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INTEGRABILITY CONDITIONS ON COBOUNDARY AND TRANSFER
FUNCTION FOR LIMIT THEOREMS

DAVIDE GIRAUDO

ABSTRACT. For a measure preserving automorphism 7' of a probability space, we pro-
vide conditions on the tail function of g: Q@ — R and g — g o T" which guarantee limit
theorems among the weak invariance principle, Marcinkievicz-Zygmund strong law of
large numbers and the law of the iterated logarithm to hold for f ;== m+ g —go T,
where (m o Ti),;() is a martingale differences sequence.

1. INTRODUCTION AND NOTATIONS

Let (2, F, ) be a probability space and T: Q@ —  be a bijective bi-measurable and
measure preserving map. We assume that the dynamical system is ergodic (that is, if
T—'A = A for some A € F, then u(A) € {0,1}). If n > 1 is an integer and f: Q — R, we
denote S, (f) := Zﬁ:—ol foT7 and for a fixed ¢, define

(1'1) Sgl(fa t) = S[nt] (f) + (nt - [nt])f © T[nt]at € [O’ 1]3

where [z] denote the integer part of the real number . Then for each w € Q and each
integer n > 1, the map ¢ — SP!(f,t) is an element of the space of continuous functions on
[0, 1], denoted by C]0, 1].

Let us state the limit theorems we are interested in.

Definition 1.1. Let f: Q2 — R be a measurable function.

o We say that the function f satisfies the invariance principle if the sequence (n="2SP(f,))n>1
weakly converges in the space C0,1] endowed with the topology of uniform conver-
gence to a scalar multiple of a standard Brownian motion.

o We say that the function f satisfies the law of the iterated logarithm if there exists
a constant C(f) such that for almost every w € ),

: Sn(f)(w) o Sa(f) W)

o We say that the function f satisfies the functional law of the iterated logarithm if
the sequence ((y/nloglogn)~tSE!(f, -))n>1 is relatively compact and the set of its
limit points coincides with the set of all absolutely continuous functions x € C[0,1]
such that z(0) = 0 and fol(z’(t))th < 1, where ' denotes the derivative of x
defined almost everywhere with respect to the Lebesgue measure.

o Let1l < p < 2. We say that the function f satisfies the p-strong law of large
numbers if for any « € [1/p, 1], the following holds:

“+o0
(1.3) Ve > 0, ZnapQM{ max |Sk(f)| = Eno‘} < +o0.
n=1

1<k<n

If it is possible to find a decomposition of the function f

(1.4) f=m+g—goT,
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where g: 2 — R is a measurable function and m satisfies one of the previous limit theorems,
then one can wonder if we can deduce the result for f.

A known situation is when the sequence (m o T%);>¢ is a square-integrable martingale
differences sequence. A necessary and sufficient condition to have (4] with such an m
and a square integrable g is known (see Theorem 2 in [VoI93]). If (m o T%);>¢ is a square-
integrable martingale difference sequence, then the functional law of the iterated logarithm
and the invariance principle take place.

If 1 <p<2and m e LP, then Theorem 5 by Dedecker and Merlevede [DMO07] implies
that m satisfies the p-strong law of large numbers. Actually, their results holds in a more
general setting than strictly stationary sequences, as they only require a stochastic domina-
tion on the considered martingale differences sequence. A similar result as (I3]) takes place
for o = 1 if we require a conditional stochastic domination (see [BQ15|, Theorem 2.2). A
necessary and sufficient condition for (L4) to hold with m,g € LP, 1 < p < 2, is given
by Volny in Theorem 1 of [Vol06], and in this case, (I3)) is satisfied (see Theorem 6 of
[DMO07]).

We call a coboundary a function of the form g — g o T, where g:  — R is a measurable
function. The function g is called a transfer function. The following result is Theorem 1 of
[VS00]. It gives a necessary and sufficient condition on the transfer function to preserve the
limit theorems mentioned in the previous definition. Sufficiency for the invariance principle
and the law of the iterated logarithm was established in [HH80], pages 140-142).

Theorem 1.2 (The equivalence theorem,[VS00|). Let us suppose that for the process (mo
T%) ez the invariance principle, the law of the iterated logarithm (functional law of the
iterated logarithm) respectively, holds true. Let g be a measurable function and

(1.5) f=m+g—goT.

Then for the process (f o T)iez

e the invariance principle holds if and only if

1 . . .
(1.6) 7 max. lgoTF| T 0 in probability;
e the law of the iterated logarithm as well as the functional law of the iterated loga-
rithm holds if and only if

1 n

Both conditions (6] and (7)) take place when the function g is square-integrable. If
1 < p < 2, Theorem 6 in [DMO7] shows that (L3]) holds if g belongs to LP.

However, it may happen that we obtain a decomposition (L4 where m € L2 but the
function g is only integrable (see [VS00] for explicit counter-examples, and [EJ85] for
a condition which guarantees the square integrability of m) and in this case, the weak
invariance principle does not need to hold. We investigate conditions on the functions
t — p{lgl| >t} and t — p{|lg—goT| >t} which guarantee (LB) or (7). In order to
state these conditions in a more concise way, we introduce the so-called weak IL9-spaces.

Definition 1.3. Let g be a real number strictly greater than 1. We denote by L9 the
space of functions h: Q — R such that

(1.8) (7§ 00 := supt?p{|h] >t} is finite.
’ t>0

The subspace of L9> which consists of functions h such that , ligrn tu{|h| >t} =0 is
—+00
denoted by LE.



2. MAIN RESULTS

In this section, we state the main results of this note. In the first subsection, we give a
sufficient condition on the functions ¢ — wu {|g| > ¢} and t — p{|g — g o T| >t} in order to
preserve the weak invariance principle, the law of the iterated logarithm and the p-strong
law of large numbers respectively. We provide projective conditions which guarantee these
sufficient conditions an a martingale coboundary decomposition.

In the second subsection, we construct counter-examples which show that the found
conditions are sharp when the considered dynamical system is aperiodic.

Finally, in the third subsection, we provide applications of the results of Subsection 2.1
to Bernoulli shifts.

Volny and Samek showed in [VS00] that the conclusion of Theorems 2] and [24] (see
the next subsections) holds when p > (r + 2)/r and that of Theorem 210 when p < (r —
1)/(r—3/2). In the case r > 2, we cannot conclude from their results if (r—1)/(r —3/2) <
p < (r+2)/r, while it is the case with our conditions.

2.1. Sufficient conditions.

Theorem 2.1. Let 1 < p < 2 and let g: @ — R be a function such that g € LE™ and

g—goT € Lg/(pfl)’oo. Then for any square integrable martingale differences sequence
(m o T%i>0, the function f :== m + g — g o T satisfies the weak invariance principle in
o, 1].

A similar result has been obtained for the quenched functional central limit theorem

(see [BPP15|, Corollary 7).

Corollary 2.2. Let 1 < p < 2 and let M be a sub-o-algebra of F such that TM C M.
Assume that f is an M-measurable element of Lg/(pfl)’oo
conditions hold:

(2.1) the sequence (E[S,(f) | M]),, converges in 17>

such that the following two

(2.2) the sequence ((I —U)E[S,(f) | M]),, converges in 1P/ (p=1),00
Then the function f satisfies the invariance principle.

The conditions of Corollary imply that f admit the martingale-coboundary repre-
sentation (L4) with m and g integrable and ¢ satisfies (IL0). In [DV08, [Dur09], the later
condition was compared with Dedecker and Rio projective criterion (cf. [DRO0]):

(2.3) the sequence fE[S,(f) | M] converges in L',

which also implies that f satisfies the invariance principle. It was shown that there is an
example of function f which satisfies the martingale-coboundary decomposition in L' and
the invariance principle but not (2.3).

Here do not assume that f belongs to L?/(P~1 and that the convergence in 22) holds
in P, otherwise, the function f would satisfy Dedecker-Rio projective criterion. In this
way, our condition is independent of (2.3]).

Proposition 2.3. Let (Q, F, u) be a dynamical system of positive entropy. Let 1 < p < 2.
There exists a sub-o-algebra M such that TM C M and a function f € Lg/(p_l)’oo
satisfying (Z1) and 22) but not [23).

Theorem 2.4. Let 1 <p <2< andlet g: Q — R be a function.

(i) Ifp>r/(r—1), g e LP* and g—goT € L™, then for any martingale differences
sequence (moT%);>0, the function f := m+g—goT satisfies the law of the iterated
logarithm;

(i) ifp=r/(r—1), g € LP and g—goT € 1L", then for any square integrable martingale
differences sequence (m oT");>q, the function f :=m+ g— goT satisfies the law
of the iterated logarithm.



Corollary 2.5. Let 1 < p < 2 and let M be a sub-c-algebra of F such that TM C
M. Assume that f is an M-measurable element of LP/(P=1) such that the following two
conditions hold:

(2.4) the sequence (E[Sn(f) | M]),s, converges in L7

(2.5) the sequence ((I —U)E[Sn(f) | M]),>, converges in Lp/ (=1
Then the function f satisfies the functional law of the iterated logarithms.

Remark 2.6. In [VS00], L? spaces are involved. It turns out that in the setting of Theo-

rems [2.1] and [2.4], we may work with weak LL?-spaces. For the case in Theorem 2.4,
it is an open question to determine whether strong moments are actually needed.

Theorem 2.7. Let 1 < g < p <1 < 2 be real numbers and let g: Q@ — R be a function
such that g € LY and g —goT € L". Ifq = (p — 1)r/(r — 1), then for any martingale
differences sequence (m o T%);>o with m € LP, the function f := m + g — goT satisfies

@3).

Corollary 2.8. Let1 < p <r <2 and let M be a sub-o-algebra of F such that TM C M.
Assume that f is an M-measurable element of " such that the following two conditions
hold:

(2.6) the sequence (E[S,(f) | M]),, converges in Lmaxtl (p=1r/(r=1)},
(2.7) the sequence ((I —U)E[Sn(f) | M]),s, converges in L".
Then for each positive € and any « € [1/p, 1], we have
+oo
ap—2 > a
(2.8) Zln M{1211§§n|5k(f)| >en } < 400.

Remark 2.9. Ergodicity of the dynamical system is required for the "only if" direction in
the equivalence involving the law of the iterated logarithm of Theorem Therefore, the
results of this subsection remain valid in the non-ergodic setting.

2.2. Counter-examples. In TheoremsZTland 24 we gave a sufficient condition on (p, r)
for which g € IL? and g — g o T" € " guarantees the invariance principle, and the law of
iterated logarithms for g — g o T'. The next results show that when this condition is not
satisfied, these limit theorems may fail, which shows its sharpness.

Theorem 2.10. Assume that the dynamical system (Q, F,u,T) is aperiodic. Let 1 < p <
2 < r be real numbers such that p < r/(r — 1). Then there exists a function g € P such
that g—goT € L™ and the function g — goT satisfies neither the invariance principle nor
the law of the iterated logarithm.

We also have a similar counter-example for the p-strong law of large numbers.

Theorem 2.11. Assume that the dynamical system (0, F, u, T) is aperiodic. Let1 < p < 2
and let 1 < g < p < r be real numbers such that ¢ < (p — 1)r/(r — 1). Then there exists
a function g € LY such that g — goT" € " but the sequence (n_l/pSn(g —goT))p>1 does
not converge almost surely to 0. In particular, g — g o T does not satisfy (L3

2.3. Applications. In Subsection 21l we provided sufficient conditions for the functional
central limit theorem, the law of the iterated logarithm and the p-law of large numbers. It
is natural to try to apply these conditions to some strictly stationary sequences.

In the case of a linear process f o Tk = Zz;o a;ek—;, where (g;);cz is an 1.i.d. centered
sequence of random variables in Lg/(p_l)’oo, 1 < p < 2, condition (ZI)) implies that f has a
martingale coboundary decomposition in LY, 1 < ¢ < p. Since ¢/2 < 1, the Marcinkievicz-

1/2
Zygmund and Jensen’s inequalities give the convergence of the series Zi>0 (Zk% ak) ,
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which in turn implies the martingale-coboundary decomposition in L2, from which the
invariance principle could have been already deduced.

This is why we shall focus on some functionals of a particular linear process: the so-
called Bernoulli shifts. Let (ex),c, by an ii.d. sequence of random variables which take

the values 0 and 1 with probability 1/2. We define for z = ;:;'01 2= k=1g_,

—+o0

(2.9) wa:::§:2—k—%h_k

k=1
The map T preserves the Lebesgue measure A on the unit interval endowed with the Borel
o-algebra. Given a function f: [0,1] — R, we would like to give some sufficient conditions
on the regularity of f which guarantee the invariance principle, the law of the iterated
logarithm and the p-law of large numbers.

Proposition 2.12. Let f: Q@ — R be a centered function such that for some p € (1,2),
tP/P=DX{|f| >t} = 0 and for some § > 0,

1 pl o p p—1+6
(2.10) /0 /0 |f(x|)$ _gly” <log z i y|) dzdy < co and

2

p—1 . ﬁJrJ
(2.11) / / log dzdy < oo,
M—yl [z =y

where f(z) = f(x) = f(2/2)/2 = f((x +1)/2)/2

Then f satisfies the invariance principle and the functional law of the iterated logarithm.

Proposition 2.13. Letp € (1,2). Let f: Q@ — R be a centered function such that for some
r € (p,1), f belongs to L™ and for some § > 0,

|q 1 q—1+46
(2.12) / / log dzdy < co and
W*m |z =yl
’T 1 r—14+6
(2.13) / / log dzdy < oo,
W*m |z =yl

where q := max {1, (p — 1)r/(r — 1)} and f(z) = f(z) — f(x/2)/2 — f((x +1)/2)/2. Then
f satisfies the p-strong law of large numbers.

3. PROOFS

If h: @ — R is a measurable function, we define M*(h) := supys, N~ [Sn(R)].
The following lemma about Birkhoff averages will be used in the proof.

Lemma 3.1. Let ¢ > 1 and let h: Q@ — R be a measurable function.

(i) If h belongs to LI then the function M*(h) belongs to LE>;
(11) if h belongs to L2, then so does M*(h).

Proof. By the maximal ergodic theorem, we have for each positive t,

(3.1) t-p{M*(h) =t} SE[[h]- 1{M"(h) > t}].
(i) The expectation can be bounded by
—+o0
(3.2) / min { p(A0), 577 B 1(A)] . } ds.
0
where



Therefore, we infer the bound

(34)  E[lA]- 1(A)] < p(A)' T [AL(A)] o0 +

b (A /m s9ds
I7-1(A ] g i(Ar) =1 /4
(3.5) = (A A (A o +
i1 VA oo AT
(3.6) = pu(A) VR 1A, o - 1(At)|qqf°fb(At)l_l/q
(37) = AT 1A
Plugging this into (31]), we obtain
(3.8) Eop M () 2 1< e 1A e
hence is is enough to prove that
(3.9)  dim sup siu({lh] = s} N Ay) = 0.

To this aim, fix a positive €; by assumption, there exists a positive real number sq
such that for s > sg, we have s%u {|h| > s} < ¢, hence
(3.10) supsfp ({|h] = s} N Ay) < max{e, shu(As)},
s2
which is smaller than e for ¢ large enough.
(ii) This follows by multiplying () by t?~2, integrating over [0, +-00) with respect to

the Lebesgue measure and switching the integrals.

This concludes the proof of Lemma [3.11 O

We now give the proofs of the main results, which combine Lemma [B.1] with the ideas
of [VS00].

3.1. Proof of sufficient conditions.
Proof of Theorem [Z1l In view of Theorem[I.Z we have to show that the sequence <n1/2 max |goT? ’)
Sisn n>1

=

converges to 0 in probability.
Let € be a positive fixed number. Let k, n be positive integers such that k < n. Denoting
Pn = {maxlgjgn ‘g ) TJ| > 2€n1/2}, the following estimates take place:

Pn S W max max ‘goTik’+‘goTj—goTik’>25n1/2
1]+ b<I<(E+ 1)k
[#]+1
< max oT*| > ey/n p + { max 0T —goT™*| > 5n1/2}
< u{l@,g[%]ﬂ g o T ; H x| o goT™|

<) )= o0 o (3] + oo ol > o)

< ([%} + 1) u{lgl > 5n1/2} + ([%} +1)u{0rgja<xk§|5j(g—goT)| > g%p}
This yields
B pu s ([%} +1)“{|g| > 5”1/2} + ([%} +1)M{M*(990T) > s%/z}
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By the assumption on p and r, the inequality

2-1 —1—-r/2
(3.12) r/ _r N2 T o
r—1 r—1 2(r—1)

N3

takes place, hence we may choose a number a such that
D r/2—1
- <a< .
2 T r—1

We now use (BI1) with k := [n®]. This yields, for some constant ¢ depending only on p
and 7:

(3.13) 1—

(3.14) N {|g| > 5”1/2} +eon' " {M*(g —goT)> €n1/2_a} ;
and, by BI3),
(3.15) pn < enP?p {Igl > sn”z} +

n Cnlfafr(1/2fa)n(1/2fa)r’u {M*(g —goT) > Enl/%o‘}
(3.16) =P {|g| > €n1/2} +
i Cnlfr/2+a(rfl)n(1/27a)rﬂ {M*(g —goT)> Enl/Qfa}
(3.17) < enP?p {|g| > €n1/2} + en1/2=ry, {M*(g —goT) > Enl/%”‘} .

Since g € L{'™ and g — go T € L{™, we conclude by item [(i)] of Lemma B.I] that the
sequence (pp)n>1 converges to 0.
This concludes the proof of Theorem [2.1] O

Proof of Corollary 222 Condition (2] implies by [Vol93] that f may be written as f =
m+ g — goT, where (m o T");>0 is a martingale differences sequence with respect to
the filtration (T'7"M);>0. Since f is M-measurable, the function g may be written as
Yis0E [U'f | TM]. Thus, by condition (2.II), we derive that g € LP* and since each
term in the series defining g belongs to L'>, we derive that g belongs to L{*. Similarly,
by condition (22)), we infer that g — g o T belongs to Lg/(pfl)’oo. Since f € Lg/(pfl)’oo, we
have m € Lg/(p_l)’oo, and accounting the inequality p/(p — 1) > 2, we conclude that m is

square integrable. The proof is complete since we showed that g satisfies the conditions of
Theorem 2.1 O

Proof of Proposition[2.3. We use the contruction given in [DV0S|. There exists two inde-
pendent and T-invariant sub-o-algebras B and C. We consider a B-measurable function
eo: Q@ — {—1,1} such that u({ep = 1}) = u({eo = —1}) = 1/2, and define e; := ey o T",
i € Z, and M := CV o{e;,i <0} (which satisfies TM C M). We introduce three se-
quences: (0k)r>1 C (0,+00), (pr)r>1 C (0,1) a decreasing sequence such that 37, -, pr < 1
and an increasing sequence of integers (Ny)r>1. Once these sequences are fixed, we choose
a decreasing sequence (ex)r>1 C (0, 1) such that

(3.18) > 0kNey”.
k=1
We now consider for each fixed k > 1 a set A, € C such that
(1) the sets Ay are mutually disjoint;
(2) (1 =D is1 pi) B < u(Ag) < pi forall k > 1;
(3) for each k > 1 and all i,j € {0,..., Ny + 1}, p(T AR AT 7 Ag) < ey

The existence of such a sequence of sets as well as that of B and C is explained in [DV0S§].
7



The function f is defined by

+oo
(3.19) f=YOre_n,1(Ap).
k=1

Assume that the sequence (0y)r>1 is increasing and 0, — +o00. The function f belongs to
LZO)/(p_l)7OO if

(3.20) lim g2V N" p =0,

k——+oo
ik

Now, we have

400 min{n,Ny}
(3:21) E[Sa(f) IMI =D 0k > e nil(Ap)+
k=1 i=1
400 min{n,N}

Z 0 Z €_Nj+i (1(T_iAk \Ak) — 1(Ak \ T_iAk)) ,
k=1

i=1
and since
min{n,Ny} . '
(3.22) S e (MT AR\ Ap) = 1A\ T AR | < Nie)?,
i=1 ,
the sequence (E[S,(f) [ M]),,>, converges in L” if
400 min{n,Ny} P
(3.23) lim B S0 > e n+il(Ay)] =0.
k=1 i=min{m,Ny}
Since the family (Ag)r>1 is disjoint, (B23) is equivalent to
400 min{n,Ny} P
(3.24) mlgrgoo Z 7 Z e—No+i| pr =0,
’ k=1 i=min{m,Ny}
which is implied (by Marcinkievicz-Zygmund inequality) by
“+oo
(3.25) SN .
k=1
Notice also that
400 min{n,Ny} .
(L = UE[S.(f) | M] = Z9k(1 -U) Z e-N+i (T Ay)
k=1 i=1
+oo )
=S (e LT et 1T 1),
k=1

hence the sequence ((I — U)E[S,(f) | TM]),,-, converges in LP/(P=1):%0 a5 long as

. /(p—1)
(3.26) Jim 6] I pi = 0.
i>k
By Proposition 3 of [DV0S|, the function f defined by BI9) satisfies (23) if and only
if Z;::i 07/ Ni.pr, < co. We thus have to takes sequences (0x)x>1, (pk)k>1 and (Ng)p>1

such that (0))g>1 is increasing, (3:25) and (3:26) hold but 35 62/ Ny.pr = +o0. Such a

selection is possible; for example, take
ok(p—1)/p 92k(2—p)/p e
(3.27) k= 7(logk)2/1” k= {7]{2/]3 } ,  pr =277

8



O

Proof of Theorem[24] In view of Theorem [[.2] we have to prove that the convergence in
(I0) takes place. Let o € (0,1) be a number which will be specified later. We define
j—1
(3.28) my = _[i%,j>1.
i=1
Notice that for some constant x depending only on «, we have

ca+1
(3.29) J

— <my <KL L

By the Borel-Cantelli lemma, we have to prove the convergence of the series

onfH‘ > E}

—+oo
1
3.30 i, with p; := max ———————
( ) Zp] bi=H {KK[J’C‘] v/mjloglogm; |g

j=1

for each positive €. To this aim, we start from the inequalities

|gonj| >5/2}+

1
Pj < p {—
v/m; loglogm;

+p \goT””“—Tmbe/Q}

1
max ——————
{ogig[ja] v/mjloglogm;
1
=p ————g| > /2 +
m; loglogm;

max ;‘goTi—ﬂ >5/2},

0<i<[i*] y/m; loglog m;

from which we infer

1
(3.31) pjgu{—lgl>€/2 +
/m;jloglogm;
I I R
a /m;loglogm; 979 20501 [

(i) Assume that p > r/(r —1). Using the definition of ||-[|, ., and inequality (3.29),

we obtain
(33 gl > /2 < clp.2, )2 0], s
v/m;jloglogm; S P j(at1)p/2’
where ¢(p, €, ) is independent of j. Using (3.29) and B8], we derive
(3.33) Mg geT) > <
' a v/m;loglogm,; 99 2[5 [ ~

T ~ar—(a+1)r/2
7,00 -7 )

<e(re, ) |lg—goT||
where ¢(r, e, @) is independent of j.
Combining (B31), (332) and B33), we deduce the upper bound
1 1
. P < .
(3 34) Pj x C(p,r,a,g,g) (j(a+1)p/2 + j(la)r/?)
We have to take o such that

(3.35) (a+1)p/2>1and (1 —a)r/2> 1.




This is equivalent to
(3.36) a>2/p—landa<1-—2/r

Since 2/p — 1 < 1 — 2/r, inequalities (B.30]) are satisfied and in view of ([B.34)), the
series defined by (B30) is convergent for any positive €. This conclude part of
Theorem 2.4

(ii) Assume that p=r/(r —1). We pick o :=2/p—1=1—2/r. In this case, for some
constant ¢ depending only on p and r, the inequality

(337) pi <u{lgl > cef 7} + p{M*(g— goT) > ccjt(e+n/2}
(3.38) =4 {Igl > CEjl/p} +u {M*(g —goT)> Ecj(l‘”‘)”}
(3.39) = {lgl > e} +u {0 (g~ g0 T) > ecj7)

takes place. By item of Lemma [B.I we conclude that the series defined by
B30) is convergent for any positive £ and this concludes part of Theorem [2.4]
hence the proof of Theorem [2.4]

O

Proof of Corollary[24 Like in the proof of Corollary 221 we derive that f admits a
martingale-coboundary decomposition with ¢ in L? and m,g — go T € LP/(?=1 We
thus may apply Theorem 2.4 to conclude that f satisfies the functional law of the iteratd
logarithms. (I

Proof of Theorem [271 Let us fix a positive € and « € [1/p,1]. Let 1 < k < n be integers.
By similar inequalities which leaded to [B.IT]) (we replace the exponent 1/2 by «), we derive

n

(3.40) M{1I£Jagxn|ggoTj| > sno‘} <2 ([k} + 1) w{lgl >en®/4} +
() sens 2)

Let us choose k := [nﬁ], where

(3.41) (p—q)a<B<alr—p)/(r-1)

(the existence of such a ( is guaranted by the assumptions on p, ¢ and r). Then it suffices
to check that for each positive constant ¢, the series

—+oo
(3.42) Sp= Y P Pu{lgl > en®} and
n=1
—+o0
(3.43) o= ana*l*ﬁu{M*(g—goT) > cno‘fﬁ}
n=1

are convergent. The convergence of ¥ is equivalent to the integrability of the function
|g|P~"/*; this holds since (34I) implies ¢ > p — B/
Note that the second series converges if

pa—_

(3.44) E [(M*(g —goT)s7 | < +oo.

Notice that inequality ([B4I) implies that (pa — 5)/(ac — 8) < r, hence we derive the
convergence of Ss by item [(ii)| of Lemma Bl (with the exponent (pa— 3)/(a— 8) > 1 since
p>1).
This concludes the proof of Theorem 2.7 O
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Proof of Corollary[2.8. Like in the proof of Corollaries 2.2l and 2.5 we derive that f admits
a martingale-coboundary decomposition with g € L®=D"/("=1) and m, g —goT € L". By
Theorem [277] we derive that for each positive € and any « € [1/p, 1], (Z8) takes place. O

3.2. Counter-examples.

Proof of Theorem[210. We recall the construction given in the proof of Theorem 3 of
[VS00]. We choose a real number « such that

—2
(3.45) T7<a<1—1—2).

This is possible because

p r—2 1 r—1-—1
346) 1— - ———=—(2—p— —
(3.46) 27 20— 1) 2( L

Y TN YA -
3 P 7)) a1 ® '

For each i > 1, we define n; := 2° and k; := [2'*]. By the Rokhlin lemma (see [Kak43,
Roh48§]), one can find a set A; € F such that

(3.47) sets A;, TA;, ..., T" 1A, are pairwise disjoint and
n;—1
(3.48) pl U 1A >1)2

In particular, the quantity p(A;) can be bounded as follows:

(3.49)

We then define for ¢ > 1,

2k;—1
JRBERE (S e S ok - i),

= Jj=ki+1

(3.50) gi =

and g := Z:;O:) gi, where ig is such that 2k; < n; for each i > i¢g. By the Borel-Cantelli
lemma, since p{g; # 0} < 2k;/n; < 2'~(179)% the series which defines g is almost surely
convergent.

Since it has been shown in [VS00] that the function f satisfies neither the invariance
principle nor the law of the iterated logarithm, it remains to prove that the constructed
function g belongs to L and that the coboundary g — g o T" belongs to L".

By (341 and [B350), the equality

I I -\ P ki ‘ 2k;—1 ‘
(3.51) |g|(7”,§g”) SAUTIAY+ Y 2k — )PUT I AY)

i=1 j=ki+1

takes place, hence integrating and accounting ([3.49), we derive the estimates

ki—
\/nilo lo n; 2 . 1
(3.52) Elg|” < <% ij+ Z 2ki —3)°) | —
7 P 1
2-1
(3.53) <o (loglogn)?’2 o
: < W !
(3.54) = an/%l(loglogni)pmk:i,

hence

(355) ||ngp < 21/Pn3/271/p(10g 10g nz)l/QkZl/p
11



By definition of n; and k;, one can find a constant ¢ depending only on « (hence on p and
r) such that for 7 large enough,

(3.56) lgill, < e 21(1/2=1/P) (10g §)1/2 . 21¥/P = .. (log i)'/? . 2i(e=1+P/2)/p

By (343), the series Y., (logi)1/2 - 2i(@=1+P/2)/P i5 convergent, and we conclude by (3:50)
that g belongs to LP.
It is proved in [VS00] that by construction, the equality

vn;loglogn;

2k;
-1 U T~ A,
j=1

holds. By [B.41) and (3350), we have
Vn;loglogn; <2_ki>1/r

3.58 i—giod|, <
(3.58) lgi = gi 0 71, s (=

hence by the definition of n; and k;, we have for i large enough and a constant ¢ depending
only on «,

(3-59) ||gz —gio THr <c- 2i(1/2—1/r)2ia(1/7‘—1)(1Ogi)1/2,

from which we infer (by (843)) the convergence of the series 7% ||g; — gi o T'||,. hence
the fact that the function g — g o T belongs to L.
This concludes the proof of Theorem 210l O

Proof of Theorem[211l. The construction is similar to that of the proof of Theorem .10
For each i > 1, we define n; := 2¢ and k; := [2i5], where [ satisfies

r—p q

Such a choice is possible since

r—p r r—p_plr—1)—(p-Lr—r+p
61) p-qg-Lsp p-1 - = =
(361) p-g-——>p-(P-U— - 1

We take a set A; € F such that (347) and (348) hold. We then define for ¢ > 1,

0.

1p [ ki 2k —1
ni - ni—7j A . . ni—J A.
(3.62) gi= o | oAUTMTIA) £ 3T 2k = )UTM A |
J=1 Jj=ki+1
and g := ;OZOO gi, where g is such that 2k; < n; for each 7 > 4.

The proof will be complete if we show the following three assertions:

(1) the function g belongs to L4;
(2) the function g — g o T belongs to L";
(3) the sequence (nfl/ PgoT™),>1 does not converge almost surely to 0.

The first two items follow by completely similar computations as in the proof of Theo-
rem[ZI0 To show the last item, we notice that the sequence (2-%/? maXyi <j<oit1 g0 T)i>1
does not converge to 0 in probability. To see this, one can note that

3.63 2-i/p T'>1} >
( ) on { 21‘5??@1 goi =z } -
ni—ki

M{Q_i/p max gioTl21}>,u U Tj(Ai) Z

21120+

N | =

j=1
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Indeed, since g, is non-negative, we have g; < g, which gives the first inequality of ([B.63).
For the second, notice that since n; = 2¢,

ki
(3.64) {2 /P max gioT! > 1} max —1 (T~ JA)oTl>1
0<I<2¢ OIS 42 < ki
Qi nifk.; )
(3.65) S J{wlTwermra} o | T9(4).
1=0 j=1

This finishes the proof of Theorem 2111
(I

3.3. Applications. For the context, we refer the reader to Subsection We define
M :=o(g;,1 <0).

The proof of Propositions and will follow from Corollaries 2.2] and 2.8 and
the following intermediate step.

Lemma 3.2. Let g > 1. Then for each centered f: [0,1] — R and each n > 1, the following
mequalities hold:

o0 oM< [ [ 1{le-al <2715 - S0P avay
(67 (- VR o | M <

//1{|x—y|<2”}‘f ~y‘dxdy<oo,

where J(x) = f(@) — [(@/2)/2— f((z +1)/2)/2
Proof. Following [MWO00], we have for each z € [0, 1],

(3.68) E[foT" | M](z)=2" "221/ { < >f<y;j)]dy,

hence by Jensen’s inequality,

oo IEUeT Mg <2 [ [ 1ol <2711 - S
Since

2" -1 .1 . .
w2 [ ) ()
(370) (- UE[foT" | M) =2 ;/ () -7 (%) an
we prove ([3.67) in a similar way. O

Lemma 3.3. Let g > 1. If for some positive §, we have

q 1 q—1+6
3.7) / / . Isc*yl 2 ( Iwyl) dody < o5,

then the series 35, -, [[E[f o T™ | M]]|, converges.

A similar sufficient condition can be stated for the convergence of the series -, -, [|[(I — U)E[f o T™ [ M]|,.

Proof of LemmalZ3 In view of inequality ([B.60]), we have to prove that

+oo 1/q
(3.72) (2”/ / {|lz —y|<27"}|f(z y)|? dxdy) < 400.



To this aim, we define 8 := (¢ — 1+ §)/q and bound, by Hoélder’s inequality,
1-1/q

+o0 too
3oz / / Ll —y <2 F) — P dady ) (S e ) < e
_ n=1

and since ﬁq/ qg—1) = (g—1+0)/(¢g —1) > 1, it suffices to show that the series
Sobee anQ"f fo 1{|x —y| <27} f(z) — f(y)|? dedy converges. For a fixed t € [0, 1],
we have

log, (1/t)

(3.73) Znﬂqm{tq ") = Z nfaon < (1og2(1/t))ﬁq

from which the convergence of 3 -, [|[E[f o T™ | M]|, follows. O
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