1
J(bn, An) =

N2 (23)

1—bpz —
0% Ao z2

1—b12—

We will always use z as variable and h as index of the two sequences so that there
should be no ambiguity in the notation.

These are called J-fractions, or Jacobi continued fractions. They are related with
moments of orthogonal polynomials (see [29]), but let us give the results for @, (t,q)
and R, (t, q) before we give more details about this.

Proposition 2.6. We have:

S Qut. )" =30F D), > Ralt.q)2" =30, (24)
n=0 n=0
where:
b = tq"([h]q + [h+ 1)), bl = tq"(1 + q)[h + 1, (25)
A = (1+ 22 ) M= (L+ 826" [Rlg[h + 1]y (26)

Proof. First, observe that for any matrix M = (m; ;) jen, the product WoM"™V; is
the upper-left coefficient (M"™)g, of M™. We can obtain this coefficient of WoM™V;
in the following way:

n
WQM V2 = E 0,1 My 39+« - My _9iny 1M, 1,0- (27)
i1yeeeyin—120
When the matrix is tridiagonal, we can restrict the sum to the indices 41,...,7,_1

such that |i; —i;41| < 1, so that they are the successive heights in a Motzkin path.
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Then (27) shows that WM™V, is the generating function of Motzkin paths of length
n with some weights given by the coefficients of M, and using a classical argument
[11] it follows that Y 2 ((WaM™Va)z" = J(mp b, Mp—1,mMh h—1)-

In the present case, it suffices to check that Dy 4+ UsDoUs and Do + DoUsUsy are
tridiagonal and calculate explicitly their coefficients to obtain the result. See also (34)
and (36) below for a more general result. O

In particular, it follows from the previous proposition that we have:

QQn(()? Q) = EQn(Q)a R2n(07 q) = EQN-H(Q)a (28)

where Fs,(q) and Es,4+1(q) are respectively the g-secant and g-tangent numbers de-
fined by Han, Randrianarivony, Zeng [15] using continued fractions.

Remark 2.7. From the fact that Q,(1) = S, and R,(1) = 2"E, 1, the previous
proposition implies

Z Spz" = J(2h + 1,2h2), Z Epp12" = 3(h+ 1, 2Ly (29)

We found only one reference mentioning the latter continued fraction, Sloane’s OEIS
[25], but there is little doubt it can be proved by classical methods. For example,
using a theorem of Stieltjes and Rogers [13, Theorem 5.2.10], the continued fraction
can probably be obtained through an addition formula satisfied by the exponential
generating function of {E,11},>0 (this function is the derivative of tan z + sec z, i.e.
(1 —sinz)~!). Combinatorially, the result can be proved using André trees [9, Section

5] and the bijection of Frangon and Viennot [13, Chapter 5. More generally, this
shows that if we add a parameter x, then J(h + 1 xh(h+1)) is the generating function
of the André polynomials defined by Foata and Schiitzenberger [9].

An important property of J-fractions is the link with moments of (formal) orthogonal
polynomials, and we refer to [11, 29] for the relevant combinatorial facts. We consider
here the continuous dual q-Hahn polynomials p,(x;a,b,c|q), or p,(x) for short. In
terms of the Askey-Wilson polynomials which depend on one other parameter d, p,(x)
is just the specialization d = 0 (see [20] for the definitions of these classical sequences,
but our notations differ, in particular because of a rescaling x — x/2). We have the
three-term recurrence relation

$pn($) = pn+1($) + (a + é - A, - Cn) pn(x) + Anflcnpnfl(x)a (30)
together with p_1(z) = 0 and po(x) = 1, where
A, =11-abg")(1—acg™) and C,=a(l—q")(1—beg" ). (31)

The p,(x) are orthogonal with respect to the scalar product (f,g) — L(fg) where L
is the linear form such that

d L)z =3 (a+ 21— Ap—Ch ApaCh) . (32)

The quantity L(z") is called the nth moment of the orthogonal sequence {py(z)}n>0.
Let pn(a,b,c) denote this nth moment of the continuous dual g-Hahn polynomials
pn(x). An elementary calculation shows the following:



ENUMERATION OF SNAKES AND CYCLE-ALTERNATING PERMUTATIONS 7

Proposition 2.8. We have

:U’n(l\/a’ —i\/(_l,t) ,U,n(’L'q, _iq’t)
t.q) = R,(t,q) = ——~. 33
Proof. We have to identify the ordinary generating functions of both sides in each
identity. This is possible because we know in each case the explicit form of the J-
fraction expansion, from (32) and Proposition 2.6. See also (34) and (35) below for a
more general result. O

This very simple link between our polynomials and the moments p,(a, b, ¢) is one of
the properties indicating that @, (¢, q) and R, (¢,q) are interesting g-analogs of Q, ()
and R,(t). Note that in view of (15) and (16), it is tempting to define a g-analog

(@ (t,q) of Q,(f) (t) by the recurrence:
Q\h(t.a) = (1+¢")D(Q(t,0)) + [al1QL ¢, ). (34)

together with Q(()a) (t,q) = 1. Though we will not study these apart from the particular
cases a = 1 and a = 2, it is worth mentioning that a natural generalization of the
previous proposition holds, more precisely we have:

a2 a2
e @
which can be proved by calculating explicitly the matrix (I + ¢°U3)D2 + [a],U2. The
entries of this matrix show that the generating function of {Q%a) (t,q)} has a J-fraction
expansion with coefficients:
bh=tq"([h—1+aly+ ¢ 'h+1]y), =1+ > hl[h —1+al, (36)

Indeed we have the same coefficients if we replace (a, b, ¢) with (z’q“/Q, —iq%/2, t)in (31)
and (32).

3. COMBINATORIAL MODELS VIA SIGNED PERMUTATIONS

Definition 3.1. We denote [n] = {1...n}and [[n]] = {-n... —1}U{l...n}. A signed
permutation is a permutation 7 of [[n]] such that 7(—i) = —n (i) for any i € [[n]]. It
will be denoted © = 7y ...m, where m; = 7(i), and Gf is the set of all such 7. We
will also use the cycle notation, indicated by parenthesis: for example 7 = 3,—1,2,4

is (1,3,2,-1,—-3,—-2)(4)(—4) in cycle notation.

We consider here two classes of signed permutations: snakes and cycle-alternating
permutations. These will give combinatorial models of the derivative polynomials. As
for the g-analog, going through other objects (weighted Dyck prefixes) we can obtain
a statistic on cycle-alternating permutations following the parameter q.

We note that Elizalde and Deutsch defined cycle up-down permutations in [7], our
cycle-alternating permutations are a variant.

3.1. Snakes. There are several types of snakes to be distinguished, so let us first give
the definition:

Definition 3.2. A signed permutation 7 = my...7, is a snake if 711 > M < w3 >
... Tp. We denote by S, C & the set of snakes of size n. Let S0 C S, be the subset
containing the snakes 7 satisfying m; > 0, and S%° C S? be the subset containing the
snakes 7 satisfying 71 > 0 and (—1)"m, < 0.
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The sets S,, and SY were introduced by Arnol’d [1], under the name “S-snake” and
“snakes of type B”, respectively. The third set S is a new variant.

It is practical to make a convention for the values myp and m,41. If 7 € S, (re-
spectively, 7 € SO, 7 € SP) we define 7p = —(n + 1) and 7,1 = (—1)"(n + 1)
(respectively, mo = 0 and 7,41 = (—1)"(n+1), 7o = mp41 = 0). This is not consistent
with the inclusions S’ C SY C S,,, so we can think of these sets to be disjoint to avoid
ambiguity in the sequel. Then, an element of any of these three sets is a 7 € & such
that my < 71 > 7y < M3 > ...7Mpe1. For example in the case of SO, the condition
(=1)"m, < 0 means that if n is odd, m, > 7,41 = 0, and if n is even, m, < mp4+1 = 0.
For clarity, we will write m = (79), 71, ..., T, (Tnt1)-

Definition 3.3. Let 7 be a snake in one of the sets S,,, SU, or %, and 7, T, 11 as
above. We define a statistic cs(7) as the number of changes of sign through the values
Oy« vs Tpt1s b€ cs(m) =#{i]0<i<mn, mms1 <0}

Using this statistic, we have combinatorial models of the derivative polynomials.

Theorem 3.4. For any n > 0, we have:

Pty =Yt Qut)=> =M Ryt)= Y =M. (37)

TESn TES) eS8,

Proof. We check that the right-hand sides satisfy the recurrences in (5) (case a = 1 or
a = 2), but we only detail the case of R,, (case a = 2), the other ones being similar.
We have Ry = 1, and this corresponds to the snake (0),1,(0). Also R; = 2t, and
this corresponds to (0),1,—2,(0) and (0),2,—1,(0). Suppose the result is proved for
Ry,—1. Then, to prove it for R,, we distinguish three kinds of elements in 8231 (the
convention is mop = mp42 = 0). We will denote by ;" the number m; — 1 if m; > 0 and
m+1if m; <O0.

e First, suppose that |m,+1| = 1, hence 7,41 = (—1)". Let @’ = m; ... 7w, . De-
pending on the parity of n, we have either 7, < m,41 = 1 or m, > T4 = —1,
and it follows on one hand that (—1)"m, < 0, on the other hand that m,m,4+1 < 0.
Thus 7/ € S, and cs(n’) = cs(w) — 1. The map 7 ~ 7’ is bijective, and with
the recurrence hypothesis, it comes that the set of 7 € 530+1 with |m,4+1] = 1 has
generating function tR,_1.

e Then, suppose that m; = 1, and let 7’ = —Tg yeney —T,yq. From m > m, we
obtain my < 0, hence —m, > 0. It follows that = 820. Moreover, since mimy < 0
we obtain cs(7') = cs(w) — 1. With the recurrence hypothesis, it comes that the
set of 7 € 8%, with m = 1 has generating function tR,_;.

e Eventually, suppose that there is j € {2...n} such that |r;| = 1. We have either
Mj—1 > M5 < Wjp1 OF W1 < W5 > Tj+1, and it follows that mj—1 and Tjt1 have
the same sign. We will obtain the term R],_; in the subcase where 7; have also
the same sign as m;_1 and 7; 1, and the term t?R! | otherwise. Let us prove the
first subcase, the second will follow since it suffices to consider snakes of the first
subcase where 7; is replaced with —;.

Let 7/ =7 ,... ST 4y =T iqs-++s —Tpy1- Then we can check that 7 — (', 7)
is a bijection between 7 of the first subcase, and couples (7’,j) where 7' € S? and

j €{2...n} is such that 7,7’ < 0. At the level of generating function, choosing
a sign change in 7’ is done by differentiation with respect to ¢, and this explains
why 7 of the first subcase are counted by R],_;.
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Adding the different terms, we obtain (1+t?)R!, | +2tR, 1 = R,. This completes the
recurrence. The difference for @, (respectively, P,) is roughly that only the second
and third cases (respectively, only the third case) are to be considered. O

The exponential generating function of {Q(t)}n>0 can be directly obtained using
snakes in the form
> y 2" secz a8
;Qn()n! - 1—ttanz’ (38)
To prove this, let 7 € S°, and consider its unique factorization m = fi ... fi, where
each fr is a maximal non-empty factor such that all its entries have the same sign.
Each of these factor has odd length, except possibly the last one. So it is convenient
to think that if the last factor f; has odd size, there is also an empty factor fr,1 at the
end, and consider the new factorization # = fi... f; (with j =k or j = kK + 1). Note
that cs(m) = j — 1. The factorization proves (38), because 7 is built by assembling
alternating permutations of odd size fi...f;_1, and an alternating permutation of
even size f;.
Using snakes, we can also directly obtain that

o n o Zn 2
> Ra(t) = = (Z @n@)a) . (39)

Indeed, let 7 = (0), 7 ... 711, (0) be among snakes counted by Ry,(t), i.e. m € Y.
Thereis j € {1...n+1} such that |7;| = n+1. We define 7’ = (0), 7y ... 7j_1, (7;) and
" = (0),(=1)"mp1, ..., (—1)" w41, ((—1)"7;). After some relabelling, these define
two snakes in S) ; and S ;.. We have cs(r) = cs(n') + cs(n”), and 7 is built by
assembling 7" and 7, so this proves (39).

Another interesting question concerning snakes is the following. For a given per-
mutation ¢ = o1...0, € &,, the problem is to choose signs € = €1...¢, € {£1}"
such that m = €j0q,...,€,0, is a snake. Arnol’d [1] described the possible choices
such that 7 € 89 in terms of ascent and descent sequences in the permutation. Let
i €{2...n— 1}, then a case-by-case argument from [1] shows that:

o if 0,1 < 0; < 0441, then €; # €41,
o if 0,_1 > 0; > 0441, then ¢;_1 # ¢, (40)
o if 0,01 > 0; < 0441, then ¢,_1 = €;41.

Following this, we can answer the problem of building a snake from a permutation in
terms of some permutations statistics. We can apply this argument to the three sets
Sn, 89, and S, essentially by varying the conventions on ¢(0) and o(n + 1).

Definition 3.5. Let 0 = 01...0, € 6,, we make the convention that oy = oy, 41 =
n + 1. We also need to consider other conventions, so let &2 and &% be “copies” of
the set &,,, where:

° IfaE@%,wesetJO:Oandan+1:n+1.
° IfaE@%O, we set 09 = opy1 = 0.

Let o be in one of the sets &, & or &%. An integer i € [n] is a valley of o if
oi—1 > 0y < 0441, a peak if 0,1 < 05 > 0441, a double descent if ;1 > 0; > 0441,
and a double ascent if 0;_1 < 0; < 0i41. Let va(o) denote the number of valleys in
o, pk(o) denote the number of peaks in o, and dda(o) denote the number of double

descents and double ascents in o.
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For example, we see 1,3,2 € &9 as (0),1,3,2,(4). Then 3 is a valley. On the other
hand, we see 1,3,2 € &% as (0),1,3,2,(0). Then 3 is a double descent.
We note that the result below has also been obtained by Ma [23] (in the case of P,

and Q).
Proposition 3.6. When n > 1, we have:

P, (t) — Z 75dda(0) (1 + t2)va(0) — Z tdda(a) (1 + t2)pk(0), (41)
o6y, ceBY0
Qn (t) _ Z tdda(a) (1 + t2)va(0)7 R, (t) _ Z Ztdda(a) (1 + t2)va(a). (42)
oeB) €6
n n+1

The last two identities are also true when n = 0.

Proof. This follows from Theorem 3.4 and (40), which now can be extended to the
cases i = 1 or i = n using the conventions on oy and 0,41 (note that we also need
to consider €y and €,11). Let us first prove the case of P,, 0 € S, and 7 € &,,.
We have ¢ = —1 since we require that mp = —(n + 1). The first two rules in (40)
show that to each double ascent or double descent we can associate a sign change in
m, and that the only remaining choices to be done concern the valleys. At a valley
0i—1 > 0; < 0441, we can have either ¢;_1 = €; = €41, or ¢,_1 = —€; = €;4.1, i.e. 0 or 2
sign changes. This proves the first equality in (41), and the second follows by taking
the complement permutation. The cases of @), and R,, are proved similarly, except
that we do not consider ¢y and we have ¢; = 1. ]

An important property of the statistics va(o) and dda(o) is that they can be followed
through the bijection of Frangon and Viennot (see for example the book [13]). Omitting
details, this gives combinatorial proof of:

fj Qn(t)z" =3( (2h + 1)t, (1 +tHh?), (43)
n=0
i R,(t)z" =J((2h+2)t, (1 +t*)h(h+1)), (44)
n=0

which is the particular case ¢ = 1 of Proposition 2.6. Unfortunately, it seems difficult
to follow the parameter ¢ through this bijection, and obtain nice statistics on &2 and
69&1 corresponding to Q,(t,q) and R,(t,q).

3.2. Cycle-alternating permutations. From the combinatorial interpretations of
derivative polynomials in terms of snakes, we can derive other ones using simple bi-
jections. We need some general definitions concerning signed permutations.

Definition 3.7. Let 7 € G. We denote neg(r) the number of i € [n] such that
m; < 0. For any orbit O of 7, let —O = {—z | x € O}. A cycle of 7 is an unordered
pair of orbits {O1, 02} such that —O1 = Os. 1t is called a one-orbit cycle if O1 = Oy
and two-orbit cycle otherwise. (This is known to be a natural notion of cycle since
there is a decomposition of any signed permutation into a product of disjoint cycles.)
For any signed permutation =, its arch diagram is defined as follows: draw on the
horizontal axis 2n nodes labelled by the integers in [[n]] in increasing order, then for
any ¢ draw an arch from 4 to 7(i) such that the arch is above the horizontal axis if
i < m(i) and below the axis otherwise.
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See Figure 1 for an example of an arch diagram. Since the labels from —n to n
are in increasing order we do not need to explicitly write them. See also Figure 2
further for another example. We did not specify what happens with the fixed points
in the arch diagram. Although this will not be really important in the sequel, we can
choose to put a loop ® at each positive fixed point and a loop 8 at each negative
fixed point. This way, the arch diagram of a signed permutation is always centrally
symmetric.

FI1GURE 1. The arch diagram of m = 2,—4,6,1,—3,7,5.

Definition 3.8. Let 7 € &F. An integer i € [[n]] is a cycle peak of 7 if 7~ 1(i) < i >
7(i), and it is a cycle valley of 7 if 771(i) > i < 7(i). The signed permutation 7 is
cycle-alternating if every i € [[n]] is either a cycle peak or a cycle valley. Let C, C &
denote the subset of cycle-alternating signed permutations, and C; C C,, be the subset
of m € C,, with only one cycle.

Lemma 3.9. Let m € C;. Then n is even (respectively, odd) if and only if ™ has a
two-orbit cycle (respectively, a one-orbit cycle).

Proof. In a cycle-alternating permutation, each orbit has even cardinality because
there is an alternation between the cycle peaks and cycle valleys. So, if there are two
opposite orbits of size n, n is even.

In the cycle-alternating permutation m, —n is a cycle valley and n is a cycle peak.

If there is one orbit, it can be written 7 = (n, i1, ...,in—1, —n, —i1,..., —ip—1) in cycle
notation. Because of the alternation of cycles peaks and cycle valleys, it follows that
n is odd. O

Theorem 3.10. We have :

Pty = Y "8 Q)= > "W R,(t)y= > 5. (45)
me€C, 11 T€Cr TE€C, 1o
w1 >0
Proof. There are simple bijections between snakes and cycle-alternating permutations
to prove this from Theorem 3.4.

Let us begin with the case of F,, so let @ € §,,. Suppose first that n is odd,
hence mp = 741 = —(n + 1). We can read 7 in cycle notation and consider the
two-orbit cycle 7' = (mg, 71, ..., m) (=m0, —71,...,—7y). Then 7’ € Cy ;. When n
is even, we have —my = m,11 = n + 1, and the bijection is defined by taking 7’ =
(7T0y M1y -« s Ty =Ty — M1, - - -, — ). The map 7 — 7 is clearly invertible, and using
the previous lemma, we have a bijection between S,, and C; ;. Let i € {0,...,n}, then
mimiy1 < 0 is equivalent to 7'(|m;|) = —|mi+1| < 0, and it follows that cs(m) = neg(n’).
This proves the first equality of the theorem.

The case of R, is slightly different. In this proof, we will denote by 7Ti+ the number
mi+1lifm; >0,and m; —1if m; < 0. Let m € Sggl. If n+1 is odd, hence m,1+1 > 0, we

define 7’ = (1,7, ... ,w:+1)(—1, -, —7T:L_+1). If n 4+ 1 is even, hence 7,11 < 0,
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we define 7/ = (1,7}, ... ,w:Jrl, ~1,-7], .. —7T:L_+1). In each case, it is easily checked
that this defines a bijection from 8231 to the subset of m € C; 5 satisfying w1 > 0, so
that a change of sign in 7 correspond to a ¢ > 0 with 7’(¢) < 0.

The case of Q,, requires more attention. Let 7 € SY, we need to split it into blocks
that will correspond to the cycles of an element 7’ € C,,. This can be done by a variant
of Foata’s fundamental transform [22]. Let a; < --- < aj, be the left-to-right maxima of
|71| ... |mn| € &, (recall that u is a left-to-right maximum of o € &,, when o (i) < o(u)
for any i < u). We consider the factors of m, fi = T4, ... Tay—1, fo = Tay - Mas—1,
up to fi = mg, ... T, (we can take the convention agt; = n + 1). We form «’ by
putting together some cycles as follows: if f; has odd length, it gives a one-orbit cycle
(Tay - Tayr—1> —Ta; - - —Ta;y,—1), and if it has even length, it gives a two-orbit cycle
(Ta; - Tayor—1)(—=Ta; - .. —Ta;,,—1). The definition of a; shows that m,, is greater than
Tai+1---Ta; 1, and consequently these cycles are indeed alternating. The inverse
bijection is easily deduced: we can write 7’ € C, as a product of cycles 7’ = ¢; ... ¢,
where the cycles are sorted so that their maximal entries are increasing. To each ¢; we
associate a word f; so that ¢; is either (f;, — f;) or (f;)(— fi), and such that the first letter

of f; is the maximum entry of ¢;. Then we can form the snake m = f1,e2fo,..., €1 fr,
where the signs g, ..., €, € {£1} are chosen so that 7 is alternating (there is a unique
choice).

It is in order to give examples of the previous two bijections. If we start from
a snake 7 = (0),4,—2,—-1,-5,3,—6,(7) € S, the left-to-right maxima of |r| are
1,4,6, and this gives 7’ = (4,—-2,—1,—4,2,1)(—5,3)(5,—3)(6,—6) € Cs. As for the
other direction, let 7’ = (5,-2,3,—5,2,-3)(6,—1)(—6,1)(7,—4)(=7,4) € C7. Tt is a
product of three cycles so that the snake 7 is formed by putting together three words
5,—2,3, and 6,—1, and 7, —4. We need to change the signs of the second and third
words to obtain a snake, which is 7 = (0),5, 2,3, 6,1, 7,4, (—8) € SY.

One can check on the examples that in both cases we have cs(r) = neg(7’), but
this does not immediately follows the construction and need to be proved now. Let
a,b > 0, such that 7/(a) = —b, we can associate a sign change in 7 to each such
pair (a,b). The two integers are in the same cycle ¢;. If the word f; is of the form

..,a,—b,... or ...,—a,b,..., then either the factor a,—b or —a,b appears in the
word €; f;, and consequently appears in m as a sign change. The other possibility is
that f; = b, ..., —a which only occur when f; has even length, and f; =b,...,a which
only occur when f; has odd length. If b (respectively —b) appear in m, it is greater
(respectively, smaller) than his neighbor entries, and after examining a few cases it
comes that the same is true for a. It follows that there is a sign change in 7 between
the last entry of ¢; f; and its right neighbor. This completes the proof. O

Using cycle-alternating permutations, we can give a bijective proof of the fact that
Poi1 = (1 +t*)R,. This can be written

S ) (1) 3 s, (46)

TECh 1o o€Ch 2

o1>0
Now, consider the conjugation by the transposition (1, —1), i.e. the map that sends 7
to (1, =1)m(1,—1). This is a fixed point free involution on C;_, which proves combi-
natorially (46), as it is easily seen on the arch diagrams. Indeed, in this representation
the involution exchanges the dot labelled 1 with the dot labelled —1, see Figure 2. We
have m(1) > 0 if and only if its image 7’ = (1,—1)7(1, —1) does not satisfy 7'(1) > 0,
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and if (1) > 0, we have neg(n’) = neg(w) + 2. This proves (46). Note that it is also
possible to prove P, 1 = (1 + t?)R,, on the snakes, using Proposition 3.6, but this is
more tedious.

S > &

FiGURE 2. The arch diagram of the cycle-alternating permutation
= (1, 4, =5, =2, =3, —1, —4, 5, 2, 3) € C2, and of its conjugate
(1, =D)m(1,-1).

Using cycle-alternating permutations, we can also obtain the exponential generat-
ing function of {P,},>0, knowing the one of {Qy}n>0. Indeed, a cycle-alternating
permutation is an assembly of cycle-alternating cycles, in the sense of combinatorial
species, and this gives immediately:

ZP = log (Z Qn(t) > = log (W) , (47)

and after differentiation, we obtain the formula for 3 Pn(t)zn—r!b as in Equation (7).

3.3. The g¢-analogs. It is possible to give combinatorial interpretations of @, (t,q)
and R, (t,q) using cycle-alternating permutations, and the notion of crossing for signed
permutations which was defined in [6]. But in the case of cycle-alternating permuta-
tions, there is a more simple equivalent definition which is the following.

Definition 3.11. A crossing of ™ € C,, is a pair (4, ) € [[n]]? such that i < j < 7(i) <
(7). Equivalently, it is the number of intersection points among the arches above the
horizontal axis in the arch diagram of 7. We denote by cr(7) the numbers of crossings
in .

Because of the symmetry in the arch diagram, cr(m) is half the total number of
intersection points among the arches. For example, the two permutations in Figure 2
have respectively 2 and 3 crossings. This kind of statistic can be followed through
bijections between permutations and paths [4], but let us first show that @, (¢,q) and
R, (t,q) are related with some weighted Dyck prefixes (a Dyck prefix being similar to
a Dyck path except that the final height can be non-zero).

Definition 3.12. Let P, be the set of weighted Dyck prefixes of length n, where

e cach step  between heights h and h+1 has a weight ¢ for some i € {0,...,h+1},
e cach step \, between heights h and h + 1 has a weight ¢* for some i € {0,...,h}.

Let P/ C P, be the subset of paths p such that there is no step  starting at height
h with the maximal weight ¢"*!. For any p € P, let fh(p) be its final height, and let
w(p) be its total weight, i.e. the product of the weights of each step.

Proposition 3.13. We have:
Qu(t,q) = > ") Ru(t,q) = Y t"Pgv®), (48)

peP!, pPEPy
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Proof. In the proof of Proposition 2.6, we have used the matrices Do + Us DoUs and
Dy + DyUsUs,, thought of as transfer matrices for walks in the non-negative integers.
We can do something similar with the matrices

0 [ (0) 0 [ (0)
D+ U DUy = We 0 12 , D1+ D1ULWU = A 0 P (49)

[2]q 0 [3]q 0
(0) (0) '

Recall that we have (20), where Wy = (1,¢,#2,...). In terms of paths, the coefficients
in the matrices and vectors have the following meaning: from V3 = (1,0,...)*, we only
consider paths starting at height 0, and from W7 = (1,t,t2,...) there is the weight
t™(®) for the path p. The coefficients (h+1, h) in the matrices give the possible weights
on steps * from height h to h + 1, the coefficients (h, h + 1) in the matrices give the
possible weights on steps \, from height h + 1 to h. The result follows. O

Proposition 3.14. There is a bijection ¥ : C,, — P) such that neg(w) = th(p) and
cr(m) = w(p) if the image of 7 is p.

Proof. We can use the bijection ¥py from [4] between permutations and weighted
Motzkin paths. To do this, we identify &F with a subset of &y, via the order-
preserving bijection [[n]] — [2n]. This subset is characterized by the fact that the arrow
diagrams are centrally symmetric, and via Upy from [4], it is in bijection with some
weighted Motzkin paths that are vertically symmetric. Cycle-alternating permutations
correspond to the case where there is no horizontal step, ¢.e. they are in bijection with
some weighted Dyck paths that are vertically symmetric. Keeping the first half of
these Dyck paths gives the desired bijection. O

For convenience, we rephrase here explicitly the bijection of the previous proposition.
Let m € Cy,, then we define a ¥(7) € P), such that, for any j € {-n...—1}:
e the (n+ 1+ j)th step is 7 if 771(4) > j < 7(4) and \, if 771(j) < j > 7(4),
e if the (n 4 1+ j)th step is 7, it has a weight ¢* where k is the number of i such
that (i, ) is a crossing, i.e. i < j < m < 7,
e if the (n 4 1 4 j)th step is N\, it has a weight ¢* where k is the number of i such
that (—i,—j) is a crossing, i.e. —i < —j < —m; < —;.

See Figure 3 for an example.

FIGURE 3.  The bijection ¥ from C, to P; in the case of 7 =
3,4,-7,2,6,1,5.

Through this bijection we obtain combinatorial models of @, (¢, ¢) and R, (¢, q) using
the notion of crossing.
Proposition 3.15. We have
Qn(ta Q) _ Z tneg(ﬂ)qcr(w)7 Rn(t,q) _ Z tneg(w)flqcr(ﬂ). (50)

7€Cr TE€Cn+1
Tp+1<0
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Alternatively, the condition m,11 < 0 in the second identity can be replaced with
mln+1)<0.

Proof. The first identity follows from Proposition 3.13 and the bijection ¥ between C,
and PJ,, but the second one is not as immediate.

First, note that the bijection 7 — 7! stabilizes the set C,, and preserves the number
of crossings, since it is just an horizontal symmetry on the arch diagrams. This proves
the fact that we can replace 7,1 < 0 with 7=}(n +1) < 0.

Then, let us consider the subset P, ; C P/, of elements p such that there is no
step \, from height h 4 1 to h with weight ¢" (note that this condition implies there
is no return to height 0). There is an obvious bijection from P, ; to P,, because
removing the first step in p € P, gives a path which is in P, with respect to the
shifted origin (1,1). This proves:

Ro(t,q) = Y M@ 1gv), (51)

PEP 11

It remains to show that the image of P, via U~ is precisely the set of 7 € Cpyq
such that 7= 1(n + 1) < 0. Essentially, this follows from the fact that there are some
steps in the path which characterize the right-to-left minima in 7, and we can use
Lemma 3.2.2 from [18]. In our case, the subset P ; C Py, corresponds to a subset
of Gapto (via the identification Gf 11 — Gapny2), more precisely to the subset of o
having no right-to-left minima among 1...n + 1, i.e. 0~ %(1) > n + 1. In terms of
mE Gf 1, this precisely means that 77 1(=n — 1) > 0 and completes the proof. O

Remark 3.16. Chen, Fan and Jia [3] gave a bijection between snakes of type B and
Dyck prefixes such that there are h + 1 possible choices on each step between height h
and h+ 1, and their statistic «(7) (see Theorem 4.5) is the same as our statistic cs(7),
though defined differently. We can have such a bijection by composing two we have
presented (their bijection is not the same as ours and does not seem to be directly
related).

3.4. Another variant of Vp;. With another adaptation of this bijection, we can
link C,, and some weighted Motzkin path, so that we obtain a combinatorial proof of
a J-fraction generalizing (43) and (44) in Theorem 3.17 below. As a consequence of
Theorem 3.10, we have:

Q1(1a) (t) _ Z acyc(ﬂ)tneg(w) (52)

weCp

where cyc(m) is the number of cycles, indeed since there is a “cycle structure” in
C, it suffices to take the ath power of the exponential generating function to have
a parameter a counting cyc(m). With the recurrence for QL (t) in (5) and with the
same method as in the case of @), and R,,, we can prove a continued fraction for the
ordinary generating function of {an) (t)}n>0. We prove here bijectively this continued
fraction, by going from C,, to weighted Motzkin paths. To this end, we use another
representation of a signed permutation, the signed arch diagram. Let m € &, this
diagram is obtained the following way: draw n dots labelled by 1...n from left to right
on the horizontal axis, then for each i € [n], draw an arch from ¢ to |m;|, and label this
arrow with a + if m; > 0 and with a — if m; < 0. We understand that as in the previous
arch notation, the arch is above the axis if i < |m;| and below otherwise. See the left
part of Figure 4 for an example. (In the case |m;| = i, the arch is a loop attached
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to the dot i.) A case-by-case study shows that 7 is cycle-alternating if and only if it
avoids certain configurations in the signed arch diagram, which are listed in the right
part of Figure 4 (£ being either 4+ or —). Note that these forbidden configurations
are reminiscent of (40).

+

O+

= + +. -+
A4 < < Q

+ + — +
FIGURE 4. The signed arch diagram of 7 = 2,—4,—6,5,—3,—1,7, and
the forbidden configurations in the signed arch diagram of a cycle-
alternating permutation.

Once we know the forbidden configurations, it is possible to encode the signed arch
diagram of w € C, by a weighted Motzkin path of n steps, in a way similar to Yy
from [4]. The diagram of 7 is scanned from left to right, and the path is built such
that:

e If the ith node in 7 is < then the ith step of p if 7, moreover this step has label
+ (resp. —) if the two arches starting from the ith node have label + (resp. —).

e If the ith node in 7 is ¥ then the ith step of p if —. Moreover this step has label
(7) if the left strand in the ith node is connected to the jth strand of the “partial”
signed arch diagram (say, from bottom to top). See for example the left part of
Figure 5 where there are three possible choices to connect this kind of node. We
can see that the possible labels are (1),...,(h) where h is the starting height of
the ith step in the path.

e Similarly if the sth node in 7 is & then the ith step of p if —, and this step has
label (j') if the ith node is connected on the left to the jth strand of the “partial”
signed arch diagram (say, from top to bottom).

e If the ith node in wis ® then the ith step is — with label (0).

e If the ¢th node in 7 1s> then the ith step is \, with a label (j, k) where j and
k respectively encode where the upper and lower strands are connected, as in the

case of.'V'.and._ /\_above.

FiGure 5. Construction of the bijection from the signed arch diagram
of m € C, to a labelled Motzkin path.

Quite a few bijections of this kind are known so we will not give further details. We
have also used this kind bijection in [5], for example. As for the parameters a and ¢,
they are taken into account in the following way:
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e For each arch with label — linking ¢ and j where 7 < j, we give a weight ¢ to the
ith step in the path. Thus there is a weight ¢ on the step  with label —, and a
weight ¢ on each step —.

e For each ¢ which is the maximal element of a cycle, we give a weight a to the ith
step. Thus each step — with weight (0) has a weight a, since these correspond to

nodes ® or cycles of the form (i, —i). Besides, there is a weight a on some of the
step \,. More precisely, there are h? possible labels on a step \, starting at height
h, and h of them have this weight a. Indeed, for each choice of where to connect
the upper strand of the nodeﬁ) there is a unique choice of where to connect the
lower strand so that a new cycle is “closed”.

Using the classical correspondence between weighted Motzkin paths and J-fractions
[11], this bijection proves the following theorem.

Theorem 3.17. Let an) (t) be the polynomials in a and t with exponential generating
function (cos z—t sin z) =%, or defined combinatorially by (52). Then, using the notation
in Definition 2.5, we have:

i@ﬁfﬂ(t)z" =3( (2h +a)t, h(h —1+a)(1 +t%)). (53)
n=0

Apart from the combinatorial side, this result was already known by Stieltjes [28].
Besides his analytical proof, it is also possible to obtain the continued fraction by
showing that the exponential generating function satisfies some particular kind of
addition formula which permits to make use of a theorem of Stieltjes and Rogers,
see for example [13, Theorem 5.2.10]. We thank Philippe Flajolet for communicating
these facts and references.

4. INCREASING TREES AND FORESTS

So far, we have only used recurrence relations and bijections to derive our new
models of the derivative polynomials. Some more elaborate methods apply as well to
give combinatorial models in terms of increasing trees and forests. We first present
how to use the combinatorial theory of differential equations, as exposed by Leroux
and Viennot in [21], and secondly how to use recent results of Blasiak and Flajolet
related with operators and normal ordering [11].

4.1. Increasing trees via differential equations. An archetype example in the
combinatorial theory of differential equation is the one of the tangent and secant
functions (see [21]), and it has become a classical method to show that Euler numbers
FE,, count some increasing trees, i.e. labelled trees where labels are increasing from the
root to the leaves. Here we have a system of two differential equations similar to the
one of tangent and secant, except that an initial condition is given by the parameter ¢
instead of 0. This will give rise to more general trees where we allow some leaves with
no label having a weight ¢.

Lemma 4.1. Let f =) P,2"/n! and g = >_ Qn2"/n!, then we have:

F=14 f0) =1,
Jd="fg g(0) = 1.
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Proof. Of course, this can be checked on the closed form given in (7). Also, f' = 1+ f?
can be directly checked on the snakes as in the case of alternating permutations [27],
and ¢’ = fg follows from f = (logg)’ previously seen. O

It is adequate to rewrite the equations in the following way:

_ 2

f=t+z+[f3 (55)
g=1+ [ fg.

Let us begin with the case of f(z). From f =t+ z + ff2, and proceeding as in

[21], f(z) counts increasing trees that are recursively produced by the following rules,

starting from an isolated node marked by f:

e a node marked by f can become a leaf with no label (this corresponds to the term
tin f=t+z+ [ f2 f(z), so these leaves will have a weight t),

e a node marked by f can become a leaf with an integer label, this label being the
smallest integer that does not already appear in the tree (this corresponds to the
term z in f=t+z+ [ f?),

e a node marked by f can become an internal node having an integer label and
two (ordered) sons marked by f (this corresponds to the last term [ f2 in f =
t+z+ fo) As before, the integer label is the smallest integer that does not
already appear in the tree.

More precisely, the coefficient of 2™ in f(z) counts these trees having n integer labels.
See Figure 6 for an example of tree produced by these rules.

0 &b Uy G B

FIGURE 6. Tree produced via the equation f =t +z + [ f2

The case of g(z) is quite similar. Starting from an isolated node marked by g, each
node marked by g can become either a leaf with no label, or an internal node having
two sons respectively marked by f and g. Note that we need the production rules for
f to build a tree counted by g, and note also that g can produce an empty leaf which
has no weight ¢, contrary to the empty leaves produced by f.

The two kinds of tree can also be given a non-recursive definition.

Definition 4.2. Let 7, be the set of complete binary trees, such that:

e except some leaves that are empty, the nodes are labelled by integers so that each
i € [n] appears exactly once,
e the labels are increasing from the root to the leaves.
Let em(T") be the number of empty leaves of T' € Ty, and let 7 C 7T, be the subset
of trees such that the rightmost leaf is empty.

The production rules for f (respectively, g) can be checked on the set 7, (respectively
T.5), so that the result of the above discussion is the following.

Theorem 4.3. We have:

Py = S 4D Q= 3T e, (56)

TET, TET
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4.2. Increasing trees via normal ordering. Some recent results of Blasiak and
Flajolet [2] directly apply in the present context and also give models of P, (t) and

Q,(la) (t) in terms of increasing trees and forests. Let D be the derivation with respect
to t and U the multiplication by ¢ (i.e. we are in the particular ¢ = 1 of operators
defined in (11)). We have DU —UD = I. A general idea in [2] is that the coefficients
¢;,j in the normal form of f(D,U) as in (17), at least for certain particular forms
of f(D,U), naturally counts some labelled directed graphs which are produced by
connecting some “gates”. In the present case, when f(D,U) is (D + UUD)"™ for P,
and (D + aU + UUD)" for Qg{l), and we obtain some increasing trees and forests.
The theorem of this subsection is a direct application of a main result of Flajolet and
Blasiak [2, Theorem 1], so as a proof we will roughly explain some ideas leading to the
definition below and refer to [2] for more details.

Definition 4.4. Let F, be the set of plane rooted forests satisfying the following
conditions:

e ecach root has exactly one child, and each of the other internal nodes has exactly
two (ordered) children,

e there are n nodes labelled by integers from 1 to n, but some leaves can be non-
labelled (these are called empty leaves), and labels are increasing from each root
down to the leaves.

Note that the trees forming a forest are unordered. Let U,, C JF, be the subset of
trees, i.e. forests with one connected component. For any tree or forest T', let em(7")
be the number of empty leaves, and let cc(7T) be its number of connected components.

For example, there are 11 elements in F3 and they are:

568 68 68 68 95 &6

%53 34

Theorem 4.5. We have:
B = Xm0, Q= Y @) o)

TEZ/In+1 Te]:n

For example, the forests in F3 given above illustrate Q3 = 6t3 + 5t. The last four
elements of the list are the trees, and illustrate P, = 2t3 4+ 2t. By counting with a
weight 2 on each connected component, we obtain from this list that Ry = 24t3 + 16t.

Proof. From the definition of derivative polynomials in terms of D and U, and the
relation DU — UD = I, we have:

P,(t)=(D+UUD)™,  Q\Y(t)= (D +alU +UUD)"1. (58)

n

Let us consider the case of an)' Let f,(D,U) = (D + aU + UUD)" and ¢y, ; the
coefficient of U*D7 in its normal form, as in (17). Then from [2, Theorem 1], ¢, ; ;
counts labelled diagrams obtained by connecting three kinds of “gates”, one for each
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term in D + aU + UUD. More precisely, to each term U*D? we associate a gate
consisting of one node with k£ outgoing strands and ¢ ingoing strands. See the left part
of Figure 7. Then, ¢, ;; count labelled diagrams obtained by connecting n of these
gates such that:

e j outgoing strands and j ingoing strands are not connected,

e all other strands are connected, so that each ingoing strand is connected with an
outgoing strand and these form a directed edge,

e the gates are labelled by the integers in {1,...,n}, and labels are increasing when
we follow a directed edge,

e at each node, the ingoing strands on one side and the outgoing strands on another
side are ordered,

e there is a weight a at each gate corresponding to the term U.

We have
Q1) = (D +aU +UUD)" = (3 e ;U'DI)1 =3 eyt (59)

i,7>0 i>0
so that we can only consider diagrams with no unconnected ingoing strand, and ¢
counts the unconnected outgoing strands.

The labelled diagrams described by the above rules are essentially the same as
elements in F,,: it suffices to add an empty leaf at each unconnected outgoing strand
to see the equivalence. It is clear that the node corresponding to the term U will
appear exactly once in each connected component of the labelled diagrams, so the
parameter a counts indeed the connected components.

In the case of P,, we can also consider f,(D,U) = (D + UUD)"U and ¢, ; the
coefficient of U’D’ in its normal form, as in (17). This case is somewhat different
since f,(D,U) is not the nth power of some expression, but similar arguments apply
as well: the labelled diagrams that appear have n + 1 gates, the gate labelled 1 is of
type U, all other gates are of type D or UUD. These labelled diagrams are the same
as elements in U, 1, as in the previous case we just have to add an empty leaf to each
unconnected outgoing strand to see the equivalence. As previously said, we refer to
[2] for precisions about this proof. O

| | ?PY
© O @ RO

FiGUurRE 7. The “gates” corresponding to terms in D + aU + DUU,
and a labelled diagram obtained by connecting them.

There is a simple bijection between T, and U, 11: given T € T, relabel the nodes by
i — 1+ 1, then add a new node with label 1 on top of the root. There is also a simple
bijection between 7 and F,: let T' € T, remove the rightmost leaf, as well as all
edges in the path from the root to the rightmost leaf, then the remaining components
form the desired forest. See Figure 8 for an example.

Thus, Theorems 4.3 and 4.5 are essentially equivalent although obtained by different
methods. It is also in order to give a bijection between U,, and C,, and by applying this
bijection componentwise it will give a bijection between F,, and C,,. It is more practical



ENUMERATION OF SNAKES AND CYCLE-ALTERNATING PERMUTATIONS 21

FIGURE 8. The bijection from 7,* to F,.

to give the bijection from 7, to S, (recall that we already have simple bijections
Tn — Upy1 and S, — Cp, ), so let T' € T,,. Consider the “reading word” of this tree
(it can be defined by w(T) = w(Ty) i w(T») if the tree T has a root labelled i, left son
T} and right son T5). This word contains integers from 1 to n, and some letters (say
o) to indicate the empty leaves. The first step is to replace each ¢ with n+1—1¢ in this
word. To obtain the snake, replace each integer i by (—1)7*1i where j is the number
of o before i in the word, then remove all o. See Figure 9 for an example.

— 3)270)]—70)470 — 273)074)071)0 — (_5))_2)_3)47_]—7(5)

FIGURE 9. The bijection from 7, to S,.

Actually, this bijection can be highlighted by Proposition 3.6 and the discussion
leading to it. Indeed, it is just a variant of a classical bijection between permutations
and unary-binary increasing trees [29], where double ascents and double descents cor-
respond to nodes having only one child, and valleys correspond to leaves. Via these
bijections, removing the empty leaves of T" € 7T, is the same as taking the absolute
value of a snake S € §,,. In the other direction, 7" seen as a unary-binary tree together
with the data of the empty leaves, is the same as a permutation together with a choice
of signs making it into a snake.
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