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A zero-@ law for cosine families

Jean Esterle

Abstract: Let a € R, and let k(a) be the largest constant such that sup|cos(na)—
cos(nb)| < k(a) for b € R implies that b € +a+27Z. We show that if a cosine
sequence (C(n)),ez with values in a Banach algebra A satisfies sup,>1[1C(n) —
cos(na).1,ll < k(a), then C(n) = cos(na) for n € Z. Since ¥5 < k(a) < % for
every a € R, this shows that if some cosine family (C(g)) geG Over an abelian
group G in a Banach algebra satisfies supgecllC(g) — c(g)ll < % for some sca-

lar cosine family (c(g))gec, then C(g) = c(g) for g € G, and the constant ‘/75 is
optimal. We also describe the set of all real numbers a € [0, 7] satisfying k(a) < %

Keywords : Cosine function, scalar cosine function, commutative local Ba-
nach algebra, Kronecker’s theorem, cyclotomic polynomials

AMS classification : Primary 46]45, 47D09, Secondary 26A99

1 Introduction

Let G be an abelian group. Recall that a G-cosine family of elements of a
unital normed algebra A with unit element 14 is a family (C(g))gec of elements
of A satisfying the so-called d’Alembert equation

Co=14,C(g+h)+C(g—h)=2C(g)C(h) (g€G,heG). )

A R-cosine family is called a cosine function, and a Z-cosine family is called
a cosine sequence.

A cosine family C = (C(g)) geG is said to be bounded if there exists M > 0 such
that || C(g)ll = M for every g € G. In this case we set

IClloo = supgeclC(QIl, dist(Cy, C) = ICy — Calloo.

A cosine family is said to be scalar if C(g) € C.14 for every g € G. It is easy to see
and well-known that a bounded scalar cosine sequence satisfies C(n) = cos(an)
for some a € R.



Strongly continuous operator valued cosine functions are a classical tool in
the study of differential equations, see for example [2], [3], [15], [19], and a func-
tional calculus approach to these objects was developped recently in [11].

Bobrowski and Chojnacki proved in [4] that if a strongly continuous opera-
tor valued cosine function on a Banach space (C(t)) rer satisfies sup;=ollC(f) —
c(t)|| < 1/2 for some scalar bounded continuous cosine function c(t) then C(t) =
c(t) pour t € R, and Zwart and E Schwenninger showed in [18] that this result
remains valid under the condition sup;=ollC(f) — c(t)]| < 1. The proofs were ba-
sed on rather involved arguments from operator theory and semigroup theory.
Very recently, Bobrowski, Chojnacki and Gregosiewicz [5] showed more preci-
sely that if a cosine function C = C(t) satisfies superllC(£) —c(H) |l < % for some
scalar bounded continuous cosine function c(t), then C(¢) = c¢(¢) for t € R, wi-
thout any continuity assumption on C, and the same result was obtained inde-

pendently by the author in [10]. The constant -2~ is obviously optimal, since

3V3
supserlcos(at) —cos(Bat)| = % for every a € R\ {0}.

The author also proved in [10] that if a cosine sequence (C(?));cr satisfies
superllC(#) — cos(ar)1 4]l = m < 2 for some a # 0, then the closed algebra ge-
nerated by (C(?))er is isomorphic to Ck for some k > 1, and that there exists
a finite family p, ..., pi of pairwise orthogonal idempotents of A and a family
(by, ..., by) of distinct elements of the finite set A(a, m) := {b=0 : superlcos(bt)—
cos(at)| < m} such that we have

k
C() =

J

cos(bjt)pj (jeR).
1

Also Chojnacki developped in [7] an elementary argument to show that if
(C(n)) nez is a cosine sequence in a unital normed algebra A satisfying sup ;=1 11C(n)—
c(n)|l < 1for some scalar cosine sequence (c(n)) ,e 7 then c¢(n) = C(n) for every n,
which obviously implies the result of Zwart and E Schwenninger. His approach is
based on an elaborated adaptation of a very short elementary argument used by
Wallen in [20] to prove an improvement of the classical Cox-Nakamura-Yoshida-
Hirschfeld-Wallen theorem [8], [13], [16] which shows that if an element a of a
unital normed algebra A satisfies sup,>1lla” — 1| <1, then a=1.

Applying this result to the cosine sequences C(ng) and c(ng) for g € G, Cho-
najcki observed in [7] thatif a cosine family C(g) satisfies supgellC(g) —c(g)ll <
1 for some scalar cosine family c(g) then C(g) = c(g) for every g € G.

In the same direction Schwenninger and Zwart showed in [17] that if a cosine
sequence (C(n)),ez in a Banach algebra A satisfies sup;>111C(n) — 14| < %, then
C(n) =14 for every n.

The purpose of this paper is to obtain optimal results of this type. We prove



a "zero-Y2" law : if a cosine famil (C(2))geq satisfies supeegllC(g) —c(@)|l < V5
2 y(C(8))g Pg 8 8 2

for some scalar cosine family (c(g)) g€G then C(g) = c(g) for every g € G. Since

th V5 V5 s i
<11 %2, the constant 52 is opti-

sup=1|cos(2Z) - cos ()| = cos (&) - cos(Z) =
mal.

In fact for every a € R there exists a largest constant k(a) such that sup ,>1lcos(nb)—
cos(na)| < k(a) implies that cos(nb) = cos(na) for n = 1, and we prove that
if a cosine sequence (C(n)) ez in a Banach algebra A satisfies sup,>11C(n) —
cos(na)l 4| < k(a) then C(n) = cos(na) for n = 1. This follows from the following

result, proved by the author in [10].

Theorem 1.1. Let (C(n)) ez be a bounded cosine sequence in a Banach algebra. If
spec(C(1)) is a singleton, then the sequence (C(n)) ez is scalar, and so there exists
a € R such that C(n) = cos(na) forn=1.

The second part of the paper is devoted to a discussion of the values of the
constant k(a). As mentioned above, it follows from [17] that k(0) = 2, and it is
obvious that k(a) <sup,s1lcos(na) — cos(3na)| < \/_ ifagZ 5Z. We observe that
k(a) = == 1f is irrational, and we prove, using basic results about cyclotomic
fields, that k(a) < % if % is rational.
We also show that the set Q(m) := {a € [0,7] | k(a) < m} is finite for every

m < —°=. We describe in detail the set Q (§) it contains 43 elements, and the

3\/_ 2
only values for k(a) for which k(a) < 3 are ‘/_ o0s(Z)+cos (&) ~1.1180, V2 =
cos(%) +cos(3£) ~ 1.4142, and cos(z”) + cos(l—”) ~ 1.4961.

The zero-i law follows then from the fact that k(a) = cos (%) +cos (%) =

foreveryae [R

We also show that given a € R and m < 2 the set I'(a, m) of scalar cosine
sequences (c(n)) ez satisfying suppezlc(n) — cos(na)| < m is finite. This implies
that if a cosine sequence (C(7)) ez satisfies sup,ez |C(n)—cos(an)l 4|l < m, then
there exists k < card (I'(a, m)) such that the closed algebra generated by (C(n)) ez
is isomorphic to C¥, and there exists a finite family py,..., px of pairwise or-
thogonal idempotents of A and a finite family c,..., ¢ of distinct elements of
I'(a, m) such that we have

N:
2

k
Cn)=)_ cj(np; (ne2).
j=1
This last result does not extend to cosine families over general abelian group.
Let G = (Z/32)N : we give an easy example of a G-cosine family (C(g)) g€G with
values in [°° such that the closed subalgebra generated by (C(g))gec equals ™,
while supgeg 1 — C(g)] = 3.



The author warmly thanks Christine Bachoc and Pierre Parent for giving him
the arguments from number theory which lead to a simple proof of the fact that

k(a) < % ifa¢nQ.

2 Distance between bounded scalar cosine sequences

We introduce the following notation, to be used throughout the paper.

Definition 2.1. Let a € nQ. The order of a, denoted by ord(a), is the smallest
integer u =1 such that e*"* =1.

Recall that a subset S of the unit circle T is said to be independent if z? Lo zzk #
1 for every finite family (z,..., zx) of distincts elements of S and every family
(ny,...,n) € Z* of such that zj#0 for j < j < k. It follows from a classical theo-
rem of Kronecker, see for example [14], page 21 that if S = {z1,..., 2} is a finite
independent set then the sequence (z{l,...,zZ)nzl is dense in T*. We deduce

from Kronecker’s theorem the following observation.

Proposition 2.2. Leta € [0,7]. For m =0, set
I'(a,m)={be[0,7]:supp>1|cos(na) — cos(nb)| < m}.
ThenT (a, m) is finite for every m < 2.

Proof : Fix m € [1,2). Notice that if b € R, and if the set {ei“,eib} is inde-
pendent, then it follows from Kronecker’s theorem that the sequence ( (e, e'"?))
is dense in T2, and so Supps1lcos(na) — cos(nb)|=2,and b ¢ T'(a, m).

Suppose that £ € Q, and denote by u the order of 4, so that ela =1 If % ¢Q,
then the sequence (e,>"”’”’)n21 is dense in T, and so

n=1

2= supp=1lcos(na)—cos(nb)| = supp=111—cos(nub)| =2,

which shows that b ¢ T'(a, m).

The same argument shows thatif £ ¢ @, and if % € Q, then b ¢ I'(a, m). So we
are left with two situations

1) 2 ¢ Q, and there exists p #0, g # 0 and k € Z such that bg = ap +2k.

2) %EQand%EQ.
We consider the first case. Replacing b € [0, ] by —b € [-7,0] if necessary we
can assume that p = 1 and g = 1, and we can assume that we have

b=pa+—,
q pa+ .

4



with ged(p,q) =1,r =21,gcd(r, k) =1if k #0.
We have, since £% ¢ Q,

supn=1lcos(na) — cos(nb)| = supp=1 |cos(nrqa) — cos(nrqb)|

= supp=1|cos(nrqa) — cos(nrpa)| = super|cos(qt) — cos(pt)|,

Since gcd(p, q) = 1, we have sup;cp |cos(qt) - cos(pt)| =2if por g iseven,

so we can assume that p and g are odd. Set s = qT_l.

2inpn 2ism
It follows from Bezout’s identity that there exist n = 1 such thate ¢ =e 4

and setting ¢ = 2%, we obtain

SupzeR|COS(qt) —cos(pt)| > l—cos( 251 ) =1 +cos(z),
2s+1 q

The same argument shows that we have

SUPter |cos(qt) - cos(pt)| >1+cos (%) .

We obtain

p=< n ,q =< 7 .
arccos(m—1) arccos(m—1)

We also have

Supp=1lcos(na)—cos(nb)| = supp=1 |cos(nqa) - cos(nqb)|

2nkqn)

= SUPn=1

cos(nqa) —cos (npa +

Assume that k # 0, set d = ged(r,q), 11 = %,ql = %. Then gcd(kqy, 1) =1,
2ukqm

and so there exists u = 1 such that r1

2 ..
€ <% +2nZ. This gives

Supp=1lcos(na)—cos(nb)| = supnz1

2nm
cos(nuqa)—cos|npua+ r— .
1

If r1 is even, set r, = 2. We obtain

2nm
cos(nuqa)—cos (npua + —)’

SUPp=1 -
1

= SUPn=0 |cos((2n + 1D ruqa)— cos((2n +1Drupa) +7'[)| .



Since 2r,ua ¢ nQ, there exists a sequence (n;) j=1 of integers such that

i2njrauatirua

=1,

limj_,+oo|e
so that
limj—..co|cos(@nj+1)rauqa) — cos(2nj+ Droupa) + )| =2,

and in this situation sup,>1lcos(na) — cos(nb)| = 2.

So we can assume that ry is odd. Set r» = %1 The same calculation as above
gives
2nm
Supp=1|cos(nuqa) —cos\npua+——
r

2(n2rp+1)+ 1)

> SUupp=1|cos((nro+1)+r)uqga)—cos ((n(2r2 +1)+nr)upa+
2rp+1

7
21+cos( )
2rp+1

2
Hencer{=2r+1< r=r1dsr1qs(+) .

bid
arccos(m—1)’ arccos(m-—1)

This gives

7 3 7 3
2lklm <r|lgb—pal <2n (—) k| < (—) .
arccos(m—1) arccos(m—1)

We see that I'(a, m) is finite if % ¢ Q, and that we have

T 7
cardT(a,m)) <2 (—) .
arccos(m—1)

Now consider the case where £ € Q, % € Q. We first discuss the case where
a=0,b#0.Wehave b= p—;,where lsp=<gq,gcdlp,g)=1

If p=g=1,then b=m, and supy>1|1 — cos(nm)| = 2. So we may assume that
p<q-1.1f pis odd, then we have

Supp=111—cos(nb)| =|1-cos(gb)|=1-cos(pn) =2.

So we can assume that p is even, so that g is odd. Set r = qT_l. There exists
no=1andr € Zsuch that nyp —r € qZ, and we have

2rm T
SUpnezll —cos(nb)| = 11— cos(2ngb)| = ’1 —cos( )’ =1 +cos(—).
2r+1 q

2
. . 4
We obtain again g < (arccos(m—l)) :

5 and card I'(0,m)) <

[ | S
arccos(m—1

d



Now assume that a # 0, and let u = 2 be the order of a. We have

Supp=111—cos(nub)| = supy=1lcos(nua) — cos(nub)| < m,

and so there exists there exists ¢ € I' (0, m) such that cos(nc) = cos(nub) for n = 1.
In particular cos(c) = cos(ub),and b = iﬁ + %, where k € Z. We obtain

- 2
card T (a,m)) <2ucard ('(0,m)) <2ucard (—) .
arccos(m-—1)

a
We do not know whether it is possible to obtain a majorant for card (I'(a, m))
which depends only on m when a € Q.

Theorem 2.3. Let a € R, let m < 2, and let (C(n)),ez be a cosine sequence in
a Banach algebra A such that supu>1||C(n) — cos(na)ll < m. Then there exists
k < card (U'(a, m)) such that the closed algebra generated by (C(n)) yez is isomor-
phic to C¥, and there exists a finite family p, ..., py of pairwise orthogonal idem-
potents of A and a finite family by, ..., by of distinct elements of I' (a, m) such that
we have

C(n)=

J

k
cos(nbj)pj (ne?2).
=1
Proof: Since ¢, = P, (c1), where P,, denotes the n-th Tchebishev polynomial,
A, is the closed unital subalgebra generated by ¢; and the map y — x(c;) is a
bijection from ;1\1 onto specy,(c1). Nowlet y € ;1\1 The sequence (y(c;))n=1is @
scalar cosine sequence, and we have

SUpp=1|cos(na) — y(cp)| <2.

It follows then from proposition 2.2 that speca, (c1) := {1 =x(c1): y € 1/4\1} is
finite. Hence A; is finite. Let X1,---» Xm be the elements of A;. It follows from the
standard one-variable holomorphic functional calculus, se for example [9], that
there exists for every j < m an idempotent p; of A; such that y;(p;) =1 and

m
Ak(pj) =0for k # j. Hence pjpr =0 for j # k, and }. p; is the unit element of
j=1

Ay

Let x € Ay. Then (pjcu)nez is a cosine sequence in the commutative unital
Banach algebra p; A;, and specp;a,(pjc1) ={x;(c}.

Since supp=1 || pjcos(na) — pjcn” <2|pjl, the sequence (p;cp)n=1 is boun-
ded, and it follows from theorem 2.3 that (pjcn)n=1 is a scalar sequence, and
there exists §; € [0, 7] such that pjc, = yj(ch)pj = cos(nfj)pjforneZ.



m m
Hence ¢, = } xjlcn)pj = X cos(nfj)p; for n = 1. Since A; is the closed
j=1 j=1

m
subalgebra of A generated by c;, we have x = } x;(x)p; for every x € A;, which
j=1
shows that A; is isomorphic to C"”. O

Corollary 2.4. Let a = 0 € R, and let k(a) be the largest positive real number m
such that I'(a, m) = {a} for every m < k(a). If (C(n)) ez is a cosine sequence in
a Banach algebra A such that sup,>11C(n) — cos(na)lll < k(a), then C(n) =
cos(na)ly forneZ.

Theorem 2.3 does not extend to cosine families over general abelian groups,
as shown by the following easy result.

Proposition 2.5. Let G := (Z/ 32)N. Then there exists a G-cosine family (C(g)) g€G
with values in I*° which satisfies the two following conditions

(i) supgeglll —C(Q)I =3,
(ii) The algebra generated by the family (C(g))gec is dense in [*°.

Proof : Elements g of G can be written under the form g = (g,,)) m=1, where
gm €10,1,2}. Set

C(g):= (cos(zgmn)) .
3 Jim=1

Then (C(g)) geG is a G-cosine family with values in [*° which obviously satis-
fies (i) since cos (%) = cos (4&) = -3.
Now let ¢ = () mez be an idempotent of [*°, and let S:={m =1 | ¢, = 1}.

Setgm=1ifmeS, g,=0ifm=1,m¢S, and set g = (g,,,) m=1. We have

3
C0g)-C(g) =1=—-C(g) = E(P,

and so ¢ € A. We can identify [*° to € (BN), the algebra of continuous func-
tions on the Stone-Céch compactification of N, and SN is an extremely discon-
nected compact set, which means that the closure of every open set is open, see
for example [1], chap. 6, sec. 6. Since the characteristic function of every open
and closed subset of SN is an idempotent of [*°, the idempotents of [*° separate
points of BN, and it follows from the Stone-Weierstrass theorem that A is dense
in [*°, which proves (ii). O



3 The values of the constant k(a)

It was shown in [17] that k(0) = % We also have the following result.

ere _ 8 :ra . . 8 :ca :
Proposition 3.1. We have k(a) = 33 lfn is irrrational, and k(a) < 33 lfn is
rational .

Proof : Assume that £ ¢ Q. Then 3a ¢ +a+ 2717, and we have

8
k(a) < supp=1lcos(na)—cos(3na)| = supyerlcos(x) —cos(3x)| = —.

3v3

We saw above that If % in Q, then sup,>;lcos(na) — cos(nb)| = 2, and we
also have sup,>1lcos(na) — cos(nb)| =2 if pa—qgb ¢ 2nZ for (p, q) # (0,0). So if
supys1lcos(na) — cos(nb)| < 2, there exists p € Z\ {0}, g€ Z\ {0} and r € Z such
that pa—qb =2rm.

If p # +q then it follows from lemma 3.5 of [10] that we have

sup,,1lcos(na)—cos(nb)| = sup,=;lcos(nqa)—cos(ngb)| = sup,,~,lcos(qna)—cos(pna)l

= —.

3v3
2sm

We are left with the case where b = +a + = where r € Z\{-1,0,1}, and we
can restrict attention to the case where b = a + 257” wherer =2, 1<s<r-1,
ged(r,s) = 1. It follows from Bezout’s identity that there exists for every p = 1
some u € Z such that ub—-ua - 2% € 2nZ.1f r is even, set p = 5. We have, since

the set {ei(z’%l)“}n21 is dense in the unit circle,

=Sup cplcos(gx) — cos(px)| = sup g

cos (Bx) —cos(x)
q

Supp=1lcos(nb) —cos(na)| = supnpezlcos(nb) — cos(na)|
> supp=1lcos((2n+1)ub) —cos(2n+1)ua)|
=2supp=1lcos(@n+1ua)l =2.

Now assume that r is odd, and set p = %1 We have

supp=1lcos(nb) —cos(na)| = supy=1lcos(2n+1)ub) —cos(2n+ 1 ua)l

= Ssupp=1|cos(@nr+1)ua) - cos((an +Dua+ (2nr+1) (n— %m



7 7 8
> SUPxer |€OS(X) +cos (x— ?)| > 2003(;) >3 > ﬁ

Now assume that £ is rational. If the order of a is equal to 1, then k(a) = 1.5,
and we will see later that this is also true if the order of a equals 2 or 4.
Otherwise we have

k(a) < supp=1lcos(na) — cos(3na)l = max,<p<ylcos(na) — cos(3na)l.
_8_ 1
We have |cos(nx)—cos(3nx)| < \/_1fx$+arccos(\/_)+nz Ifna€+arccos(\/§)+

would be rational, and « := \}_ + ‘\C_
be a root of unity. So = a? = —% + z‘é_’ would have the form = e’ for some
n <1 and some positive integer k = n such that gcd(k, n) = 1.

Let Q(8) be the smallest subfield of C containing Q U . Since 38 + 28 +
3 = 0, the degree of Q(f) over @ is equal to 2. On the other hand the Galois
group Gal(Q(B)/Q) is isomorphic to (Z/nz)*, the group of invertible elements
of Z/nZ, and we have, see [21], theorem 2.5

arccos( \fS)

nZ for some n = 1, then would

H(n)=deg(Q(p)/Q) =2,
where H(n) = card (Z/nZ)*) denotes the number of integers p € {1,..., n}
such that ged(p,n) = 1.
Let P(n) be the set of prime divisors of . It is weil-known that we have, wri-
ting n = Il,ep(n) p??, see for example [21], exercise 1.1,

H(n) = Mpepen p™ ' (p—1).

It follows immediately from this identity that the only possibilities to get
Hn)=2aren=3,n=4, andn—6 Since 82 # 1, B* # 1, and B° # 1, we see
that >~ B g irrational, and so k(a) < \/_ 1f is rational. O

D

We know that if % is rational, and if % is irrational, then sup,>i|lcos(na) —
cos(nb)| = 2. We discuss now the case where % and % are both rational, with
b¢+a+2n”Z.

Lemma 3.2. Leta,be (0,7n].

@ Iflasb=%, oriff<bs3Z

< 2Z, with|b- 4| = 7a, then

Supp=1lcos(na)—cos(nb)| > 1.55.

(i) IfZ < b<m, and ifb = 4a, then

10



cos(a)—cos(b) > 1.57.

Proof : (i) Assume that 7a < b < 7, let p be the largest integer such that pb <

*F,andset g = p+1Wehave <qb55f,0<qa_28,andweobta1n

Supp=1lcos(na) - cos(nb)| = cos(qa) — cos(gb) = cos (EZ)Z) + 005(4) > 1.55.

Now assume that ” <bs< ?” with |b — 2”| > 7a, and set ¢ = |3b - 27x]|. Since
|b—23”|sg,wehave21as <%a ndweobtaln

Supp=1lcos(na) — cos(nb)|= supp=11cos(3na) — cos(3nb)|
= Supp=1lcos(3na) — cos(nc)| > 1.55.

(i) If 2Z < b <, and if b = 4a, then 0 < a < Z, and we have

cos(a) — cos(b) = 003(4) + 003(6) > 1.57.

Lemma 3.3. Let p, q be two positive integers such that p < q.
(i) If q # 3p, then there exists uy 4 = 1 such that, if ord(a) = Up, g we have

8
supp=1lcos(npa) — cos(nqa)| > —.
Pn=1 p q 3
(i) Ifq = 3p, then for every m < % there exists u,(m) = 1 such thatiford(a) =
u(m) we have

supp=1lcos(npa) —cos(Bnpa)| > m.

Proof : Set A = supyerlcos(px) — cos(qx)l = supx>0|cos(px) —cos(gx)|. An

elementary verification shows that 1 > m ifqg#3p, and A = \/_ if g =3p, see
for example [10]. Now let u < A, and let n <  be two real numbers such that
2nin

lcos(px) — cos(gx)| > uforn < x < 4. Since (e, 1 ={e"u }1<p<yu, we see that
Supp=1lcos(npa) — cos(nqa)| > p if 27” < 0 —n, and the lemma follows. O

Lemma 3.4. Assume that 4 and % are rational, let u = 1 be the order of a and let
v be the order of b.
(i) Ifu # v, U # 3V, v # 3u then supys1|cos(na) — cos(nb)| = 1+ cos(%) >

18>W

11



@@i) Ifu=v,and if b ¢ +ta+2nZ, then there exists w € Z such that2 < w < %
and gcd(u, w) =1 satisfying
(Zmr) (ann)
cos|—|—-cos .
u u

Conversely ifa € nQ has order u, then for every integer w such that gcd(w, u) =
1, there exists b € mQ of order u satisfying (2).

(iii) If v = 3u, then there exists an integer w such that1 < w < % andgcd(u, w) =
1 satisfying

Supp=1c0s(na)—cos(nb)| = supp=1

)

Supp=1c0s(na)—cos(nb)| = supp=1

3

(Znn) (ann)
cos|—|-cos .
3u u

Conversely ifa € nQ has order u, then for every integer w such that gcd(w, u) =
1 there exists b € t1Q of order 3u satisfying (3).
(iv) If u = 3v, then there exists an integer w such that1 < w < % andgcd (%, w) =

1 satisfying
(Znn) (ann)
cos|——|—cos .
u u

Conversely if the order u of a € nQ is divisible by 3, then for every integer w
such that gcd (%, w) = 1 there exists b € nQ of order ¥ satisfying (4).

Supp=1co0s(na)—cos(nb)| = supp=1

4)

Proof : (i) Assume that u # v, say, u < v, and let w # 1 be the order of ub,
which is a divisor of v. We have ub = 2”7“, with ged(a, w) = 1, and there exists
Y = 1 such that @y — 1 € wZ. We obtain

2
Supp=1lcos(na)—cos(nb)| = supp=1lcos(nuya)—cos(nuyb)| = suplsnswl—cos(ﬂ) .
w

If w is even, then sup,>1lcos(na) — cos(nb)| =2.If wis odd, set s = —”’2_1 . We
obtain
2sm b4
Supp=1lcos(na) —cos(nb)|=z1—-cos|—|=1+ cos(—).
w w
If w =5, we obtain

b/ 8
Supp=1lcos(na)—cos(nb)| =1+ cos (E) >1.8>——.

3v3

Ifw:3,letd=gcd(u,v),andsetr=%.Thenw=3:§>r. So either r =1
orr=2.

12



Ifr:2,wehaveu:2d,v:3d,a=2ﬂ=%rwithpodd,b:23%rwith

2d
ged(q,3d) =1, and we obtain

Supp=1lcos(na) —cos(nb)|=|cos(3da)— cos(3dDb)|
=|cos@Bpm) —cos(2qm)| =2.

Ifr=1thenu=dand v=3d=u.

We thus see that if v > u and v # 3u, then sup,>1lcos(na) — cos(nb)| = 1 +
cos(%) >1.8> %, which proves (i).

(ii) Assume that u = v, and that b ¢ +a+2xZ. There exists a,f € {1,...,u—
1}, with @ # B, @ # u— p such that a € £2%% + 277 and b € iz“% +2n7, and
ged(a,u) = ged(B, u) = 1. It follows from Bezout’s identity that there exists y € Z
suchthatay—1€ uzZ.1f By+1 € uZ then we would have afy+a € auZ c uzZ, and
B+ @ € uzZ, which is impossible. Hence yf — w € uZ for some w € {2,...,u -2},
ged(w, u) =1since ged(y,u) = gecd(B,u) =1, and we have

Supp=1lcos(na) — cos(nb)| = sup,=1lcos(nya) — cos(nyb)|

(Zmr) (2nw7r) Znan) (Znawn)
cos|— |—-cos|—— —cos
u u u
(Znan) (Znﬂn)
cos —cos|——
u u

By replacing w by u — w if necessary, we can assume that2 < w < .
Now let w € Z such that gcd(u, w) = 1. We have a = 2”‘7”, with ged(a, u) = 1.
The same argument as above shows that we have

(Zmr) (ann)
cos|—|-cos
u u

with b = Zwu“”, which has order u.

(iii) Now assume that v = 3u. There exists « € {1,...,u—1}and B e {1,...,3u—
1} such thata e J_rz"‘T” +27Z and be +2L2 +2nZ,and ged(a,u) = gcd(B,3u) = 1.

u

Lety € Zsuch that fy—1 € 3uZ. Then gcd(y,3u) =1, and a fortiori gcd(y, u) = 1.
There exists w € Z such that ay € +w + uZ, and we see as above that we have

=SUPn>1 > SUPnp>1 cos(

= SUPp>1 =supp=1lcos(na) — cos(nb)|.

SUPn=1 = Supp=1cos(na) —cos(nb)|,

Supp=1lcos(na)—cos(nb)| = supnp>1

cos (Zn:m) ~cos (Znﬁﬂ)

(2nw7r) (2117'[)
cos —cos|—1|.
u

=SUPn=1

2 2
cos( nayn)_cos( npym

u 3u

)’ = SUPp=1

13



Converselylet a = 2“7” € nQ have order u, and let w € Z be such that gcd(u, w) =
1. If @ is not divisible by 3, then gcd(a,3u) = 1. If « is divisible by 3, then u is not
divisible by 3, and so a + u € a + uZ is not divisible by 3. So we can assume wi-
thout loss of generality that « is not divisible by 3, and there exists f = 1 such
that a8 — 1 € 3unZ. Similarly we can assume without loss of generality that w is
not divisible by 3, and there exists y = 1 such that wy -1 € 3unZ. Set b = zgzn.

Then b has order 3u, and we see as above that we have

s COS(ann) COS(Znn) > s COS(Znaywn) COS(Znayn)

Pr=1 u 3u )| Pr=1 u 3u
2naywpPwn 2naypwn
=Supp=1lcos(na)—cos(nb)| = supnp>1 cos(y—ﬁ) —cos(gy—ﬁ)

u u

(ann) (2117'[)
=SUpp=1|cos —cos|—||,
u 3u

which concludes the proof of (iii).

(iv) Clearly, the first assertion of (iv) is a reformulation of the first assertion
of (iii). Now assume that the order u of a € 7Q is divisible by 3, set v = %, write
a= 2"‘7”, and let w € Z such that gcd(w, v) = 1. We see as above that we can
assume without loss of generality that gcd (u, w) = 1.

Since gcd(a, u) = 1, we have a fortiori gcd(a, v) = 1, so that ged(aw,v) =1,
so that b:= G"‘T’” has order v and we see as above that a, b, u and w satisfy (4). O

In order to use lemma 3.4, we introduce the following notions.

Definition 3.5. Let u = 2, and denote by A(u) the set of all integers s satisfying
1<s<¥ gcd(u,s) =1, and let Ay (1) = A(u) \ {1}. We set

=3
(Zn) (2wn)
cos|—|—cos|—
3u
(Zn) (an)
cos|—|—cos
u

with the convention 0(u) = 2 if A1 (u) = @.

Notice that A (u) = ¢ if u =2,3,4 or 6, and that A; () # @ otherwise since as

we observed above H(n) = card (Z/nz2)*) =3ifn¢({1,2,3,4,6}.
We obtain the following corollary, which shows in particular that the value

of k(a) depends only on the order of a.

o(u) = infweA(u) SUPp=1

0(u) = infweAl(u) SUPp=1

Corollary 3.6. Letae nQ, and let u =1 be the order of a.
() If u is not divisible by 3, then k(a) = inf(o(u),0(u)).
(ii) If u is divisible by 3, then k(a) = inf (o (%§),0(u),0(w)).

14



Proof: Set

— M(@={benQ|b¢ +a+2nZ,0ord(b)=ord(a)},

— MA(a)={benQ|ord(b)=3orda)},

— As(@) ={benQ|30rd(b)=ord(a)},

— Ag(a)={benQ|ordb)#ord(a) #3ord(b)},
andforl<i<4,set

Ai(@) = infpep, @@ suplcos(na) — cos(nb)|,
n=1

with the convention A;(a) =2 if A;(a) = @.
Since b ¢ +a+2n7Z if ord(b) # ord(a), we have 1,(a) <
from lemma 3.4(i) that we have

8
3v/3’

and it follows
k(a) = inflsis4/1i(d) = inflsisB/li(d),

and it follows from lemma 3.4 (ii), (iii) and (iv) that A; (a) = 0 (u) if A1 () # @,
that A, (a) = o(u), and that A3(a) = o (%) if u is divisible by 3. O
We have the following result.

Theorem 3.7. Letm < %. Then the set Q(m) :={a € [0,7]: k(a) < m} is finite.

Proof: It follows from lemma 3.3 applied to 27” and 67” that there exists 1y = 1
such that we have, for u = wuy,

(2nﬂ) (2wn7r)
cos|—|—cos
u u

()supp=1

>m if2 < wsinf(g,G),

.. 6nm 2Bw+1nn .
(Ii)supp=1|cos — —cos|————||>m if0<w<=<6,
u
6nm 2Bw+2)nn .
(iii)suppz1|cos|— | —cos| ————||>m if0 < w <6.
u u

Let u = up, and let w be an integer such that 2 < w < 5. 11 2% < /2, or if
2% > %”, it follows from lemma 3.2 and property (i) that we have

(Zmr) (anﬂ)
cos|—|—cos >m
u u

SUPn=1

Now assume that F < 24Z < 3T [f |y — 4| > 7, it follows from lemma 3.2 that

(Znn) (Zwmr)
cos|—|—-cos
u u

15

we have

>1.55>m.

SUPn=1



If|w—%| <7,setr=|3w—u|. Then 0 < r <20, and we have
(Gnn) (ann)
cos|— | —cos .
u u

If u is not divisible by 3, then either r =3s+ 1 or r =3s+2, with 0 < w < 6,
and it follows from (ii) and (iii) that we have

(Zmr) (anﬂ)
cos|— |—cos
u u

Znn) (ann)
—cos = SUPp=1

cos (—
u

SUPn=1

>m.

SUPn=1

If u is divisible by 3 then r is also divisible by 3. Set v = § and s = 3. Then

0 < s <6, and we have

(Znn) (ann)
cos|—|—-cos
u u
If s€ {2,3,4,5,6} it follows from (i) that we have, if u > 31,
(Znn) (ann)
cos|— | —cos >m
v u

Now assume that s = 0. If u > 15, then v =5, and we have

Z SUPn=1

(Znn) (Znsn)
cos|—|—-cos .
v v

SUPn=1

SUPn=1

2nm 2snm 2nm T
SUpp=1|cOS T —CoS =Supp=1|cos T -1 21+cos(g)>1.8>m.
Now assume that s = 1. We have, with € = +1,
(Zmr) (anﬂ) (2 (Zmr 2n67r)
SUpp=1|cos|——|—cos = SUPp=1|cOS|——|—cos| —+
u u v 3
(2(3n+1)n) (2(3n+1)n Zen) (Znn 21 en)
> Ssupps1|cos| ———— | —cos| ————+ — || = V3|sin| — + —+ —
3v 3 v 3v 3
Thereexistspz1andqusuchthat%—%SZT”+2—’5+%+26]7IS%+%,

and we obtain, foru =21, w=v +1,

(2117'[) (2wn7r)
cos|—|—cos
u

” > \/§cos(ﬂ) > \/5003(%) > 1.56 > m.

v

SUPp=1

We thus see that if u = y is not divisible par 3, or if u = max(21,3uy) is

divisible by 3, we have, for2< w < %,

16



(Znn) (ann)
cos|——|—cos >m
u u

It follows then from corollary 3.6 that if the order u of a € [0,2n] satisfies
u=max21,3uy), we have k(a) > m.

O

We now want to identify the real numbers a for which k(a) < 1.5.

If a € 7Q has order 1,2 or 4, then sup,>ilcos(an) — cos(3an)| = 0. We also
have the following elementary facts.

SUPp=1

Lemma 3.8. LetaenQ, and let u ¢ {1,2,4} be the order of a.
1. Ifu¢{3,5,6,8,9,10,11,12,15,16,18,22,24,30} then

supp=1lcos(an) —cos(Ban)| > 1.5.
2. Ifuef{3,6,9,12,15,18,24,30}, then
supp=1lcos(an) —cos(3an)| =1.5.

3. Ifue{5,10}, then

5
supp=1lcos(an) —cos(3an)| = -

4. Ifue{8,16}, then

supp=1lcos(an) —cos(3an)| = V2.

5. Ifuef{l1,22}, then

8n 24n 21 3n
supp=1lcos(an)—cos(3an)| = —-cos ' +cos|—|=cos|—|+cos 1 ~ 1.4961.

Proof : We have {€/%"},,-, = {ez%}lsnsu, and so we have
(2117'[) (6117'[)
cos|—|—cos|—
u u
(Znn) (Gnn)
cos|—|—cos|—
u u

and the value of sup,=1lcos(an) — cos(3an)| depends only on the order u of a.

supp=1lcos(an) —cos(3an)| = sup,=1

=SUP1<n<u

)

17



The function x — cos(x) — cos(3x) is increasing on [0, arccos (i)] and de-

V3
creasing on [arccos (%),—arccos (%)] , and 0.2757 < arccos (%) < 0.3337.
Since cos(x) — cos(3x) > 1.5 if x = 0.2757 or if x = 0.3337, there exists a closed
interval I of length 0.0587 on which cos(x) — cos(3x) > 1.5. Soif u =35 > ﬁ,
there exists 7 = 1 such that 2% € I, and we have

supp=1lcos(an) —cos(3an)| >1.5 Vn=35.

The other properties follow from computations of sup;<,<y | cos (2%
for 3 < u < 34 which are left to the reader. O

We now wish to obtain similar estimates for supp=1 |cos(22) - cos(£Z)| for
s €12,4,5,6}. Set fs(x) = cos(x) — cos(sx),05 = supx=olf($)I,65 = supx=ol f" ().
We have 6; =2 if s is even, and a computer verification shows that 6; > 1.8 for
s = 5. It follows from the Taylor-Lagrange inequality that if f attains it maximum

at a5, then we have,

6nn)|

)~ cos (222

0 0
|fs(x)_es| = Es |(x_as)2|v|fs(x)| ZHS_ES |(x_a3)2|v

and so |fs(x)] > L5 if |(x— ay)?| < 20§_X—3' So if I < 4/ 26(;:3 there exists a closed
interval of length 2/ on which | f;(x)| > 1.5. Let us = ls be an integer. We obtain

SUPp=1

2nm 2snm
cos|—|—cos|——|{>1.5 Yu= u;,. (5)
u u

Values for u; are given by the following table.

s | 0 Os I Us
212 <5 |0.4472| 8
412 <17 ] 0.2425 | 13
5(>18]=<26|0.1519 | 21
6|2 <371 0.1644 | 20

We obtain the following result

Lemma 3.9. Let u >4 be an integer, and let s < % be a nonnegative integer.
If s #3, then we have

>1.5

SUPp=1

(Zmr) (Znsn)
cos|— |—cos
u u

Proof: If s =0, then

18



(Zmr) (2nsn)
cos|—|—cos
u u

If s = 7, the result follows from lemma 3.2 (i). If s € {2,4, 6}, the result follows
from the table since u = 4s. If s = 5, the result also follows from the table for
u =21, and a direct computation shows that we have

(Znn) (IOnn)
cos|——|—cos
20 20

Now set gs(x) = cos(3x) — cos(sx),05 = sSupx=0lg(s)|,05 = supx=o0lg"(s)|. We
have 6 = 2 if s is even, and a computer verification shows that 85 > 1.85 for s = 5,

0,>191fors=7,s=11,0,>197for s=13,s=17, 65, > 1.96 for s = 19. We see

as above that if I < 205_3, and if ug > ll is an integer, we have
N S

SUPn=1 =SUPnp=1

2nm
cos|—|—1{>1.8.
u

= ’ (—)—COS(—)| = 1+COS(—)>1 80
SUPp> SUP1<n< coS .0l.
n=1 1<n<20 10 2 5

O

2snm 6nm
SUpp=1|cos —cos|—||>1.5 Yu= u;. (6)
u u
We have the following table.
0, O Is Us
2 <13 |0.2774 | 12
2 <23 |0.2085 | 16

>1.91| <58 |0.1189 | 27
2 =73 |0.1170 | 27
10| 2 <109 | 0.0958 | 33
11| >1.91 | =130 | 0.0794 | 40
13| >197 | =178 | 0.0727 | 44
14 |2 <205 | 0.0698 | 45
16 | 2 <275 | 0.0603 | 53
17| >1.97 | =298 | 0.0562 | 56
19 | >1.96 | =390 | 0.0486 | 65
20 |2 <409 | 0.0494 | 64

S
2
4
5 | >1.85| =34 |0.1435 | 22
7
8

We will be interested here to the case where u is not divisible by 3 and where
2% < %, which means that u > 4s. So we are left with s =2, © =8,10 or 11, and
with s =5, u = 20. We obtain, by direct computations

19



Cos(4n7r) COS(Gnn) s
—_— —_— = u >
) s Pn=1

su cos(ﬂ)—cos(gﬂ) =2
Pn=1 5 1 =2

I
N

(2nﬂ) (3117'[
cos|—|—-cos|—
5 5

s 003(4’”) Cos(Gnn) s
UPy> — - — || =supy,>
Pn=1 10 10 Pn=1

Anm onm 20m 30w 27 3
SUpp=1|co0S|——|—cos|——||=cos|——|—-cos =cos +cos|—| = 1.4961.
11 11 11 11 11 11
s cos(lonn) cos(Gnn) S cos(nn) cos(gnn) >1.80
Upn> — | - — || =SUpn> — | - —_— .80.
Prz1 20 20 Prz1 2 10

We obtain the following lemma.

Lemma 3.10. Let u, s be positive integers satisfyingu =4, § < s < 51—2‘, with s =2,

so that u =5. We have

=cos(Z)+cos(¥) ifu=5,5=2, orifu=10,s=3,
—\/_lfu 8,s=3, orifu=16,s=5,

2nm 2snm
SUPp>1|cos|— | —cos —cos( )+cos( L) ifu=11,s=4orifu=22,5s=7,
“ “ :1.51fu—12 5—3
> 1.5 otherwise.
5t 2m _ 2
Proof : Set r = |3s — u. Slnce?—g—?”—?”—6,wehave0<%<l If

r =21, it follows from lemma 3.1(i) that sup,>1 |cos(2"”) cos(zsl:‘”)| > 1.5.
If u is not divisible by 3, then r is not divisible by 3 either, and it follows from
the discussion above thatif r # 1 and r # 2, we have

2nm 2snm 6nm 2rnm
cos|——|—cos cos|—|—cos|—— || >1.5.
u u u u

The condition r = 2 gives |s—%| = 2. We saw above that in this situation
2””) cos(z”’” )| > 1 5 unless u = 11, which gives s = 3, and we

Supnzl Esupnzl

SUPp=1 |cos
have

SUPp=1 =SUP1<n<11

(Zmr) (6117'[)
cos|—|—-cos|—
11 11

(6117'[) (4n7r)
cos|—|—cos|—
11 11
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30 207 27 3n
cos|—|+cos|—||=cos|—|+cos|— | =1.4961.
11 11 11 11

The condition r =1 gives |s - 4| = %, which gives s = “T—l if u=1mod 3, and
utl if 1y = 2 mod 3. In this situation we have
(2117'[) (Gmr)
cos|—|-cos|—1||.
u u

3
(2117'[) (Zsmr)
cos|—|—cos
u u

Since we musthave | s — %| = 1, it follows from lemma 3.8 thatif r ¢ {5,8,10,11,16,22},
orifu=5s#2,orifu=8,s#3,orifu=10,s#3,orifu=11, s #4, orif u =16,

s#5,orif u=22,s#7wehave

2nm 2snm
cos|——|—cos > 1.5.
u u

A direct computation shows the that we have

(Znn) (ann)
cos|— | —cos
u u

S=

SUPp=1 > SUPp=1

SUPp=1

SUpn=1 =SUP1<n<u

(Znn) (ann)
cos|—|—cos
u u

cos(Z)+cos(&) ifu=5,s=2, orif u=10,s=3,
={ V2ifu=8,5s=3, orifu=16,s=5,
cos(i—’f)ﬁtcos(?—’l’) ifu=11,s=4 orifu=22,s=7.

We now consider the case where u = 3v is divisible by 3. Then r is also divi-
sible by 3. If r =0, and if u # 9, then we have

(Znn) (ann)
cos|—|—cos
u u
If u =9, then s = 3, and we have
2nm 2snm 2nm 2nm
cos|——|—cos — | —cos|—||=1.5.
u u 9 3
Now assume that r = 3, which means that s = v + ¢, with € = £1. We have
(2117'[) (Zsmr) (Zmr) (2117'[ 2€n7r)
cos|—|—cos cos|—|—-cos|—+
u u 3v

3 3v
. (nn (1+e)nn)
sin| —+——
3v

Supnzl zsupnzl

2nm
cos T —1{>1.8.

cos

SUpn=1 =SUP1<n<9

SUPn=1 = SUP1<n<3v

=2SUpPi<n<3v

( nmn (l—e)nn)
nl-—+——
3 3v
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=SUP1<n<3v

. (nm . (nn Znn)
sm(—)| sin|—+—
3 3 3v

Bn+1)nw N 2Bn+ l)n)
3 3v
(Znn (v+2)n)

sin

= \/§SUPOSHSU

= V3sUpo<n<y |Sin

3v

Since sin(x) > ‘/75 forf <x < 2% thereexists n € {1,..., v} such that sin (2"” + —(”;5)”) >

@ if v =7, and we obtain

(Znn) (ann)
cos|—|—cos
u u
We are left with the cases where u=6,v=2,s=1or3,u=9,v=3,s=2or 4,
u=12,v=4,s=3or5,u=15v=5s=4o0r6, u=18,v=6,s=5o0or7.Buts=11is
not relevant, and the condition ” <s< ?g‘ is not satisfied for u = 6, s = 3 and for
u=9,s=2or4.
Direct computations which are left to the reader show that we have

(Zmr) (Zsmr)
cos|—|-cos
u u

SO supps1 |cos (22m) - cos(z”’” )|>1.5if
and when s — £ €{ 1, O 1}, unless u = 12 and If u=12 and s = 3, we have

2nm 2snm nm nn
cos|——|—cos cos(—) —cos(—)| =1.5.
u u 6 2

Now assume that u = 31/ is divisible by 3, and that 2 < |s — 1/| < 6. Set again
r=13s—ul, and set p = z, so that 2 < p < 6. Notice also that p < {5 since r <
so that u>24 and v = 8. We have

(6117'[) (Zrmr)
cos —cos ”

(2117'[) (23nﬂ)
cos|—|—cos|——
u u
(2117'[) (mer)
cos|—|—cos
v

It follows then from lemma 3.9 that supps |cos(2Z) - cos(222)| > 1.5 if

p#3.
If p =3, then u = 36, and so v = 12. Since s — v = %3, it follows from lemma
3.5 that we only have to consider the following cases :

>1.5 ifu=21.

SUPp=1

>1.64if u=15and s =4,
>1.70orifu=18and s=5o0rs=7
>1.72 ifu=15and s =6,
>1.73 ifu=12and s=5.

SUPn=1

% < s < 2% when u is divisible by 3
s=

SUpn=1 = SUPn=1

Zr

Supnzl Esupnzl

= SUPp=1
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— u=36,s=9or15,
— u=45,s=12o0r 18,
— u=>54,s=150r21,
— u=72,s=21or27,
— u=90,s =27 or 33.
Direct computations which are left to the reader show that we have

>1.93ifu=36and s=9, orif u =45and s=12 or 18,
orif u=72and s =27, orif u =90 and s = 27 or 33,
>191orif u =54 and s =15,

>1.87orif u =72 and s = 24,

>1.850orif u =36 and s =15,

>1.83 orif u =54 and s = 21.

SUPn=1

(Znn) (ann)
cos|—— | —cos <
u u

This concludes the proof of the lemma. O

Lemma 3.11. Let u, s be positive integers satisfying 5{—;‘ <s< 3, withs =2, sothat
u = 4. We have

SUPp=1

2nm 2snm =15ifu=6ands=3,
cos|——|—cos = .
u u > 1.5 otherwise

Proof : If s =4, it follows from lemma 3.2(ii) that we have

2nm 2snm
cos|——|—cos > 1.57.
u u

So we only have to consider the cases s=3, u=6o0r7,and s=2, u=4.
A direct computation then shows that we have

SUPp=1

=2ifu=4ands=2,
2nm 28nm .
cos|——|-cos =15ifu=6and s=3,
“ “ = cos(%) +cos(Z) = 1.5245 if u=7and s =3.

SUPn=1

O

We consider again the numbers 0 («) and o (u) introduced in definition 3.6.

It follows from lemma 3.8, lemma 3.9, lemma 3.10 and lemma 3.11 that we
have the following results.

Lemma3.12. We have 0(5) = 0(10) = cos (Z)+cos(3Z),0(8) = 0(16) = v2,0(11) =
0(22) = cos(3£) + cos(3Z), and O(u) > 1.5 for u = 4,u # 5,u # 8,u # 10,u #
11, u #16,u # 22.
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Lemma 3.13. We haveo(u) =1.5ifue{l,2,3,4,5,6,8,10}, o(u) > 1.5 otherwise.

Hence if u is divisible by 3, we have o (%) = 1.5if u € {3,6,9,12,15,18,24,30}
o(u) > 1.5 otherwise. We then deduce from corollary 3.6 a complete description
of the set Q(1.5) = {a € [0,7] | k(a) < 1.5}.

Theorem 3.14. Letac [0,7].
— Ifae{%,%”,%’,‘lsn} thenk(a)—cos( )+cos( 1) ~1,1180.
—Ifae{%,%,%’,%’,%”,%} then k(a) = V2 = 1,4142.
— Ifae {1, 310130 1 1 1 i} then k(@) = cos (3f)+cos () =

T 2m 57 n 2n 4n Sn 7m 8n T 5m In
- Ifae{gyaig}z'g?' 6 Uliﬁylg’?’?’?’ﬂu 1150 1)
y/A Y/ T p/4 T b/ Y/ A
V{1515 15 150 150 150 15 1 then k(@) = LS.

— For all other values of a, we have 1.5 < k(a) < 3\/_ ~ 1.5396.

Corollary 3.15. Let G be an abelian group, and let (C(8)gec be a G-cosine fa-

mily in a unital Banach algebra A such that supgecl C(g) — c(g)ll < % for some
bounded scalar G-cosine family (c(g)) ge. Then C(g) = c(g) for every g € G.

Proof : Let g € G. Since the scalar cosine sequence (c(ng)) ez is bounded, a
standard argument shows that there exists a(g) € Rsuchthat c(ng) = cos(na(g))1a

forne Z.Since k(a(g)) = % ,1t follows from corollary 2.4 that C(ng) = cos(na(g))1a =
c(ng)forneZ,and C(g) =c(g). O
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