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Abstract

Strong consistency of the maximum likelihood estimator (MLE) for parametric Gibbs point
process models is established. The setting is very general and includes pairwise pair potentials,
finite and infinite multibody interactions and geometrical interactions, where the range can be
finite or infinite. The Gibbs interaction may depend linearly or non-linearly on the parameters,
a particular case being hardcore parameters and interaction range parameters. As important
examples, we deduce the consistency of the MLE for all parameters of the Strauss model, the
hardcore Strauss model, the Lennard-Jones model and the area-interaction model.

Keywords. Parametric estimation ; Variational principle ; Strauss model ; Lennard-Jones
model ; Area-interaction model

1 Introduction

Gibbs point processes are popular and widely used models in spatial statistics to describe the
repartition of points or geometrical structures in space. They initially arose from statistical physics
where they are models for interacting continuum particles, see for instance [22]. They are now
used in as different domains as astronomy, biology, computer science, ecology, forestry, image
analysis and materials science. The main reason is that Gibbs point processes provide a clear
interpretation of the interactions between the points, such as attraction or repulsion depending on
their interdistance. We refer to [2], [12], [18] and [25] for classical text books on spatial statistics
and stochastic geometry, including examples and applications of Gibbs point processes.

Assuming a parametric form of the Gibbs interaction, the natural method to estimate the
parameters is likelihood inference. A practical issue however is that the likelihood depends on an
intractable normalizing constant, called the partition function in the statistical physics literature,
that has to be approximated. Some sparse data approximation were first proposed, e.g. in [20],
before simulation-based methods have been developed [10]. To avoid the latter approximation,
other estimation methods have been introduced, including pseudolikelihood and moments based
methods, see the books cited above. With modern computers, the approximation of the partition
function is no longer an important issue and maximum likelihood estimation for spatial data is
feasible and widely used in practice.

From a theoretical point of view, very few is known about the asymptotic properties of the
maximum likelihood estimator (MLE) for Gibbs point processes. The asymptotic here means that
the window containing the point pattern increases to the whole space R%. It is commonly believed
that the MLE is consistent and more efficient, at least asymptotically, than the other estimation
methods. In 1992, S. Mase [16] proved that the MLE of regular parameters in a certain class of
interactions is uniform locally asymptotic normal, thus confirming the latter belief. However his
result, relying on strong cluster estimates, is established for Gibbs measure generating very sparse



point patterns, which implies restrictive conditions on the parameter space. In the same period,
J. Jensen [13] proved the asymptotic normality of the MLE under the Dobrushin uniqueness region,
where the Gibbs process satisfies mixing properties. Here again, as noticed in [10], this assumption
implies strong restrictitions on the parameter space. Without these conditions, phase transition
may occur (the Gibbs measure is not unique) and some long-range dependence phenomena can
appear. The MLE might then exhibit a non standard asymptotic behavior, in the sense that
the rate of convergence might differ from the standard square root of the size of the window and
the limiting law might be non-gaussian. This has been already noticed in the discrete case of
Gibbs interactions on a lattice, see for instance [21] for the Ising model, but no theoretical studies
confirm this behavior in the continuous case of Gibbs point processes on R?. We do not address
this question in the present paper.

Regarding the basic question of consistency, it is conjectured to hold in a very general setting
but no proof were so far available in the continuous case. This is in contrast with the discrete case
where consistency is established for most standard parametric models, regardless of the occurrence
of phase transition, see [15] and [11]. In fact, the continuous case is more challenging in that most
parametric Gibbs models involve irregular parameters as hardcore parameters (controlling the
support of the measure) or interaction range parameters. This results in a discontinuous likelihood
contrast function, even asymptotically, and some further technical difficulties (for instance the true
unknown Gibbs measure is not absolutely continuous with respect to the Gibbs measure associated
to an estimation of the hardcore parameter). In an unpublished manuscript [17], S. Mase addressed
the consistency of the MLE for superstable and regular pairwise interactions (a formal definition
will be given later). His main tool was the variational principle for Gibbs processes, following the
initial idea developed in the discrete case in [15]. He restricted his study to pairwise interactions
that are linear in their parameters, which yields a convex contrast function. His result do not
imply any restriction on the parameter space, thus including the possibility of phase transition,
but the parametric interactions considered in [17] remain nonetheless rather restrictive and do not
include hardcore or interaction range parameters.

We prove in this paper that the MLE is strongly consistent for a wide class of stationary Gibbs
interactions, without any major restriction on the parameter space. Our assumptions include finite
and infinite-body interactions with finite or infinite range, and we do not assume any continuity
with respect to the parameters. Our result covers in particular the consistency of the MLE of all
parameters for the Strauss model (including the range of interaction), the hardcore Strauss model
(including the hardcore parameter), the Lennard-Jones model (including the exponent parameters),
and the area-interaction process (including the radius of balls). Our main tools are the variational
principle as in [15] and [17], a minimum contrast result in presence of discontinuities, and the
control of physical quantities as the pressure and the mean energy with respect to the parameters.

The remainder of the paper is organized as follows. Parametric Gibbs point processes and the
MLE procedure are described in Section 2. Section 3 contains our main result, namely minimal
conditions on the Gibbs interaction to ensure strong consistency of the MLE. While the latter
result is established in a very general setting, we present in Section 4 standard families of models
where our main result applies. Specifically, we deal with finite range pair potentials with or
without hardcore (including the Strauss model and the hardcore Strauss model), infinite range
pair potentials (including the Lennard-Jones model), and infinite-body interactions (including the
area-interaction model). Section 5 contains the proofs of our results.

2 Gibbs point processes and the MLE

2.1 State space and reference measure

We consider the continuous space R? of arbitrary dimension d > 1. The Lebesgue measure on R?
is denoted by A% and the symbol A will always refer to a bounded Borel subset of R?. For 2 € R¢,
|z| denotes the Euclidean norm of z while for A C R?, [A] := A¥(A).



A configuration is a subset w of R? which is locally finite, meaning that w N A has finite
cardinality Ny (w) := #(w N A) for every bounded Borel set A. The space € of all configurations
is equipped with the g-algebra F generated by the counting variables Ny .

For convenience, we will often write wy in place of w N A. Similarly for every w and every = in
w we abbreviate w U {z} to w Uz and w\{z} to w\z

As usual, we take the reference measure on (€2, F) to be the distribution 7 of the Poisson point
process with intensity measure A? on R%. Recall that 7 is the unique probability measure on (9, F)
such that the following hold for all subsets A: (i) Ny is Poisson distributed with parameter A%(A),
and (ii) given Ny = n, the n points in A are independent with uniform distribution on A. The
Poisson point process restricted to A will be denoted by mx.

Translation by a vector u € R? is denoted by 7,, either acting on R? or on Q. A probability P
on () is said stationary if P = P o7, ! for any u in R?. In this paper we consider only stationary
probability measures P with finite intensity Ep (N, [Oﬁl]d), where E'p stands for the expectation with
respect to P. We denote by P the space of such probability measures.

We denote by Ag, Z,, and A,, the following sets

Ao=10,1)% Z,={-n—n+1,...,n—1} andA, = U (Do) = [-n,n)".
k€T,

In the following, some infinite range interaction processes will be considered. To ensure their
existence, we must restrict the set of configurations to the so-called set of tempered configurations
as in [24]. The definition of the latter may depend on the type of interactions at hand. In case of
superstable pairwise interactions, it is simply defined by

Qr={we® 3Ht>0,Vn>1,> N2, w) <t2n)%.

€Ly,

Unless specified otherwise, this is the definition we consider in the sequel. From the ergodic
theorem, any second order stationary measure on {2 is supported on 7, so the restriction to Qp
is a mild assumption in practice.

2.2 Gibbs point processes

From a general point of view, a family of interaction energies is a collection H = (H}), indexed by
bounded Borel sets A, of measurable functions from Qr to RU {400} such that for every A C A/,
there exists a measurable function @a - from Qp to RU {+oc} and for every w € Qp

Hy(w) = Hp(w) + pa,ar (wae)- (1)

This decomposition is equivalent to (6.11) and (6.12) in [22, p. 92]. In physical terms, Hp(w) =
Hp(wp Uwae) represents the potential energy of the configuration wy inside A given the configu-
ration wpe outside A.

As explained in introduction, we aim at including a large class of interactions in our study,
to cover for instance infinite-body interactions like the area-interaction process considered in Sec-
tion 4.4. Nevertheless, most of standard parametric Gibbs models are pairwise interaction point
processes. They are introduced below and we will come back to this important class of Gibbs
models in Section 4. Pairwise potential interactions take the particular form

Hy(w) =z Na(w) + > o(z —y), (2)

{z,y}ew {z,y}Nwr#0

where z > 0 is the intensity parameter and ¢ is the pair potential, a function from R% to RU{+oc}
which is symmetric, i.e. ¢(—x) = ¢(z) for all z in R%. Let us present two well-known examples.



Example 1: The Strauss pair potential, defined for some interacting parameter 5 > 0 and some
range of interaction R > 0 corresponds to

_JB if x| <R,
¢(x){o it |z >R 3)

Ezample 2: The general Lennard-Jones (n, m) pair potential is defined for some d < m < n, and
some A >0, B € R by
o(z) = Ala| ™" - Bla| ™, @€ RY (4)

The standard Lennard-Jones model in dimension d = 2 and d = 3 corresponds ton = 12 and m = 6.

For a family of energies H = (Hp), we denote by Q. the space of configurations which have a
locally finite energy, i.e. w € Q4 if and only if, for any bounded Borel set A, Hy(w) is finite.

The Gibbs measures P associated to H are defined through their local conditional specification,
as described below. For every A and every w in Q. N Qp, the local conditional density fj of P
with respect to mp is defined by

1

=—— e Halw) 5
ZA(wAc) ( )

fa(w)
where Zj(wac) is the normalization constant, or partition function, given by
Zp(wpe) = /eiHA(‘”;\U‘”AC)ﬂA(dw}\).

Some regularity assumptions on H are required to ensure that 0 < Z(wae) < 400, implying that
the local density is well-defined. They will be part of our general hypothesis in Section 3 and are
fulfilled for all our examples in Section 4.

We are now in position to define the Gibbs measures associated to , see for instance [9].

Definition 1 A probability measure P on Q is a Gibbs measure for the family of energies H if
P(Qoo NQr) =1 and, for every bounded borel set A, for any measurable and integrable function g
from Q to R,

/g(w)P(dw) = //g(wﬁ\UwAc)fA(w}\UwAc)ﬂA(dwj\)P(dw). (6)

Equivalently, for P-almost every w the conditional law of P given wac is absolutely continuous with
respect to wa with the density fa defined in (5).

The equations (6) are called the Dobrushin-Lanford—Ruelle (DLR) equations. Conditions on
‘H are mandatory to ensure the existence of a measure P satisfying (6). For general interactions,
we will later assume that both (5) is well-defined and P exists. On the other hand, the unicity
of P does not necessarily hold, leading to phase transition. As explained in introduction, our
consistency results are not affected by this phenomenon.

2.3 Parametric Gibbs models and the MLE procedure

We consider a parametric Gibbs model that depends on a hardcore parameter § € Z, where
Z = [Omin; Omax] With 0 < Omin < Omax, and on a parameter §# € © with © C RP and © # 0.
Specifically we assume that the conditional density writes for any § € Z and any 6 € ©

1
N = gy e w e )
A \WAe



where
we o inf |z—y|l >4,
{z,y}ew

while for any # € © and any w € Qr, H{(w) < co. This specific parametric form clearly indicates
that the hardcore parameter § only rules the support 2 of the measure, and has no effect on the
interaction energy Hﬁ. This is what happens for most models in spatial statistics, see Section 4. A
counter-example is the Diggle-Gratton model [5, Section 6], where the interaction energy depends
also on . This situation is not covered by our study.

Let G%% be the set of stationary Gibbs measures defined by the conditional density (7) and
with finite intensity. A minimal condition is to assume that for any value of the parameters, (7) is
well-defined and that the latter set is not empty.

[Existence]: For any § € Z, any # € ©, any bounded set A in R? and any w € Q5 N Qr,
Zi’e(w,\c) < oo and the set G is not empty.

Let P* be a Gibbs measure in G° ¢ for unknown parameters 0" € Z and 0" in ©. For technical
reasons, we assume that * is not on the boundary of ©, i.e. § € ©. We denote by w* a realization
of P*. The MLE of (6*,0*) from the observation of w* on A,, is defined as follows.

Definition 2 Let K be a compact subset ofé such that 6* € K. The MLE of 6* and 0* from the
observation of w* in A, is defined by

(Sn,én) = argmax fi’e(wl*\n). (8)
(5,0)eTxk

In Lemma 2 below, we give sufficient conditions which ensures the existence of the argmax
in (8). Let us note that we consider here the MLE with free boundary condition, meaning that
the configuration wji. outside A,, is not involved. This is the most natural setting given that we
observe w* only on A,. A MLE procedure that depends on the outside configuration could have
been considered as well and similar theoretical results would have been proved. To implement this
alternative procedure in practice yet, the interaction has to be finite range so that the outside
configuration reduces to boundary effects that can be handled by minus sampling. For infinite
range potentials, as considered in Section 4.3, this method is not feasible and the MLE with free
boundary condition makes more sense.

We will use in the following the equivalent definition

(6n,0,) = argmin K2%(w} ),

n

(6,0)€ETXK
where K7 is the contrast function
n(z3%)  HY (W)
8.0/, % \ _ An A, \Wh, .
R 2 W W AR ©)
with B
On(wp,) = min |z —y| (10)
{z.yyewa,
and
750 — 700(g) = / e HAON T (wp)ma(dun). (11)

In statistical mechanics, the first term in (9) is called the finite volume pressure while the second
term corresponds to the specific energy. R
In the following lemma we give an explicit expression for ¢,.



Lemma 1 Under [Existence], the MLE of the hardcore parameter & is bn = by, if 6n € T and
On = Omax Otherwise, where 0, is given by (10), consequently

0,, = argmin Ki"’e(wj*\n). (12)
oeK

Proof. If§ > 0,, then Kg"g(w};n) = 0o and s0 &, < 6,. For any 6 < 5, and any 0 € O,
KO (wh )= |An|_1(1n(Zf\’f) + H} (wi ))- Note that if § < ¢, then Q% C 0% and from (11) the
function ¢ — Zi’:) is decreasing. Therefore, for any 6 € © and for any & < 6,, § K39 (w*) is

decreasing, proving that Sn > 5n Hence 5n = Sn if Sn € I. The other statements of Lemma 1 are
straightforward. W

This lemma provides a useful result for practical purposes, since it states that the MLE for the
hardcore parameter is just the minimal distance between pairs of points observed in the pattern, as
it is usually implemented. Let us remark that a crucial assumption is that the space of parameters
in [Existence] is the cartesian product Z x 0O, i.e. the parametric model is well-defined for any
value of 6 € ©, whatever 9 is. This is the case for the examples considered in Section 4.

As explained in introduction, the computation of 0,, given by (12) is more difficult because there
is in general no closed form expression for Zi’e. In practice the optimization (12) is conducted
from an approximated contrast function, based on Markov chain Monte Carlo methods where the
error of approximation can be controlled, see for instance [10]. Even to ensure the existence of én,
we need some extra assumptions, as detailed in the following lemma.

[Argmax]: For any w € Qr and any n > 1, the function 6 — HY (wa,) is lower semicontin-
uous over K, i.e. for any 6 € K liminfg, g Hﬁ/n (wa,) > HY (wa,), and there exists an upper
semicontinuous version 6 I:Izn (wa,, ) such that for every 6 € K, f{ﬁn = Hﬁn 7, -almost surely.

Lemma 2 Under [Existence] and [Argmax]|, the MLE of  exists, i.e. there exists at least one
0, € K such that Kon0n (wi, ) = mingex K5 (w} ).

Proof. It is sufficient to show that ¢ — Kgme(w}*\n) is lower semicontinuous. As a direct
consequence of [Argmax], 6 — Hf{n (wj, ) is lower semicontinuous. For the finite volume pressure,
this comes from [Argmax] and the Fatou’s lemma since

e 50,0 P —g? (way)
liminf Z\*” = liminf e Tan WA o (). (dwp
) Ay ) Qgg( ) n( n)

> /liminfe_ﬁz;(w"n)]l (wa)Ta, (dwa,,)

0'—6 ol

. .
> /e_HAn(wA"')]Igig (wa)mp,, (dwp,,) = Z}S\:,G-

3 Consistency of the MLE for general Gibbs interactions

We detail in this section the minimal assumptions on the parametric family of Gibbs measure that
imply the strong consistency of the MLE. All of them are fulfilled by the examples of Section 4.
The first ones, [Existence] and [Argmax] introduced in the previous section, imply the exis-
tence of a Gibbs measure for any § € Z and 6 € ©, and the existence of the MLE.
We assume the following mild assumptions on the family of energies. They gather the stability
of the energy function, a standard stationary decomposition in terms of mean energy per unit
volume and they deal with boundary effects.



[Stability]: For any compact set K C ©, there exists a constant £ > 0 such that for any A, any
0 € K and any w € Qp
H{(wp) > —kNp(w). (13)

[MeanEnergy]: There exist measurable functions Hf and (0H,,) from Q7 to R such that for all
n>1landallf € ©
HY =Y Hior ,+0H] (14)
k€L,

where for all P € G and all § € © the mean energy of P defined by
H’(P) = Ep(Hy) (15)

is finite and for any compact set K C O, for P-almost every w € Qr,

1
lim —— sup |0HY (w)| = 0.
o, TR sup [OHN, (@)

[Boundary]: For all P € G, for any compact set K C © and for P-almost every w € Qr

1
lim —— sup |HY WA, — Hf (w)] =0o.
N 00 |An| GEIC’ An( ) An,( )‘

To prove the consistency of the MLE, we need to control the asymptotic behaviour of the fi-
nite volume pressure and the specific energy in (9). The following assumption deals with the latter.

[Regularity]: For any P in G, for any compact set K C ©, there exists a function g from R} to
Ry with lim, 0 g(r) = 0 such that for any 6 € K and any r > 0

Ep sup ‘Hg — Hg/‘ < g(r). (16)
0'ex
l0—0"|<r

Moreover for any n > 0 and any 6y € K, there exists a finite subset N (6y) C B(6p,n) N O and
r(6p) > 0 such that r(6y) < n and for any A

0 g
max inf in Ha(wa) = Hy (@a)
0EN (80) 6" € B(00,m(60))NK o, edmin Np(wp)

) > —g(r(6)). (7)

Assumption (16) implies in particular that the mean energy H?(P) is continuous with respect
to 0. Let us note that this does not imply that the specific energy or 6 — Hg is continuous with
respect to 0. As a counterexample, the Strauss model in Example 1, or more generally any model
from Sections 4.1 and 4.2, has a discontinuous specific energy but the mean energy is continuous,
which is verified in the proof of Theorem 2. Assumption (17) is related to the regularity of the
coefficient x in [Stability] with respect to the parameter 6.

Finally the following assumption relates the pressure and the specific entropy defined below,
through the variational principle. The variational principle is conjectured to hold for all models of
statistical mechanics even if it is not proved in such a general setting.

For any 6 € Z and 6 € ©, the specific entropy of u>? € G%? is the limit



where T, (%) = [In fg’f(w/\n)uf\’f (dw) is the finite volume entropy of u®?. Note that this limit
always exists, see [9].

[VarPrin]: For any § € Z and any 6 € O, the pressure defined as the following limit exists and is
finite
p(6,0) = Tim ——In(2%9). (18)
’ n—oo |An| An
Moreover the map 0 — p(d,6) is right continuous on Z, i.e. limg_,55>5p(0',0) = p(d,0). In
addition, for any 8,6’ in Z with & > 8, for any 6,60’ in ©, for all u9¢" € G¥-¢" the inequality

p(6.0) > ~Z(u™") = HO (") (19)
holds. If (¢',0") = (6*, 6*), then equality holds in (19) if and only if (4,8) = (6*,0*).

The formulation of the variational principle presented here is slightly weaker than the classical
one in statistical mechanics where the inequality (19) is required for any probability measure P on
Qr, and not only for /Lgl’el € G% ¥ . Note that the right continuity of the pressure holds trivially
true when ¢* is known, i.e. Z = {6*}. Let us also remark that the last part in [VarPrin] concerning
(6*,0*) is just an identifiability assumption.

We are now in position to state the consistency of the MLE.

Theorem 1 Under the assumptions [Existence], [Argmax], [Stability], [MeanEnergy], [Bound-
ary], [Regularity] and [VarPrin], for any (6*,0) € Zx K and any P € G* %", the MLE (0, 60,)
is well-defined and converges P-almost surely to (0*,0%) when n goes to infinity.

As a noticeable example stated in the following corollary, if the energy Hf\ depends linearly
on the parameter 6, which is called the exponential model, then the assumptions [Argmax] and
[Regularity] are automatically satisfied. Specifically, for any 1 < k < p, let (H}) be a family of
interaction energies satisfying (1). For any § € R? and any bounded set A an exponential model
takes the form )

HY =" 0,Hf. (20)
k=1
Let us introduce the following modification of [MeanEnergy].

MeanEnergy’]: The assumption [MeanEnergy] holds with H! = S°7_. 0, H} where HF comes
0 k=1 0 0

from the decomposition (14) applied to H 1’{”.

Corollary 1 Assume that the family of interaction energies satisfy (20). Then under the assump-
tions [Existence], [Stability], [MeanEnergy’], [Boundary] and [VarPrin], for any (6*,6%) €
I x K and any P € G° %", the MLE (5n,én) is well-defined and converges P-almost surely to
(6%,60%) when n goes to infinity.

4 Consistency for pairwise interactions and other examples

4.1 Finite range piecewise continuous pair potentials with hardcore

In this section, we consider conditional densities given by (7) with a non-vanishing hardcore pa-
rameter, i.e. dpin > 0, and a Hamiltonian H¢ defined as in (2) by

H{ (w) = 2z Np(w) + > ¢z —y), (21)
{zy}ew {z,y}Nwar#0



where 6 = (z, 3, R) is in the set © = Ry x B x R% with B C R? and ¢ is a positive integer. For
g eBand R=(Ry,...,R,;) € R%, we consider a pair potential interaction ¢ defined as follows.
If z € R? and |z| # Ry, Rs,. .., Ry,

6> (@) = Mo py) (J) @7 ([2]) + -+ + W(m, 5, (J2]) 05 7 (), (22)

where for any k = 1,...,q, (8, R,x) — wfR(|x|) is assumed to be continuous on B x R% x RY,
while if |z| = Ry, for some 1 < k < g,

o7 P (x) = min() *(|2]), 05 (|2]))

with the convention @gﬁ = 0. Note that with the latter choice, the function (3, R) — ¢%%(x) is
lower semicontinuous which is crucial for the assumption [Argmax].

This setting ensures the existence of the model for any 6 € Z, z > 0, € B and R € R, as
explained in the proof of the following theorem.

If Ry > Rg+1, W(g, g, ,) = 0 and identifiability issues appear. So we assume that the unknown
parameter (0%, z*, 5%, R*) is such that 0* > 0pin, 2* > 0, 8* € B, and R* € R with R} > 6* and
R ={R, 0< R; <--- < R,}. Moreover, we assume that if (8, R) # (8%, R*), then

X (2 € R Wige ooy (fa) (67 (@) = 677 () ) £0) >0, (23)

This implies that if (5,60) # (6*,6*) then G*/NG> " =¢ .

Notice that the assumption R} > 0* is necessary to ensure identifiability of R* and ¢*, but we
do not need to add the constraint Ry > ¢ in the MLE optimisation (8), as confirmed by the choice
of K in the theorem below. This is in particular important to agree with the setting of Lemma 1,
where it is necessary that the optimisation (8) is carried out on a cartesian product Z x K.

This framework gathers all finite-range pairwise models with hardcore described in [2], [12],
[18] and [25], including the hardcore Strauss model, the hardcore piecewise constant pairwise
interaction model and the Fiksel model.

Theorem 2 Let K be a compact subset of (0,00) x B x R such that (z*, 3*, R*) € K. Then under
the above setting, the MLE of (6*,z*, 8*, R*) given by (8) is strongly consistent.

4.2 Finite range piecewise continuous pair potentials without hardcore

We consider the same setting as in the previous section except that there is no hardcore, i.e. 6* =0
and ¢* is known, meaning that it has not to be fitted, or equivalently iy = Odmax = 0 implying
Z = {0} in (8). The Hamiltonian HY is defined as in (21) and (22) with the same continuity
assumptions on ¢f. The standard example we have in mind for this section is the Strauss model
of Example 1 or any of the examples mentioned in the previous section without assuming the
presence of a hardcore part.

Whereas this setting may appear to be simpler than the previous one from a statistical point of
view (there is one parameter less to fit), it requires additional assumptions to ensure the existence
of the model and to control its regularity. Therefore we assume that the Hamiltonian Hf\ satisfies
[Stability] and that for any 6 = (z, 8, R) € © the pair potential ¢ is superstable, which means
that it is the sum of a stable pair potential plus a non negative potential which is positive around
zero (see [24]). The identifiability assumptions remain similar as in the previous section and include
(23) with 6* = 0.

To handle the second part of [Regularity], we need a last hypothesis on the potential function.
We assume that for any (5o, Ro) € B x R and any n > 0 there exists 31 € B(f,7n) such that for
any k=1,...,q
B1,Ro
k

o > ot (24)



Theorem 3 Let K be a compact subset of (0,00) x B x R such that (z*, 3*, R*) € K. Then under
the above setting, the MLE of (z*, %, R*) given by (8) is strongly consistent.

This theorem can be easily applied to all standard finite range pairwise potentials (without
hardcore) described in [2], [12], [18] and [25]. In particular, condition (24) turns out to be non-
restrictive. Because of its central role in spatial statistics, we focus in the following corollary on
the Strauss model of Example 1. Its proof is straightforward and is not detailed.

Corollary 2 Consider the Strauss model corresponding in (22) to ¢ =p =1 and gaf’R = (B where
B>0and R > 0. Let K be a compact subset of (0,00)3 such that (2*,3*, R*) € K. Then the MLE
of (z*,*, R*) given by (8) is strongly consistent.

4.3 Infinite range pair potentials with a smooth parametrization

In this section, we consider pairwise models in the spirit of the Lennard-Jones model given in
Example 2. Our general setting concerns infinite range pair potentials without hardcore, i.e.
Omin = Omax = 0, that are uniformly regular and non-integrably divergent at the origin in the sense
of Ruelle [24]. Specifically, we assume that there exist two positive decreasing functions ¢ and x
from (0, 00) to R and r¢ > 0 with

+oo 0

Yt dt < oo, / ()t ldt = 400

0 0
such that for any parameter 3 € B, where B is an open set in R?, the function ¢? : R4 — R
satisfies for any = € R¢

#%(z) > x(|z|) whenever |z| <7y and |6 (z)| < ¥(|z|) whenever |z| > ro. (25)

The Hamiltonian HY is defined as in (2) by

H{{(w) = z Na(w) + > ¢ (x —y), (26)
{z,y}ew {z,y}nwa#0
where 6 = (z,8) isin © =Ry x B.
We assume that ¢ is a symmetric function on R%\{0} and that for any x € R?\{0}, the map
B+ ¢P(x) is differentiable on B. Denoting by V¢?(x) its gradient, we also assume that for any
compact set K C B, for any 8 € K and z € R? with |z| > 7o

Ve? ()] < v (|z)) (27)

and ’
sup sup Iz <y, sup e~ @) max(¢f (z),|Ve? (z)]) < oo. (28)
BeK zeRd T BeKk

In addition we suppose that for any compact set K C B there exists an open set U in R? and
a stable pair potential ¢ from R? to R such that for any v € U, any € R% and any § € K

quB(:E).u > qg(x), (29)

where v.u denotes the scalar product of vectors u,v in RP.
Finally, for identifiability reasons, we assume that for any 8 # 8’ in B,

A (x € RY, ¢P(z) # ¢ﬁ’(x)) > 0. (30)
Theorem 4 Let (d)ﬁ)ﬁeg be a family of pair potentials which are uniformly regular, non-integrably

divergent at the origin and satisfy assumptions (27)-(30). Let K be a compact subset of © such
that 0* = (z*, 8*) belongs to K. Then the MLE of (z*,3*) given by (8) is strongly consistent.
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As a fundamental example, the following corollary focuses on the Lennard-Jones model of
Example 2. Let the triangle domain 7 = {(n,m) € R? d < m < n}.

Corollary 3 Consider the Lennard-Jones model given by (26) and (4) with parameters z > 0 and
B =(A,B,n,m) € B where B=(0,00) x R x T. Let K be a compact subset of R x B such that
(z*,8%) € K. Then the MLE of (2*,8*) given by (8) is strongly consistent.

Proof. Denote by K the projection of K onto T, i.e. (n,m) € K+ if and only if there exists

z >0, A > 0 and B such that (2,4, B,n,m) € K. It is easy to find o > 0 and two positive

constants cg, ¢; such that ¢® given by (4) is uniformly regular and non-integrably divergent at the

origin for ro, ¥(t) = cot~™° and x(t) = ¢t~ with d < mg < m and d < ng < n for all (n,m) € Kr.
The map § +— ¢ is clearly differentiable on B with

Vo (x) = (||, |27, = Aln(ja])|| ", BIn(|a])|[ ") .

In adjusting the constant ¢y in the definition of ¢, we show that assumption (27) holds. As-
sumptions (28) and (30) are obvious. It remains to show (29). Let ug be the vector (1,1,1,1) in
R* and u any vector in the open ball B(ug,1/2) in R%. Denoting Kz the projection of K onto B,
we find that for any f € Kz and = € R?¢

1 3
Vo (x).u > §H[o,1}(|$|)(|$|7” —Ibo hf1(|96|)||96|7m) = 580,400y (1) (a1 + [ba]) In(a )|z ™™

where a1, by and by are chosen so that for any A and B, A < a; and by < B < b;. There exists
d > 0 such that for all (n,m) € K7, m < n — ¢, whereby

V6! (@).u > el,qp (o)) = el o) (J2]) In(|]) || 7™

for some ¢ > 0. The right hand term of this inequality is regular non-integrably divergent at the
origin. Therefore it is stable and (29) is proved. Wl

We can also deduce from Theorem 4 the same kind of result as in [17] concerning exponential
models. Note however that the proof in [17] crucially relies on the convexity of 8 + ¢?(z), whereas
the following corollary is obtained by different techniques.

Corollary 4 Assume that in (26) the family of pair potentials (¢°)sep is uniformly regular, non-
integrably divergent at the origin, satisfies the identifiability condition (30) and that

¢’ (z) = Z Bidi(x)

where ¢1(z) > x(|z]) if 2| < ro while fori > 2, ¢;(z) = o(¢1(x)) when x — 0. Let K be a compact
subset of © such that 0* = (z*, 8*) belongs to K. Then the MLE of (z*, 8*) given by (8) is strongly
consistent.

Proof. In view of Theorem 4, we just need to check (27)-(29). Let 5 = (b1,...,8p) € K and
B = (b1, Bp-1,8,) € K with 3, # B,. Since ¢ is uniformly regular, we have |¢° (z)— @7 (z)| <
2¢(|x]), meaning that |¢,(x)| < cyp(|z]) for some ¢ > 0. We obtain likewise |¢;(x)| < cp(|z]) for
any i = 1,...,p. Consequenlty V¢ (z)| < 3°7_ |¢;(2)| < pc¥(|z|) and (27) is proved.

The relation (28) holds trivially true by choosing ro sufficiently small. Finally, letting U be
any open set included in K, we have V¢ (x).u = ¢*(x) which is stable by assumption. W

11



4.4 Examples of infinite-body interactions

Our general result in Theorem 1 is also adapted to non-pairwise potential models. For instance,
it is not difficult to generalize the results of the three previous sections to the case of a finite-body
interaction of order greater than two, as for instance a triplet or quadruplet interaction. For brevity
reasons, we do not include this generalization in the present paper. Instead, we give in this section
examples arising from stochastic geometry which involve infinite-body interactions. Specifically,
we focus on the area-interaction and the Quermass-interaction processes, but other models could
have been considered as well.

The area-interaction process [1], also called Widom-Rowlinson model in the statistical physics
community [27], is probably the most popular model of infinite-body interaction. For R > 0, w € Q2
and A a bounded set in R%, we introduce the notation

AF(wy) = N9 < U B(x,R)) .

TEWA

The Hamiltonian Hf\ of the area-interaction process is defined for any w € ) and any bounded set
A by

Hﬁ(w) = ZNA(W) +p (-AR (WA@B(O,QR)) - AR (WA®B(O,2R)\A)) » (31)
where the parameter § = (z, R, ) belongs to © = Ry x Ry x R and the operator & stands for the
Minkowski sum acting on the sets in R?. Note that the unknown radius R is part of the parameters
and is estimated consistently as stated in the following proposition.

Proposition 1 Let H = (H%)z be the family of area-interaction energies defined in (31) and K a
compact subset of © such that 0* = (z*, R*, 8*) belongs to K. Then the MLE of 0* given by (8) is
strongly consistent.

The Quermass-interaction model is a generalization of the area-interaction process, where not
only the volume of the union of balls is involved in the Hamiltonian but also the other Minkowski
functionals. We denote by My, k= 1...d+ 1, the d+ 1 Minkowski functionals in R% and for short

M (wa) = M ( U B(LR)> :

TEWA

where R > 0, w € Q and A is a bounded subset of R?. Recall that for d = 2, M; corresponds to
the Euler-Poincaré characteristic, Ma is the perimeter and Mj is the area. We refer to [2] for more
details about Minkowski functionals.

The Hamiltonian Hf of the Quermass-interaction process is defined for any w € Q and any
bounded set A by

d+1
H{(w) = zNa(w) + Z B (Mg (wasB0,2r)) — ME (WasB©2R)\A)) (32)
k=1
where R >0, z >0 and 8 = (B1,...,B4+1) € RITL.
This model has been introduced in [14]. Its existence on RY has been solved so far only when
d < 2 in [3]. Therefore we restrict the following study to the case d < 2. Moreover, we assume
that R is known and we only consider the MLE estimation of 6 := (z,3) in (32). The reason is
that we did not succeed to prove that (17) in [Regularity] holds in presence of the Euler-Poincaré
characteristic M; when R is part of the unknown parameter. With the assumption that R is
known, the Quermass-interaction process becomes an infinite-body interactions exponential model
and Corollary 1 applies. In this framework the set of parameters is © = R, x R3.

Proposition 2 Let H = (H?)5 be the family of Quermass-interaction energies defined in (32) for
d =2 and let K be a compact subset of © such that 0* = (z*,*) belongs to K. Then the MLE of
0* given by (8) is strongly consistent.
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5 Proofs
5.1 Proof of Theorem 1

Let P be a probability measure in G° " and let w* be a realisation of P. If P is not ergodic, it can

be represented as the mixture of ergodic stationary Gibbs measures, see [22]. Therefore the proof

of the consistency of the MLE reduces to the case when P is ergodic, which is assumed henceforth.
Let us start by proving the convergence of the hardcore parameter.

Lemma 3 The MLE §, converges P-almost surely to §* when n goes to infinity.

Proof. From Lemma 1, 5y = min(gn, Omaz) Where 0, is given by (10). Clearly b, is a decreasing
sequence and d,, > 6*. So it remains to prove that, for any ¢’ > 6*, 4, is smaller than ¢’ for n large
enough. By the DLR equations (6) and the definition of local densities (7), there exists a bounded
set A such

P( there exist x,y € wy such that §* < |z —y| < ') > 0.

Thanks to the ergodic theorem, it implies that
P(there exist n > 1 and z,y € wp,, such that 6* < |z —y| <) =1

which proves the expected result. Wl

According to Lemma 2 and 3, we have now to prove the consistency of 0,, where

0, = argminee,ch”"e(wzn).
The strong consistency relies on a minimum contrast function result stated in the next lemma,
where neither the contrast function nor its limit need to be continuous with respect to 6.

Lemma 4 For any 0 € O, let (hz)nzl be a family of parametric measurable functions from Qr to
R. Let K be a compact subset ofé and let P be a probability measure on Qp. We assume that

i) For any 0 € ©, h? converges P-almost surely to a finite real number (denoted by h?) when
n goes to infinity.

ii) The function 0 — h? admits an unique minimum over ©:

0" = argmineeehe,

and 6* € K.

ii1) For P-almost every w € Qp and for n sufficiently large, 6 — hfl admits an infimum over
K attained by at least one element 0, (w).

i) The function 0 — h? is lower semicontinuous on © (i.e. for any 0 € ©, liminfe, g h? >
n?).

v) There exists a function go from Ry to Ry satisfying

lim go(z) =0
x—0

and such that for any € > 0 and for any 0 € K, there emists a finite subset N'(0) included in
B(0,90(¢)) N© and r(0) > 0 such that

P (lim sup ( min h? — inf hf{) > 5) =0. (33)
n—oo  \8'EN(0) 0'€B(0,r(0))NK
Then the sequence 0, = argmingexchn(0) converges P-almost surely to 6* when n goes to

infinity.
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Proof. Let ¢ > 0 and A, be the following subset of K

A = {9 € K @ B(0, g(e)) such that h® < h®" + 25} ,

where g comes from (v). We add the ball B(0, g(¢)) to the set K for technical reasons which appear
below. By iv) the function 6 + h? is lower semicontinuous and so the set A. is a compact set.
Moreover by ii),

{0} =) A-. (34)
e>0
We deduce that the diameter of A. goes to zero when € goes to zero. Let us note that the

diameter of B, := A. ®B(0, g(¢)+¢) goes to zero as well. So to prove that (,,) converges P-almost
surely to 0%, it is sufficient to show that for any ¢ > 0

P (limsup {én c Bg}) —0, (35)

n—o0

where BS = K\ (B: N K).

Since K is compact, there exists a finite sequence (6;)1<;<n in K and {r;}1<;<ny in Ry, where
r; = r(0;) comes from (v), such that the union of balls B(6;,r;) covers K. Note that if (33) holds
for some 7, then it holds for any r’ < r. So without loss of generality we can assume r; < ¢ for all
i=1,...,N. Let I. be the subset of indexes i € {1,..., N} such that the ball B(6;,r;) intersects
the set BE. We denote by N; the subset A/ (6;) in assumption (v) and by M, the union of N; for
i € I.. By definition and since for alli =1,..., N, r; < e, N; C B(6;,9(¢)), we have

B¢ C U B(0;,r:), N:CK®B(0,g(e)) and N.NA.=0. (36)
i€T.

Let us finally consider the following sequence of random variables:

’ ’
0y = max | min hz - inf hfl .
i€Z. \0'EN; 0’eB(6;,m;)NK

Note that from (33) and since Z; is finite

P (limsup {5; > g}) —0. (37)

n—oo

To prove (35), we consider the following inclusions.

lim sup {én € Bg} C Hmsup{ inf hf < hf:}

n—o00 n—o00 6eB
C limsup { min h, — hz* <4
n—o00 0eN
. e 0 )
C hglj;l}p{&n > 5} U {9121115 h, —h, < 5}
= limsu {66 > 5} limsup { min h? —h? <&
n—>oop " U n—>oop{9€/\/s " "
. . 9 0*
= 117r£>solip{62 > 5} U {I%n_lggf (5161}\12 hy, — h,, ) < 5}
. e 10 0*
Cllgf;;p{én ZE}U{(}Q}\I}Eh —h SE}UQE’

where €. is the event where hY does not converge to h?, when n goes to infinity, for some 6 in
N U {0*}. Since N: U {6*} is countable and by assumption ), P(Q.) = 0. Moreover, from the
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definition of A. and (36), the event {mingen. h? — n" < e} is empty. Recalling (37), we thereby
deduce (35) and the lemma is proved. W

Let us show that the assumptions i), i), i), iv) and v) of Lemma 4 hold for the family of
contrast functions

ey MR HE (w5,
(i) = Ko (@R,) = =5 TS
To prove %), first note, from [MeanEnergy], [Boundary] and the ergodic theorem, that for
any 0 € © and P-almost all w

. 1
lim. mﬂzn (wa,) = Ep(HY) = H(P).
Second, recall from assumption [VarPrin] that for any § € Z and 6 € O, 1n(Zj‘i’f) /|An| converges
to p(d,0) and § — p(d,0) is right continuous. On the other hand, from Lemma 3, bn — 6 almost
surely with 8, > 0*. Let § € ©, € > 0 and 67 > ¢* such that |p(6*,0) — p(6T,0)| < e. Let n be
sufficiently large so that 3, < 6%, | In(Z5 *)/|Ax|—p(6+,6)| < € and [In(Z5, ) /| An|—p(5%,6)| < .

Then, since § — Zg’e is decreasing, we have

(252 %) /|| — p(6",0) < In(Z3*)/|Aul — p(5°,0) < €

and .
p(5%,0) —In(Z37%) /|An| < p(8*,8) — p(5+,0) + p(5+,0) —In(Z5 ) /|An] < 26,

proving that 1n(ZijL’9) /|An| converges to p(6*,8) almost surely.
Hence for any 6 € © and for P-almost every w*

lim hf(wj )= h?

n—oo

where
h? = p(5*,60) + H?(P)

which proves assumption 7).
To prove Assumption ), note from [VarPrin] that for any 0 € ©, any us- g € G and any
pis+ o« € GO0
p(6%,0) > —I(us- o+) — H (1is+ 0-)

while —Z (s g+) = p(0*,0*) + HP (s« o) so that
h > n".

From [VarPrin], the equality holds if and only if § = 6* which proves Assumption ii).
Assumption i) is given by Lemma 2.
The function 6 +— H(P) is continuous thanks to (16) in assumption [Regularity]. By as-
sumption [VarPrin] we have for any 6 and 6’ in ©

p(6%,8") = p(6*,0) + H' (15+.9) — H” (115 6),

where p5+ 9 € G° %, By continuity of § — H?(P), it follows that 6 — p(6*,0) is lower semicontin-
uous. Therefore 6 — hY is lower semicontinuous and assumption iv) holds.

It remains to prove assumption v). Let us start with some preliminary results.

Thanks to [MeanEnergy], [Boundary], (16) in [Regularity] and the ergodic Theorem, we
have that, for any 6 € ©, any » > 0 and P-almost every w,
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limsup — sup |HY (wa,)— Hf;/n (wa, )| < g(r). (38)
n—oo |A | vex
[0—0"|<r

This inequality allows us to control the variation of the infimum of the specific energy in the
contrast functions. The following lemma deals with the variation of the finite volume pressure.

Lemma 5 For any n > 0 and any 0y € K, there exists a finite subset N'(6p) C B(6y,n) N O and
0 < r(bp) < n such that forn >1 and any 6 € T

In(237) - In(Z3") < e"g(r(6o)), (39)

min —— inf —
6N (60) |An] 0€B(00,7(00))NK |Ap|
where g comes from assumption [Regularity] and k from assumption [Stability].

Proof. For any § € Z and any 6,60’ in ©
’ 1 ’
In(Zz3%") —n(z3%) = ( / We—HX @A) g, (wA)m(de)>
A

=1In (/ et (WA)JFHX(M)HQ; (WA)Mi’G(dWA))

= F0 (e~ HR +HY) (40)

where uf\’e is the probability measure (1 /Zl‘i’e)e_Hf1 Igs ma. By Jensen’s inequality we have that
5,0" 5,0 0 0
In(Zy" ) —In(Zy )ZEH;s\,e(HA—HA).

For any > 0 and 6 in K we choose N'(6p) and r(6p) > 0 as in (17). Denoting [z]+ = max(z,0)
and writing for short N for A (6y) and B for B(fy,r(6y)) N K, we obtain, for any § > duin,

1

750\ _ inf ZM
sin 2N HelB|A (2,
= min su In Z‘m —1In Zé’el)
DEN e |A |( (Z1.) ~In(Zy,)
< (E HY — HY )
iy sup T |A | 0 8- HR)

HY —Hf
min sup E s, 7"NA
T A N e A Na

n

1 HY (w —HY (w
< —— min sup sup A"( An) A"( An) E 50 (Np,)
|A | ENgleBwA 695 NATL(CLJA") n Han
1 HY (wp,) — HE (w
< ( aXE 20 NA )) min sup sup A, (@n,) A, (n,)
A OENQ/GB wAn,ngo NAn (CUAn) n
1 HY (wa,) — HY (wa,)
= E (N, — inf  inf n. ny on
A ( Y 69 An )) [ %%G%EB wATILIéQgO ( NAn (wAn) N
1
m ( ax b 50 NA )) g(r(60)). (41)

16



Let us control Eﬂa,e (Na,,) by entropy inequalities. By definition of the entropy, the assumption
ATI,
[Stability] and the standard inequality Z5? > 7o ({0}) = e~1Al, we find that

—HY
5.0 e "allgs (wa) 5.0
Ta(py ):/ln (T 5N
A

<-m(2y") — | HY uy’
< |A| + HEMZS\,G (NA) (42)

The entropy is also characterised by

AO&%=S?(/W&9—M(/§mQ)

where the supremum is over all bounded measurable functions g, see for example [26]. Choosing
g = (k+1)NpIln,<c for any constant C' > 0, we get

IA(M%G) > (k + 1)EMJA,9(NA]INASC) —In (/ e(l‘&+1)NAHNASC7TA)
> (5 +1)E, 50 (Nallyy<c) — (€™ = D]A. (43)
Let C goes to infinity and combine (42) and (43), we obtain that for any (4, 6)
E,00(Na) < A (44)

The inequalities (41) and (44) imply (39). W
We are now in position to prove v). The function g in v) depends on ¢ in (38) and Lemma 5
as follows. For any « > 0, we choose go(z) > 0 such that

9(290(2)) + € g(go(x)) < .

This choice is always possible since g(u) tends to 0 when u goes to 0.

Let € > 0 and 6y € K and consider the finite subset N (0y) C B(6y,n) N O and the positive
number (), with 7(6y) < n, given by Lemma 5 where n = go(¢). In the following, we write for
short AV for M (6p) and B for B(6g,r(8p)) N K. Using (38), Lemma 5 and the definition of go, we
have that for P-almost every w,

lim sup (Imj{lf hl (wp,,) — eilelg hi(wAn)>

n—oo oe

= limsup — |A | (mln (HA (wa,) + ln(Zji:"l’e)) — Gigg (H/G\n (wa,) + ln(Zj‘i’:l’e)))

n—00

< limsu
e TAL

(max HA (wa,) — 9122 Hzn (wa,) + ‘gréij\r}ln(Zii’e) - einf ln(ZiT;’e))

< max limsup ——

Sg@%@ﬂ+¢+ﬂ%@»<a

which proves v).

sup |13, (on,) = Y, (wn.)

+ limsup — A <m1n ln(ZA o - Ging 1n(Zi”’9)>
c n

n—oo

5.2 Proof of Corollary 1

To apply Theorem 1, we have to prove that [Argmax] and [Regularity] hold true in the setting of
exponential models. Assumptions [Argmax] and the inequality (16) in [Regularity] are obviously
satisfied since the energy Hf and the mean energy H{ are linear in 6.
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It remains to check (17) in [Regularity]. Let K be a compact subset of © and ¢ > 0 such
that K @ B(0,e) C ©. For any n > 0 and 6y € K, we choose r sufficiently small such that
0 := (1+r/e)dy € B(bo,n) N O and we set N(0y) = {0}. Note that for any 6’ € B(0o,r),
(0 —0) € B(fo,e) C K@ B(0,¢). Then from (20) and the assumption [Stability], for any
0" € B(fy,r), for any wy € Qdmin

€ 4 e(0o—0")/r
—(HR(wa) — HY (wn) = HY" ™" (wp) > —kNp(wn)

which implies (H (wa) — Hf (wa)) > —7£Na(wa) and thus (17).

5.3 Proof of Theorem 2

We check the assumptions of the more general Theorem 1 with the choice © = Z x T where Z and
T are bounded open subsets of (0,00) and B x R respectively satisfying Z x T D K. We denote
in the following 6 = (2, 8, R), where z € Z and (8,R) € T.

For any 0 € Z and (3, R) € T, the pairwise interaction ocolljg 5 + ¢% P is superstable, finite
range and bounded from above. The existence of Gibbs measures in this setting, i.e. assumption
[Existence], is proved for example in [24]. Moreover, we can deduce the following useful result
from Corollary 2.9 in [24]: for any P € G%?, for any bounded set A and any ¢ > 0,

Ep (eN*) < o0. (45)

Superstability implies [Stability], where the lower bound can be chosen uniformly over © since
this set is bounded. The decomposition in [MeanEnergy] can be done by

HY, () = Y Hyor_p(w) +OH}, (w) (46)
k€T,
where X
Hiw)=2Nao(@)+ D5 MMa-n)+y 3 oMy (47)
{z,y}ewa, TEWAy YEWAS
and

OHY (w)=7 Y oMM —y)

meAn,yGwA%

The finiteness of the mean energy given by (15) is easily deduced from the finite range and
boundedness of ¢?f along with (45) that implies finite second order moments for P. On the other
hand from (2) we have

H{ (w)—H (r)= Y. ¢"Fa—y).

TEWA, ,YEWAS

Therefore [MeanEnergy] and [Boundary] reduce to prove that for P-almost every w € Qrp

1
sup —— d)'g’R(z —y) — 0. (48)
(B,R)eY |An| Z

TEWA,, nywA%

Recall the definition of I,, = {—n,...,n — 1}%. Since ¢*% has finite range and is continuous,
there exist two constant ¢ and 7 large enough such that

1 c
sup o Z 67z —y)| < I Z Np(,nna, (@) Npg,nnag (@)
(B,R)ET n ZEUJAn,yEUJ/\% n ieln\lnfl
(&
< A > Niunw).
" €I \In—1



From (45), for any P € G%9, Ep(Ng; ») is finite and by stationarity Ep (N3, »)) = Ep(Np )-
The ergodic theorem thus implies that P almost surely

1
A > Niin (@) = Ep(N r)
ieln,

which yields (48).

Assumption [Argmax] holds because (3, R) + ¢#f(z) is lower semicontinuous by construction
and the number of discontinuities are finite, so it is easy to change the sense of the brackets in (22)
to obtain an upper semicontinuous version.

It remains to check (a) [Regularity] and (b) [VarPrin].
(a) We start to prove (16) in [Regularity]. Note from (47) that

H(w) — H (w) = (z — 2') Na, (w)
+ > (PR @ —y) + % S @R )@ —y). (49)

{z,y}ewa, TEWAQ,YEWAE
If |0 — 0| < r, obviously there exists a positive function g with lims_,¢ g(s) = 0 such that
|2 = 2'| Na, (W) < g(r)Na, (w). (50)

The two sums in the right hand side of (49) can be handled similarly. We give the details for the
first one only, which reduces from (22) to consider the following generic term for P-almost every w

’

R 'R
S Mar(z =y e @ —y) = Try_ my (e —y) ep ™ (@ =)

{I7y}€UJAO
R _ _B.R
< D R e @ - e Y Wirymy — Ty rpl(Je —y)
{z,y}ewa, {z,y}ewa,

where c is a positive constant that comes from the boundedness of <p€ R Since the map (5, R, x) —
wf H(|2]) is continuous it is uniformly continuous on any compact set and there exists a positive
function g, independent of x, y and 6, such that lims_,g g(s) = 0, and if |0 — 6’| < r then

Sl el @< Y g(r) < g(r)NE, (). (51)

{z,y}€wa, {z,y}€wa,

On the other hand, denoting ARy the symmetric difference (Rx—1, Rp)A(R},_,, R},), we have
forany R € R

Bp| s Y Maple-u)|=Ep| 3 s Y Tam(le-y)

/ /
R'eR Eway,Y#£T

R R, Y ewa, w€wa

R'eR y
|R—FR'|<r

_ EP / e*hﬂ(I"/J) sup Z ]IARk(|‘T — y|) dl'
Ag

R'eR
|R—R/|<r YS90

where the last equality comes from the Georgii-Nguyen-Zessin (GNZ) formula [6, 19] and h?(x|w)
denotes the local energy needed to insert the point x into the configuration w, defined for any
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A >z by hf(z|w) = H{(wUz) — H{ (w). Applying again the GNZ formula we obtain

Ep [ sup Y. Tagr(z—yl)
|RIE}%/7‘2ST {z,y}€wa,

=Ep /efhe(y‘“’)e’he(m'w{y}) sup  Uag,(lz — yl)dzdy
A

2 R'eR
|R—R'|<r
< Ep (eCNAOEBB(O,?))/ sup  Tag, (Jxr — y|)dzdy
A2 ReR
|[R—R'|<r
S EP (eCNAU@B(O,%)) |AO||A/€(T)| (52)

where ¢ and 7 are two constants large enough and Ay (r) is the union of the two rings {y €
RY Ry —r < |yl < Rp—1 +r} and {y, R — 7 < |y| < Rk +r}. Thanks to (45) and since
|Ak(r)] = 0 as r — 0, the upper bound in (52) tends to 0 as 7 — 0. The same conclusion holds
true in (50) and (51) because Ep(Na,) < co and Ep(N3 ) < co. The combination of these results
shows (16).

Let us now prove (17) in [Regularity]. Let n > 0 and 6y = (29, o, Ro) € K where Ry =
(Ro,1,---,Ro,q). We choose r sufficiently small to ensure that

(i) r<mn,

(ii) B(6y,r) C O,

(i) 2r <infrp—1 . ¢ |Rox — Ro k-1l
)

(iv) forall k=1,...,q, if @QO’RO (Ro.i) # @gﬂr’f’” (Ro,), then for all ¢',0” € B(fy,r) and for all =
such that [|z| — Ro x| < r, we have

/,R/ //,R// 7R ,R
(2" () = o3 (1aD) (™ (Rox) = £f31° (Row)) >0
which is possible by continuity of (8, R, z) — QDQR(|$|)

Then we fix N'(6p) = {(20, fo, R)} where R = (Ru,..., Ry) is defined as follows : if <pk“’R° (Rox) >
@fﬂr’f“(Ro,k) then R, = Roy + r, if @f“’R“(RO,k) < @fﬂr’f"(Ro,k) then Ry, = Roy — r, and if
(pgo’RU (Ro,k) = gﬁii{zo (Ro,k) then Ry = R .

For 6 = (29, Bo, R) and 6’ € B(fp,r), the proof of (17) amounts to control

Hi(wy) = H{ (wn) _ ., 1
Na(wn) = (%0 Z)J“NA(WA) >

(67 "z —y) = 6" (@ —)) . (53)

{z,y}ew {z,y}Nwa#0

The first term (zg — 2’) is greater than —g(r) for a positive function g with lim,_,0 g(s) = 0. For
the second term, let us introduce the middle points Ry s = %(Ro,kfl +Roy) fork=1,...,¢ -1,
Ry =0 and Ryq = Roq + 2r. Note that from our choice of r, for any k both Rj and R), belong
to [Ro k, Ro k+1]- From (22), we can write

¢ () = 71 (2) =3 Wiy, iy ) (21 (07 (@) = 077 (2)

k=0

q
= Z (H[Ro,k,Rk)(|9U|)<P€’R(|9U|) + H[Rk,RU,HI](|9U|)<P£ﬂ(|$|)
k=0

— Wi gy (2D2f ™ (1al) = Mgy gy, g (2D (D). (54)
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If @QO’R" (Ro.x) > @gﬂr’f’” (Ro,k), then Ry > R and the k-th term in the sum above writes

W, . (12) (20 (0el) = o0 (1)) + sy, (1) (0 (12l) = 4T (1)
+ Wiy g (o) (9225 (2l) = 0T (2 -

From our choice of r, see (iv), the second term is always positive, and by uniform continuity of
(B,R,z) — @f’R(|z|), there exists a positive function g, independent of x, with lim,_, g(s) = 0,
such that the two remaining terms are greater than —g (7)1} z, ;(|[). We thus obtain that the
k-th term in (54) is greater than —g(r)Wjo 7, 1(|7|).

If @QU’RU (Rox) < @fif“ (Ro,k), we obtain the same lower bound by using the fact that Ry < Ry,

If @i”’RO (Rok) = (p'gﬂr’f”" (Ro,k), then by uniform continuity ’(pgR(|x|) - gog,/’R/(|y|)’ < g(r) for any

k' =k,k+1, any |z, |y| in [Rok, Ro k+1] and any 6,0 in B(fp,r), and the same lower bound holds
for the the k-th term in (54).
Coming back to (53), we deduce that

HY (wa) — HY (wa)
Na(wa)

> —g(r) — (g + 1>g<r>m 3 T 2 117 — u).

{z,y}ew,{z,y}Nwar#0

For any w € QJmin there exists ¢ > 0 such that for any = € w, > yewyrs Lo,ro (T —yl) < ¢
because of the hardcore distance 0y, > 0. Consequently the lower bound above is greater than
—g(r), up to a positive constant, and this completes the proof.

(b) The variational principle in this setting is proved in [8], which implies (19) with equality
if and only if p® ¢ = %, When (§',0") = (6%,60%), 0 ¢ = u®f is equivalent to (6,60) = (6*,6*)
from our identifiability assumption (23). Hence, in order to verify [VarPrin], it remains to prove
that the pressure (18) is right continuous in .

For any 6 > 0 and 6 € O, from the rescaling w — dw,

Zi’f = /eiHﬁn(“’A")Hng (wa,, )7, (dw)

— e*‘AnKlfl/Jd) /e—HXn(((;w)An)]IQéc (wAn)(SN%An(UJ)ﬂ_%An (dCLJ)

_ _—|An|(1=1/8%) 56,0

=e ‘ ( Z%An’
where Z3% = J e_giﬂ(w,\)]l%o (wa)ma (dwy) is the partition function associated to the Gibbs mea-
sure defined on QL with energy function HY?(wa) = HY, (6(wa)) — Na(w)In(8). Denoting (3, 6)
the pressure associated to the latter measure, we deduce

p(6,0) = 5% p(6,0) —1+1/5% (55)

The energy function f{i’f follows a decomposition like (14) where

B (W)= (2~ (@) Nay (@) + > ¢ﬁ’R(6x—5y)+% Y. e —ay).

{z,y}€wsa, TEWsAQ,YEWsAL

By similar arguments as used earlier in (a) to prove (16), we deduce that 6 — Ep (Hg,e) is contin-
uous. Moreover, Hi’f inherits the superstable, lower regular and regular properties of ¢#%, which
shows from [8] that a variational principle holds, i.e. for any (4, 0) and (&', 6")

B(&,0") > B(6,0) + H*(fis.0) — H* (fisp),
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where fis 9 denotes a Gibbs measure associated to f{i’f. Note that contrary to (19), this inequality
is valid for any &, because fis¢ is supported on QL for any (4,0). We therefore deduce that
d — p(0,0) is lower semicontinuous, and so is ¢ — p(d, d) from (55). Since ¢ — Zf\’:) is decreasing,
d — p(d,8) turns out to be both decreasing and lower semicontinuous, which shows that it is right
continuous.

5.4 Proof of Theorem 3

As in the previous section, it is sufficient to check the assumption of the main Theorem 1. The
assumption [Stability] is included in the assumptions of Theorem 3 and has not to be showed. The
proofs of assumptions [Existence]|, [MeanEnergy|, [Boundary], [Argmax] and the first part
of [Regularity], i.e. (16), are the same as in the proof of Theorem 2. The variational principle is
shown in [4] for any finite range stable pair potential. Since Z = {0}, the right continuity of the
pressure is not required here, so Assumption [VarPrin] follows. It remains to prove the second
part of [Regularity], i.e. (17).

Let n > 0 and 6 = (20, B0, Ro) € K where Ry = (Ro 1, ..., Ro,4). We denote by R the maximal
value of R, when 6 = (2,8, R) € K. We choose r > 0 small enough such that

(i) r<mn,

(ii) B(bp,r) C O,

(iii) 2r < infr—1,. 4 |R0,1C — R07k_1|,
)

(iv) there exists 81 € B such that for any ¢’ € B(6o,r), any 0 = (z, 8, R) € B((20, 81, Ro), /q7),
any k=1,...,q and any = € B(0, R)

N ",R’'
o (@) > ) (@),

which is possible by continuity of (8, R, x) — gpr(|z|) and thanks to the local positivity
assumption (24).

(v) forallk =1,...,q,if @k“’RO (Rox) # 5021{%0 (Ro,x), then forall ¢',0" € B(6o, r)UB((20, 81, Ro),\/q7)

and for all z such that ||z| — Ro x| < r, we have
/1R/ ”,R” R, R
(" (al) = i™ (2D)) (0™ (Ro) = {51 (Ro)) >0,

which is possible by continuity of (3, R, x) — @fR(|x|) and since 31 can be chosen as close
as we want to f3g.

(vi) forallk =1,...,q,if ©}* ™ (Ro 1) = 091 (Ro,x), then for all ' € B(6g,7), 0 € B((20, f1, Ro), \/ar)

and for all z such that ||z| — Ro x| <,

R ’,R’ R ’,R’
PP () > B (@) and P (@) > ) (),

which is possible for the same reasons as in (iv).

Now we choose N (6p) = {(z0, 51, R)} where R = (R1, Ra, ..., Ry) is as in the proof of Theorem
2, see (53) and before. Note that (zo, 81, R) is in B((20, f1, Ro), /qr) and that £; can be chosen
sufficiently close to By to ensure N (fy) C B(6p,n). Following the same calculus as in (54), we
obtain that for any ¢’ = (2/, 8', R') € B(6p,r)
o) > o7 ().
We deduce that
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HP (wa) — HY (wa)
Na(wa)

>2—42 > —r
and the second part of [Regularity] is proved.

5.5 Proof of Theorem 4

We check the assumptions of Theorem 1. For any 3 € B the pair potential ¢? is regular and non-
integrably divergent at the origin. As it is well known (see [23] for instance), ¢” is superstable and
the existence of an associated Gibbs measures follows, i.e. [Existence] holds true. Superstability
implies stability which shows assumption [Stability]. Since the map 3 + ¢ is differentiable and
so continuous, assumption [Argmax] is obvious. The decomposition in [MeanEnergy] is done
as in (46). In particular the mean energy (15) is

HP)=Ep (:Nsgt Y @ty S -y (56)

{z,y}ewa, TEWA(,YEWAEL

where 6 = (z,8). To check assumptions [MeanEnergy] and [Boundary], we thus have to prove
that (56) is finite and that for any compact set K C B,

;1612 |A—1n| Z ¢B(z —y) — 0. (57)

TEWA, YEWAS
For this purpose, we need the following Ruelle estimates.

Proposition 3 ([24]) We define, for any i € Z¢, v; = (maz(|i| — 1,0), where the function v
comes from assumption (25). Then ), ;4 v; < +oo and for any ¢ >0

Ep (ecziezd wiN*i<A0)) < 400.

Let us show (57). Note that

1

sip—— Y. Py <A+ A
BEK | ’I’l| IEWAnvyewA%
with
1
A= X swllle-y)  and Ae=ge 30 swlolle )
n TEWAMN Ay BeEK " zEwa,, K
YEW, yF£T yeuas
oy |<ro lz—y|>70

where 1y comes from assumption (25) and ng is an integer greater than rg.
By the spatial ergodic theorem, P-almost surely

nlinéo|/\1n| > Elelgwﬂl(fc—y):E( > suplqﬁ"l(w—y))-

TEWA,, IEWAO ek
YEwW, yF#T YyEw, y#x
lz—y|<ro lx—y|<ro
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Therefore, A, goes P-almost surely to 0 if the expectation above is finite. By the GNZ equation,
stationarity of P and assumption (25)

B( X sl ) = B(e B0 S spo)

TEWA, yEw BEK
YEW, yF£T lyl<ro
|z—y|<ro

<2Ele >iezd YiNr(ag) Z e~ Lzew,lzl<rg ¢ (2) sup ¢B(y))
BeEK
lyl<ro

< 2B eXieza ¥iNvia0) Z ¢7" () Supd)ﬁ(y))
YyeEw BeEK
ly|<ro

(-
(
(
&

< 2*E| ezicza ViN it40) Np(o, To)) sup ~ sup  sup e_(bg (y)¢5(y)
BeK yeB(0,r0) B’€K

(58)
which is finite by assumption (28) and Proposition 3.
Regarding the term A, for any integer K we have
1
Az < 77 D Ui Ve @)Nr a0 (@)
"ieAn,jeAS
1 1
ST Y Uit Nn(an (@ a0 (@ )T Do i Nran) @) ag) (@),
" e A \Ap_x,jETA " ieAn_ k. jezd
li—il=K
(59)

By Proposition 3, Na, Zjezd ¥ N7, (a,) 1s integrable which implies thanks to the ergodic theorem
that, when n goes to infinity, the first term in (59) goes to zero and the second term goes to

E (NAO Z 1/1jNTj(A0)> :

JEZL|j|1 2K

Choosing K large enough this last expectation can be made smaller than any positive value.
Therefore the term As tends P-almost surely to zero as well and (57) holds true.

By similar computations as above, using the Ruelle estimates in Proposition 3, we obtain that
the mean energy (56) is finite. Assumptions [MeanEnergy| and [Boundary] are verified.

The existence and finiteness of the pressure in assumption [VarPrin] is proved in Theorem 0.2
of [24]. The variational principle for such Gibbs measures is proved in [7, 8] and thanks to the
identifiability assumption(30) we get [VarPrin].

It remains to prove [Regularity]. Let us show (16). For any compact set Z x K C © with
Z C R4 and K C B, for any r > 0,

EP( sup ‘Ho Hy ‘) STEP(NA0)+EP( Z Z sup |¢ﬁ—¢ﬁ/|($_y))
0’ eZxK K
|060 \X<r vewao yewie) \BBﬂG|<

<rEp(Na,) +rEp( Z Z sup|V¢ﬂ (x — ))

weway yew\{z} ?

The proof of (16) is completed if we show that the two expectations above are finite. This is clear
for the first one. We split the second one according to |y| < rg or |y| > ro where ry comes from
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assumption (25). Thanks to similar computations as in (58) we get

g X X suplvele-)
veway yew\{z} PEF
ly| <o

< Z*E(ezigzd ¢iNTi<A0>NB(07TO)) sup sup sup o9’ (y)|V¢ﬁ|(y)
BEK yeB(0,r0) B'EX

which is finite by (28) and Proposition 3, while from (27)

TE€WA yEw\{z} Jjezd
[y|>ro

which is also finite. This proves (16) in [Regularity].

To prove (17), let n > 0 and 6y = (z0,80) € Z x K. There exists 0 < £ < n such that
B(Bo,&) C B. Consider the open set U associated to K @ B(0, ) through the assumption (29). Let
us fix up € U and € > 0 such that B(ug,€) is a ball included in U. We choose r sufficiently small
to ensure that » < £ and 3 := By + Zug belongs to B(f5y,n). By assumption, for any 3 € B(f5o,r)
and z € R?, there exists ¢ € [0, 1] such that

¢ﬁ(z> _ ¢,ﬁ/ (z) = V¢ﬁ’+t(ﬁfﬂ/)(z>,(ﬂ - p).

Note that the above choices ensure that 8 4+ t(8 — 8') belongs to B(5y,&) C K ® B(0,&) and that
£(B — B') belongs to B(ug,e) C U. Hence by assumption (29), for any = € R,

“(¢%(2) — 07 (@) = d(a)

where ¢ is a stable pair potential. We finally choose N'(6y) = {68} := {(20,8)}. Therefore for any
bounded set A, any ¢’ = (2, 8') € [20 — 7,20 + 1] x B(Bo,r) and any configuration w, denoting by
A > 0 the stability constant of ¢, we have

Hf(wa) — HY (wa) > (20 — 2')Na(wa) + Y g $x —y) = —r(1+ A/e)Na(wa)
{z,y}ewa

which proves (17) and concludes the proof.

5.6 Proof of Proposition 1

We apply Theorem 1. The local energy h?(z|w) associated to the area-interaction process is, for
any A containing z,

RO (z|w) = H (wU z) — H (w) = z + BA? (B(z, R)\ | B, R)) . (60)

Since K is compact, Z = supgex 2, R = supyex R and 8 = supge |B| are all finite and A is
uniformly bounded:

sup sup sup |1 (z|w)| < z + B(2R)%.

TR HEL we
This local stability property implies [Stability]. Since h? has also finite range 2R, an associated
Gibbs measure exists and the variational principle holds with the existence of the pressure, see
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[22] and [4]. This gives [Existence] and [VarPrin]. Since the application 6 +— H¢(w) is con-
tinuous, the assumption [Argmax] is obviously satisfied. As for [MeanEnergy| we suggest this
decomposition (other one could have been considered)

HY =Y Hior ,+0H],
keZ,
with
Hg(w) = ZNAO(W) + )\d <AO M U B(ZC,R)> . (61)
rTEW

Clearly Ep(Hg) is finite. Moreover for any n > 1
|0HY | < BA? ((An @ B(0,R)) \ (An © B(0,R))) < 4dBR(2n + 2R)*"!

which implies [MeanEnergy]. Similar computations show that assumption [Boundary] holds
as well. Finally, Assumption [Regularity] is a consequence of the following uniform continuity
of HY coming from a simple geometric analysis: for any 0 = (2, R, 3), 0/ = (2/,R’,3') in © (we
assume R < R')

4 z,R, Z'\R, Z'\R, 2z R, Z/\R’, 2z \R',p’
(B — H'| < [He™? — B0 4 (G - 50 Y )
< |z — #/|Na, +2d|8|2R)*|R — R'|Nayen0,r) + 18 — 8-

5.7 Proof of Proposition 2

Since the Quermass-interaction model has an exponential form, it is sufficient to check the assump-
tions of Corollary 1. The existence of the model for any z > 0 and any 3 € R? is proved in [3] while
stability of the interaction follows from [14]. The assumptions [MeanEnergy] and [Boundary]
can be proved as in Section 5.6, see (61), thanks to the additivity of the Minkowski functionals.
The assumption [VarPrin] follows from [4] since the interaction is stable and finite range.
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