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Abstract. We characterize the absolutely continuous spectrum of the one-dimensional
Schrodinger operators h = —A + v acting on £?(Z, ) in terms of the limiting behaviour
of the Landauer-Biittiker and Thouless conductances of the associated finite samples. The
finite sample is defined by restricting A to a finite interval [1, L] N Z and the conductance
refers to the charge current across the sample in the open quantum system obtained by at-
taching independent electronic reservoirs to the sample ends. Our main result is that the
conductances associated to an energy interval I are non-vanishing in the limit . — oo iff
SPac(h) NI # ). We also discuss the relationship between this result and the Schrodinger
Conjecture [Av, ].

1 Introduction

This paper concerns a connection between two directions of research: transport theory of open quan-
tum systems and spectral theory of discrete Schrodinger operators. The simplest open quantum system
where this connection is exhibited, the so-called electronic black box model (EBBM), consists of a finite
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Figure 1: A finite sample of length L coupled to two electronic reservoirs

sample connecting two free electron reservoirs. The model is considered in the independent electron
and tight binding approximations and the object of study is the charge current across the sample in-
duced by the voltage differential between the reservoirs. The celebrated Landauer-Biittiker and Thouless
current/conductance formulas of finite samples arose from such considerations.

In this work we shall restrict ourselves to 1D geometry. The one-particle configuration space of a sample
of length L is the finite set Z;, = {1,2,..., L}. Left and right electronic reservoirs are attached to the
sample at site 1 and L, respectively (see Figure 1). We denote by Z, the positive integers. To a potential
v : Z+ — R we associate the discrete Schrodinger operator

h=—-A+wv,

acting on the Hilbert space ¢2(Z,)'. We shall view Z, as the one-particle configuration space and
h as the Hamiltonian of the extended sample. The one-particle Hamiltonian of the sample of length
L is obtained by restricting h to ¢?(Zy). We are interested in the relationship between the spectral
properties of the extended Hamiltonian A and the limiting values of the Landauer-Biittiker and Thouless
current/conductance of the finite sample as L — oo. More specifically, we will focus on the relationship
between:

(A) The physical characterization of the conducting regime of the extended sample as the set of energies
at which the current/conductance is non-vanishing in the limit L — oo.

(B) The mathematical characterization of the conducting regime of the extended sample as the abso-
lutely continuous spectrum of h, denoted sp,.(h).

The recent rigorous proofs of the Landauer-Biittiker and Thouless current/conductance formulas from
the first principles of quantum statistical mechanics [ , N, , ] have opened the way to the
study of the equivalence (A) < (B). Some preliminaries are required to formulate this equivalence in
mathematically precise terms.

We shall assume that the left and right reservoirs are in thermal equilibrium at zero temperature and
chemical potentials ;; < w,. The role of the chemical potentials is to "probe" the sample in the energy
interval [p, p1,-]. In the large time limit, the potential differential 11,, — p; induces a steady charge current
across the sample. The expectation value J1,5(L, pu, itr) of this steady current is given by the Landauer-
Biittiker formula (2.2)-(2.3). This formula depends intrinsically on the structure of the reservoirs and
on the form of their coupling to the sample. One particular choice of the reservoirs/couplings leads

"For our purposes, the choice of boundary condition is irrelevant and for definiteness we will use Dirichlet b.c.



to the Thouless current formula which we denote by Jry, (L, y, i), see Section 2.2. The respective
conductances are

1
Gre(L, s pr) = Jus(L, s pr)  and - Grn(L, pas i) = uleh(Lyﬂlvﬂr)~

r — Ml r
In our analysis, current and conductance play similar roles, and in the sequel we will switch between
these two notions depending on notational convenience. We shall review the Landauer-Biittiker and
Thouless formulas in Section 2. To avoid trivialities when using the Landauer-Biittiker formula we shall
assume that the reservoirs are transparent for the energies in the interval (u;, p,) (see Definition 2.1
below).

A mathematically precise formulation of the equivalence (A) < (B) is the object of the following two
conjectures, which should hold for any potential v:

Conjecture L If (1, pt-) Nsp,.(h) = 0, then
lim Gy (L, pu, pr) = 0,
L—oo

where # stands for LB or Th.

Conjecture IL If (y;, ptr) Nsp,.(h) # 0, then

lim inf G#(L, JUR ,ur) > 0,

L—oo

where # stands for LB or Th.

Just like the celebrated Schrodinger Conjecture [ , , Av], which we will discuss below, Conjec-
tures I and II are rooted in the formal computations and implicit assumptions of the physicists working
on the subject. To the best of our knowledge, they were first formulated in the above mathematical
form in [ ] which treats the case # = Th in the setting of ergodic Schrodinger operators. We refer
the reader to [ ] for references regarding early physicists’ work that motivated the conjectures and
to [ ] for supporting numerical results. Conjectures I and II are also of importance for the founda-
tions of quantum mechanics since they would provide the first complete dynamical characterization of
the absolutely continuous spectrum of Schrodinger operators.”

A strong form of Conjectures I and II in the case # = LB was studied in the recent work [BJP]. There,
the focus was on the Landauer-Biittiker spectral density defined by

Dis(L, E) :léingLB(L,E—é,Enté). (1.1)

The limit (1.1) exists for Lebesgue a.e. E € R, takes values in [0, (27) "], and is such that

Hr
JiB(L, pa, pir) = Dip(L, E)dE. (1.2)
H
’The Landauer-Biittiker and Thouless conductance formulas [ ,N, s ] concern the steady state value reached
by the charge current in the large time limit and hence have a dynamical origin; see [ ] for a discussion of this point in

the context of spectral theory.



Although the density Dy (L, E) depends intrinsically on the structure of the reservoirs and the choice
of the coupling, it does not depend on the choice of the thermodynamical states of the reservoirs, and in
particular it does not depend on the choice of /. For more information about Dy p (L, E), we refer the
reader to Section 2.1.

In our setting, the transfer matrices of & provide the link between transport and spectrum. We denote by

(L E) = [U(L)l—E —01] [v(l)l—E —01] 13

the transfer matrix of i between the sites 1 and L at energy E. It is easily shown that

(1.4)

_|lup(L+1,E) un(L+1,E)
(L, E) = [ n(LB) oy (L.E) ]

where ux (L, E), X € {D, N}, is the unique solution of the Schrodinger equation hu = Eu with the
boundary condition u(1) = 1, u(0) = 0 in the case X = D, and the boundary condition u(1) = 0,
u(0) = 1 in the case X = N. In [LaS] it was proven that

L
1
Yoo = { E : liminf = T, E)|? 1.
{ im in LZE—l 1T, B <<>0}, (1.5)

where X, is the essential support of the absolutely continuous spectrum of A and the equality is modulo
a set of Lebesgue measure zero.” Let

So=A{F : sup ||[T(L, E)|| < oo}, S ={F: liLminf |T(L,E)| < oc}.
L —0o0

It follows from (1.5) that
Sy C Yae C 61. (1.6)

We remark that the first inclusion goes back to [GP] (see also [Sil]), while the second has a direct proof
which we will sketch in Remark 6 after Theorem 1.1. If the equality

So = Xac =61 (1.7

holds, one says that the operator h has the Schridinger Property.

The main result of [BJP] links the sets G and &1 to the LB conductance as follows:

{E : liLminfDLB(L,E) > 0} = Gy, {E : limsupDip(L,E) >0} = &;. (1.8)

— 00 L—o00o
An easy application of Fatou’s Lemma and Lebesgue’s dominated convergence theorem shows that these
relations and the Schrodinger Property imply Conjectures I and II for the LB conductance. From the
physical point of view, the Schrédinger Property is also a strengthening of the LB part of the Conjectures

3In the sequel, whenever the meaning is clear within the context, we shall write S; = So for two subsets of R if the
Lebesgue measure of their symmetric difference is equal to zero. Similarly, we shall write S; C S» if the Lebesgue measure
of Sa \ 51 is zero, etc.



I and II due to the role the density Dyp(L, F) plays in linear response theory and fluctuation-dissipation
theorem (see [ , ] for a pedagogical discussion of this topic).

At the time of the completion of the work [BJP], it was generally believed that any half-line discrete
Schrodinger operator has the Schrodinger Property, a fact known as the Schrodinger Conjecture. From
the mathematical point of view, for many years the Schrodinger Conjecture was arguably the single
most important open problem in general spectral theory of Schrédinger operators. The main goal of the
work [BJP] was to point out that the Schrodinger Conjecture is closely linked to the LB conductance and
that it can be viewed as a strong version of the LB part of the Conjectures I and II.

Spectacularly, in the recent work [Av], Avila has constructed a counterexample to the Schrodinger
Conjecture. Even more strikingly, this counterexample is in the context of ergodic Schrodinger oper-
ators for which X, has a very rigid structure dictated by the Kotani Theory. In the ergodic setting,
vy(n) = V(S"w) where Q is a measure space, V : @ — R is a bounded measurable map, and S is an
ergodic invertible transformation of 2. The Lyapunov exponent of the model is

.1
Y(E) = lim —log [T, (L, E)|, (1.9)
L—oo L
where, for given F, the limit exists for a.e. w and does not depend on w. The Kotani Theory [Ko, Si4, DS]
gives
Yac ={F : v(E) = 0}. (1.10)

This characterization of >, and the second inclusion in (1.6) imply that in the ergodic setting one always
has ¥, = &; with probability one. We also mention the result of Deift and Simon [DS], which gives
that with probability one (compare with (1.5))

L
1
Sac =4 B : limsup = > || TL(, E)|* < ooy (1.11)
L—oo L
=1
Avila [Av] constructs €2, V, and an (uniquely) ergodic transformation S such that there is a set A C X,¢
of positive Lebesgue measure with the property that for any £ € A and a.e. w € () any non-trivial
(generalized) eigenfunction of A, is unbounded and hence so is ||7;,(L, E)||. In other words, for a set of
w’s of probability one the Lebesgue measure of .. \ & is strictly positive.

The dramatic failure of the Schrodinger Conjecture, or, equivalently, of the strong version of the Conjec-
tures I and II, does not exclude the possibility that these conjectures hold in their original form. The main
goal of our work is to address this point. In view of Avila’s counterexample, it is important to distinguish
between the ergodic and the deterministic case.

In the ergodic setting and the LB case, the validity of Conjectures I and II follows from (1.9) and the
results of [ 1 ([BJ], see [ ] for a pedagogical discussion). In the ergodic setting and the Th
case, the conjectures were proven in the unpublished part of [ ]. The special aspect of the ergodic
setting is that the energy averaging leads to a priori estimates on the size of transfer matrices* that can be
effectively combined with Kotani Theory to prove Conjectures I and II. In turn, these results are one of
the reasons why Avila’s counterexample is so surprising: in the ergodic setting the averaged forms of the

“This estimates are deterministic in nature; see Remark 6 after Theorem 1.1.



Schrodinger Conjecture were known to hold in the mathematical sense (relation (1.11)) and the physical
sense (Conjectures I and II). We refer the reader to the Introduction in [Av] for an additional discussion
of this point.

This leaves us with the deterministic case where, unlike in the ergodic case, the validity of Conjectures I

and II for all potentials v was far from clear. Our main result settles this case.

Theorem 1.1 For any potential v on Z., any y; < ., and any sequence (Ly) of positive integers
satisfying lim L, = oo, the following statements are equivalent:

(1)
(14, pir) N 8Py (h) = 0.

(2) Hr

lim / |T (L, B)||2dE = 0.

k=00 Jyy
(3)

kli{{olo GLB(LIW M, M"‘) =0.

4

klingo Grn(L, pu, pir) = 0.

The equivalences between (1), (3) and (4) correspond exactly to the validity of Conjectures I and II,
i.e. to the equivalence (A) < (B).

Remark 1. The proof of the implication (3) = (2) requires the non-triviality assumption that the reser-
voirs are transparent for the energies in the interval (p;, p4,). The precise formulation of this assumption
is given in Definition 2.1.

Remark 2. The relevance of (2) in our context stems from [BJP] and, more implicitly, from the early
physicists’ works on the subject. Our proof of Theorem 1.1 proceeds by establishing the equivalences
2) & (1), (2) & (3), (2) & (4).

Remark 3. Theorem 1.1 can be extended to the case where the sample Hamiltonian / is a general half-
line Jacobi matrix. In turn, this extension allows one to prove a suitable analog of Theorem 1.1 in the
setting where the extended sample is described by an arbitrary Hilbert space and Hamiltonian. These
extensions are discussed in the forthcoming review article [ 1.

Remark 4. A natural link between the Landauer-Biittiker and Thouless conductances is provided by the

Crystaline Landauer-Biittiker conductance introduced in [ ]. This conductance has an additional
mathematical and physical structure that goes beyond Conjectures I and II and that may shed a light on
the transport origin of the fundamental results of Kotani [Ko, Si4] and Remling [Re]. This topic remains

to be studied in the future.

Remark 5. To the best of our knowledge, the first mathematical results regarding the relation between
absolutely continuous spectrum and conductance go back to [ ]. These results preceded the rigorous
proofs of the conductance formulas and remained unpublished. The equivalence (1) < (4) was proven



in [ ] in the ergodic setting. In Remark 7 we will comment more on the relation between our work
and [ ].

Remark 6. The proofs of the equivalences (1) < (2) < (3) are based on three ingredients. The first
ingredient is the second inclusion in (1.6), which is proven in [LaS]. We sketch the argument since it
sheds some light on the mathematical structure behind the above equivalences. Let vx be the spectral
measure for h with Dirichlet X = D or Neumann X = N boundary condition. The spectral theorem
gives that for all L,

/\uX(L,E)PduX(E) =1, (1.12)
R
where ux, X € {D, N}, is defined in (1.4). Setting

v(S) = inf (vp(A)+vn(B)),

>
SCAUB

one easily shows that 7 is a Borel measure whose absolutely continuous part 7, is equivalent to vx ac.

In particular,
- . dvac o i dVX,ac
Eac—{E. 3 (E)>O}—{E. q (E)>O}.

Relations (1.4) and (1.12) give

/R IT(L, B)|PdvaclE) < 4,

and Fatou’s Lemma yields
Yac C {E : likminf |T(Ly, E)|| < oo} . (1.13)
—00

For details of the arguments we refer the reader to [[.aS]. The above sketch gives the direct proof of the
second inclusion in (1.6). The relation (1.13) yields the implication (2) = (1).

The second ingredient is the main technical result of [BJP] which gives
{E eEXNY, : khm DLB(Lk,E) = 0} = {E eXinNd, : klim HT(kaE)H = OO} ,
— 00 —00

where ¥/, denotes the essential support of the absolutely continuous spectrum of the //r reservoir (see
Eq. (2.5)). This relation yields the equivalence (2) < (3).

In the ergodic setting the implication (1) = (2) is an immediate consequence of the Kotani result (1.10).
Its proof in the deterministic setting relies on a subtle and surprising result of [Ca, KR, Si5] which is the
third ingredient. This result states that if u = (1,0)7, then®

1
;HT(L, E)u||"2dE — dvp(E)

3One can actually prove that C’f‘i‘l” |T(L, E)||72dE < Gue(L, i, pir) < C’ f:l” |T(L, E)||"*dE for some constants
C,C’ > 0and any L; see [ ].
%We choose Dirichlet b.c., although an analogous result holds for any other b.c.



weakly as L — oc.

The details of the proofs are given in Sections 3 and 4. Given the above three ingredients, they are
surprisingly simple.

Remark 7. Our proof of the equivalence (2) < (4) is guided by the results of [ ]. The arguments
in [ ] can be separated into two parts. The arguments in the first part are deterministic in nature
and are presented in [ ] in the ergodic setting only for notational convenience. The arguments in the
second part rely essentially on Kotani Theory and are applicable only in the ergodic setting. In Section 5
we review the deterministic part and give novel arguments replacing the ergodic part to complete the
proof of the equivalence (2) < (4).

Perhaps the most interesting consequence of the new arguments concerns periodic approximations. The
proof of the implication (1) = (4) in [ ] is based on the following result of [ ]. Let h, =
—A+1,(n), vy(n) = V(S"w), be a full line ergodic Schrédinger operator acting on ¢*(Z). Let v, 1, be
the periodic potential on Z obtained by repeating the restriction of v,, to [—L, L]. In [ ], it is proved
that for any interval I,

liILn SUp [SPac(hw, ) N I| < [Spac(hw) N I| (1.14)

—0Q

holds with probability one.’” Although motivated by the implication (1) = (4) and the study of the Thou-
less conductance, this results is stronger than one needs for this purpose.® Independent of its motivation,
the relation (1.14) was shown to have important consequences for the spectral theory of quasi-periodic
operators; see [ ] for details.

In [GS], the relation (1.14) was extended to the deterministic setting and to higher dimensions. If this
extension was applicable to half-line Schrodinger operators h = —A + v acting on £?(Z, ) with periodic
approximations hper,;, = —A 4 Vper, 1 acting on ¢?(Z) and obtained by repeating the restriction of v to
[1, L], then the implication (1) = (4) in Theorem 1.1 would follow.” Surprisingly, it is not known how
to adapt the arguments of [GS] to the half-line case.'? Our proof of the implication (2) = (4) proceeds
by adopting the deterministic part of the argument in [ , ] (see Section 5.1) and by replacing the
ergodic part with alternative arguments presented in Section 5.3. These arguments give

. 1
hILnsup 8Pac(Pper,r.) N I| < Clsp,.(h) NI|5, (1.15)
—00
w2 (14m)4 1/5 . . ..
where C' = 5 <f) ~ 18.7; see Remark at the end of Section 5.3 and [ ]. The validity

of the relation limsup;,_, . [sPac(Pper,.) N I| < [spac(h) N I] in the setting of deterministic half-line
Schrodinger operators remains an open problem.

The paper is organized as follows. In Section 2 we review the Landauer-Biittiker and Thouless conduc-
tance formulas. The proof of Theorem 1.1 is given in the remaining sections. We shall prove indepen-
dently the equivalence between (2) and (1), (3), (4): the equivalence (1) < (2) is proven in Section 3,
(2) < (3) in Section 4 and (2) < (4) in Section 5.

R

stands for the Lebesgue measure.

81t suffices to show that |sp, (he) N I| = 0 = limp— o [P, (Rw,) N I| = 0.

°In the ergodic case, the homogeneity of the potential yields that half-line and full line periodization are equivalent for the
purpose of the inequality (1.14). This is not the case in the deterministic setting.

10We are grateful to Fritz Gestezsy and Barry Simon for discussions regarding this point.
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2 The Landauer-Biittiker and Thouless formulas

In this section we briefly describe the Landauer-Biittiker and Thouless conductance formulas of a finite
sample, referring the reader to [BJP, ] for a more detailed exposition. The Hilbert space describing
the sample is Hy, = ¢*(Zr), where Zj, = [1, L] N Z, and its Hamiltonian is the discrete Schrodinger
operator hy, = —A + v,

(hpp)(n) = =y(n+1) —¢(n = 1) +v(n)p(n),  n€Zr, 2.1)

with Dirichlet boundary conditions t(0) = /(L + 1) = 0.

2.1 Landauer-Biittiker formula

To describe the Landauer-Biittiker formula, we couple the sample at its endpoints to two electronic reser-
voirs. The combined system is considered in the independent electron approximation. The left/right
reservoir is described by the following “one electron data”: Hilbert space H, /., Hamiltonian /.., and
unit vector v/, that allows to couple the reservoir to the sample. The decoupled (one electron) Hamilto-
nian is

h(),L =h;+ hr + h,

acting on H = H; @ Hy, & H,. The junction between the sample and the left/right reservoir is described
by the tunneling Hamiltonians

hog = i) (6u] + [01)(ul  and  hyy = [ )(SL| + [0L) (¥r|.
The coupled (one electron) Hamiltonian is
b, = ho,r + K(hr) + hry),

where x # 0 is a coupling constant. The left/right reservoir is initially at equilibrium at zero temperature
and chemical potential 1;/,.. We shall assume that y;; < ;. In the large time limit the coupled system
approaches a steady state which carries a non-trivial charge current. As observed in [BJP], for the purpose
of discussing transport properties of the coupled system one may assume, without loss of generality, that



Yy 1s a cyclic vector for hy/,.. Hence, passing to the spectral representation we may assume that ;.
acts as multiplication by E on

7_{l/r = LQ(Rv dl/l/r(E))a
where v/, is the spectral measure of h; . associated to ¢y /,..

The expectation value of the charge current, from the right to the left, in the steady state is given by the
Landauer-Biittiker formula, see e.g., [La, , , , N1,

Hr

Fin(Lopr) = [ Din(LE)E, 22)
Hi

where 27D (L, E) is the transmission probability from the right to the left reservoir at energy E. One

can further prove using stationary scattering theory'' (see [Y] for the general theory, and [I.an] for a

simple proof in the present setting) that

dVl,ac
dE

dVr,ac

DLB(L, E) :27TI£4’<51,(}‘L,$7L —E—iO)il(;LHZ iE

(E) (E), (2.3)

Vi/r,ac

d . . . e
where —{7*= is the density of the absolutely continuous part of the spectral measure v;/,.. The unitarity
of the scattering matrix implies a uniform bound on the spectral density

1
0<Dp(L,E) < . 2.4)
2

We denote the essential support of the absolutely continuous spectrum of /;/,. by

dVl T,aC
Sy = {E : d/E (E) > 0}. 2.5)

It follows immediately from (2.3) that only energies belonging to 3; N X, contribute to transport: for
any L, Drp(L, E) = 0 whenever E ¢ ; N X,.. This leads to the transparency condition mentioned in
Remark 1 after Theorem 1.1, which is needed for the proof of implication (3) = (2) in Theorem 1.1:

Definition 2.1 The reservoirs are transparent for energies in (uy, pir) if (g, pr) C 2 0 3y,

An additional insight into the structure of the EBBM and Dy(L, F) can be obtained by implementing
a spatial structure of the reservoirs, see Remark 7 after Theorem 1.1. in [ ].

2.2 Thouless formula

The Thouless formula is the Landauer-Biittiker formula of a specific EBBM (named the crystalline
EBBM in [ ]) in which the reservoirs are implemented in such a way that the coupled Hamil-
tonian is a periodic discrete Schrodinger operator on ¢2(7Z). More precisely, one extends the sample

""The scattering matrix S of the pair (hs«,r,ho,1), which by trace class scattering theory is a unitary operator on
Hac(ho,L) = Ranlac(ho,r) = Ran lac(hi) @ Ran 1ac(hy), acts as the operator of multiplication by a unitary 2 X 2 matrix

_ Sll(LaE) SZT(L7E) _ 2 2
S(L,E) = Su(L.E) Sw (L. E) . One then has 27 Drg(L, E) = |Si-(L, E)|* = |Sn(L, E)|*.

10



potential v(n) to Z by setting v(n + mL) = v(n) for n € Zz, and m € Z. We denote this extension
by Uper, 1. Let hper., = —A + vper, 1, be the corresponding periodic discrete Schrodinger operator act-
ing on ¢2(Z). The Hilbert space H; is £2((—o0,0]) and the Hilbert space H,. is ¢*([L + 1,00)). The
single electron Hamiltonian of the left/right reservoir is hper, 7, restricted to (—oo,0]/[L + 1, 00) with
Dirichlet boundary condition. Finally, ¢; = dg, ¢, = dr+1 and K = 1. The one electron Hilbert space
of the coupled system is £2(Z) and the one electron Hamiltonian is hper,r.- In this case 27D (L, E) is
the characteristic function of the spectrum of /e 7, and the corresponding Landauer-Biittiker formula
coincides with the Thouless formula:

1
jTh(IM Hi, ,UT) = %’Sp(hper,L) N (,LL[, /’LT)’7 (26)
" I 30(erc) 1 (1010
sp(per,r.) M (fu,
GTh(La Hi, ,uT) = jTh(L7 Hi, MT) = per,1 K for (27)
e — 27| (put, )|
We refer the reader to [ ] for a detailed discussion regarding the identification of (2.6) with the

usual heuristically derived Thouless conductance formula one finds in the physics literature (see also
Remark 1 at the beginning of Section 5.1 for a short explanation).

3 AC spectrum and transfer matrices

In this section we prove the equivalence between (1) and (2). Recall that the spectral measure for the
operator h = —A + v on £2(Z. ) and vector §; is denoted by vp. Recall also the definition (1.3) of the
transfer matrix of the operator h. We shall often use that ||T'(L, E')|| > 1, which follows directly from
det(T'(L, E)) = 1.

3.1 Proofof (1) = (2)
The main tool in this section is the following result. Let u = (1,0)7.

Theorem 3.1 Forany f € Cy(R),

L—oo T

im 1 ull =2 = v
! /R F(E)|T(L, Byul|~2dE /R F(B)dvp(E).

This theorem can be traced back to [Ca] in the context of continuous Schrodinger operators. In the
discrete case considered here, it has been proven in [KR, Si5].

Suppose now that (1) holds, i.e., that sp,.(h) N (u, pr) = 0, and let € > 0 be given. Since vp | (py, pir)
is a singular measure, one can find finitely many disjoint open intervals I3, - - - , Iy in (g, ) such that
B = U?lej satisfies

€ €
‘B’ < 57 VD((MI:NT)\B) < 3771_

11



Let f € Cy(R) be a continuous function such that 0 < f(E) < 1 forall E, f(E) = 0 if and only if
E € B, and
€

{E € (mpr) 1 0< f(E) <1} <

3
Obviously,
Hr €
E)d F) < —. 3.1
[ s < o G0
Since ||T(L, E)|| > 1, the estimate
Hr 9 Hr 9 9
/ T B PAE < [ JE)NT(L, E)u|2dE + / IT(L, B)||2dE
w w {Ee(u,pr): F(E)<1}

gives

Mr Hr 2
[Cimwmias < [7 jwire pui-as
12 1]

Theorem 3.1 and the estimate (3.1) now give

L—oo 1

Hr
limsup/ |T(L, E)||2dE < e.
I

Since € > 0 is arbitrary, this proves that (2) holds true for any sequence (Ly,) satisfying lim L = oo.

3.2 Proofof(2)=(1)

Let (L) be a sequence such that

Hr
lim / |T(Ly, E)||"2dE = 0. (3.2)
173

k—o0 .

Since ||T(Ly, E)||=2 < 1, there exists a subsequence of (L), which we denote by the same letters, such
that for Lebesgue a.e. £ € (pu, ),

lim | T(Lg, E)|| "2 = 0.
k—oo
By the result of Last and Simon (recall Remark 6),

Yac C {E :liminf | T(Lg, B)|| < oo},
k—o0

where the inclusion is modulo a set of Lebesgue measure zero. Hence, vac ([, ttr]) = 0, and we can
conclude that sp,.(h) N (ug, ptr) = 0.

12



4 Transfer matrices and Landauer conductance

In this section we prove the equivalence between (3) and (2). Our main tool is the following result which
is an immediate consequence of Theorem 1.3 in [BJP].

Theorem 4.1 Let (Ly) be any sequence of positive integers such that lim Ly, = co. Then
{E eXynNy, : lim Dip(Lg, E) = 0} = {E eXynNy, : lim ||T(Lg, E)|| = OO}
k—o0 k—o0
where the equality is modulo a set of Lebesgue measure zero.

This theorem yields:

Proposition 4.2 Let I C R be a bounded interval and (L) a sequence of positive integers such that
lim Ly, = oo. Then the following statements are equivalent:

(i)
lim [ Dug(Ly, E)dE = 0.

k—oo J 1

(ii)
lim |T(Ly, E)||"2dE = 0.
k=00 JIns;n%,
Remark. Note that fI DiB (Lk, E)dE = fIﬂElﬂEr DLB(Lk, E)dE
Proof. We will prove the implication (i)=>(ii). The proof of the reverse implication is identical.

We argue by contradiction. Suppose that (i) holds and (ii) fails. Take a subsequence of (L), which we
denote by same letters, such that

lim |T(Ly, E)||"2dE > 0. (4.1)
k=00 J1ns N5,

It follows from (i) and the bound (2.4) that there is a subsequence of (Lj), which we denote by the
same letters, such that for Lebesgue a.e. £ € I N¥; N X, limg_.o DLp(Lg, E) = 0. Theorem 4.1 and
dominated convergence then give limy_, fmzmzr |T(Ly, E)||"2dE = 0, contradicting (4.1). O

Returning to Theorem 1.1, Proposition 4.2 yields the implication (2) = (3). If in addition the reservoirs
are transparent for energies in the interval I = (1, i) (recall Definition 2.1), this proposition also yields
3) = (2).

13



5 Transfer matrices and Thouless conductance

5.1 Periodic operators

In this section we review several general properties of periodic Schrédinger operators which we will
use in the next two sections. Some are well known and we will just recall them, referring the reader
to Chapter 5 of [Si3] for proofs and additional information. For the readers’ convenience, we shall
include the proofs of results which are less standard or for which we do not have a convenient reference.
Throughout this section, vper denotes an L-periodic potential on Z and hper = —A 4+ vper acting on

2(2).

Forany k € Rand m € Z let

Uper(m + 1) -1 0 _e—ikL
~1 Vper(m +2) -+ 0 0
0 0 o vper(m A+ L—1) ~1
—elkl 0 -1 Vper(m + L)

and denote by E'1 (k) < ... < E(k) the repeated eigenvalues of H (k, 0). The functions R 3 k +— Ey(k)
are 2w /L-periodic and even. They are strictly monotone and real analytic on the interval (0,7/L).
Moreover, they satisfy

v
>Er-1(+

EL(0) > Er (7 )

7) > B 1(0) > Ep_o(0) > ---

This implies in particular that each Ey(k) is a simple eigenvalue of H(k,0) for k € (0,7/L). It follows
that for each ¢ € {1, ..., L} there is a unique real analytic function

(0,7/L) 3 k — iy(k) = (up(k,1),...,u(k, L)) e CL,

such that H(k: 0)de(k) = Eo(k)te(k), ue(k,1) > 0 and ||i@e(k)|| = 1. A bounded two-sided sequence
ug(k) = (ug(k,m))mez is obtained by setting

wg(k,j +nL) = Ly, (k, 5), (5.1)
forany j € {1,...,L} and n € Z. Then, for any m € Z,
tg(k,m) = (ug(k,m+1),...,ug(k,m+ L),

is a normalized eigenvector of H(k, m) for the eigenvalue Ey(k).

It follows from Floquet theory that £/ € sp(hper) iff the eigenvalue equation

hpert = Eu (5.2)

14



has a non-trivial solution u satisfying u(n + L) = e*Fu(n) for some k € R and all n € Z. This solution
is called Bloch wave of energy E and u is such a Bloch wave if and only if £ = E,(k) for some ¢ and
(u(m +1),...,u(m 4+ L))T is an eigenvector of H(k, m) for E,(k). In particular, for any m,

sp(hper) = ) sp(H(k,m)) = B,

ke[0,7/L)] =1

where By is the closed interval with boundary points E;(0) and E(w/L). The By are called spectral
bands of hper and have pairwise disjoint interiors. E is an interior point of By iff E = E,(k) for some
k € (0,7/L). Moreover, u is a Bloch wave of energy E iff u(n) = cuy(k,n) for some non-vanishing
¢ € C. The integer / is called the band index and number £ the quasi-momentum of u. We say that u is
normalized if |c| = 1.

Remark 1. Here one can see the origin of the mathematical definition (2.7) of Thouless conductance.
Thouless conductance associated to an interval I was initially defined (see, e.g., [ET]) as the ratio %
where § F is the energy uncertainty within the window I due to a change of boundary condition and AF
is the mean level spacing in I. The energy uncertainty within a single energy band B, C I is of the order
of the band width |B;| = |Ey(mw/L) — E¢(0)| which coincides with the variation of the eigenvalue Ey(k)
as the Bloch boundary condition changes from periodic to anti-periodic. Convenient estimates for § ¥

and AF are then given by

SE ~ > B,c1 Bl _ Isp(frper) N1 and  AE ~ _m
ZBZCI 1 ZB@C[ 1 ZB[CI]'
oF hper) N T ) . .
and the Thouless conductance becomes ~ [sP(/tper) | , which, up to a factor 27, is precisely (2.7).

AE 1]

The discriminant of hpe, is D(E) = tr(T'(L, E)), where T'(L, E) is the transfer matrix over one period.
The characteristic polynomial of H (k, m) satisfies

det(H (k,m) — z) = D(z) — 2cos(kL).
As a consequence, sp(hper) = D™1([—2,2]) and on each band By of sp(hper) the function D is either
strictly increasing or strictly decreasing [Si3]. Since det(7'(L, E')) = 1 one also gets that E' € sp(hper)

if and only if the matrix 7'(L, E') has two eigenvalues of modulus 1. They are complex conjugate when
k € (0,7/L),i.e., when E is in the interior of the bands.

The following lemma was proven in [ ].
Lemma 5.1 Forany (€ {1,...,L}, k € (0,7/L) and m € Z, the following holds,

E)(k) = 2L Im (W(k, m)ug(k, m + 1)) . (5.3)

15



Proof. For any k and m the vector @p(k,m) = (ug(k,m + 1),...,up(k,m + L))T is a normalized
eigenvector of H (k, m) for Ey(k). The Feynman-Hellmann formula gives

Ei(h) = (authom). S (e m) )

=il <W(k:, m+ 1)e_ikL’LLg(kJ, m+ L) — ug(k,m + L)eikL’LLg(kJ, m+ 1)) ,
and the relation (5.1) yields the result. O

From this lemma we obtain first a general estimate on the size of a given band By and then a bound on
the norm of the transfer matrix 7'(L, E) in terms of normalized Bloch waves and for £ € sp(hper).

- 2
Proposition 5.2 Forany ( € {1,...,L}, one has |By| < =T.

Remark 1. This general estimate on | By| is not new. It has been proven, e.g., in [ ] from (5.4) using
the Deift-Simon estimate, see Theorem 5.5 and Eq. (5.9). Refinements of this estimate can be found
in [ ]. We provide here an elementary proof using (5.3).

Proof. Since Ey(k) is a strictly monotone function of % on the interval (0, 7/L) we have

w/L
| By —/ |Ey(k)| dk. (5.4)
0

Since (5.3) holds for any m € Z, we can write

L

Ey(k) = Z 2Tm <ug(k, m)ug(k,m + 1)) .
m=1
The normalization of u, yields
L
Bk < D (luelkym) P+ Jug(kym 4+ 1)) = |d@e(k, 0) |2 + || (k, V)]* = 2,
m=1
and the result follows. O

The next two results provide bounds on the norm of the transfer matrix 7'(L, F) for energies E in and out
of the spectrum of h,. They will be of crucial importance in the proofs of the equivalence (2) < (4).
The first result, Lemma 3.1 in [ ], concerns energies inside the spectrum.

Proposition 5.3 Forany (¢ € {1,...,L} and k € (0,7/L) one has

IT(L, Ee(k))I| < 2L (Jue(k, DI + [ue(k, 2)%) [Eg(k) ™

Proof. Since Fy(k) is in the interior of a spectral band, the transfer matrix 7'(L, E;(k)) has two complex
conjugate eigenvalues et*Z_ It is easy to see from (5.2) and the definition of the transfer matrix that

2, = {”] - [W(k’Q)} and 7 = [”] (5.5)

1 ug(k, 1) T

16



are associated eigenvectors. In particular |7 [|? = [|Z_[|? = |ue(k, 1)|? + |ue(k, 2)|?.

Let a,b € C such that |a|? + |b|> = 1. For §f = aZ; + bF_ one has

ITL B2 aehd, + be tEz_|?
WP T gy + b |?
124 112(lal + [b))?
= JaPIE R + b7 7 = 2lalPll@s, 2]
27|
[E 2 — (@, 7))
2024 12 (1242 + 1@, -)))
EARSICAERTE
NEAR
= & = [Fn P

Therefore A
4|7 |

121t = [(Zs, 7))

IT(L, B)|* < 5

Now, a simple computation shows that

_ . 2 __
170" = 1@, Z)17 = (Jeal? + a2l?)” = |2t + 23 = 4(Im (2172))?,

and hence
. m) < A
T Im (21 72))|
The result now follows from (5.5) and Lemma 5.1. O
The second result, Lemma 5.3 in [ ], complements Proposition 5.3 and provides a lower bound

on the norm of the transfer matrix for energies outside the spectrum of hper. We recall that D(E) =
tr(T(L, E)) denotes the discriminant, that sp(hper) = D~1([—2,2]) and that D is a strictly monotone
function of E on each band By of spectrum.

Proposition 5.4 Let B = [E, Es| be a spectral band of hper. Denote by E, and E\y the local extrema
of D(E) just below and above B (one may be infinite if B is an extremal band) and let Ey be the unique
zero of D(F) inside B (see Figure 2). Then

E—Ey
) For E € [Ey, By, |T(L, E)|| > ———2
(l) or E [ 27 M] ( )H e(EQ _ E[))
Ey—FE
i) For E € [Ey, E1], || T(L, B)|| > —2—— .
(”) or 6 [ 1] ( )H e(ED _ E]_)

Proof. Without loss of generality we may assume that D(E) is increasing on B. We prove (i), the proof
of (ii) is similar.
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Figure 2: The discriminant D(E) near the spectral band B = [E1, E»].

One easily infers from the definition of the transfer matrix that D(E) is a real monic polynomial of
degree L in —E. Since it is positive on (Ey, Fps] we can write D(E) = Hle |E — &;| where & = Ej
for some j. Hence, we have

dE S E-§
and .
1 1
') =2 Fgr = E-mr
Since E)y is a zero of f, for every E € (Ey, E)y) we can write
rm = [y aE s /EM B S
E ~Je (B —Ep)? E—-Ey Ewm-— Eo

Using the fact that D(E2) = 2 we get that for E € [Es, Ej]

D(E) E E — E, E — FE, E — E,
In =InD(E)—-1InD(E) = E"NdE > 1n — >In——+ -1,
(B) =D = [ J(EaE 2 g - e
from which we obtain
D(E) - E — Ej
2 = e(EQ - Eo) '
. D(E) .
Since D(E) = tr(T(L, E)) one has | T'(L, E)|| > 5 which ends the proof. O
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Figure 3: The enlarged spectrum Sy, .

5.2 Proofof (4) = (2)

We start by following the argument of Lemma 5.1 in [ ]. Recall that Ay, 1, denotes the periodized
Hamiltonian of the sample, see Section 2.2.

For any L we denote the bands of o, = sp(hper,r.) by B¢ = [E1 ¢, B2 4], £ € {1,...,L},andby D(L, E)
the discriminant of Aper .. We denote by Ey, € By the zeros of D(L, E) and by E,, ¢, £ € {0,..., L},
its local extrema, so that E,,, o = —00, Ey, ¢ € [Eay, E1py1] for ¢ € {1,...,L — 1} and E,, |, = +00.
Finally, assume that (Ly), p; and p, are such that (4) holds, i.e.

Grn(Li, pus pr) = 19, O s )] 0 as k— oo. (5.6)

2 (pr — )

The first step of the proof is to enlarge o, in an appropriate way so that energies £ which are not in this
enlarged spectrum are actually “far” from oy, (thus, by Proposition 5.4, ||T'(Ly, E)|| will be large for
these energies), while at the same time the measure of enlarged spectrum within I = (y;, ) remains
small. The construction goes as follows. Let (cj) be a sequence of positive numbers such that ¢, — oo,

Z—’“ — 0and cxlop, N I| — 0. With
k

(_ =max{l : Eyy <inf(l) =y} and {4 =min{l : Ey, > sup() = p,},

set
& { [Eo,e — cr(Eoe — Evyg), Eoy + cu(Ezyp — Eoy)] if 0 <0< 1y
e pr—

By otherwise,

and define the enlarged spectrum by (see Figure 3)

Note that for /_ < ¢ < ¢, one has Fy ¢ € I and a simple analysis shows that

|BeN1| < ex|Ben 1|,
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while for ¢ = ¢, taking Proposition 5.2 into account, we can write

27['Ck
Ly

[BeNI| < |By| = il Byl <

In the other cases, one has
égﬁI:BgﬂI:@.

Thus, the overlap of the extended spectrum with the interval I can be estimated as

S, NII< Y [BenIl= > |BnI|+|BNI|+|Be, NI

1<¢<L 0_<t<i,
4dmce
< ¢ E |Be N I|+ 7 b
0 <t<ty k
4dmey,
< cglop, NI| + .
Ly,

Our assumption on the sequence (cy) ensures that the enlarged spectrum still satisfies

|SLkﬂI|—>O.

Suppose now that £ € I\ Sz,. Then E ¢ Eg for any ¢ and hence must be in one of the intervals
(Egjg, Em,@] with E_EO,K > Ck(Ezyg—E[)’g) orin [Em7g, ELngl) with E07g+1—E > Ck(E07[+1 _El,KJrl)-
In either case, it follows from Proposition 5.4 that

Ck
17( )] >
Since ||T'(Lg, E)|| > 1 for any E, we derive that, for all E € I and any k,
Ck
IT(Le B)| > 2 (1= 1s,, (E)) +Ls,, (E), (57)

where 1g, ~denotes the characteristic function of the set Sz, . Hence, for any £,

2 2
Jiremias < (S 1 sul sl < (S) 0+ sl
I

The last estimate yields
i [ 17(Le, B)| 2B =0,
k—oo JT

and concludes the proof of (4) = (2).
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5.3 Proof of (2) = (4)

Again in this section hper 1, denotes the periodized Hamiltonian of the sample acting on 2 (Z). The main
part of the proof concerns fixed L and we shall occasionally simplify the notation by omitting the L
dependence of various quantities.

We first introduce some notation. If £ is an interior point of the spectral band By of hper, ., then there
exists a unique k € (0,7/L) such that E = E,(k). We write k(E) for this unique k. The rotation
number is the function defined as

E
a(E) = /_ |K'(&)|dE, (5.8)

where, by convention, we set ¥'(F) = 0 when F is not an interior point of any spectral band. Since
k(E) is strictly monotone on each By one easily gets that, for any ¢,

s

/Bz\k’(c‘})\dé":L

Hence, E — «(F) is strictly increasing on sp(hper,,) and constant on its complement. Thus, it defines
a bijection from sp(hper,r) to [0, 7]'%. We shall denote by E(c) : [0, 7] — sp(hper,r) its inverse and
re-parametrize the Bloch waves by defining

u(a,m) = up(k,m), for a=a(E/(k)).

We note that forany ¢ € {1,...,L} and k € (0, 7/L) one has

11
o (E(k) K (E(k))

E'(a(E(k))) = |Ey (k)] . (5.9)

A fundamental result about the rotation number is the following estimate due to Deift and Simon [DS];
see also [ ].

Theorem 5.5 ([DS], Theorem 1.4) For a.e. E € sp(hper,L),

2sin(a(E))d (E) > 1.

We shall only need a weaker version of it, namely the fact that
o™ (A)] < 2] A], (5.10)
for any measurable set .4 C [0, 7.

We now state and prove two preparatory lemmas.

Lemma 5.6
o

T ) )
[ Gt 1) + futa 2Py a0 = 7.

">The function 7~ «(E) is actually the integrated density of states of hper,; see [DS]
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Proof. Changing the variable of integration, we can write

/ (ua P + fu(a, 2) da—z / (e, VI + u(k, 2)[2) of (o)) EL(R)|d,

and Eq. (5.9) allows us to rewrite the right hand side of the last identity as

x/L [ L ) ) w/L . ) . ) or
L [0 Gl 0+ e 20) | @k = [ (e 0012 + i, D) ke = 5

(=1

Lemma 5.7 (i)
HE € sp(hper) * Ju(a(E), D? + [u(a(E), 2)[* > MH =

(it)
{E € sp(hper,r) : &/(E) > € '}| < me

Proof. (i) It follows immediately from Lemma 5.6 that the set

A= {a e 0,7 : |ula,D)|* + |u(a,2)]? > i}

is such that | A| < §. The results thus follows from the Deift-Simon estimate (5.10).

(ii)LetE = {E €R : o/(E) > ¢ '} and note that

*° 1

. :/ o (E)E > Le|.

oo €

Proof of Theorem 1.1, (2) = (4). For a.e. E € sp(hper,1), Proposition 5.3 and Eq. (5.9) yield
IT(L, B < 2L(Ju(a(E), 1) + [u(a(E), 2)]*)a (E).

Let € > 0. It follows from Lemma 5.7 that there exists Q¢ C sp(hper,z,) such that [Q¢| < (1 + 7)e and

)
B~

3
m\»—\

u(a(E), DI + |u(a(E),2)

< — o (E) <

fora.e. E € sp(hper,r) \ 2. Thus, for the same F, the estimate

dr 1
|T(L, E)| < 2LLI 1_8r

€ € €2’
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holds. Hence, for any L, one has

Hr
/ HT(L,E)HQdEz/ |IT(L, E)||"2dE
Hi (/’Ll7u7‘)m(sp(hper,L)\Qe)
4
€
> 15 (Isp(per,) O ()| = [ ). (5.11)

Suppose now that (Ly,) is such that

My
lim / |T(Ly, E)||"2dE = 0.
k—o0 w

l

Then (5.11) gives
limsup |sp(Aper,r,,) N (ps por)| < [ < (14 7)e.

k—o0

Since this holds for any € > 0, we have
im [sp(hper,r,) N (k, pr)| = 0,
k—o00

and (4) follows.

Remark. The argument of Section 3.1 gives that
timsup [ |T(LE)|2E < [sp (k)N 1.
L—oo JI

Combining this estimate with (5.11) one gets

. 64>
lim sup [sp(hper,z,) N I| < ET’SpaC(h) NI|+ (1+m)e.

L—oo

Optimizing over € one derives the bound (1.15) discussed at the end of Remark 7 after Theorem 1.1. A
more refined optimization gives the better constant C' = 5(4774)1/ ® ~ 16.5. These points will be further
discussed in [ ].
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