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1 Introduction

Let M be a manifold provided with an action of a compact Lie group K with
Lie algebra £. Our main additional data is a K-invariant map ® : M — £*.
This gives rise to a K-invariant vector field kg, the Kirwan vector field,
on M. In [50], Witten proposed a non abelian localization procedure on
the zero set of the Kirwan vector field for the integration of equivariant
classes in the Hamiltonian context. The K-theoretic analogue of the Witten
non abelian localization procedure was introduced by the first author [32],
still in the Hamiltonian context, in order to give a topological proof of the
[@, R] = 0 theorem, after the first input of the second author in [48]. The
[@, R] = 0 theorem, conjectured by Guillemin-Sternberg and proved by [29],
is a remarkable result on the geometric quantization of symplectic manifolds,
and we describe it below. Still with the aim of understanding the [Q, R] = 0
theorem, this type of non abelian localization procedure has been transposed
recently in the setting of equivariant K-homology by Y. Song [45]. The
analytic approach of the Witten deformation has been studied by several
people, see [47, 11, 26, 24, 12, 25].

The purpose of the present paper is three-fold.

First, we develop our K-theoretical analog of Witten deformation, when
M is any even dimensional oriented compact manifold, & a moment map in
a weak sense, and o a symbol of any twisted Dirac operator. We use the
vector field k3 to deform an element o of the equivariant K-theory of T*M.
We obtain a general non abelian localization theorem, see Section 8.4, in
equivariant K-theory. It localizes the study of the equivariant index of any
o € K% (T*M) to the study of the equivariant index of the deformed element
on a neighborhood of the zeroes of the map ®, together with the study of
the same scenario on lower dimensional manifolds. In this deformation, an
elliptic symbol is deformed in a sum of transversally elliptic symbols.

Our second purpose is to illustrate the power of this tool by reproving
the [@, R] = 0 theorem of Meinrenken-Sjamaar [29] in a straightforward
way. In other words, we clarify the strategy used by the first author in
[32]. We also prove some generalizations, in the context of almost complex
manifolds. In particular, we prove an asymptotic [Q, R] = 0 theorem for
Clifford bundles (Theorem 9.32) which plays an essential role when one
studies the asymptotic behavior of branching law coefficients (see [37]) and
the notion of stability.

As another application of our K-theoretical non-abelian localization the-
orem, we have obtained a geometric description of the multiplicities of the
index of general twisted Dirac operators on general K-manifolds. This is



the object of a separate article [40], as the proof requires further delicate
information on admissible orbits, see [41].

Finally, our third purpose is to describe in detail some applications of
the [@, R] = 0 theorem on multiplicities. If M is a symplectic manifold and
L a Kostant line bundle on M, the geometric quantization RRx (M, L) of
the symplectic manifold M is a (virtual) representation space of K. We
write RRx(M,L) = Zuef( m,,(L)V,. We give the proofs on the piecewise
quasi-polynomial behavior of the multiplicity function m, (L) as well as their
“reduction behavior” on faces. All these results follow from understanding
the geometric description of m, (L) given by Meinrenken-Sjamaar, but this
is sometimes not so easy to see while reading [29]. So we give a complete
proof of all this facts here. We feel that it is worthwhile to explain a unified
proof of these results, via Hamiltonian geometry and the [@Q), R] = 0 theorem.
It seems that indeed these consequences were unnoticed, and other interest-
ing proofs were given for interesting cases by several authors [22, 44, 14].
For example, the quasi polynomial behavior in k of stretched Littlewood-
Richardson coefficients [14], or of Kronecker coefficients [30], the reduction
properties of these coefficients on faces [44], the factorization theorem of
LR coefficients [20], the locally quasi-polynomial behavior of plethysm coef-
ficients [18], are consequences of the geometric description of multiplicities
obtained by Meinrenken-Sjamaar. Another interesting consequence of the
asymptotic [Q, R] = 0 theorem for Clifford bundles (Theorem 9.32) plays
an essential role when one studies the asymptotic behavior of branching law
coefficients. This is the object of another article by the first author [37].

Before describing our localization result, and its consequences, in more
details, let us present some motivation and previous results. Let A be a K-
invariant elliptic operator on M with principal symbol ¢ and let Index}? (o) (k)
its index, a central function of K. Write Index?! (o) (k) = Zuef( m(u, o) Tr,(k)
its Fourier expansion in terms of irreducible characters of K. The numbers
m(u, o) € Z are the multiplicities of the irreducible representation V, in the
virtual space of solutions of A. In [16], Guillemin-Sternberg formulated the
[@Q, R] = 0 principle (quantization commutes with reduction), which gave a
conjectural geometric receipe to compute the multiplicities m(u, o), in the
case where M is a Hamiltonian manifold equipped with a Kostant-Souriau
line bundle L, in terms of the fibers of the moment map ® : M — £* given
by the Hamiltonian structure. Here oy, is the symbol of the Dolbeaut-Dirac
operator with coefficients in L. Introduce the space M,.q = ®~1(0)/K (and
assume to simplify that M4 is smooth). The space M,.q is the reduced
Marsden-Weinstein symplectic space. It plays an important role, as for



example many moduli spaces appear naturally as Marsden-Weinstein quo-
tients. Also when M is a projective manifold, the reduced manifold M,..q
is the GIT quotient M /K¢ of M, where K¢ is the complexification of K.
Guillemin-Sternberg proved that the multiplicity of the trivial representa-
tion of K is equal to the Riemann-Roch number of M,.4, in the case where
M is a compact complex manifold and L is ample. They conjectured that
this equality is still valid in the Hamiltonian context [16]. Using symplec-
tic cuts, Meinrenken-Sjamaar [29] gave the first proof of this fundamental
theorem.

In view of describing cohomology rings of moduli spaces, Witten showed
that integrals of cohomology classes on M,.q can be computed as the value
at 0 of the Fourier transform of a function on £, obtained by integrating an
equivariant cohomology class on the manifold M, using a deformation argu-
ment. This result suggested that a similar deformation argument could be
used to study the Fourier expansion of equivariant indices. Indeed, in [32],
the first author gave another proof of the [Q, R| = 0 theorem, using deforma-
tion of the symbol o. This proof is straightforward, once some functorial
properties of the deformation are established. These functorial properties
were established in [32], by several ad-hoc arguments. In this article, we
prove these functorial properties in a general framework. We believe that
this powerful technique can be useful to study equivariant indices in many
different contexts. We see, for example, that a version of [Q, R] = 0 theorem
is true in this general context, in the asymptotic sense. Furthermore, we use
the results of this article to prove a [@Q, R] = 0 exact principle in the context
of Spin“-manifolds [40].

Let us now describe more precisely our context. Assume M is even
dimensional and consider a graded Clifford bundle £ — M for the tangent
bundle TM. We denote by cg,, the Clifford action of T,, M on the fiber &,,.
The symbol o(€) attached to the graded Clifford bundle is

o(€)(m,v) = ce, () : £ — €y (mv) € T°M,

where v € T*M — v € TM is an identification given by a K-invariant
Riemannian structure on M. Note that such a symbol is invertible outside
the zero section of T*M. Hence, when M is compact, the symbols o (&)
determines a class in the K-group K% (T*M), and we denote Q (M, ) its
equivariant index. If K = {1} is the trivial group, Qg (M,€E) € Z is an
integer, denoted simply by Q(M,¢E).

We attach the Kirwan vector field k¢ to any equivariant map ® : M —
¢*: for m € M, the vector —kg(m) is equal to the the tangent vector ®(m)-m



associated to the infinitesimal action of ®(m) on m. Here we have identified
€ and " by choosing a K-invariant inner product. We denote by Zg the set
of zeroes of kg. Clearly Zg contains ®~1(0). The deformed symbol (&, ®)
is defined by

(&, ®)(m,v) =cg, (7 +P(m) -m): &L — &

The symbol (&, ®) can be restricted to a neighborhood of the set Zg of
zeroes of kg as a transversally elliptic symbol. If Z is a union of connected
components of Zg, we denote by (&, Z, @) the restriction of o(€,P) to a
small neighborhood of Z and by Qx(M,E,Z, ®) the equivariant index of
the symbol (€, Z, ®).

In this paper, an equivariant map ® : M — £* is called' a “moment
map” if there is a closed two form Q (possibly degenerate) such that the
data (2, @) satisfies the Kostant relations (6.14).

In Section 8, we prove the following non-abelian localization theorem
(Theorem 8.6). When ® is a moment map, the set Cp = ®(Zg) is a finite
union of coadjoint orbits, and we define Zp = Zo N®~1(O) for any O C Cs.
We then have, for any K-equivariant graded Clifford bundle &,

(1.1) Ok (M, &) = Y Qx(M,E,Zo,®).
OcCs

When 0 is a regular value of ®, the character Qg (M,E,®1(0),®) can
be described explicitly in terms of indices of elliptic symbols on the orb-
ifold M,.q = ®1(0)/K (see Subsection 8.1). In particular we have that
QK (M,E,071(0), ®)]* = Q(M,eq,Ereq), where E.oq is a graded Clifford
bundle on M,..4 induced by £. In other words, the symbol o(€, Z, @) satis-
fies the [@Q, R] = 0 principle, for any Clifford bundle £.

Let us describe the other components associated to O = K3, with § # 0.
Let MP be the set of zeroes of the vector field 3, and K 3 the centralizer of
B in K with Lie algebra £3. The graded Clifford bundle £ on M induces a
graded Clifford bundle dg(&) on M B, The action of § provides a complex
structure on the normal bundle to M?, and we denote by N. Jg this complex
vector bundle. Let Sym(N,) = EBZC’:OSymk(NJB). Then Qg (M,E,Zp, )
is the induced representation from Kjg to K of the representation

Ok, (Mﬁ,dﬁ(é’) ®Sym(NJﬁ),<I>—1(ﬁ),<I>|Mﬁ> ® /\(e/gﬁ)c‘

Tt corresponds to the notion of “abstract moment map” of Karshon.



Here again, if § is a regular value of the map ® : M? — {%E, this index can
be explicitly described in terms of (®~1(8) N M*?)/Kjp.

Starting in Section 9, we analyze the implications of the non-abelian
localization theorem to the geometric study of the multiplicities. Let us
remark that we do not assume before Section 12 that nor our group K
neither our manifold M are connected. Indeed the study of the ring of
invariants for classical groups such as O(n) is an instance of the [Q, R] =0
theorem, and we want to include these cases.

We say that the [, R] = 0 principle of Guillemin-Sternberg holds for the
data (€, ®) if the multiplicity of the trivial representation in the equivariant
index Qr (M, €, Zp, ®) vanishes if O # {0}. Thanks to (1.1), this implies
the identity

[QK(M7 5)]K = [QK(M7 &, @—1(0)’ (I))]Ka

and this last space is described explicitly as Q(Med, Ereq) when 0 is a regular
value. If ® is a moment map associated to an equivariant line bundle L, it is a
straightforward consequence of our localization theorem that the [Q, R] =0
principle holds for the data (£ ® LF,®), if k is large enough (this result
would also follow easily from the asymptotic analysis by Meinrenken in [27]).
Consequences of this asymptotic result [37] includes many stability results
on asymptotic behavior of branching coefficients.

We introduce a notion of ®-positivity for equivariant vector bundles and
Clifford bundles which extends a similar notion introduced by Tian-Zhang
in the Hamiltonian context [47].

When the Clifford bundle £ is strictly ®-positive, we show that the
[@, R] = 0 principle holds for the data (£, ®): the multiplicity of trivial rep-
resentation in the characters Qx (M, &) and Qx (M, &, ®~1(0), @) are equal.
If furthermore 0 is a regular value of ®, we get finally that

[QK(M7 5)]K - Q(Mred7 gred)-

In Section 10, we specialize the study to the case of a K-manifold M
equipped with an invariant almost complex structure J. Then a natural
Clifford bundle on M is A ; TM, and we consider the Riemann-Roch char-
acter

RR{ (M, F) = Qx(M, A\ TM  F)
J
that is attached to any equivariant vector bundle F.

When @ is a moment map associated to a closed 2-form €2, we show that

the Clifford bundle A ; TM is weakly ®-positive when the quadratic form



v — Q(v, Jv) is non negative (we say that J is adapted to €2). Hence the
Clifford bundle £ := A\ ; TM ® F is strictly ®-positive when J is adapted to
), and the vector bundle F is strictly ®-positive.

An interesting example are the semi-ample line bundles L on (M, J): we
define those as line bundles L for which there exists a K-invariant Hermitian
connection V¥ with curvature (V1)? = i, such that Qp (v, Jv) is semi-
positive definite. If & is the moment map attached to V%, we see then that
the Clifford bundle A ; TM ® L is strictly ®r-positive. In particular we get

that [RRy (M, L®k)]K =0 for any k > 1 if ®;(0) = 0.

In Section 12, we return to the case of a K-Hamiltonian manifold (M, €2)
with a Kostant-Souriau line bundle L and moment map ®. Here we choose
an almost complex structure J that is compatible with the non degenerate
2-form €: here the quadratic form v — Q(v, Jv) is positive definite. The
corresponding quantized space RRy (M, L) = Zuef( m,(L)V, is a represen-
tation of K. As we have already seen in the case of semi-ample line bundles,

the number mo(L) = [RRx (M, L)]¥ is equal to
(1.2) [Qk (M, ANTM & L, & (0), @)~
J

If 0 is regular, we thus obtain that [RRy (M, L)]¥ is the Riemann-Roch
number RR(My, Lo) of the orbifold bundle Ly = L|g-1(0)/K on the re-
duced symplectic orbifold My = ®~1(0)/K. Recall that this striking result
was obtained by Meinrenken [28] using symplectic cutting. The core of
Meinrenken-Sjamaar fundamental theorem is that (1.2) can be computed
geometrically as the Riemann-Roch number of the (possibly singular) re-
duced space My = ®~1(0)/K:

e Either directly when 0 is a quasi-regular value of ®. The computation?,
which is quite involved when 0 is quasi-regular, but not regular, is done in
Section 12.2.3. In this case, the reduced space My is again an orbifold.

e Or by moving the localization from ®~1(0) to the fiber of a quasi-
regular point close enough to 0. This deformation argument is explained in
Section 12.4.

Up to this point, our compact group K could be not connected. As
usual, for K connected, one deals with the other multiplicities m,(L) by
using the shifting trick.

At the end of the paper, we describe the consequences of the [Q, R] =0
theorem on the piecewise locally polynomial behavior on the coefficients
my (L), as well as their “reduction behavior” on faces.

2The quasi-regular case was not considered in [32].
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2 Notations

e Let K be a compact (non necessarily connected) Lie group with Lie algebra
. We denote by K the set of isomorphism classes of irreducible complex
finite dimensional representations of K. If p € K, we may also denote u by
V,. (a vector space with an action of K). If u € K, we denote by u* € K
the dual representation of K in V- = V.

Any finite dimensional representation £ of K is isomorphic to a direct
sum F = @Mef(m(,u)vu, and we say that m(u) is the multiplicity of p in E.

We denote by [E]X the subspace of E formed by the K-fixed vectors. Thus
m(p) = dim[E @ V¥

If H is a subgroup of K, we denote by F|g the space E with the action
of H.

e We denote by R(K) the representation ring of K : an element E €
R(K) can be represented as a finite sum E = Zuef( m(p)V,, with m(p) € Z.
We also say that E is a virtual representation of K. The ring structure on
R(K) is induced by the tensor product and we denote by x®u the product. If
H is a subgroup of K, we denote by x — x|z the restriction R(K) — R(H).

We denote by R(K) the space of Z-valued functions on K. An element
E € R(K) can be represented as an infinite sum E = Zuef( m(u)V,, with
m(u) € Z. We say that m(yu) is the multiplicity of p in E. Then [E]X € Z
and is the multiplicity of the trivial representation in FE.

The space R(K) is a R(K)-module. If H is a closed subgroup of K, the
induction map Ind¥ : R(H) — R(K) is the dual of the restriction morphism
R(K) — R(H). If x € R(H), then Ind}y (x) = 3,z [x ® Vi u]"Vy. In
particular [Ind% (E))X = [E]X.

e We consider a positive definite K invariant scalar product on €. This
defines an isomorphism between ¢ and its dual vector space £*.

e If 5 is a subalgebra of £, we denote by (s) the conjugacy class of s in
the set of subalgebras of £. When K acts on a set X, the stabilizer subgroup
of x € X is denoted K, := {k € K | k-x = z}. The Lie algebra of K, is
denoted by £,. We denote by X the set of elements = of X such ¢, = s, and
by X(g) = KX, the set of elements x of X such £, € (s).



When K acts on a manifold M, we denote by X(m) := %|t:06_tX -m

the vector field generated by —X € £. We may denote also Xjpr(m) by
—X -m. We denote by M¥ the set of zeroes of the vector field X;. This is
a smooth manifold.

In particular, if b € ¢ and F is a representation space of K, then E? is
the subspace of vectors in E invariant by the one parameter subgroup exp tb
of K.

e When V is a real vector space, we equip the direct sum V & V* with the
symplectic structure Q defined by : Q(v,v") = Q(f, f) = 0 and Q(v, f) =
(f,v), for v,0" € V and f, f/ € V*. An Euclidean structure on V induces
a isomorphism v € V — v € V*, and a complex structure Jy on V @ V*
defined by Jyv = 0. Note that Q(—, Jy—) is the scalar product on V & V*.

e Let V — M be a vector bundle. An element n of ¥ may be written as
(m,v) with m € M,v € V|,.

e The letter E will denote a complex finite dimensional (eventually Her-
mitian) vector space, and &€ — M a complex vector bundle. The space of
smooth sections of £ is denoted by I'(M, E).

Most of the times, the space F will be Z/2Z graded, E = E* & E~. We
may leave the Z/27 grading implicit. We denote by E° the shift of parity
on E: we interchange E™ and E~. Ungraded spaces N will be considered
as graded, with N* = N and N~ = {0}. Thus (—1)*E denotes the same
graded vector space F, but where the change of parity has been performed
k times.

If N is a complex (ungraded) vector space, then the exterior space A N
will be Z/27 graded in even and odd elements. If E = E* @& E~ and
F = F* @ F~ are two Z/2Z graded Hermitian vector spaces, the tensor
product E® F is 7 /27-graded with (E® F)T" = ET @ Ft ® E~ @ F~ and
(EQF)"=E"@Ft®Et@F . If f c¢hom(E'T,E™), g € hom(F*,F~),
we define fX g € hom((E® F)T,(E® F)™) by

f®lp, -1 ®g* )
2.3 Xg= + .
(2:3) J¥y < lp, ®g [f"®1p

e If M is a K-manifold, and E a representation space for K, we denote
by [E] the trivial vector bundle M x E, with diagonal action of K.

3 Elliptic and transversally elliptic symbols

In this section, we recall the basic definitions from the theory of transversally
elliptic symbols (or operators) defined by Atiyah-Singer in [1].

10



Let M be a compact K-manifold with cotangent bundle T*M. Let
p: T*M — M be the projection. If £ is a vector bundle on M, we may
denote still by £ the vector bundle p*€ on the cotangent bundle T*M. If
E1 E~ are K-equivariant complex vector bundles over M, a K-equivariant
morphism o € T'(T*M,hom(ET,£7)) is called a symbol on M. For x € M,
and v € TiM, thus o(x,v) : E|F — &|, is a linear map. The subset
of all (x,v) € T*M where the map o(z,v) is not invertible is called the
characteristic set of o, and is denoted by Char(o). A symbol is elliptic if its
characteristic set is compact.

Define the exterior product of symbols. Let My, My be two manifolds
with action of the compact groups Ki,Ks and let M = M; x Ms. We
write an element of T*M = T*M; x T*Ms as ((z1,v1), (2,12)). Let f €
[(T*M;,hom(ET,E7)) and g € T(T* My, hom(F*+,F~)) be two symbols.
Using K-invariant Hermitian metrics on the bundles £, F* we define the

symbol f K g e T(T*M, (€@ F)*,(E@ F)™) by

(f ¥g)(z1,11), (v2,12)) = f(x1,11) W g(T2, 12).

The symbol fXg is called the exterior product of the symbols f, g. Note
that Char(f X g) = Char(f) x Char(g).

Consider now My = My = M with an action of K. Let f,g be two
symbols on M. We still denote by f X g the restriction of the exterior
product (a symbol on M x M) to M embedded as the diagonal in M x M.

The product of a symbol o by a K-equivariant complex vector bundle
F — M is the symbol ¢ ® F defined by

(60 @ F)(z,v) =0(z,v) ® 1F,.

If [E] is the vector bundle M x E associated to a representation space
E of K, we denote ¢ ® [E] simply by 0 ® E.
If E=FE"®E" is Z/27 graded , then

. O'®1E+ 0
U®E—< 0 U*®1E>.

An elliptic symbol o on M defines an element [o] in the equivariant
K-theory of T*M with compact support, which is denoted by K(}((T*M ).
The class [0*] is the inverse of [o] in K-theory: [0*] = —[o]. The index
of o is a virtual finite dimensional representation of K, that we denote by
Index) (o) € R(K) [3, 4, 5, 6]. Recall its definition.

Let A be a pseudo-differential operator A : T'(M,ET) — I'(M,E7) from
the space I'(M,ET) of smooth sections of €1 to the space I'(M,E7) of

11



smooth sections of £, which commutes with the action of K. Here we
follow the convention of [1][Lecture 1], so our pseudo-differential operator
A belongs to P™(M,E~,ET) and we can consider its principal symbol o,
which is defined outside the zero section of T*M. The operator A is said to
be elliptic if its principal symbol o, (x,v) is invertible for all (z,v) € T*M
such that v # 0. Then the space ker(A) of smooth solutions of A is a
finite dimensional representation space for K. Using a K-invariant function
x on T*M identically equal to 1 in a neighborhood of M and compactly
supported, then o(x,v) := (1—x(z,v))o,(x, v) is defined on the whole space
T*M and is an elliptic symbol. The class of o in K(}((T*M) does not depend
of the choice of x. We still say that this class o is the symbol of A. We
choose K-invariant Hermitian structures on €7, £~. Then the formal adjoint
A* i T(M,E7) — I'(M,E") is also an elliptic pseudodifferential operator.
The index of A is the virtual representation space ker(A) —ker(A*) € R(K).
This virtual representation depends only of the class of the symbol o of A in
K9 (T*M), and by definition,

Index} (o) = ker(A) — ker(A*).

Recall the notion of transversally elliptic symbol. Let T} M be the fol-
lowing K-invariant closed subset of T*M

TueM ={(z,v) e T"M, (v, X -z) =0 forall X € t}.

Its fiber over a point z € M is formed by all the cotangent vectors v €
T*M which vanish on the tangent space to the orbit of z under K, in the
point x. Thus each fiber (T} M), is a linear subspace of 7M. In general
the dimension of (T} M), is not constant and this space is not a vector
bundle. A symbol o is K-transversally elliptic if the restriction of o to
T M is invertible outside a compact subset of T}, M (i.e. Char(c) N T} M
is compact).

A K-transversally elliptic symbol o defines an element of K9 (T% M),
and the index of o defines an element Index} (¢) of R(K). Recall its def-
inition. A transversally elliptic operator A : T'(M,ET) — T(M,E7) is
a pseudo-differential operator which is elliptic in the directions transver-
sal to the orbits of K: its principal symbol o,(x,v) is invertible for all
(x,v) € T3 M such that v # 0. Thus, by restriction to T} M, the symbol
o(z,v) = (1 — x(z,v))op(x,v) defines a K-theory class® [o] in the topo-
logical equivariant K-theory group K%(T}M ) which does not depend of

3To simplify the notations, we will also denote o € K% (T} M) the class defined by a
transversally elliptic symbol o.
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the choice of x. The index map associates to a transversally elliptic oper-
ator A an element of R(K) constructed as follows. For every u € K, the
space hompg (V,,ker(A)) is a finite dimensional vector space of dimension
m(V,, A). Thus m(V,, A) is the multiplicity of V,, in the space ker(A) of
smooth solutions of A. The number m(V,,, A) — m(V,, A*) depends only of
the class of the symbol o in K% (T% M) and by definition

Indexi (o) = > (m(Vy,, A) — m(V,, A*))V,.
pek

In particular two symbols o1 and o2 having the same restriction to T} M
have the same index.

Remark 3.1 By definition, Index%(a) 1s isomorphic to a graded subspace
of smooth (and K-finite) sections of £, and we will not consider how to
complete Index? (o) as an Hilbert space.

Example 3.2 A trivial, but important, example is the following. Consider
M = K, with action of K x K by left and right translations, £ = M x C the
trivial vector bundle, E= = M x{0}. ThenT'(M,ET) = C®(K),T'(M,E~) =
0, and the operator A =0 on C*°(K) is transversally elliptic. Its symbol is
the symbol oy(k,v) = 0, and Peter-Weyl theorem shows that

Index?. 1 (00) = Z Vi ®V,.
pek

The index map Index} : K (T% M) — R(K) is a morphism of R(K)
module : for E a representation space of K,

(3.4) Index} (0 ® E) = Index¥ (0) ® E.

Any elliptic symbol is K-transversally elliptic, hence we have a restriction
map K% (T*M) — K% (T% M), and a commutative diagram

(3.5) K% (T*M) — K% (T% M)
Index%t J{Indexlwf
R(K) R(K) .

Let us explain how the index map Index% is defined when M is non-
compact. Let U be a non-compact G-manifold. Lemma 3.6 and Theorem
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3.7 of [1] tell us that for any open K-embedding j : U < N into a compact
manifold we have a pushforward map j. : K% (T%U) — K% (T%N) such
that the composition

N
Indexp -

Kj (T U) == Ki (T N) R(K)
is independant of the choice of j : U < N: this map is denoted IndeXIU(.

When M is a non-compact manifold, the map Index} : KO (T% M) —
R(K) is defined as follows. Any class o € K% (T% M) is represented by a
symbol on M with a characteristic set Char(c) C T*M intersecting T M
in a compact set. Let U be a K-invariant relatively compact open subset
of M such that Char(c) NT5 M C T*U: hence the restriction oy defines a
class in K% (T%U). The index map Indexy- is well-defined since there exists
an embedding & — N into a compact K-manifold (see Lemma 3.1 in [32]).
We take

Index () := Index¥ (o).

In particular, if V' is a vector space with a linear action of a compact
group K, we can define the index of any o € K% (T% V).

Remark : In the following, the manifold M will carry a K-invariant
Riemannian metric and we will denote by v € T*M +— © € TM the corre-
sponding identification.

4 Functoriality

4.1 Invariant part

We will use the following obvious remark. Let o € I'(T*M, hom(E1,E7))
be a K-transversally elliptic symbol on M. We assume that an invariant
element b € £ acts trivially on M. We can then define the subbundles [€¥]* C
£* and the K-transversally elliptic symbol o® € T'(T* M, hom([€T]?, [£7]%))
which is induced by o.

Lemma 4.1 We have [Index¥ (0)]% = [Index} (c®)]X. In particular
[Index¥ (0)]% = 0 if [EF]P = 0.

Proof. We use a K-equivariant decomposition of vector bundles £+ =
[EF]® @ F*. The symbol ¢ is thus equal to ¢® @ o', where the symbol
o/ € T(T*M,hom(F*, F)) is also K-transversally elliptic. The index map
is additive so [Index? ()X = [Index?! (6°)]X + [Index} (¢/)]X. The space
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[Index¥ (o”)]¥ is constructed as the (virtual) subspace of invariant C°°-
sections of the bundle F* which are solutions of a K-invariant pseudo-
differential operator on M with symbol ¢/. But, as the action of b is trivial
on the basis, and [F*]* = {0}, the space of b-invariant C'*®-sections of the
bundle F* is reduced to 0. Hence [Index}! (¢/)]¥ = 0.

4.2 Free action

Let G and K be two compact Lie groups. Let P be a manifold provided
with an action of G x K. We assume that the action of K is free. Then the
manifold M := P/K is provided with an action of G and the quotient map
m: P — M is a G-equivariant fibration. The action of K on the bundle
T P is free and the quotient (T3 P)/K admits a canonical identification
with T*M. Then we still denote by

q: TP —T"M
the quotient map by K. The quotient map ¢ induces an isomorphism
0 0
¢ Kg(TeM) = Kk (TaxrP)

that makes K% (T5M) into a R(K)-module. For V,, an irreducible repre-
sentation of K, we denote by V,, the complex vector bundle P x i V,, over
M.

Theorem 4.2 (Free action property) We have the following equality in

R(G x K)
Indext ;o (q*0) = Z Index (0 ® V) @ V.
pek

4.3 Multiplicative property

Let us recall the multiplicative property of the index for the product of
manifolds. Consider a compact Lie group G2 acting on two manifolds M;
and My, and assume that another compact Lie group G acts on M; com-
muting with the action of G3. The external product of symbols induces a
multiplication (see (2.3)):

X KngGQ(TZHMl) X K%Q(TEQMQ) - Kgﬁ XGQ(T*GIXGQ(Ml X MQ))
Since T, g, (M1 x Mz) # Tg, My x Tg, Ma in general, the definition of

the product [o1] K [o9] of transversally elliptic symbols needs some care: we
have to take a representative o9 of [o] which is almost homogeneous.
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Theorem 4.3 (Multiplicative property) For anyo; € KOGle2 (T, M)
and any oy € K¢, (T, My), we have

Indexgllxxé}? (01X og) = IndexZ\G/llle2 (Ul)IndeXAG/IQ2 (02).

In the last theorem, the product of IndeXAG/[lleQ (01) € R(G1 x Go) with

Indexé‘fj(ag) € R(Gs) is well defined since Indexé/[llx(;2 (01) is smooth rela-
tively to Gs.

4.4 Fiber product

Let V — M be a K-equivariant Euclidean vector bundle.

Suppose that a central connected subgroup T C K acts trivially on M,
so the torus T acts linearly on the fibers of V. Let V := V|, be a fiber which
is equipped with a linear action of T, and an T-invariant scalar product. We
denote by O C O(V) the group formed by orthogonal endomorphisms of
V' commuting with the T-action. Let Pp — M be the O-principal bundle
formed by the orthogonal linear maps f : V' — V|, commuting with the
T-action. Then Pp is a K x O manifold with free action of O.

Remark 4.4 If V — M is a K-equivariant Hermitian vector bundle, we
consider the group U C U(V) formed by the unitary endomorphisms of V
commuting with the T-action, and the U-principal bundle Py — M formed
by the unitary linear maps f : V. — V|, commuting with the T-action.

We have two principal fibrations : gy : Po = M := Pp/O and gy :
PoxV —V:=(PoxV)/O. These quotient maps induce the following iso-
morphisms : ¢}, : K% (T M) = K% (T oPo) and ¢ : K% (T V) —
K(}(XO(T*KXO(PO xV)).

Let us use the multiplicative property (see Section 4.3) with the groups
Gy = K x O,G7; = T acting on the manifolds M; = V, My = Py (the
subgroup K of G9 acting trivially on V).

We have a product

X K(I](XO(T;(XOPO) X K%XO(TTTV) - KOTXKXO(TTTXKXO(PO X V))
Let us consider the isomorphism
(4'6) ql*i : K%XK(T—?XKV) - KTTXKXO(T"TTXKXO(PO X V))

Since the action of T on V comes from the K-action, we have T}, V=
T%V, and then we can define a forgetful map F : K$. . (T%5V) — K% (T5.V).
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Definition 4.5 The fiber product
(4.7) 0+ K% (Tj M) x K, (T5V) — K (TjV)
is defined by the relation

0T = Fo(gh) " (gislo) BT).

A symbol representing o ¢ 7 can be constructed as follows. We write
an element n € V as (x,v) with x € M and v € N|,. We choose a K-
invariant connection on the bundle N' — M, which allows us to parameterize
T*N ={(n, (&, v))}, with £ € TAM, v € N*|, (here ¢ is lifted to an element
of TN using the connection). Let o(z,£) be a symbol on M representing
[o] and 7(v,n) an almost homogeneous symbol on V' representing 7. Then

(0 07)((2,0),(§,v)) = o(z,§) K T(v,n).

If E is a representation space of the group O, we denote by [[E]] the
vector bundle Pp xo F over M, and by o ® [[E]] the symbol o twisted by
the vector bundle [[E]].

Consider Indexg (1) as arepresentation space for O. As 7 is T-transversally
elliptic, we have Indexg (7) = > _pet Fa where each E, is a finite dimensional
representation of O where the action of T on FE, is scalar and acts via the
character a. We still denote by [[Indexg(T)H the sum ) ¢ [[Ea]] of finite
dimensional K-vector bundles on M.

If we combine Theorems 4.2 and 4.3, we get

Lemma 4.6 Index¥ (007) is equal to Index}! (o ® [[Indexg(T)H) in R(K).

Let us explain briefly why Index}! (0 ® [[Indexg(7)]]) is well defined in
R(K). By definition Index} (o ® [[Indexg (7)]]) is equal to the infinite sum

(4.8) > Indexi (o @ [[Ed]]).
aETT

Since T acts trivially on M, and commutes with K, it is not hard to see that
for each 1 € K the multiplicity of V}, in Index}! (o ® [[E,]]) is zero when
|l|| is large enough. This shows that the sum (4.8) converges in R(K).

An interesting case is already when the group T is trivial (see Section
5.4). Any elliptic element 7 € KOO(V) (T*V) defines a pushforward map
K(}((T%M) — K9 (T% V), 0 — 007 such that Index) (007) = Index (¢ ®
[mdexg ) (T)]])-
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4.5 Induction property of the index

Let Y be a H-manifold and let M := K Xz Y. Since, at the level of the
tangent spaces, we have the decomposition TM|y ~ TY @Y X £/h, one sees
that T7-M is diffeomorphic to K x T}Y. Hence we have an isomorphism
K% (T35 M) ~ K% (T%Y) : if 0 is a K-transversally elliptic symbol on M,
we denoted oy the corresponding H-transversally elliptic symbol on Y.

Proposition 4.7 For any K-transversally elliptic symbol o on M
Index (o) = Ind& (Indexﬁ(a|y)) .

Proof. Let us consider N = K x Y with action of H on K x Y by
(k,y) - h = (kh™1 hy). Then T*N = T*K x T*Y, and o defines a K x H
transversally elliptic symbol ¢ on N. The restriction of the symbol & to
T g N = (K x {0}) x T};Y is equal to o9 Koy, where o is the symbol of
the zero operator on C*°(K) =~ Vi ® V. Here we consider C*°(K)
with left action of K and right action of H. Thus in R(K)® R(H), we have

Index-. ;7(6) = Index® (0o Koy ) = Z Vi ® (Vi | @ Index; (o]y)).
\eK

The index of ¢ is obtained by taking the H-invariant part of Index®., (7).
We thus obtain the proposition.

Conversely, a H-equivariant symbol oy on Y allows to define an induced
K-equivariant symbol ¢ on K Xy Y with restriction oy, via o(y,q,n) =
o(y,n) on T*M|Y ~ q* © T,;Y. Then we have

Index}! (o) = Ind}y (Index}; (oy)) -

5 Clifford bundles and Dirac operators

5.1 Clifford algebra

Let V be an Euclidean space. We denote by Cl(V) its Clifford algebra.
We follow the conventions of [8]. Denote by (v,w) the scalar product of

two vectors v, w of V. Then, in CI(V), vw + wv = —2(v,w). In particular
v? = —||v||? for any v € V C CI(V).

When V is even dimensional and oriented, we define I' = i"2ejeq- ey
in Cl(V) ® C modulo the choice of an oriented orthonormal basis ey, ..., ey,.
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We remark that I depends only of the orientation. Moreover we have ' = 1
and 'v = —ol for any v € V.

If Fis a Cl(V)-module, the Clifford map is denoted cg : Cl(V) —
End(E) : we have cg(v)? = —||v||?Idg for any v € V. A Z/27Z-graduation
on F is a vector space decomposition £ = Et @& E~ such that the map
cp(v) : E — E are odd maps for any v € V. Equivalently, a grading on E
is defined by an involution 6 : E — E such that cg(v) 00 = —cg(v) for any
veV.

For example, when V is even dimensional and oriented, we may consider
the 7Z/27-graduation on E defined by the involution I'p := cg(I'). This
graduation will be called the canonical graduation of the C1(V')-module E.

Let us give the first example of Clifford module. Consider the real vector
space \g V. We denote by m(v) : AgV — ArV the exterior multiplication
by an element of V' , and by «(v) : AgV — AgV the contraction: ¢(v) is
the odd derivation of AgV such that ¢(ve)vy = (ve,v1) for vy € V.C AgV.
Then c(v) = m(v) — «(v) satisfies ¢(v)? = —||v||?>. Thus the complexified
space (Ag V) ®C ~ Ac(V ® C) is a Clifford module.

If F is a graded Clifford module, and W a graded complex vector space,
the space F® W with Clifford action cg(v) ® Idyy is again a graded Clifford
module where (EQW)T =ET QW T@PE W~ and (EQW) =E~ ®
W@ ET @ W, It will be called the twisted Clifford module of E with
twisting space W.

If E is a graded Clifford module, it is convenient to denote —FE the
Clifford module with opposite grading. We can see —F as the tensor of F
with the graded vector space W where W+ = {0} and W~ = C.

Proposition 5.1 Let V' be an Euclidean space of even dimension n = 2¢.
There ezists a Cl(V)-module S of such that the map cg : C1I(V) — End(S)
extends to an isomorphism of complex algebras :

CI(V) ® € ~ End(S).

If an orientation of V is given, we define ST = {s € S|I's = s} and
ST ={seS|T's=—s}.

Then S is unique, up to isomorphism. We call S the spinor module. There
is, up to a multiplicative constant, a unique Hermitian form on .S such that
the operators cg(v) are skew-adjoint.

For example if V = R?, with standard inner product, then S is C @ C,
with Clifford action

T + iy 0

c(zer + yes) = ( 0 —(e—iy) > .
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Let Spin(V) be the spinor group. We denote by 7 : Spin(V) — SO(V) the
covering map. The kernel of 7 has two elements. The spinor group Spin(V)
acts in S, preserving ST,S~. We denote by p the spin representation of

Spin(V). It satisfie p(g)c(v)p(g~") = c(n(g)v).

Here is a construction of the spinor module. Consider V ® C and extend
the form (,) by complex bilinearity to V' ® C. Choose a decomposition
V ®C = L1 & Ly in two totally isotropic subspaces for the form (,). Thus
Ly, Ly are of dimension n/2. We consider on the Zs-graded complex vector
space A\ L; the following odd operators: the exterior multiplication m(v;)
by an element of Lq, and the contraction ¢(ve) by an element of Lo: t(vg)
is the odd derivation of A L; such that ¢(ve)v; = (v, v1) for vy € L. The
Clifford action of V¢ on A L; is defined by the formula

(5.9) c(v1 4 v2) = V2(m(v1) — t(vz)).

Then c(v) is an odd operator on A Ly such that c(v)? = —(v,v)Id. It is easy
to see that A L; is an irreducible Clifford module. Thus A L; with action
c(v) as above is “the” spinor module.

Let J be an endomorphism of V such that J2 = —1 ( J defines a complex
structure on V') and such that (Jv,Jv) = (v,v). Equivalently h(v,w) =
g(v,w) — ig(Jv,w) is a Hermitian structure on the complex vector space
(V,J). Then J defines also an orientation o(J) of V. If e1,e2,...,¢e,/9 is a
basis of V' as a complex space, then we take as oriented basis of V' the basis
e, Jer, e, Jea, ... ep/0, Jey /0. We denote by V; the space V' considered as
a complex vector space and we may also denote by A ; V' = A V; the exterior
space of the complex space V.

We denote by

Vi={veVeC|Jv=iv}, Vi={veV®C|Jv=—iv}.

These are two totally isotropic spaces for (,) and we can take S = A V™ as
the irreducible Clifford module . In complex geometry, it is more customary
to take S = A(V7)*, but the space (V~)* is isomorphic to V' by the duality
9(,)-

The map v — v—iJv from V to VT gives an isomorphism of the complex
vector spaces V; with V. Then A V; is isomorphic to A V™', and we can
realize S as /\ Vj. The grading of S induced by the orientation o(J) of V;
is then ST = A“*"V; and S~ = \*™ V.

If H is a Hermitian vector space, in some situation (see Section 6.3), it is
convient to choose as spinor space /\ H, where H denote the space H, with
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complex structure —J. Then the grading A" H & A\ H corresponds to
the orientation o(—.J) = (—1)4m 7 o(J).

Consider the subgroup U(V') of SO(V) consisting of complex transfor-
mations of (V,J). An element of U(V) leaves stable the space V', and
we obtain a natural action A of U(V) in A V*. Let us compare the natu-
ral action A and the restriction p of the spin representation of Spin(V) to

THU (V).

Lemma 5.2 For g € 71 (U(V)) C Spin(V), A(7(g)) = d(g)p(g), where
§(g) is the character of 7= Y(U(V')) such that 6(g)* = dety+(g).

We often will use complex structures on real vector spaces defined by
the following procedure.

Definition 5.3 Let N be a real vector space and 5 a transformation of N,
such that —B? is diagonalizable with non negative eigenvalues. Define

e the transformation |B| of N by |B] = \/—032,
e and the complex structure Jz on N/ker(8) by Jz = B|B|1.

For example if V' is an Euclidean space and 8 a skew-symmetric trans-
formation of V, then —3? is diagonalizable with non negative eigenvalues.
By definition of J3, the transformation 8 induces on N/ ker(8) ~ Image(/3)
a complex diagonalizable transformation, and the list of its complex eigen-
values is [iaq, ... ,ias] where the a are strictly positive real numbers.

Similarly if N' — B is a Euclidean vector bundle with a fibrewise bijective
linear endomorphism £(3) which is anti-symmetric relatively to the metric,
we denote by N J, the vector bundle N over B equipped with the complex
structure Jg. Then N Js is a Hermitian vector bundle over B, and we say
that N, is the complex vector bundle N polarized by S.

The following proposition follows from the Schur lemma. It is used to
“divide” a Clifford module by the irreducible Clifford module S.

Proposition 5.4 When dimV is even, any Cl(V)-module E has the fol-
lowing decomposition

(510) FE~ S %) hOIIlCl(V) (S, E)

where homcy vy (S, E) is the vector space of Cl(V')-complex linear maps from
S to E. The grading of E, and a grading on S coming from an orientation
on V induces a grading on homcyy)(S, E) so that the isomorphism (5.10)
is an isomorphism of graded Clifford module.
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The space W = homcy(S, E) is called the twisting space. We write
E =5 ® W and the Clifford action is just on the spinor module S:

cp(v) = cg(v) @ Idw.

Example 5.5 o If J1, Jo are two complex structures on V, we may compare
the spinor bundle S, = \Vy,. We have Sy ~ €Sy where € € {£1} is the
ratio between the orientations o(J1) and o(Jz2).

o If V is even dimensional, the twisting space W for the Clifford module
AgV ®C is —S.

We implicitly always choose Hermitian products on E obtained by tensor
product of the Hermitian structure on .S and a Hermitian structure on W.
Then the operators c(v) are skew-adjoint.

If V = V1®Vj; is an orthogonal decomposition, we have C1(V') ~ Cl(V])®
Cl(Va). So, if Ey, E5 are graded Clifford modules for Vi, Vo, then E = E1®FE,
is a graded Clifford module for V', with Clifford action c(v; & v2) = c(v1) K
c(v2).

Reciprocally, if Vi is even dimensional and oriented, any graded Clifford
module £ on V = Vi & V5 has the decomposition £ ~ S| ® Es, where
S is the spinor module for Cl(V;) with its canonical grading, and FE, =
homcy1,)(S1, E) is a graded Cl(Vz)-module.

5.2 Euclidean vector bundles and Clifford bundles

Consider now the case of an Euclidean vector bundle YV — M over a manifold
M. Let CI(V) — M be the associated Clifford algebra bundle. A complex
Z/27-graded vector bundle & — M is a Cl(V)-bundle if there is a bundle
algebra odd morphism cg : C1(V) — End(€). Thus, for any x € M,v € V|,
ce, (v) : E|f — E|F is such that cg, (v)? = —H’UHQIdg‘x.

Assume that M is a K-manifold. Let V be a K-equivariant Euclidean
vector bundle on M, and &€ a Cl(V)-bundle. Then we will always assume
that £ — M are K-equivariant vector bundles and that cg is a morphism of
K-equivariant vector bundles. We will say that £ is a K-equivariant Clifford
bundle.

If W is any K-equivariant graded complex vector bundle on M, and &
a graded Clifford bundle, then £ ® W with Clifford action cg ® Idyy will be
called the twisted Clifford bundle of £ by W.

Definition 5.6 A Spin® bundle on V is a C1(V)-bundle S such that, for any
x € M, S|, is an irreducible Clifford module for V|,. An orientation on the
vector bundle V induces a (canonical) grading on S.
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If S is a Spin®-bundle on V equipped with its canonical grading, we can,
as in the linear case, divide any Cl(V)-bundle F by S : we write F = SQW,
and the twisting bundle W = homgy)(S, F) inherits a graduation.

Let K be a compact Lie group acting on a manifold M. Consider a
K-equivariant Riemannian metric on M and let v € T*"M — v € TM be
the corresponding bundle isomorphism.

Definition 5.7 A Clifford bundle on M is a graded Clifford bundle £ =
ET @ & for the Clifford algebra C1(TM).

Let € be a Clifford bundle on M. We define the symbol o(M,E) €
[(T*M,hom(ET,E7)) by

o(M,E)(x,v) =ce, (D) : Elf = &I, .

We always choose K-invariant Hermitian structures on £* so that c, ()
is skew-adjoint. Thus the adjoint of the symbol o(M,€&) is the symbol
—o(M,E°P) (in E°P, we have interchanged the parity on £ and £7). We
have

o (M, &)z, 7)o (M, E)(z,7) = — |72

so that, if M is compact, o(M,€) is an elliptic symbol.

Remark 5.8 By Bott periodicity theorem, any K -equivariant elliptic sym-
bol on a compact even dimensional oriented manifold M is equal to a symbol
o(M,E), for some equivariant Clifford bundle £, in the equivariant K -theory
of TM. We will prove a localization formula for the symbols o(M,E). They
could be rephrased for any elliptic symbol, but this would require more nota-
tional framework.

5.3 Choice of metrics

Let us consider the role of the metric in our setting. Let (M,V,€) be a
K-equivariant Clifford data : V — M is an Euclidean vector bundle and
€ — M is a graded Cl(V)-bundle. The metric g on the Euclidean vector
bundle V — M determines a bundle map g4 : V — V*. If we take another
metric ¢ on ¥V — M the bundle map A := (gﬁ)_1 o(g')y is symmetric positive
definite for g. Hence, C = AY? is a well-defined bundle map, symmetric
with respect to g. It defines an isometry C' : (V,g) — (V,¢'), and then
a canonical isomorphism Cl(V,g) ~ CI(V,g’). So we will often speak of a
Clifford bundle £ on V without specifying the metric on V.

In particular if 7 : H — B is a Hermitian vector bundle on a Riemannian
K-manifold B, using a K-invariant connection, we can choose a metric on
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TH such that TH is isomorphic to the orthogonal direct sum 7*TB & 7*H
of Euclidean vector bundles. Then any Clifford module for TH is of the
form

T Ep @ /\ﬁ,
where &|p is a Clifford module for TB, and, for 7(n) = z, the Clifford map
c,, is equal to cl X c2, where

cl:T,B — End(€|sl.),

xT

2 H|, — End(/\ﬂ]m).

5.4 The Bott symbol and direct image

Let N be an Euclidean vector space. The dual space N* inherits an Eu-
clidean structure through the identification N* — N,n — 7 given by the
relation : (n,n) = (7,n). The vector space N @ N* is an Euclidean space
of even dimension that we identify to N¢ by n & n — n @ in. The group
O(N) acting diagonally on N @& N* becomes a subgroup of U(N¢), and acts
on Sy := A\ N¢ via the natural representation of U(N¢) in /A Ne¢.

Recall the definition of the Bott symbol. We denote by cy. the Clifford
representation of N¢ in Sy. Then cyg(n & in') satisfies cy.(n @ in')? =
(I + [ln'])1d.

Consider the trivial bundle § = N x.Sy. We define the symbol Bott(N¢) €
['(T*N,hom(S*,87)) by

Bott(Ng)(n,n) = cne(n & if) : S§ — Sy

Here n € N, n € N*. The characteristic support of Bott(N¢) is {0}, so
Bott(N¢) is an elliptic symbol on N called the Bott symbol. It is equivariant
for the action of O(N) and Indexg( ~)(Bott(Ng)) is the trivial representation
of O(N) [4].

Let N — X be an Euclidean vector bundle. The orthogonal frame
bundle P of N is a O(n)-principal bundle such that N' = P xq,) N, with
N = R™. Using the notion of fiber product introduced in Section 4.4 with
the group S = {1}, we define the pushforward morphism i, : K% (T% X)) —
K9 (T%N) by the relation

i1(0) := cOBott(Ng),

if o is a transversally elliptic symbol on X.
The following theorem is a consequence of Lemma 4.6.
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Theorem 5.9 (Invariance of the index by push-forward)
Index? () = Indexy (i1 (o).

A symbol representing ij(c) is as follows. We write an element n € N’
as (x,v) with z € X and v € N|,. We choose a K-invariant connection on
the bundle N' — X, which allows us to parameterize T*N = {(n, (§,7))},
with € € T:X, n € N*|, : here £ is lifted to an horizontal element of
T* N using the connection, so (§,n) parameterize any element in T;N. Let
o € T(T*X, hom(ET,£7)) be a symbol on X. Then the symbol

(5.11) ((z,v), (& n) = oz, §) Wee (v in)

represents i)(c). Here ¢, is the Clifford representation of N'|,,®C on A(N|,®
C), so (cz(v @ i7))% = —(||v]|*> + ||7]|*>)Id and Char(i!(c)) = Char(c).

5.5 Dirac operators and equivariant indices

Let £ = M be a K-equivariant graded Clifford bundle on a compact Rie-
mannian K-manifold M of even dimension.

Definition 5.10 We denote by Qx(M,E) € R(K) the index of the symbol
o(M,E).

If K is the trivial group, we denote Qp (M, E) simply by Q(M, E). This
is an integer.

We can realize Qg (M, £) as the index of a Dirac operator. We choose K-
invariant connections on £* such that the Dirac operator Dgi (M, EF) —
['(M, EF) [8] verifies (DZ)* = D . The principal symbol of D}t is o(M,E).
Thus Qi (M, E) can be realized as the difference of the two finite dimensional
representation spaces [ker DF] — [ker Dz ] and we also say that Qg (M, €) is
the equivariant index of the Dirac operator Dgr.

For example, if M is any K-manifold, and &€ = A(TM ®g C), a Dirac
operator with principal symbol (M, E) can be taken as d + d* where d is
the de Rham differential. If K is connected, Qi (M,E) is a multiple of the
trivial representation of K, the multiplicity being the Euler characteristic of

M.

Example 5.11 An important example is when M is a complex manifold
with complex structure J € T'(M,TM). Then TM ®g C breaks into two
pieces, the holomorphic and anti-holomorphic tangent spaces

T™M @r C =T"M @ T M
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on which J acts by i, and —i, respectively. We consider a Riemannian
metric on TM such that g(Jv, Jv) = g(v,v). Let W — M be a holomorphic
vector bundle on M. Then the vector bundle of W-valued anti-holomorphic
differential forms

E= /\(TO,IM)* QW

is a graded Clifford bundle. This bundle is isomorphic to \ ; TM @ W,
with Clifford action described by the formula (5.9). A Dirac operator with
principal symbol o(M,E) is Ay + (Ow)* where yy is the Dolbeaut opera-
tor. Assume that K acts by holomorphic transformations on M,WW. Then
Or(M,&) = Zj(—l)jHj(M, O(W)) is the alternate sum of the cohomology
groups of the sheaf of holomorphic sections of W.

Example 5.12 Let K be a compact connected Lie group, and T C K be a
maximal torus. We consider the flag manifold F := K/T with base point
€ € K/T. The choice of a Weyl chamber t%, C t* determines a T-invariant
complex structure J on TeF ~ €/t such that the compler T-module T*OF is
equal to o~0Cq, where {a > 0} denotes the set of positive roots. The com-
plex structure J defines an integrable complex structure on the flag manifold
F (still denoted J). Let A C t* be the weight lattice. Any weight p € A
determines an holomorphic line bundle [C,] := K x7 C,, on F. If pn is dom-
inant, the Borel-Weil Theorem tells us that Qi (F, \; TF ® [C,]) is equal to
the irreducible representation of K with highest weight p.

5.6 Horizontal Clifford bundle

Let G and K be two compact Lie groups. Let P be a manifold provided with
an action of G x K. Assume that the action of K is free and let M = P/K.
We are in the situation described in Subsection 4.2, and we use the same
notations.

For the tangent bundle, the choice of a G-invariant connection on the
principal bundle P — M defines an invariant decomposition TP = 7*TM &
P x ¢ if a metric is chosen on M, we define the metric on P by declaring
that this decomposition is orthogonal.

Let £ be a G-equivariant graded Clifford bundle on M. We obtain from
& a symbol

hor(P,E) € T(T*P,hom(r*ET, 7*E7))

by defining onor (P, €)(p,n) = 0(M,€)(x,0) where (z,6) = 7(p,n).
Assume P compact. It is clear that o, (P, E) is a K-transversally elliptic
symbol on P. It will be called the horizontal Dirac symbol. Furthermore,
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this symbol is G-equivariant, and for any irreducible representation V), of

K, the finite dimensional space
[IndeXgXK(Uhor(P’ 5)) ® V;] "

carries a representation of G.

We form the G-equivariant complex vector bundle V,, := P xg V,, on
M, and the twisted Clifford bundle £ ® V,,. We consider the elliptic symbol
o(M,E®V,) on M.

The following result follows easily from the Peter-Weyl decomposition
of I'(P,m*E) under the free action of K. It is a particular case of the free
action property of transversally elliptic symbols.

Theorem 5.13 In R(G x K) we have

Indexng (Ohor (P, E)) = Z Qc(M,€® V;) ® V.
pek

In particular [IndexE., i (0hor (P, E)]K = Qa(M, E).

Consider now the case of a G x K Riemannian manifold P, but assume
now that K acts only infinitesimally freely: for any p € P, the stabilizer K,
is a finite subgroup. So M = P/K is an orbifold, but maybe not a manifold.
Consider H, the subbundle of TP defined by the orthogonal decomposition
TP =H & P x t and call H the horizontal tangent bundle.

Definition 5.14 e If £ is a graded Clifford bundle for the horizontal tangent
bundle H, equivariant for the G x K-action, we define opor(P,E)(p,v) =
ce,(D3) where Dy is the horizontal component of v € T,P.

o We define Qg (M, E) by the formula

K
Qa(M,E) := [Indexng(ahor(P,E))] .
It can be shown, see [48], that this is indeed the equivariant index of a
Dirac operator on the G-orbifold M in the sense of Kawasaki [19].

6 Deformation a la Witten of Dirac operators

We start to discuss the real purpose of this paper. We will study the defor-
mation a la Witten of elliptic symbols o (M, ) by vector fields associated to
K-equivariant maps ® : M — ¢*.

We recall that we chose an invariant scalar product in £ providing an
identification € ~ £*.
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6.1 Kirwan vector field

Let M be a K-manifold and let ® : M — ¢* be an equivariant map.
Definition 6.1 e The Kirwan vector field associated to ® is defined by
(6.12) ko(m) = —®(m)-m, me M.

o We denote by Zg the set of zeroes of ke. Thus Zg is a K-invariant
closed subset of M.

The Zg is not necessarily smooth. If 0 € ®(M), then clearly Zg contains
d=10).

In order to describe more precisely Zg, we consider the set {(¢;),7 € I} of
conjugacy classes of subalgebras of € representing the infinitesimal stabilizers
of the K-action on M : if M is compact, the set I is finite. We denoted
by Mg, the submanifold of points m € M such that € = &,,. We see that
Zo N My, = My, N ®~1(€F), hence

(6.13) Zs = | K(Msi n ‘P’I(FI)),
el

where €] is viewed as a subspace of £* thanks to the scalar product.

Definition 6.2 An equivariant map ® : M — €* is called a moment map if
there exists an invariant (real) 2-form Q on M satisfying the relations

(6.14) (X)) +d(®,X)=0 and d2=0
for X € €. The data (2, ®) on M is called a weak Hamiltonian structure.

Classically, a moment map in the sense of Hamiltonian geometry requires
that € is non degenerate. In this text, we will see that some localization
results can be proven without this strong hypothesis.

A particularly important example of moment map is provided by the
following construction.

Definition 6.3 Let L be a K -equivariant Hermitian line bundle with Her-
mitian connection V with curvature Ry. Let Qp = %RL. Then Qp, is a
closed real two form. This data determines a moment map

(I)L:M—>E*

by the relation L(X) — Vx,, = i(®r,X), for all X € ¢. Here L(X) is the
infinitesimal action of X € € on the sections of L. The relation (X ) +
d(®r,, X) =0 follows.
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Remark 6.4 The subset @Zl(O) of the zeroes of the associated Kirwan vec-
tor field has some particular importance when L is an ample bundle on a
projective manifold provided with an action of K. In this case, if @y, is the
moment map associated to the projective embedding, @EI(O)/K s 1somor-
phic to the geometric invariant theory (GIT) quotient M | K¢ of M by K¢,
and is provided with structure of projective variety with corresponding line
bundle L)) K¢c. When M J/K¢ is smooth, Guillemin and Sternberg [16] have
proved the first [Q, R] = 0 identity :

[HO(M, L)]* ~ H(M [ Kc; L Kc).
Remark 6.5 If ® is a moment map, by Equation (6.14), we have
d||®|]? = 2u(re)Q.

Thus the set Zg is contained in the critical set of the function ||®|? : if
B € ®(Zg), then ||B||? is a critical value of the square of the moment map
.

One of the properties that a moment map shares with the moment map
of a Hamiltonian action is the following.

Proposition 6.6 e For any X € ¢, the function (®, X) is constant on each
connected component of the manifold M.

o If 0 is a regular value of a moment map ®, then the action of K is
infinitesimally free on the submanifold ®=(0). The reduced space Myeq =
®~Y0)/K is an orbifold.

e Conversely, if ® is the moment map of a Hamiltonian action, and the
action of K is infinitesimally free on the submanifold ®=1(0), then 0 is a
reqular value of ®.

Proof. Equation (6.14) tells us that for a point m € M where
Xnr(m) = 0, the differential T,,® sends T,,M to (RX)*+ C €. Our three
points follow from this simple fact.

We note that any invariant 1-form « defines a moment map ¢, : M — £
by the relation : (pq, X) = ¢«(Xar)a, X € £ the corresponding 2-form is da.

We will use the following equivalence relation between moment maps on
M :

(6.15) ® ~ @' <= J an invariant 1—form « such that ® — &' = ¢,
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Let us describe ®(Z) when @ is a moment map. As before, let {¢;,i € I}
be a set of representatives of the infinitesimal stabilizers of the K-action on
M, and let M, be the submanifold of points m € M such that € = &,,. If
X is a connected component of My,, Relations (6.14) imply that the image
®(X) is contained in an affine space A(X,®) C € with direction &-. The
orthogonal projection S(X,®) of 0 on the affine space of A(X,®) belongs
to £, viewed as a subspace of £ thanks to the scalar product.

Lemma 6.7 The set ®(Zg) is contained in

Co=J U K-8, 9).

i€l XC My,

More precisely, the orbit K - B(X,®) is contained in ®(Zsp) if and only if
B(X,®) belongs to P(X).

Proof. The proof is left to the reader.
Concerning the set Cg, we have the useful remark.

Proposition 6.8 Let @, 9" be two moment maps on the K-manifold M.

L IfCI) ~ @ then Cq> = Cq;/.

o If M is compact, Cy is a finite union of coadjoint orbits.

o If Zy is compact, then ®(Zs) is a finite union of coadjoint orbits.
Proof. The first point is due to the fact that A(X,®) = A(X, D + ¢a)
for any invariant 1-form o and any connected component X of My,. If M is
compact, the set I is finite and each submanifold Mg, has a finite number
of connected components, so there is a finite number of terms (X, ®). If
Zg is compact, we consider an invariant neighborhood U of Zg such that

U is compact. The subset Iy C I formed by the element i € I such that
Mg, NU # 0 is finite, and we see that ®(Zg) is contained in

cg= U K -Bxa.

i€ly XCMEZ,OU

Since Cg is a finite union of coadjoint orbits, the last assertion is proved.

For any moment map @, if Z is compact, it admits a finite decomposi-
tion Zo = [[p Zo where Zop = Zo N ®~1(O).
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Definition 6.9 We denote by B(®) the set of coadjoint orbits contained in
D(Zp).

In practice, we parameterize the set B(®) by a finite set B contained in
t: ®(Zg) = [[ 3¢5 KB and then

(6.16) Zo =[] 25
BeB

where Zg = K(MP n®~1(B)).

6.2 Deforming a symbol

Let M be a K-manifold. We do not necessarily assume M to be compact,
and the compact Lie group K nor M are necessarily connected. Let @ :
M — ¢ be an equivariant map, and let £ be a graded Clifford bundle on
M.

Definition 6.10 The symbol o(M,E, ®) pushed by the vector field kg is the
symbol on M defined by

o(M,E,®)(m,v) =oc(M,E)(m,v — ka(m)) = cg,, (¥ — ka(m))
for any (m,v) € T*M.

Note that o(M,E, ®)(m,v) is invertible except if 7 = kg (m). If further-
more (m,v) belongs to the subset T3 M of cotangent vectors orthogonal
to the K-orbits, then v = 0 and ke(m) = 0. Indeed, as ke(m) is tan-
gent to K - m, the two equations 7 = k¢(m) and (v, ke(m)) = 0 imply
v = kp(m) = 0. So we note that (m,v) € Char(c(M,&,®)) N T} M if and
only if v = 0 and kg(m) = 0. Hence o(M,E,P) is transversally elliptic
whenever Zg is compact.

Definition 6.11 If Zg is compact, we define Qi (M,E,®) € R(K) as the
equivariant index of the transversally elliptic symbol o(M, &, ®) € K (T3M).

When M is compact, it is clear that the classes of the symbols (M, E, )
and o(M, ) are equal in K9 (T% M), hence the equivariant indices Qg (M, &)
and Qi (M, E,P) are equal.

For any K-invariant, relatively compact, open subset Y C M such that
UNZg is closed* in M, we see that the restriction (M, £, ®)|y is a transver-
sally elliptic symbol on U, and so its equivariant index is a well defined
element in R(K), independent of the choice of such a U.

4U N Zs is then compact.
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Definition 6.12 e A closed K invariant subset Z C Zg s called a com-
ponent if it is a union of connected components of Zg.
e For a compact component Z of Zg, we denote by

o(M,€,7Z,®) € Kp(Ti M)

the image of o(M,E,®)ly € K% (TiU) by the pushforward morphism
K% (T3U) — K9 (T% M) attached to a relatively compact invariant neigh-
borhood U of Z satisfyingU N Zg = Z.

e For a compact component Z of Zg, we denote by

Ok(M.&,7,®) € R(K)

the equivariant index of o(M,E,Z,®). By definition, if Z = 0, then
Qr(M,E,0,P) =0.

In particular, if ® : M — ¢* is a proper moment map, we can define

Ok (M,€,871(0),®) € R(K).

By taking its invariant part [Qx (M, &, ®1(0), ®)]¥ € Z, we will define in
a natural way invariants on the reduced “manifold” M,.q = ®~1(0)/K.

The simplest example of a pushed symbol o(M,E, P) is when the map
® is constant, equal to a K-invariant element 5 € £ ~ €. The vector field
m — 3 -m is then K-equivariant, and we define

O-(M’g,ﬁ)(m? V) = O'(M,E)(m,lj +5 ! m)

The first example of pushed symbol o (M, &, §) is the Atiyah symbol that

we will study in the next section.

We end this section by considering the case where ® is a moment map
such that Zg is compact. For any O C Cg, the set Zp = Zg N <I>*1((’))
is a compact component of Zg, hence we may consider the localized index
O (M,E, Zp,®). This generalized character is non-zero only if Zo # (), and
this happens only for a finite number of orbits (those included in ®(Z3)).

Thanks to the excision property, we get the first form of the localization
theorem :

(6.17) Qi (M,&,®) = > Qk(M,E, Zo, ).
OCCs

The aim of Section 7.2 is the description by induction of the representa-
tions Qx (M, €&, Zop, P).

Let us show that, when M is compact, the character Qx (M, E, Zp, )
depends only of the class of ® relative to the equivalence relation (6.15).
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Proposition 6.13 Let ® ~ @ be two moment maps on a compact K-
manifold. Let Zo C Zo and Zl, = Zg N (®')71(O) be the components
attached to O € Cp = Cy. Then we have

QK(M,(S,Z@,@) — QK(MaEaZé’)?(I)/)

Proof. Let a be the invariant 1-form such that ® — ® = ¢,. We
consider the family of moment maps ® = ® + tp,, t € R. We denote
simply by o' the symbol o(M,E,®!). For any t, consider the component
Z% = Zg: N (1) 71(0) and the generalized character

Q' = Qx(M, &, 7}, d)

which is the equivariant index of ot|;;, where Uy is a neighborhood of (®¢)~1(0)
such that Uy N Zge = Z},.

Let us prove that the multiplicity Q° is independent of ¢. It is sufficient
to prove that ¢t — Q! is locally constant : let us show that it is constant in
a neighborhood of 0.

Note that the set Cy: does not depend of ¢: let us simply denote it by
C. We remark that for any invariant subset U C M, we have

UNZg C U Z'I;D
PCot(U)NC

By an obvious continuity argument, we see that if Uy is a neighborhood
of (®%)~1(0O) such that ®°(Uy) N C = O, then we have

Y (U)NC =0 and UyNZg = 2},

for small ¢ (says [t| < €). As the family ot|y,, t € [0, €] defines an homotopy of
transversally elliptic symbols, they have the same equivariant index. Finally,
for small ¢, we have

Q" = Indexg (6%y,) = Indexg(ot|r;)

= Q.

6.3 Atiyah symbol

Let N be a Hermitian vector space. We denote by U the unitary group
of transformations of N, and by U(1) C U the subgroup formed the homo-
theties &+ 2. Consider S = A N, the irreducible Clifford module for N
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with Clifford action c(n). If we identify T*N = N & N* with N & N, the
U-equivariant symbol o(N, S) is defined by

even odd

o(N,S)(x,v) =c(@): ANN— AN,  (z,v) eT*N.

The matrix = ild is an invariant element of Lie(U). We have -z = Jz
where J is the multiplication by ¢ on N. We can then define the pushed
symbol o (N, S, ).

Definition 6.14 The Atiyah symbol At(N) € T(T*N,hom(S™,87)) is de-
fined by

even odd

At(N)(z,v) =c(@+Jx): A\ N— AN,  (z,v) e T*N.

The symbol At(V) is not elliptic since supp(At(N)) = {(z,v),0 + Jz =
0} is not compact. But remark that z — Jz is the tangent vector produced
by the action of U(1) on N. Thus At is a U(1)-transversally elliptic symbol.
Indeed the two equations 7 + Jz = 0 and (v, Jz) = 0 imply o = = = 0.
So a fortiori the symbol At(NN) is U-transversally elliptic. Let us consider
Sym(N) = @32 ,Sym*(N) where Sym*(N) is the subspace of @*N formed
of symmetric tensors.

The following proposition is proved in [1] (see also [9]).

Proposition 6.15 We have Indexiy (At(N)) = Sym(N) in R(U).

More generally, consider the case of a real vector space N equipped with
a linear action of a compact Lie group K. Let § € ¢ be a K-invariant element
such that £(8) : N — N is invertible. We denote Tg C K the closed torus
contained in the center equal to the closure of exp(Rj3).

We denote by N, the Hermitian vector space N equipped with the in-
variant complex structure Jg. We consider the K-equivariant Tg-transversally
elliptic symbol Atg(N) defined by

even odd

Atg(N)(v,8) =c(+8-v): \ Njy — ANy,
Its equivariant index satisfies

Index® (Atg(N)) = Sym(Ny, ).
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The meaning of this equation is as follows. We write Sym(JV. Jﬁ) as the
sum of the finite dimensional spaces Sym*(N. J5). We consider Sym* (N, Js)
as a representation space for K, write Symk(NJﬁ) = Zuef( m(u, k)V,,. For
each irreducible representation V,, € K, the infinitesimal action of 3 on V),
is by a scalar iz,Idy,, as 3 is fixed by K. On the other hand, the action of

B in Sym*(N. J;) is diagonalizable with eigenvalues } ;ia; with J a subset

of cardinal k£ of [1,2,...,dim¢ N] : here a; > 0 are the eigenvalue of @

on Ny,. As )_;a; is larger than kmin(a;), we see that & has to be small
enough in order that m(u, k) # 0. Thus the sum ), zuef( m(p, k)V, is a

well defined element of R(K).

We now consider a K-equivariant Euclidean vector bundle N' — X on
a connected K-manifold X. Let us assume that § € £ is an element fixed
by K and acting fiberwise on N by an invertible transformation : in other
words N® = X. The eigenvalues of 52 on the fibers are strictly negative and
constant over each connected component of X'. Using Definition 5.3 of Jg,
we define on N a Hermitian structure invariant by K. We denote by NJB
the vector bundle A considered as a complex vector bundle with complex
structure Jg. By definition of Jg, the list of eigenvalues of 8 on N, for the
complex structure Jg are [ia1, a2, . .., iag] where the a; are strictly positive.

We denote by A N. J5 the complex exterior bundle of the complex vector
bundle N. Jg- We denote by Sym(N, J5) the Z-graded symmetric vector bundle
of Nj,.

Let N be the fiber M|, at some point z, € X, equipped with the linear
action of 3, the complex structure Jg and its Euclidean structure. Let U be
the subgroup of U(N) of elements that commutes with £(3). Let Py — X
be the U-unitary framed bundle of N : for x € X, we take

Pyly :={f: N = N|;, unitary and £(8) — equivariant} .

Hence the vector bundle N is equal to P xy N. The Atiyah symbol on N
defines a class
Atg(N) € K q, (TT, N).

Let us use the notion of fiber product introduced in Section 4.4: here
we work with the group S := Tg. We can define the morphism Atg :
K% (T3 X) — K% (T5N) by the relation

(6.18) Atg(o) :== 0QAtg(N)

where o is a K-transversally elliptic symbol on X'.
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Lemma 4.6 gives

(6.19) Indexy (Atg(o)) = Indexy (0 ® Sym(N,))

(6.20) = i Indexy- (0 ® Symk(J\/'JB)> .
k=0

A symbol representing Atg(o) is as follows. We write an element n € A/
as (x,v) with z € X and v € N|,. We choose a K-invariant connection on
the bundle N' — X, which allows us to parameterize T*N = {(n, (¢,v))},
with & € TEX, v € N*|, (here £ is lifted to an element of T;N using the
connection). Let o(z, &) € T(T*X, hom(ET,E7)) be a symbol on X. Then

(6.21) Atg(o)((z,v), (&, v)) = o(z, &) K (7 + Bo).

Here ¢, is the Clifford action on AN j,l, so ¢ (7 + fv)? = —||7 + Bv||*Id.
We see that Char(Atg(c)) N TN = Char(c) N T} X.

7 Abelian Localization formula

7.1 Atiyah-Segal-Singer localization formula

Let M be a compact K-manifold. Let 8 € £ be a central element, and
let MP be the submanifold of points fixed by the infinitesimal action of
B. Let N be the normal bundle of M? in M. Then f acts by a fiberwise
invertible transformation on . Denote by N, the (complex) vector bundle
N polarized by 3.

Let U be a tubular neighborhood of M#? in M that is diffeomorphic with
the normal bundle N. We denote by ¢ : U — N the K-diffeomorphism
and by i : U — M the inclusion. Let ¢* : K% (T%N) — K% (T%U) and
i : KO (T3U) — K% (T35 M) the corresponding maps in K-theory.

We denote by

Atg : KO (T MP) — K% (T M)
the map i, o ¢* o Atg. For the equivariant index, we have the equality
Index}? (Atg(0)) = IndeX]\K/[ﬁ (o0 ® Sym(Ny,))

for any o € K% (T% M5).

Let € — M be a (graded) Clifford module on M. The bundle AN, is
a Spin® bundle for the Euclidean bundle N .
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Definition 7.1 There exists a unique graded Clifford bundle dg(&) over the
tangent bundle TMP, such that, when we restrict & to MP, we get the iso-
morphism

(7.22) Elys = ds(&) ® \NJ,

of graded Clifford bundles relative to the decomposition TM |y := TMP @
N.

We have two elliptic symbols : o(M, £) € K% (T*M) and o(M?,ds(E)) €
K9 (T*MP).
Proposition 7.2 (Atiyah-Segal-Singer localization formula) The fol-
lowing relation holds in K% (T%-M) :

At (U(Mﬁ,dﬁ(f;))) = o(M,&).

In particular Qi (M, €) = Qx (MP,ds(€) ® Sym(N,)).

Remark 7.3 In Atiyah-Segal, this equation is proved in the tensor product
of KO (T*M) with the field of fractions of R(K). In [1], this more precise
relation is proved in K9 (T4 M).

Proof. We deform the symbol (M, &) by the vector field . So we
apply the deformation introduced in Definition 6.10 with the constant map
® = 5. The pushed-symbol o(M, &, B) is

o(M,E,B)(m,v) :=ce, (0 +B-m): EF — &

The excision property tells us that o(M, £) = i.(a(M, &, B)|u) in K& (T4 M).
We now analyze the symbol & := (o~1)*(o(M, &, B)yy) on N. Let 7 : N —
MP? be the projection. Over N, the Clifford bundle £ := (¢~ 1)*(E|y) is
isomorphic to 7*(dz(€)) ® 7 (A NJ,). With notations of Subsection 5.3, we
may assume that for (n,v) € T*N, and n = (z,v), the map &(n, (§,v)) is
the exterior product of the map

cr(§) 1 dg(E)IF — da(E)l;

with the map

even odd
E+8-v): N\ Nigla— N\NZle.
Here ¢ is viewed as a horizontal vector in TN and 7, §-v are vertical vectors
in T,/ By definition, this means that & is equal to o(M?, dg(E))OAtz(N).
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7.2 Deformed Atiyah-Segal-Singer localization formula

We now prove a slightly more general version of the preceding Atiyah-Segal-
Singer localization formula.

Let N — X be a K-equivariant vector bundle over X, and let 8 be a
central element in € such that X = A®. Thus j acts invertibly on the vector
bundle N. Let ® : N' — £ be a K-invariant map and Zg C N be the set
of zeroes of the associated Kirwan vector field k. We do not assume the
basis X compact, but we assume that ®y := ®|y : X — € is a proper map.

The intersection of the set Zg with X is equal to Zg .

Lemma 7.4 Assume that Ze N X = ®31(B). Then ®31(8) is a compact
component of Zg: there exists a K-invariant neighborhood U of @}1 (B) in
N such that Ze NU = &, (B).

Proof. Consider a K-invariant decomposition of the tangent bundle
TN = H &V in vertical and horizontal tangent bundles. Here V = 7*N.
As N is a K-equivariant vector bundle, for X € ¢ and n = (z,v) € N,
the vertical projection [Xx]" (z,v) € N, of the vector field X, depends
linearly of v. In other words, there exists pu(X) € T'(X,End(N)) such that
(XA (z,v) = w(X)z - v € N, where x € X, v € N,.

For X = 3, —u(p) is equal to the linear action £(3) of 8 on N,. If
K C X is a compact subset, there exists cx > 0 such that ||[Xa]" (z,v)| <
cxc|| X || |Jv]| for all (z,v) € 7= 1(K).

The Kirwan vector field kg(n) = —®(n) - n admits then the decomposi-
tion ke = [ka]V @ [ke]! with [ke]YV (n) = —u(®(n))s - v € N,

Choose a relatively compact open neighborhood V of <I>;(1 (8) in X, and
consider U, := {n € 7~ 1(V); ||®(n)—pB|| < €} which is an open neighborhood
of ®,1(B) in V.

If R(n) = ®(n) — B, we have

(7.23) (®(n))y v = B v+ p(R(n)), - v.

We choose ¢ sufficiently small so that [|[u(R(n)), - v|| < [|8 - v|| for any
n = (z,v) € U.. If kp(n) = 0, taking the scalar product with the vertical
vector 3 - v, we obtain

0= —(ko(n), 5 v) = ~(lka]" (n), 8- v) = 18- v|* + (u(R(n))s - v, B - v)

and this implies v = 0. Thus the set of zeroes of kg on U, is the set of zeroes
of kp on X.
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Let £ — N be a graded Clifford bundle on the manifold A/. We can then
define the K-transversally elliptic class o(NV, &, Z, ®) € K% (T%N) attached
to the compact component Z = @}1 (B).

Let dg(€) be the graded Clifford bundle on X induced by &£ (see Defini-
tion 7.1).  We can also define the K-transversally elliptic class
o(X,dg(€),Z,Px) € K% (TiAX).

Proposition 7.5 (Variation on Atiyah-Segal localization formula) The
following relation holds in K9 (T3N) :

(7.24) Atg (o(X,dg(€),Z,Px)) = o(N,E,Z, D).
In particular Qg (N,E,Z,®) = Qk (X,dg(é') ® Sym(Ny,), Z, <I>X).

Proof. The proof is a variation of the proof of Proposition 7.2. We
consider the vector field xK°(n) = —3-n @ ry(x) where ky(z) € T, X is lifted
horizontally in TNV = 7*TX @ 7*N. Then x! = tx° + (1 — t)kg has vertical
component —f - v + (1 — t)u(R(n)), - v. The restriction to X of x' is the
vector field kg, for any ¢ € [0,1]. We then consider

ol(n,v) = cp (¥ — K'(n))

for t € [0,1]. We see, as before, that Char(c?) intersected with T%-(N)
remains equal to Z. Thus the class of ¢f is constant in K% (T%N), and ¢°
is equal to Atg (o(X,dg(€),Z,Px)).

8 Non abelian localization formula

In this section, given an equivariant map ® : M — £*, we establish a general
localization formula for the equivariant index of a Dirac operator.

8.1 Localization on ®~1(0)

Let ® : M — €* be an equivariant proper map. We describe what is the
representation Qg (M, E, ®~1(0), ®), in the special case where 0 is a regular
value of @, and where K acts infinitesimally freely on the compact subman-
ifold P = ®~1(0). Let M,.q := P/K be the corresponding “reduced” space,
and let m: P — M,.q be the projection map.

Remark 8.1 By Proposition 6.6, the hypothesis that 0 is a regular value
implies that K acts infinitesimally freely on P in the case where ® is a
moment map.
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On P, we obtain an exact sequence 0 — TP — TM]|p 1% [£] —
0, where [£*] is the trivial bundle P x €. We have also an orthogonal
decomposition TP = TgP & [¢] where [¢] is the subbundle identified to
P x ¢ through the map (p,X) — X - p. So TM|p admits the orthogonal
decomposition TM|p ~ TP & [£] & [¢*]. We rewrite this as

(8.25) TM|p ~ TP & [tc]

with the convention [£] = P x (E® R) and [£*] = P x (£®iR). Note that the
bundle Tk P is naturally identified with 7*(TM,q).

Following Definition 7.1, we can divide the graded Clifford bundle &|p
by the Spin®-bundle A £¢ for the vector space &c.

Definition 8.2 Let &,.4 be the graded Clifford bundle on the vector bundle
TgP — P such that

E|P = gred ® [/\ EC]

is an isomorphism of graded Clifford bundles on TM|p. We still denote by
Erea the induced Clifford (orbi-)bundle on TM,eq.

For any representation space V,, of K, we can form the twisted Clifford
bundle &,.q® V;: of the Clifford bundle &,.4 by the equivariant (orbi)-bundle
V,=PxgVy].

Consider the horizontal Dirac symbol, opo-(P,Ereq) on P defined in Sec-
tion 5.6. This is a K transversally elliptic symbol on P. We now prove

Theorem 8.3 If 0 is a reqular value of ® and K acts locally freely on
®=1(0), then ®1(0) is a component of Zg, and we have

O (M,E,2710),®) = Indext (chor(P,Ered))
= Z Q (Mreda 5red X V;) Vu-

pek

In particular we have [Q (M, E, ®~1(0), @)]K = Q (Myeq,Ered)-

Proof. Let us study the pushed symbol o(M,E, ®)(m,v) = o¢,, (v —
ko (m)) when m is in a neighborhood of P = ®~1(0). So we can assume that
M = P x#t*. For a point m = (z,&) € P x¥*, the tangent vector v € T,,, M is
represented by n®a®b: here n € T P, a € € represents the tangent vector
a-x € T,P,and b = T,,®(r) € ¢*. For X € &, the vector field X/ (z,£)
associated to the action of K on P x ¢* is represented by 0 & —X & [£, X|:
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in particular the Kirwan vector field k4 (x, &) is equal to 0® —£ @ 0. For the
pushed symbol we obtain

O-(M’ &, Q))(m, V) = C&,.eq (77) X C/\Ec((a + 5) D Zb)

Let us see that the support of the pushed symbol intersected with T7- M
is just equal to P. Indeed if (z,&;n @ a @ b) € T3 M, we have ([, X],b) —
(X,a) =0for all X € ¢, e.g. a=[b,¢]. Then, if cg, () Keae((a + &) @ ib)
is not invertible, we obtain n = 0, b = 0 and a + £ = 0. If furthermore
(z,&;nDadb) is in Th M, we obtain a = £ = 0. Thus we see that ®71(0) = P
is a component of Zg, and o(M,E, ®) restricted to a neighborhood of P
defines a transversally elliptic symbol on M. We can then define its index
Ok (M, E,271(0), ).

Consider now the injection ¢ : P — P x ¢ = M and the horizontal
symbol oo (P,Ereq) on P. By definition (see Section 5.4), the direct image
1O hor (P, Ereq) 1s defined to be the restriction to T3 M of the symbol

cg ey (M) B epec (€ @ ib).

We see that for ¢t € [0, 1], the support of the symbol

ol(x, & v) = ce,..(n) Repee((ta+ &) @ ib)

intersected with T% M remains equal to P.

Thus o(M,&,®) defines the same class in K-theory than the symbol
110hor (P, Ereq). Thus by the direct image property of the symbol, we obtain
our result.

If furthermore we had an action of G x K on M, we would obtain an
action of G in each space Q(M,cq, Ered @ V;) and the G x K decomposition

(826) QGXK(Ma Ea q)—l(o), (I)) = Z QG(MTed) gT‘ed X V;) & V/J’
pek

8.2 Coadjoint orbits and slices

Let ® : M — £ be our K-equivariant map (with K not necessarily con-
nected).

Consider the coadjoint action of K on £*. Let £ € £*. Let us consider the
K¢-invariant decomposition £ = £ ©q, with dual decomposition £* = EE Dq*.

Proposition 8.4 Let { € t*, and let B be a sufficiently small K¢-invariant
neighborhood of & in ;. Then
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o Y =@ YB) is a K¢-invariant submanifold of M (perhaps empty).

e ®~Y(KB) is an open neighborhood of ®~1(K¢), and is diffeomorphic
to K XKé Y.

We will call the manifold Y a slice of M at €.

Proof. Consider the coadjoint orbit K¢. The map X — X - £ is a
surjective map from € to ¢* and EZ identifies to the normal space to the
coadjoint orbit K¢ at £&. The tubular neighborhood theorem implies that
if B is sufficiently small, then KB is a neighborhood of K¢ isomorphic to
K XKE B.

Write ®, for the component of ® in q*. The differential map T, ®, :
TyM — q* is surjective, if ®(y) = £ Thus it is surjective at any point
y € Y, if B is sufficiently small. The rest of the proof is standard.

We also consider § as an element of £¢, using our K-invariant identifi-
cation ¥ = €. So ¢ induces an invertible skew-symmetric transformation
on ¢. Denote by g, the vector space q = £/t equipped with the complex
structure J,

Suppose now that M carries a graded Clifford bundle £. The tangent
bundle TM, when restricted to the slice Y, decomposes as TM|y ~ TY @
[£/€:], where [€/€¢] denotes the trivial bundle £/€ x Y.

As in Definition 7.1, we can divide the graded Clifford bundle €|y by the
Spin“-bundle A q Je for the Euclidean vector space q. There exists a unique
graded Clifford bundle £;y over the tangent bundle TY, such that, when
we restrict £ to Y, we get the isomorphism

(8.27) Ely =~ &y ® [/\ ng]
of graded Clifford bundles relative to the decomposition TM |y ~ TY ®[¢/t;].

8.3 Localization on Zg

We consider our equivariant map ® : M — £*, and we assume that
Zsg = KM no7'(B)

is a compact component of Zg. Here S is a non zero element in £*.

Let Qx (M, €, Zg,®) € R(K) be the localized equivariant index attached
to an equivariant graded Clifford bundle £. Let dg(£) be the induced graded
Clifford bundle on M” (see Section 7.1). The restriction of ® to M? is a
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map that takes value in {%E . for simplicity we still denote ® : M5 — Ez;.
The set M? N ®~1(3) is a compact component of Zg N MP. Let N, be
the (complex) normal bundle of M? in M polarized by 5. The aim of this
subsection is to prove the following localization formula.

Theorem 8.5 We have the following relation in R(K):
QK(M,S’ZB,(I)) =
Indf;, Qi (M7, d5(8) ® Sym(\,), M @7 (8), @) @ \(¢/t5 2 C)) .

Proof. The proof will have two steps.

First Step : Let B C £ be a small Kg-invariant ball around /3 in
5 and let ¥V = ®~1(B) be the corresponding slice. A neighborhood of Zz
in M is then diffeomorphic with K Xk, Y. We denote by @y : Y — s
the restriction of ® to the submanifold Y. Let &4y be the induced Clifford
bundle on TY (see (8.27)).

The restriction of the symbol o(M, £, @) to T*Y is equal to o(Y, Egy, Py )®
A a.,, hence the induction formula of Proposition 4.7 gives that

Qx (M, €, Zg, ®) = Ind, (QKﬁ(Y, Eay, MP N O7(B), By) ® /\ng>

(as ®71(B) is contained in Y, M N d1(8) = YN &, (B)).
Second Step : Now we use the variation of the Atiyah-Segal-Singer
localization formula for computing Qk, (Y, Eqy, MP N ®71(B), Py). As we

are working on a neighborhood of Y N @;1(@, we may assume that Y is
the normal bundle Ay of Y in Y.

Let dg(Eqy) be the Clifford bundle on the submanifold Y# determined by
Eqy (see Section 7.1). Let (Ny),, be the normal bundle of Y#inY polarized
by 8. We apply the variation of Atiyah-Segal-Singer localisation formula to
Ny — Y? (the group K being now K 3) and we obtain the following formula:

Qe (Y, Eay, MP N @7 (), By) =
Qi (Y7, ds(Eay) ® Sym((Ny)g,), M7 N @7 (8), D).

The manifold Y? is an open subset of M?, and for the normal bundles
N of M in M versus Ny (the normal bundle of Y# in V), we have N =
Ny @ [¢/€5]. For the polarized ones, we get N, = (Ny), ©[qs,]. If we use
the relation Sym(qs,) ® Aqs, =1 in R(K3p), we sece that

Sym(o,) @ [ A®/t ©0)] = Sym((Ay),) @ Symlas,) @ [Aas] @ [Adr]
= Sym((Ny)J,) [/\ng]
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So we are left to check that dg(E4y) @ [A q.,] and dg(€)® [\ T7;] are equal®
as Clifford module over TY.
We have the identity |y = [A q,]® gy as Clifford modules over £/£5®

TY. We have also (Egy)|ys = A\ (Ny) s, ®dg(Eay) as an equality of Clifford
modules over Ny @ TY?. Finally we get

(8.28) Elys = /\(J\/y )Js ® {/\ CIJ/;] ® dp(Eay)

as an equality of Clifford modules over Ny & [¢/¢5] & TY#. By definition, we
have also €|ys = AN, ® ds(€) as an equality of modules over N @ TMP.
If we restrict the previous identity to the open subset Y?, we get

(8.29) Elys = \ Wy) s, ® [/\ qJﬁ} ® dg(&).

If we use (8.28) and (8.29), we get the desired identity.

8.4 The non abelian localization theorem

Let £ — M be a equivariant graded Clifford module over an even dimen-
sional K-manifold M (M is not necessarily compact, the group K is compact
but not necessarily connected). Let ® be a moment map, such that Zg is
compact. We can then construct Qi (M,E,P) € }A%(K ). If M is compact,
Qi (M,E,P) is just equal to Qr (M, E).

The set of zeroes Zg is a disjoint union of its components Zg,3 € B,
with B finite (see (6.16)). The following decomposition of Qx (M, &, P) is
the K-theoretical analogue of Witten non abelian localization theorem in
equivariant cohomology. This reduces the study of Qx (M, &, ®) by induc-
tion to the neighborhood of the zeroes of the moment map.

Theorem 8.6 (Non abelian localization theorem) We have

Ok (M,E,®) =Y Qx(M,E, Z3,9).
BeB

Furthermore, for 3 # 0, the generalized character Q(M,E,Z3,®) is
equal to

Indfl, (Que, (M7, ds(€) @ Sym(N,), @71(8) N M7, 0) & \ay, @ A\, ) -

®In fact we can check that dg(Eqy) = (—l)dimq"ﬂ det(q.,) " "ds(€).
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Here, B is a set of representatives of the orbits of K in ®(Zg). For 5 € B,
M? is the submanifold of M stable by 8 € €, Zg is K(®~1(8) N MP), Ny, is

the normal bundle on M”? in M polarized by 3, dg(&) is the Kz equivariant
Clifford bundle on M” defined by

Elys = ds(&) ® AN s,

and q;, denotes the vector space q = t/t5 equipped with the complex struc-
ture Jg.

As 3 is a central element in €3, we are reduced by induction to the
study of a localized character at a central element for the lower dimensional
manifold M? acted on by the subgroup K 3.

When 0 is a regular value of the moment map, the term Qg (M, &, ®~1(0), @)
is given explicitly:

Q (M 5 o Z Q red red®v)\)v
AeK

It follows that the multiplicities m(A) of the irreducible representations
Vi in Qg (M, E,®71(0), ®) are given explicitly as the equivariant index of a
orbi-bundle over the orbifold M,.q = ®~1(0)/K.

When K is connected, we may parameterize K by the lattice of weights
intersected with a positive Weyl chamber. In this case Kawasaki formula
implies that A — m(\) is a quasi-polynomial function of A\. We will return
to this theme in Subsection 12.5.

8.5 Example of T*K

We consider in this subsection the paradigmatic example of the cotangent
space T*K where K is a compact Lie group. This is a K-Hamiltonian
manifold with moment map @, and in the philosophy of quantization, its
quantization is L?(K). We here study the space Qi (T K,&,®), and verify
that indeed this is the space of K-finite functions on K for a particular
Clifford module £. This example will not be used in the rest of this article.

Let K be a compact Lie group and let K be a closed subgroup. Let i
denote the inclusion of K into K, i : € — & the induced embedding of Lie
algebras, and 7 : & — ¢* the dual projection.

We consider the following action of KxKonK : (kk)-a=kak™'.

The tangent bundle TK is identified with K x & through the left trans-

lations: to (a, X) € K x € we associate LetXal_g € T, K. The action of
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K x K on the cotangent bundle T*K ~ K x £ is then
(k. k) - (a,€) = (kak™", k¢).

The Liouville form A of T*K is thus given by A\, ¢(X,n) = (€, X) for
(a,€) € T*K ~ K x £ and (X,n) € T,K x T¢t. The symplectic form on
T K is Q) :=dA.

The corresponding moment map relative to the K x K-action is the map
=P, D Pk : T*K — & @ ¢ defined by

(830) q)f((a’ 5) = _5’ q)K(a’ 5) = 7'('((1_1 : 5)

Lemma 8.7 The set Zg C T*K is equal to K x {0}. More generally, if
we consider the equivariant map ®; = @ & tPy for any t > 0, the set
Zg, C T*K s still equal to K x {0}.

Proof. Let k; be the Kirwan vector field on T*K attached to the
map ¢;. A direct computation gives that for (a,&) € T*K, the vector
ki(a,€) € T(o o) (K X £) = £ x € is equal to (s (a,§),0) with

wl(0,6) = € + tan(a'6).
For t > 0, we see that x}(a,&) = 0 if and only if £ = 0.

Let £ be a K x K-equivariant graded Clifford bundle on the manifold
T*K. Thanks to Lemma 8.7, we know that Zg is compact. Hence we can
consider the generalized index

Qi x(T°K,E,9) € R(K x K).

The restriction of £ at (1,0) € T*K defines a graded Clifford module
El(1,0) for the Euclidean vector space T(T*f()|(170) ~ £ x £*. We use the
identification € x ¥ ~ t¢,(X,£) — X @ if. Thus Afc is an irreducible
Clifford module for & x £*.

Following Definition 7.1, we can “divide” the graded Clifford bundle
&l(1,0) by the irreducible Clifford module A &c.

Definition 8.8 Let E . be the graded K x K -representation space such
that

Elo) = By ® J\ te-

is an isomorphism of graded Clifford modules on & x .
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Proposition 8.9 We have the following relation in ]:Z(f( x K) :
QI?XK(T*K’E’(I)) = Z (V@ V]k) ® Egy -

Vek

Remark 8.10 If £z, = C, we obtain that Qf(xK(T*f(,E,q)) is L*(K)
after completion, as expected.

Proof. Thanks to Lemma 8.7, we know that ¢ € [0,1] — o(T*K, &, ®,)
is an homotopy of transversally elliptic symbols. It follows that
Qi (T*K,E,®) = Q. (T*K,E,® ). We note that the computation of
Qi (T*K,E,07) follovv~s from (8.26), since Zg . = <I>[_~(1(0), 0 is a regular
value of @z and <1>If<1 (0)/K is reduced to a point.

9 [Q,R] =0 Theorem

Let M be an even dimensional K-manifold equipped with an equivariant
graded Clifford bundle £.

When M is compact, we consider the representation Qp (M, E). In this
section, we study [Q (M, E)]X, with the help of a moment map ®, and
the non abelian localization formula, in particular, we will find sufficient
conditions on the couple (£,®) in order that the only component of Zg
contributing to [Qx (M, &)X is ®~1(0). We will be considering in more
detail the case where M is an almost complex manifold.

Our discussion extends to the case where M is non-compact. We will
study the generalized character Qg (M, E, @) attached to a moment map P
such that Zg is compact.

9.1 A preliminary formula

Let M be an even dimensional K-manifold equipped with an equivariant
graded Clifford bundle £ and a moment map ® : M — ¥* such that Zp
is compact. We study [Q (M, E,®)]" via the non abelian localization for-
mula. The notations in this subsection are as in Subsection 8.4. From
Theorem 8.6, we obtain

Qi (M, €, @)™ = " [Qk(M,E, Z5,®)]"

BeB

and if 8 # 0, the integer [Qx (M, €&, Zg, ®))" is equal to
[QKﬁ(Mﬁ,dﬁ(g) b2y Sym(NJg)a ( ﬂ Mﬁ ® /\ng b2y /\qJﬁ]
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Using Lemma 4.1, the vanishing of this last expression is automatic if the
linear action (denoted £(3)) of B on the fibers of dg(€)@Sym (N, )@ A 97, ®
AT J, has only non-zero eigenvalues. We thus introduce some definitions.

Consider a Kg-equivariant vector bundle F — M B. Let X be a con-
nected component of M?. Let ¢ € R. If all the eigenvalues of £(3) acting
on F|x are of the form 6 with 6 > ¢ (respectively 6 > ¢), we say that
1L(B) > c on Flx (respectively 1£(8) > ¢).

Proposition 9.1 Let 5 # 0.
o If %E(ﬁ) >0 on dg(&)|x ® det(qJB)_1 for any connected component
X C MP such that X N ®~Y(B) # 0. Then

K
(QK(M, &, Z5, @) = | Qi, (M7, £, @7} (8) N M7, @)|

where
(9.31) g = (1) V5 [dg(€) © det(q.,)Y)?

is a graded Kg-equivariant Clifford bundle on MP.

o If 1£(B) > 0 on ds(€)|x ® det(qy,) ™" for any connected component
X C MP such that X N ®~1(B) # 0, we have &g = [0] in a neighborhood of
MP N ®~Y(B) and then [Qr (M, &, Zg, ®)) = 0.

Remark that [dg(£) ® det(q Jﬁ)_l]ﬁ is isomorphic to the subbundle of

dg(&) formed by the vectors satisfying L(8)v = Try,, (B)v.

Proof.

Introduce the union MCB = UX of the connected components X of M?
such that X intersects ®~!(3). Then MP s K g invariant and clearly, we
can replace M? by Mcﬁ in Theorem 8.6. Using Lemma 4.1, we obtain
[QK (M, E,Zs,®)]¥ is equal to

[0r, (M2, 17,7, M2 @), )]

where F, 5 = dg(E)]Méa ® (det(qs,) ' ®@det(q.,)) ®Sym(NJB)]M§ ONq,;®
ACYS

Let X be a connected component of Mcﬁ, thus & intersects ®~1(3).
On Sym(N7j,)|lx ® Ads,, we have 1L(B) > 0 by definition of the complex
structures associated to 8, and [Sym(Nj,)|x ® Adgs,)? = [C]. Similarly
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LL(8) = 0 on [det(as,) @ Ady;) and [det(az,) © Adz)? = (=),
Then the Clifford bundle [Fx]? is reduced to &g if 1L(B) > 0onds(&)|x ®
det(q Jﬁ)*l. This proves the first point. The second point is an obvious
consequence of the first.

9.2 &-positivity
Definition 9.2 Let & : M — " be an equivariant map.

o A K-equivariant bundle F — M is weakly ®-positive (resp. strictly
O -positive) if

1
gﬁ(ﬂ)ZO (resp. >0) on Fly

for any couple (X, ) where X C MP is a connected component such
that X N ®~(B) £ 0, and B # 0.

o A K-equivariant Clifford bundle & — M is weakly ®-positive (resp.
strictly ®-positive) if

%E(ﬂ) >0 (resp. >0) on dg(&)|lx® det(qJB)_1

for any couple (X, ) where X C MP is a connected component such
that X N ®~Y(B) # 0 and B # 0.

An obvious example of weakly ®-positive bundle F on M is the trivial
bundle M x C.

If £ is a weakly ®-positive Clifford bundle and F a weakly ®-positive
bundle, then the Clifford module £ ® F is weakly ®-positive.

Another example arise when we have an equivariant map ¢ : M’ — M.
Suppose that we start with a weakly ®-positive bundle F on M. We consider
the pull-backs F' = ¢*F and &' = ¢*® on M’. It is obvious that p({ke =
0}) C {ke = 0}. It is a small exercise to check the following lemma.

Lemma 9.3 If o({ker = 0}) = {ko = 0}, the bundle F' is weakly ¥’'-
positive

A particularly important example of strictly ®-positive bundle is the
following.

Definition 9.4 A K-equivariant line bundle L over M is called a ®-moment
line bundle if, for any m € M and any X € &,,, the action of L(X) on the
fiber L|,, is equal to i(®(m), X)Id.
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Such a line bundle L is strictly ®-positive, since for any m € ®~1(8) N
MPB, the action of £(8) on L|,, is equal to i||3||*Id. In particular, let ®f,
be the moment map associated to an Hermitian connection (Definition 6.3).
Clearly L is a ®-line bundle, and the line bundle L is strictly ®-positive.

Example 9.5 Let us consider the case studied in Section 8.5 : the Hamilto-
nian action of K x K on T*K. The moment map is ®(a,&) = —£dm(a™'€).
In this situation, the trivial line bundle over T*K is a ®-moment line bundle.

The following theorem follows from Proposition 9.1.

Theorem 9.6 Let M be a K-manifold equipped with a moment map © such
that Zg is compact. Let £ be an equivariant graded Clifford bundle on M.
o If £ is weakly ®-positive, then we have

[Qk (M, E,®))% = [Qx(M,&,87(0),®)]*

+ > ok (M7 g, M N e (), @)
BEB,B#0

where the Clifford bundles E) are defined by (9.31).
o When the Clifford bundle £ is strictly ®-positive, we have

]K,@

QK (M, £, @))% = [Q(M,£,7(0), ®)] "
If furthermore 0 is a regular value of ®, then K acts locally freely on ®~1(0),
and we have [Qr (M, E)® = Q(Myed, Ered)-

The equality [QK(M, E,071(0), <I>)] K Q(Myeq, Ereq) is proved in The-

orem 8.3.
Finally let us remark the following.

Proposition 9.7 Let ® be a moment map, and assume that L is a ®-
moment line bundle. Let ®¢,t € [0,1] be a smooth family of moment maps
such that ®g = ®. We assume that there exists a relatively compact open
subset U C M such that Zg, C U for all t € [0,1]. Then there exists € > 0
such that L is weakly ®y-positive for any t € [0, €].

Proof. Take the notations of Lemma 6.7. Consider a finite set {¢;}
of representatives of the infinitesimal stabilizers of the action of K on U,
and let C; be the set of connected components X of My, NU. The action
of 18(X,®) € & on Ly, for any m € X, is given by [B(X,®)|Id as
B(X,®) € & and ®(X) C B(X,P) + &
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Let m € Zg, C U. Then, up to conjugacy, there exists an ¢ such that
m € &7 (&) N M, NU. Let X be the connected component of My, NU
containing m. Then f; = ®,(m) = B(X,P;) € ¢ and is close to the point
B(X,®) € ¢. Thus if (X, P) # 0, and ¢ small enough, the action of j3; is
positive on L|n,. If 3(X,®) = 0, then ®(X) is contained in &, and so the
action of f; € ¢, on L|,, is equal to i(®(m), ;) = 0.

9.3 [Q, R] =0 in the asymptotic sense

Let M be a compact even dimensional K-manifold equipped with an equiv-
ariant graded Clifford bundle £. Let L be a K-equivariant Hermitian line
bundle with Hermitian connection V, and consider its moment map ®;.

Theorem 9.8 When k is sufficiently large, we have

(9.32) [QK(M,S ® L®’“)]K = [QK(M,E ® L¥*, ®;1(0), <1>L)]K

If furthermore 0 is a regular value of ®r, then K acts locally freely on
@Zl(O), and we have [QK(M,E ® L®k)]K = Q(Myed, Ered ® Lfi]zl).

This theorem follows right away from Theorem 9.6. Indeed, when 8 # 0,
for any couple (X, 3) where X C M? is a connected component such that
XN®;1(B) # 0, the action of 8/i on LZ|y is given by k||3|?, so when k is
large, the Clifford bundle £ ® L®¥ is strictly ®;-positive.

So, although the map ®j, varies with the choice of connection on L and
the topological space M,.q may vary dramatically, then for k large, the
quantity Q(M,ed, Ered ® Lfilzl) is independent of the choice of the connection
on L.

Theorem 9.32 plays an essential role when one studies the asymptotic
behaviour of branching law coefficients (see [37]).

10 [Q, R] =0 for almost complex manifolds

Let us assume that our K-manifold M is provided with a K-invariant almost
complex structure J. Then, as in the complex case (see Example 5.11), a
natural Clifford bundle on M is A ; TM and any Clifford module on M is
a twisted Clifford bundle A\ ; TM ® F where F is a K-equivariant complex
vector bundle.
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Definition 10.1 e When M is compact, we define the Riemann-Roch char-
acter
RR(M,F) = Qx(M, A\ TM & F).
J
o When M is not necessarily compact, we can attach the localized Riemann-
Roch character

RR{ (M, F,®) := Qx(M, A\ TM & F,®)
J

to any equivariant map ® : M — ¥ such that Zg is compact.
o When Z is a compact component of Zg, we define the localized Riemann-
Roch character by

RR}(M,F,Z,®) := Qx(M, \TM ® F, Z,®).
J

An important example of almost complex manifold is the case of sym-
plectic manifold (M, 2). In this case, we construct J as follows: choose a
K-invariant Riemannian metric g on M, and write Q,,(v,w) = g(v, A w)
where A,, is a invertible antisymmetric matrix, and choose J,, = An

N —AmAL
Our aim is to compute [RR3 (M, F, ®)]¥ for a well chosen moment map
.

10.1 Statement of the results

We start with a definition.

Definition 10.2 Consider the data (2, J) where 2 is a two form and J is
an almost complex structure on M. We say that (2, J) is adapted if, for any
m € M, Q(Jv, Jw) = Q(v,w) and the quadratic form v € T, M +— Q(v, Jv)
18 semi-positive.

We have the fundamental fact that we will prove in next subsection.

Proposition 10.3 If (Q,®) is a weakly Hamiltonian structure on M such
that (Q, J) is adapted, then the Clifford bundle )\ ; TM is weakly ®-positive.

For the rest of this section, we work with a weakly Hamiltonian structure
(©,®) on M such that (€, J) is adapted.

Consider g € €. For the tangent bundle, we have the decomposition
TM|ys = TMP @ N, where TMP = ker(£(3)) and N' = Image(L(3)).
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Since the complex structure J on M commutes with £(/3), the vector sub-
bundles TM”? and N are stable under J. On A, as we have another complex
structure Jg that commutes with J, we get the decomposition N' = N, Js+ D
Ny~ where Nj, + = {v e N'| Jgv = £Jv}.

Also this lemma will be proved in the next subsection.

Lemma 10.4 For any non-zero element € €, and any m € MPNd~1(3),
the real dimension of Ny, y|m is greater or equal than dimg(€/€g).

Recall that the critical set Zg is parameterized by a finite set B. Let us
fix a non-zero element 8 € B.

Definition 10.5 For any non-zero element 8 € B, define M c MP as the
union UX of the connected components X of MP intersecting ®=(3) and
such that the real rank of the vector bundle Ny, i |x is equal to dimg(€/€g).

We notice that MOB is a submanifold of M? stable under the action of
the group Kjg.
The main result of this subsection is the following theorem.

Theorem 10.6 Let F be a K-equivariant bundle on an almost complex
manifold (M,J). Let (2, ®) be a weakly Hamiltonian structure such that
(Q,J) is adapted and Zg is compact.

o [f the vector bundle F is weakly ®-positive, we have

[RR;’((M, 7, @)} " [RRK(M, F,o7L(0), @)} g

> |BRi (M 1) MY 07 (8), @)

I
BeB\{0}

o [f the vector bundle F is strictly ®-positive, then

J K 1 K
[RRL(M,F,®)| " = |RRi(M,F,®7(0),®)]
e If0 is a reqular value of ®, we have
K
{RRK(M7 fyq)_l(o)a(b)] - Q(Mredasred@)fred)-
Here Freg = .7-"]@71(0)/[( is a orbibundle over Myoq = ®71(0)/K, and Syeq
is the Spin®-bundle on M,.q induced by N\ ; TM.
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Suppose now that (€2, ®) is an Hamiltonian structure : the closed 2-form
Q) is non-degenerate. When M is non-compact, we assume furthermore that
® is proper and that the set Zg is compact. Theorem 10.6 can be improved
as follows.

Theorem 10.7 Let (M,J) be an almost complex manifold, and let F be
a K-equivariant vector bundle. Let (Q,®) be a Hamiltonian structure on
M such that : (2, J) is adapted, the moment map ® is proper and Zg is
compact.

If the vector bundle F is weakly ®-positive, and 0 is in the image of the
moment map, then:

[rrj0nF @) = RREOLF 27 0),0)]

Our manifold M is not necessarily connected, but, considering the action
of K on connected components of M, our study reduces easily to the case
where M = KM°, where M° is connected. Then M° is connected and
stable by the connected component K9 of K. We now assume that we are
in this situation. In the Hamiltonian setting, we then have the following
lemma.

Lemma 10.8 The set of points in ®(M) at minimum distance of the origin
is a K-orbit K Bmin. Furthermore ® (K Bin) C MPwin,

We denote by M/ = MPwin K/ = Kg ..., ® = @y — Bmin , J
the restriction of J to M’, and F’ the restriction of F to M’. We have
then the following theorem, which allows us to always reduce the study of

K
[RR{((M , F, @)] when F is weakly ®-positive, to the study of a Hamilto-

nian manifold with 0 in the image of its moment map.

Theorem 10.9 Let (M,J) be an almost complex manifold, and let F be
a K-equivariant vector bundle. Let (Q,®) be a Hamiltonian structure on
M such that : (2, J) is adapted, the moment map ® is proper and Zg is
compact. If the vector bundle F is weakly ®-positive, then F' is weakly
' -positive, Z}, is compact and

!

[RR{((M, F <I>)] . [RR;’(’,(M’, F o)

Let us summarize what we have proved in this section for a line bundle
L — M on an almost complex manifold (M,J). Let (Q,®) be a weak
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,J) is adapted and Zg is compact.
RRI.(M, L, ®1(0),®)]¥ holds in

Hamiltonian structure on M such that (2
Then the relation [RR% (M, L, ®)]K = |
two cases:

1. L is a ®-moment line bundle,

2. L is weakly ®-positive, 2 is non-degenerate and ®~1(0) # ().

10.2 Proofs

We now concentrate on the proofs of Lemma 10.4, Proposition 10.3 and
Theorems 10.6 — 10.9.

Let 8 € £\ {0}. If m € M N ®~1(B), we have £, C €5 and then the
map X — X -m, q3 — N, C T, M, is injective, R-linear and equivariant
relatively to the action of £(3). We consider the map

meCIB—>N|g£+

which is the composition of the injective map qg < N|,, with the projection

Nlpm = N |ﬁg+ The map p,, is complex linear if both vector spaces qg and
N, are endowed with the complex structure Jz.
Lemma 10.4 is a consequence of

Lemma 10.10 The map p,, is injective for any m € ®~1(8) N M5,

Proof. Consider the symmetric R-bilinear form
(10.33) Hp,(v,w) = Qp, (v, L(B)w)

on Nl By our condition on Q, Hp,(v,v) < 0 on Ny, |m. In contrast,
on the subspace q-m C N, the quadratic form H,, is positive definite.
Indeed H,,(X - m, X -m) = (®(m), [X, [®(m), X]]) = ||[3, X]||*>. Thus q-m
does not intersect N J67_’m7 and then p,, is injective.

Remark 10.11 The proof above shows that if p,, is bijective, then q - m
is a mazimal subspace of N|,, where the quadratic form associate to Hp, is
definite positive.

The injectivity of the complex linear map p,, implies that %E(ﬂ) 0

>
on det(Ny, 4|m) ® det(gs,)", and for a connected component X of MP
intersecting ®~1(3) we have

(10.34) X C M) <<= L(B)=0 on det(Ny,+|x)®det(qs,) "
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Moreover, when m is on a neighborhood @‘1(ﬁ)ﬂMoﬁ of <I>_1(ﬂ)ﬂM§, the
map py, stay injective and realize a trivialization of the bundle det(N, J/B’_i_) ®

det(q.,) "
Let us determine the Clifford bundle dg(€) associated to the Spin‘-
bundle £ = A\ ; TM on M. By definition, we have &|ys = AN, ®@ dg ().

Since Ny, ~ Ny, + © Ny, — as complex vector bundles, we have

AT = AFGTo A,
~ (_1)rankNJ6,+ det(./\/’Jﬁ Dl /\NJB +® /\NJﬁﬁ
~ ( 1)rankN76+ det NJ,e i ® /\N

as graded Spin®-bundles on N' — MP. On the other hand we have also
A;TM|ys ~ A\; TMP @ A\;N. This shows that

(10.35) ds(€) = (1) N+ A\ TMP @ det(N, ).
J
At this stage we have proved Proposition 10.3: The Clifford bundle £& =
A TM is weakly ®-positive since for any connected component X of M p
intersecting ®~1(3) we have 1£(53) > 0 on dg(€)|x ®det(qy,) " as $L£(8) >
0 on det(Ny, 1) ® det(q,) " restricted to X.
Moreover we compute that

dim _
Eg = (=1)""Vs[dg(E) @ det(qu,) ")’
= (-)"Dge \TM”
J
where ng = dimg q,, — rankeN, ;. and
~118
D = [det(N, 1) ® det(a,) "]

Two cases hold for a connected component X of M? intersecting ®~1(5).
Thanks to the discussion above (see (10.34)), we see that either X ¢ MJ
and then Dg|x = [0], or X C M/ and then ng=0on X and Dglyy ~U x C
on a neighborhood U of X N ®~1(B) in X.

Finally we see that Theorem 10.6 is a consequence of Theorem 9.6. If
we work with the Clifford bundle & = A; TM ® F, we have 5[’6]|X = [0]
e = Ny TMS @ [F|5)° in
a neighborhood of M} N ®~1(B). So we can conclude.

unless X is contained in M¢ , and we have 5[’5}\
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We now concentrate ourselves on the proof of Theorem 10.7 and Theorem
10.9. First we prove the preliminary lemma, Lemma 10.8. Let K° be the
connected component of K. We assume M = KM where M° is connected
and stable by K% Let T be the maximal torus of K° with Lie algebra
t. We make the choice of a Weyl chamber t,. The Convexity Theorem
2, 15, 21, 23] is telling us that the set A(M) = ®(M) N t5, is a convex
polytope, called the Kirwan polytope. So there is a unique point fyin €
A(M) at minimum distance of the origin. So K i, is the unique orbit at
minimal distance in ®(M).

Let Buin € ®(M) at minimum distance of the origin. Equation d||®||? =
2(kg ) shows that ®!(Buin) is contained in MPmin = M’. Let K’ be
Kg_ .. We notice that M’ is a K’-Hamiltonian manifold with moment map
®,s, and J induces an invariant almost complex structure J' on M’. We
have the following basic properties whose proof is left to the reader.

Lemma 10.12 e The data (¥',J') is adapted. o The map ®pp is proper
and Zg,,, is compact. e If F is weakly ®-positive, then Fpyr is weakly @y -
positive.

Let us go back to the proofs of Theorem 10.7 and Theorem 10.9.
Using Theorem 10.6, and Lemma 10.8 we are left to prove the following

Lemma 10.13 Let § € B\ {0}. The submanifold MP s non-empty if and
only if 8 = Pmin-

Thus, let 3 € B and consider m € ®~(8) N M? such that the real rank
of . Jg+ 15 equal to dimgq. We want to prove that § = Bpnin. For that,
we can only consider the action of the connected group K° on a connected
component M of M. Changing locally of notations for the aim of this proof,
we now assume K and M connected. Let us use the notations of the proof of
Lemma 10.10. As m € M?, m is a critical point of the map (®, ) : M — R.
Its Hessian H,, at m is the symmetric bilinear form defined in (10.33). The
fact that the 2-form €2 is symplectic implies that H,, is non-degenerate on
Nlm.

Let U be the connected component of the set of elements & in €3 such
that & C £3. This is an open set in €3 containing 3. The subset Y = ®~1(U)
is connected, and is a Kg-symplectic submanifold of M such that K'Y C M
is a dense open subset of M.

Let 'Y be the normal bundle of Y7 in Y. At the level of tangent spaces
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we have the decompositions

TpM = TpM?&N|,

that are orthogonal with respect to €, (and also under H,,).

Now, if the map py, is an isomorphism, q-m is a maximal subspace of N,
where the quadratic form associate to H,, is definite positive (see Remark
10.11). As H,, is non-degenerate on N'Y|,,,, necessarily H,,(v,v) < 0 for any
non-zero element v € NV |,,. So, we have (®, 3) > ||3]|* on a neighborhood
of m in Y. In the symplectic setting, any function of the type (®, ) has a
unique local minimum, thus (®,3) > ||8]|?> on Y, and consequently ||®||> >
|B]I> on Y. By K-invariance it implies that ||®||* > ||3]|? on M. So 8 = Bmin
as desired.

10.3 [Q, R] = 0 and semi-ample line bundles

We define the notion of semi-ample line bundles in the almost complex
setting.

Definition 10.14 Let L be a K -equivariant line bundle on an almost com-
plex manifold (M,J). We say that L is semi-ample, if there exists a K-
tnvariant Hermitian connection with curvature two form Ry = i€); such
that Q,(v, Jv) > 0 forv € TM. The corresponding moment map ®r, will be
called adapted.

The following corollary is clear.

Corollary 10.15 Let L be a K-equivariant semi-ample line bundle on a
compact almost complexr manifold M, with adapted moment map ®;,. Then

K K
RRL(M, L®k)} = [RR) (M, L&* &7 (0), @L)]

K
for any k > 1. In particular, [RR{((M, L®FY | #£0 for some k > 1 only if
0 € d(M).
This theorem is an analogue of the GIT construction. We will obtain
more precise results on the description of [RRy (M, F)]¥ via a moment map

® if we can choose (£, ®) such that € is non degenerate, and F weakly ®-
positive. This is the object of Section 12.4.
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Example 10.16 We follow the notations of Example 5.12. Let F := K/T
be the flag manifold equipped with an integrable complex structure. The line
bundle [C,] := K x1 C, associated to a weight € A is semi-ample if and
only if p is dominant, and [C,] is ample if and only if p is reqular dominant.

Example 10.17 The cotangent bundle T*K of a compact Lie group K is
equipped with the symplectic form Q = d\ where X is the Liouville 1-form
(see section 8.5). Let J be a almost complex structure on T*K that is com-
patible with Q. Let us consider the trivial line bundle [C] = T*K x C with
the connection V := d +iX. We see then that the two form Q¢) = %VQ s
equal to ).

11 A slice theorem for deformed symbol

11.1 An induction formula

Let H be a closed subgroup of K, and consider a H-invariant decomposition
£ =bh®q. Let N be a H-manifold, and consider the K-manifold

N =K xg (Bg x N')

where By« C q* is a H-invariant ball centered at 0. Then N’ is a submanifold
of N, and the normal bundle of N’ in NV is isomorphic to the trivial bundle
with fiber q & q* : for n’ € N’ the element X € q defines the vector
%\tzoetX : [1, O,n’] S T[Ln/mN.

The vector space q @ q* is identified to qc by X & & — X @ i€ : here
Eeqh— £e q is the isomorphism associated to an invariant scalar product
on €. Let Sy = A qc be the spinor space for q¢. Thus if £ is a K-equivariant
graded Clifford bundle on N, there exists a H-equivariant graded Clifford
bundle £ on N’ such that

Eln=5y®¢&.

Let ® : N’ — b* be a H-equivariant map, and let ® : N — £* be a
K-equivariant map. We assume that these maps are linked by the following
relations :

Oy = P,
(11.36) ®([1;¢,n']) € b* = £ =0,
(@([1;€,n]),€) =20,

for (¢,n') € By x N'.
The following induction result will be useful.
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Proposition 11.1 e The critical sets Ze C N and Zg: C N’ are related by
Zq;. =K XH ({O} X Zq)/).

e Let Z be a compact component of Zgo and Z' its intersection with N'.
Then Z' is a compact component of Zg and

Ox(N,E,Z,®) =Indfy (Qu(N', &', Z',2")) .
This leads to the relation [Qx (N, &, Z,®)|* = [Qu(N',&', 2", ®")".

Proof. Let (§,n') € By x N'. We identify Ty, N to q@q* @ Ty N'.
Let us write ®([1;£,n']) = ®4(&,n) @ P (&, ') in the decomposition ¢ = hdq
(and we have identified ¢* and £). We have

(1137) qu:.([l; 5’ n/]) = _(I)q(fa ’I’L/) D [éa q)h (éa ’I’L/)] @ _(I)h(g’ n/) : ’I’L/.

From (11.36), we have that ®4(¢,n") = 0 only if £ = 0. Hence the vector field
ke vanishes at [1; X, n/] if and only if £ = 0 and ke (n') = —®4(0,n")-n’ = 0.
So if Z a component of Zg, its intersection Z’ with q x N’ is a component
of Zg such that Z = K xp ({0} x Z').

Consider a compact component Z of Zg. Let U’ be a relatively compact
neighborhood of Z’' in N, so that V = By x U’ is a relatively compact
neighborhood of Z" in q x M’. Let 7 be the restriction of o(M, &, @) to T*V.
We are working on K X g V, a small neighborhood of Z = KZ' in M, and
by the induction formula of Proposition 4.7, we have

Ok (M, €, Z,®) = Indf; (Indexy; (7)) .

Let us consider the injection i : U’ — V. The symbol ¢/ = o(U',E', D) is a
H-equivariant transversally elliptic symbol on I’. Its index is by definition
Qu(N', &, Z',®"). We can construct the push-forward i;(¢”) of the symbol
o € K% (T5U') in K4 (T%V) as defined in Section 5.4. Our proposition
11.1 will follow from the following formula and Theorem 5.9.

Lemma 11.2
T =1i(o").

Proof. By definition the symbol 4,(¢’) is equal to ¢’ X Bott(gqc). For
(&,n') €q* x N', and (¢,v) € ¢ x T}, N', we have

i1(0") ey (a,7) = cer (7 — k() ® cs, (€ D ig).
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We compute 7(x ,/)(q,v). Using Formula 11.37 we have

T(em!) (q7 V) = Cfr'l, (ﬁ + (ph(§7 nl) : nl) X Cs, <(bq(§7 n/) D Z(q - [67 q)h(§7 nl)])) :
For any t € [0, 1], we define

At(§7 nla Q) = tq)q(& nl) + (1 - t)§ S2) Z(q - t[§7 (I)f) (57 n/)]) € qc
Bi¢,n') = —t®p(&,n)) -0+ (1 —t)ke(n) € TN,

and the symbol
Tlewy(@,7) = cer (7 = B'(€,n")) Res, (A'(€,7,q)) -

We have [[A(€, 1/, )|> = [t (€, n') + (1 — )E][2 + 14 — tIE, By (€, w1

If ((&,n'),(q,v)) is in the support of 7!, necessarily A!(¢,n',q) =
We use the conditions (11.36). As (§,®4(§,n)) = (®([1;¢,7]),€) > 0,
we see that [[10g(&,n') + (1 — €2 > L[E] + (1 — 12 Te(&,n)]? and
this last expression vanishes only when & = 0. Thus, we see that, when
(&,n') € By x N', the vector A*(§,n’,q) vanishes if and only if £ = 0 and
q = 0. And for any t € [0, 1], BY(0,n/) = Kg/(n').

Thus 7' is an homotopy of transversally elliptic symbol on By x N'.
Hence 7! = 7 defines the same K-theory class than 7° = i(o”).

In the next subsection, we give a first application of this formula.

11.2 The shifting formula

We consider a K-manifold M, oriented and of even dimension, that is
equipped with a K-equivariant Clifford bundle G. Let ®p; : M — €* be
an equivariant map. Let a € £, and let H = K, be the stabilizer subgroup
of a. On the coadjoint orbit Ka, consider the inclusion ®, : Ka — £*. We
assume that Ka is equipped with a K-equivariant Clifford bundle F. On
the product M x Ka, consider the map ® = &, — ®,,.

In this section we assume that ®~!(0) is a compact component of Zg :
this property holds when ®,; is a moment map and M is compact.

Consider

Qi (M x Ka,G @ F, & 1(0), )

the equivariant index localized near the component ®~1(0) ¢ M x Ka.
We look at a small H-invariant open neighborhood B of a in h* such
that Y = ®,/(B) C M is a slice at a € € for the map ®,;. Then YV is a
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H-invariant manifold of M such that ®3,(Y) C h* and such that K xg Y
is diffeomorphic to a invariant open neighborhood of <I>A_/11(K a). We denote
by ®y the restriction of the map ®;; to Y.

The element a € ¥ acts by an invertible skew-symmetric transformation
on t/t,. We denote by q, the vector space £/¢, equipped with the complex
structure J,, We write Gly = Ggy ® A qj, where Ggy is a H-equivariant
Clifford bundle on Y, and F|,) = AqJ, ® F where F' € R(H) (here {a} is
the base point of Ka).

Proposition 11.3 For any equivariant Clifford bundles G — M and F —
Ka, and any equivariant map ®(k,&) = ®y7(m) — € such that ®~1(0) is a
compact component of Zg, we have

Ok (M x Ka,G®F,® (0),®) = Ind}; (Qu (Y, Gay, ¥y (a), (Py —a)) & F).

Proof. We show that we are in the situation of Subsection 11.1. A
neighborhood of ®~!(Ka) in M is of the form K xy Y. Let us consider
the diffeomorphism ¢ : K xpg (Ka xY) — Ka x (K xg Y) defined by
o(lk; &, y]) = (K&, ky). Through ¢, the map ® becomes on K Xy (Ka x Y)
the map ®([k;&,y]) = k(Py(y) — €), and the set ®~(0) is equal to K x
({a} x 6~ (a)).

We are then working on a H-invariant neighborhood of {a} in Ka. This
neighborhood can indeed be parameterized by q* through the map ¢ — efa.
So we work with the K-manifold N = K xp (Bg x Y') and the H-manifold
N’ =Y. The equivariant maps are ®([k;&,y]) := k(®y (y) — efa) on N and
®’ = &y —a on Y. We check easily that relations (11.36) hold if the ball
By« is small enough. Indeed, (efa,€) = 0 for any & € q*, and for small & the
term efa = a + [€, a] + O(||€]|?) belongs to b only if £ = 0.

At the level of Clifford bundles, if one considers £ := G ® F, the corre-
sponding £ on Y is £ := Ggy ® F since the Clifford bundle S;, is equal
to Aqs, ® AqJ,. So we are in the setting of Proposition 11.1 and we can
conclude.

12 The Hamiltonian setting

Let us assume that our K-manifold M is provided with a Hamiltonian struc-
ture (®,9) : Q is a non degenerate closed 2-form on M and the moment
map ¢ : M — £* and Q are related by the Kostant relations (6.14). Then we
can always choose an invariant almost complex structure J on M such that
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Q(v, Jw),v,w € TM is a Riemannian metric on M : such almost complex
structure J is called compatible with €.

Consider the case where M compact. In this context, the representation
Ok (M, \; TM ® F) does not depend on the choice of J since the set of Q-
compatible almost complex structures is contractible, so, given §2, we denote
it by RRi(M,F) whenever the almost complex structure J is compatible
with the given choice of €.

We can make use of the result of Theorem 10.7, since our hypothesis “J
compatible with Q7 is stronger than the hypothesis “(2,.J) is adapted”. In
fact we will gain much more, as we will be able to compute geometrically
the multiplicities of RRx (M, L) when L is a ®-moment bundle : it is the
heart of the [@, R] = 0 theorem of Meinrenken-Sjamaar that is explained in
the next section.

Our proof of the Meinrenken-Sjamaar Theorem relies on the Witten de-
formation argument presented in the previous section. We attach a localized
Riemann-Roch character

RRi (M, F,Z3,®) = Qx(M, N\ TM @ F, Zs, ®)
J

to each component Zg of Zg [32, 35, 24], where J is an almost complex
structure compatible with €. In this way, we decompose the character
RRi(M,F) in sum of (infinite) dimensional representations, while
Meinrenken-Sjamaar decomposes RRy (M, F) in sums of (finite) dimen-
sional representations by cutting the Kirwan polytope in small polytopes. In
both of these methods, when F is weakly ®-positive, the study of [RRx (M, F)]¥
is reduced to the study of M around ®~1(0), and this can be done explicitly,
at least in the case where 0 is a quasi-regular value. The use of the compact
connected component ®~1(0) of the zeroes of the Kirwan vector field kg
replaces the compactification of a neighborhood of ®~1(0) by cutting used
in Meinrenken-Sjamaar.

When M is non-compact, we can also study the localized Riemann-Roch
character RRy (M, F,®) when the set Zg is proper [35, 24]. In Section 13
we will concentrate ourselves to the case of an Hamiltonian action of K x K

on the cotangent bundle T*K.

12.1 [@, R] =0 Theorem of Meinrenken-Sjamaar

Assume in this subsection that K is a compact connected Lie group, and
let T be its maximal torus. Let A C t* be the weight lattice of T', and
consider the set of dominant weights A>y = A N, that parameterizes
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the irreducible representations of K : for ;1 € A>g, we denote by VﬂK , the
irreducible representation with highest weight pu.

For the remaining part of this section we assume that M is compact and
connected, and we denote A(M) := ®(M) N %, the Kirwan polytope.

Let L — M be a ®-moment bundle. Write

RRi(M,L)= Y m,(L) V.

rEA>Q

We will explain how to compute geometrically the multiplicity m, (L) of the
representation VMK in RRi (M, L) in terms of the fibers of the moment map.

Definition 12.1 For any a € €, we define the topological space M, :=
- 1(Ka)/K.

We say that M, is the reduced space of M at a. In particular, the reduced
space M,eq = ®1(0)/K is denoted Mp.
Let us recall the notion of quasi-regular value of ®.

Definition 12.2 An element a € € is a quasi-regular value of ® if a €
®(M) and the K -orbits in ®~1(Ka) all have the same dimension.

Equivalently, a is a quasi-regular value if there exists a subalgebra s C
£ such that ® !(Ka) is contained in the infinitesimal orbit type stratum
My ={m € M, (¢;,) = (s)}. As we will see, this implies that ®(Ka) is
a smooth K-manifold. Furthermore, if a is a quasi-regular value, then the
orbifold stratification of M, := ®~1(Ka)/K consists of one piece only, and
M, is therefore a symplectic orbifold.

Assume that a dominant weight u is a quasi-regular value of ®. We can
then consider the orbifold line bundle over M,

Ly = (Llo=1(s) ® C-p) /Ky,

and we may define the Riemann-Roch number RR(M,,, L,,).
In general, we consider quasi-regular values a of ® close to u, and we
can, as we will see, define the orbifold line bundle

Loy = (L’<I>*1(a) ® C—u) /Ka,

over the symplectic orbifold M, = ®~!(a)/K,. The line orbi-bundle L, , is
well defined since for a close enough to p, the action of €, on L|,, ® C_, is
trivial for any m € ®~!(a) (see Lemma 12.20).

We can now state the Meinrenken-Sjamaar Theorem [29].
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Theorem 12.3 Let j1 € A>.

o If u ¢ A(M), then m, (L) = 0.

o If ue€ A(M), then m, (L) = RR(Mg, La,) for any quasi-regular value
a of ® that is close enough to L.

We can restate this result by defining Riemann-Roch numbers on (sin-
gular) symplectic reduced spaces as follows.

Definition 12.4 Let L be a ®-moment bundle. For any dominant weight
w1 € Ao, the Riemann-Roch number RR(M,,, L,) is defined by the following
dichotomy

0 if p¢ A(M),
RR(M,,L,) = § RR(Mg, Lq,) if w € A(M) and a is a quasi regular

value close enough to .

The [@Q,R] = 0 Theorem of Meinrenken-Sjamaar says that for a @-
moment bundle L, the multiplicity m, (L) of the representation VMK in
RRi(M, L) is equal to RR(M,,, L,,).

12.2 Localization on ®~1(0)

In this section, we consider a K-Hamiltonian manifold (M, €2, ®) not neces-
sarily compact nor connected, and the group K is not supposed connected.
We study the character RRx (M, F,®1(0),®), in the case where 0 is a
quasi-regular value of ® and the manifold ®~1(0) is compact.

12.2.1 Regular case

We suppose here that 0 is a regular value of ®. The group K acts infinitesi-
mally freely on the compact submanifold P = ®~1(0), and My := P/K is a
compact orbifold equipped with an induced symplectic form €2y. We denote
m: P — P/K = Mj the projection.

Proposition 12.5 For any equivariant vector bundle F — M we have

(12.38) [RRy (M, F,®1(0),®)] "

= RR(Moy, Fo)

where Fo = Flp/K.

65



Proof. Let £ := A\ ; TM be the Clifford bundle associated to a compat-
ible almost complex structure J. We consider the restriction of the tangent
bundle TM on the submanifold P. Let [¢] C TM|p be the subbundle which
is the image of the map (m,X) € Px¢t — X -m € T,,P C T,,M. We
consider the subbundle [¢] @ J[¢] of TM|p that is canonically isomorphic
to [tc]. Let E C TM|p be the orthogonal of [¢] & J[¢] relatively to the
symplectic form. We see that £ — P is a symplectic bundle isomorphic
to the pull-back 7*TMj, and that J induces an almost complex structure
Jo on E compatible with 7%(€g). We see then that £|p ~ A tc ® & with
& = 7" (A\;, TMp). Our result follows then from Theorem 8.3.

12.2.2 Reduction in stage

In this section, we explore the case of reduction in stage. Suppose that we
have a Hamiltonian action of the compact Lie group G x K on the manifold
(M, Q). Let ® = & & P : M — g* & € be the corresponding moment
map. We suppose that

e 0 is a regular value of O,
e K acts freely on P := <I>I_(1(O)7
e 7 := & 10) is compact.

We denote by m : P — My := P/K the corresponding G-equivariant
principal fibration. We denote by ¢ : My — g* the equivariant map induced
by ®¢ : it is the moment map relative to the Hamiltonian action of G on
the symplectic manifold (M, Qo).

Proposition 12.6 For any equivariant vector bundle F — M, we have the
following relation

[RRic (M, F, 87 1(0),®)]" = RRo(Mo, Fo, 6 1(0),¢)  in  R(G).
Here Fy = (Flp)/K.

Proof. We follow the proof of Proposition 12.5. We analyze the
symbol o(M,®)(m,v) := ¢y (0 — ka(m)) : AT TM — /\de TM on the
model M = P x & in a neighborhood of Z x {0}.

The choice of a G x K-invariant connection 1-form # on the K-principal
bundle P — M defines a projection map T,P — £ which associates to a
tangent vector its vertical part. This projection induces a map j : P —
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hom(g, ¢), where the vertical part of the vector X - p € T,P is equal to
Jp(X) € € for any (X,p) € g x P.

The symplectic form can be taken as Q= T Qo+d(0, ), and the moment
maps have the following expressions : for (p,§) € P x ¢*

o O (p,§) =¢,
o Dq(p,§) = ¢(p) + 4y (&), where p = m(p).

We denote by kg (resp. ky) the Kirwan vector field on P (resp. M)
associated to the equivariant map ®¢ : P — g* (resp. ¢). The Kirwan

vector field kg has the following expression ke = k4" + /ﬁg‘”’, where

o —rg" (p,€) = (Id + jpip )€ + jpd(P),
d —ff%”(p, §) =~ —kg(p) + jy(€) - p through the tangent map T)7.

Let V C U be two invariant relatively compact neighborhoods of Z =
®;'(0) N P in P such that 7(TU) N {ky = 0} = ¢~1(0), and V C U. The
vector field g4 does not vanish on the compact set (U \ V), hence we can
choose the connection 1-form 6 such that the vector field k¢ is horizontal
on U\ V. In other words, the term j,¢(p) vanishes for p € U\ V. Let ¢ > 0
such that [|jp¢(p)|| < con V. We deform ® in ®4(p,&) = £ (o(p) + tjp(§))
for t € [0, 1], and we denote £ the corresponding vector field. The following
lemma is an easy computation

Lemma 12.7 For any t € [0,1], the set {(p,§) € U x ¥, ry(p,§) = 0} is
contained in the compact set V x {||¢]| < c}.

Thanks to the previous lemma, we see that the symbols o(M,®) and
o(M,®y) define the same class in K&, o (Toxx(U x €)). Let opor €
K¢, x(TaxxU) be the pullback of o(Mo, ¢)| -y € K&(Tam(U)).

Form=(p,§) eUxt andv:=nPdadbe T (U x ), we have

U(Mv <I>0)(m, V) = UhOT(pv 77) X C/\EC((G’ + Yt 5) S5 Zb)

where 7, = jp¢(p). We see that the support of the symbol o (M, ®g) inter-
sected with T, (U x €) is just equal to Z x {0}.
We see also that for ¢ € [0, 1], the support of the symbol

Ut(m7 V) = UhOT(p7 77) X C/\EC((t(a + ’Yp) + 5) @ Zb)

intersected with T§, ; (U x €) remains equal to Z x {0}. Thus we have
proved that o(M,®) is equal to i1(oher) in K& ;o (Taxk (U x €*)). Our
result follows from this fact.
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12.2.3 Quasi regular case

In this subsection, we study the character RRy (M, F,®~1(0),®), in the
case where 0 is a quasi-regular value of ®.
In particular, we prove the first form of the [@, R] = 0 theorem.

Theorem 12.8 If 0 is a quasi-reqular value of the moment map, and L a
d-moment bundle, then

[RRy (M, L)X = RR(My, Lo).
Here LQ = L‘@—l(o)/K.

Consider first the basic example of a Hermitian vector space W with
complex structure J and Hermitian inner product h(v,w). Consider the
symplectic form on W given by Q@ = —Im(h). Thus J is a complex structure
adapted to 2. Let K be a compact group acting by unitary transformations
on W. Then W is a K-Hamiltonian manifold with moment map (®(z), X) =
h(X - z,2), for X €8, 2 €W.

Assume that ®~1(0) = {0}: in this case 0 is a quasi-regular value. Con-
sider a complex representation space F' of K, and the K-equivariant vector
bundle [F] =W x F.

Proposition 12.9 Assume that ®=1(0) = 0. Then
RRic(W, [F],7(0), &) = Sym(W*) @ F.
Furthermore, [Sym(W*)|X = C.

Remark 12.10 The second claim follows from Mumford GIT theory. In
spirit, this is the first case of the [Q, R] = 0 theorem.

Proof. Let x € W, and ke(x) = —®(x) -  be the Kirwan vector field
associated to ®. Then k¢ vanishes only at 0 : indeed we have h(Jz, kg (z)) =
2/|(x)].

Our deformed symbol is o(W, ®)(z,v) = ¢(¥ — ko (z)) : A" W —
A°“ W, while Atiyah symbol At(W) is At(W)(z,v) = c(v—Jz) : A" W —
/\odd w.

Let t € [0,1] and o'(z,v) = ¢(# — (1 — t)Jz — tke(x)). Let us see that
o' is a transversally elliptic symbol with support {(0,0)} in T4 W. Indeed
if v = (1 —t)Jx+tke(z) and is orthogonal to -z, we obtain

0 = Re (b(7, ko (x))) = 2(1 = 1)[|®(2)|* + tl|ra ()],
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and this implies x = 0. We obtain our first claim since the equivariant index

of At(W) is Sym(W™*) (see Proposition 6.15).

Let us now prove that [Sym(W*)]¥ = C. If P € Sym(W*) is K-invariant,
P is constant on the trajectory of the vector field kg which is tangent to
the K-orbits. So the value of P coincide with the value of P on the unique
stationary point of kg. So P(x) = P(0) and P is constant.

Remark 12.11 In the proof above we have checked that the transversally
elliptic symbols o(W,®) and At(W) define the same class in K& (T35 W).
If T is the 1-dimension center of U(V'), the same proof shows that o(W, ®)
and At(W) define the same class in K9 (T3W)

We now consider the general case where 0 is a quasi-regular value, and we
study the character RRy (M, F,®~1(0), ®) for any vector bundle F — M.

Let 5 be the subalgebra of € such that Z := ®~1(0) is contained in the
submanifold M. Let My = {m € M,¢,, = s}. Let H be the normalizer
subgroup of s in K. Thus M) = K xg Ms and Z = K Xy Z; where
Zg = ®71(0) N M.

We write a H-invariant decomposition ¢ = § @ q, with corresponding
decomposition £ = h* @ q*, and write & = &y ¢ ®,. Here @y : M — b* is
the moment map relative to the H-action on M, and the map ®,: M — ¢~
is H-equivariant. We start with the basic lemma.

Lemma 12.12 The map ®4 is equal to zero on Ms.

Proof. Let m € M,. Since ¢, = s, the term ®(m) € € ~ ¢ satisfies
[s,®(m)] = 0 and a fortiori ®(m) € h = Ne(s).

Thus the restriction ¢ of ® to My takes values in h*: the manifold M; is
a H-Hamiltonian manifold, with moment map ¢. Let MY be the union of
connected components of M, that intersect ¢~1(0). Since S acts trivially on
M2, the map ¢ take value in (h/s)* on M?. Since the group H/S acts locally
freely on M2, the map ¢ : MY — (h/s)* is a submersion. In particular, Z, =
#~1(0)N Mf is a compact submanifold, so Z = K Xy Z, is a submanifold
of M, as asserted previously, and the reduced space

My :=271(0)/K = ¢~1(0) N M. /(H/S)

is a compact symplectic orbifold.
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Let NV — Z be the symplectic normal bundle of the submanifold Z in
M: for x € Z,
Nle = (T 2) /(T 2)F N T, Z.

Here we have denoted by (T,Z)" the orthogonal with respect to the sym-
plectic form.

We can equip N with an H-invariant Hermitian structure h such that
the symplectic structure on the fibers of N'— Z is equal to —Im(h).

The subalgebra s acts fiberwise on the complex vector bundle N|z,. We
consider the action of s on the fibers of the complex bundle Sym(N™*|z.).
We will use the following.

Lemma 12.13 The subbundle [Sym(N™*|z, )| is reduced to the trivial bundle
[C] — Zs.

Proof. Let x € Z,. The vector space £-x C T, M is totally isotropic,
since (X -z,Y -z) = (®(x),[X,Y]) = 0, hence we can consider the vector
space F, = (¢- x)L /€. x that is equipped with a K -equivariant symplectic
structure €2, : we denote by ®g, : £, — s* the corresponding moment map.
A local model for a symplectic neighborhood of Kz is U := K x g, ((¢,/5)* x
E,) where the moment map is ®,[k; &, v] = k(§ + Pg, (v)). Our hypothesis
that ®~1(0) is contained in M) implies that @Ei (0) = (E.)*. We get then
the decompositions

T.Z = (t/s)-z® (E,),

T,M = (¢/s)-x® (¢/s)" @ E,.
Let S be the connected component of K,. We see then that N|, is equal
to the symplectic orthogonal of (F,)® in E,. Hence N, is a symplectic
vector space with a Hamiltonian action of the compact group S such that
<I>/_\[1|z 0) = @Ei(O) NN|. = 0. As we have seen before, it implies that
[Sym(N*|;)]* = C.

Definition 12.14 If F — M is a K- equivariant complex vector bundle,

we define on My the (finite dimensional) orbi-bundle

z)I" /(H/S).
If s acts trivially on the fibers of F|z,, the bundle Fy is equal to F|z, /(H/S).

Fo := [Flz, ® Sym(N*

The aim of this subsection is the following theorem.
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Theorem 12.15 Assume that ®(0) C M,). For any K -equivariant com-
plex vector bundle F — M, we have

[RRy (M, F,® 1(0), ®)]" = RR(My, Fo).

The proof of this theorem will require two steps, inducing and restricting,
that are considered in the next subsections.

Inducing from H to K.

Let us show that there is a K-invariant neighborhood N of the compact
submanifold Zs := ®~1(0) N M of M of the form N = K xp (N’ x By),
where By is a small H-invariant ball in q*, and N’ a H-invariant symplectic
submanifold of M.

Let V C M be a small K-invariant tubular neighborhood of the stratum
M4 with fibration p : V — M. Let V = p~Y(M;). Thus V is a H-invariant
submanifold of M containing M;, fibered over M, and V = K xg V is an
open subset of M. We consider the map ®,: V' — q*.

Lemma 12.16 Let z € Z;:
(a) the differential T, ®q : T,V — q* is surjective,
(b) ker(T,®q) C T,V is a symplectic subspace of T, M.

Proof. For z € Z;, we have T,M = q-2z& T,V with q- 2z ~ q since
t. = 5. The subspace q - z is totally isotropic since ®(z) = 0, and by
definition the subspace ker(T,®,) C T,V is equal to (q - 2)*NT,V. So we
have (q-2)t = q -z @ ker(T,®,). This implies that ker(T,®q) C T,V is a
symplectic subspace of T, M of dimension equal to dim(T,V') —dim(q): the
surjectivity of T ®q: T,V — q* follows.

Let X be a small H-invariant neighborhood of Z; in M;, and let Vy be
a small neighborhood of X in p~}(X) C V such that for any z € Vy the
statements (a) and (b) hold.

Consider N’ := {z € Vx; ®4(z) = 0}. Then N’ is a H-Hamiltonian
submanifold of Vy containing X', with symplectic form ' := Q|5 and
moment map ® : N’ — bh* equal to the restriction of ® to N’. If X is
small enough, there exists an invariant neighborhood U’ of X in Vy and a
diffeomorphism j : N’ x Bg= — U’ such that ® o j = ®'(n) + &, for any
(n',€) € N’ x By-.
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Finally we have proved that a neighborhood of Z; in M is diffeomorphic
to N = K xg (N’ x Bg+). Here (N',€, ®') is a H-Hamiltonian submanifold
of (M,Q,®) and the moment map ®n : N — £ is defined by the relation

O ([k;n',€]) = k- (®(1) +€).

We return to the study of RRx (M, F,®~1(0),®) under the hypothesis
that ®~1(0) is contained in M(5). We may do the computation in the neigh-
borhood N of ®~1(0). Note that ®~1(0) C M) implies that Z’ := (®')~*(0)
is equal to Zs;. Recall that RRx(N,F,®7(0),®) = Qx(N,A; TN ®
F,®71(0),®). Here we have chosen Jy, an almost complex structure that
is compatible with the symplectic form 2. We may then further deform the
almost complex structure Jy and we will keep the same index.

Let Jys be an almost complex structure on N’ that is compatible with
Q'. If we restrict the Clifford bundle € := A ; TN to the submanifold N’
we get

5’]\[/ — Sq®€,

where S; = A¢ qc. We need to see that & = Ny TN'.

At each point y of N’, the tangent bundle T,N admits a canonical
identification with q & q* & T,N’. Through the identification X & & €
16 q° — X @i € qe, the vector space q & q* inherits a complex structure
Jy and a Hermitian form. Take a Riemannian metric g on TN, orthogonal
direct sum of the metric (-, Jy+-) and of the underlying Riemannian metric
of gc. The symplectic form €, can be written g(-, A,-) where A, is a non

degenerate antisymmetric matrix. Let J, = be the almost complex

Y
structure determined by A,. When y € Z;, A, is equal to Jy © J;. As
Z is compact, we see that if N’ is a sufficiently small neighborhhod, J, is
homotopic to Jy/ & Jg, and we obtain our result.

Proposition 11.1 tells us then that

[RRy (M, F,®7(0),®)]" = [RRy(N', F, Z',8")]" |
Here Z' = Z,, and we have still denoted by F the restriction of F to N'.

Localization on M;.

We now analyze [RRy(N', F, Z',®)|", where Z' = Z,.

Let us summarize the situation. We consider a H-equivariant decom-
position h = s & v. Here X is a small neighborhood of Z, in M;, N’ is
a H-Hamiltonian manifold, with symplectic structure ' and moment map
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@' : N' — b*. We have N] = X. The restriction ®» of ® to X takes
its values in t*, and the zero set Z’ of the vector field k¢ is the compact
submanifold ®3'(0) = Z; of X.

We denote by ky the Kirwan vector field on X C M, associated to ®y.

As we work on a neighborhood of Z’, we may assume that N’ is diffeomor-
phic to A| the total space of the normal bundle of X in N’. The restriction
of ¥ on X induces a symplectic structure on each fibers : Q, € /\2 N'|; for
Tz e X.

We choose an H-invariant connection on N’. The subspace t-w of T, W
projects injectively on t - x, and keep the same dimension dimt. Thus we
can assume that the horizontal space contains t - w.

If n € Ty N, we denote ¥t its vertical component. Let A be the H-
invariant one-form on N’ such that, at a point w = (z,v) € N’, A\y(n) =
Qg (v,n""). From the symplectic embedding theorem, we may assume that
0 = d\ + p*Qx. Here p is the projection N7 — X.

We can equip the vector bundle N’ with a H-equivariant Hermitian
structure such that the section x € X — ), is minus the imaginary part
of the Hermitian metric. Thus the complex structure J on the fiber M|, is
compatible with €2,. Let us choose a H-invariant metric on X, and let Jy
be the corresponding almost complex structure on X compatible with Q.
Thanks to the connection, we can consider on the manifold N7 a H-invariant
metric orthogonal direct sum of the metric on X (its horizontal lift) and the
Hermitian metric on AN’, let Jy» be the corresponding compatible almost
complex structure associated to €’ on N/. We consider also with the help
of the connection J' = J & Jy. On X, we have J' = Jys. Thus Jy is a
deformation of J' and RRy(N', F,Z', ®') can be computed using the direct
sum .J'.

Remark that we have the additional action of the group U(1) acting by
homotheties v + €®v on the fibers of the Hermitian bundle A7 — X and
commuting with the H-action, with infinitesimal generator J. Thus we have
a morphism Aty : K% (T%X) — K% (T%N’) defined by Equation (6.18).

We compute now the moment map ®’ associated to the action of H on

(N, QY). We write &' = &, & &,. We obtain for w = (z,v) € N
o (Dy(z,v),X) =10, (Xv,v) if X €5,
o O (z,v) =Py(x).

Let NV — Z be the symplectic normal bundle of the submanifold Z in
M, and let Nz, be its restriction on Z;. We will need the following
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Lemma 12.17 e The restriction of symplectic vector bundle N' — X to Z,
is equal to Nz, .
e The subbundle [Sym((N")*)]® is reduced to the trivial bundle [C] — X .

Proof. Let z € Z;. Let q* be a subspace of (T,N')* C T, M that is in
bijection with q* through the tangent map T,®,. Let (h/s)} be a subspace
of T, X that is in bijection with (h/s)* through the tangent map T,®,. We
have the decompositions

1
T.M = (q-2®q%) & TN

1
T,N' = T,X dN|,
T,X = (h/s), ®TyZ.

1 1
that gives T,M = (q-2®qk) & ((h/s)t & T,Zs) & N'|;. Now, if we use

that T,Z = q-2® T, Z,, we see that (T, 2)t = (T, Z2)*NT.Z ElB N|;, and
then N|; = N’|;. The first point is proved.

The restriction of the bundle [Sym((N")*)]* to Zs is equal to [Sym(N7, )]*
which is the trivial bundle [C] — Z,. The second point follows.

We are in a very similar situation than Proposition 7.5 : instead of
acting fiberwise, we have s (an H-stable ideal in h) acting fiberwise.

Let w = (z,v) € N’, with z € X, and v € N|,. The horizontal lift
of ky (still denoted by ky) is the vector field ® (w) - w. As in the proof
of Proposition 12.9, we introduce the deformation x!(w) = —®.(w) - w —
t®g(w) - w+ (1 —t)Jw and

ol (w,v) = cu(P — K'(w)), (w,v) e TN’

acting on A ;, TN @ F. Note that the vector ®.(w) - w is horizontal, while
®4(w) - w and Jw are verticals.

By definition, the character RRy(N', F,Z', ®') is equal to the equivari-
ant index of 0! ® F. Let us prove that the characteristic set of ¢! intersected
with T% N stays equal to Z,. Consider n = x'(w) and orthogonal to b - w.
Thus we obtain (P (w) - w + tPs(w) - w — (1 — t)Jw, Pe(w) - w) = 0 and
(Pe(w) - w+tPg(w) - w — (1 —t)Jw, Ps(w) -w) = 0. Thus considering vertical
and orthogonal components, we obtain ®(w) = 0. Then we have

0 = ({tPs(w) w—(1—t)Jw, Ps(w) - w)
] ®s(w) - w]? + 2(1 = £)]|@s(w) |
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as (Jw, ®5(w) - w) = _2||(I)5(w)”2-

Thus we have proved that if x!(w) is orthogonal to b -w, then & (w) = 0:
this implies w = (x,0) with = € Z,.

We know then that RRy(N', F,Z', ®) is equal to the equivariant index
of the transversally elliptic symbol ¢° ® F. Since the symbol oY is equal to
Aty(o(X,Zs,Px)), we have then by Equation (6.19)

[RRy(N', F. 2", 0)]" = [RRy (X, F ® Sym((N")*), Zs, @) .
We obtain
[RR (X, F ® Sym((N')*), Zo, ®x)] "
H/S

= [RRus(X, [F @ Sym((N"))]", Zs, ®x)] ",
= RR(My,Fy) (1)

where Fy := [F|z, @ Sym(N*|2,)]° /(H/S). In (1), we used the regular case
considered in Proposition 12.5.

12.3 Riemann-Roch number on symplectic reduction

Let (M,Q,®) be a Hamiltonian K-manifold not necessarily compact. Sup-
pose that a is a quasi-regular value of ® such that the fiber Z := ®~!(a)
is a compact submanifold. The quotient M, := ® 1(a)/K, is a compact
symplectic orbifold.

Let s C £, be a subalgebra such that ® !(Ka) is contained in the
submanifold M. We denote by S the connected subgroup of K, with
Lie algebra s, and H the normalizer subgroup of s in ¢,. The orbifold
M, = ®!(a)/K, is also the quotient of the submanifold Z, := ®~!(a)N M,
by the group H/S.

We consider now the case of an equivariant vector bundle 7 — M and
a character y) : K, — U(1) : here A = %dx)\ is a weight, and we denote C)
the 1-dimensional representation of K, defined by .

We suppose that the action of S on the fibers of the bundle F|z, is
t-v = xx(t)v. Then S acts trivially on F|z ® C_) and we may form the
orbibundle

Fapr = (Flz, ® C_x) /(H/S)

on M,. The aim of this section is to show that the Riemann-Roch number
RR(Mg, Fa,) can be computed by a localization procedure.

Let (Ka)~ be the coadjoint orbit Ka with the opposite symplectic struc-
ture. Let [C_)] = K Xk, C_) be the line bundle on (Ka)~. We consider
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the symplectic manifold M x (Ka)~ with the complex bundle FX [C_,] on
it. The corresponding moment map ¢, : M x (Ka)~ — £ is ®,(m,§) =
®(m) — £ As the set ®,1(0) is compact, we may define the localized Rie-
mann Roch character

RRy(M x (Ka)™, FR[C_y],®,'(0),®,) € R(K).

a

The main result of this section is the
Theorem 12.18 If a is a quasi-reqular value of ® we have

(12.39)  [RRi(M x (Ka)~, FR[C_,], 8, (0),8,)]" = RR(M,, Fu»).

Proof. Let B C ¢, be a small K,-invariant ball around a, and consider
the slice Y := ®~!(B) which is a symplectic submanifold of M: the action
of K, on (Y,Qly) is Hamiltonian with moment map ®y := ®|y.

The computation of the left hand side of (12.39) is done in the manifold
M x (Ka)~ where M = K xg, Y is viewed as an open subset of M. Let
Jy be a K -invariant almost complex structure on Y compatible with the
symplectic form Qly. Let J,; be the K-invariant complex structure on M
that is equal to J, ® Jy at the points [1,y], y € Y. Notice that Jy; is
compatible with the symplectic structure €| ;.

If we apply the induction formula of Proposition 11.3 to the manifold
M x (Ka)~ equipped with the Clifford bundles G := A ; TM ® F on M and
R=NA_;, TKa®|[C_,] on Ka, we get

e Guy = /\Jy TY ® Fly for the corresponding Clifford bundle on Y,

e R = C_, for the corresponding K,-module.

Hence we have

[RRic(M x (Ka)~, FR[C_,],9,"(0), @4)]
_ K
(12.40) = [RRk, (Y, Fr.07'(0),0)] "
where ¢ := ®y — a is a moment map on the K,-Hamiltonian manifold

(Y,Qy), 0 is a quasi regular value of ¢ and F) = Fly @ C_.
We are in the setting of Section 12.2.3. Since s acts trivially on the fibers
of the vector bundle Fy|z,, Theorem 12.15 says that

[RRi, (Y, Fy, 67(0), )] ** = RR(M,, Fu»)

with F, x = Falz,/(H/S). The proof is completed.
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12.4 Multiplicities as Riemann-Roch numbers

In this section, we give a proof of the [Q, R] = 0 Theorem of Meinrenken-
Sjamaar.

Let L be a ®-moment line bundle on the compact Hamiltonian K-
manifold (M, 2, ®). We fix a dominant weight p, and we consider the mul-
tiplicity m, (L) = [RRk(M,L) ® V:]K . We consider elements a € t* close
enough to p, so K, C K. Let (Ka)~ be the coadjoint orbit equipped with
the opposite symplectic structure and the line bundle [C_,] ~ K xg, C_,.
We have RRk((Ka)~,[C-,]) =V, hence the shifting trick gives

m, (L) = [RRx(M x (Ka)~,L(a))]*.

Here L(a) = L X [C_,] and the moment map is ¢, : M x (Ka)~ —
£, (m, &) — ®(m) — . We start with the

Lemma 12.19 There exist € > 0 such that the line bundle L(a) is weakly
®,,-positive if |la — u|| < e.

Proof. We consider the maps ¢, : M x K/T — M x (Ka)~ defined
by ¢(m,[k]) = (m, ka). The line bundle ¢}L(a) does not depends of a and
is denoted L. Let @/, = p*®,,.

One checks that o, ({ke, = 0}) = {xs, = 0}, hence we can use Lemma
9.3 : the line bundle L(a) is weakly ®,-positive if and only if the line bundle
L’ is weakly @/ -positive.

Now we see that for @ = p, the line bundle L’ is a ®)-moment line
bundle. Thanks to Proposition 9.7, we know that L’ is weakly ®/-positive
if a is close enough to p.

Now we take a € A(M) such that ||a — u|| < e. Since L(a) is a weakly
®,-positive line bundle on the Hamiltonian K-manifold M x (Ka)~ and
@, 1(0) # 0, Theorem 10.7 says that

a

m, (L) = [RRx(M x (Ka)~,L(a), ®;*(0), ®,)]*.

We suppose furthermore that a is a quasi-regular value of ®. Let s be
the subalgebra of €, such that ®~!(Ka) is contained in M) : we denote Z,
the submanifold ®~1(a) N M;. In order to make use of Theorem 12.18 we
need to compute the action of S on the fibers of the line bundle L|z, ® C_,,.

Lemma 12.20 If a is a quasi-regular value close enough to u, the group S
acts trivially on the fibers of the line bundle L|z, @ C_,,.
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Proof. We consider the K -invariant subset U C M formed by the points
m € M such that the algebra €, N ¢, acts trivially on L|,,, ® C_,. The
Kostant formulas shows that ®~!(u) C U, and if we use local symplectic
models of orbits K ,-m, one sees that U is an open subset. Hence ®!(a) C U
for a close enough to u. The proof is completed.

Finally, we can use Theorem 12.18 when a is a quasi-regular value close
enough to u : relation (12.39) gives

m, (L) = [RRx (M x (Ka)~,L(a), ®;(0), ®,)]X = RR(My, L,..0)-

The proof of Theorem 12.3 is then completed.

12.5 Quasi polynomial behavior

We work in the same setting than in Subsection 12.4. We fix a ®-moment
line bundle L on M. For any dominant weight 1 € A>o and any integer
k € N, we define m(k,u) € N as the multiplicity of the representation VMK
in RRy (M, L®F).

We introduce

1. the vector subspace Viy C R @ t* generated by {1} x A(M),
2. the cone Cpr = R>o ({1} x A(M)) contained in Vi,

3. the lattice Ay = {Z @ A} NV,

4. the principal face o for the K-manifold : o is the relative interior of a
face of the Weyl chamber and o N A(M) is dense in A(M).

Theorem 12.3 tells us that m(k, u) = 0 if (k, u) ¢ Cpr. We will now give
some qualitative properties on the behavior of the multiplicities m(k, 1) on
the cone C)y.

If £ varies in o, the subgroup K¢ is independent of {&. We denote it by
K,. Let Y = ®71(0) be the slice attached to the principal face. It is a
K ,-invariant symplectic submanifold of M, and the subgroup [K,, K] acts
trivially on L|y — Y [23]. The vector space Ro is naturally identified with
the dual of the Lie algebra of the torus A, := K,/[K,, K,]. Hence the
restriction ®y = ®|y : Y — o corresponds to the moment map relative to
the action of A, on (Y,Q]y).

Let Iy C Ro be the affine subspace generated by A(M) : the orthogonal,
denoted tps, of the direction of Ijs in Lie(A,) corresponds to the generic
infinitesimal stabilizer for the A,-action on Y. Let A(M)° ¢ A(M)No be
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the open subset formed by the regular values of ®y : Y — I5;. Note that
any element ¢ € A(M)Y is a quasi-regular value of ®. The reduced space
Mg stays of constant dimension when & € A(M )%, and this dimension is the
maximal dimension of the reduced spaces M¢, where { varies over the set of
quasi-regular values of ®.

If a ¢ A(M) is a connected component, we choose a point £ € a, and
we consider

e the closed subcone Cy = R>¢ ({1} x @) of Cypy,
e the symplectic orbifold M, := ®~1(¢)/A,,

e the family of line orbi-bundle ng’“ — M, parameterized by (k,u) €
Ay
Lir = (L®k,¢71(5) ® C_M> /As

The line orbi-bundles ng’“ are well-defined for any (k,u) € Ajs since
L(X)=0on L®k|¢71(§) ® C_, for any X € ty.

Definition 12.21 Let a be a connected component of A(M)Y. We consider
the function py : Apr — Z defined by the relation

pa(k, 1) == RR(M,, L)

The Kawasaki-Riemann-Roch Theorem [19] implies that the function pq
have a quasi polynomial behavior on the lattice Ajy.

The function p, does not depend on the choice of the choice of £ in a. It
is due to the fact that pq(k, i) is equal to

[RRAU <Y, L)y, 051 (€), y — 5) ® C—u] "

See (12.39). Hence if we take another £ € a, we consider a continuous
family & € a,t € [0,1] joining ¢ and ¢'. By an easy homotopy argument,
we see that [RRa, (Y, L%*|y, (&), Py — &) ®C_y] A s independent of
te0,1].

We can now state the main result of this section. Notice that Cy; =

Uq Ca-

Theorem 12.22 If (k,u) € Cy, we have m(k, 1) = pq(k, p).
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Proof. Let us fix (k,u) € Cq. We apply Theorem 12.3 to the K-
manifold X := (M, kQ, k®) equipped with the moment line bundle L := L&k,
The multiplicity of VHK in RRi (X, L) is equal to RR(Xq,Lg ) where a is any
quasi-regular value of k® close enough to u. We can take a = k€ with £ € a
: the reduced space X, is equal to M, and the line bundle L, , coincides

with LP*. We have proved that m(k, ) = RR(Xq, Laop) = palk, ).

12.6 Multiplicities on a face

Let F be a (closed) face of the polytope A(M) that intersects the principal
face 0. We say that F' is a general face of A(M).

We assume in this section that p is a dominant weight that belongs to
F. Let T, C T be the connected component of the center of the subgroup
K. The dual of the Lie algebra of T, is the subspace Ro C t*. Let T C T,
be the subtorus with Lie algebra equal to the orthogonal of the direction
? C Ro of the face F'. We denote Kp the subgroup of K that centralizes
Tr: we see that K, C Kp.

We start with the basic fact.

Lemma 12.23 The pullback ®~1(F N o) is connected and belongs to the
submanifold M™F .

Proof. The pullback ®~1(F Na) belongs to the slice Y = ®~1(), and
it is connected as each fiber ®~1(¢) is connected. Since F is a face of the
polytope A(M) C Ro, we see that A(M) is contained in a cone of the form

ﬂSG[RUI (€, X;) > (u, Xj) }

where Xi,..., X, is a basis of Lie(Tr). Since A(M) N o = Image(P|y),
the functions y € Y +— (®(y), X;) reach their minimum at any point of
®~1(FNo). So the differential of the function y € Y — (®(y), X;) vanishes
at any point of @ 1(F N o). This implies that ®~1(F No) C /= MXi =
MTr.

Let Mg be the connected component of M7* that contains ®~1(F N o).
It is a K p-Hamiltonian manifold equipped with the two form Qp := Q|
and the moment map ®r = ®|ps, : Mp — £5,. We denote L|p the restriction
of the ®-moment line bundle L on Mp. It is easy to see that L|p is a ®p-
moment line bundle.
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We parameterize the irreducible representations of Kp thanks to the
choice of a Weyl chamber Cr C t* that contains the Weyl chamber t%, of
K. So, we may consider the irreducible representation VMKF of the group
KF with highest weight pu.

A direct consequence of the [@Q, R] = 0 Theorem is the following propo-
sition.

Proposition 12.24 Let L be a ®-moment bundle on M, and let F' be a face
of A(M) that intersects the principal face o. For any dominant weight u that
belongs to F', the multiplicity m, (L) of the representation VHK in RRx(M, L)
is equal to the multiplicity of the representation VHKF in RRy,(Mp,L|F).

Proof. We have m, (L) = RR(M,, L,,) for any quasi-regular value
of ® close enough to u. Since u € F', we can choose a in F' N o, and then
®~!(a) = ®,'(a) C Mp. The proposition follows then from the fact that
the datas L, , — M, and (L|r)q, — (MFp)a are equal (the last one is a
reduction relatively to the action of the group Kp on L|p — Mp).

13 Branching laws

Let K be a compact connected Lie group and let K be a closed connected
subgroup. Let ¢ denote the inclusion of K into K, i:t— ¢ the induced
embedding of Lie algebras, and 7 : £ — € the dual projection.

We consider the following action of K x K on K : (k, k)-g = kgk—'. Then
N = T*K, the cotangent bundle of K is a K x K Hamiltonian manifold.
Recall from Subsection 8.5 (Equation 8.30) that the corresponding moment
map relative to the K x K-action is the map ® = D PPk : T*K — & @t*
defined by

(9,6 ==& Pr(g,6) =7(g7"9).

Select maximal tori 7' in K and T in K such that T C T, and Weyl
chambers {*20 in £ and t*zo in t*, where t and t denote the Lie algebras of T,

resp. T'.
Let A(T*K) C %*20 X t5 be the Kirwan polytope associated to ®:
A(TE) = {(a,8) € & x 9| = B n(Ka)}.

For (5\, A) € %*ZOEB{*ZO, we denote by N5 , the reduced space of N := T*K
at (X, \). Consider the coadjoint orbit I:(g\* := —K\, equipped with the K-
action and moment map 7|z5.. Let (KA*)y the reduced manifold of K\*
at A. The following lemma is obvious.
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Lemma 13.1 As sets, (K\*)y is isomorphic to N5 -

Let Azo C {*20, Aso C t5, be the set of dominant weights. For any
(A, 5\) € A>p X Azo, we denote Vj, f/;\ the corresponding irreducible repre-
sentations of K and K , and we define

(13.41) m(\,\) € N

~ K ~
as the dimension of the vector space [VX‘ K® VA] . In other words m(A, A)

is the multiplicity of the representation V) in (f/;\)*| K-

We consider the coadjoint orbit K 5\*, equipped with the prequantum line
bundle L(A*) := [C5.]. The [Q, R] = 0 theorem 12.3 says that m(\,\) =
RR((KX*)x, L(A*),), in particular m(A, A) = 0 if (KA%)y = 0.

If we use Lemma 13.1, we see that the cone A(T*K) is related to the
multiplicity function (13.41) through the following basic result.

Lemma 13.2 We have m(\,\) = 0 if (\,\) ¢ A(T*K).

Let (X , X) be an element of  x t. In the following lemma, which follows
by direct checking, we describe the manifold N (X.X) of zeroes of the vector
field (X, X) on N = T*K. We denote Kx C K the subgroup that fixes X.

The cotangent bundle T*K x is then a submanifold of T*K.

Lemma 13.3 o If X is not conjugated in € to X, then NEX) =g

o If X =aX witha € K, then NXX) =a-T*Kx.

We recall from general principle that the Kirwan polyhedron has non zero
interior in € x ¢* if and only if the generic stabilizer of the K x K-action on
T*K is finite.

To simplify the exposition, we assume from now on that no nonzero ideal
of £ is an ideal of & It implies the following

Lemma 13.4 The intersection of A(T*K) with t, x 2, has a non empty

interior, and the generic stabilizer of the K x K-action on T*K is finite.

Proof. By the preceding computation, we see that the set N of elements
of N having a non zero stabilizer is N = K- UXetX#OT*KX.

Using conjugation by K, we may assume that X is in t. Thus we obtain
N = (R X K) . UXEt,X;éOT*KX-
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The set of subgroups Kx when X varies in t is finite. Consider the fiber
product F(X) = (K x K) X R xKx T*Kx. It surjects on (K x K)-T*Ky.
Thus it is sufficient to prove that for X # 0 in t, and under our hypothesis,
the dimension of F(X) is strictly less than T*K.

Computing dimensions, if the dimensions are equal, then dim(K/Kx) =
dim(K /Kx). So this implies that K - X = K - X. The vector space spanned

by K - X is then an ideal of £ contained in ¢, contradicting our hypothesis.

In the next section, we will give some qualitative information concerning
the behavior of the multiplicity function m(A, A) on the cone A(T*K).

13.1 Quasi polynomial behavior

We consider the slice
Y =0t x t)

which is a~(non—empty) symplectic submanifold of T*K equipped with the
action of T'x T'.

We denote @y : Y — t* x t* the restriction of the moment map on
Y. Let A’ € A(T*K) be the open cone formed by the regular values of
Py Y —  x t*. If a ¢ A% is a connected component of A°, we choose a
point (§,€) € a, and we consider:

e the compact connected symplectic orbifold N, := ®'(€,€)/T x T,

a,a

e the family of line orbi-bundle Ly~ — N, parametrized by (a,a) €
AXxA:

L(c%a = (I);'l(g, 5) XTXT Cfd,fa-

Here C_g,—o denotes the one dimensional representation of T x T where the
group acts through the character x_a o (t1,t2) = t] 5.

Definition 13.5 Let a be a connected component of A(T*K)Y. We consider
the function pg : A X A — Z defined by the relation

Pa(@, @) := RR(N,, L&9).

The function p, does not depend on the choice of the choice of £, ¢ in a,
since the T' x T-manifolds @;1 (€1,&) and @;1 (€, &) are diffeomorphic for
two different choices. The Kawasaki-Riemann-Roch Theorem [19] implies
that the function p, have a quasi polynomial behavior on the lattice A x A.

We can now state the main result of this section. Note that A(T*K) =

U, &
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Theorem 13.6 If (\,\) € @, we have m(\, \) = pa(X, ).

Proof. Let b:= (£,6) € a and (A\,\) € @. By (12.38), the quantity
Pa(A, A) is equal to
_1 TxT
RRTXT(Y’ C, (I)Y (b), Py — b) ® (ij\’,)\
We write &y = (I)T @ ®p. An element (g, 1) belongs to Y if and only if
—n et 2o and (g™ 77) € t*>0 The group T acts freely on Y, and the smooth
reduced space Yz = ( ¢)/T is symplectomorphic to the slice

{ne K& [n(n) € o} C K&
through the map (g,7) — g~ 'n. We have

1 TxT
|[RR7 (Y, C, 05! (), @y —b) & C_5_,|

T
= [RRr([C 5 07 (@) 0r -9 ® @_A} (1)
K
o) @

where @, : K&*x K€ — £* is the moment map defined by ®,(7,1) = 7(7) —7.
Equality (1) follows from the reduction in stage property (see Proposition
12.6), and (2) is a particular case of (12.40).

If b = (&,€) € ais close enough to (X, \), the line bundle [C_5]X[C_y]is
weakly ®,-positive (see Lemma 12.19). Since ®, '(0) # § we can conclude
that

— {RRK(K@ x (K¢§)™,[C_;]X[C_,\],®

[RRR(RE x (K67, 1C_5RIC ) 2, (0), @)
= [RRR(RE x (Ko, [e 51 ®[E )]
= [ricen]”
= m(\\).

Remark 13.7 In the proof above, we obtain the following identity

)

~ 1 TxT
m(A,\) = |RRp, 7 (Y, C, 05! (1), @y — ) & C 5]

that holds for any b= (£,€) € to, x t, that is close enough to (A N). The
identity m(X\, \) = pa(\, A) follows by taking (€,€) a regqular value of ®. But
we could have taken a quasi-reqular value of ® (see Section 13.2).
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We can also view this theorem as a consequence of [(Q), R] = 0 for the non
compact manifold N = T*K. Philosophically, we have used here reduction
in stages to reduce to the K x K reduced space of N to the reduced space
with respect to K of the reduced space with respect to K of N.

We could however, at the price of proving [@, R] = 0 directly for the
non compact manifold N, prove directly our theorem. Let us sketch the
proof. If we use the result of Section 8.5, knowing that the critical set Zg
is compact, we see that the localized index RRz ., (N,[C], Zp) is equal to
35 Vi ® Vil in R(K x K).

The quantity m(j\, A) is then the multiplicity of f/;\ ® V) in the character
RRy . (N,[C], Zg). Note that here the trivial line bundle [C] is a ®-moment
line bundle on N. By an adaptation of the shifting trick to this non-compact
setting one can prove directly that m(\,\) = RR(Nj ,,[Cl5 ,)- This is the
content of Theorem 13.6 since the term RR(Nj ,,[C]y ,) is equal to Pa(\, N

for any chamber a containing (A, \) in its closure.

13.2 Multiplicities on a face

Let us give the structure of the general faces of the cone A(T*K) C %, x t&,.
Let F be a closed face of A(T*K) that intersects €%, x t5,. We say that F
is a general face. We denote (F') the vector subspace generated by F', and
gp its orthogonal in t x t. Note that F = (F) N A(T*K).

We denote W the Weyl group of K relatively to the maximal torus 7.

Lemma 13.8 e There exists a vector subspace tp C t and @ € W such that
gF:{(uN)X,X), XGfFj. ~

e For any weights (X, \) contained in F, the weight W'\ 4+ X vanishes
on tp.

e The connected component of (T*K)3F that contains & (F Nty x t5)
is - T*Kp. Here Kp is the subgroup of K that centralizes tp.

Proof. We know that any element (X,X) € gp fixes the points of
d~L(F Nt x ) (see Lemma 12.23), and that forces to have X = 7X for
some 7 € W (see Lemma 13.3). The first point follows. The second point is
obvious and the third follows directly from Lemma 13.3.

Berenstein-Sjamaar [7] and Ressayre [42, 43] have determined, in terms
of Schubert calculus, what are the data (@,tr) that comes from a face F.
It is usually difficult to list them explicitly.
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We denote by Kr the subgroup of K that centralizes tr. The element w
is defined modulo the Weyl group of Kr. We thus can choose w such that
for any root a of Kp, we have a > 0 < wa > 0.

The subgroup of K x K that centralizes gr is of the form OKpwt x Kp.
So for weights (), \) contained in F, the weight

o~

A=\

is dominant for Kp: we denote VXF the corresponding irreducible represen-

tation of Kp. Similarly the weight A is dominant for Ky and we denote VAF
the corresponding irreducible representation of Kp.

We end this section with the following result obtained by Ressayre in
[44], which is a non-compact analogue of Proposition 12.24.

Proposition 13.9 For any dominant weights (5\, A) contained in F, the

Kp

~ K ~
dimension of [V;\|K ® V)\} is equal to the dimension of [VXF|KF ® V)\F}

Proof. We denote G the subtorus of T x T with Lie algebra gp.
We start with the identity

~ K . TxT
(13.42) [V;!K ® V)\} = [RfoT(Y,C,@y (), @y —b) © “34,4] )

that holds for any b = (£,€) € tt, x t, that is close enough to (A ).
See Remark 13.7. Let us use it with (é, €) a generic element contained in
FN(t, xt,) and close enough to (A, \) : it is a quasi-regular value of ®
such that the fiber ®1(£,€) € @ - T*Kp is a smooth submanifold with a
locally free action of the group (T x T)/Gp,

Thanks to Theorem 12.18, we know that the right hand side of (13.42)
is equal to RR(Ng, Ly ,) where

Ls,= () X (#x1)/Ge Co3,2

is an line orbibundle on the symplectic orbifold Ng, = O ) /(T x
T)/Gr) 3 N
We consider now the Hamiltonian action of Kr x Kg on Np := T*Kp.
Let us denote ®p : Np — %} x £ the corresponding moment map. The
torus Tr with Lie algebra tp is embedded diagonaly in T x T'. For a generic
element (a, 3) € A(Np), the fiber ®.!(a, 3) is a smooth submanifold with

a locally free action of (7' x T)/TF.
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As in the previous setting, we know that the multiplicity VXF Ky ® VAF ]
is equal to RR((NF)&, L5 ) when (E, €) € A(Np) is a generic element close
enough to (X, A). Here

L5y = @7 (6:€) X r) e C_5_n

-~ ~

is an line orbibundle on the symplectic orbifold (IV F)g ¢ = OLHE, )/ (T
T)/Tr).

Now our proposition follows from the fact that the Riemann-Roch num-
bers RR(Ng,,Lj ) and RR((NF)E,g’ [LX,A) are equal. It is due to the fact

that the multiplication by w~! induces a symplectomorphism N, fe ™ (N F)E ¢
and an isomorphism of line bundles L5 , ~ L5 ,.
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