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This paper is about some structural properties of integer sequences that occur naturally
in combinatorics on words. Since the fundamental work of Cobham [§], the so-called
automatic sequences have been extensively studied. We refer the reader to [3] for basic
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Abstract

We prove that a sequence satisfying a certain symmetry property is 2-regular
in the sense of Allouche and Shallit, i.e., the Z-module generated by its 2-kernel
is finitely generated. We apply this theorem to develop a general approach for
studying the f-abelian complexity of 2-automatic sequences. In particular, we prove
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definitions and properties. These infinite words over a finite alphabet can be obtained by
iterating a prolongable morphism of constant length to get an infinite word (and then, an
extra letter-to-letter morphism, also called coding, may be applied). As a fundamental
example, the Thue—Morse word t = 0*(0) = 0110100110010110- - - is a fixed point of the
morphism ¢ over the free monoid {0,1}* defined by ¢(0) = 01, o(1) = 10. Similarly,
the period-doubling word p = ¢*(0) = 01000101010001000100- - - is a fixed point of the
morphism ¢ over {0,1}* defined by ¥(0) = 01, ¢ (1) = 00. We will discuss again these
two examples of 2-automatic sequences.

Since an infinite word is just a sequence over N taking values in a finite alphabet, we
use the terms ‘infinite word’ and ‘sequence’ interchangeably.

Let £ > 2 be an integer. One characterization of k-automatic sequences is that their
k-kernels are finite; see [9] or [3, Section 6.6].

Definition 1. The k-kernel of a sequence s = s(n),>o is the set
Ki(s) = {s(k'n + j)p>0 :i>0and 0 < j < k'}.

For instance, the 2-kernel Ky (t) of the Thue-Morse word contains exactly two elements,
namely t and o%(1).

A natural generalization of automatic sequences to sequences on an infinite alphabet is
given by the notion of k-regular sequences. We will restrict ourselves to sequences taking
integer values only.

Definition 2. Let & > 2 be an integer. A sequence s = s(n),>o € Z" is k-reqular if
(K(s)) is a finitely-generated Z-module, i.e., there exist a finite number of sequences
t1(n)n>0, - - -, te(n)n>0 such that every sequence in the k-kernel KCx(s) is a Z-linear combi-
nation of the ¢,’s. Otherwise stated, for all 7 > 0 and for all j € {0,...,k" — 1}, there
exist integers ¢y, ..., ¢y such that

¢
Vn >0, s(k'n+j)= ZCT tr(n).
r=1

There are many natural examples of k-regular sequences [I}, 2]. There is a convenient
matrix representation for k-regular sequences which leads to an efficient algorithm for
computing the values of such a sequence (and many related quantities). See also [4]
Chapter 5] for connections with rational series. In particular, a sequence taking finitely
many values is k-regular if and only if it is k-automatic. The k-regularity of a sequence
provides us with structural information about how the different terms are related to each
other.

A classical measure of complexity of an infinite word x is its factor complexity P
N — N which maps n to the number of distinct factors of length n occurring in x. It
is well known that a k-automatic sequence x has a k-regular factor complexity function
and the sequence (P (n + 1) — P (n))nso is k-automatic. See [6, [7] for a proof and
relevant extensions. As an example, again for the Thue-Morse word, we have

P20 +1) = 2P (n+ 1) and P (20) = PO (0 + 1) + P (n)

2



for all n > 2. See also [10] where a formula was obtained for the factor complexity of
fixed points of some uniform morphisms.

Recently there has been a renewal of interest in abelian notions arising in combinatorics
on words (e.g., avoiding abelian or ¢-abelian patterns, abelian bordered words, etc.). For
instance, two finite words v and v are abelian equivalent if one is obtained by permuting
the letters of the other one, i.e., the two words share the same Parikh vector, ¥(u) = ¥(v).
Since the Thue-Morse word is an infinite concatenation of factors 01 and 10, this word
is abelian periodic of period 2. The abelian complexity of an infinite word x is a function
PY N — N which maps n to the number of distinct factors of length n occurring in x,
counted up to abelian equivalence. Madill and Rampersad [15] provided the first example
of regularity in this setting: the abelian complexity of the paper-folding word (which is
another typical example of an automatic sequence) is unbounded and 2-regular.

Let ¢ > 1 be an integer. Based on [12] the notions of abelian equivalence and thus
abelian complexity were recently extended to f-abelian equivalence and ¢-abelian com-
plexity [13].

Definition 3. Let u, v be two finite words. We let |u|, denote the number of occurrences
of the factor v in u. Two finite words x and y are £-abelian equivalent if |x|, = |y|, for all
words v of length |v| < /.

As an example, the words 011010011 and 001101101 are 2-abelian equivalent but not
3-abelian equivalent (the factor 010 occurs in the first word but not in the second one).
Hence one can define the function P : N — N which maps n to the number of distinct
factors of length n occurring in the infinite word x, counted up to f-abelian equivalence.
That is, we count f-abelian equivalence classes partitioning the set of factors Facy(n) of
length n occurring in x. In particular, for any infinite word x, we have for all n > 0

Pm) <o <PLOn) < PED(0) < - < P ().

X

In this paper, we show that both the period-doubling word and the Thue—Morse
word have 2-abelian complexity sequences which are 2-regular. The computations and
arguments leading to these results permit us to exhibit some similarities between the
two cases and a quite general scheme that we hope can be used again to prove additional
regularity results. Indeed, one conjectures that any k-automatic sequence has an (-abelian
complexity function that is k-reqular.

We mention some other papers containing related work. In [14], the authors studied
the asymptotic behavior of Pt(z) (n) and also derived some recurrence relation showing
that the abelian complexity Pf,l)(n)nzo of the period-doubling word p is 2-regular. In [5],
the abelian complexity of the fixed point v of the non-uniform morphism 0 — 012,1
02,2 — 1 is studied and the authors obtain results similar to those discussed in this
paper. Even though the authors of [5] are not directly interested in the k-regularity of

Tt seems that there is some subtle error in the relation for 73,(31)(471 + 2) proposed in [I4, Lemma 6].
Correct relations are given by [5, Proposition 2] and could also be obtained by Theorem [4| and Proposi-
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77‘(,1) (n)n>0, they derive recurrence relations. From these relations, following the approach
described in this paper, one can possibly prove some regularity result. In particular, the
result of replacing in v all 2’s by 0’s leads back to the period-doubling word. Hence,
Blanchet-Sadri et al. also proved some other relations about the abelian complexity of p.
Given the first few terms of a sequence, one can easily conjecture the potential k-
regularity of this sequence by exhibiting relations that should be satisfied; see [2, Sec-
tion 6] for such a “predictive” algorithm that recognizes regularity. Of course, in such an
algorithm, a finite examination does not lead to a proof of the k-regularity of a sequence.
The first few terms of the 2-abelian complexity Pt(z) (n)n>0 of the Thue-Morse word are

1,2,4,6,8,6,8,10,8,6,8,8, 10, 10, 10,8,8, 6,8, 10, 10,8, 10, 12,12, 10,12, 12, . . ..

The second and last authors of this paper conjectured the 2-regularity of the sequence
P (n)n>0 (and proved some recurrence relations for this sequence) [I7]. Recently, after
hearing a talk given by the last author during the Representing Streams II meeting in
January 2014, Greinecker proved the recurrence relations needed to prove the 2-regularity
of this sequence [I1]. Hopefully, the two approaches are complementary: in this paper,
we prove 2-regularity without exhibiting the explicit recurrence relations.

Let us now describe the content and organization of this paper.

In Section [2] we prove Theorem [ which establishes the 2-regularity of a large family
of sequences satisfying a recurrence relation with a parameter ¢ and 2% initial conditions.
The form of the recurrence implies that sequences in this family exhibit a reflection
symmetry in the values taken over each interval [2¢,2¢F1) for ¢ > ;. For the special
case of the Thue-Morse word, a similar property is shown in [I1]. Computer experiments
suggest that many 2-abelian complexity functions satisfy such a reflection property.

Theorem 4. Let ¢y > 0 and ¢ € Z. Suppose s(n)n,>o is a sequence such that, for all
0 > {y and for all r such that 0 < r < 2 — 1, we have

' ~Js(r)+ec if r < 261
S +r) = {3(2”1 —7r) ifr> 20t (1)

Then s(n),>o is 2-reqular.

The recurrence satisfied by s(n) in Theorem {| reads words from left to right, i.e.,
starting with the most significant digit. Our proof of this theorem will express sequences
in the 2-kernel of s(n),>o as in Definition [2] starting with the least significant digit.

From Equation (1)) one can get some information about the asymptotic behavior of
the sequence s(n),>0. We have s(n) = O(logn), and moreover

s (_4“;—1) s A 20 = (0 | L)) et s (—WO*g”J—l)

for £ > L%%J At the same time, there are many subsequences of s(n),>o which are
constant; for example, s(2°) = ¢ for £ > 4.



Example 5. As an illustration of the reflection property described in Theorem [ we
consider the abelian complexity of the 2-block coding of the period-doubling word p.
(The recurrence satisfied by this sequence is given in Theorem ) Some values of this
sequence are depicted in Figures [I] and [2]

\
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/ \ / \/\
\
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Figure 1: The abelian complexity of block(p, 2) on the intervals [16,32] and [32, 64].

! ! ! ! ! ! ! !
64 72 80 88 96 104 112 120 128

Figure 2: The abelian complexity of block(p,2) on the interval [64, 128].

In Section [3] we collect some general results and definitions about words and k-regular
sequences (in particular stability properties of the set of k-regular sequences under sum
and product) that are needed in the other parts of this paper.

In Section |4 we study the abelian complexity of the 2-block coding x = block(p, 2) of
the period-doubling word p. In particular, we consider the difference Ag(n) between the
maximal and minimal numbers of 0’s occurring in factors of length n in block(p,2). We
prove that the sequences Ay(n),>o and P,(cl)(n)nzo are 2-regular. In Section , we study
the 2-abelian complexity of p. We show that the 2-regularity of Ag(n),>o and P,((l)(n)nzo
implies the 2-regularity of 731(,2) (n).

Sections [6] and [ share some similarities with Sections ] and Bl The reader will see
that the strategy used to prove the 2-regularity of 73,()2) (n) can also be applied to the
Thue—Morse word. Nevertheless, some differences do not permit us to treat the two cases
within a completely unified framework.



In Section |§|, we study the abelian complexity of the 2-block coding y = block(t, 2) of
the Thue-Morse word t. We define A5(n) to be the difference between the maximal total
and minimal total numbers of 1’s and 2’s occurring in factors of length n in block(t, 2).
It turns out that Aja(n) +1 = é,l)(n) and our results can thus be related to [5] and [14].
We prove that Ajy(n),>o and P}(,l)(n)nzo are 2-regular. In Section EI, we show that the
2-regularity of P,SQ)(n) follows from the 2-regularity of Ais(n),>o and P§1)(n)n20.

Finally, in Section [8 we suggest a direction for future work.
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2 Sequences satisfying a reflection symmetry

The aim of this section is to prove Theorem [ stated in the introduction. Before proving
it in generality, we first examine the sequence satisfying the recurrence for ¢, = 0 and
¢ = 1. It will turn out that the general solution can be expressed naturally in terms of
this sequence.

Let A(0) = 0. For each £ > 0 and 0 <7 < 2°—1, let

A(r)+1 it r <21
AR — ) ifr > 20

A4 ) = {



The sequence A(n),>o is
0,1,1,2,1,2,2,2,1,2,2.3,2,3,2,2, . ..

and appears as [16, A007302|. Allouche and Shallit [2| Example 12] identified this sequence
as an example of a regular sequence. We include a proof here.

Proposition 6. For all n > 0 we have

A(2n) = A(n)
ABn+1)=A(4n+1)
ABn+3)=A2n+1)+1
ABn+5)=A2n+1)+1
ABn+7) = A(4n + 3).

In particular, A(n),>o is 2-reqular.

Proof. This proof is typical of many of the proofs throughout the paper. We work by
induction on n. The case n = 0 can be checked easily using the first few values of the
sequence A(n),>o. Therefore, let n > 1 and assume that the recurrence holds for all
values less than n. Write n = 2+ with ¢ > 0 and 0 < r < 2¢ — 1.

First let us address the equation A(2n) = A(n). If 0 <r < 271 then

A(2n) = A2 + 27‘)
= A(2r ) (by Equation ((2)))
= A(r) + (by induction hypothesis)
= A2 + ) (by Equation ([2)))
= A(n).

On the other hand, if 27! < r < 2, then

A(2n) = A2 4 2r)
= A2 —2r) (by Equation (2)))
= A2 — ) (by induction hypothesis)
= A2 +7) (by Equation ([2)))
= A(n).

Next we consider A(8n + 1) = A(4n +1). If 0 < r < 271 — 1, then

A8n+1) = A2 +8r +1)
=ABr+1)+1 (by Equation ([2]))
=Aldr+1)+1 (by induction hypothesis)
=A@ +4r +1) (by Equation (2)))
= A(4n +1).


http://oeis.org/A007302

If 2671 < r < 2¢, then

ABn+1) = A2 +8r +1)

= A2 —8r —1) (by Equation (2))
= A —8r —8+7)
= A2 —4r —4+3) (by induction hypothesis)
= A2 — (4r + 1))
= A2 +4r +1) (by Equation (2))
= A(4n +1).

The equations for A(8n + 3), A(8n +5) and A(8n + 7) are handled similarly. O

Now we prove Theorem . We show that for general ¢, > 0, a sequence s(n),>o
satisfying the recurrence can be written in terms of A(n),>o.

Proof of Theorem[J]. There are 2% initial conditions for the recurrence, namely s(0), ...,
s(2% —1). We claim that most of the 272 subsequences of the form s(2°%2n + i),
depend on only one of the initial conditions s(j); each of these subsequences is essentially
A(n)p>0, A(4n+1),50, A(2n+1),>0, or A(4n+3),>0. Furthermore, each of the remaining
subsequences is equal to s(2%n + j) + ¢ for some j. More precisely, for 0 < i < 2%+2 1
and n > 0 we have the identity

3(2%*271 +1) =
c A(n) + 5(0) if i =0
cA(4n+1)—c+s() if1<i<2%—-1
cA(dn + 1) + s(0) if 4 = 2%
s(2fn 44 —2%) +¢ if 200 41 < ¢ < 2% 42671 1
cA(2n + 1) + s(|i — 2%F1|) if 2% 4 20— < j < 2fo+l 4 Dfo—d
s(2fn 44 — 2%F1) 4 ¢ if 20+l 4 2f=1 41 < j < 20t 4 20
c A(4n + 3) + s(0) if § = 20+l 4 2b
LcA(4n + 3) — ¢+ s(2072 —4) if 20T 4 200 ] <j < 2f0F2 1,

(Note the symmetry among the eight cases, which reflects the symmetry s(2¢ + r) =
s(251 — 1) of the recurrence for r > 2¢71.) Tt will follow from this identity that the Z-
module generated by the 2-kernel of s(n),>q is generated by the sequences s(2‘n + j),>0
for 0 <0 <flp+1and 0<j<2°—1, A(n)p>0, A(dn+1),50, A(2n+1)n>0, A(4n+3) >0,
and the constant 1 sequence. In particular, this module is finitely generated.

We prove the identity by induction on n. Recall that for all £ > ¢, and for all r such
that 0 < r < 2¢ — 1, we have Equation , ie.,

3 < 9t-1
8(25_'_7”):{8(7")4-6 if r <2

s(24 — ) if r > 2071
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For n = 0, one uses A(1) = 1 and A(3) = 2 to verify that all eight cases of the identity
hold. Inductively, let n > 1, and assume the identity is true for all n’ < n. Write n = 2¢4-r
with £ > 0and 0 <r < 2f — 1.
First we consider the case 0 < r < 21 — 1. For all i € {0,...2%%2 — 1}, we have
2£0+2T 44 < 2(€o+2+é)—1 . 17 SO
(2020 4 i) = s(20TH 4 (202 4+ 4))
= 5202 L i) + ¢ (by Equation (I))).
If 1 <4< 2% —1, then the induction hypothesis now gives
s(2902n 4 4) = s(2° % + i) + ¢

=cA4r+1)+s(i)

=c(AQ"? +4r+1) — 1) + s(i)

=cA(dn+1) — c+ s(i),
where we have used A(2"2 4 4r +1) = A(4r + 1) + 1 from the recurrence for A(n), since
4r + 1 < 20+2)=1 " The other seven intervals for i are verified similarly; in each case one
applies the induction hypothesis to s(2°72r +i)+c and then uses the recurrence for either
A(n) or s(n) to raise an argument in 7 to an argument in n.

It remains to consider 271 < r < 2¢ — 1. First we address the case i = 0. If r = 2¢-1
then

8(2€0+2n + Z) — S<2€o+2+€ + 260+2+€—1)

= 5(20F2) ¢ (by Equation (1))
=cARY +5(0) +c (by inductive hypothesis)
=c(A2 +2") = 1) +s(0) + ¢ (by Equation (2))

=cA(n) + s(0)
as desired. Alternatively, if 2671 < 7 < 2¢ — 1 then 2f0+2p > 20 +2+0-1 4

8(2@0+2n + Z) — S(2fo+2+f + 250+2r>

= (2l _ glot2y) (by Equation ([1f))
— 5(20+2(21 _ ) 4 ()

=c A2 — )+ 5(0) (by inductive hypothesis)
= cA(2" + 1) + s(0) (by Equation (2))

=cA(n) + s(0).
Therefore it remains to consider 2671 <r < 2¢—1 for 1 <i < 2%+2 _ 1. In this range
we have 20012y 4§ > 2o +2+0-1 ¢
s(20%2 4 ) = (2L0+2H | (2lo+2 | 4
= s(20rH — gty — i) (by Equation ([1]))

= 5(272n/ 4-4),



where n/ = 241 —r — 1 and ' = 2%%2 — 4. We prove the identity for the seven intervals
for ¢ using the same steps we have already used several times; we have just applied the
recurrence for s(n), so next we use the induction hypothesis, followed by the recurrence for
A(n) or s(n), depending on which term appears. For the first interval, if 1 <7 < 2% — 1,
then 2f0F! 420 1 < ¢/ < 200%2 _ 1 50

s(207T2n + i) = s(2%2n/ +-7)

=cA(4n +3) —c+ (2072 — 7)) (by inductive hypothesis)

= c A2 — (4r +1)) — c+ s(4)

=cAQR™M? +dr +1) — c+ s(3) (by Equation ({2)))
=cA(dn+1) — c+ s(i).

The proofs for the remaining six intervals are routine at this point, so we omit the steps
here. O]

Example 7. In Section |4] we will use Theorem || with ¢y = 2 to conclude that Ay(n),>0

and P,((l)(n)nzo are 2-regular for the period-doubling word. For ¢y = 2 the value of
s(16n +1) is

cA(n) + s(0) ifi=0
cA(4n+ 1) —c+ s(4) if1<i<3
cA(dn +1) + s(0) ifi =4
Sl 1) — JsUn 1) +e ifi =5
cA2n+1) +s(li—8))  if6<i<10
s(4n+3) +c ifi =11
cA(4n +3) + s(0) if i =12
(cA(4n +3) —c+s(16 —1) if 13 <4 < 15.

In Section [0 we will use Theorem [i] with £y = 1 to conclude that Ai(n),>¢ is 2-regular
for the Thue—Morse word.

3 About regular sequences and words

We will often make use of the following composition theorem for a function F' defined
piecewise on several k-automatic sets.

Lemma 8. Let k > 2. Let Pi,...,P : N — {0,1} be unary predicates that are k-
automatic. Let fy,..., f; be k-reqular functions. The function F': N — N defined by

¢
= Zfi(n)P

18 k-reqular.

10



Proof. Tt is a direct consequence of [I, Theorem 2.5]: if s(n),>o and t(n),>o are k-regular,
then (s(n) + t(n))n>0 and (s(n)t(n))n>o are both k-regular sequences. Recall that k-
automatic sequences are special cases of k-regular sequences. O

Note that if, for each n, there is exactly one i such that P;(n) = 1, then we can write

This is the setting in which we will apply Lemma [§]
We will also make use of the following classical results.

Lemma 9. [i, Theorem 2.3] Let k > 2 be an integer. A sequence taking finitely many
values is k-reqular if and only if it is k-automatic.

Lemma 10. [1, Corollary 2.4] Let k,m > 2 be integers. If a sequence s(n),>o is k-reqular,
then (s(n) mod m),>o is k-automatic.

Lemma 11. Let k > 2 be an integer. Let s(n),>o be a sequence. The sequence s(n)n>o
is k-regular if and only if s(n + 1),>0 is k-reqular.

Proof. 1t is a direct consequence of two results stated in [I], namely Theorem 2.6 and its
following remark. O]

Let us now give some definitions about combinatorics on words.

Definition 12. If a word w starts with the letter a, then a~'w denotes the word obtained
from w by deleting its first letter. Similarly, if a word w ends with the letter a, then wa ™!
denotes the word obtained from w by deleting its last letter. As usual, we let |w| denote
the length of the finite word w. If a is a letter, we let |w|, denote the number of occurrences
of ainw. If w=wp---wy_q, then we let w? = w,_; - - - wy denote the reversal of w. Our
convention is that we index letters in an infinite word beginning with 0.

Since we are interested in ¢-abelian complexity, it is natural to consider the following
operation that permits us to compare factors of length ¢ occurring in an infinite word.
Indeed, if two finite words are f-abelian equivalent, then their /-block codings are abelian
equivalent (but the converse does not hold).

Definition 13. Let ¢ > 1. The (-block coding of the word w = wowjws --- over the
alphabet A is the word

block(w)f) = (wo . .weil) (wl . .we) (w2 .. .we+1) e (wj .. .wj+£71) e

11



over the alphabet A°. If A = {0,...,7 — 1}, then it is convenient to identify A® with the
set {0,...,7* — 1} and each word wy - - - wy_; of length ¢ is thus replaced with the integer
obtained by reading the word in base r, i.e.,

One can also define accordingly the ¢-block coding of a finite word u of length at least ¢.
The resulting word block(u, ¢) has length |u| — ¢ + 1.

Example 14. The 2-block codings of 011010011 and 001101101 are respectively 13212013
and 01321321, which are abelian equivalent.

Lemma 15. [13, Lemma 2.53] Let £ > 1. Two finite words u and v of length at least £ — 1
are (-abelian equivalent if and only if they share the same prefiz (resp. suffix) of length
¢ — 1 and the words block(u, ) and block(v, () are abelian equivalent.

It is well known that the ¢-block coding of a k-automatic sequence is again a k-
automatic sequence [8]. (Note that the operation of ¢-block compression that one also
encounters in the literature is not the same as the ¢-block coding given in Definition [13])

Example 16. For the period-doubling word p, the 2-block coding is given by
block(p, 2) = ¢“(1) = 12001212120012001200121212001212 - - -

where ¢ is the morphism over {0, 1,2}* defined by ¢ : 0 — 12,1 +— 12,2 +— 00.

Example 17. For the Thue-Morse word t, the 2-block coding is given by
block(t, 2) = v¥(1) = 132120132012132120121320 - - -

where v is the morphism over {0, 1,2,3}* defined by v : 0 — 12,1 — 13, 2 — 20,3 — 21.

4 Abelian complexity of block(p, 2)

We let x denote block(p, 2) = 12001212120012001200121212001212 - - - | the 2-block cod-
ing of p, introduced in Example [I6] We consider in this section the abelian complexity
of x and then, in Section , we compare P (n) with PS (n).

Definition 18. We will make use of functions related to the number of 0’s in the factors
of x of a given length. Let n € N. We let maxg(n) (resp. ming(n)) denote the maximum
(resp. minimum) number of 0’s in a factor of x of length n. Let Ag(n) = maxg(n)—ming(n)
be the difference between these two values.

Each of the Ag(n) 4+ 1 integers in the interval [ming(n), maxg(n)] is attained as the
number of 0’s in some factor of x of length n, since when we slide a window of length n
along x from a factor with ming(n) zeros to a factor with maxg(n) zeros, the number of
0’s changes by at most 1 per step.
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Lemma 19. If n is even, then maxy(n), ming(n) and Ag(n) are even.

Proof. Suppose a factor w = wy - - - wy, of x of even length 2n has an odd number ng of
zeros. Since ¢(0) = ¢(1) = 12 and ¢(2) = 00, the factor w starts or ends with 0. Without
loss of generality, assume it starts with w; = 0. Then its last letter must be wy, = 1.
The words OQwy - - - wsg,_1 and ws - - - wy,2 are two factors of length 2n with respectively
no + 1 and ng — 1 zeros. Hence, these two factors have even numbers of zeros which are
respectively greater than and less than ny. The conclusion follows. O

We give two related proofs of the 2-regularity of the sequence P,&l)(n)nzo. The first
uses the following proposition, which we prove in Section [4.1], together with the fact that
Ag(n)n>o is 2-regular and the two sequences (Ag(n) mod 2),>9 and (ming(n) mod 2),>9
are 2-automatic (see Section , Corollary . Then the 2-regularity of the sequence

P,((l)(n)nzo will follow from Lemma [8|
Proposition 20. Forn € N,
SNo(n) + 3 if Ao(n) is odd
P (n) = 2Ag(n)+1 if Ag(n) and n — ming(n) are even

2
SAo(n) +2 if Ao(n) and n — ming(n) + 1 are even.

In the second proof, we prove in Section the following theorem, which allows us to
apply our general result expressed by Theorem [4

Theorem 21. Let ¢ > 2 and r such that 0 < r < 2¢ — 1. We have

PO +3  ifr <2t
1

P (2f —
x (2 47) P)(()(Q”l—r) if 1> 2071,

In particular, the sequence P,gl)(n)nzg is 2-reqular.

From Theorem [21| we see that P{(2¢) = PY(0) + 3 = 4 for all £ > 2. Additionally,
one can check that P (2!) = 4.

4.1 Proof of Proposition

First we mention some properties of factors of the word x.
Lemma 22. The set of factors of x of length 2 is Fack(2) = {00,01,12,20,21}.

Proof. 1t is easy to check that these five words are factors. To prove that they are the
only ones, it is enough to check that for any element w in {00,01,12,20,21} the three
factors of length 2 of ¢(u) are in {00,01, 12,20, 21}. O

Lemma 23. If w is a factor of x then ||w|1 - |w|2’ < 1. In particular, the letters 1 and
2 alternate in the sequence obtained from x after erasing the 0’s.

13



Proof. Let w be a factor of x. There are two cases to consider.

If w can be de-substituted (that is, w = ¢(v) for some v), then |w|; = |w|s since
|p(i)|1 = |o(i)|2 for all i € {0,1,2}.

If w cannot be de-substituted, then either w has even length and occurs at an odd
index in x, or w has odd length. If w has odd length, then deleting either the first or
last letter results in a word that can be de-substituted, so ||w[; — [w|s| < 1. If w has
even length and occurs at an odd index, then its first letter is 0 or 2 and its last letter is
0 or 1; deleting the first and last letters results in a word that can be de-substituted, so
|[wly = fwls| < 1.

Finally, observe that if for all factors of a word u, the numbers of two letters x and y
differ by at most 1, then x and y alternate in w. O]

Lemma 24. Let 7 be the morphism defined by 7 : 0 +— 0,1 — 2,2+ 1. If w is a factor
of x, then T(w)® is also a factor of x.

Proof. We first prove by induction that

T(¢(2ul)) = ¢(r(12u)")

for every factor of the form 2ul of x.

One checks that this is true for 21 and 2001. If 2ul is a factor not equal to 21 nor
2001, then u must contain a 2 and we can write 2ul = 2u’12u”1 where 2u'1 and 2u”1 are
factors of x. By the induction hypothesis we have

7(p(2ul))® o(2u' 12u”1))R
$(2u"1)) 7 (p(2u/'1))"

(&(
(&(
(r(12u")")p(r(120)%)
(m(
(m(

T(12u/12u")1)
12u)%).

Il
S © & 23 9

T

We now prove the lemma by induction on the length of w. One can check by hand
that the lemma is true for w of length at most 15. Assume the lemma is true for every
factor of length at most n > 15, and let w be a factor of length n + 1. Then w is a factor
of ¢(v) for some factor v of x with ”T“ < |yl < ”T*?’

Since all factors of length 4 contain a 1 and a 2, there exists a factor v such that v is
a factor of 2ul and |2ul| < 2 + 6. In particular, w is a factor of ¢(2ul) and 7(w)? is a
factor of 7(¢(2ul))®. To obtain the conclusion, we just need to show that 7(¢(2ul))®
a factor of x.

As by Lemma[22] a 2 is always preceded by a 1 in x, the word 12u is a factor of x and it
has length [12u| < ®£2 +6 < n. By induction hypothesis, 7(12u)® is a factor of x. Hence
é(7(12u)R) is also a factor. Finally, using the previous result, 7(¢(2ul))® = ¢(7(12u)R)
is a factor of x. O

We can now express 73,((1) in terms of A,.
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Proof of Proposition [20. Let w be a factor of x of length |w| = n.

If jw| —|wlo = |w|i +]|wl is even, it follows from Lemmal[23|that |w|; = |wl|s. Therefore
every factor of length n containing exactly |wl|o zeros is abelian-equivalent to w, so the
pair (n, |w|y) determines a unique abelian equivalence class of factors.

If |w| — |w|y is odd, then by Lemma [23 either |w|; = |w|y + 1 or |w|y = |w]y + 1.
By Lemma [24] there is another factor, v = 7(w)®, of length n, with |v|y = |w|y and
|v|y — |v|]2 = |w|a — |w];. Therefore both possibilities occur, so the number of abelian
equivalence classes corresponding to a pair (n, |wlp) is 2.

There are Ag(n)+1 possible values for the number of 0’s in a factor of length n. Since
each value occurs for some factor, we have

73(1)( ) rnaxzo(n) 1 ifn—1iseven
’[’L =
* 2 ifn—1is odd

i=ming(n)

B n_ni)(n) 1 if jis even
B 2 if j is odd.

j=n—maxg(n)

Therefore P,(cl)(n) = 3A¢(n) + ¢(n), where c¢(n) depends only on the parities of Ag(n) and
n — ming(n); computing four explicit values allows one to determine the values of ¢(n)
and obtain the equation claimed for P,((l)(n). O

4.2  Ay(n)p>o is 2-regular, (ming(n) mod 2),>¢ is 2-automatic
In this section, we prove the following result.
Proposition 25. Let £ > 2 and r such that 0 < r < 2¢©. We have

Ao(r) + 2 if r < 261

Ag(2° =
o2 +7) {AO(QZ“ —7r) ifr>20h

Moreover,

ming(r) (mod 2) if r < 2671
ming (21 — r) + Ag(21 — 1) (mod 2) ifr > 2071

ming (2 + 1) = {
Before giving the proof, we prove a corollary. The 2-regularity of P,(cl)(n)nzo follows
from Proposition 20| and Corollary [26]
Corollary 26. The following statements are true.
e The sequence Ao(n),>o is 2-regular.
o The sequence (Ag(n) mod 2),>¢ is 2-automatic.

e The sequence (ming(n) mod 2),>¢ is 2-automatic.
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Proof. The first assertion is a direct consequence of Proposition 25| and Theorem [l Note
that one can obtain explicit relations satisfied by Ag(n),>¢ from Example . The second
assertion follows from Lemma [I0l

For the last assertion, for i € {0,...,31} we prove that, modulo 2,

(ming(8n + 1) ifi € {1,5,9,17,25}
ming(8n +3) ifi =11
)

)

ming(32n +4) = < ming(8n +5) if 1 = 21
ming(8n + 7) if ¢ € {7,15,23,27,31}
\O otherwise
and
Ao(8n+1) ifie {1,5,9,17,25}

Ao(32n+14) = { Ag(8n +5) ifi =21
if i € {7,15,23,27,31}

0 otherwise.

By Lemma [19] we already know that ming(2n) = A¢(2n) =0 (mod 2) for any n € N.
Hence the relations above are true for ¢ even. We prove the other relations by induction
on n. They are true for n = 0. Let n > 0 and assume the relations are satisfied for all
n’ such that 0 < n’ < n. We can write n = 2/ + 7 with ¢ > 0 and 0 < r < 2. Let
i€ {l,...,31} be odd.

Assume first that r» < 271, We have 32n + i = 25 4+ 32r 4+ and 32r + i < 24,

( )
( )
( )

ming(32n + i) = ming(32r + ) (Proposition
= ming(8r + j) (induction)
= ming (2" + 8r + ) (Proposition
= miny(8n + j) (mod 2)
for some 7 € {0,...,7} according to the relations. A similar reasoning holds for the Ay

relations.
Assume now that r > 21, Since 32r + i > 2™, we have

ming(32n 4 4) = ming (27 — 32r — ) + A (270 — 321 — ) (Proposition
= ming(32n’ + j) + Ao(32n" + j) (mod 2)
with j =32 — i and n/ =2t —r — 1. If i € {3,13,19,29}, then j € {3,13,19,29}. By

the induction hypothesis, ming(32n’ + j) = A¢(32n' 4+ j) = 0 (mod 2) and we are done.
For the remaining cases, 4,7 ¢ {3,13,19,29}. As miny and A, satisfy the same
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recurrence relations, by the induction hypothesis, there exists k € {1,3,5,7} such that

ming(32n + 4) = ming(8n’ + k) + Ao(8n' + k)

= ming (27 — (8r +8 — k)) + Ag(2™* — (8r +8 — k))
ming (273 + (8r +8 — k) (Proposition
ming(8n + (8 — k)) (mod 2).

Observe that the value of 8 — k is the value given in the relation for ¢. This concludes the
proof of the ming relations. A similar argument works for the Aq relations. ]

We break the proof of Proposition [25]into three parts, covered by Lemmas [27], 29 and
BI] We first deal with powers of 2.

Lemma 27. Let ( €N, £ > 1. We have P (2) = 4,
Ao(2°) = 2, maxo(2°) = 2° — ming(2°) and ming(2) = 2° — max(2°).

Proof. Recall that ¥(w) = (Jw|o, |w|1, |wl|s) is the Parikh vector of w. We show by induc-
tion that

{U(w) : w factor of x with |w| = 2}
= {PE + (07070)7P€ + (_27 17 1)7P€ + (_17 170)>P€ + (_1707 1)}

and that

P, if / is even
W(g'(0) =14 Lo
P+ (—2,1,1) if ¢ is odd

P+ (=2,1,1) if £is even
W) = LD
P, if £ is odd,

where P = (254, 222 222 if i odd and P, = (252, 251 221 if £ is even. Since Parikh
vectors of factors of length 2¢ can take exactly four values, the conclusion is immediate.

The result is true for £ € {1,2}. Let £ > 2 and assume the result holds for £ — 1. Let
w be a factor of length 2¢.

If w can be de-substituted, then w = ¢(v) for some factor v of length 27! and
U(w) = (2|v|g, |v]o + |v]1,|v|o + |v]1). Using the induction hypothesis, it is easy to check
that W(w) = P, or ¥(w) = P+ (—2,1,1) and that the equalities for W(¢%(0)), ¥(44(2))
are satisfied.

If w cannot be de-substituted, then w occurs at an odd index in x and w is of the

form
016()0, 16w, 071 or  176()0

for some factor v of length 2/~1. If w is of one of the first two forms, then ¥(w) = ¥(¢(v))
and VU(w) = Py or ¥(w) = P+ (—2,1,1) (as in the previous case).
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If w=0"'¢(v)l, then w can also be written as w = 0¢(u)2~! for some factor u of
length 2¢71. So both Parikh vectors ¥(¢(v)) and ¥(¢(u)) belong to { Py, Py + (—2,1,1)}.
Since by construction ¢(v) has two more zeros than ¢(u), we obtain V(¢(v)) = P, and
U(b(u)) = Py + (~2,1,1). Thus T(w) = U(¢(v)) + (—1,1,0) = P+ (—1, 1,0).

Similarly, if w = 171¢(v)0, then ¥(w) = P, + (—1,0,1).

To conclude the proof, we just need to show that these four cases actually occur for
all £. Since {¥(¢%(0)), ¥(¢*(2))} = {Ps, Py + (—2,1,1)}, consider all factors of length 2°
occurring between two consecutive occurrences of U(¢*(0)) and ¥(¢*(2)). By continuit,
of the number of 0’s, one of these factors must have a Parikh vector equal to Py+(—1,1,0)
or P;+(—1,0,1). Using Lemma[24] we obtain that w is a factor of length 2¢ with ¥(w) =
P;+(—1,1,0) if and only if 7(w)® is a factor of length 2¢ with ¥(w) = P;+(—1,0,1). So
all four values actually occur. O

To show Lemmas 29 and [31], we first prove the following technical result.

Lemma 28. Let u be a factor of x of lengthmn > 1. Let maxy(n) (resp. ming(n)) denote the
mazximum (resp. minimum,) of {|wly : w factor of x of length n}. We have |u|s = maxy(n)
if and only if |p(u)|o = maxg(2n), and |u|s = miny(n) if and only if |¢(u)|op = ming(2n).

Proof. For the first assertion, assume that |u|s = maxs(n) and suppose that |p(u)|p <
maxg(2n). Note that |¢p(u)|o = 2|u|s by definition of ¢. Let v be a factor of length 2n
such that vy = maxg(2n), which is even by Lemma[19] In addition, we can assume that
v starts with 00. Indeed, if it is not the case, then either v starts with 01 and ends with
0, or v is of the form t00s where ¢ does not contain any zero. In the first case, we can
consider the word 0v0~! that starts with 00 and has maxg(2n) zeros. In the second case,
we can consider the word 00sw for some w with |w| = |t|. This factor has also maxg(2n)
zeros. Therefore v can be de-substituted. So v = ¢(z) and |z|s = $|v|o > |u|s, which is a
contradiction.

For the other direction, assume |¢(u)|o = max(2n) and suppose |u|s does not maxi-
mize the number of 2’s. Then there exists a factor v of length n such that |v]s = maxs(n).
Hence,

[6(v)]o = 2[v]2 > 2Juls = |¢(u)]o = maxo(2n),

which is a contradiction. Similar arguments hold for the second assertion. O]

Lemma 29. If¢{>2 and 0 < r <271 then

maxg(2° + 1) = max(2%) + maxq(r),

ming(2° 4+ 7) = ming(2°) + ming(r).

Proof. We work by induction on ¢. One checks the case ¢ = 2. Let ¢ > 2 and assume the
statements are true for £ — 1. Let r such that 0 < r < 2671,

Assume first that r is even. We shall exhibit a factor of length 2¢ + r that has
maxg(2°) +maxo(r) zeros and maximizes the number of 0’s. By the induction hypothesis,

2We mean by continuity that the number of 0’s is varying by at most 1 between two factors of the
same length starting at consecutive indexes.
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the result is true for 271 + /2. So there exists a factor u of length 2¢=1 + r/2 with
ming (27! 4+ r/2) = ming(2°7!) + ming(r/2) zeros. In addition, we can assume that u
maximizes the number of 2’s. Indeed, since |u|g = ming (271 +7/2), |ul; + |ul, is maximal
among all factors of length 2°=1+7 /2. If the number of 1 and 2 in u is even, then |uls = |u|;
is maximal. Otherwise, either |uly = |u|; + 1 and |u|y is maximal, or |u|y = |u|; — 1 and u
does not maximize the number of 2’s. In the last case, by Lemma[24] we can consider the
factor 7(u)® which satisfies |7(u)®|o = |ulo and |7(u)®|; = |u|;. Hence, 7(u)® minimizes
the number of 0’s and maximizes the number of 2’s.

Let us write u = vw with |[v| = 271 and |w| = r/2. Then, as |v|g + |w|o = |ulo =
ming(2¢71) + ming(r/2), the words v and w minimize the number of 0’s for words of their
respective lengths. The word v maximizes also the number of 2’s for factors of length
21 because |v| and |v|y = ming(2¢7!) are even by Lemma and so is |v]; + |v|2. Since
u maximizes the number of 2’s and |v|s = |v];, the word w also maximizes the number of
2’s. Hence, by Lemma 28] ¢(u), ¢(v) and ¢(w) maximize the number of 0’s for words of
their respective lengths. Thus,

maxo(2° +7) = [d(u)]o = [¢(v)|o + |¢(w)]o = maxo(2°) + max(r).
If r is odd, we still have 0 < r —1 < r+1 < 27! and we can use the previous results:

maxg(2° + 7 — 1) = max(2°) + maxy(r — 1),

maxg(2° + 7 + 1) = max(2°) + maxy(r + 1).

Note that maxg is even for even values and can only grow by 0 or 1. So there are two
cases to consider: either maxg(2f 4+ r + 1) = maxo(2° +r — 1) or maxo(2* +r + 1) =
maxg(2f +7r — 1) + 2.

If the two maxima are equal, then maxy(r + 1) = maxg(r — 1), maxy(2° + r) =
maxg(2°+7—1) and maxg(r) = maxo(r—1), and we are done. Otherwise, the two maxima
differ by 2, and then maxg(r + 1) = maxo(r — 1) + 2, maxo(2° +r) = maxg(2° +r—1) + 1
and maxg(r) = maxg(r — 1) 4+ 1, and we are done.

A similar proof shows that ming(2° + r) = ming(2¢) + ming(r). O

Lemma [31] will follow directly from the following lemma.
Lemma 30. If¢{ > 2 and 271 <r < 2, then
maxg(2°7) = maxg(2¢ + r) + ming(2° — ),
ming (2°7) = ming(2° + 7) + max(2° — 7).

Moreover, there is a factor of length 21 mazimizing (resp. minimizing) the number of
0’s such that the prefiz of length 2° + v also mazimizes (resp. minimizes) the number of
0’s. In addition, the first equality maxo(2°T1) = maxo(2¢ + r) + ming(2° — 1) holds even if
(=1.
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Proof. We proceed by induction on ¢. One checks that the results are true for ¢ = 2 and,
for the first equality, for £ = 1. Let £ > 2 and assume both equalities hold for ¢ — 1. Let
r such that 2071 < r < 20,

Assume first that r is even. By the induction hypothesis, there exists a factor u = vw
of length 2¢ such that

|ulo = ming(2°) = ming(2°"" 4 r/2) + max, (2! — r/2),

lv] =241 4+ 7/2 and v minimizes the number of 0’s. Hence, |v|o = ming(2°~ + r/2) and
lw|p = maxq (21 — r/2).

Observe that v maximizes the number of 2’s as |u| and |u|y = ming(2¢) are even. In
addition, we can assume that v also maximizes the number of 2’s. Indeed, if v is of even
length, |v]p = ming(2¢7! 4 r/2) implies |v], is maximal. If v is of odd length and v does
not maximize the number of 2’s, then it ends with 1. Thus, v is followed by a 2. In
particular, v occurs at an even index in x. So is v and u12 or u00 is a factor of x. If ul12
is a factor, then consider, instead of u, v’ = 2z~ 'ul where z denotes the first letter of u. In
that case, the prefix of length 261 +7/2 of ' is 2~ 'v2. It still minimizes the number of 0s
and now maximizes the number of 2’s. Assume now that 400 is a factor. Observe that x
is the fixed point of ¢. So it is also the fixed point of ¢?. Therefore, x is a concatenation
of blocks of length 4 of the form ¢?(0) = ¢*(1) = 1200 and ¢?*(2) = 1212. Since w00 is a
factor of x, the only extension of this factor is 12u00 as |u| = 2 = 0 (mod 4). Consider
then v/ = 2u2~1.

Since |ul; = |uls and |v]y > |v|i, |w]i > |w]s. Thus, as |w|p = maxe(2°! —r/2), w
minimizes the number of 2’s. By Lemma 28] we obtain |¢(u)|o = maxy(2°1), [p(v)]o =
maxg(2° + 1), |¢(w)]o = ming(2° —r). So

maxo(2°) = |p(u)|o = |o(v)]o + |d(w)]o

= max(2° + r) 4+ ming(2° — 7).

We can show similarly that ming(2¢71) = ming(2° + r) + maxo(2° — r). Note that in
this case, we can assume that the factor u with |u|y = maxy(2%), given by the induction
hypothesis, starts with 00 as in the proof of Lemma [28|

Assume now that r is odd. Then 27! < r —1 < r + 1 < 2° and we can apply the
previous result:

max(2°) = maxo(2° +r — 1) + ming(2° — r + 1)
= maxg(2° + 7 + 1) + ming(2° —r — 1).

Since maxg is even for even values and can only grow by 0 or 1, there are two cases to
consider: either maxg(2¢+r—1) = maxg(2°+7+1) or maxy(2f+r—1)+2 = maxg(2°+r+1).

If the two maxima are equal, then ming(2 — r 4+ 1) = ming(2° — r — 1) = ming(2° —r)
and maxg(2° +r) = maxy(2° +r — 1), and we are done. Otherwise, the two maxima differ
by 2, and then ming(2°—r+1)—2 = ming(2*—r—1). So max(2‘+r) = maxg(2°+r—1)+1
and ming(2¢ — 7) = ming(2° — r + 1) — 1, and we are done. Using similar argument, we
can conclude that ming(2¢™) = ming (2 + r) + maxy(2° — ).
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For the construction of the factors, one can construct them using the factors ¢(u) and
¢(u') given for r — 1 and r 4+ 1 in the previous construction. We consider the same two
cases as before.

If the maxima are equal, then maxg(2°+r) = maxy(2°+r —1). By construction, ¢(u)
has a prefix ¢(v) of length 2° 47 — 1, maximizing the number of 0’s. The letter z following
the prefix ¢(v) in ¢(u) is not a 0. Otherwise, ¢(v)0 would be a factor of length 2¢ + r
with maxg(2¢ + r) + 1 zeros, which is a contradiction. Hence, ¢(v)z is a prefix of length
2¢ + 1 of ¢(u) that maximizes the number of 0’s.

If maxo(2° +7r — 1) + 2 = maxo(2° +r + 1), then maxg(2¢ +r) = maxo(2° +r+1) — 1.
By construction, ¢(u’) has a prefix ¢(v') of length 2 + r + 1, maximizing the number
of 0’s. This prefix must end with 0. Otherwise, deleting the last letter of ¢(v") would
give a factor of length 2¢ 4+ r with maxy(2’ + r + 1) = max((2° + r) + 1 zeros, which is
a contradiction. Hence, ¢(v')07! is a prefix of length 2¢ + r of ¢(u') that maximizes the
number of 0’s.

A similar construction yields a factor of length 2! minimizing the number of 0’s such
that the prefix of length 2¢ 4+ r also minimizes the number of 0’s. [

The previous lemma permits us to reformulate some relations between the two se-
quences maxg(n),>o and ming(n),>o.

Lemma 31. If{ > 2 and 271 < r < 2, then
maxo(2° + r) = 2 — ming (27 — 1),
ming(2° + r) = 2° — max, (27" —r).
The first equality holds even if £ = 1.

Proof. One can check the first equality for £ = 1. Let £ > 2 and r such that 27! < r < 2%,
From the previous lemma, we have

max(2° 4 r) = maxy(2°7!) — ming(2° — ).

Note that, by Lemma [27] we have maxy(2*1) = 2 — ming(2‘). Moreover, by Lemma 29
since 0 < 26 —r < 26, we get,

ming(2°) + ming(2° — 7) = ming (2 + 2° —r).
Since similar relations hold when exchanging ming and maxg, the conclusion follows. [J

The proof of Proposition 25| about the reflection relation satisfied by Ag(n) and the
recurrence relation of ming(n) is now immediate.

Proof of Proposition[25. Let £ > 2. For r such that 0 < r < 27! subtracting the two
relations provided by Lemma 29| gives Ag(2° + 1) = Ag(2¢) + Ag(r) and we can conclude
using the first relation given in Lemma [27, Ay(2¢) = 2. Furthermore, ming(2¢ + r) =
ming(2¢) + ming(r) (mod 2) by Lemma The expression for ming(2° + ) follows since
ming(2¢) = 0 (mod 2) by Lemma
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For 27! < r < 2°, subtracting the two relations provided by Lemma [31] permits us to
conclude the proof of the expression claimed for Ay(2° + 7). Moreover, using Lemma ,
we get

ming(2° + 7) = max(2° —7)  (mod 2)

= ming (27 — ) + A2 —7) (mod 2).00

4.3 Another proof of the 2-regularity of Pﬁl)(n)nzo

In this section we prove the 2-regularity of the abelian complexity P,(cl)(n)nzo in a second
way, by proving Theorem The proof makes use of Propositions [20] and [25]

Proof of Theorem [21]. If 21 < r < 2¢ since all the conditions in Proposition are
equivalent whether considering 2¢ + r or 24! — r, we have

P28 ) =PI (2 — 1),

Assume now that 0 < r < 271 Tf Ag(2°4r) is odd, Ag(r) is also odd by Proposition [25]
By Proposition we have P (20 4-7) = 3(Ao(2°4+7)+1) and P (r) = 3(Ao(r)+1). By
Proposition 25, we have Ag(2¢ + 1) = Ag(r) + 2. Putting these three equalities together,
we get P (20 + 1) = PO (r) + 3.

The other cases can be done similarly. If Ag(2¢+7r) and 2+ r —ming(2° +r) are even,
then Ag(r) and r — ming(r) are even and

PO +r) = %AO(QZ +r)+1 (by Proposition
= %(AO(T) +2)+1 (by Proposition
=PV (r) +3 (by Proposition [20)).

If Ag(2¢+7) is even and 2°+7 —ming(2° +7) is odd, then Ay(r) is even and r —ming(r)
is odd. Then

PO +r) = %Ao(% +r)+2 (by Proposition
= 3(Ao(r)+2)+2 (by Proposition
=PV (r) +3 (by Proposition [20).00

One can prove the following result in a manner similar to the proof of Theorem [4]
There may be simpler recurrences, but these relations exhibit the same symmetry as in
Theorem [l

Theorem 32. The abelian complexity sequence 73,((1)(71)”20 of the 2-block coding of the
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period-doubling word satisfies the following relations.

P (8n) = PY (2n)
PV (8n+1) = 2PV 20+ 1)+ 7P0 (4n + 1) — 2P0 (4n + 2) + P (4n + 3)
aPP (8 +2) = —6PL 20 +1) + 9P (dn + 1) — 2PN (4n + 2) + 3PY (4n + 3)
aPP(8n 4+ 3) = —6PL (20 + 1) + 5P (dn + 1) + 2P (4n + 2) + 3P (4n + 3)
P (80 +4) = PV (4n + 2)
4P (80 +5) = —6PM (20 + 1) + 3P0 (dn + 1) + 2P (4n + 2) + 5PY (4n + 3)
4P (80 +6) = —6P1 (2n 4+ 1) + 3PY (dn + 1) — 2P (4n + 2) + 9PY (4n + 3)
PP En+7) = 2P0 @n+ 1)+ PO n +1) — 2P0 (4n + 2) + 7PY (4n + 3)

5 2-abelian complexity of the period-doubling word

To prove the 2-regularity of PI(,Q)(n)nZO, the aim of this section is to express the 2-abelian
complexity 7319 in terms of the 1-abelian complexity P and the following additional
2-regular functions.

Definition 33. We define the maz-jump function MJy : N — {0, 1} by MJy(0) = 0 and,
forn > 1,

MJo(n) 1 if maxg(n) > maxg(n — 1)
n)=
0 0 otherwise,

i.e., MJo(n) = 1 when the function max, increases. Similarly, let mj, : N — {0, 1} be the
min-jumyp function defined by

i (n) 1 if ming(n + 1) > ming(n)
mj,(n) =
Jo 0 otherwise.

Since max(n) and ming(n) are non-decreasing, we can write
MJg(n + 1) = maxg(n + 1) — maxg(n),

mj,(n) = ming(n + 1) — ming(n).

The relationship between these sequences and 73[(,2) and P is stated in the following
result.

Proposition 34. Let n > 1 be an integer. Then

0 if n 1s odd

PA(n+1) —PW(p) =
P (n ) x (n) A02(71) +1— MJo(TL) — mJo(”) if n is even.
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We require several preliminary results.

Proposition 35. Let u and v be factors of p of length n. Let v’ and v’ be the 2-block
codings of u and v. The factors u and v are 2-abelian equivalent if and only if ' and v’
are abelian equivalent and either v’ and v' both start with 2 or none of them start with 2.

Proof. By Lemma [15] v and v are 2-abelian equivalent if and only if they start with
the same letter and have the same number of factors 00, 01 and 10. The number of 00
(respectively 01 and 10) in w is exactly the number of 0 (resp. 1 and 2) in /. Moreover,
u starts with 0 (resp. by 1) if and only if v starts with 0 or 1 (resp. by 2). Therefore,
u and v are 2-abelian equivalent if and only if v’ and v’ are abelian equivalent and both
start with 2 or none of them start with 2. O

To compute PI(,2), we will use the abelian complexity of x = block(p, 2), ,({1), and study
when an abelian equivalence class of x splits into two 2-abelian equivalence classes of p,
or in other words, study when two abelian equivalent factors of x can start, respectively,
with 2 and with 0 or 1. If the class does not split, we say that it leads to only one class.

Lemma 36. Let X be an abelian equivalence class of factors of length n of x. If the
number of 1’s in an element of X differs from the number of 2’s, then X leads to only
one 2-abelian equivalence class of p.

Proof. 1t is enough to prove that if an element of X" starts with 2, all the other elements
of X start with 2. If u starts with 2, then all the elements of X have more 2’s than 1’s.
But any factor with more 2’s than 1’s starts with a 2. O

Corollary 37. If n is odd, P (n + 1) = P (n).

Proof. Let X be an abelian equivalence class of factors of odd length n. If no element of X
starts with a 2, X’ leads to only one 2-abelian equivalence class of factors of p. So assume
that there is a factor u in X starting with 2. Since n is odd, we can write u = 2¢(u').
Then the number of 0’s in w is even and there is a different number of 2’s than 1’s. By
Lemma [36], X again leads to a unique 2-abelian equivalence class of p. O

Corollary 38. Let X be an abelian equivalence class of factors of x of even length n with
an odd number of zeros. Then X leads to only one 2-abelian equivalence class of p.

Proof. Factors in X have an odd number of 1’s and 2’s counted together, so the number
of 1’s and the number of 2’s are different and we can apply Lemma O

Thus, an abelian equivalence class X of factors of length n of x can possibly lead to
two 2-abelian equivalence classes of factors of length n + 1 of p only if n is even and if
there are an even number of zeros in X. In most cases X will indeed lead to two different
equivalence classes. The exceptions are identified by the following lemma.

Lemma 39. Let n be a positive even integer and ng such that ming(n) < ng < maxg(n).
Let X be an abelian equivalence class of factors of x of length n with exactly ng zeros.
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e We have ng = maxo(n) and MJy(n) = 1 if and only if every factor u in X can be
written as u = 00u'00.

e We have ng = ming(n) and mj,(n) = 1 if and only if every factor u in X is preceded
and followed only by 00.

Proof. We start by proving the first part of the lemma. Assume that all the elements of
X have the form 00u/00. In particular, ng is even. If ng # maxg(n), it means that there
is a factor v of length n with ng + 1 zeros. Indeed, sliding a window of length n from
a word of X to a factor with maxg(n) zeros gives factors with all possibilities between
no and maxg(n) for the number of zeros. Since |v|y is odd and n is even, we must have
v =0¢(v')1 or v =2¢(v')0. But then 07102 or 1v0~! is an element of X not of the form
00u'00, a contradiction. Hence ny = maxo(n). If MJy(n) = 0, then maxy(n — 1) = ng
and there is a factor v of odd length n — 1 with even number ng of 0’s. We must have
v =2¢(v") or v = ¢(v')1 but then 1v or v2 is an element of X not of the form 00u'00, a
contradiction and MJy(n) = 1.

For the other direction, assume that ny = maxg(n) and MJo(n) = 1. In particular,
maxg(n — 1) = ng — 1. Assume there exists a factor u of X not of the form u = 00u/00.
Since u has even length and even number of 0’s, we must have u = 01u/20 or u has its
first or last letter y not equal to 0. In the first case, v = 001u’ has length n — 1 and nyg
zeros, a contradiction. In the second case, removing the letter y leads also to a factor of
length n — 1 with ng zeros.

The second part of the lemma is similar. Assume first that all the elements of X are
preceded and followed by 00. In particular, ng is even. If ng # ming(n), there is a factor
v of length n with ng — 1 zeros. Since |v|y is odd but n is even, we must have v = 0¢(v')1
or v = 2¢(v")0 but then Ov1™! or 27100 is an element of X that starts or ends with 00
and so is preceded or followed by 12, a contradiction. Hence we have ng = ming(n). If
mj,(n) = 0, then ming(n + 1) = ny and there is a factor v of odd length n + 1 with even
number ng of 0’s. We must have v = 2¢(v’) or v = ¢(v')1 but then ¢(v’) is an element of
X without a 00 preceding or following it.

For the other direction, assume that ny = ming(n) and mj,(n) = 1. In particular
ming(n + 1) = ng+ 1. If there exists a factor u of X such that 1u, 2u, ul or u2 is a factor,
then ming(n+1) < nyg, a contradiction. Hence all the factors u of X can only be extended
by Ou0. Finally, note that u € X cannot occur in x at odd index. In other words, any
u € X can be de-substituted. Indeed, if it is not the case, then u is of the form 0¢(u’)0,
0p(u')1, 2¢(u')0 or 2¢(u')1. If w is of the first form, then ¢(u')001 is a factor of length
n+ 1 with only ng zeros, which is a contradiction. Otherwise, u is of one of the last three
forms. Then either u2 or 1u is a factor of x, which is not possible. So the only extension
of u as a factor of x is 00u00. [l

Lemma 40. Let n be a positive even integer and ng even such that ming(n) < ny <
maxo(n). Let X be an abelian equivalence class of factors of x of length n with ng zeros.
The class X leads to only one 2-abelian equivalence class of p if and only if ng = ming(n)
and mjy(n) =1 or ng = maxg(n) and MJo(n) = 1. Otherwise, X splits into two classes.
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Proof. The factors in x of length n = 2 are 00,01, 12,21, 20. The two classes to consider
are X} = {00}, which leads to one class, and Xy = {12,21}, which splits into two classes.
Since MJy(2) = 1 and mj,(2) = 0, the proposition is true.

Hence let n > 4 even. If ny = ming(n) and mj,(n) = 1, then by Lemma all the
elements of X are preceded by 00. In particular, they all start with 1 and X leads to
only one 2-abelian equivalence class. Similarly, if ny = maxgy(n) and MJy(n) = 1, then by
Lemma [39] all the elements of X’ start with 0 and we have only one class.

Assume now that X leads to only one class. If an element u of X starts with 2, we
have u = 2¢(u’)1 since n and ngy are even. Then 1ul™! is an element of X starting with
1 and X splits into two classes. Hence every element u of X starts with 0 or 1. Assume
there exists a factor v in X that starts with a 1. Then u = 12¢(v’) and u cannot be
followed by a 1 since otherwise 171ul would be an element of X starting with 2. Hence
u is always followed by 00 and so ends with 12. Similarly, it can only be preceded by 00.
Hence all the factors in X starting with a 1 are preceded and followed by 00. In particular,
if a factor in X starts with 1 and occurs in x at index 7, then the two factors starting at
indices i — 1 and 7 + 1 in x have ng + 1 zeros. Assume now there exists a factor v in X
starting with a 0. Then, u can be de-substituted. Otherwise, as n and ngy are even, u is
of the form 0¢(u’)0 where ¢(u’) ends with 12. Thus 2¢(u’)27! is an element of X starting
with 2, which is a contradiction. Hence u starts with 00. If v ends with 12, then again,
2u27! is an element of X starting with 2. Hence u = 00¢(u’)00 and all elements of X
starting with 0 start and end with 00. In particular, if a factor in X starts with 0 and
occurs in x at index ¢, then the two factors starting at indices ¢ — 1 and ¢ 4+ 1 in x have
ng — 1 zeros.

If no elements of X start with 1 or no elements start with 0, we are done by Lemma [39]
Otherwise, since one can show that x is uniformly recurren‘ﬂ we can assume that there
exist a factor u € X that starts with 0 and occurs at index 7 in x, and a factor v € X that
starts with 1 and occurs at index 7 + ¢ in x, such that any factor w, of length n occurring
at index 7 + s in x does not belong to X for 0 < s < £. Then w; has ng — 1 zeros whereas
wy_1 has ng + 1 zeros. But there is no factor wy with ng zeros. This is a contradiction
since the number of 0’s changes by at most one between two factors of the same length
starting at consecutive indexes. O

Proof of Proposition[3} The case n odd is given by Corollary Assume now that n is
even. Then by Lemma [19] ming(n) and maxg(n) are even, and therefore Ag(n) is even
as well. Let X be an abelian equivalence class of factors of x of length n. Let ng be the
number of 0’s in the elements of X'. There are exactly AOT(”) odd values of ng and AOT(") +1
even values. By Corollary B8], if ng is odd, X leads to one 2-abelian equivalence class of
p. By Lemma [40] X splits into two classes except for ny = ming(n) if mjy(n) = 1 and for
no = maxo(n) if MJg(n) = 1. Hence there are in total AOT(”) +1—MJo(n) — mjy(n) cases

3A word is uniformly recurrent if every factor occurs infinitely often and, for each factor, there is a
constant ¢ such that two consecutive occurrences of the factor occur within ¢ of each other. To prove
that x is uniformly recurrent, it is enough to observe that ¢ is primitive since for each letter y € {0, 1,2},
#>(y) contains all the letters.
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where X leads to two 2-abelian equivalence classes of p instead of one and this is exactly
the difference between PY (n + 1) and P (n). O

Corollary 41. The sequence 77;(,2) (n)n>0 is 2-reqular.

Proof. We can make use of Lemma . Thanks to Proposition , PP (n + 1) can be
expressed as a combination of P (n), Ag(n), MJy(n), mj,(n) using the predicate (n mod
2). Note that the predicate (n mod 2) is trivially 2-automatic.

We proved the 2-regularity of P,((l)(n)nzo and of Ag(n),>o in Section . Observe that

MJo(n + 1) = maxg(n + 1) — maxg(n) = ming(n + 1) + Ag(n + 1) — ming(n) — Ag(n).

Since MJo(n+1) can only take the values 0 and 1, the latter relation can also be expressed
using (ming(n) mod 2),>9 and (Ag(n) mod 2),>9. These latter sequences are 2-regular
by Corollary . By Lemma MJy(n + 1)p>0 is thus a combination of four 2-regular
sequences. Applying again Lemma , MJg(n),>0 is also 2-regular. We can show similarly
that mj,(n),>o is 2-regular. In fact, both sequences MJy(n),>o and mj,(n),>o are 2-
automatic since they only take values 0 and 1. Thus, all the functions in the expression
for 79,(32)(71 + 1) are 2-regular.

Finally, as 771()2)(71 + 1),>0 is 2-regular, Pé,Q)(n)nZO is 2-regular by Lemma . O

6 Abelian complexity of block(t,2)

In this section, we turn our attention to the Thue—-Morse word t. Let y denote
block(t,2) = 132120132012132120121320 - - - ,

the 2-block coding of t introduced in Example [I7} Recall that y is a fixed point of the
morphism v defined by v : 0 — 12,1 — 13, 2 — 20,3 + 21. The approach here is similar
to that of the period—doublin% word: we consider in this section the abelian complexity
of y, and then we compare Pyl)(n) with P (n) in Section

Our study of the period-doubling word in Sections [4] and [5] made substantial use of
counting 0’s in factors of x. Alternatively, we could have counted the total number of 1’s
and 2’s in factors of x, since this is equivalent information and since the letters 1 and 2
alternate in x.

For the Thue-Morse word, the appropriate statistic for factors of y is the total number
of 1’'s and 2’s (or, equivalently, the total number of 0’s and 3’s). We will show in Lemma
that the letters 1 and 2 alternate in y. Therefore, for n € N we set

maxja(n) := max{|ul; + |uly : w is a factor of y with |u| = n},
mingp(n) := min{|ul; + |ulz : w is a factor of y with |u| = n},

Aj2(n) := maxis(n) — mings(n).
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Remark 42. Note that g(y) is exactly the period-doubling word p, where g is the coding
defined by ¢g(0) =1, ¢g(1) =0, g(2) = 0 and ¢(3) = 1. In particular, Aj2(n) + 1 is the
abelian complexity function of the period-doubling word. This function was also studied
in [5, [14]. Here we obtain relations of the same type as the relations in Theorem 4]

The fact that 733(,1) (n)n>0 is 2-regular will follow from the next statement.

Proposition 43. Let n € N. We have

2A15(n) + 2 ifnis odd
PO = 2Aia(n) 4+ 3 if noand Aix(n) + 1 are even ()
Y 2A1p(n) +4  if n, Aa(n) and minge(n) + 1 are even
2A1a(n) + 1 if n, Ara(n) and mings(n) are even.

To be able to apply the composition result given by Lemmato the expression of 73_‘51)
derived in Proposition [43] we have therefore to prove that

e the sequence Ajs(n),>o is 2-regular and
e the predicates occurring in are 2-automatic.

Section is dedicated to the proof of Proposition 3] In Section [6.2] we give a
proof of the two previous items. In particular, we show that Aja(n),>o satisfies a reflec-

tion symmetry. This permits us to express recurrence relations for 'P)(,l) at the end of

Section [6.2]
6.1 Proof of Proposition
We first need three technical lemmas about factors of y = block(t, 2).

Lemma 44. The set of factors of y of length 2 is Facy(2) = {01,12,13, 20, 21, 32}.

Proof. 1t is easy to check that these six words are factors. To prove that they are the
only ones, it is enough to check that for any element u in {01, 12,13, 20,21, 32} the three
factors of length 2 of v(u) are still in {01, 12,13, 20, 21, 32}. ]

The following lemma has already been observed in [14, Lemma 10].

Lemma 45. If w is a factor of y, then ’|w|1 — Jwly| < 1 and ’|w|0 — |wls| < 1. In
particular, the letters 1 and 2 (respectively 0 and 3) alternate in'y.

Proof. First note that if for all factors of a word u, the numbers of two letters x and y
differ by at most 1, then x and y alternate in w. Furthermore, if the first or the last
occurrence of one of these letters is x, then |u|, > |u|,. If both the first and the last
occurrences are x, then |ul, = |u|, + 1.
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We prove the result by induction on the length ¢ of the factor. The result is true for
factors of length £ = 1. Let w be a factor of length ¢ > 1 and assume the result holds for
factors of length smaller than ¢. If w can be de-substituted as w = v(w’), we have

wlo = [w']2,
[wly = [w'fo + [w']; + |03,
wla = [w'lo + W'z + [w'],
|w]s = [w]s.
Using the induction hypothesis, we have
|[wli = [wla] = [|wlo = [w]s] = [w'[y = Jw'|2] < 1.
If w cannot be de-substituted and has odd length, we have

w e {17w(w), 27 v(w'), v(w)1, v(w')2}

for some factor w’ with |w’| < £. Assume that w = 17 v(w’). Then as before ||w|o—|w|s| =
||w'|; = Jw'|2| < 1. For the numbers of 1 and 2, w' starts with 0 or 1. Since by Lemma
a 0 is always followed by a 1, w’ starts either with 01 or with 1. In both cases, since 1
and 2 alternate, we have |w'|; > |w'|]o and thus

[lwh = [wla] = ||/l = Jw']y — 1] < 1.

The same reasoning can be done for w = 27'v(w’). If w = v(w')1, then we clearly have
||w|o — |wl|s| < 1 using the result on v(w'). By Lemma , the factor v(w’) must end
either with 0 or 2. So w’ ends with 0 or 2 as well. Since a 0 is always preceded by a 2, we
necessarily have |w'|y > |w'|; and

|[wh = Jwls| = |[w'l = [w's + 1] < 1.

The same reasoning applies to w = v(w')2.
If w cannot be de-substituted and has even length, then we have

we {17 (w1, 17 v(w)2, 27 w(w')1, 27 v(w')2}

for some factor w’ with |w’| < ¢. If the same letter is removed and added to v(w'), then
the result is clearly true. Otherwise, assume that w = 17'v(w')2 (the same reasoning
holds for the last case). It is clear that |[w]o — |w|s| < 1 using the result on v(w’). For
the numbers of 1 and 2, as before, w’ starts with 01 or 1 and ends with 13 or 1. Hence
we have |w'|; = |w'|s + 1 and then

“U)|1-|'UJ|2| = |]w’|1—|w']2—2‘ Sl Il
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Lemma 46. Let 7,7’ be the morphisms respectively defined by

0—0 0—3

1—2 , 1—1
T 9 s 1 and T 9159 -

3—3 3—0

If w is a factor of y, then '(w)®, 7(w)® and 7'(7(w)) are also factors of y.
Proof. We prove the lemma for 7/(w)® and 7(w)® since 7/(7(w)) = 7/(7(w)?)R.
We first prove by induction that for any factor u starting with the letter z and ending
with the letter v,
()R = a (e ()b @)

where a = 1 (respectively a = 2, b =1, b = 2) if and only if y € {0,2} (resp. y € {1, 3},
r € {0,1}, z € {2,3}). Note that a 'v(7(u)?)b is well defined. Indeed, if y € {0,2},
then 7(u)® starts with 0 or 1 and thus v(7(u)®) starts with a = 1. The same holds with
y € {1,3}.

The relation is true for u of length 1. We have for example

and
T (w)F =01 =2""(2)1 = 27w (r(1))1.

Let u = u'yx be a factor with at least two letters z and y. Assume the conclusion holds
for words of length at most |u| — 1. By the induction hypothesis, we have 7/(v(u'y))} =
a tv(r(u'y)®)b and 7/ (v(z))® = ¢ v(r(x)R)d with appropriate a,b,c,d. Since yx is a
factor, one can check using Lemma [44] that a = d. Indeed, if y € {0, 2}, then = € {0, 1}.
Soa =1 and d = 1. Similarly, if y € {1,3}, then € {2,3}. Hence, a = 2 and d = 2.
Thus, we have

We can similarly prove by induction that for any factor u starting with the letter z
and ending with the letter vy,

T(v(u)" = a (7' (w)")b

where a = 1 (respectively a = 2, b =1, b = 2) if and only if y € {1,3} (resp. y € {0, 2},
r €{2,3}, z € {0,1}).
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We now prove the lemma (for 7 and 7’ together) by induction on the length of w. One
can check by hand that the lemma is true for w of length at most 4. Assume the lemma
is true for any factor of length at most n > 4, and let w be a factor of length n+ 1. There
exist some factors s, ¢ and v such that swt = v(v), 0 < |t| <1 and 1 < |s| < 2. Then we
have |v] < 2% < n. By the induction hypothesis, 7(v)® is a factor of y. Hence v(7(v)®)
is also a factor of y. Using the previous result, 7/(v(v))® = a v (7(v)R)b for some letters
a and b. But we also have 7/(v(v))® = 7/(t)R7/(w)®7'(s)® and since s has at least one
letter, 7/(w)® is a factor of v(7(v)}). Hence it is a factor of y. We do the same proof for

7(w)k. O
We are now ready to prove the relationship between P}(,I)(n) and Ajp(n).

Proof of Proposition[{3 Let u be a factor of length n of y. Let nis = |ul; + |u|z and
Nogz = |U’0 + \u|3

Assume first that n is odd. If nq, is even, then there are the same number of 1’s and
2’s in u by Lemmal[45] Since n3 is odd, if |ulo = |ulz+1 (vesp. |ulz = |ulo+1), then 7/(u)?
is a factor by Lemma {46 and |7/ (u)®|3 = |7/(w)®]o + 1 (resp. |7/ (u)®|o = |7/(w)R]3 + 1).
In either case, 7/(u)® still has ny ones and twos. Hence there are exactly two abelian
equivalence classes for fixed n odd and ni, even. We can do the same reasoning if njs is
odd. Finally, there are Aj5(n) + 1 possible values for ny; and thus 2(Az(n) + 1) abelian
equivalence classes for a fixed odd n.

Assume now that n is even. If both njs and ng3 are even, then u necessarily has
the same number of 1’s as 2’s and the same number of 0’s as 3’s, and thus there is
only one abelian equivalence class. Hence assume that n;s and ngz are odd. We have
(Julo — |uls, [uly — |ul2) € {—1,1}*. By Lemma 46| the four factors u, 7/(u)®, 7(u)® and
7'(7(u)) realize the four possibilities for (|ulg — |uls, |ul; — |ul2). Hence if nis and ne3 are
both odd, there are four abelian equivalence classes.

Now, we just have to count pairs (n,n;3) with n and nis even. If Ajo(n) is odd, there
are exactly (Aja(n) + 1)/2 such pairs. So there are

L (Aua(n) +1)/2+4 - (Apa(n) +1)/2 = 2 (Asa(n) +1)

abelian classes for this value of n. If Ajs(n) is even and minjo(n) is odd, there are exactly
Aj(n)/2 even values for njs, and so there are

1 Ap(n)/2+4- (Ap(n)/2+1) = gAu(n) 4

abelian classes. Finally, if Ajs(n) is even and minjy(n) is even, there are Ajp(n)/2 + 1
even values for ny,, and so there are

1 (As(n) /24 1)+ 4- App(n) /2 = gAlg(n) +1

abelian classes. ]
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6.2 Aj(n),>o is 2-regular, (minjs(n) mod 2),> is 2-automatic

In this section, we prove the following result.

Proposition 47. Let { > 1 and r such that 0 < r < 2¢©. We have

Moreover,

min12(2€ + 7') = {

A28 47) = {

min12 (2€+1

A12(7"> +1

min(r) + ¢ (mod 2)
_ r) + A12(2€+1

A12(2£+1 — T)

if r < 2071
if 1> 2071
if r <2671
—7) (mod?2) ifr>21

Note that those latter relations have a form similar to (but slightly different from) the

assumptlons of Theorem [4] Before givi
of Py (n)n>o follows from Proposition

Corollary 48. The following statements are true.

o The sequence A1a(n),>o is 2-regular.

ng the proof, we prove a corollary. The 2-regularity
and Corollary

o The sequence (A12(n) mod 2),>¢ is 2-automatic.

e The sequence (minjz(n) mod 2),>¢ is 2-automatic.

Proof. The first assertion is a direct consequence of Proposition [47] and Theorem [4 The
second assertion follows from Lemma [10]
To prove the last assertion, we prove by induction that, modulo 2,

and

min12(16n + Z) =

( m1n12 4n)

mingy(4n + 1

m1n12

(

(

(

minis(4n + 2

(

m1n12(4n +3
(

)
)
)
)
)
)

minge(4n +1) +1

+1

dn+3)+1

ifi=0

if i € {1,4,5}
if i € {2,3}

if i € {6,8,9}
if i € {7,10}

if i € {12,13,15}
if i € {11,14}

ifi=0
ifie{1,2,4}
if i € {3,5}
ifi=28

if i € {6,7,9,10}
if i € {12,14,15}
if i € {11,13}.



The relations are true for n = 0. Let n > 0 and assume they are true for n’ < n. We can
writen =26+ r with £ >0 and 0 < r < 2% Let i € {0,...,15}. We consider two cases.
Assume first that r» < 271, We have 16n + i = 24 + 167 + i and 167 + i < 243,

ming»(16n + i) = minyo(16r +0) + 0 + 4 (Proposition
=ming(4r+j)+0+ 0+ 4 (induction)
= ming (22 +4r +5) + 6 (Proposition

(

= min;y(4n+j) + 0 (mod 2)

for some j € {0,...,3} and ¢ € {0,1} according to the relations. A similar reasoning
holds for the A, relations.

Assume now that r > 2" and i # 0. Setting ¢/ = 16 — i and n’ = 2! —r — 1, we
obtain 16n’ 4 i = 25 — 16r — 4. It follows that, by Proposition

ming (161 + 1) = mings (2°7° — 167 — i) + A (2°7° — 16 — 0)
= min12(16n/ + 2/) + A12(16n' + Z,)
=mingp(4n’ + k) + 0+ Ap(dn’ + k) + ¢ (induction)
for some k, k" € {0,...,3} and §,¢" € {0, 1} according to the relations. Note that we have
k=F,so
ming»(16n + i) = minga(4n’ + k) + 6 + Ap(4n' + k) + &
mingy (273 — (4r +4 — k) + 6 + A (27 — (4r +4 — k) + 0
= minp (2772 4+ (dr +4 — k) + 5+ 0 (Proposition
(

=minp(dn+ (4 —k))+0+9 (mod 2).

Table (1 gives the values of ¢/, k, 6 and ¢’ for all the values of i # 0. Observe that the
values of 4 — k and (6 + ¢’ mod 2) are the values given in the relation for i. To conclude
the proof, consider the case i = 0. We have

ming»(16n) = mingo(16(2°™ — 7)) + A(16(25 — 1)) (Proposition

= min; (427 — 7)) + A (427 — 1)) (induction)
= min;y(4n) (mod 2) (Proposition [47).
A similar reasoning works for the Aj, relations. O

Proposition A7 is a direct consequence of Lemmas [19] [52] and [54] given in this section.

Lemma 49. Let { € N, £ > 1. We have Aj3(2°) = 1, minj(2f) = ¢ (mod 2),

mingy(2°) + max;5(2°71) = 27! and maxi5(2°) + mingp(2°7) = 2671
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Table 1: The corresponding values of i’ = 16 — i, k, § and ¢’.

Proof. Let £ > 1, Ay, = w and By = w The sequences

(Ap)e>1 = (1,3,5,11,21,...) and (Be)e>1 = (2,2,6,10,22,...)

are integer sequences and both satisfy the recurrence relation X,,; = 2! — X,. Moreover
we have A, = By+1 for even £ and B, = Ay+1 for odd £. Note that [vf(1)|;+|v*(1)]2 = A,
and |v4(0)]; + [#4(0)]2 = B.

We show by induction that

{Juls + [l = w factor of y with u] = 2} = {A, By}

Note that this result will imply the lemma and that we already have A, and B, in the
set.

It is easy to check the result for £ = 1. Assume the result is true for £ > 1. Let
w be a factor of y of length 21, If w can be de-substituted, then w = v(u) and
lw|y + |w|s = 2|ulo + |u|1 + |u]2 + 2|u|s as in the proof of Lemma [45] Hence |w|; + |w|y =
20ul—(Jul1+|ulz) = 27 —(|u|1+|ul2). Using the recurrence relation for A, and B, and since
luly + |ulz € {Ay, B}, we have |w|; + |w|s € {Agi1, Bes1}- If w cannot be de-substituted,
then we can write w = a~'v(u)b for some letters a,b € {1,2} and |v(u)| = 271, So |wl|; +
lwle = |v(u)|1 + [v(u)|2. Since we already proved that |v(u)|y + |v(u)|2 € {Aw1, Besi}s
we are done.

To prove the second assertion of the lemma, observe that miny,(2Y) = Ay if £ is odd
and min;»(2Y) = By if £ is even. Furthermore, A, is always odd whereas B, is always
even. [

In order to prove Lemmas [52] and [54], we first need some technical results.

Lemma 50. Let u be a factor of y of length n. We have |u|; + |uls = maxia(n) if
and only if |v(u)|y + |v(u)la = minga(2n), and |uly + |ulz = min(n) if and only if
lv(u)|; + [v(u)]s = maxia(2n).

Proof. Recall that |v(u)|;+|v(u)|2 = 2n—(|u|1+|ul2). Assume that |u|;+ |u|s = maxie(n)
and that |v(u)|;+|v(u)|2 = £ > minga(2n). Thus x = 2n—maxy3(n). There exists a factor
w of length 2n with z — 1 ones and twos. We can assume that w can be de-substituted.
Otherwise, we can write w as w = a ‘v (v)b for some a,b € {1,2}. Thus v(v) has the
same length as w and the same number of 1’s and 2’s. So we can assume w = v(v). Then
|v]1 + |v]2 = 2n — (x — 1) = maxys(n) + 1, a contradiction.
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For the other direction, assume that |u|; + |uls = 2 < maxj2(n) and that |[v(u)|; +
|v(u)]s = mingy(2n). Thus = n — mingy(n). As before, there exists a factor v of length
n with z + 1 ones and twos. Then v(v) has minj2(n) — 1 ones and twos, a contradiction.

The second part of the lemma is similar. O

Lemma 51. Let n be an odd integer. Then we have

minjp(n) = mings(n + 1) — 1,
maxja(n) = maxja(n — 1) + 1.

Proof. Let u be a factor of even length n 4 1 minimizing the number of 1’s and 2’s. Then
either u starts with 1 or 2, or ends with 1 or 2. Indeed, if u can be de-substituted, then
it starts with 1 or 2. Otherwise, its last letter is the beginning of an image of v and
thus is 1 or 2. Removing this letter, we get a word of length n with minjs(n 4+ 1) — 1
ones and twos. Since the function mins increases by 0 or 1 from n to n + 1, we have
ming»(n) = mings(n + 1) — 1.

For the second equality, consider a factor u of even length n — 1 with max;s(n — 1)
ones and twos. There exist two letters a and b such that aub is a factor. Then, as before,
since aub has even length, @ or b must be a 1 or a 2. Then au or ub is a factor of length
n with maxjs(n — 1) + 1 ones and twos and we conclude as before. O

Lemma 52. If (> 1 and 0 < r < 2771 then

maxlg(Zg +7r)= maxlg(Qﬁ) + maxys(r)

mino(2° + 1) = ming(2°) 4 mingo(r).
Proof. We prove the two results together by induction on ¢. One checks the case ¢ = 1.
Let ¢ > 1 and assume the result is true for £ — 1. Let r such that 0 < r < 261,

Assume first that r is even. By the induction hypothesis, there exists a factor u of

length 21 + 7 /2 such that
luly + |uly = ming (271 + 7/2) = ming(2°71) + mingy(r/2).

We can write u = vw with v of length 2°~! and w of length 7/2. Both the words v and
w must minimize the number of 1’s and 2’s for their respective lengths. By Lemma [50],
v(u) = v(v)r(w) maximizes the number of 1’s and 2’s and so do v(v) and v(w). Thus,
maxi(2° + 7) = [v(u)|; + |v(u)|, and

max(2° 4+ 7) = [v(v)|1 + |[v()|2 + [v(w)|1 + |v(w)|s = max;o(2°) + maxya(r).
A similar proof shows that miny»(2¢ + r) = miny»(2¢) + minyy(r).

Assume now that 7 is odd. We still have 0 < r —1 < r+ 1 < 21, Hence we can
apply the previous result to obtain maxis(2° + 7 — 1) = max;2(2°) + maxys(r — 1). By
Lemma [51]

maxo(2° +7) = max;p(2° +r — 1) + 1
= maX12(2Z> + maxlg(r - ].) +1

= maxi5(2%) + max5(r).
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For the min;s equality, a similar argument holds (using the previous result for r +

1). O
Lemma 53. If¢{ > 1 and 271 < r < 2, then

maxo(2°) = maxyp(2° 4 ) + minyy(2° — 7)

minge(2°7) = minyo(2° 4 7) 4+ max(2° — r).

Moreover, there is a factor of length 21 mazimizing (resp. minimizing) the number of 1’s
and 2’s such that the prefiz of length 2° +r also mazimizes (resp. minimizes) the number
of 1’s and 2’s.

Proof. We proceed by induction on £. The result is true for £ = 1 since the only non-trivial
case is 7 = 1. Then max5(4) = max2(3) + minj2(1) and min;»(4) = ming2(3) + maxio(1)
and the factors 2120 and 0132 satisfy the claim.

Let ¢ > 1 and assume the result is true for ¢ — 1. Let r such that 2671 < r < 2%,
Assume first that 7 is even. Then 272 < /2 < 271, By the induction hypothesis, there
is a factor u of length 2¢ minimizing the number of 1’s and 2’s such that the prefix v
of length 2! + /2 minimizes the number of 1’s and 2’s. Thus we can write u = vw
and |v]; + |v]s = min»(2°71 + 7/2) and necessarily |w|; + |w|y = max5(2¢°1 —r/2). By
Lemma [50} v(u) and v(v) maximize the number of 1’s and 2’s and v(w) minimizes the
number of 1’s and 2’s. So we can conclude the result. A similar proof shows the other
relation. If r is odd, then we still have 27! < r — 1 < 2¢ since £ > 1. Thus we can use
the previous result and together with Lemma we have

max;(2°7) = maxi5(2° + 7 — 1) + mingy(2° — r + 1)
= max15(2° +7) — 1 4+ minpp(2° — 7) + 1

= maxyo(2° + 7) + minyy(2° — 7).
Similarly, using the fact that r 4+ 1 < 2¢,

min12(2€+1) = min12(2€ +r+ ]_) + maX12(2€ —r— 1)
= min12(2€ +7r)+1+ maxlg(Qé —r)—1

= ming»(2° + ) + max;p(2° —r).

For the construction of the factors, one can construct them using the factor v(u)
maximizing the number of 1’s and 2’s given for r — 1 and the factor v(u') minimizing the
number of 1’s and 2’s given for » + 1 in the previous construction. Since r is odd, the
letter between the prefix v(v) of length 2° + 7 — 1 and 2¢ + r of v(u) is 1 or 2. Since the
prefix of length 2° +r — 1 of v(u) maximizes the number of 1’s and 2’s, so does the prefix
of length 2¢ + r of v(u). For minyy, consider v(u'). There exist letters a and b such that
w = a 'v(u)b is still a factor. We must have a,b € {1,2}. Then the prefix of length
2¢ + 7 of w minimizes the number of 1’s and 2’s. ]
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The previous lemma permits us to reformulate some relations between the two se-
quences maxjs(n)p>o and mings(n),>o.

Lemma 54. If{ > 1 and 271 <r < 2¢, then

maxo(2° +7) = 271 — ming, (257 — 1)

mingy(2° + r) = 27 — max5 (27 — 7).
Proof. From the previous lemma, we have
max;o(2° 4 7) = max;5(271) — mingp(2° — 7).

By Lemma [49] we have max;(2/+!) = 24! — miny»(2). Moreover, by Lemma [52] since
0<2—r <21 we get

ming,(2° — r) = mingo(2° + 2° — 7) — miny5(29).
Similar relations hold when changing max;s to minys. O

The proof of Proposition [47] about the reflection relation satisfied by Aj(n) and the
recurrence relation of minjs(n) is now immediate.

Proof of Proposition @ If #>1and 0 < r < 2! then subtracting the two relations
provided by Lemma [52| gives

Ap(2° 4 7) = A (0) + Agp(r)

and we can conclude using the first relation given in Lemma , App(29 = 1. By
Lemma[52] minys(2¢+7) = minj5(2°) +minjs(r) (mod 2). The expression for ming,(2¢+7)
follows since min;5(2) = ¢ (mod 2) by Lemma [49]

If > 1 and 27! < r < 2¢, then subtracting the two relations provided by Lemma
permits us to conclude the proof of the expression claimed for A,(2¢ + r). Moreover,
using Lemma [54], we get

miny»(2° 4 7) = max;p(2°7 —7)  (mod 2)

= minp (27 —7) + Ap (27 —7)  (mod 2).00

Using Propositions |43 and , we can express recurrence relations for 77}(,1) as we did
for the proof of Theorem [21]

Theorem 55. Let ¢ > 2 and r such that 0 < r < 2°. Forr <2, we have

;

PP () +2 ifr is odd
73}(,1)(7“) +1 if (r, Ap(28 + 1) and ming»(2 4 7) are even)
77351)(2[ +7r)= or (r and A12(2° +7) + 1 are even

and min12(2€ +r)=0+1 (mod 2))
\773(,1)(7“) +4  otherwise.

Forr > 21, we have 733(,1)(26 +7r)= 7735,1)(2“1 — ).
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7 2-abelian complexity of the Thue—Morse word

The aim of this section is to express, in Theorem , PP (n + 1) in terms of P (n),
Aj2(n), (minga(n) mod 2) and two new functions MJgs(n) and mjyz(n) that are defined
analogously to MJy(n) and mjy(n) of Section [5} Let

maxogz(n) := max{|u|o + |u|3 : u is a factor of y with |u| = n},

mings(n) := min{|ulo + |ul3 : uis a factor of y with |u| = n},
and let

if maxgs(n) > maxgs(n — 1)

MJ03(TL) = {é

otherwise,

() 1 if mingg(n + 1) > mingg(n)
m =
Jos 0 otherwise.

Theorem 56. For n odd, we have

PO +1)— PO (n) =

y

Aja(n) +2 —2MJoz(n) — 2mjys(n) if minia(n) and Ai2(n) are even
Aja(n) +1 —2MJg3(n) if minjo(n) and Ajp(n) + 1 are even
Ajp(n) + 1 —2mjys(n) if minyo(n) and Aja(n) are odd
Aqz(n) if mingo(n) + 1 and Aqz(n) are even.

For n even, we have

sA1a(n) + 1 if minga(n) and Aia(n) are even
Pém (n+1)— Pb(,l)(n) = q 1A12(n) if minja(n) + 1 and Aa(n) are even
1A12(n) + % Zf Alg(n) 18 odd.

2

As in Section , we study when an abelian equivalence class of y = block(t,2) splits
into two 2-abelian equivalence classes of t. We have similar propositions.

Proposition 57. Let u and v be factors of t of length n. Let u' and v' be the 2-block
codings of u and v. The factors u and v are 2-abelian equivalent if and only if ' and v’
(of length n — 1) are abelian equivalent and either ' and v' both have first letter in {0, 1}
or both have first letter in {2,3}.

Let X be an abelian equivalence class of factors of y of length n. For a letter a, let n,
denote the number of a’s in each element of X and let niy = ny + na, ngz = ng + ns.

Lemma 58. If niy is odd, then X leads to a unique 2-abelian equivalence class of t.
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Proof. Assume that n; > ng (the other case is similar). Then a word of X’ cannot start
with 2 since the letters 1 and 2 alternate in y by Lemma[d5] It cannot start with 3 neither
since n1 > ng and a 3 is always followed by 2 by Lemma |44, Hence it starts with 0 or 1.
Thus X leads to a unique 2-abelian equivalence class. O

Lemma 59. If n and nis are even, then X splits into two 2-abelian equivalence classes
of t.

Proof. If n and n, are even, then ng3 is also even and thus n; = ny and ng = n3. Let
u be an element of X. Then v’ = 7/(7(u)) is also an element of X'. Moreover, the first
letter of w is in {0, 1} if and only if the first letter of ' is in {2,3}. Hence X" splits into
two 2-abelian equivalence classes. O

So the last and hardest case happens when n is odd and nis is even, i.e., when n and
nps3 are odd. The MJy3 and mjy; functions permit us to handle this case.

Lemma 60. Let n and ng3 are odd. Let a € {0,3} (resp. b € {0,3}) be the letter in
magority (resp. in minority) in factors in X, among {0,3}.

e We have ngz3 = maxog(n) and MJoz(n) = 1 if and only if every factor in X starts
and ends with a.

e We have ng3 = mingz(n) and mjyz(n) = 1 if and only if every factor in X is preceded

and followed by b.

Proof. Assume that a = 0 and b = 3 (the other case is symmetric). We first prove the
statement for the maximum. Assume that all the factors in X start and end with 0.
If np3 < maxgs(n), by continuity of the number of 0’s and 3’s and since y is uniformly
recurrent, there exists a factor yuz such that the factor yu (resp. uz) is of length n with
nos (resp. nog + 1) zeros and threes. We necessarily have z € {0,3} and u is not finishing
with a letter in {0,3}. Since yu has ngz zeros and threes, yu or 7/(yu)® is an element
of X that is either not finishing or not starting with 0, a contradiction. Hence we have
nog = maxgz(n). Assume now that maxgz(n — 1) = ng3. There exists a factor u of even
length n — 1 with ng3 zeros. Without loss of generality, we can assume that u has more
0’s than 3’s (otherwise one can consider 7/(u)® by Lemma[46). Since u has even length,
either u occurs at an even index in y and is always followed by 1 or 2, or u occurs at an
odd index in y and is always preceded by 1 or 2. In other words, there is a factor of the
form yu or uy with y € {1,2}. Then yu or uy is an element of X with the first or last
letter different from 0, a contradiction.

For the other direction, assume that ng3 = maxgs(n) and MJgz(n) = 1. Let u be a
factor in X. If u = zu’ or u = v'z with x # 0, then u' has length n — 1 and ng3 zeros and
threes. Thus MJgs(n) = 0, a contradiction.

The second statement is proved in the same way. Assume that all the factors in X
are preceded and followed by 3. If ng3 > mings(n), by continuity of the number of 0’s and
3’s and since y is uniformly recurrent, there exists a factor yuz such that the factor yu
(resp. uz) is of length n with ng3 (resp. ngs — 1) zeros and threes. We necessarily have
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z € {1,2}. Then as before yu or 7/(yu)® is and element of X that is either not always
followed or not always preceded by 3, a contradiction. Hence we have ng3 = mingz(n).
Assume now that mings(n+ 1) = ng3. There exists a factor u of even length n+ 1 with ngs
zeros. Without loss of generality, we can assume that u has more 0’s than 3’s (otherwise
one can consider 7/(u)® by Lemma . Since u has even length, either u occurs at an
even index and starts with 1 or 2 or u occurs at an odd index and ends with 1 or 2. In
other words, u = yu’ or u = u'y with y € {1,2} and «' is an element of X preceded or
followed by a letter different from 3, a contradiction.

For the other direction, assume that ng3 = mingg(n) and mjyz(n) = 1. Let u be a
factor in X. If v’ = ux or v’ = zu is a factor with = € {1,2}, then v’ has length n + 1
and nos zeros and threes. So mjyz(n) = 0, which is a contradiction. Observe also that
it is impossible to have Ou or u0 as factors of y since |uly > |ul3 by assumption and the
letters 0 and 3 alternate in y by Lemma [45] The conclusion is immediate. O

Lemma 61. If n is odd and nqo is even, then X leads to only one 2-abelian equivalence
class of t if and only if ng3 = mingz(n) and mjyz(n) = 1, orngs = maxez(n) and MJgz(n) =
1. Otherwise, X splits into two classes.

Proof. If n is odd and nys is even, then ng3 is even. Assume that ng > ng (the other case
is symmetric). If ng3 = mingg(n) and mjy;(n) = 1 then, by Lemma |60} all the factors in
X start with 0, and so X" leads to only one class. If ng3 = maxgz(n) and MJoz(n) = 1,
then all the factors in X are preceded and followed by 3. In particular, they all start with
2 and again X leads to only one class.

For the other direction, suppose that X leads to only one class. All the factors in X
must start either with a letter in {0, 1} or with a letter in {2, 3}. Assume first that all the
elements of X’ start with 0 or 1. Let u be a factor in X'. If the first letter of u is 1, it must
start with 120 since u has more 0’s than 3’s. Thus wu is always preceded by 2. It cannot
end with 1 (since ny = ng). So it must end with 0 or 2. If v = 120u2, then 21204’ is an
element of X’ starting with 2, which is a contradiction. If v = 1204’0 then ul is a factor
of y. So 20u/01 is an element of X starting with 2, a contradiction. Hence u cannot start
with 1 and thus starts with 0. Observe that, if u does not end with 0, then 7(u)® is still
an element of X by Lemma [46] and 7(u)® does not start with 0, a contradiction. Hence
all the factors in X start and end with 0. By Lemma we have ngg = maxoz(n) and
MJ03(TL) = 1.

Assume now that all the elements of X’ start with 2 or 3. Since ng > ng3, they all start
with 2. Moreover, as ny = no, they must end with 0 or 1. If v € X ends with 0, then
7'(u)® € X starts with 3 by Lemma 46| a contradiction. So all factors in X end with 1.
Let u = 2u/1 be an element of X. By Lemma [44] the only possible extensions of u as a
factor of length n + 1 of y are 1lu, 3u, u2 and u3. If 1lu is a factor of y, then 12u’ € X
starts with 1, which is a contradiction. If u2 is factor of y, then 7(u'12)} € X starts with
1, a contradiction. Hence all the factors in A are preceded and followed by 3 in y. By
Lemma [60] this means that ngs = mingz(n) and mjyg(n) = 1. O

We are now ready to prove Theorem [56]
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Proof of Theorem[56. The difference between 77,5(2) (n+ 1) and P}(,l)(n) is the number of
abelian equivalence classes of factors of length n of y that split into two 2-abelian equiv-
alence classes of factors of length n + 1 of t.

For even n, by Lemmas [5§ and [59] it happens when n;, is even. The number of even
values of nyy € {minj(n), ..., maxy(n)} is

LAp(n) +1 if minja(n) and Ajy(n) are even

2
sA12(n) if mings(n) + 1 and Ajz(n) are even
%Am(ﬂ) + % if A12(n) is Odd,

which leads to the result.
For odd n, by Lemmas |58 and , it happens when ny, is even, except if ng3 = mingg(n)
and mjgs(n) = 1 or ngg = maxgs(n) and MJy3(n) = 1. The number of such cases is

A12(n) + 1 —MJoz(n) — mjgz(n) if mingy(n) and Ajs(n) are even
Alz(QTLH — MJgs(n) if minja(n) and Aja(n) + 1 are even
A12(2”)“ — mjy3(n) if minjs(n) and Aqz(n) are odd
A12(") if minjs(n) + 1 and Aj5(n) are even.

Indeed, consider for example the case that minjs(n) and Ajy(n) are even. First, there
are A”Q(") + 1 even values of njy. Second, since minjs(n) is even and n is odd, we have
maxo3(n) = n — minjp(n) odd. Since Am( ) is even, maxi(n) is also even and mings(n)
is odd.

If n is such that mjys(n) = 1 (resp. MJoz(n) = 1) then the case ng3 = mings(n) and
mjs(n) = 1 (resp. ngs = maxps(n) and MJgz(n) = 1) indeed happens. So we have to
remove 1, i.e., mjys(n) or MJoz(n) for each case.

As another example, consider the case that minjy(n) and Ajs(n) are odd. Then
maxp3(n) is even and mings(n) is odd. There are % even values of nj5. We cannot
have ng3 = maxgs(n) (for parity reasons) and thus we never have ngg = maxopz(n) and
MJgs(n) = 1. But the case ng3 = mingz(n) happens and thus we have to remove one case
when mjy4(n) = 1.

Finally, observe that to each pair (n,n;3), with n odd and nj5 even, correspond two
abelian equivalence classes of y (see the proof of Proposition . Each of these classes
splits into two 2-abelian equivalence classes. Hence multiplying by 2 the number of pairs

(n,m12), with n odd and ny5 even, gives the result claimed for n odd. O
Corollary 62. The sequence 7)'5(2) (n)n>0 is 2-reqular.

Proof. We can make use of Lemma Thanks to Theorem , Pt@) (n+1) can be expressed

as a combination of Py)(n), Aqa(n), MJps(n), mjyz(n) using the predicates (n mod 2),
(A12(n) mod 2) and (minjs(n) mod 2).
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The sequences P§1)(n)n20 and Aqa(n),>o are 2-regular from Section @ Note that we
have MJoz(n + 1) = minjo(n) — minj(n + 1) + 1 and

mjy3(n) = maxjz(n) — maxja(n + 1) + 1
= minjs(n) — minja(n + 1) + Ajp(n) — App(n+1) + 1.

As MJps(n + 1) and mjys(n) can only take the values 0 and 1, these relations can also
be expressed using (minjs(n) mod 2),>0 and (Ajz(n) mod 2),>. Since these two latter
sequences are 2-regular, the sequences (minjs(n+1) mod 2),>0 and (Aj2(n+1) mod 2),,>0
are 2-regular by Lemma|[l1]and so are MJg3(n+1),>¢ and mjys(n),>o by Lemmal§] Thus,
MJo3(n)n>0 is 2-regular by Lemma [11]

Since all the functions (resp. all the predicates) occurring in the statement of Theo-
rem [56| are 2-regular (resp. 2-automatic), the composition given in Lemma [§ implies that

the sequence P> (n+ 1),>0 is 2-regular. Hence, by Lemma P (n)n>0 is 2-regular. [

8 Conclusions

The two examples treated in this paper, namely the 2-abelian complexity of the period-
doubling word and the Thue-Morse word, suggest that a general framework to study the
(-abelian complexity of k-automatic sequences may exist. As an example, we consider the
3-block coding of the period-doubling word,

z = block(p, 3) = 240125252401240124 - - - .

The abelian complexity Pz(l)(n)nzo =(1,5,5,8,6,10,19,11,...) seems to satisfy, for £ > 4,
the following relations (which are quite similar to what we have discussed so far)

z(l)(’l") +5 if r <21 and r even
PO+ ) =L PPy +7  ifr <2 and r odd
732(1)(2£+1 —7r) ifr > 2L

Then, the next step would be to relate 73;(,3) with Pz(l) (and try to extend the developments
from Section [5).
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