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GEOMETRIC OPTICS WITH CRITICAL VANISHING VISCOSITY
FOR ONE-DIMENSIONAL SEMILINEAR INITIAL VALUE PROBLEM

STEPHANE JUNCA

ABSTRACT. We study propagations of high frequency oscillations for one dimensional
semi-linear hyperbolic system with small parabolic perturbation. We obtain a new de-
generate parabolic system for profile, and valid an asymptotic development in a spirit of
Joly, Métivier and Rauch.
key words: geometric optics, small viscosity, profile, phase, non stationary phase, max-
imum principle, energy estimates, interpolation, weakly coupled parabolic systems.

1. INTRODUCTION

Joly, Métivier and Rauch in [13] give a rigorous and deep description of solutions to
one dimensional nonlinear hyperbolic equations with smooth and highly oscillatory initial
data. On the other hand, numerous physical problems involve parabolic partial differential
equations with small viscosity, for instance Navier-Stokes system with large Reynolds
number. Then it is of interest to put the Joly, Métivier, Rauch framework with a small
diffusion. The first step to study such multiphase expansions is the semilinear case. So
we wish to investigate propagations of high frequency oscillations for following nonlinear
parabolic system with highly oscillatory initial data uf and small positive viscosity v:

O*uf  Ouf ou® .
(1.2) u®(0,2) = wug(z).

The matrix A(t,z) is a smooth N x N real matrix with N distinct real eigenvalues:
M(t,z) < Aa(t,z) < -+ < An(t,z), in such a way that 0, + A(t, )0, is a strictly hyperbolic
operator.

In this paper, we will focus our attention on the special case of a rapidly oscillating data
with a given vectorial phase ¢°(x), frequency 1/¢ and a viscosity equals to the square of
the wavelength:

O(x
(1.3) u®(0,2) = uf(z) = Up (x, L4 E( )> ,
(1.4) v = &%

So, with such oscillating data, the viscous coefficient has critical size (see next section),
such that we expect to have £20%u¢ of order one. And we hope to see interactions of high
oscillations with the viscous term. Indeed, it is the aim of this paper to justify a geometric

optics expansion:
t
W (tx) =U (t,m, o ’”)) +o(1),
€
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where ¢ is a vectorial phase as in hyperbolic case (without viscosity) and the profile U
satisfies a new degenerate parabolic modulation system. With such diagonal viscosity, we
validate WKB expansion in L2 with initial data only bounded in L2 N L°.

There is a rich literature devoted to nonlinear geometric optics expansions. The classical
work here is [13]. For the quasilinear case restricted to constant background states and
linear phases, see [4, 5, 11, 12, 18, 15, 16]. For the semilinear case, see [14, 13, 20, 21, 14].
For some results with oscillations and viscosity in multidimensional framework with one
phase see [1, 7, 8], with a nonlinear instability result obtained trough WKB expansions in
the second reference. To a reader interested by an overview on nonlinear geometric optics
we refer to survey paper [6] and references given there.

The paper is organized as follows. In short section 2 we briefly explain the choose of
viscosity (1.4) on a simple example. In section 3 we repeat relevant material from [13],
give new parabolic profile systems and state our main results. Section 4 set up notation
for the almost diagonal system, and reviews some of the standard estimates on parabolic
equations. We conclude by a useful interpolation lemma. In section 5, we prove uniform
existence in time for solutions of (1.1), (1.4) with initial data (1.2) uniformly bounded in
L>® N L%. Section 6 is devoted to the study of the profile system. Section 7 deals with
the important linear scalar case. Then, in section 8, geometric optics expansion is proved.
Finally , in section 9, we give few comments and comparisons with the inviscid case.

2. ABOUT VISCOSITY SIZE
Let us examine a simple example to get critical size of viscosity v with e-wavelength:
(2.1) Opus + NOpuf = vduf, u®(0,z) = up(z/e),

where v > 0, ug is a smooth one periodic function with zero mean. We have the classical
decay rate in L*°(R,) for one periodic solutions with zero mean:

luollo €
N ARV
So, if v > 2, diffusion is too strong and kills oscillations.
Now, let v&(t,x) = u®(t,x) — up (%)‘t) v® satisfies the following Cauchy problem:

(2.2) [us(t, oo <

Opv° + N0 — vO20° = ve 2u, v°(0,z) = 0.
Using maximum principle for v* we conclude that:
T — At v
u(t,x) — ug < >H < t||ug||oo—2.
€ o €

So, if v <« £?,we have the same hyperbolic behavior when v = 0. Thus, the critical
viscosity size is v ~ €2. Furthermore, for v = 2, inequalities (2.2), (2.3) give bounds of
order one and we get an exact geometric optics expansion and a parabolic profile equation:

— At
u (t,z) =U (t, ? .

(2.3)

) ,  where — 93U +9,U =0, U(0,0) = uo(h).

3. MAIN RESULTS

Viscosity v is now fixed by (1.4). Our first goal is to prove that the exact solutions of
(1.1), (1.2) exists on a domain independent of ¢ € (0,e] for a positive 9. Let us begin
with fixing an arbitrary Ty > 0 for all the sequel. For such parabolic system, in order to
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avoid boundary value problems, we will work globally in the space variable and assume
that the entries of matrix

(3.1) A(t, x), 0, A(t, ), 02 A(t, z) are bounded on [0, Ty] x R,.

In a same way, F(t,z,u) is a smooth non linear function such that, for any positive T,
and any compact K C Riv ,

(3.2) F(t,z,u) and 9, F(t,x,u) are bounded on [0, Ty] x R, x K.
Furthermore, to have energy estimates, we also assume that
(3.3) F(t,z,0) € C°([0,To); L*(Ry, RY)).

The following preliminary result gives sufficient conditions on the Cauchy data u? to
get existence of a solution on a domain independent of e.

Proposition 3.1. [Uniform existence]

Under assumptions (3.1), (3.2), (5.3), if the family (uf)o<c<1 s bounded in L°NL*(R,RY),
then, there exist T > 0 and €9 > 0 such that, for any e € (0,&¢], the system (1.1), (1.2),
(1.4) has a unique weak solution u® in E := C([0,T); L*(R,RY)) N L*°([0,T] x R,RYN).
Furthermore the family (u®)o<e<1 s uniformly bounded in E independently of €.

The proof of this result is given in section 5 and uses energy estimates for the lin-
earized problem together with the maximum principal for scalar parabolic equations and
an interpolation estimate.

After this preliminary result, we are going to find phases and the profile system. Typ-
ically in (1.3), ¢ € C°(R,R™) and Up(z,6) is smooth function, supported in {|z| < 1}
and Z™-periodic with respect to # € ©° = R™, but we will also consider more general
almost-periodic profiles as in [13]. In order to state the main result, we have to introduce
some notations.

Phases and characteristic vector fields:

We note ¢° = (¢9,...,¢%) where gp? € C®(R;R), and assume that the ¢, ..., ¢y are
linearly independent. As in a pure hyperbolic problem, we use characteristic vector fields
of the hyperbolic operator 9y + A(t, x)0,

(34) Xj:(?t—i—)\j(t,:):)@x, j=1...,N
and define the (vector valued) phases p; € C*°([0, Tp], xR;R™), j =1,...,N by
(3.5) Xp; =0, 0 (0,2) = ©°(z).

Then we call ¢ = (¢1,...,0n5) € C®([0,Tp] x R; (R™)V) and introduce the two following
linear spaces:

0" := span{®(R)} = R™, O := span{p([0,Tp] x R)} ¢ R™V,

First equality ©° = R™ comes from linear independence of gp?, j=1,...,m.
Strict inequality dim(©) < Nm holds if and only if there exists resonance relations between
the phases ¢;, i.e. R:={a € RY; a.p =0 on [0,7p] x R} # {0} . Notice that R+ = ©.
Let’s call @ = (61, ...,0y) the independent variables in the space R™ x - -- x R™, where
0; = (0j1,...,0;m) € R™. Let II; be the linear projection on j-component: II; : © — R™,
I1;(8) = 6;. Let us define ¥; =kerII; N O and O; := \Iij- Nnoe.
3



Now, to valid a geometric optics expansion, we need some assumption on phases. We use
the more general transversality conditions from [13] (named precisely weak transversality
condition in [13]):
either X(a.p) =0 on [0,Tp] X R,

(3.6) Va € 6%,9), { or X;(a.¢) # 0 almost everywhere on [0, Tp] x R.

In second case of (3.6), we said that a.p is transverse to X;. We also said that if (3.6) is
satisfied, phases are transverse.
To avoid constant phases, we assume non stationary condition on initial phases:

(3.7) VB € R™, 9,(3.¢°) # 0 almost everywhere on R.

Notice that (see [13]) such conditions (3.6) and (3.7) avoid constant phases.
We also assume following closedness property:

(3.8)Va € ©%,Vj, Xj(a.p) =0 on [0,Tp] x R = 30 € R™, such that a.p = B.¢;.

Indeed, it’s not really a compulsive assumption, since, without loss of generality, we can
add new phases coming from resonance as new initial phases in ¢". Thus, we increase m,
the number of initial phases.

Almost periodic profiles:

As in the classical geometrical optics ([13]), one is naturally lead to work within the
class of almost periodic functions. If Z is some finite dimensional real linear space,
we call Cgp(Z, R) the topological closure in L*°(Z,R) of the linear subspace span{{ —
exp(taf), a € Z*}. We also denote C5o(Z,R) = Co,(Z,R) N C®(Z,R).

Averaging operators:

We use the averaging operators already introduced by [13] which are defined as follow.
Let p; be the Lebesgue measure on ¥;, Q; a cubic subset of ¥, such that ;;(Q;) = 1. We
define the averaging operator E; acting on C’gp(@, R), by the formula

. 1

(Bj0)(6)) = Jim g | O+ ©)

In the previous equation the right hand side depends actually only on the variable 6; and
E; : Co,(O,R) — Cp,(0;,R)

is a linear and continuous projector. This map can be also defined on elementary expo-
nential functions by the following rule

E, (exp(ia.0)) = { exp(é'oaﬂ) if ngl);f) =0

and then extended by density and continuity (cf [13]).

The profile system:

Let A(t,z) the diagonal matrix with components (Ai(¢,z),..., An(t,2)). There exists a
smooth invertible matrix P(t,z) such that: P~'AP = A. To get profile system, it suffices
to make a WKB expansion for v¥(t, z) = P~ (t,z)u’(t,z) with anzatz:

ltr) = V (t,m, ‘p(tg’ x)) +o(1).
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Following this way, we formally obtain differential operator D;

= &pjk 0 .
o 00y, nPiVer

(3.9) Dj =

k=1
We also obtain initial profile Vj and new right hand side of (1.1) written in the new base
where A is a diagonal matrix. We give profile equations in the next proposition.

(3.10) Vo(z,0) = P7'(0,2)Us(x,0),
(3.11) G(t,z,v) = P~ Yt,z)(F(t,z,P(t,z)v) — (& P(t,z) + A(t,2)0, P(t,z))v).

Proposition 3.2. [ Equations and existence of profile]. Under assumptions (3.1),
(3.2), (3.3), and if Uy belongs in L2(R; C9,(0°,RN)) N L®(R, x O°,RYN), there exists a
positive T such that, following system, with j = 1,..., N, admits a unique solution in
CO[0,T]; LA(R; CO,(©,RM))) N L>([0,T] x R x ©,RN):

(3.12) -DiVi+ X;V; = E;G(t,z,V),
(3.13) Vi(0,2,0) = Vo,(z,0;).

Indeed we have Vj(t,z,0) = V;(t,z,0;). And, we denote U(t,z,0) = P(t,x)V (t, z,0).
We can now state the main result of the paper which describe the propagation on the
oscillations for the parabolic system.

Theorem 3.1. [ Validity of geometric optics expansion]. We assume that Uy
belongs to L*(Ry; Cop(R™,RY)) N L®(R, x R™,RY) and assumptions (3.1), (3.2), (3.3)
are satisfied. Then there exist T > 0 and 9 > 0 such that, for any ¢ € (0,e¢], the system
(1.1), (1.4) with initial data (1.3) admits an unique solution u® in C([0,T]; L2(R,RN)) N
L>([0,T] x R,RYN), and the system (3.12), (3.13) admits an unique solution U in
CU([0, T]; LE(R; C9,(0,RN))) N L=([0,T] x R x ©,RN).

Furthermore, if phases are transverse, we have the following geometric optics expansion:

lim [ua(t, z) — U (t,m, ‘p(tg’ x)ﬂ =0 in  L®([0,T]; LA(R,RM)).

e—0

4. ALMOST DIAGONAL SYSTEM, L™ AND L? ESTIMATES

We diagonalize A. Then we write system (1.1), (1.4), in this new base. After we recall
and give energy and uniform estimates used below.

The almost diagonal system:

We diagonalize the hyperbolic operator 0; + A(t, )0, in system (1.1). Unfortunately, this
procedure slightly couples first order derivatives. But, we will control this coupling effect
with Lemma 4.1 in section 5. More precisely, let us give following notations.

(4.1)  o°(t,x) Pt x)uf(t, ), wi(x) = P (t, x)u§(t, x),
(4.2) G(t,z,v) = P t,z)(F(t,z,P(t,z)v) — (O P(t,x) + A(t,2)0. P(t,z)) v),
(4.3)  Qi(t,x) = 2PN (t,x)0.P(t,x), Qo(t,x):= P~ (t,2)02P(t,x)
(4.4) G5(t,z,v) = G(t,z,v)+2Qa(t, z)v,
2
(4.5) LF = —52% —£2Q(t, x)% + % + A(t,x)%
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v® is the solution of the almost diagonal system with initial data

(4.6) Lfv® = G(t, z,v%), v¥(0,2) = v§(x).
We use below the diagonal part of the linear operator LL°:

0 0? 0 0
4.7 Df = Lf+&2Q1— = —¢° — +A(t
(4.7) TG, T e Ty T,

Energy and L*° estimates:
First notice that A, P and P~ also satisfy assumption (3.1). So 9, A, 9,Q; are bounded
on [0,7p] x R and we have:

Theorem 4.1. [Classical energy estimates|. Let1>v >0,T7y>T >0, L and Q;
bounded matriz on [0,Tp] x R, w(t,z) the unique solution in C°([0, Tp], L*(R,, RY)) of:

82w ow Ow ow
Vo —vQ(t, :U)a— + N + A(t,z)— S L(t,x)w + h(t,z)
’UJ(O,.%‘) = ’wo(l‘)

then, there exist constants C = C(T) > 1 and D depending only on
T, To, HL”LOO([O,TO]XR,RN) ) HaxAHLoo([o,TO]xR,RN) ) ||Q1”Loo([o,To]xR,RN) , such that

1wl oo (0,77, L2RRNVY) < C (HwOHLQ(R,RN) +T HhHLOO([O,T],LQ(R,RN))> , Jim O(T) =

V00| 210,11 xr & N) + W] Loo (0,77, 2R RY)) < D <||w0||L2(R,RN) + ||h”L2([0,T]xR,RN)> .
We recall this fundamental result.

Theorem 4.2. [Maximum principle].
Letv>0,Ty>T >0, \t,z) € C1([0,Tp] x R,R), g € L=(]0, T[xR,R), wo € L=(R,R),
and w(t,x) the unique solution in L ([0, Tp] x R, R) of the following scalar equation with
initial data wq :
2
—Vg;;} + 881: + A(t, x)g: =g(t,x), w(0,x) = wp(x),
then

lwllzeeorxrR) < lwolleo k) + Tllgll Loo (0,11 R R)-
We are going in next section to use the following interpolation result.

Lemma 4.1. Letv >0, T > 0, \(t,z) € C([0,T] x R,R), g € L*([0,T] x R,R), and
w(t, z) the unique solution in C°([0,T], L?(R,,R)) of the scalar equation, with null initial
data :

0*w  Ow ow
VW-FE—F)\( )%:g(t,:c)7 w(0,x) = 0.
If O\ is bounded on [0,T] x R then there exists co > 0 such that:
V4wl oo 0.1y xr ) < €ollgllz2 o, mR))

Proof : From standard energy estimates (Theorem 4.1), there exists di = dy(T") > 0 such
that:

sup |lw(t, )lrew,)y < dillglleo,mxr)-
0<t<T
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We now turn to establish that there exists da = d2(T") > 0 such that for each ¢ € [0, T:

(4.8) V| 0zw(t, ) 12 R,) = d2H9HL2 ([0,T)xR)-

Let us beginning with smooth g with compact support and conclude by density. Write
z = Ozw. So z satisfies:

—Vﬁgz + Oz 4+ A0pz = —Azz + G, 2(0,z) = 0.

Following classical computations to get an energy estimate we have:

/ v(0y da:+/dx = —/Az@xzdx—/)\xzzdff+/9x2dx
R R R R
1
= —//\IZde—/gﬁxzda?
2 R R
H>\x”oo/ 2 1/ 2 V/ 2
2 R2d$+2y - dx+2 R(azZ) o
d 1
i . < e Hoo/ 22dx + — /2dm
= zz(t,x)dx < e HOO// (s,z)dsdx + — / / de
R

which gives (4.8) by Gronwall Lemma.
Then, by classical interpolation inequality

IA

!
|
N
N}
QU
8
A\

lw(t, Moo, z) < 2wt M2, m102w(E, )2, &),

used for each t, we conclude the proof. [

5. PROOF OF THE UNIFORM EXISTENCE

In this section we prove Proposition 3.1 by a Picard iteration combining energy and L™
estimates. Fix Tp a positive number. Let M be a constant chosen later (indeed M will
be greater than the profile norm) such that:

M > Moi= sup [[flzanme, where [logllzanse s= max (1ol ege, ) 05 e pv)) -
<e<

Let B(T) be the ball of C°([0,7T]; L?(R,RY)) N L>([0,T] x R,RY) defined by:
B (T) = {w®, w®(0,z) = vj(z) and [|w||cor2npe) < M} .

On B#(T), we define the nonlinear operator II¢ for any w® € B5(T") by II*(w®) is the unique
solution on [0,7] x R of following initial value problem

(5.1) Le [IT*(w®)] = G°(t, x, w®), [II° (w®)] (0, ) = v5(x).

Notice that v¢ is the solution of (4.6), if and only if II°(v®) = v°. We are going to prove
that II¢ is a contraction on B%(T") for a positive T' with a Lipschitz constant independent
of e.

Lemma 5.1. There exist Ty € (0,Ty] and g9 € (0,1] such that for all € € (0,e0],
II5(B=(T1)) C B(T1).
7



Proof : We first study L>°L? stability of II°.
Since G¢(t,z,w) = G(t,z,w) + €2Qa(t, x)w, there exists c; such that for all w € B°(Tp):
1G=(t, 2, w(t, x)lpere < (14 [Jwllpeer2).
By Theorem 4.1 we get:
I (W) o (o,rps22) < C(T) ([lwgll 2 + TG (8 2, w (E, )| oo 2)
< CO(T)(Mo+Tei(1+ M)).

Since %irrb C(T) = 1, there exists T', 0 < T" < Tp such that [|TI°(w®)|| Lo (jo,77);22) < M.

We now study L*°-stability of II°.

Let 2 =1II°(w®) and Ep := sup  sup |[|G*(¢,z,w"(t, 7)) p2(j0,m)xr) < OO
0<e<1 weeBe(Ty) '
According to Theorem 4.1 we have:

€022 L2 (j0, 1) xr) < D(Mo + E2).

By linearity, we decompose z° = 2] + z5 in such way that:

Dfzi = GE(t, @, wf), 21(0,2) = v5(),
E € 82:5 €
D25 = ¢ Ql(t,x)e% , 25(0,2) = 0.

Since z{ system is decoupled, we apply Theorem 4.2 for each component of z{ and we
have:

121l Lo (o, 10)xr) < 106l oo ) + T sup |G5(t, 2z, w)| < Mo+ TEw.
0<t<To, z€R, [w|<M

According to Lemma 4.1 component by component we have:
1251 oo ([0,171xR) < c0VE ([|Q1 | Loe (0,70 xr) D (Mo + E3)) .
Then, we can choose 0 < T} < T” and g( such that for all € € (0, ] :

1251 oo (0,111 xR) < 1211 Loe (0,10 x®) + 11251 Loo (0,1 xm) < M.
O

Lemma 5.2. There exists Ty such that 0 < Ty < Ty and II° is a contraction on B(Ts))
for the L>([0, T]; L*(R,RN)) norm with a same Lipschitz constant, for all € € (0, ).

Proof : Let us define 2§ = II°(wg), 25 = II5(w5), 2° = 2§ — 25, w® = wj — w5. 2° is the
solution of the following linear system : L°2° = G*(t,x,w]) — G°(¢,z,w5), 2°(0,z) =0.
Obviously, there exists a constant g such that

|G=(t, z, wT) — GE(t, z, w3) | Lo (0,10);22) < 9wl Loo(j0,70):2)5
then [|2°[| Loo j0,70]:22) < CTgl|w® | Loo(jo,70);22) 80 We can choose 0 < Ty < T3 such that II°

is a contraction for the L L? norm on B¢(T,) with a Lipschitz constant independent of
e. O

Proof of Proposition 3.1 : Let v; ,; = II*(v;;,), n € Nand v
5.1 and 5.2 imply the uniform existence of (v%)p<c<g,, On [0, T2

CYL2. Then v¢ also belongs in B°(T3). O

_o(t,z) = vj(z). Lemmas

Rand lim o), =9 in

£
n
] n—-+o00



6. ON PROFILE EQUATIONS

Lemma 6.1 (L> and L? estimates for linear scalar profile equation). ‘

Let j be fized, Vo; € L*(R; C,(0°, R))NL>®(Rx O, R), f; € CO([0,T]; L*(R; C,(67,R)))N
L>([0,T]xRx©;,R), and Vj(t, x,0;) the unique solution of the scalar equation, with initial
data :

_,DJQVJ + X5V = f;, Vj(o’% 9]') = ng(O,I,Qj).
Then, there exists C' such that:
IVillLeoo,rixrx0,8) < [IVojllLee@xeory + Tl fill Lo (jo,1)xR X0, R)
Vileogom e, < C (IMosllzmeg, 0 + T 1filoogom 2o, o) -

Proof : The first inequality is the classical maximum principle. So, we have only to prove
the second one. Let w; be the solution of :

—Djw; + Xjw; = f; = [|f;(t, 2, ) pe(oy» w50, 2,6;) = Voj = [[Vo; (0,2, )| oo 0)-

By maximum principle |V;(t, z,6;)| < |w;(t, z,6;)| and, by uniqueness, w; does not depend

of 0. In fact, w; is solution of : Xjw; = f;, w;(0,2,0;) = V;. It is a linear hyperbolic
equation, so the classical energy inequality for w; give us the result. [

Now we are able to prove Proposition 3.2: By a standard Picard iteration, VO(t, z,6) =
Vo(z,0), and, forn e N, j=1,..., N, Vj"+1 is given by:

—DiVIH 4+ XV = EGy(tw, V), VN0, 3,6;) = Vo(x, 6)).
Thanks to Lemma 6.1, and since [||E;||| = 1 we get classically a contraction for small
positive T'. [
A straightforward computations gives us the following useful Lemma:

Lemma 6.2 (periodic exponential solution). Let j be fized, T positive, a € ©*, b, (t,x) €
CY([0,T); L3(R,R))), al(t,z) € L*(R,R). Let V be the unique solution of:

(
—DJQ-V + X;V = by (t,x) exp(ia.0), V(0,z,0) = ad(x)exp(ia.0).
Then V (t,x,0) = aq(t, z) exp(ia.0), where aq is the solution of:
Xjaq + |oz.8x<;5j|2aa =bo(t,7), aa(0,7)=d’(x).
Then we can compute Fourier expansion of V. Indeed a, has the same smoothness as
al and b,. Furthermore, if data are compactly supported w.r.t. @, a, and V too.
7. THE LINEAR SCALAR CASE

In this section, we validate the geometric optics expansion for the linear scalar case.
The last result comes in useful to prove the main result of this paper.

Lemma 7.1. Let 0 < e <1, h € L*(R; Cp, (0% R)), and j € {1,--- ,N}.
Let u® and U be the unique solutions of equations (7.1) ,(7.2) on [0,T] x R,

0
(7.1) —£20u° + Xju® =0, us(0,2) = h (3?; i) ;

(7.2) —-D:U + X,;U =0, U(0,z,0;) = h(x,0;),
9



e _ ®j T oo :
then u®(t,x) =U (t,m, ?> + O(¢e) in L*([0,T]; L*(R,R))

Proof : First, we assume that h € C°(Ry; Coo(0Y,R)), where the subscript ¢ means that
¥j (t,z)
5

h has compact support with respect to x. Let v°(t,z) = U (t, T, ) . Then, a direct
computation give us with S°(¢,z) := —£202U — £(9,D;)U = O(e) € L>([0,T]; L*(R,R)):
—E2000° + Xj0° =S = DU + X;U = 5%, o°(0,2) = u(0,x).

Since —e20%uf+ X ju® = 0, we can apply energy estimate to u®—v° to conclude this smooth
case. We finish the proof using density of C2°(R,; Cgo(6°,R)) in L*(R; C9,(6°,R)). O

We recall and slightly extend on unbounded domain and with a linear term a non stationary
phases Lemma from [13]:

Lemma 7.2. Let 0 < ¢ < 1, a € C°%0,7); L*(R,R)), b € L>([0,T] x R,R), o €
C>®([0,T] x R,R) and j € {1,--- ,N}. Assume that ¢ is transverse to X; i.e. Xjip #0
a.e., and u® is the unique solution of (7.3) on [0,T] x R,

(7.3) Xju® +b(t, x)u® = a(t, z) exp <zw(t€’ :c)) , u®(0,z) =0,

then lin[l)ua(t,$) =0 in L>=([0,T); L*(R,RM)).

£—
We now apply the previous Lemma to a weakly parabolic equation.
Lemma 7.3. Let 0 <e <1, a € C°0,7]; L*(R,R)), j € {1,--- ,N}.
Let u®,U the unique solution of the following equations on [0,T] x R

—e20%2u + Xuf = a(t,x)exp (ia.@ , u(0,z) = 0,

—DJZU—FXjU = a(t,z)E; (exp(ia.h)), U,z,6;) = 0,

E—>

then lim {ug(t,x) ~U (t,x, “’j(z’ "E))} =0 in L([0, T); L*(R, RY)).

Proof : First, we assume that a € C2([0, T] x R, R)). After, we extend the result to more
general data by density.
Let ¢ := a.p. By transversality assumptions on phase ¢, we have only two cases:

(1) X2 =0 : then we have E; (exp(ia.f)) = exp(ice.f). As in Lemma 7.1 proof, let us

i(t,
consider v°(t,x) :=U (t,a:, 21 x)>’ then we have:
€

p(t, )

—20%0° + X0 = a(t,x) exp <ia.
€

>+o<e), v (0,x) = 0,

and we conclude this case by applying an energy estimate to u® — v°.
(2) 9 is transverse to X; : then we have E;exp(ic.f) = 0 and U = 0. Let w® be the
solution of

we(0,x) = 0.

(7.4) Xju® = a(t, z) exp (m.W> ,

9
10



From Lemma 7.2 we get w® — 0 in L{L2. In the same way, we are going to see
that £0,w® and £20%w*® also converge towards 0 in L2. So, at first, we derive (7.4)
with respect to €9, and then with respect to 20?2 to get :

X;z2° 4+ bz® = Pexp <11£> +0(e), 2°(0,x) =0,

first with 2% := €d,w®, and after with 2° := £20?w®. Then, we conclude with
Lemma 7.2. More precisely, we obtain following equations:

X (e0,w®) + (02A)) (€0,w®) = ia0y1 exp (zf) +ex <8$a exp (zf))
X; (2020°) + (9:\) (£202w°) = ia(9,1)* exp (zf) + O(e),
where O(e) = ¢ [(ia@%@b) + 2(0za)(0:0) + E&%a) exp(i/e) — (8%)\]-)(5850105)] .

Now, let R® := u® —w*®. We can conclude by using energy estimate since R° is the
solution of: —e292R° + X; R = 202u°, w*(0,2) = 0.0

Proposition 7.1. Let0 < e < 1, h € L*(R; CL, (0% R)), f € C°([0,T); L*(R; C3,(O,R))),
and let u®,U be the unique solutions of the following equations on [0, T

0
—e20%uf + Xjut = f (t,x, g) , u(0,2) = h <a:, i)
—D?U +X;U = E;f(t,z,0), U,z,0;) = h(z,0))

e—0

then lim [ua(t,x) -U (t,:c, %(zw)ﬂ =0 in L>=([0, T); L*(R,RM)).

Proof : By linearity of previous P.D.E. we can decompose u® = uj + u5. We make an
analogous decomposition for U. And uf, u5, Uy, Uy are solutions of following equations

—528§u§ + Xuf = 0, ui(0,2) = h (w, %O> ,
—20%us + Xjus = f (%), u§5(0,2) = 0,
—-D2U, +X;U = 0, Ui(0,z,0) = h(x,0),
~Dy + X;U = E;f(t,,0), Us(0,2,0) = 0.

By Lemma 7.1, we obtain uj = U;(t,x, ¢/¢) + O(e). For u§ we use the density of trigono-
metric polynomial, as in [13]. Then, we replace f by a trigonometric polynomial, and, by
linearity, we can use Lemma 7.3. Then, the proof is complete. [J

8. PROOF OF GEOMETRIC OPTICS EXPANSION
The proof is based on the following observation as in [14]. For a contraction mapping II
with a Lipschitz constant p and the fixed point u, we recall a classical posteriori estimate:
Ju— o] < T2 [[T(w) — o]
uU—v —|[I(v) — v||.
=12,

11



p(t, )
€
we are going to prove that II°(w®) = w® +o0(1). Since (II¥)g<e<¢, is a family of contraction

with same Lipschitz constant we have: v® = w® + o(1).

Precisely, we use notations from section 5. Let T3 satisfying Proposition 3.2: a time
existence of the profile. Fix M > [V e jo75):12(r:00, (0 &V ))) + IV | oo (0,73 xR X 0, RN) - We
now choose Ty such that v¢, V live on [0, T4, II*(B°(T4)) C B*(Ty), and II¢ are a uniform
L>®L? contraction on B (Ty).

First w® belongs to B°(T}). Let 2¢ = II°(w®) and j fixed. Notice that 2¢ belongs to B(Ty).
25 satisfies following equation:

J
t
_528525- —l—X]ZJE = Gj <t,x,V (t,.i[), (P( 7:6))) —‘r?’?
€

where ¢ = £2Qow® + £2Q10,2° = O(¢) in L>®L?. Then, neglecting ¢, and according to
Proposition 7.1, we have 2}(t,z) = W; (t, x, &) + o(1), where Wj is the solution of
€

So, let w(t,z) =V <t,:n, . With stationary and non stationary phases Lemmas

(=D} + X;)U =E;G; (t, =,V (t,2,0)) and W;(0,.,.) = V;(0,.,.).
So Wj is exactly Vj, 25 = w§ + o(1) and :
I (wf) = w® 4+ o(1) in L®([0,Ty); L*(R,RN))
Since II¢ is a L®°([0, Ty]; L?(R,RY)) contraction on B°(Ty) with a Lipschitz constant in-
dependent of € € (0, g¢], we have
v® =w® +o(1) in L([0,Ty); L*(R,RY)),
which completes the proof of Theorem 3.1.

9. COMPARISONS WITH THE INVISCID CASE

Let us first investigate the standard Lemma of non stationary phase. Could this Lemma
be improved by the presence of small viscosity? Unfortunately the answer is no as you
can see on the following simple example.

(9.1) —e20%u° + O = exp (ig(t, x)/e), u®(0,z) =0,

(9.2) Ov® = exp (ig(t,z)/e), v°(0,2) =0,

with X =0; +0 x 0, = ;.

Assume X ¢ # 0 a.e., for instance with ¢(t,z) = ¢, viscosity plays no role since

us(t,z) = ve(t,x) = ie(1 — exp(it/e)) = O(e). Furthermore, if ¢(t,z) = 1(t), we always
have u®(t, z) = v°(t,z). So, if ¢’ vanishes on a discrete set we have no rate of convergence.
For instance if 1(t) ~ t* when t goes to 0 and o > 1, we have u(t,z) ~ Ce'/® with
C # 0. So we cannot expect any correctors for multiphase expansions with such such
general transversality conditions on phases. This construction follows [13], Remark 1.2, p.
114-115.

The new feature in our paper is to get and valid parabolic equations for profiles. These
equations are only related to phases transported by the hyperbolic operator 0+ A(t, )0,
For instance, solutions of (9.1),(9.2) with ¢(t,z) = z, (X¢ = 0), are u®(t,z) = (1 —
e t)exp(ixz/e), v¢(t,z) = texp(iz/e). Profiles satisfy the following equations:

—{U + U = exp (i0) , U(0,,0) =0,

0V = exp (i6), V(0,z,0) = 0.
12



Then viscous profile is U(t,z,0) = (1 — e~*)e and hyperbolic profile is V (¢, z,0) = te®.
So, except for small time, u® and v¢ have different behaviors.

We conclude this section by few remarks about large time. If (u®)p<.<; and U are
bounded in L>®([0,T], L3(R,)) N L*°([0,T] x R,) then geometric expansions stated in
theorem 3.1 is still valid on [0,7]. But, in general, the maximal existence time of the
family of exact solutions is not bounded from below by the existence time of profile.
Indeed, to have such result we have to valid WKB expansion in L*°([0,T] x R;). For this
purpose we have to strengthen transversality assumptions on phases and smoothness of
data and solutions. For a fuller treatment of existence times in the inviscid case we refer
the reader to [13].

Acknowledgments: The author wishes to express his thanks to Olivier GUES for sug-
gesting the problem and for many stimulating conversations.
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