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ABOUT THE POSSIBILITY OF MINIMAL BLOW UP FOR NAVIER-STOKES
SOLUTIONS WITH DATA IN H*(IR?)

EUGENIE POULON

ABsTRACT. Considering initial data in H*, with % < s < 3, this paper is devoted to the study

27
of possible blowing-up Navier-Stokes solutions such that (7% (uo) — t)%(sfé) ||| s is bounded. Our
result is in the spirit of the tremendous works of L. Escauriaza, G. Seregin, and V. Sverdk and I
Gallagher, G. Koch, F. Planchon, where they proved there is no blowing-up solution which remain
bounded in L*(IR®). The main idea is that if such blowing-up solutions exist, they satisfy critical
properties.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

We consider the Navier-Stokes system for incompressible viscous fluids evolving in the whole space R?.
Denoting by u the velocity, a vector field in R?, by p in IR the pressure function, the Cauchy problem
for the homogeneous incompressible Navier-Stokes system is given by

ou+u-Vu—Au = —Vp
(1) divu = 0
u‘tzo == uQ.

We recall a crucial property of the Navier-Stokes equation : the scaling invariance. Let us define the
operator

1
o) Va € R, VA€ RS, Vag € R®, A%, u(t,z) % Fu(

If =1, we note A%\’xo = A g0

ix—xo)
22\ )

Clearly, if u is smooth solution of Navier-Stokes system on [0, 7] x IR? with pressure p associated with
the initial data ug, then, for any positive A, the vector field and the pressure

def def
uy = Ayzou and py = Aixop
is a solution of Navier-Stokes system on the interval [0, \2T] x R?, associated with the initial data
up\ = Az Uo-
This leads to the definition of scaling invariant space.

Definition 1.1. A Banach space X is said to be scaling invariant (or also critical), if its norm is
invariant under the scaling transformation defined by u — u)
lullx = lullx-

Let us give some exemples of critical spaces in dimension 3

. 142 .

H3(R?) < L*(R%) < Bpoo * (R)peos > BMO™H(R?) <5 B (RY).
The framework of this work is functional spaces which are above the natural scaling of Navier-Stokes
equations. More precisely, our statements will take place in some Sobolev and Besov spaces, with a
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2 EUGENIE POULON

1 3
regularity index s such that 3 <s< 3

Notations. We shall constantly be using the following simplified notations:

def

L(E) ¥ po(o, 1), #°) and  LZ(fs1) &

L2([O T] Hs+1)
and the relevant function space we shall be working with in the sequel is

def def

x5 € L(H%) N L2(HT),  endowed with the norm Hqu(s [|lu HLOO(HS + HuHL2 2 (Fre+1):

Let us start by recalling the local existence theorem for data in the Sobolev space Hs.

. 1 3
Theorem 1.1. Let ug be in H®, with 3 <s< 3 Then there exists a time T" and there exists a unique

solution N'S(ug) such that NS(ug) belongs to L(H®) N LA(H*t).
Moreover, denoting by T, (ug) the maximal time of existence of such a solution, there exists a positive
constant ¢ such that

(3) Ty (uo) |luoll%, = ¢, with og =

Remark 1.1. Throughout this paper, we will adopt the useful notation N.S(up) to mean the maximal
solution of the Navier-Stokes system, associated with the initial data ug. Notice that our whole work
relies on the hypothesis there exists some blowing up N S-solutions, e.g some N S-solutions with a finite
lifespan T (ugp). This is still an open question.

Remark 1.2. We point out that the infimum of the quantity T%(uo) [luol|%, exists and is positive

(because of the constant ¢). It has been proved in [27] that there exists some intial data which reach
this infimum and that the set of such data is compact, up to dilations and translations.

Remark 1.3. Theorem 1.1 implies there exists a constant ¢ > 0, such that

(4) (T (uo) = ) [INS(uo) ()|, = ¢

and thus we get in particular the blow up of the H5-norm

lim ||NS =
Lm INS(uo)(®)%, =

+o00.
Our motivation here is to wonder if there exist some Navier-Stokes solutions which stop living in finite
time (e.g Ti(up) < oo) and which blows up at a minimal rate, namely: there exists a positive con-
stant M such that (T (uo) —t) [NS(uo)[|%, < M. In others terms,

Question: Does there exist some blowing up N S-solutions such that (Ti(ug) — t) [|N.S(uo)]
If yes, what do they look like ?

% <M ?

We assume an affirmative answer and we search to characterize such solutions.

Hypothesis H: There exist some blowing up N S-solutions such that (T\(uo) —t) [|NS(uo)||%, < M.

Notice that a very close question to this one is to prove that

If T.(up) <oo, does limsup(Ti(uo) —1)[[NS(uo)(t)|%, =+oo 7
t—)T*(uo)

We underline that this question about blowing-up Navier-Stokes solutions has been highly developed
in the context of critical spaces, namely H %(]R?’) and L3(IR3). Indeed, L. Escauriaza, G. Seregin and
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V. Sverdk showed in the fundamental work [13] that any "Leray-Hopf" weak solution which remains
bounded in L3(]R3) can not develop a singularity in finite time. Alternatively, it means that

(5) If Ty (ug) < +o0, then limsup [[NS(ug)(t)| s = +o0.

t—Ty (uo)

I. Gallagher, G. Koch and F. Planchon revisited the above criteria in the context of mild Navier-Stokes
solutions. They proved in [16] that strong solutions which remain bounded in L3(IR?), do not become
singular in finite time. To perform it, they develop an alternative viewpoint : the method of "critical
elements" (or "concentration-compactness"), which was introduced by C. Kenig and F. Merle to treat
critical dispersive equations. Recently, same authors extend the method in [17] to prove the same result

3
A (R?), with 3 < p,q < co. Notice the work of J.-Y.Chemin

.—143
and F. Planchon in [12], who gives the same answer in the case of the Besov space By, " (R?), with
3<p<oo, ¢ <3 and with an additional regularity assumption on the data. To conclude the non-

exhaustive list of blow up results, we mention the work of C. Kenig and G. Koch who carried out

.1
in the case of the critical Besov space B 4

in [21]| such a program of critical elements for solutions in the simpler case H %(]R?’). More precisely,

they proved for any data ug belonging to the smaller critical space H %(]R‘?‘),
(6) If Th(up) < +o0, then lim || NS(uo)(t) = +o00.
t—T. ( ())

= (W

4

. 1 3
In our case (remind : we consider Sobolev spaces H*(IR?) with 53 <s5<3 which are non-invariant

under the natural scaling of Navier-Stokes equations), we can not expect to prove our result in the
same way, because of the scaling. Indeed, a similar proof leads us to define the critical quantity M7*
MZ* =sup{A >0, sup (Tu(ug)—1t)||NS(uo)] 2o <A = Ti(u) = +00}.
t<T*(u0)
But unfortunately, such a point of view makes no sense, owing to the meaning of (Ti(ug) — t)
when T, (up) = +oo. We have to proceed in an other way and it may be removed by defining a
new object MZs
MZs ef inf {limsup (T’ (uo) — t) [|INS (uo) (£)[|%, }-

. HS
up€H?®  t—Ty(uo)
T (uo)<oco

Clearly, (4) implies that M7* exists and is positive. As we have decided to work under hypothesis H,

a fortiori, this implies that MJs is finite. The definition below is the key notion of critical solution in
this context.

Definition 1.2. (Sup-critical solution)
Let ug be an element in H®. We say that u = NS(ug) is a sup-critical solution if N'S(ug) satisfies the
two following assumptions:

Ti(up) < oo and limsup (Ti(ug) —t) ||NS(uo)(t)]
t—Ts (uo)

\(I’.{ss = MJ=.
A natural question is to know if such elements exist. The statement given below gives an affirmative
answer and provides a general procedure to build some sup-critical solutions. Our main result follows.

Theorem 1.2. (Key Theorem)

Let us assume that there exists ug in H* and M in IR} such that
Ti(up) <oo and (Ti(uo) — 1) [INS(uo)(®)|%;, < M.

. .1
Then, there exists &g € H* N Bioo such that ® def NS(®g) is a sup-critical solution, blowing up at

time 1, such that

(7) sup (1= ) [NS(@0) (7). = limsup(1 = 7) [NS(@0)() 5, = M

%
Hs
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In addition, there exists a positive constant C' such that

(8) and for any T <1, ||NS(<1>0)(7')HB% < C,

2,00

where the Besov norm (for regularity index 0 < « < 1) is defined by

[ Ju(- —2) —ullr2
BEioo reR? |x|a

We postpone the proof of (7) of the Key Theorem 1.2 to the next section. The proof of (8) will be
given in Section 5. We stress on the fact that (8) is somewhat close to a question raised by the paper
of I. Gallagher, G. Koch and F. Planchon [17], in which they prove that for any initial data in the

3

14
critical Besov space By, *, with 3 < p,q < oo, the N S-solution, (the lifespan of which is assumed
3

-1+
finite) becomes unbounded at the blow-up time. Let us say a few words about the limit case Bp o .
We may wonder if the result holds in the limit case ¢ = co. As far as the author is aware, the answer

1
2
2,007

is still open. Actually, if it holds, a fortior:i it holds in the smaller space B

L1 143
embedding Bj  — Bp o ”. In others terms, it would mean there is no blowing-up solution, bounded
1

by vertue of the

in the critical space Bg oo~ This is related to the concern of our paper since we build some blowing-up
solutions bounded in this critical space, under the assumption of blow up at minimal rate. We mention
the very interesting work of H. Jia and V. Sverak [20], where they prove that —1-homogeneous initial
data generate global —1-homogeneous solutions. Unfortunately, the uniqueness of such solutions is not
guaranteed.

2. EXISTENCE OF SUP-CRITICAL SOLUTIONS

The goal of this section is to give a partial proof of Key Theorem 1.2. It relies on the two Lemmas
below.

Lemma 2.1. (Existence of sup-critical solutions in H %)

Let (von)nen be a bounded sequence in H® such that

9) T (von) =1 and forany T <1, (1—=7)[[NS(von)(r, )%, < M +éen,
where €, is a generic sequence which tends to 0 when n goes to 40c0.

Then, there exists Uy in H® such that U def NS(Wy) is a sup-critical solution blowing up at time 1
and satisfies

(10) sup(1 — 7) |[NS(Wo)(7)[|%, = limsup(l — 1) [|[NS(Wo)(7)||%, = MZ=.
7<1 H T—1 H
Moreover, the initial data of such element is a weak limit of the sequence (vo,) translated, e.g
(11) = (xO,n)n207 UO,n(' +x0,n) —n—+4o0o \I}O-
The proof of Lemma 2.1 will be the purpose of Section 4. It relies essentially on scaling argument and
profile theory, which will be introduced in the next Section 3.
Lemma 2.2. (Fluctuation estimates)

: 1 3
Let u = NS(ug) be a NS-solution associated with a data uy € H®, with 3 <s< 37 such that

1
(Ti(uo) —t)os || NS(uo) ()| s < M.
Then, the following estimates on the fluctuation part B(u,u)(t) def o — et g yield

L

1
(12) for any s <s <2s— 3’ (Ti(ug) — 1) || B(u,u)(t)| gor < For(M?)
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1
Moreover, for the critical case = 3 we have
(13) IBw(®)] .y <CM
BQ,oo

The proof of this lemma is postpone to Section 8. It merely stems from product laws in Besov spaces,
interpolation inequalities and from judicious splitting into low and high frequencies in the following
sense

(T, —t)2% <1 and (T, —t)2% > 1.

1
Remark 2.1. Let us point out that estimates of Lemma 2.2 do not hold if 0 < o < 3 owing to low

frequencies. Indeed, arguments similar to the ones used in the proof of Lemma 2.2 lead only to the
following estimate

1B u) (D)l gy < C M2 T(ug) 373,

Partial proof of Key Theorem 1.2
In all this text, we denote by (¢,) a non increasing sequence, which tends to 0, when n tend to +oc.

e Step 1 : Existence of sup-critical elements in H S with — < s < =-

Let us consider the sequence (M. + €y, )n>0. By definition of M., there exists a sequence (ug ) belonging
to H®, with a finite lifespan 7% (ug ), such that for any ¢ < Ty (ug ) :

lim sup (s (uo.n) — t) [|NS(uopn)||%, < MJ* + ep.
t—Ts (uo)

By definition of limsup, there exists a nondecreasing sequence of time t,, converging to T (ug), such
that

(14) Vt 2 tn, (Te(uon) = 1) [INS(uon)(t, )7, < M+ én.

By rescaling, we consider the sequence

Uo,n(y) = (T*(UOJL) - tN)

N
N

NS(U,Q,n) (tn, (T* (uom) — tn) y) .

and we have
(15) lomllZ, = (Tu(on) = tn) NS (o n) (ta) 15,

By vertue of (14), the sequence (vg,)n>1 is bounded (by MZ* + &¢) in the space H?®. Moreover, such a
sequence generates a Navier-Stokes solution, which keeps on living until the time 7% = 1 and satisfies

1 1
(16) NS(von)(7,y) = (T* (uon) — tn) 2 NS(UO,n)(tn +7 (T* (uon) — tn) ) (T* (uo,n) — tn) 2 y)
We introduce t; =t +T7 (T w(uon) — tn) . Notice that, because of scaling, an easy computation yields

(17) (1 - T) HNS(UO,n)(T)‘ (IT'{SS = (T*(uo,n) - 75:1) ||NS(UO,n)(51)‘ (IT'{Ss'

As t, > t, for any n (by definition of ,) we combine (17) with (14) and we get, for any 7 € [0, 1],
(L= DINS(von) (T 2)||%, < MZ* +en.

The sequence (v ) satisfies the hypothesis of Lemma 2.1. Applying it, we build a sup-critical solution

® = NS(¥g) in H® which blows up at time 1, e.g

limsup(1 — 7) [NS(To) (1), = M.
T—1

This proves the first part of the statement of Theorem 1.2.
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. .1 ., 1
e Step 2 : Existence of sup-critical elements in H sﬂBiooﬂH " with s and s’ such that s < s’ < 2s — 3

.1
This will be proved in Section 6. Notice that proving that N.S(¥o) is bounded in the Besov space By

1
2

is equivalent to prove that ¥y belongs to 327007

since, by vertue of Lemma 2.2, the fluctuation part is

.1
bounded in B3 and obviously we have

INS(Wo)(D)]] .

3
BQ,oo

<|INS(Wo)(t) — 6tA‘I’OHB + HetA‘I’oHB

Do

%
2,00 [e'<)

The paper is structured as follows. In Section 3, we recall the main tools of this paper. Essentially,
it deals with the profile theory of P. Gérard [18] and a structure lemma concerning a N S-solution
associated with a sequence which satisfies hypothesis of profile theory. We also recall some basics facts
on Besov spaces.

In Section 4, we are going to establish the proof of crucial Lemma 2.1, which provides the proof of the
first part of Theorem 1.2 : there exists some sup-critical elements in H*. The second part of the proof
is postponed in Section 6, where we build some sup-critical elements not only in H*, but also in others
L
2,00
the fluctuation part of the solution, which will be provided in Section 5.

Then in Section 7, we give an analogue sup-inf critical criteria. It turns out that among sup-critical
solutions, there exists some of them which are sup-inf-critical in the sense of they reach the biggest
infimum limit. Section 8 is devoted to the proof of Lemma 3.2, which gives the structure of a Navier-
Stokes solution associated with a bounded sequence of data in H*. We recall to the reader that such
structure result has been partially proved in [27], except for the orthogonality property of Navier-Stokes
solution in H*-norm. As a result, we give the proof of such a property, after reminding the ideas of
the complete proof.

. - ) 1 . .
spaces, such as B and B3, with s < s’ < 2s — = To carry out this, we need some estimates on

3. PROFILE THEORY AND TooL Box

We recall the fundamental result due to P. Gérard : the profile decomposition of a bounded sequence
in the Sobolev space H*. The original motivation of this theory was the desciption, up to extractions,
of the defect of compactness in Sobolev embeddings (see for instance the pionneering works of P.-L.
Lions in [24], [25] and H. Brezis, J.-M. Coron in [6]. Here, we will use the theorem of P. Gérard [18],

which gives, up to extractions, the structure of a bounded sequence of H*®, with s between 0 and 3

More precisely, the defect of compactness in the critical Sobolev embedding H® C LP is described in
terms of a sum of rescaled and translated orthogonal profiles, up to a small term in LP. For more
details about the history of the profile theory, we refer the reader to the paper [27].

Theorem 3.1. (Profile Theorem [18])

Let (upn)nen be a bounded sequence in Hs. Then, up to an extraction:

- There exists a sequence vectors fields, called profiles (7) jeN in Hs.

- There exists a sequence of scales and cores (A j, Zn j)n,jeN, such that, up to an extraction

J 3 '
VJ 20, upn(z) =) A} @ (x) + ) (x) with

An,jsTn,j
j=0

lim lims Sl =0, d p= -
Jiglm;§+1£\l¢nlle and p= g0

Where, (Anj, Tn j)neN,jen are sequences of (IRY x R*)N with the following orthogonality property:
for every integers (j, k) such that j # k, we have
>\n,j An,k

e1thernETw<m + Mg

) Tn,j — Tnk
):—l—oo or M j= A, and lim M:—Foo.

n——+oo >\n,j
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Moreover, for any J € IN, we have the following orthogonality property

J
(18) luonllFre = D197 e + 1 I3 + (1),  when n — +oo.

Let us recall a structure Lemma, based on the crucial profils theorem of P. Gérard (see [18]). Let (uq,)
be a bounded sequence in the Sobolev space H?®, which profile decomposition is given by
3

won(x) =D AL L @ (@) + 4 (),

An,jTn,j
jeJ

with the appropriate properties on the error term ;). By vertue of orthogonality of scales and cores
given by Theorem 3.1, we sort profiles according to their scales

E E J
uOn LP x_xn] + Apn]vmnj )+¢ ( )
S JETY
Jj<J j<J

(19)

where for any j € J1, forany n € N, A, ; = 1.
Under these notations, we claim we have the following structure Lemma of the Navier-Stokes solutions,
which proof will be provided in Section 8.

Lemma 3.2. (Profile decomposition of a sequence of Navier-Stokes solutions)
Let (uon)n>0 be a bounded sequence of initial data in H*® which profile decomposition is given by

.38 ,
won(e) = YA @(a) + (o).
=0
Then, lim inf T, (ug,,) = T et it 7, (¢7) and for any t < Ti(uo,), we have
n>0 ’ jET ’
3 ,
(20) NS(ugn)(t Z NS )(t,x — xn ;) + em<z Ain’j’xn’jgoj(x) + ¢,{($)) + RJ(t, )
JET JETE

J<J

where the remaining term R satisfies for any T < T, lim lim |R.|| xs = 0.
J—+o00 n—+00

Moreover, we have the orthogonality property on the H-norm for any t < T

3 ) 2
oy NSO = 3 INSEOIG. + | (X A, ., + 01|, -l
€T je Ty
J 1 szjj

with lim limsupsup |7 (t')] = 0.

J 400 notoo t/<t

For the convenience of the reader, we recall the usual definition of Besov spaces. We refer the reader
to [1], from page 63, for a detailed presentation of the theory and analysis of homogeneous Besov
spaces.

Definition 3.1. Let s be in R, (p,r) in [1, —i—oo] and u in §’. A tempered distribution u is an element
of the Besov space By . if u satifies hm ||Sjul|pe = 0 and
i

1
def i ; r
lullg, (302 1Azullin) < oo,

JEZ.
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where Aj is a frequencies localization operator (called Littlewood-Paley operator), defined by
def

Aju(§) = FH(p(2771Eha(e),
with ¢ € D([3,2]), such that Z ©(277t) = 1, for any t > 0.
JEZ

Remark 3.1. Notice that the characterization of Besov spaces with positive indices in terms of finite
differences is equivalent to the above definition (cf [1]). In the case where the regularity index is
between 0 and 1, one has the following property. Let s be in ]0,1[ and (p,r) in [1, 00]?. A constant C
exists such that, for any v € &',

: - —y) = ullzr
(22) ¢ ulls,, < | 1w

< he
sy < €l

) . 3
Remark 3.2. Notice that H® C B3, and both spaces coincide if s < 3

We recall an interpolation property in Besov spaces, which will be useful in the sequel.

Proposition 3.3. A constant C exists which satisifes the following property. If s; and sy are real
numbers such that s1 < so and 0 €]0, 1], then we have for any p € [1,+00]

) —0
Hu”Bﬁj1+(1—‘9>s2 < C(s1,82,0) HUHB;}OO \\u’}gg;goo-

4. APPLICATION OF PROFILE THEORY TO SUP-CRITICAL SOLUTIONS

This section is devoted to the proof of Lemma 2.1. The statement given below is actually a bit stronger
and clearly entails Lemma 2.1. We shall prove the following proposition.

Proposition 4.1. Let (v )nev be a bounded sequence in H* such that

T (von) =1 and forany T <1, (1—7)[[NS(von)(7,)%, < M +en,

where €, is a generic sequence which tends to 0 when n goes to 4c0.

Then, up to extractions, we get the statements below

e the profile decomposition of such a sequence of data has a unique profile ¢7° with constant scale such
that NS(p7) is a sup-critical solution which blows up at time 1, e.g

(23) limsup(l —7) [NS(¢”)(7)|%, = M.
T—1 H*

e "The limsup is actually a sup"

(24) sup(l —7) [[NS(@)(T)||%, = M.

T<1 He

Proof. Let (von)n>1 be a bounded sequence in H*, satisfiying the assumptions of Proposition 4.1.
Therefore, (vo)n>1 has the profile decomposition below

. 3 .
von(@) = Y@@ —za)+ DAL L @ (2) + (@),
1}531 jEJf
J<J j<J

(25)

We denote by 77 def jien% T. (7).

e Step 1 : we start by proving by a contradiction argument that TJ’-kO =1.
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We have already known by vertue of Lemma 3.2, that 7} < 1. Assuming that TJ’-‘O < 1, we expect
a contradiction. Moreover, orthogonal Estimate (21) can be bounded from below by

(26) INS(v0,0) (7[5, = INS@™) ()1 = it (7)]-
On the one hand, it seems clear by assumption that for any 7 < T;O, we have
2 2
(=77 )es < (1 —7)°s.
On the other hand, hypothesis on N.S(vg,) yields
2
(L =7)7 [NS(vou)(T)l[%. < M+ en.

Therefore, from the above remarks, we get

) INS@o) P, < —etn
(L—75)0s
Combining the above estimate with (26), we finally get, after multiplication by the factor (7} — T)”%’
M? + ¢ 2 “ 2 ; * =
(28) Sy G mnE 2 - INS@) (O, = (75, — )7 [ (7)]-
— T Ts
jo

2
Notice that (77 —7)°s is always less than 1, which allows us to get rid of it in front of the remaining
term |v;](7)|. In addition, applying (4) and hypothesis on the sequence &, one has

M2+ ¢ « 2 J
ﬁ (mj, = T)7s =2 ¢ — |y (7).
(1-— TjO)"S
M? +¢ 2
We first choose 7 = 7. such that 7. < 7} and et (’7’;0 —Te)7s = 2 Then, we take J and n

c
large enough such that |y (7.)| < 3" Therefore, we get a contradiction, which proves that 77 = 1.

e Step 2 : we prove here that N.S(¢/0) is a sup-critical solution in Hs.

Let us come back to Inequality (26), which we multiply by the factor (1 — 7’)0% As we have shown
that 77 = 1, hypothesis on N.S(vo,) implies that for any 7 < 1,

(29) M2 42, > (1= 7)7 [INS(0) (7). — [ (7)].

Our aim is to prove that the particular profile /0 generates a sup-critical solution. If not, it means
that

Joy > 0,Ve > 0, 372, such that 0 < (1 — TE)U% <e and (1-— TE)U% | NS (uon) ()
Taking the above inequality at time 7., one has

M2 +e,> M?+ag— |y (7).

H?{s > M + ag.

Moreover, assumption on the remaining term ;) implies that

vn >0, 3J(n) € N, dN,, € N such that V.J > J(n), ¥n > Ny, vl ()] <

Let n > 0. For any J > j(n) and for any n > N, , we get at time 7,
MZ > MZ +ag — 1.
Now, choosing 7 small enough (namely n = %) we get a contradiction which proves that NS (%) is

a sup-critical solution. This concludes the proof of step 2 and thus the point (23) is proved.
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e Step 3 : let us prove the point (24) of Proposition 4.1. The proof is a straightforward adaptation
of the previous one. We shall use that NS(¢’) is a sup-critical solution:

limsup(1l — 7) \|N5(g0j°)(7')| }';s = M7.
T—1

As we always have sup (1 — 7) | NS(¢%)(7)| %, 2 limsup(l — 1) HNS((ij)(T)H‘I’-{SS, we get a first in-
<1 T—1

equality : sup (1 —7) [[NS(¢7)(7)| T =M
T<1
According to the previous computations, we have, for any 7 < 1,

2 .
Mg +en > (L =7)7 [NS@) (D) — b (7).

Hypothesis on the remaining term |v,/| implies that sup(l —7)|INS(¢’ )(7')”‘7.3 M7+, which pro-

vides the second desired inequality. This ends up the proof of (24).

Let us recall some notation and add a few words about profiles with constant scale. Thanks to

Lemma 3.2 and obvious boundaries from below we get for any 7 < 75 et inf T.(¢') =1
J0 JEN

(30) INSon) (I > S INS@) I, — i (]
JjeET
Among profiles with a scale equal to 1 (e.g j € J1), we distinguish profiles with a lifespan equal

to TJO = 1 and profiles with a lifespan 7';-k strictly greater than 1. In other words, we consider the set

= df . *
J1 = {]€j1|7'j :1}.
Therefore, for any 7 < 1,

INS (o) (D3 Z INS@) M+ D INS) (@)%

JETL, i#do
+ > INS@)DNF — (),
JETI\T
which be bounded from below once again by
Gy INSEL)@IE. > INSEOIE. - 3 INSE)DIE, - b))
JETL, i#do

since obviously the term Z [NS(e?)(1)||3,. is positive.
JETI\T1L

e Step 4 : in order to complete the proof of Lemma 2.1, we have to prove that there exists a unique

profile with a lifespan T =1 namely |j1| = 1. Once again, we assume that there exists at least two

profiles in J;. We expect a contraction. Arguments of the proof are similar to the ones used in the
2 .

step 2. We shall use the fact (1 —7)7s |[NS(¢?)(7)||%. can not be small as we want, by vertue of (4).

Indeed, let us come back to Inequality (31). We have already proved that ¢/° generates a sup-critical
solution, blowing up at time 1. It means that for any € > 0, there exists a time 7. such that

0<(1-7)7 <& and M2 —e<(1—m)7 |[NS(@O) ()%, < M2+
Therefore, Inequality (31) becomes at time 7.

(32) Miten>M2—e+ S (1—7) [NS@)m)ly — ).
jGJh]?ﬁ]o
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By vertue of (4), there exists a universal constant ¢ > 0 such that for any j € Ji and j # jo
2 .
(33) (1 =7)7 [INS() ()3, = .
As a result, taking the limit for n and J large enough, we infer that (still under the hypothesis |j1| >1)
(34) M2 MZ—c +(G|-1)E —n.

Choosing ¢ small enough, we get a contradiction and as a consequence, |jl| = 1. It means there exists
a unique profile generating a sub-critical solution, blowing up at time 1. This completes the proof of
Proposition 4.1, and thus the proof of Lemma 2.1. O

5. FLUCTUATION ESTIMATES IN BESOV SPACES
This section is devoted to the proof of Lemma 2.2. We shall prove some estimates on the fluctuation
part which is given by the bilinear form

B(u,u)(t) = def NS (up)(t) — ePug = u — e®ug.

We distinguish the case B ~ from the case 32 Iy
low and high frequencies i in the following sense :

(T, —t)2% <1 and (T, —t)2% > 1.

even if proves ideas are similar : we cut-off according

Concerning high frequencies, we shall use the regularization effet of the Laplacian. Let us start by
proving the critical part of Lemma 2.2.

1 3 .
Lemma 5.1. Let 3 <s< 3 and ug € H®. It exists a positive constant C such that

def
(

If T.(u) <oo and M, Ti(uo) = t) [NS(uo)(t)| %5, < o0,

then, we have

< Cy M?

Hu_e uOH u*

1
B2
2
Proof. Duhamel formula gives

def

t
(35) u—ePuy = B(u,u) = / A P(div(u @ u) dt'.
0

By vertue of classsical estimates on the heat term (see for instance Lemma 2.4 in [1]), we have
(36) 18je % alle < Cem** | Ajall 2.
Therefore, the fluctuation part becomes
t o
8B a)Olle S [ e 214w u)(¢) 2
(37) ,

~

t
S [ e R pi D s ult)| .y .
0

200

We infer thus, thanks to the product laws in Sobolev spaces
(38) 24 4B ()22 5 | 02 5020 2 gy,
By hypothesis, we have supposed that 0

M < (T (o) = 8) [N S(uo) (1)]F;, < oo
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As a result,

7\ 923 M2
e A L e
(Tx(uo) — t') s
c(t—t") 2% 97 (3—2s) Mz% dt’
2
(Tx(uo) — ') o
t Noeoi M2
+ / 1{(T*(UO)—t’)22121} e—c(t—t )22.7 2](3—25) —Ul dt/
0 (Tx(uo) — ') s
We apply Young inequality : in the first integral, we consider L> % L', whereas in the second one, we
consider L' « L> in order to use the regularization effect of the Laplacian.

t
(39) - /0 Lz wo)—ty22ic1y €

(40)
. T*(uo) 2j(3—28) dt/ t , . i .
2% HA]'B(U,U)(t)HLz < O Mg / — 4+ C Mg / e—clt—t ) 227 97 (3-2s) 22](57%) dt’
Te(uo)—272 (Ty(ug) — t')7s 0
2 def 1 1
We recall that — = s — = and s — = < 1. As a result,
O 2 2

1

) 28 B )l < O M (VO gy D) 5 0

This concludes the proof on the fluctuation estimate in the critical case. O

The statement given below is a bit more general than the one of Lemma 2.2, which we deduce imme-
diately by an interpoaltion argument (the same as given at the end of the proof of Theorem 1.2).

1 3 .
Lemma 5.2. Let 3 <s< 3 and ug € H®. It exists a positive constant Cs such that

def
(

If T.(u) <oo and M, Ti(ug) —t) || NS (up)(t )HUS < 00,

then, we have for any s < s’ < 2s — =

2
(Tx(u0) = £)272) JJu(t) — €2 ugl| < 0.
Proof. Same arguments as above yield
t
(@2 8B (Ols 5 [ e 0P P I uw )]y .
0 B 2,00

Product laws in Sobolev spaces and hypothesis on w imply

-/ t !/ ] : !
wsuAijuuxwugzstf et 93 (3=255) ()| 2, d’
(43) )

< /t e—c(t—t’)QQj 2j(%—25+5’) c

~Jo (Ti(ug) —t')°"2

We split (the same cut off as before) according low and high frequencies. Concerning high frequencies,
since Ty (ug) — t < Ti(ug) — t', we get

C
= dt/

t
29 1A B s 0)0) Lr, gy lzz S [ e 2200
o (T (o) — 0"~

(44) .

< 2ih-254) .
(Ti(uo) —1)°>




ABOUT THE POSSIBILITY OF MINIMAL BLOW UP FOR NAVIER-STOKES SOLUTIONS WITH DATA IN H¢ (]R3)13

1
Choosing s’ such that 3~ 25+ s < 0, we get

(T (ug) — t)2(~3+2)
(Tw(ug) — t)°~2

which yields the desired estimate, as far as high frequencies are concerned.
Concerning low frequencies, let us come back to the very beginning.

275 | A B, w) () L2 (ug) )22 <y llze S 2279 29[| A; B(u, w)|| 2

<P Ju(t) — e ugll gy

218 Bu, w) () Lyr, iyl S C = C (Tu(ug) — t)2'=2),

(45)

C
As u(t) — etAUOHBS < we infer that

Boe T (T (ug) — £)206=2)

-, o C
279 |A;B t)1 ; < 9i(s'=s) .
H J (u7 u)( ) {(T« (up)—t)229 <1} HL2 ~ (T* (u()) B t)%(sfé)

Hypothesis of low frequencies implies

-, C C
275 |AsB(u,u)(t) 1 1927 < = .
188000 N -vzren 2 S TSI T a5 D
which ends up the proof for low frequency part. The proof of Lemma 5.2 is thus complete. O

.1
6. EXISTENCE OF SUP-CRITICAL SOLUTIONS BOUNDED IN Bj

.1
This section is devoted to complete the proof of Theorem 1.2, namely the part concerning the B3 -
norm of the sup-critical solutions. We have already built some sup-critical elements in the space H*. It
turns out that, starting from this statement, we shall prove that data generating a sup-critical element
. .1 .,

are not only in H®, but also in some others spaces such as Bi 0o B3 o, with s’ satisfiying the condition
given below, which stems from the proof of Lemma 2.2.

The statement given below is actually a bit stronger than the one we want to prove, since we are

.1
going to catch some sup-critical solutions not only in Bioo (as claimed by Theorem 1.2) but also in

BS/OO The main idea to get such information on the regularity is to focus on the fluctuation part
which is more regular than the solution itself. Notice that, in all this section, we use regularity index s’
satisfying

1
s<s <25 — =
2

1 . .
Theorem 6.1. There exists a data ®o € By ., N H* N B3, such that T\.(®g) < oo and

2,007
sup (Ti(®o) — 1) [NS(®0)(1)[|7, = limsup (To(Po) — 1) [NS(Po)| 7, = MZ*,
t<T*(‘1)0) t%T*(q)o)

H
and for any t < T,.(Py), HNS(CDO)HB < 0.

1
2
2,00

Proof. The idea of the proof is to start with the existence of sup-sup-critical elements in H*. Indeed,

we have proved previously that there exists a data ¥y € H*, such that ¥ def NS(¥) is sup-critical.

Therefore, by definition of lim sup, there exists a sequence t,, T, (¥g) such that
lim (T.() — t,) [NS(Wo)(t)II%, = M.

n—-+00 Hs

Let us introduce as before the rescaled sequence

vom(y) = (T(Wo) = 1) NS(Wo)(tn, (To(Wo) — t,)

N

Y).
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Such a sequence generates a solution which keeps on living until the time 1 and satisfies

(46) oI, = (Tu(@0) = ta) INS(¥0,0) (t)II%,.

In the sake of simplicity, we note

70 © T (W) — 1.

Previous computations imply that (vp,) is a bounded sequence of H*. Now, inspired by the idea of
Y. Meyer (fluctuation-tendancy method, [26]), we decomposed the sequence (vg,y,) into

(47) von(®) w0 n(y) — 78 DU (rd ) + 78 AW (rd ),
where we have )
vo.n(Y) def T3 NS(\IIO)(tn,Tn Y)
It follows
(48) vo,n () = T”% <NS(\I’0)(tna') — ety )( n%y) + Té A, (Tn% Y)-
——

B(V,9)(t,)=fluctuation part tendancy part

1 -
Lemma 6.2. The rescaled fluctuation part ¢, def : 7 B(U, U)(ty, 77 - ) is bounded in HsﬂB 00N B3 o

.1
Proof. Indeed, concerning the B, -norm, we use firstly the scaling invariance of this norm and then
we apply Lemma 2.2, which gives

(49) sup |dnll .

=sup |[NS(¥o)(ty, ) — e 2y < o0.
n

1 1
22 B2
Concerning the H*-norm, we apply successively the following arguments : scaling, triangular inequality
and the fact that NS(¥y) is a sup-critical element in H*.

61, = 7 [INS(P0) (tn, -) — €2 W0 %,
(50) < i [NS(Wo)(t, )%, + 7o e W07,
1\o0s
< (Mot )"+ 0ol < oo

Therefore, sup [¢nll%, < oo.

Concerning the BQ’Oo—norm, scaling argument combinig with Lemma 2.2 yields
(o] o ) tnA (o]
(51) [6al7 =7 INS(RQ)(tn,e) = 20|,
This concludes the proof of this Lemma 6.2. O
By vertue of profile theory, we perform a profile decomposition of the sequence ¢, in the Sobolev

space H®. But in this decomposition, there is only left profiles with constant scale, as Lemma below

will prove it. The idea is clear. As ¢, is bounded in the Besov space H® N B2__, big scales vanish.

2,007
Likewise, the fact that ¢, is bounded in the Besov space HN BZOO implies that small scales vanish.
That is the point in the Lemma below.

1 .
Lemma 6.3. e If (f,,) is a bounded sequence in B . N H* and if lim sup anHBg = L > 0, then there
’ n—-+00 100

is no big scales in the profile decomposition of the sequence f,, in H*.

1
e If (fy,) is a bounded sequence in B2 N H* withs' > s> 3 and if lim sup anHBS =L >0, then

n—-+o0o

there is no small scales in the profile decomposition of the sequence f, in H.
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Proof. We only proof the first part of the Lemma. The other one is similar. If lim sup || f,, || By = L>0,
n——+00 [

L
it means there exists an extraction ¢(n) such that || f,, |l B Z 3 Otherwise, for any subsequence
of (fn), we would have ’
L . L
Ifomlipy <5 andthus,  lim |lfomls <3

L
As a result, we would have limsup || f,|| By S 5 < L, which is wrong by hypothesis. Moreover, by
n—+00 [

definition of the Besov norm, we can find a sequence (ky,)nez, such that

(52) im 2575 A, Fomllzz = 1ol By
L
. kn
Therefore, lim 2|18k, fotmlze > 3-
d

Let us introduce the scale A, lof o—kn Ag (up to extraction) 2F%||A; fomyllzz = —, then one has

N

>

w!h

k:n(sfl)
Hence, the infimum limit of the sequence k,, is not —oo, otherwise, the term 9k (5-2) would tend to 0
and thus L = 0 (since the sequence || fo, || . y Is bounded by hypothesis), which is false by hypothesis.
B

2,00

Therefore, A, -+ 400 : big scales are excluded from the profile decomposition of the sequence f,,. This
concludes the proof of Lemma 6.3. O

Continuation of the proof of Theorem 6.1.

.1 .
Let us come back to the proof of sup-critical element in the Besov space B3 N Bj . Firstly, we

check that ¢,, satisfies hypothesis of Lemma 6.3. As it was already checked previously, ¢,, is bounded
.1 . .
in By N H®*NB;_. Concerning assumption lim sup ||¢””Bg > 0, by scaling argument, one has
’ ’ n—+o00 o0
[9allF; = 7 INS(R)(tn,) = €2 Wall G = (T.(¥0) = tn) INS(¥o)(tn,-) = Wl
Z (Tu(Yo) = t) [NS(Wo)(tn, Iy = (Tu(Po) — ) Woll .

Obviously, the term (T%(¥o) — £,)[|Wo||%;, tends to 0 when n goes to +-00. By vertue of (4) and [23],
there exists a constant ¢ > 0 such that (T%(¥o) — t,,)|[|NS(¥o)(tn, )|

(53)

ag
s > c. Therefore,
BQ,oo

limsup|[¢n|lzs >0
n—4o00 2,00

and thus profile decomposition of ¢, in the space H* is reduced to (with notations of Theorem 3.1)

J
(54) On = Z Vj(' _xmj) + 7“;{.

j=0

1 ., , .1 .
Moreover, as the sequence ¢, is bounded in By N B3 ., profiles V7 belong also to By N B3 .

That’s the crucial point in the proof. Indeed, each profile V7 can be seen as a translated (by Tn,j)
weak limit of the sequence ¢,,. As a result, we get immediately

HVjHBQ%OO < Egligfll%\l%%w <oo and ||Vj||35:w <liminf(lgn| 5y < oo
Let us come back to the sequence (vp,) defined by

def i

1
Von = on + T etnA\IIO(TnQ )
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1 1 :
As it has been already underlined previously, the term -, def 7.2 e"Ay o(72 - ) tends to 0 in H*-norm
(and thus in LP-norm, by Sobolev embedding) since
1 1
(55) Id e Wo(r2 )%, = Tall €2 Wo||%, < 7|l Wol%,.
Combining the profile decomposition of (¢,) with the definition of (vg,), we finally get

J
Von = Y VI —ang) + i +
>0
with lim limsup || z» = 0 and hm 7]l = 0. By vertue of Lemma 3.2, one has for any 7 < 1
J—=+00 n—+4o00 n—+
S(vo.n)( ZNS (VI)(T, —anj) + €2 (r] + ) + RI(T).
]>0

By definition of the sequence (vg,,), NS(vo) is given by
1
NS(ou)(1,+) = (Tu(o) — tn) 2 NS(¥o) (tn + 7 (Tu(Vo) — tn) , (Tu(¥o) — tn)
Once again, we denote t,, = t, + 7 (T*(\Ifo) — tn) and one has

(1= 7) NS o) ()%, = (Tu(®o) — ) [NS(P0) (tn, ) 1%,

N

).

As t, > t,, for any n, we get
2

(1= ) INS (o) (1) %, = (T2(%o) — G INS(L0) (F)%, < ME" + -

.1 . .
Hence, Proposition 4.1 implies there exists some a unique profile ®¢ in By 900 N H® N Bioo such that

the N S-solution genrated by this profile is a sup-critical solution. As ®( belongs to 32 0> Lemma 2.2

implies that NS(®() is bounded in the same space. This ends up the proof of Theorem 6.1.
Hence, we claim that the proof of Theorem 1.2 is over. Indeed, this stems from an interpolation
argument. By vertue of Proposition 3.3, we have for any s < s; < s

0 —0 0 —0
(56) @l < 190l g5n < 120l 205! < 1ol 1@l -
This concludes the proof of Theorem 1.2. O

7. ANOTHER NOTION OF CRITICAL SOLUTION

In this section, we wonder if among sup-critical solutions, we can find some of them which reach the
biggest infimum limit of the quantity (T (uo) — ) [[NS(uo)(t)[|%;,- We define the following set & by

e def{u0 c B N HN BS:OO such that T (ug) < oo ;

sup (T*(UO) — 1) [[NS(uo) (@)%, = limsup (Ti(uo) — ) [N S(uo)(®)[|%, = MZ*
t<T*(u0) t%T*(uo)

for any ¢ < Ty(up), |INS(uo)(t)]].1 <oo and (Ti(ug)—1) ||NS(u0)(t)H;f§// < oo}

BQQ,oo
Let us introduce the following quantity mJs

gs def sup { liminf (T%(uo) — ) [[N.S(uo)(t)| Hs}

ug € Ec t—T (UO)

m

Definition 7.1. (sup-inf-critical solution)
A solution uw = N S(ug) is said to be a sup-inf-critical solution if ug belongs to &, and

(57) lim i (7. (o) 1) NS (u0) (1), = m*

t—T4(
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Notice we need to look for such elements among sup-critical solutions, otherwise the definition of mZ*
would be meaningless. We claim that there exist such elements.

Lemma 7.1. There exists some elements belonging to ., which are sup-inf-critical.

Proof. By definition of mZ*, we can find a sequence (ug,) € H* and a sequence t,, Ty (uon) = T
(we can assume this, up to a rescaling) such that

1
(58) me — &n < (Ti = tn) 75 [N S(uopn)(tn)l s < me +en
and

(59) For any t>t,, m.—e, < (Ts— t)rTIs | NS (uom) ()] s -

Assume in addition that the sequence (ug,) belongs to the set £. As a consequence, we have
1

(60) Forany t>t, ,mc—e, < (Tx—t)os |[NS(uon)(t)| g < M+ ep.

Considering the rescaled sequence

von(y) = (T* o t”)% NS(uon) (tn, (T — tn)% y)

Hence, vy ,, satisfies properties below by scaling argument

o [v0,nl1%, = (T = ta) INS(uon) )%, HUOnHBQ% = [[NS(uon)(t n)HB
61
and HUOmHB%Ij = ( n) |VS( uOn )”BSS/,OO

Do

oo

Combining (58) with the fact that (ug,) belongs to &, we infer that the sequence (vg,)n>1 is
1

bounded in BQE o N H*N BSIOO. Moreover, concerning the Navier-Stokes solution generated by such
*

a data NS(vpy), we know that it keeps on living until the time 7
(with t, = t, + 7 (Th — t) )
1 ~_ 1 ~
(62) (1 =7)o [INS(von)(7)ll e = (Tx = tn) 7 NS (uom ) (tn) | -
As t, > t,, for any n, we infer that for any 7 < 1
1
(I =7)7s [NS(won)(T)ll s = me — én.

Let us sum up information we have on the sequence vg,. Firstly, the lifespan of the Navier-Stokes
associated with the sequence vy, is equal to 1. Then,

= 1 and satisfies once again

1 . -1 ~
1imsilp(1 — 7)o [INS(von)(T)ll s = limsup (Tk —t) s [N S(uon) (o)l g
T—>

tn—Tk

which implies, thanks to (60) and definition of M, , that for any 7 < 1,

1 ~
limS}lp (A =7)7e INS(won) ()l = Me and  [INS(von)(T)ll .3 = [INS(uon) ()l .3 < oo.
T— B3 o0

53
B2,oo

In addition,
1 ~
(63) (1=7)7 INS(von)(T)ll gy = (Tt N NS (uo,n) ()l gy < 00
To summerize, from the minimizing sequence (ugy,) of the set &., we build another sequence (vg,,)
(the rescaled sequence of (ug)) which also belongs to the set £. Moreover, as the sequence (vg ) is

bounded in the spaces B2 NH*NBj oo and satisfies hrngrup [|vo, n”Bs < 00, Lemma 6.3 implies that
n [e.e]
profile decomposition in H* of such a sequence is reduced, up to extractions, to a sum of translated

profiles and a remaining term (under notations of Theorem 3.1)

= Z (Pj(' —Znj) + 7/’1{

JjETL
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By vertue of Theorem 3.2, combining with Proposition 4.1, we infer there exists only one profile (7
which blows up at time 1 and such that

(64)  NS(om)(r,-) = NS(@P) (7, ~njo) + D NS@)(—2ay)+ e™95() + Ry(r,-).
MISNARVE )
T,'Z>1

By orthogonality, we have

INS (o) ()1 = INS@) O+ D INS@) O + Hle 2wl + ()]
(65) J€Ty.i#i0
TI>1

We want to prove that lim i{lf (1-— 7-)715 INS(©”)(T)|| g5 = me. By definition of m,, this will imply
T—

1 .
that lim i{lf (1 —=7)os [INS(¢?)(7)|lj7s = me. Let us assume that is not the case. Therefore,
T—

Jag > 0,Ve > 0, I7., such that 0 < (1 — TE)U% <eand (1-— TE)U% HNS(uo,n)(Tg)H%S <m? — ag.
From (65), we deduce that
o 2 _ o jo 2 - j 2
(1 =77 [NS(von) ()37 = (1= 72) 75 INS(@)(m) 3 + (L=7)7e D INS@)(m)7,.

J€T1,37#30
T>1

+ eI, + ()1}
By hypothesis, (1 — TE)U_IS |NS(vo,n)(Te)|l s = me — €, and 1 — 7o < 1. Hence, we get
2 2 .
(me—en)® < m2—ag + (1=r)o { 3 sup NSO + 0715} + (7).

jedy.irtio €0
T>1

(66)

On the one hand, as profiles ¢/ have a lifespan 77 > 1, the quantity sup ||[NS(¢?)(7)|%. is finite.
7€[0,1]

On the other hand, by vertue of profile decomposition of the sequence (vp,), we have obviously

that [ |2, < ||vonl/%.. As we have proved that (vg,) is an element of the set &, we get in particular

that sup (1 — T)"_ls |NS(vo,0)(T)|| j7s = Me, which leads to (at 7 = 0) ||von || 7s < M. Finally, for all 7.,

<1
2 / ¥
Q=)%Y s NSO + 1.} <
jedy.izio "€
m>1
we get
9 «
(67) (me—en)” < mZ—ap + — + bl (7).

4
Now, by assumption of 7;/, we take the limit for n and J large enough, and we get

3040 (7))
(68) mi<m2—7+z,

which is obviously absurd. Thus, we have proved that
liminf (1— 1) [NS(@)(7)| e = me.
T—1

This concludes the proof of Lemma 7.1. O
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8. STRUCTURE LEMMA FOR NAVIER-STOKES SOLUTIONS WITH BOUNDED DATA

The sequence (vg.,)n=0 be a bounded sequence of initial data in H*. Thanks to Theorem 3.1, (v.n)n>0
can be written as follows, up to an extraction

J 3 ,
voale) = 3AL L @)+ v @)
=0

which can be written as follows
3 .
von(@) = )P (@—ang)+ Y AL L @ (@) +95().

JETY JjeIf
J<J j<d

(69)

Let 7 > 0 be the parameter of rough cutting off frequencies. We define by wy(x) and wey,(z) the
elements which Fourier transform is given by

(70) wy(§) = @(5)1{%@5\@7} and  We,(§) = @W(E) (1~ 1 <lel<ny)-

After rough cutting off frequencies with respect to the notations (70) and sorting profiles supported
in the annulus 1 (1<iel<n) according to their scale (thanks to the orthogonality property of scales and
,’]\ X

cores, given by Theorem 3.1). We get the following profile decomposition

3

vOn Z SD r—= xn-] + Z njvl’nj :C) + Z Aﬁn,jﬂ?n,jso‘z](x) + T’Z);{J](x)

JjeN VSN, JE€ET>

(71) def 3 . S
S AL L VA + @),

where 1/);{7,](3:) =
JETE=TpUTe0
Ji<J
for any jin 773 C J, Ay j =1, forany jin Jy, lim A, ; =0 and for any jin Jo, lim A, ;= +o0.
n—-+0o0o n—-—+o0o

As mentionned in the introduction, the whole Lemma 3.2 has been already proved in [27], except for
the orthogonality property of the Navier-stokes solution associated with such a sequence of initial data.
Therefore, we refer the reader to [27] for details of the proof and here, we focus on the "Pythagore
property". Let us recall the notations

3
0 def p oo def P J
U Zj A n],mnjspn and Un,n B Zj A)\"’j’mn,jspn'
7€Jdo VISVES)

We recall some properties on profiles with small and large scale and remaining term. We refer the
reader to [27] to the proof of the two propositions below.

Proposition 8.1.

. . o 0 _
For any sy < s, for any n > 0, for any j € Jp, (e.g ngrfoo An,j =0), then ngrfooHU ,nHH51 =0.
For any s > s, for any n > 0, for any j € J, (e.g nll)r}_loo Anj = +00), then nll)r&)()”U J?HHSZ = 0.

Concerning the remaining term, we can show it tends to 0, thanks to Lebesgue Theorem.

Proposition 8.2.

lim lim li = 0.
plim T Tim sup 5l e =
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Continuation of Proof of Lemma 3.2. By vertue of (20) in Lemma 3.2, it seems clear that for any ¢ < T

INS(on) b ) = |3 NSt —an)[, + | (X Ay @) + 00

JET JjeIf
J<J
3 .
FIRLE R +2 (3 NSt = ang) |4 (SD AL, @) +97))
JjET JjETE

Jj<J

3
. A J tA ) 1 J J
JET JjeTf
Jj<J

Therefore, proving (21) is equivalent to prove Propositions 8.3 and 8.4 below. Both of them essentially
stem from the orthogonality of cores and a compactness argument.

Proposition 8.3. Let ¢ > 0. Then, for any t € [0,T — €],

i 2
(72) H ST NSt~ H = STINS@) ()5 + e (8),
JET JET
with lim  sup |y,.(t)] = 0.
00 10,7 —e] !

Proof. Once again, we developp the square of H*-norm and we get for any ¢t < T

|3 N~z = SINS@)E- a5

JjETL JET

2 Y (As NS(@)(t, =) | A NSt —2nn))
(4,k)€TL xT1
iz

where A = +/—A. Let € > 0. Then, for any t in [O,T —¢], we get

| > vt —an)| . = Syl

JET GR)ET X T
J#k

where T25 S0 (A* NS(97) (- —any) | A NS(H)(E —20i)) |

We denote by
K A NS()([0,T ~e)).
jeJ

By vertue of the continuity of the map t € [0,T —¢] — A® NS(¢?)(t,-) € L?, we deduce that K7 is
compact (and thus precompact) in L?. It means that it can be covered by a finite open ball with
an arbitrarily radius @ > 0. Let a be a positive radius. There exists an integer N,, and there
exists (Ay)1<e<n, some elements of D(IR?), such that

(73) K’ c U (0¢, v

Let us come back to the proof of 8.3. Thanks to the previous remark, we approach each pro-
fil AS NS(p?)(t,-) (resp. A* NS(¢¥)(t,-)) by a smooth function: e.g there exists a integer ¢ €
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{1,---No} and there exists a function 6 ;4 (resp. Oy 1)) in D(IR?) and we get
L2 = (A NSt —ng) = iy (=) | A NS(E)(E- =20 k) = Oy (- —2n))
+ (A NS(@) (- —ng) = Ouig (- —Tng) | Ougey (- —Tnk)) 1o
+ (eé(j,t)(' —2nj) | A NS(F)(t, - —2nk) — Oy (- —l“mk))

+ (O - —2ng) | Ooiy (- —Tnk)) 1o -

L2

(74)

L2

The three first terms in the right-hand side of the above estimate tend uniformly (in time) to 0, by
vertue of Cauchy-Schwarz and the translation-invariance of the H*-norm (we just perform the estimate
for the first term, the others are similar). For any ¢ € [0,T — €]

(AS NS(@)(t, =) = Ouij (- —2ng) | A (NS(")(t, - =T k) — Oy (- *”””f”)p
1A° NS(@7)(8) = O llz2 1A° NS(*)(t) = Opqa |l 2

o?.

(75) <
<
Therefore, for any a > 0, we have
(76)
e (WS ) = B () | A NS —20) ~ O ~2n1)) , <ol
T —e

For the last term (0(j.4)(- —2n,j) | Oprop) (- —Tnk)) 2, we have

L27
Oty - =Tng) | Oy (- =) o = /IR3 0t (%) Opie ) (% + T j — g ) div.

It follows immediately that the above term tends to 0, when n tend to 400, by vertue of Lebesgue
theorem combining with the orthogonality property of cores(e.g. lim |z, j — x| = +00). To sum
n—0o0

up, we have proved that F?;zgk tends to 0 when n tends to +oo, uniformly in time. This concludes the
proof of Proposition 8.3.
O

Concerning the crossed-terms in the profile decomposition, we have to prove they are also negligable,
uniformly in time. That is the point in the following proposition.

Proposition 8.4. Let € > 0, We denote by

Lo(t,) (30 NSt = way) |23 e +97)),

An,jrTn,j

s
jEjl jejlc
i<J
(77) then, one has JEI-Eoo nl}rfoo ngg—loo te[zu%)ie] I(t,-) =0,
(78) Jimlim o sup (DD NSt —any) | RIW) =0,

te[0,T—e] JjET

3
lm  lim i tA( A? j J) RJt) — 0.
(79) Jmdm, e, sup (e Z Rgians @ @) 00 ) | BA®))

Jj<d
Proof. Let us start by proving (77). We shall use once again an approximation argument. Let us define

A NS (0. ~ €)).
jed
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By vertue of the continuity of the map t € [0,7 —¢] — NS(¢?)(t,-) € H®, we deduce that A7 is
compact (and thus precompact) in H#. It means that it can be covered by a finite open ball with
an arbitrarily radius > 0. Let 8 be a positive radius. There exists an integer Ng, and there
exists (X¢)1<e<n, some elements of D(IR3), such that

Ng
(80) A c | B, B).
/=1

Let us come back to the proof of (77). Same arguments as previously imply there exists an integer ¢ €
{1--- Ng} and a smooth function x, ;) in D(IR?) such that

3

In(t, ) % (Z NS(@)(t,- = xn,) | etA(Z AL s w;{)) '

)\n,jvmn,j Hs
JjET JeTY
i<t
3
B ) tA P j J
(81) - <Z NSty = 2nj) = X ) (- —2nj) | € <Z AR T w"))gs
JjeN i€t
i<
3
A P j J
* (Z Xe(t.5) (- —=%n.) | ¢ <Z Ain,j@n,j(ﬁj * ¢n>)H5'
JjeEN i€ITY
i<t

3 )
As Hem(z A)\”n’jwn’j(p] + 1/1,{) HHS < [Jvo,nll s, we infer that
JETY
Jj<J

3

g ) <IN onllg (3 v C—ama) [ €4, 90 +0))

Jjen JjeTf
J<J

Concerning the second part of above inequality, we shall use the splitting with respect to the parameter
of cut off n. We refer the reader to the beginning of this section for notations.

3
N
(D Xt =2n) €2 (D0 AL, @ +00)) = Ialt) + 200 ) + LCE ),
JET jeIf
i<J

where I)(t,-) = Z (Xt (- —ang) | €200, e 3 I2(E,-) = Z (Xt ) (- —2ng) | €2U) s
JjeN JET

and  I3(t) = 3 (X (- —2ng) | €050) -
JjeN

Let us start with I1(¢,-). One has

A
1 (8, ) < Tl Ixee )l zs—sn 162U gll 7o
<N e gr2s—sn 10 1 s -

Proposition 8.1 (for  and j € 7; fixed) implies thus lim  sup |I}(¢,-)] = 0.
n—+o0o =
t€[0,T—¢]
Concerning profiles with large scale, the proof is similar and we get for any ¢ € [0,T — €]

(83) 12t )| < 1Tl el pres—se 1055 @) || o -
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Once again, Proposition 8.1 implies the result : lim sup |I2(t,-)| =0.
N0 0, T

1 1
Concerning the last term I3, Holder inequality with — + — =1 yields
p p

A J
|13 | | A sXZ(tj | et wnn("{'xn,j))LQ‘
A
1A% Xty Ml o €205 (- +n )| 20)
By translation invariance of the LP-norm and estimate on the heat equation, we get

(84) I ()] <A Xl 1950l

Obviously the term Hw;{nH 4+ is bounded by profiles hypothesis and the term [|A** XXe(t )l Lo 18
bounded too, since the function y is as regular as we need. By vertue of Proposition 8.2, the term
M)n nHLp is small in the sense of for any € > 0, there exists an integer Ny € N, such that for any n > Np,

<
<

there exists 77 > 0 and J > 0, such that for any n > 7 and for any J > J, we have Hl/JanLp <e Asa
result, we get for any
lim lim lim  sup |I3(¢-)] =0.
oo nmtoon—too g g
This ends up the proof of estimate (77).

Concerning the proof of (78) and (79), the proof is very close in both cases and relies on the fact that
the error term R; tends to 0 in the LS°(H*)-norm. For any ¢ € [0 T — €], we have

(D NSt = 2ng) | Ry) | < D |(NS@)(E,-) | Rt +2n,7) o
(85) Jjen JjET
<IANINS (@) e ey 1B ) e (-

Obviously, the term ||[N.S(7)(t, - M| oo 775y is bounded since ¢ € 0,7 — €]. As a result, Lemma 3.2
T
implies that

lim lim sup | ( NS(gpj)(t,- — Znj) | RZ) v |= 0
JoFoon=H00 g g Jg;l "

As far as estimate (79) is concerned, the idea is the same. For any ¢ € [0,T — ¢,
(86)

3 ' 3 .
(2 (X0 A8, @)+ 6 1R ] < 1D (30 AL, @ @)+ 0 ) | B

JETY JETT
i<J Jsd
3
A D j J J
<2 (D0 AL, s @) + 07 ooy 1B i
JeITf
j<J

<Oy + Uy + e RN e sty

Thanks to profile decomposition (71), we get

(87) U+ Uty + Wil < lvonllZ. + o(1).
Thus, finally we get
3
o (DAL )+ ) LR 1) < C onally +o0) 1R iy
JETY
Ji<J

We end up the proof as before, thanks to the hypothesis on R;. This completes the proof of Proposi-
tion 8.4 and thus Lemma 3.2. ]
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