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Relaxation in time elapsed neuron network
models in the weak connectivity regime

S. MISCHLER & Q. WENG

Abstract

In order to describe the firing activity of a homogenous assembly
of neurons, we consider time elapsed models, which give mathematical
descriptions of the probability density of neurons structured by the
distribution of times elapsed since the last discharge. Under general
assumption on the firing rate and the delay distribution, we prove the
uniqueness of the steady state and its nonlinear exponential stability
in the weak connectivity regime. The result generalizes some similar
results obtained in [10] in the case without delay. Our approach uses
the spectral analysis theory for semigroups in Banach spaces developed
recently by the first author and collaborators.

Keywords. Neuron networks, time elapsed dynamics, semigroup spectral
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1 Introduction

In nervous systems, neuronal circuits carry out tasks of information transmis-
sion and processing. Many neurons generate trains of stereotyped electrical
pulses in response to incoming stimulations. Following each discharge, the
neuron undergoes a period of refractoriness during which it is less responsive
to inputs, before recovering its excitability [11]. The main carrier of infor-
mation is the discharge times or some statistics of the discharge times. In
this work, we consider a simple neuronal model which neglects the mecha-
nisms underlying spike generation and focusses on describing the neuronal
dynamics in terms of discharge times. More precisely, we consider a model
which has been introduced and studied in [3, 10, 11] and which describes
the post-discharge recovery of the neuronal membranes through an instan-
taneous firing rate that depends on the time elapsed since the last discharge
and the inputs by neurons. We refer to these papers for biologic motivation
and discussions. We also refer to [1, 2, 13, 12] where these models (or similar
ones) are obtained as a mean field limit of finite number of neuron network
models.

The neuronal network is described here by the density number of neurons
f = f(t,x) > 0 which at time ¢t > 0 is in the state x > 0. The state of a
neuron is a local time (or internal clock) which corresponds to the elapsed
time since the last discharge. The dynamic of the neuron network is given
by the following nonlinear time elapsed (or of age structured type) evolution
equation

Of = =0 f —alx,em(l))f =: Lom [, (1.1a)
f(t,O) = p(t), f(ovx) = fO(x) (1'1b>

Here a(z,e ) > 0 represents the firing rate of a neuron in the state x for
a network activity © > 0 and a network connectivity parameter ¢ > 0.



The function p(t) represents the total density of neurons which undergo a
discharge at time ¢t and is defined through

where

Plg, u] = Pelg, p] = /000 a(z,ep)g(x)dz.

The function m(t) represents the network activity at time ¢ > 0 resulting
from earlier discharges and is defined by

m(t) = / bt — y)b(dy).

where the delay distribution b is a probability measure which takes into
account the persistence of the electric activity in the network resulting from
discharges (synaptic integration). In the sequel, we will consider the two
following situations :

e The case without delay, when b = 0y and then m(t) = p(t).

e The case with delay, when b is a smooth function.

We observe that in both cases, the solution f of the time elapsed equation
(1.1) satisfies

%/Ooo f(t,x)dx = f(t,0) — /000 a(z,em(t))f(t,x)dz = 0.

As a consequence, the total density number of neurons (also called mass in
the sequel) is conserved and we can normalize that mass to be 1. In other
words, we may always assume

(fit,)y={(fo)y=1, vt>0, (g):= /Ooog(x)dx.

A (normalized) steady state for the time elapsed evolution equation (1.1)
is a couple (F;, M.) of a density number of neurons F. = F.(z) > 0 and a
network activity M. > 0 such that

0=—0,F. —a(x,e M.)F. = L ) F., (1.2a
F.(0) =M., (F.)=1. (1.2b

~— —



It is worth emphasizing that for a steady state the associated network activity
and discharge activity are two equal constants because of the normalization
of the delay distribution, i.e. (b) = 1.

Our main purpose in this paper is to prove that solutions to the time
elapsed evolution equation (1.1) converge to a stationary state under a weak
connectivity assumption. Before stating that result, let us present the precise
mathematical assumptions we will need on the firing rate a and on the delay
distribution b.

We make the physically reasonable assumption

dya >0, d =0d,a>0, (1.3)
0 < ap:= lim a(z,0) < lim a(z,p) = a; < oo, (1.4)
T—00 T, 4—00

as well as the smoothness assumption
a € W»®(R?). (1.5)

In the delay case, we assume that b(dy) = b(y) dy satisfies the smoothness
and lost of memory conditions

36 > 0, /OOO e (b(y) + |V (y)]) dy < oc. (1.6)

Under the same assumption as above, the proof of existence (and unique-
ness in the weak connectivity regime) are presented in the companion paper
[16]. The main result we establish in the paper is the following long-time
asymptotic result on the solutions.

Theorem 1.1. We assume that the firing rate a satisfies (1.3), (1.4) and
(1.5). We also assume that the delay distribution b satisfies b = dg or (1.6).
There exists £g > 0, small enough, such that for any € € (0,e0) the steady
state (F, M.) is unique. There also exists some constants a < 0, C > 1
and n > 0 such that for any connectivity parameter ¢ € (0,&9) and any
initial datum 0 < fo € L* with mass 1 and such that || fo — F.||;n < n/e, the
(unique, positive and mass conserving) solution f to the evolution equation
(1.1) exhibited in [16] satisfies

1 f(t,.) — F.ljz < Ce™, V> 0.



Theorem 1.1 extends some similar results obtained in [10, 11] in the case
without delay and for a firing rate given by

a(z, 1) = Liso, 0,0 '€ WHR(Ry), o <0.

It is worth mentioning that the above firing rate does not fall in the class of
rate considered in the present paper because condition (1.5) is not met. On
the other hand, we are able to tackle the case with delay, what it was not
the case in [10, 11].

Our proof follows a strategy of “perturbation of semigroup spectral gap”
initiated in |7] for studying long time convergence to the equilibrium for the
homogeneous inelastic Boltzmann equation and used recently in [8] for a
neuron network equation. More precisely, we introduce the linearized equa-
tion for the variation functions (g,n,q) = (f,m,p) — (F., M., M.) around a
stationary state (F., M., M.), which writes

atg = =09 — a(xv € Me)g - n@) ‘C:(aua)(xv 5ME)F€7 (1.7&)
9(t,0) = q(t), g(0,z) = go(x), (1.7b)
with - -
q(t) = /0 a(x,e M.)gdx + n(t) 5/0 (Opa)(z,eM,)F. dx (1.8)
and

) = [ att = bty (1.9)

We associate to that linear evolution equation a generator A, (which acts on
an appropriate space to be specified in the two cases without and with delay)
and its semigroup Sy.. It turns out that we may split the operator A, as

A=A + B,

for some a-hypodissipative operator B., a < 0, and some bounded and B.-
power regular operator A. as defined in [15, 4, 9, 6]. In particular, the
version of the Spectral Mapping Theorem of [9, 6] and the version of the
Weyl’s Theorem of [15, 4, 9, 6] imply that the semigroup Sy, as a finite
dimensional dominant part. Moreover, the semigroup Sy being positive, we
may use the Krein-Rutman Theorem established in [9, 6] in order to get
that the stationary state (Fy, My, My) is unique and exponentially stable.
Using next a perturbative argument developed in [7, 14, 6], we get that the
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unique stationary state (F., M, M.) is also exponentially stable in the weak
connectivity regime. We conclude the proof of Theorem 1.1 by a somewhat
classical nonlinear exponential stability argument.

Let us end the introduction by describing the plan of the paper. In
Section 2, we introduce the strategy, we prove the stationary state result and
we establish Theorem 1.1 in the case without delay. In section 3, we establish
Theorem 1.1 in the case with delay.

Acknowledgments. The research leading to this paper was (partially)
funded by the French "ANR blanche" project Kibord: ANR-13-BS01-0004.

2 Case without delay

The present section is devoted to the proof of our main result Theorem 1.1
in the case of without delay.

2.1 The stationary problem

Theorem 2.1. Assume (1.3)-(1.4)-(1.5). For any e > 0, there ezists at least
one solution (F.(x),M.) € BV(R,) x Ry to the stationary problem (1.2).
Moreover, there exists €g > 0, small enough, such that the above solution is
unique for any ¢ € [0, ).

Proof. Step 1. We prove the existence of a solution. We set
A(z,m) = /x a(y,m)dy, V,z,m > 0.
0
For any m > 0, we can solve the equation (1.2a), by writing
F.m(x) = T, e~ A@em)

where, T,, > 0 is chosen in order that F;,, satisfies the mass normalized

condition, namely
T—l — / e—A(x,am)d:L,.
0

m



In order to conclude the existence of a solution, we just have to find a real
number m = M. such that m = F_,,,(0) = T,,. Equivalently, we need to find
M. > 0 such that

O(e, M) =1, (2.1)

where -
d(e,m) =mT, ' = m/ e~ A@Em) g
0

From the assumption (1.4) of a, there exists o € [0,00) such that
a(z,p) > %, for any x > 0, p > 0, and therefore
%(m —x9)y < Az, pn) <ayx, Yo >0, Vu>0. (2.2)
We deduce that ®(e,.) is a continuous function (from the Lebesgue dom-
inated convergence theorem) and that ®(0) = 0, ®(c0) = oco. From the
intermediate values theorem, we immediately conclude.

Step 2. We prove the uniqueness of the solution in the weak connectivity
regime. Obviously, there exists a unique M; := (fooo e~ A@0dz) 71 € (0, 00)
such that ®(0, M) = 1. Moreover, we compute

9 _ [T e (g _ e 24
%q)(a,m)—/o e (1 meam(x,gm))dx,

which is continuous as a function of the two variables because of (1.5). We
then easily obtain that ® € C'. Since moreover

8 [e.e]
a—mq)(e, m)|e—o = /0 e~ A@0dz > 0,

the implicit function theorem implies that there exists €9 > 0, small enough,
such that the equation (2.1) has a unique solution for any e € [0, &). O

Remark 2.2. In the above proof, we do not need (1.5) but only the weaker
smoothness assumption that A and 0,,A are continuous.

2.2 Linearized equation and structure of the spectrum

To go one step further, we introduce the linearized equation around the
stationary solution (F;, M.). On the variation (g,n), the linearized equation



writes
0ig + 029 + acg + a.F.n(t) = 0,

9(£,0) = n(t) = / g + A En(t)) dr,  9(0,7) = go(x),

0

with a. := a(z,eM.,), a € (Oya)(x,eM.). Since there exists g > 0, small
enough, such that

Ve e (0,g0) K= / alF.dz <1,
0

we may define
M.g] = (1 - /i)l/ a.gdz, (2.3)
0
and the linearized equation is then equivalent to

Org + 0pg + a=g + alF Mc[g(t,.)] =
(t,O) - Ma[g(t’ )]’ ( ) - 0(

To the above linear evolution equation, one can probably classically as-
sociates a semigroup acting on L!'(R,). Here we use another approach by
considering the boundary term as a source term, and then rewriting the
equation as

0, (2.4)
)- (2.5)

0hg = Aeg = =009 — aeg — aLF-M.[g] + om0 M:[g], (2.6)
acting on the space of bounded Radon measures
X :=M'(R;) = {g € (Co(R)); suppg C R},

endowed with the weak * topology o(M?, Cp). We also denoted by BV (R, )
the space of bounded variation measures.

Theorem 2.3. Assume (1.3)-(1.4)-(1.5) and define o := —ay/2 < 0. The
operator A is the generator of a weakly x continuous semigroup Sy, acting
on X endowed with the weak x topology o(M*,Cy). Moreover, there exists a
finite rank projector Il5_, which commutes with Sy_, an integer 7 > 0 and
some complex numbers

517 7&] S Aa = {Z S C, Re z > Oé}7
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such that on Ey :=1I_oX the restricted operator satisfies

2<A5|E1> N Aa = {glv "'751}

(with the convention X(A.jg,) NAq = 0 when j = 0) and for any a > « there
exists a constant C, such that the remainder semigroup satisfies

[Sa. (I = T o)l 2x) < Che™, Vt>0.

The proof of the result is a direct consequence of the fact that the operator
A, splits as A, = A. + B, where A, and B, are defined on X by

-Aeg = ,uz-:Me[g]a He ‘= 50 - aéFsa (27)
B.g := —0,9 — a.g, (2.8)

for which can apply the Spectral Mapping Theorem of [9, 6] and the Weyl’s
Theorem of [15, 4, 9, 6]. The picture is not that simple, because A. does not
generates a strongly continuous semigroup on X and then does not lie in the
framework developed in [9]. However, we may apply the theory to an operator
and its semigroup acting on Cy(R) and then deduce the result by duality or
simply observe that the above results extend straightforwardly to a weakly *
continuous framework. We refer for full details to the companion paper [16|
as well as to [6] where the weak % continuous framework is discussed.

We recall the definition of hypodissipativity introduced in [4]. We say
that the generator L of a semigroup of bounded operators on a Banach space
X is a-hypodissipative if there exists an equivalent norm ||| - ||| on X such
that

VfeDA), FpeFylf) Rele,(L—a)f) <0,

where, for any f € X, the associated dual set Fj.;(f) C X' is defined by

Fiy(f) = {e € X5 (o, f) = IfIlI% = llelll -

We also recall that L is a-hypodissipative if, and only if, there exists a
constant M > 1 such that the associated semigroup Sy, satisfies the growth
estimate

1S2(0) o) < M e, Vi 0,

where Z(X) denotes the space of linear and bounded operators on X. We
will sometime abuse by saying that Sy, is a-hypodissipative when it satisfies
the above growth estimate. We refer to [4, 6] for details.

We start with the properties of the two auxiliary operators.

9



Lemma 2.4. Assume that a satisfies conditions (1.3)-(1.4). The operators
A. and B. satisfy the following properties.

(i) A. € B(X,Y), where Y = Cu. C X with compact embedding.
(ii) Sg. is a-hypodissipative in X.
(iii) The family of operators Sp. x A.Sp. satisfies

||(SBS * AESBg)(t)HX—)BV S C’eat, \V/t Z 0.

Proof. In order to shorten notation, we write a(x) = a(x,eM.) and A(z) =
Az, eM;).

(i) We obtain A, € B(X,Y) from the fact that NV.[-] € B(X,R) be-
cause ||al|oo < ay from (1.4).

(ii) We write Sp. with the explicit formula
S ()g(z) = e @ g(x — 1)1, 50 = S(2). (2.9)

From the inequality (2.2) on A, we have

1S5 (B)gllx = lle A g(a)]lx
< Jlem i g(a)|x
< Ce|g(=)]lx,

with C' = " %" >0anda::—%°<0.

(iii) We have
N(t) .= MS(t)g] = (1 — /{)_1/ a(z)e @ g(z — )1, o da € Cy(Ry),
0
because a e~ € Cy(R, ). Moreover, we have

IN@)| < Cay / ¢ g — 1)1 o dz < C gl
0

10



for any ¢t > 0. We deduce
(Sp. * A5p.)(t)g(x) = /O(SBE(S)Me)(l“)N(t—S) ds

t
= [ M e = V(= )L
0

= ¢ (he x Ny)(2),

with the classical notation Ny(s) = N(t — s). Next, differentiating the above
function, we get

0,((S5. * A-S5.)()g) (x) = / oz — SNt — $)Ly_0 ds
(x —t)N(0)1,—t>0
/ (x —s)N'(t — 5)1,_s>0ds

_ (x @) (pe # Ny)(z) — e (e + N)) ()
@ pe(z — t)N(0)1—s>0

with N/(s) = N'(t — s). We also compute
N'(t) = (1—-k)~ / Opla(x)e A Dg(z—t)1, 5o dz = (1—r) " (a e ) *g(t)

with §(z) = g(—x), so that N’ € M*(R+), as a convolution of two bounded
measures (remind that d,a € D'(R) and it is positive) and more precisely

o) [e'e) 0
/ |IN'|e™® < (1 — /1)_1/ |(ae_A)'|e_°‘x/ |gle™*" < 0.
0 0 —00

From (1.5) and (p.xN,)(z) € M*(R,), we get 0,[(Sp. *A.Sp.)(t)g] € M'(R,)
for any ¢ > 0. We deduce that

10:(Sp. * A:S.)(H)gllx < Ce™llglx,
and the similar estimate for ||(Sg. * A:58.)()g]|x- O

Proof of Theorem 2.3. In order to apply the Spectral Mapping Theorem [9,
Theorem 2.1] and the Weyl’s Theorem [9, Theorem 3.1] (see also the variant
results in [6]), we only need to check that the following assumptions are
satisfied.

11



(A1)

2.3

Given some « € R, for any a > « and ¢ € N, there exists a positive
constant C,, such that the following growth estimate holds

|| S5, * (AsSBE)(*Z)(t)H_@(X) < Cupe™, Vt>0. (2.10)

It is obvious that (A1) is true for ¢ = 0 from Lemma 2.4—(i7). Since
(B: — a) is hypodissipative in X for any a > « and A. € Z(X), we get
that (A1) holds for all ¢ € N.

The operator A, is bounded and satisfies the estimate
||S[5E * (AESBE)(t)H%(X,D(A)) S Cé,leat, Vt Z O, (2.11)

holds for any @ > « and a positive constant Cy, ;. That is nothing but
Lemma 2.4—(4ii) observing that D(A) = BV (R,).

The family of operators (A.Sp.)"*? (t) satisfies the growth and com-
pactness estimate

/ | AS5, * ASs. ()| xy e “dt < Cg’a, Va > «, (2.12)
0

for some positive constant Cy , > 0 and some (separable) Banach space
Y with compact embedding Y C X, what clearly holds true from
Lemma 2.4—(i)& (i) and a > «a. O

The vanishing connectivity regime

When the network connectivity parameter vanishes, ¢ = 0, the linearized
time elapsed operator simplifies

Aog = —0:9 — a(x, O)g + 51‘:0‘/\/10[9]7 (2'13)

where Molg] = [ a(x,0)g(z)dx.

Theorem 2.5. There exist some constants o« < 0 and C' > 0 such that
Y(Ao) N A, = {0} and for any gy € X, (go) = 0, there holds

1980 (B)gollx < Ce™ [lgollx, Vit =0. (2.14)

12



We denote
Xy = {ge M'(Ry); g >0}

the space of bounded and nonnegative Radon measures.

We start with two elementary auxiliary results.

Lemma 2.6. Sy, is positive: Sy, (t)g € Xy for any g € X, and any t > 0.
Proof. We introduce a dual problem of (2.13) defined on the space Cy(R) by

dip = Ao = Bo + Ap (2.15)
with . .

By =0up —a(z,0)p, Ap = a(z,0)p(0).
A solution ¢ to (2.15) then satisfies
p(t) = Sa(t)po + (S5 * Ap)(t).

Let us fix ¢y € Cy(R) such that po < 0 and let us prove that () < 0
for any ¢ > 0. We obviously have that Sj is a positive operator and it is a
contraction in Cy(R). Taking the positive part in (2.15) we get

polt) < Salthpos +(Sg+ Ap )t
< a / Sa(t — ). (0) ds,

so that .
los (t) | < C / o ()] ds.
0

From the Gronwall lemma, we deduce that ¢, (¢) = 0 for any ¢ > 0 and then
© < 0. We conclude by observing that Sy, is the dual of S3. O

Lemma 2.7. —Aq satisfies the following version of the strong maximum
principle: for any given g € X4 and p € R, there holds

g € D(Ag) \ {0} and (=Ag + p1)g > 0 imply g > 0.

Proof. Suppose that there holds (—=Ag + p)g > 0 for g satisfying the above
conditions, it is only necessary to prove that g does not vanish in R . Since
g # 0, there exists z* € R, such that g(z*) > 0. Rewrite the assumption as

8:1:g + (CL(.CL’, 0) + M)g Z 5:1::0/ CL(.T, O)gd.ﬁl},
0

13



and we observe that
O (eA@0FHe gy — A@0)Fue (&Eg + (a(z,0) + u)g) > 0. (2.16)
(i) For z € (z*,00), we have
A@Ohz g > A0 g4y S, (),
(ii) For z € (0,2*), by integrate the same equation on (0, x), we obtain
Aty > [T 5, gm0 [y, 0)g(p)dyde + 9(0)
0 0

> / " aly, 0)g(y)dy.

From the positivity assumption (1.4) on a and step (i), we have

/ a(y,0) > 20 / y)dy > 0.
0 2 max{zo,z }

Therefore, g does not vanish on (0, 00). O

Proof of Theorem 2.5. First, we know from Theorem 2.1 that there exists
at least one nonnegative and non-vanishing solution Fy to the eigenvalue
problem AgFy = 0 and the associated dual eigenvector is ¢p = 1. Next, we
observe that, defining the signf operator for f € D(A2) by

[(signf)" (z) = 2\f( I [f(2)(x) + f(x)i(x)], Vi€ Co(R),
we have, for any ¢ € Cy(R),,
Re((signf)Mo[f]. ) = Re(Mo[f], (signf)"¢)
— Re [ / aof d:c} gﬁ;{ O<§)|> »(0)

IN

[ aolfldz o) = (Mall g1, v,
which is nothing but the complex Kato’s inequality

Vf € D), Re(signf) Aof < Aolf]. (2.17)

14



We also observe that D(AZ) C Cy(0,00), and, as a consequence, g € D(A2)
and |g| > 0 implies ¢ > 0 or ¢ < 0. We then may use exactly the same
argument as in |9, Proof of Theorem 5.3] (see also [6]):

- Kato’s inequality (2.17) and the strong maximum principle imply that
the eigenvalue A = 0 is simple and the associated eigenspace is Vect(Fp);

- together with the fact that Sy, is a positive semigroup, one deduces
that A = 0 is the only eigenvalue with nonnegative real part.

We conclude to the spectral gap estimate (2.14) with the help of Theo-
rem 2.3. O

2.4 Weak connectivity regime - exponential stability of
the linearized equation

We extend the exponential stability property which holds for a vanishing
connectivity to the weak connectivity regime.

Theorem 2.8. There exist some constants eg > 0, a < 0 and C' > 0 such
that for any € € [0, €] there hold ¥(A.) N A, = {0} and

192, (B)gollx < Ce* llgollx, V=0, (2.18)

for any go € X, (go) = 0.

The proof uses the stability theory for semigroups developed in Kato’s
book [5] and revisited in |7, 14, 6]. Now, we present several results needed
in the proof of Theorem 2.8.

Proof of Theorem 2.8. With the definitions (2.3), (2.7) and (2.8) of M., A.
and B., we have

(B- — By)g = (a(z,0) — a(z,eM:))g
and
(A: = Ag)g = (Mclg] — Molg]) do — £(0,a)(z, eMz) Fz M [g].
Together with the smoothness assumption (1.5), we deduce

”Be_BOHﬂ(X)_'_”AE_AOH@(X) <Ce Ve>NO. (2.19)

15



We then argue similarly as in the proof of [14, Theorem 2.15] (see also [5, 7, 6])
and therefore just sketch the proof. For the generator L of a semigroup Sy,
we define the resolvent set p(L) and the spectrum set (L) by

p(L) :={2€C; L —zisabijection}, X(L):=C\p(L),

as well as the resolvent (operator) Rp(z) := (L — z)~! for any z € p(L). We
now define

Ko(2) := (A: = Ao) Rao(2) A-Rp.(2),

and we deduce from (2.19) and the estimates (i) and (ii) in Lemma 2.4 that
for ¢ > 0, small enough, and C' > 0, we have ||K.(2)||zx) < Ce < 1 for any
z € AL\B(0,1), n < ||, and € € (0,&p). That implies

RAs = (RBs - RAOAERBE)(I + Ka)_l

on A,\B(0,7n) and for any € € (0,&0). In particular, ¥(A.) N A, C B(0,7n).
Using the definition of the eigenprojector I, on the eigenspace associated to
the spectral values of A, lying in B(0,7) by mean of Dunford integral (see
[5, Section I11.6.4] or [4, 6]), namely

{

II, .= —
2

Ry (2)dz,

|z|=n

we get
”He — HO”%(X) < 1.

From the classical result [5, Section 1.4.6] (or more explicitly [14, Lemma 2.18]),
we deduce that there exists £, € A, such that

S(A) N A, ={&}, & is asimple eigenvalue,

for any € € [0,&0] (up to take a smaller real number gy > 0). We conclude
by observing that & = 0 because 1 € X’ and A*1 = 0 (which is nothing but
the mass conservation). O

2.5 Weak connectivity regime - nonlinear exponential
stability

Now, we focus on the nonlinear exponential stability of the solution to the
evolution equation (1.1) in the case without delay. We start with an auxiliary
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result. We define the function ® : L'(R;) x R — R by

Dlg, ] := /OOO a(z,ep)g(x) de — p

We denote by W, the optimal transportation Monge-Kantorovich-Wasserstein
distance on the probability measures set P(R) associated to the distance
d(xz,y) = |r — y| A 1, or equivalently defined by

Vg PRy, Wif.g)i= sup /Ooo(f—g)w

@sllelly1,00 <1

Lemma 2.9. Assume (1.5). There ezists g > 0 and for any € € (0,g0)
there exists a function ¢. : P(R) — R which is Lipschitz continuous for the
weak topology of probability measures and such that 1 = p.[g] is the unique
solution to the equation

/"LGR+7 (I)(gnu) = 0.
Proof of Lemma 2.9.  Step 1. Existence. For any g € P(R) we have
®(g,0) > 0 and for any g € P(R) and p > 0, we have

(I)(gnu) < ||a’||L°° - MK,

so that ®(g, u) < 0 for p > ||a||f~. By the intermediate values theorem and
the continuity property of ®, for any fixed g € P(R,) and € > 0, there exists
at least one solution p € (0, ||a||z=] to the equation ®(g, u) = 0.

Step 2. Uniqueness and Lipschitz continuity. Fix f, g € P(R,) and consider
w, v € Ry such that

(f, p) = 2(g,v) =0.
We have

v—n= [ ate. -9+ [ latn.on) —ate. s

with

[ atw20)(a = | < ot 20) e Wita, ),

) / r.ev) — alw,zp) 1] < (- 2v) — aCzp) i < < [Bpallola — o1
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We then obtain

= v (1 = ellguallz=) < llal; ev)lwie Wilg, ), (2.20)

and we may fix gy > 0 such that 1 — g¢[|0,al[L=~ € (0,1), € € [0,0]. On the
one hand, for f = g, we deduce that © = v and that uniquely defines the
mapping ¢:[g] := p. On the other hand, the function is Lipschitz continuous
because of (2.20). O

We also recall the following classical Gronwall’s type lemma.

Lemma 2.10. Assume that u € C([0,00);R,) satisfies the integral inequality
t
u(t) < Cre™ ug + 02/ et=9)y(s)2ds, Vit >0,
0

for some constants Cy > 1, Cy,ug > 0 and a < 0. Under the smallness
assumption
a+ 2C5uy < 0,

there holds

CruoCy
la + 2C5uy|
Proof of Lemma 2.10. We fix A € (Cyug, 2C1uy), so that Ciu(t) < A at
least on a small interval, that is for any ¢ € [0, 7], 7 > 0 small enough, and
then the integral inequality implies on the same interval

u(t) < (1+ )01 e uy, Vt>0.

t
u(t) < Cre® ug + C,C A / et~y (s) ds.
0
The classical Gronwall’s lemma (for linear integral inequality) and the small-
ness assumption a + CoC; ' A < 0 imply
U(t) S Cl Uo €(a+CQC;1A)t S Cl Ug < A

on that interval. By a continuity argument, the first above inequality holds
on R, and then with A := Cjuy. Next, replacing that first estimate in the
integral inequality we started with, we get

t
u(t) < Cre™ ug + C’gC’fuge‘”/ elat2C2w)s 4g - V¢ >0,
0

from which we immediately conclude. O

We come to the proof of our main result Theorem 1.1 in the case without
delay.
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Proof of Theorem 1.1 in the case without delay. We split the proof into two
steps.
Step 1. New formulation. We start giving a new formulation of the solutions
to the evolution and stationary equations in the weak connectivity regime
€ (0,e0], where ¢ is defined in Lemma 2.9. For a given initial datum
0 < fo € L*(R,) with unit mass the solution f € C([0,00); L*(R,)) to the
evolution equation (1.1) and the solution F. to the stationary equation (1.2)
clearly satisfy

O f +0.f + a(e@[f])f =0, f(tv O) = @[f(tv )]7
0. F +a(eM)F =0,  F(0) = M = g[F),

where here and below the € and = dependency is often removed without risk
of misleading.

We introduce the variation function g := f — F which satisfies the PDE
Org = 0,9 — a(eM)g — ed'(eM)F Mlg] — Qlg] (2.21)
with
Qlyl = aleplf])f — alep[F))F — a(ep[F])g — ea'(ep[F]) F Mg],

where M = M., is defined in (2.3). The above PDE is complemented with
the boundary condition

g(t,O) = (p[f(ta )] - QO[F],

and we may write again

elf] — ¢lF] :/0 aleplf f/ a(ep[F
_ / ((gM)g+5a(5MFM /Q

0

= M]g] + Qlg], Qlg] =

As a consequence, we have proved that the variation function g satisfies the
equation

Og = Neg + Zlgl,  Zlg] == —Qlg] + 60 Qlg]- (2.22)
Step 2. The nonlinear term. On the one hand, we obviously have
(Zlg]) =0, Vge M'(Ry). (2:23)
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On the other hand, in order to get an estimate on the nonlinear term Z[g],
we introduce the notation

Y(u) = a(x,emy) fu,

where, for some fixed g € P(R,), (g) = 0, we have set

f=F+g, fuo=uf+{1—u)F, my:=p[f)

We first notice that ¥(0) = a(ep[F])F and ¥ (1) = a(ep[f])f. Second, we

have
W(U) = afa(mU)fu m; + ac(m.)g. (2.24)

In order to compute m,,, we differentiate with respect to u the identity

m= [ autma)fuds,
0
and we have
w= [ dtmapidem 4 [ atm) g
which implies
my, = (1 - /000 a.(my) fudz) - /000 a-(my,) gdz. (2.25)

We may thus observe that m{ = M]g|, so that ¢'(0) = alL(M)FM.[g] +
a-(M)g, and therefore

Third, from (2.24), we have
V" (u) = al(my) fu (m,)* + 2a(my) g, + az(my) f,my,

and from (2.25), we have

m'(u) = 2(1—/Oooa;fu)2 /Oooaag/oooa;g
+2<1—/Oooa'€fu)_3 /Oooa;' (/Oooaeg)z.
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In the small connectivity regime ¢ € (0, €], €ol/d||c < 1, we get the bound

" wllx < lalllo [mal® + 2l acllcllgllx il + llazlls i

> lla"llsollall% la"lloollalloo

< 7 ool lloo 2 2 2
= € (1 _ E||a'/||oo)2 ||g||X + 81 _€||a/||oo ||g||X
la'llSllalloo o\ o slla"llclla llocllalloo | o
+2et 2 T gl + 2 lgll
(1 —ellafl)? ™75 (1 —ellafe) 7
< eK|glk

for some constant K € (0, 00). Using the Taylor expansion

@dz¢ﬂ%—M®—¢ﬂD=é(LﬂWWWMw

we then obtain
1
1Z[g]llx < 2[|Qlg]llx < /0 (1 —w)[|¢" (u) || xdu < C'|g|]*.

Step 3. Decay estimate. Thanks to the Duhamel formula, the solution g to
the evolution equation (2.22) satisfies

ol0) = Sn. (o= F)+ [ Su.(t=5)Zlg(s)] s

Using Theorem 2.8 and the second step, we deduce

t
ls@®llx < Ce H%Hx+/0 O | Z[g(s)]]x ds

t
< Ce™|lgollx +C€K/ e g (s) % ds,
0

for any ¢t > 0 and for some constant C' > 1, a < 0, independent of ¢ €
(0,e0]. Observing that ||g(t)||x = [|g(t)]|z € C([0,00), we conclude thanks
to Lemma 2.10. O

3 Case with delay

This section is devoted to the proof of our main result, Theorem 1.1, in
the case with delay by following the same strategy as in the case without
delay but adaptation the functional framework. We have already proved in
Theorem 2.1 the existence of a unique stationary solution (F., M.) in the
weak connectivity regime and we may then focus on the evolution equation.
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3.1 Linearized equation and structure of the spectrum

In order to write as a time autonomous equation the linearized equation
(1.7)-(1.8)-(1.9), we introduce the following intermediate evolution equation
on a function v = v(t,y)

o+ 0yv =0, v(t,0)=q(t), v(0,y)=0, (3.1)

where y > 0 represent the local time for the network activity. That last
equation can be solved with the characteristics method

'U(ta y) = Q(t - y)loﬁygt-

Therefore, equation (1.9) on the variation n(f) of network activity writes

n(t) = D[u(t)] /OOO

and then equation (1.8) on the variation ¢(t) of discharging neurons writes

)
q(t) = O:[g(t), v(t)],

with
Oclg,v] := N[g] + k. Dv],

Ng] = /OO a.(M.)gdx, k. := /00 aL(M.)F. dz.
0 0

As a consequence, we may rewrite the linear system (1.7)-(1.8)-(1.9), as the
autonomous system

at(gvv) :.,%_:<g,’l]), (32)
where the operator 2. = (£}, £?) is defined by
LNg,v) = —0,9 — a.g — a.F.D[v] + 6,-00.[g, ],
zQ(gav) = _ayv +5y:0(9€[97v]7

in the space

X =X, x Xy := M'(R,) x M (R, p)
with p(z) = e and § > 0 is the same as in the condition (1.6).
Theorem 3.1. Assume (1.3)-(1.4)-(1.5) and (1.6). The conclusions of The-
orem 2.3 holds true with o == max{—ap/2, -9} < 0.
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The result follows from the Spectral Mapping theorem and the Weyl’s
Theorem established in [9, 6] by introducing a convenient splitting of the
operator .Z.. More precisely, we write .. = A, + B. with

s (aiyit) = (o)

ety = (0)) = (DS 0 o)

and we just check the properties enjoyed by the operators A, and B.. We
skip the rest of the proof and we refer to the proof of Theorem 2.3 for more
details.

Lemma 3.2. (i) A. € B(X,Y), where Y = (Céy+ BV(R,)) x Coy C X

with compact embedding;

and

(i1) Sg.(t) is a-hypodissipative in X ;
(iii) the family of operators Sp. x A.Sp. satisfies
||(SBE * -AeSBg)(t)HXaD(AE) S Ceat, \V/t Z 0.

Proof. (i) It is an immediate consequence of the fact that D € B(X3;R)
(because of (1.6)) and N; € Z(X1;R) (because of (1.5)).

(ii) Since Sp1 is nothing but the semigroup Sp. defined in (2.9) which
is —ag/2-dissipative thanks to Lemma 2.4-(ii), we just have to prove the
dissipativity of the translation semigroup Sz which is given by the explicit
formula [Sp2 (¢)v](y) = v(y — t)1,_4>0. That follows from

1582 (t)v|x, = / [0(y = ) 1y-z0 e dy = =" [v]|x,,
0

for any v € X5 and any ¢t > 0.

(iii) On the one hand, we have

A5, (t)(g,v)(w) = 1u(x) D(t) + dooN (1),
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with
u(z) = meéxzo—a'e(:c)Fgg),
N(O) = NSk (0d) = [ alelae — 1. od,

D) = DISEO0] = [ ol L, ab(dy),
0
and we observe that |D(¢)| < e* ||v]|x, from (1.6). We also have
D] [ ol Dol dy < Ce ol Ve 20
0

Next, we denote

Ty(t)(g,v)(x) == (Spr * AS.) (t)(g,v)(2).

We compute
A28, (t)(g,v) = —aL(x) Fo(2)N[S1(8)] + 8o=0Oc[S1 (1), S2(t)],

and then
T1(t)(g,v)(z) = (Sk *ALS5)(t)(g,v)(x)
-/ Sy (5)ALSi. (¢ — 5)(g,v) ()5
_ /O ' A ALSgi (t — 5)(g, v) (2 — 8)Lo_ss0ds
_ /Ot e 4@ f g/ (x — 5)Fo(z — s)NL[Sa(t — 5)]
+0g—s—o{Ne[S2(t — 5)] /O "W Fda + /O TSt - s)da}1,_>ods
_ /0“’” e @) g/ (1 — s)F(x — 8)N.[Sa(t — 5)]ds

F1yspe A @OIN[Sy(t — )] / aLF.dz + / a.S1(t — x)dz}.
0 0
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Next, differentiating the above identity, we get
0.T1(t)(g,v)(2) = —Lizpe @ al(0)EL(O)NL[Sa(t — 2)]
tAx
+/ ac(x)e 4 @al (x — s)F.(x — s)N.[Sa(t — 5)]ds
0

tAx

- [ e = )P = NSt - 9)ds

Ot/\m
_/ eiAE(x)CL;(.T _ S)FE/CU — 3)./\/'5[52@ - S)]ds

0
—1t2$a€(x)6_’45(x){/\/’6[52(t — )] /a;F6 + / a.5(t — x)dz}.
—Lysge NS5 (1 /a Fe +/ oSl = e

Similarly, we have

OT(t)(g,0)(y) = 0,5 * A2S.(1)(g, 0)(v)
— At -] [ @R [ asi-yan

We easily deduce that

1071 () (g, v) (@) x,
19, T2() (g, v) ()] x

and the similar estimate for ||(Sg, *.A.S55.)(t)(g,v)||x. Thus, the announced
estimate holds for the family of operators Sp. * A.S55.. O

Ce*ll(g,v)llx

<
< Ce"|l(g.v)lx,

3.2 The vanishing connectivity regime

When the network connectivity parameter vanishes, ¢ = 0, the linearized
operator simplifies into

g\ (0.9 — a(x,0)g+ d,—000[g, V]
% (U) - ( _ayv + 53/:0(90[97 ’U] ) (33)

where Oplg, v] = Nolg] = [;7 a(x,0)g(z)dx.
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Theorem 3.3. There exist some constants o« < 0 and C > 0 such that
X(L) NA, = {0} and for any (go, vo) € X, (go) = 0, there holds

152 (t) (90, vo)llx < Ce* [l(go, vo)llx, Vt=0. (3-4)

Proof of Theorem 3.3. Since 4} = Ay, we have already proved that there
exists some 3 < 0 such that g(t) := Sg1(t)go satisfies [|g(?)]| < CeP | gollx,
for any ¢ > 0 from Theorem 3.3. We then just focus on .,%2. The Duhamel
formula associated to the equation dyv = ZZ(g, v) writes

v(t) = Spz(t)vo +/0 Spa(t — $)AF(9(s),v(s)) ds.

Using the already known estimate on ¢(t), we deduce

t
ISzzvo®)llx, = Nlv®)llx, < [Ss(H)vollx, +/ 158 (£ = 5)d0Nolg ()]l x, ds
0
t
< Ml [ e IC gy, ds
0
< Ce™|l(g0, vo)llx
for some 0 > o > max{3, —d}, which yields our conclusion. O

3.3 Weak connectivity regime - exponential stability of
the linearized equation

In this part, we shall discuss the geometry structure of the spectrum of the
linearized time elapsed equation in weak connectivity regime taking delay
into account.

Theorem 3.4. There exists some constants eg > 0, C' > 1 and a < 0 such
that for any € € [0, 0] there holds X(%£.) N A, = {0} and

1S, (t)(90, vo) [ x < Ce™[[(g0, vo)lx (3-5)
for any (go,vo) € X such that (go) = 0.
We present a technical result needed in the proof of Theorem 3.4.

Lemma 3.5. The operator £, is continuous with respect to €, and more

precisely
| — Lollzx) < Ofe). (3.6)

26



Proof. For all (g,v) € X, we have

9\ _ [ —0xg — acg — aLFeDe[v] + 2=0Oclg, V]
(1) = (o +8,-90.1g.0 (37
— a(z,0)g + 0,-00p [9#}])
p— . . b
%(3) - (o +6,-000lg. v (370)
By (3.3)-(3.7b), we deduce
70)_a6)g_a’/FEDE[ ]+5x O(OE[ ] OO[gav])
22y (9) = (la= : _
-2 (1) = ( 3y-0(O.lg. 0] ~ Olg.v)
Then we compute
(Z: = L) (g v)llx = [[(a(z,0) — a:)gllx, + [[alFDe[v]]lx, + 2|O:[g,v] — Oolg, v
< 3l(as — ao)gllx, + 2[lazF-D:[v]| x,
< 3elld[lwllglx, + 2ear]la’loo (1 = ella’loo) | 2] x, 0] x
= Cell(g,v)lx,
which is nothing but (3.6). O

Proof of Theorem 3.4. With the help of Lemma 3.5, we may proceed exactly
as in the proof of Theorem 2.8 (see also again [14]) and we conclude that

N(Z) NAL ={&S,
with |£.| < O(e) and & is algebraically simple. We observe that
¥ — 8:1:()0 — AP+ CL€<(,0<O) + w<0))
W Oyth + kb (0) + kb p(0) = b [alFepdx )

from which we deduce that £*(1,0) = 0. Then 0 € X(.Z) and & = 0.
Moreover, the orthogonality condition (go) = ((go,v0), (1,0))x x» = 0 implies
that the exponential estimate (3.5) holds. O

g*

£

3.4 Weak connectivity regime - nonlinear exponential
stability

We finally come back on the nonlinear problem and we present the proof of
the second part of our main result for the case with delay.
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Proof of Theorem 1.1 in case with delay. We write the system as

atf = _8a:f_aa(D[u])f+50‘@[f7D[u]]
ou = —0yu+ 00 2[f, Dlul],

with
2lfml = [am)s. Dl = [bu

We recall that the steady state (F,U), U := M1,>, satisfies

0 = —8,F —ac(M)F + 6,M
0 = —9,U+8&M, M=D[U]=2|F,DU.

We introduce the variation g := f — F and v = u — U. The equation on g is

09 = —0ug9 = a:(Dlu))f + a(M)F + 60(Z|f, Dlul] — Z[F, D[U]])
= —0,9 —a.(M)f — a.FDv] — Q[g,v] + 6O|g, v] + 0,Q]g, v]
= Zg,v)+ Z'g,v],

with

Qlg,v] = a.(M)F — a.(Dlu])f + a-(M)f + a.FD[v]
— (0) — B(1) + ¥'(0),

where ®(k) = a.(Dlku+ (1 —k)U))(k f+ (1 — k)F) and Qlg,v] = (Q[g, v]),
Zg,v] := —Qlg,v] + 00Q|g, v]. The equation on v is

dv = =0+ 6(2f, Dlul] — Z[F, DIU]))
= —0,v+600[g,v] + 09Q]g, V]
= ZL2g,v) + Z2%g,v], Z%[g,v] = 60Qlg, ).

We then write the associated Duhamel formula
¢
(9(0),6)) = S2,(0)(gn,w) + | St = 5)Zl(s),o(5)) s
0

Because || Z[g,v]]|x < C'||(g, v)||% we may conclude as in the proof of Theo-
rem 1.1. O
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