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Asymptotic-preserving well-balanced scheme for the electronic
M; model in the diffusive limit: particular cases.

S. Guisset™2, S. Brull', E. d’Humieres?, B. Dubroca?

Abstract. This work is devoted to the derivation of an asymptotic-preserving scheme for the
electronic M7 model in the diffusive regime. The case without electric field and the homogeneous
case are studied. The derivation of the scheme is based on an approximate Riemann solver where
the intermediate states are chosen consistent with the integral form of the approximate Riemann
solver. This choice can be modified to enable the derivation of a numerical scheme which also
satisfies the admissible conditions and is well-suited for capturing steady states. Moreover, it
enjoys asymptotic-preserving properties and handles the diffusive limit recovering the correct
diffusion equation. Numerical tests cases are presented, in each case, the asymptotic-preserving
scheme is compared to the classical HLL [43] scheme usually used for the electronic M; model.
It is shown that the new scheme gives comparable results with respect to the HLL scheme in
the classical regime. On the contrary, in the diffusive regime, the asymptotic-preserving scheme
coincides with the expected diffusion equation, while the H L L scheme suffers from a severe lack
of accuracy because of its unphysical numerical viscosity.

Keywords: electronic M; moment model, approximate Riemann solvers, Godunov type
schemes, asymptotic preserving schemes, diffusive limit, plasma physics.

Introduction

In inertial confinment fusion, nanosecond laser pulses are used to ignite a deuterium-tritium tar-
get. An accurate description of this process is necessary for the understanding of laser-matter
interactions and for target design. Numerous physical phenomena such as, parametric [62, 35]
and hydrodynamic [70, 77, 31] instabilities, laser-plasma absorption [69], wave damping [53],
energy redistribution [65] inside the plasma and hot spots formation [12, 60] from which the
thermonuclear reactions propagates depend on the electron heat transport. The most popular
electron heat transport theory was developed by Spitzer and Harm [72] who first solved the elec-
tron kinetic equation by using the expansion of the electron mean free path to the temperature
scale length (denoted ¢ in this paper). Considering the distribution function of particles close
to equilibrium, its deviation from the Maxwellian distribution function can be computed and
the electron transport coefficients in a fully ionized plasma without magnetic field are derived.
However, even if the electron heat transport is essential, it is not correctly described in large in-
ertial confinement fusion tools. Indeed, when the electron mean free path exceeds about 2.1073
times the temperature gradient length, the local electron transport model of Spitzer and Harm
fails. The transport coefficients were derived in the case where the isotropic part of the electron
distribution function remains close to the Maxwellian function. The results of Spitzer and Harm
have been reproduced in several approaches [11, 4, 71] which develop another technique of solu-
tion to the integral equation for the electron distribution function introduced many years before
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by Chapman and Enskog [22] for neutral gases. Therefore, kinetic approaches seem necessary
in the context of inertial confinment fusion. In such multiscale issues, kinetic solvers are often
very computationally expensive and usualy limited to time and length much shorter than those
studied with hydrodynamic simulations. It is then a challenge to describe kinetic effects using
reduced kinetic code on fluid time scales.

The angular moments models represent an alternative method situated between kinetic and
fluid models. Their computational times are shorter than kinetics ones and provide results with
a higher accuracy than fluid models. Originally, the moment closure hierarchy introduced by
Grad [39] leads to hyperbolic set of equations for flows close to equilibrium but may suffer from
closure breakdown and lead to unrealisable macroscopic moments. Grad hierarchy is derived
from a truncated polynomial series expansion for the velocity distribution function near the
Maxwellian equilibrium and does not ensure the postivity of the distribution function. Other
moment closure approaches have been investigated based on entropy minimisation principles
[57, 63, 64, 73, 2]. The distribution function derived, verifies a minimum entropy property and
the consistency with the set of moments. Fundamental mathematical properties [41, 61] such as
positivity of the distribution function, hyperbolicity and entropy dissipation can be exhibited.
Levermore [57] proposed a hierarchy of minimum-entropy closure where the lowest order closure
are the Maxwellian and Gaussian closure. In the present case, the aim is different. Here the
energy of particles constitutes a free parameter. Then we integrate only the kinetic equation
with respect to the angle variable and we return only the energy of particles as kinetic variable.
By using a closure defined from a minimization entropy principle, we obtain the M; model
[32, 58, 33]. The M; model is largely used in various applications such as the radiative transfer
[76, 7, 34, 75, 23, 67, 68] or electronic transport [58, 32]. The M; model is known to satisfy
fondamental properties such as the positivity of the first angular moment, the flux limitation
and conservation of total energy. Also, it correctly recovers the asymptotic diffusion equation
in the limit of long time behavior with important collisions [33].

One challenging issue is to derive numerical schemes satisfying fondamental properties. For
example, the classical HLL scheme [43] ensures the positivity of the first angular moment and
the flux limitation property. However, this scheme fails in recovering the correct limit diffusion
equation in the asymptotic regime [3]. Then, numerous numerical schemes have been derived
over the last 20 years to recover the correct asymptotic limit. These schemes are able to handle
multiscales situations and are called asymptotic-preserving (AP) scheme. They are consistent
with the macroscopic model when e tends to zero and are uniformly stable with respect to e.
AP schemes also avoid the coupling of different scales equations where the coupling conditions
at the interface can be difficult to obtain. Early works on AP schemes have been performed in
[46, 45, 55, 54]. These works have been largely extended in the frame of kinetic equations in fluid
and diffusive regimes [66, 24, 47, 51]. The time stiffness induced by the collisional operator led
to propose a decomposition of the distribution function between an equilibrium and a deviation
[50, 48, 14, 52, 56, 5, 44, 18]. In [13], a two steps method based on a relaxation scheme and
a well-balanced scheme step is proposed, (see [49, 9] for more details on the relaxation scheme
framework). The derivation of well-balanced schemes also help to design AP schemes [37, 38] (see
also [40, 36, 21, 20, 10, 9, 1, 17] for details on well-balanced schemes in different framework). The
AP frame was also largely extended to the quasi-neutral limit [27, 28, 29, 25, 26, 42]. In [7], an
HLLC scheme is proposed to solve the M; model of radiative transfer in two space dimensions.
The HLLC approximate Riemann solver considered and relevant numerical approximations of
the extreme wavespeeds give the asymptotic-preserving property. Close ideas were also developed
in [6], where a relaxation scheme is exhibited. In order to derive situable schemes pertinent for
transport and diffusion regimes, different authors proposed modified Godunov-type schemes in
order to include sources terms [40]. The numerical viscosity is modified in [37, 38, 15, 16] to



correctly recover the expected diffusion regimes but extensions seem challenging issues. In [8], the
approximate H LL Riemann solver is modified to include collisional source term. The resulting
numerical scheme satisfies all the fundamental properties and a clever correction enables to
recover the good diffusion equation in the asymptotic limit.

In this paper, we consider the M; model for the electronic transport [32, 58, 59] in a
Lorentzian plasma where ions are supposed fixed. The moment system studied writes

8tf0(t7x7 C) + Caxfl(t7$7 C) + E(x)aCfl(tvxa C) = 07

OUS1(4,€) + COufaltr.0) + B@OCSolt, €)= 2 (ot .€) = folt.)) 0
_ 2aei(x)f1(ta Zz, C)
- Zealhln)

where fy, fi and fo are the first three angular moments of the electron distribution function
f. Omitting the z and ¢ dependancy, they are given by

1 1 —1
fol€) = ¢ /_ S Qdu 71O = ¢ /_ e Qpdi (€)= ¢ /_ . (2)

The coefficient «.; is a positive physical function which may depend of x, E represents the
electrostatic field as function of x and ¢ the velocity modulus. The fundamental point of the
moments models is the definition of the closure which writes the highest moment as a function
of the lower ones. This closure relation corresponds to an approximation of the underlying
distribution function, which the moments system is constructed from. In the M; problem we
need to define fy as a function of fy and fi;. The closure relation originates from an entropy
minimization principle [57, 63]. The moment fs can be calculated [32, 34] as a function of fj
and fl

_ fl(t,l’,C) . N1+042+Oé4
Falts ) = X[ Mol O with - (@) = =2 3)
The set of admissible states [32] is defined by
A= ((f07f1) eR? fo>0, |fi] < fo)- (4)

A challenging issue is to derive a numerical scheme for the electron M; model (1) satisfying
all the fondamental properties and which handles correctly the diffusive limit recovering the
good diffusion equation. Such a scheme could then have a direct access to all the nonlocal
regimes and their related physical effects described above while the others numerical schemes
breakdown in such regimes. Different complications arise when considering such an issue. Firstly,
the electronic M; model (1) is nonlinear. Because, of the entropic closure, the angular moment
f2 is a nonlinear function of fy and f;. Secondly, the approach undertaken must be sufficiently
general to correctly take into account the source term —FE(x)(fo(t,z,¢) — fa(t,2,¢))/¢. One
must notice, that this term is closely related to the term EO¢fa(t, x,(), it plays an important
role for low energies and can not be treated as a collisionnal source term. Thirdly, for the
purpose of realistic physical applications, one may require to correctly capture steady states.
In the case of near-equilibrium configurations such a well-balancing property is then desired.
Also, the physical parameter «.; is a function of z and cannot be treated as a constant. Finally,
the space and energy dependencies of the angular moments, lead to a very complexe diffusion
equation in the asymptotic limit with mixed derivatives.



In this paper, the case without electric field and the homogeneous case are studied. The
extension to the general case is beyond the scope of this paper and postponed to another paper.
However, the generalisation to the general problem requires a deep understanding of the two
configurations studied here. The approach retained is noticeably different with [43, 7, 6]. The
derivation of the scheme is based on an approximate Riemann solver where the intermediate
states are chosen consistent with the integral form of the approximate Riemann solver. This
choice can be modified to enable the derivation of a scheme which also satisfies the admissibility
conditions (4) and is well-suited for capturing steady states. Moreover, it enjoys asymptotic-
preserving properties and correctly handles the diffusive limit recovering the good diffusion
equation.

We first introduce the model without electrostatic field and its diffusive limit in Section 2.
The limits of the classical HLL scheme [43] are briefly recalled before introducing the deriva-
tion of the new numerical scheme. The asymptotic-preserving property is exhibited. Then,
Section 3 is devoted to the homogeneous case with an electric field. We point out the great
difficulties encountered when using a relaxation approach in order to include the source term
—FE(z)(fo(t,z,¢) — fa(t,z,{))/C. Then, the derivation of an asymptotic-preserving scheme fol-
lowing the method introduced in the previous section is detailed and the well-balanced and
asymptotic-presering properties are analysed. In Section 4, different numerical tests are pre-
sented to highlight the efficiency of the present method. We conclude the paper in Section
5.

1 Case without electrostatic field

The first simplified case we consider is given by system (1) without electrostatic field E. In this
case the M; model (1) writes

O¢fo+C0xf1 =0,

Ofr + COnfy = 2 5)

?362' fl .

A very similar system was considered in [6] in the frame of radiative transfer and a relaxation
scheme was proposed. The same procedure could be applied in this case, however we introduce
a different approach based on approximate Riemann solvers.

1.1 Model and diffusive limit

Introducing a diffusive scaling, time is scaled by t*, space by x*, velocity by v}, and electric field
by vfh /x*. These parameters are chosen such that 7.;/t* = €2, \e;/2* = ¢ where the electron-ion
collisionnal period is given by 7e; = vfh /(aeio) and the mean free path by Ae; = vy 7ei. The
coefficient o is a positive function of z and € a positive parameter, which is devoted to tend to
zero. In that case, system (5) rewrites

€0 f5 + (O f1 =0,

20 f{ (6)
Z':atfla + Caxfg = _E?l
Inserting the following Hilbert expansion of f; and f{

fi = f0 +efo + O,
fi= R +efi +0(),



into the second equation of (6) leads to

fl =0 (8)
Using the definition (3), it follows that
= fo/3. (9)
So, the second equation of (6) gives
1 C4
fi = =g=0ufy- (10)

Using the previous equation and the first equatlon of (6) finally leads to the diffusion equation
for f(?

¢!

0uf8(t,2) = €0 (s

B fO(t, m)) ~0. (11)

1.2 The numerical method

In this part, we first recall the limit of the HLL scheme, usually used for the electronic M;
model, for the diffusive limit.

1.2.1 Limit of the HLL scheme

Introduce a uniform mesh with constant space step Az = x; 1/ —T;_1/9, € Z and a time
step At. We consider a piecewise constant approximate solution U h(m, t") € R? at time t"

UM, t") = U if @€ [zi_1/2,Ti1)0] (12)

with U = t(f&, fI). The classical HLL scheme [43] for the system (11), in the case where
the minimum and maximum velocity waves involved in the approximate Riemann solver are
chosen equal to —( and (, writes

1, : ;
. o = f&a f11+1 lic1 _¢Az foiin = 2foi" + foia _ 0
At 2Azx AZL’2 ’ (13)
AR B R 2R 2
At 2Ax Az? 3 oe
We introduce the discrete Hilbert expansions
fi = I+ efos’ + O, "
W= e fl + 0.
At the order ¢!, the second equation of (13) gives
0
i =0 (15)
and using the definition (3), it follows that
0 0
fai” = Toi /3. (16)

At the order €, the second equation of (13) gives



3 0 n,0
nt _ € Joiv1r — Joim (17)
Li 30’2‘ 2Ax .
However, because of the diffusive part of the HLL scheme, the first equation of (13) also
leads to

,0 ,0 ,0
624’1 B 2f(’;ll + (1)1@'71 -0 (18)
Az?

which is not the diffusion equation expected for fJ. The diffusive part of the HLL scheme
gives an unphysical numerical viscosity and leads to the wrong asymptotic behavior.

1.2.2 Derivation of the scheme

The ideas introduced in [9, 40, 8, 6] in order to include the contribution of source terms, urge
to consider approximate Riemann solvers which owns a stationnary discontinuity (0-contact
discontinuity). Therefore, we introduce the following approximate Riemann solvers at each cells
interface, denoted by Ug (x/t, UY, U*), defined by

Ul if z/t < —ag,
Uk if —a, <az/t <0,
UB if 0<z/t <ag,
UR if a, </t

Ur(z/t, UL, UT) = (19)

where UL* = t(fE*, 1), UR* = 1(fI* ff) and the minimum and maximum velocity waves
—ag and a,. Note, we choose the two velocity waves to be opposite. The structure solution of
the approximate Riemann problem is displayed on Figure 1. At the interface x; 1, the quantites
2
U and U stand for U; = (fos, f1:) and Usr1 = *(fois1, friz1). Contrarily to the classical HLL
scheme [74] two intermediate states UX* and Uf* are introduced. The second components of

the two intermediate states are chosen equal, ie f&* = ff* = f*.
t

A

HOAN O IO i iy

Qg

UL UR

. ¢

Figure 1: Structure solution of the approximate Riemann problem.

The approximate solution at time ¢ + At is chosen as

L= Tiy1/2

h n _
Uh(a,t +At)—UR< TRV

U, U,-H) if @ € [z, zip1]. (20)

As the following C'F'L condition is respected



Af < 2&" (21)
Ay

the piecewise constant approximate solution is then obtained

1 Tit1/2
Uittt = / U (z, " da. (22)
Az Ti—1/2

The intermediate states fI*, f&* and f; must be defined. Integrating the first equation of (5)
on [—a,At, a, At] x [0, At] and multiplying by m, gives the following consistency condition

oS _fe g1

2 2 2a,

The unknowns f&* and ff** will be chosen in order to satisfy this consistency condition (23).
The same procedure using the second equation of (5) gives

L. R 2 1
ﬁ:ﬁ;ﬁ_mm@ff—cﬁ)—@w/

—az At

[CHF = CfL. (23)

a: At

At
/0 o(x) fi(z,t)dtdzx. (24)

The following approximation is made

1 az At

At
=oAtf; 2
sini | )o@ s = onig; (25)

with ¢ = ¢(0). Using (25) in (24), it follows that

. ¢ f+/ 1 g L
f=armail e - ab) (26)
Finally the following definition of f] is chosen
. 2a,¢3 A+ R L
I e R PR (SISOl (27)

It will be shown in the next part, that this choice enables to obtain the good asymptotic-
preserving property. Also, this definition recovers the formalism introduced in [7, 8].

In order to respect the consistency relation (23), the unknown fOL* and f(f%* are defined by

Lx* r3
0o — fO - F7
Rx r (28)
0o - fO + F?
with
- fE R
Jo= 5 = 5 (G = G (29)
and the coeflicient I' is calculated using the classical Rankine-Hugoniot conditions
R T
o =Jo— ~U1 1)
: (30)
0" = fo' = - A,
It follows that . ¢
D= U - gk = (=26 + 1R) (31)
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In order to satisfy the admissibility conditions (4), we propose to modify the states fOL* and

& such that
Lx* r3
= fo— 18,
. fo (32)
0 t = fO + Fev
where 6 € [0,1] is fixed to ensure the admissibility conditions.

Remark 1. In the case 0 = 0, the admissibility requirements (4) are fulfilled.

Indeed, in this case system (32) gives ff* = f&* = fy and f; is given by (27). Since
2a,(%/(2a,¢® + o Az) < 1 it follows that f; < f&* = f&*. Then the parameter 6§ is computed
as the largest possible such that

- ’fﬂ >0,
—1fil =0, (33)
>0 and fl*>0
Equations (31), (32) and (33) lead to the following condition
s fo—If7]
0 =—=="—>0. (34)
Tl

Finally, 6 is chosen as 6 = min(, 1).

Therefore the unknowns f"+1 and fﬁﬂ are computed using (22)

n ag;At QQIAt aIAt

Oz+1 fl 1/2 + (1= ——)foi + fl+1/27 (35)
n a At 2a At amAt

1z+1 : flz 1/2 (1 S )flz le—l/Q

The wavespeed a, is fixed using the ideas introduced in [6]. It is known the electronic M;
model without electric field is hyperbolic symmetrizable [57] and the eigenvalues of the Jacobian
matrix always belong in the interval [—(, (]. Therefore, we set a, = (.

1.3 Asymptotic-preserving properties

In this part we prove the asymptotic-preserving property of the scheme (27)-(32)-(35). It is
shown that when e tends to zero, the scheme (27)-(32)-(35) is consistent with the limit diffusion
equation (11).

Theorem 1. When € tends to zero, the unknown fo 1.0 given by the numerical scheme (35)-
(32)-(27) satisfies the following discrete equation

C3

n+1,0 n,0 3
0i —foio ¢ [ ¢
661-,1/2Ax

Y Az 65,11 007 o = <hin]| = 0. (36)

[(Crmdy - 0] -



Proof. Following the same approach as in [8, 7], using the diffusive scaling and equation (35)
leads to

VI At G fz+1/2 fOZ fz 1/2)
n+1 (37)
flz Ay o 20’50 *
A = At T At xfuq/zy
where the intermediate states f&* and f&* are given by (32) and (27) rewrites
* 2a:cC3 flL + flR L
Py vyl e (YA€ )] (38)

As soon as ¢ tends to zero, we obtain f{ = 0. We now suppose that f{% = 0 in the limit e
tends to zero. In this case, the definition (34) leads to

s JE+fE

0= L (39)

Then the parameter 6 is equal to 1.

Remark 2. In the diffusive regime when e tends to zero, no limitation on the intermediates
states (32) is required.

Using the definition (32), it follows that the intermediate states fi* and ff** are given by
¢

0" =fo - U= 1D
¢ (40)
0" = Jo = U= D).

The discrete Hilbert expansions (14) are now used. Inserting the previous expressions in the
first equation of (37), considered at the order £, gives no information since the terms cancel

each other out. However, at the order £!, the expressions (40), (38) and the first equation of
(37) lead to

Fe = - St Y,
Oz 41
Rx,1 R,l_i( R,l_f*,l) ( )
o ~—Jo ap 1 1)
with
* C NOS U
ot = = (S = cam) (42)
and
n+1,0 n,0
0i  —Joi _ G 2% i Oz e,
At - Ef0i+1/2 fOz $fo¢—1/2‘ (43)

Inserting expressions (41) into (43) leads to equatlon (36) which is consistent with the limit
diffusion equation (11).

To complete the proof, it is necessary to show that f[* tends to zero, when ¢ tends to zero.
Equation (22) gives



T

Tit1/2
AzUM! = / Urdx + / Urdz, (44)
Ti—1/2 x

i

where Ug is computed with the approximate Riemann problem (19). Then

i Ax
/ file, At)de = apAtfii_y + (5 = as A0 ff; (45)
Ti—1/2
and
Tit1/2 Az n .
/V f]_ (I, At)d$ = (7 — CLxAt)flfL + axAtfh-+1/2. (46)

A long but classical calculation [8] leads to

n+1 n
L 1 1 2 2
hifll = [ Az ‘7:'1,_~_1/2 _ Oz

A AL Fiz1/2 (47)

2am + 6i+1/2A(E 2@;13 + 6'1',1/2A£U

1 AxGiy 1) n n Axc; 19 n n
—_— f— . — A f— f . = 07
+ Az |:2a/m + 5’i+1/2A1‘( alflz <f21) + 2a:r + 5’1‘_1/2AZC( al“flz + Csz)
with
1
Fiy1/2 = 5[(f§+1+§f27§—%(fﬁ+1+fﬁ‘) . (48)
Using the diffusive scaling we obtain that f{} tends to zero as soon as € tends to zero. O

2 Homogeneous case with electric field

The second simplified model studied, is given by (1) without space dependency but considering
an electric field. In this section, the difficulties encountered when using a relaxation-type method
to include the source term —%( fo — f2) are highlighted. Following the same procedure as in the
case without electric field, a numerical scheme is proposed and the source term —%( fo—fa) is
taken into account. The scheme presented, satifies a well-balanced property and is asymptotic-
preserving. The coefficient o is a function of x and is then constant in the present case. However,
the method proposed here, is able to handle the case where o depends on (. Without spatial

dependency, the model (1) simplifies into

Oifo + E0cf1 =0,
E 20 (49)
O+ BOcf— ¢ (fo— o) = - Cfl.

Using the Hilbert expansions (7) as in the previous case, the following diffusion equation is
obtained

E¢
6o

E¢?
30

I8t ) - Bo (08t Q) - S f8(1,0)) =0, (50)
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2.1 Limit of the relaxation approach

Using the ideas introduced in [6], one could think in deriving a relaxation scheme for system
(49). Even if the approach is similar, the relaxation scheme involved would be significantly
different with the one proposed in [6] since the source term —%( fo — f2) should be added. To
assess such an issue, we first consider the collisionless case

O fo+ E0:f1 =0,

51
3tf1+E8<f2—?(fo—f2) =0. 1)
Setting 0¢2(¢) = 1/(, we propose the following relaxation model
O fo+ E0c¢ — E(f1 — ¢)2'(¢) =0,
¢ + EOc fo — 2E foz'(C) = pu(f1 — ¢),
O f1 + Ea<71' — E(fo — 7T)Z/<C) =0, (52)
o + Eocfr — 2Ef12'(¢) = p(f2 — ),
Gtz = 0,

where ¢ and 7 are relaxation variables. In the case u = 0, the previous system is hyperbolic,
the eigenvalues are —F, 0, E' and are associated with linearly degenerate fields. Hence, the
Riemann problem can be solved.

Eigenvalue | Multiplicity Riemann Invariants Eigenvectors
E 2 fo+o, fitm, 2 £0,0,1,1,0), *(1,1,0,0,0)
-F 2 —fot+¢, —fit+m, 2 t0,0,-1,1,0), *-1,1,0,0,0)
0 1 BB ctm—fo/3), C(6—f1/3) | '(2fo, fr = 6,21, fo —m 1)

Table 1: Features of the Riemann problem
In order to be consistent with the notations [6], we introduce

w="(fo, ¢, fr,m2), U="(fo,f1), FU)="(Ef,Ef(fo,f)) (53)

Lemma 1. Let wy, g be equilibrium constant states with PR = flL’R and B = fQL’R. Defining
the initial condition of (52) by wo(z) = wr, if © < 0 and wo(x) = wg if x > 0 for p = 0, the
solution of (52) writes

Lif x/t < —E,

B U)L* if —E<l‘/t<0,
PO =N R i 0 <ot < B, oY
wl if E<a/t,
with
Lere 3¢ (7 = 20+ 3 + (25 + 385 (¢
0 = IR(CRS Tk + sRpeE) (T AT P

(AR 3 + (= 4fF + 3 CEHP),

11



* R+ 3(CL’R)2
= 1(2(CR)S + 2(CLY6 + B(CRYB(CEYR) ((3f2R —2ff — FRVC + (=31 = 21F + (D)

(32" — 4 = FECRCE) + B = 4fF + FH(CH(EH),

LLRx _ LR

Z bl
L*—fo + =1, o™ = —ft + I+ fo,
_fl +f2 - ) WR*:_flR_‘_fQR—i_flR*a

and YLHBx = t(fOL*’R*, flL*’R*) satisfy the admissibility conditions (4).

The computation of the intermediate states U™ is straightfoward using the Riemann

invariants given in Table 1. A long but easy calculation, using the expressions gives the admis-
sibility conditions (4).
The relaxation model (52) enables the computation of a numerical scheme [19, 49, 9] for the
model (51). However, one notices the complexity of the intermediate states UL*#* and an exten-
sion including the collisional term —2a.;f1/¢? is very challenging. Different relaxation models
were tested in order to include the collisional source term, but, because of their complexity, they
lead to configurations where a Riemann invariant is missing and the problem remains unclosed.
In a recent work [30], the same issue is encountered and an additional relation is arbitrarily
imposed. In the present situation, this strategy leads to particularly inconvenient solutions and
the admissibility conditions are lost.

2.2 The numerical method

The numerical approach presented in the case without electric field is now considered. Contrarily
to the relaxation-type procedure, this method enables to include the source term —%( fo—fo2)
naturally.

Integrating the second equation of (49) by [~ azAit 0 " and multiplying by Sa; At gives the

following expression

ST e R NS
with
11 FE E
Ser=g e U8 = B+ 2 - )] (56)

The unknown fi*, £, 6”1 and f{‘“ are computed following the same approach as in the
first part

2acAt aCAt

n+1 __

0 = AC for 12+ (1 —Tc)foﬂ‘ AC f@+1/27 )

bl _ agAtf - 2a<At)f aCAtf

14 AC 1i—1/2 < 1T AC 154+1/2>

where the unknowns fé%* and fo are given by

Lx* s
Re 3 (58)
o =Jfo+T10,
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with

O = I - - St -2+ ) (59)
¢
and
. L R
fo= B et -t (60)

Using, the same arguments as in the case without electric field, we set a; = |E|

2.3 Properties

In this part, we are interested in the equilibrium solution of system (49). It is shown that the
scheme (55)-(57)-(58) preserves this solution. Then, the asymptotic-preserving feature of the
scheme is exhibited.

A stationnary solution of system (49) satifies

.
88; E 20 f (61)
2 _ 20fi
Eafg—z(fo—fz)— 3

The first equation of (61) implies that f; is independant of ¢. Using the definitions of the
angular moments (2) and the definition (3), it follows that f; = 0 and fo = fo/3. Indeed the
definitions (2) implies f; = 0 in ¢ = 0. The second equation of the previous system is solved
and gives the equibrium solution of the model (49)

= K¢?,
o

where K is a scalar constant.

Theorem 2. The numerical scheme given by (55)-(57)-(58) is well-balanced in the sense that
the stationary states (62) are exactly preserved by the scheme.

Proof. Using the stationary states (62) into the definition (55) leads to

3
et |- (mKG - EEG) + 2K

= acG3 +20A¢ B 3ac 3ac

(Cr+CL)|- (63)

Since (¢% — (%) = (Cr+CL)(Cr— L) = (Cr+CL)AC, the calculation of the previous equation
gives

fi =o. (64)
Using the second equation of (57) leads to

=, (65)
With the definition (32) it follows that
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. 1
0" = glfor = 0for + for + 0for],
1 (66)
0= s lfor = Ofor + for +0forl.
The initial conditions (62) implies # = 1 and inserting (66) into the first equation of (57)
gives

2a /At alt

w1 _ OAL L o KG+-——K¢ 67
Finally, the previous equation simplifies to give
ol = K¢ (68)

The stationary solution (62) is then preserved by the scheme.
O

Using the ideas introduced in the first section, we obtain that the scheme (55)-(57)-(58) is
consistent with the limit diffusion equation (50) in the diffusive limit.

Theorem 3. When ¢ tends to zero, the unknown fgf“ given by the numerical scheme (55)-

(57)-(58) satifies the following discrete equation

i &’O_E[C§+l/2 (B3 _Ef"fo)}—(?l/2 (Bf -Ef50 )|+ fappSiers S —0
At Al L60AC Oi+1 vi 60 AC 0i Oi-1 20 20 ’
with
TL,O :E[(qfi’ﬂl_{_f(?)?o]
w23 LG G b
Proof. The proof is the same as in the case without electric field. O

3 Numerical examples

Depending on the regime, we compare the asymptotic-preserving scheme to the standard HLL
scheme [43] or to the explicit discretisation of the diffusion equation.

3.1 Free transport without electric field

We first consider the system equation (5), without collisions, to validate the numerical scheme
proposed in (27)-(32)-(35) on a simple advection of an initial profile. The solution is compared
with the exact solution. Consider the initial conditions

2 x2
fo(z,0) =/ —exp(——),
0 \/; p 9 (69)

$2
A 0) =2 exn(-2),
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— Initial condition
— Numerical
--- Exact

Figure 2: Free transport: comparison of the numerical solution (red) and the exact solution
(dashed blue) at time t=6.

with periodical boundary conditions. In this case we have fixed ( = 5 and the space step
Az to 5.1073. In Figure 2, we compare the numerical solution obtained with the scheme (27)-
(32)-(35) displayed in red with the exact solution in dashed blue at time t=6. The numerical
and exact solutions match perfectly.

3.2 Hot wall with collisions without electric field

We now consider the system equation (5) with collisions to validate the numerical scheme (27)-
(32)-(35) taking into account the collisional part. The solution obtained with the scheme pre-
sented in this paper is compared with the classical H LL scheme.

Consider the initial conditions

2 ¢
fol@,¢,0) = \/;Tn(w)?’/2 P ( N m>

fl(x7C70) = 07
with Tj,i(2) = 0.1 and the left boundary condition

_ 2 C"-Q (2
fol0,¢.1) = \[TWGXP( o))
f1<07<7t) = 07

with Teze(x) = 1 and o = 1. The energy range chosen is [0, 6] with an energy step A¢ = 0.1
and the space range is [0,2] with a space step Az = 1073, In Figure 3, we compare the
numerical solution obtained with the AP scheme (27)-(32)-(35) (AP) displayed in continuous
lines with the solution given by H LL scheme in dashed lines at time 0.1, 0.25 and 0.5. The (AP)
numerical scheme and the H LL scheme gives comparable results. However, because of the large
discontinuity between the initial temperature profile and the temperature at the left boundary

15



in addition to the important numerical viscosity of the H LL scheme, one can notice the slight
differences of behavior between the two numerical schemes.

— Initial condition
0,6 — AP t=0.1 .
’ HLL t=0.1
3 — AP t=0.25 8
HLL t=0.25
0.5} — AP =05 .
--- HLLt=0.5

«= 04

0,3

0,2

0,1

Figure 3: Hot wall: comparison of the temperature profile for the numerical solution (AP) and
for the HLL scheme (HLL) at time 0.1, 0.25 and 0.5.

3.3 Hot wall in the diffusive regime without electric field

In this example, the numerical scheme (27)-(32)-(35) is validated in the diffusive regime. The
results are compared with the diffusion solution and with the one obtained with the H L L scheme.
Consider the initial conditions

2 ¢ ¢?
0)=4/2—> S B
fl(I,g,O) = 07
with Tjpi(z) = 0.1 and the left boundary condition

_ 2@ ¢
fo(0,¢,1) = \[th(x)W 0 (= g7 ) (71)
fl(O>C7t) :0’

with T.p¢(7) = 1 and o = 10*. The energy range chosen is [0, 6] with an energy step A¢ = 0.1
and the space range is [0, 2] with a space step Az = 1072, In Figure 4, we compare the numerical
solution obtained with the scheme (27)-(32)-(35) (AP) displayed in continuous red lines with
the solution given by H LL scheme in continuous green lines and the diffusion solution in dashed
blue lines at time t=1, t=2, 5 and 10. The (AP) numerical scheme and the diffusion solution
match perfectly while the HLL scheme gives very inaccurate results.
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— Initial condition | L HLL t=2 4
HLL t=1 — AP t=2
[ — AP t=1 | Ll --- diffusiont=2| _|
08 --- diffusion t = 1 0.8
0,6 — 0.6 —
I =
0.4 - 04 |
0.2+ — 02+ —
) | | L = | |
0 0,5 1 1.5 2 0 0,5 1 1,5 2
X
1 \ \ \ 1 \ \ \
HLL t=5 1 F HLL t=10
— AP t=5 — AP t=10
0.8 --- diffusiont=5| _| 08 --- diffusiont= 10| _|
| = | o il I
1 1,5 1 1,5 2
X X

Figure 4: Hot wall in the diffusive limit: comparison of the temperature profile for the numerical
solution (AP), for the HLL scheme (HLL) and the diffusion solution at time t=1, 2, 5 and 10.

3.4 Discontinous initial condition in the diffusive regime without electric field

In this case, a discontinous initial condition in the diffusive regime without electric field is
considered. The results are compared with the diffusion equation solution and the H LL scheme.
The energy range chosen is [0, 6] with an energy step A¢ = 0.1 and the space range L=[—10, 10]
with a space step Az = 5.1072. Consider the initial conditions

1if = < L/3,
folz,¢,0) =< 0 if L/3 <x<2L/3,
1if L/3 <z,
fi(z,¢,0) =0,
with periodical boundary conditions and ¢ = 10%. In Figure 5, we compare the numerical
solution obtained with the asymptotic-preserving scheme displayed in red with the diffusion

solution in dashed blue and the HLL scheme in green at time t=200. The AP and diffusion
solutions match prefectly while the HLL scheme is very inaccurate.
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1
0,8 _
0,6 — _
(=] L
h — Initial condition
L HLL
0,4 AP
L —— diffusion
0,2+ _
0 | | |
-10 -5 0 5 10

Figure 5: discontinuous initial condition: comparison of the fy profile for the asymptotic-
preserving scheme (AP), for the HLL scheme (HLL) and the diffusion solution at time t=200.

3.5 Relaxation of a Gaussian profile, in the homogeneous case in the diffusive
regime with electric field

We consider the system equation (49) with collisions and the source term %( fo— f2) to validate
the numerical scheme (55)-(57)-(58) in the diffusive limit. The energy range chosen is [0, 20]
with an energy step A¢ = 1072. We consider the initial conditions

2
fO(C;O) - \/Eexp(_(z% (72)
f1(¢,0) = 0.

In Figure 6, we compare the numerical solution obtained with the scheme (55)-(57)-(58)
displayed in red with the diffusion solution in dashed blue and the HLL scheme at time t=20.
The asymptotic-preserving and diffusion solutions match prefectly while the HLL scheme is
very diffusive.

3.6 Relaxation of a Gaussian profile in the diffusive regime without electric
field in the case of a non-constant collisional parameter

In this example, the numerical scheme (27)-(32)-(35) is validated in the diffusive regime without
electric field in a inhomogeneous collisional plasma. In this case the coefficient o is not constant
and follows the linear profile

o(z) = (52/8 +15/2).107° (73)

Then o(—4) = 5.1072 and o(4) = 10~*. The energy range chosen is [0,8] with an energy
step A¢ = 0.1 and the space range [—4, 4] with a space step Az = 5.1072. The initial conditions
are the following
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r — Initial condition |

— AP t=20
0,81 --- diffusion t = 20 |

HLL t=20
0,6 - |
> F ]
0,4+ —
0,2+ |

00 5 10 15 20

Figure 6: Relaxation of a Gaussian profile: comparison of the fy profile for the asymptotic-
preserving scheme (AP), for the HLL scheme (HLL) and the diffusion solution at time t=20.

2

f(](l', ¢, 0) - Cz exp(_%)7
fl(:ZZ,C,O) = 0.

(74)

In Figure 7, we compare the numerical solution obtained with the asymptotic-preserving
scheme displayed in red with the diffusion solution in dashed blue at time t=150. In this case,
the asymptotic-preserving and diffusion solutions also match prefectly. The H LL scheme results
are not given in Figure 7, since the final time t=150 is important the H L L results are completely
wrong.

\

- — Initial condition | A

— AP
0,8 --- diffusion T
0,6 - _
L‘_40 L J
0,4 —
0,2+ -
0—4 -2 0 2 4

Figure 7: Relaxation of a Gaussian profile in the case of a linear collisionnal parameter: com-
parison of the fy profile for the asymptotic-preserving scheme (AP) and the diffusion solution
at time t=150.
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4 Conclusion

In this work, we have proposed a numerical scheme for the electronic M7 model in the case
without electric field and in the homogeneous case. We have exhibited an approximate Riemann
solver that satisfies the admissibility conditions. Contrarily to the H LL scheme, the proposed
numerical scheme is asymptotic-preserving and recovers the correct diffusion equation in the
diffusive limit. It has been shown, in the homogeneous case, that the method presented, enables
to include the source term —FE(fy — f2)/(, while a relaxation type method seems inconvenient.
In addition, the scheme is well-balanced, capturing the steady state considered. Several numer-
ical tests have been performed, it has been shown that the presented scheme behaves correctly
in the classical regime and in the diffusive limit. Indeed, while, the HLL scheme is very in-
accurate in the diffusive regime, the asymptotic-preserving scheme matches perfectly with the
exprected diffusion solution. Also, the method correctely handles the case where the collisionnal
parameter is not constant. The present study can be extended to the general electronic M;
model (1). However, the correct treatment of the mixed-derivatives, arising in the diffusive limit
when considering the entire model is a challenging issue. This problem will be investigated in a
forthcoming paper.

The authors are grateful to C. Berthon for interesting discussions on the topic.
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