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INVARIANCE PRINCIPLES FOR OPERATOR-SCALING GAUSSIAN
RANDOM FIELDS

HERMINE BIERME, OLIVIER DURIEU, AND YIZAO WANG

ABSTRACT. Recently, Hammond and Sheffield [22] introduced a model of correlated one-
dimensional random walks that scale to fractional Brownian motions with long-range de-
pendence. In this paper, we consider a natural generalization of this model to dimension
d > 2. We define a Z%indexed random field with dependence relations governed by an un-
derlying random graph with vertices Z¢, and we study the scaling limits of the partial sums
of the random field over rectangular sets. An interesting phenomenon appears: depending
on how fast the rectangular sets increase along different directions, different random fields
arise in the limit. In particular, there is a critical regime where the limit random field is
operator-scaling and inherits the full dependence structure of the discrete model, whereas in
other regimes the limit random fields have at least one direction that has either invariant or
independent increments, no longer reflecting the dependence structure in the discrete model.
The limit random fields form a general class of operator-scaling Gaussian random fields.
Their increments and path properties are investigated.

1. INTRODUCTION

Self-similar processes are important in probability theory because of their connections with
limit theorems and their intensive use in modeling, see for example [50]. These are processes
(X (t))1er that satisfy, for some H > 0,

(1) (X(AD))ser =N (X(8))ser, for all A > 0,

dd . . . . . . . .
where 2, stands for ‘equal in finite-dimensional distributions’. It is well known that the

only Gaussian processes that are self-similar and have stationary increments are the fractional
Brownian motions. Throughout, we let (Bg(t));er denote a fractional Brownian motion with
Hurst index H € (0, 1); this is a zero-mean Gaussian process with covariances given by

1
Cov(Bpg(t), Bu(s)) = 5(]75]2H + [s)?H — |t — 52, t,s€R.

Fractional Brownian motions were first introduced in 1940 by Kolmogorov [25] and their rel-
evance was first recognized by Mandelbrot and Van Ness [32], who gave them their name.
Invariance principles for fractional Brownian motions have a long history, since the seminal
work of Davydov [15] and Taqqu [49]. As the limiting objects of stochastic models, fractional
Brownian motions have appeared in various areas, including random walks in random envi-
ronment [19], telecommunication processes [35], interacting particle systems [36], and finance
[24], just to mention a few.

Recently, Hammond and Sheffield [22] proposed a simple discrete model that scales to
fractional Brownian motions with H > 1/2. This model, to be described below, can be
interpreted as a strongly correlated random walk with £1 jumps. As the simple random walk
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can be viewed as the discrete counterpart of the Brownian motion, the correlated random
walks proposed in [22] can be viewed as the discrete counterparts of the fractional Brownian
motions for H > 1/2. In this regime, the fractional Brownian motion is well known to exhibit
long-range dependence [45].

In the present paper we introduce a discrete random field model that generalizes the
Hammond-Sheffield model to any dimension d > 2 and we study the scaling limits. Based on
this model, we establish invariance principles for a new class of operator-scaling Gaussian ran-
dom fields. The operator-scaling random fields are generalization of self-similar processes (1)
to random fields, proposed by Biermé et al. [8]. Namely, for a matrix E with all eigenvalues
having positive real parts, the random field (X (t))scga is said to be (E, H)-operator-scaling
for some H > 0, if

2) (X (NEE)) e "2 N (X () e for all A > 0,

where AP := 3, (log \)*E¥/k!. In this paper, we focus on the case that £ is a d x d
diagonal matrix with diagonal entries fi,...,[3q, denoted by E = diag(B31,...,53q). It is
worth mentioning that a simple generalization of the self-similarity would be to take E being
the identity matrix in (2), and the advantage of taking a general diagonal matrix is to be able
to accommodate anisotropic random fields. Examples of operator-scaling Gaussian random
fields include fractional Brownian sheets [23] and Lévy Brownian sheets [46]. Here, our
results provide a new class to this family with corresponding invariance principles. We also
mention that there are other well investigated generalizations of fractional Brownian motions
to Gaussian random fields, including distribution-valued ones. See for example [6, 30, 47].

We now give a brief description of the Hammond—Sheffield model and its generalization to
high dimensions. Let us start with the one-dimensional model. Let i be a probability distri-
bution with support in {1,2,...} that is assumed to be aperiodic (to be defined below). Using
the sites of Z as vertices, one defines a random directed graph G,, by sampling independently
one directed edge on each site. The edge starting at the site ¢« € Z will point backward to
the site 1 — Z;, where Z; is a random variable with distribution p. Here, p is a probability
distribution in the form of

(3) u({n,...}) = n~"Ln),

where L is a slowly varying function and a € (0,1/2). This choice of « guarantees that
the graph G, has a.s. infinitely many components, each being a tree with infinite vertices.
Conditioning on G, one then defines (X);ecz such that

e X, = X; if j and i are in the same component of the graph,
e X, and X; are independent otherwise, and
e marginally each X; has the distribution (1 — p)d_; + pé; for some p € (0,1).

The partial-sum process S, = Y ;= ; X;,n > 1, can be interpreted as a correlated random
walk. Hammond and Sheffield [22, Theorem 1.1] proved that

Sint) = ES|ne]
(4) () = 0 (Bat1/2(t)
na+1/2L(n) o] ( a+1/ )te[o,l}
as n — oo in D([0,1]), with the constant o explicitly given. Here and in the sequel, we let
“=" denote convergence in distribution [10]. Hammond and Sheffield [22] actually established
a strong invariance principle for the convergence (4).
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To generalize the Hammond—Sheffield model to high dimensions, we start by construct-
ing a random graph G, with vertices Z%. Similarly, at each vertex i € Z? we first sample
independently a random edge of length Z;, according to a probability distribution u, and
connect i to i — Z;. The distribution p has support within {1,2,...}%, intuitively meaning
that all the edges are directed towards the southwest when d = 2. Throughout, we assume
that the additive group generated by the support of p is all Z%, and in short we say that u
is aperiodic. Most importantly, the distribution p is assumed to be in the strict domain of
normal attraction of (E,v), denoted by p € D(E,v), for a matrix E = diag(1/aq,...,1/aq)
with oy € (0,1),72 = 1,...,d, and an infinitely divisible probability measure v on }R‘i. That
is, if (§;)i>1 are i.i.d. copies with distribution p, then

(5) nF Z & =
i=1

This assumption is a natural generalization of (3) to high dimensions. We again focus on the
case that G, has infinitely many components, which turns out to be exactly the case that
q(E) = trace(E) > 2, and given G, we define (Xj),;cza similarly as in dimension one. Remark
that ¢(EF) > 2 is trivially satisfied for d > 2, due to the restriction on «; € (0,1). Remark
also that when d > 2, sometimes it is more practical to express (5) in terms of non-standard
multivariate regular variation, and in this case nothing needs to be assumed in terms of the
spectral measure of v. See Section 2 for detailed descriptions of the measure u, the random
graph G,, and the model.

The key feature of our model is that the underlying random graph induces a partial order
of Z%. Models with such a feature have been considered in literature. In particular, the
so-called partially ordered models have been recently introduced by Deveaux and Fernandez
[18]. Applications of such models include notably image and texture analysis [14]. Our model
may be formulated alternatively as a partially ordered model. However, we do not pursue
this direction here, as the current setup serves our purpose better.

In this paper, we will investigate the scaling limits of partial sums over increasing rectangles
of the random fields described above. For this purpose, we introduce

Sn(t):= > Xj,  n=(n,...,ng) ENt=(t,....t4) €[0,1]¢
JER(n,t)

with R(n,t) = szl[o,nktk — 1] N Z4. Surprisingly, the limit theorems are much more
complicated in high dimensions. In order to obtain an invariance principle for Sy, (t), one
cannot simply require min;—; _4n; — oo as most of the limit theorems for random fields do
(see e.g. [5, 16, 28]). Instead, one needs to investigate

(6) SY)= Y X

JER(NE'1,t)

with a diagonal matrix E' = diag(f1, ..., Bq)-

The contribution of our main result, Theorem 5, is twofold. First, we establish invariance
principles to operator-scaling Gaussian random fields. Such limit theorems, rare in the lit-
erature, justify the usage of such Gaussian random fields in various applications, including
particularly texture analysis [4, 9, 44] and hydrology [2]. Second, unexpectedly, Theorem 5
reveals the following surprising phenomenon: for different E’, the limiting random field may
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not be the same. Moreover, in the special case with E/ = cE for some ¢ > 0, the depen-
dence structure of the limiting random field is determined by the measure v. This case is
referred to as the critical regime. For the non-critical regime, one can still obtain invariance
principles under different normalizations depending on both E and E’, although the limiting
random field has degenerate dependence structure (either invariant, i.e. completely depen-
dent, or independent increments) along at least one direction. To the best of our knowledge,
the existence of such a critical regime has been rarely seen in the literature, except for the
recent results by Puplinskaité and Surgailis [38, 39]. They investigated a different model in
dimension 2, and referred to the same phenomenon as the scaling-transition phenomenon.
Below we briefly summarize the phenomenon of critical regime.

Critical regime: Here we refer to the case of taking E' = F in (6).

Theorem 1. Assume that p € D(E,v) for some E = diag(l/ai,...,1/ay) with «; €
(0,1),i = 1,...,d, and a probability measure v on Ri. Assume a1 < 1/2 if d = 1. Let
1 be the characteristic function of v. Then,

SE(t) — ESE(t)
< ni+ta(E)/2 >te[0,1]d = ( ( ))te[O,l]da

in the space D([0,1]%), where the limit Gaussian random field (W (t))scga has zero-mean and
covariance function

d eyr _ eiskT
Cov(W(#), W(s)) = 0% /del:[l (et — 1) L

|log ¥ (y)| 2dy,t,s € RY,

27 |yg|?

where an explicit expression of O'g( is given in (21) below.

The limit Gaussian random field is easily seen to be (FE, H)-operator-scaling with H =
1+ q(E)/2. For this new class of random fields, we study its increments and the Hélder
regularity of the sample paths in Section 5.

Non-critical regime: For the case E' in (6) is not a multiple of F, the situation becomes
much more subtle. One can still obtain invariance principles with appropriate normalization
depending on both F and E’. However, in the non-critical regime the limiting random fields no
longer reflects fully the long-range dependence inherited from G,,. In particular, the covariance
function of the limiting random field becomes degenerate in certain directions: along these
directions, the covariance function becomes the one of a fractional Brownian motion with
either H = 1/2 (the standard Brownian motion, which is memoryless) or H = 1 (the case
of complete dependence with W(t) = tZ,t > 0 for a common standard Gaussian random
variable Z). Accordingly, along these directions the increments of the Gaussian random
fields are independent or translation invariant, respectively. A general invariance principle
is established in Section 4, and properties of the limiting random fields are investigated in
Section 5. Here we only state the invariance principle for d = 2. In the non-critical regime,
the limit Gaussian random field is a fractional Brownian sheet with Hurst indices H; and Hs.
However, we do not see a fractional Brownian sheet in the limit in high dimensions most of
the time: a complete characterization of when it appears is given in Proposition 6 below.

Theorem 2. Assume d = 2. Let u € D(E,v) with E = diag(1/a1,1/a2) and set E' =
diag(1/aq,1/al) with aq, 0 € (0,1),0 # af. Then, depending on the relation between
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a1, ag and oy, the following weak convergence holds:

E'(4) _ RQE
<Sn (t) n;ESn (t)> = (W(t))tecp0,12;
[0,1]

in the space D([0,1])%), where the limit Gaussian random field (W (t))cr2 has zero-mean and
covariance function in the form of

COV(W('[Z), W(S)) = U%UQ COV(BH1 (tl), BH1 (81)) COV(BH2 (tg), BHQ(SQ)).

Here, B,0%, Hy, Hy and hence {W(#)}eejo)2 all depend on ay, o and oby. In particular, there
are four different possibilities as follows:

(i) oy > ag, a0 € (0,1/2): B:g—z+%(ail+i,2)’}[1 s H2=%+a2

(ii) afy > ag, a0 € (1/2,1): ﬁ:1+ﬁ+§2 TTE H1 s+on(l—5), Ho=1.
(111) ofy < ag, o1 € (0,1/2): =1+ l(i —) Hi=3+ay, Hy=1.

(iv) oy < ag, a1 € (1/2,1): B (1—E)+ +2a,,H1:1, H2:§+a2(1—ﬁ).

Explicit expressions of o2 in these cases can be found in the proof of Theorem 2 in Section 5.

The main result of the paper, Theorem 5, is a unified version of invariance principles for
general d € N, F = diag(1/a,...,1/ay) and arbitrary E’, from which both Theorems 1 and 2
follow as immediate corollaries. Theorem 5 also provides a general principle to determine
the correct normalization order, the limit covariance function, and hence the directions of
degenerate dependence. We have just seen that in dimension 2 there are already 4 different
non-critical regimes. For general d > 3, the situation becomes more complicated.

The core of the proofs is an application of the martingale central limit theorem, thanks to
the key observation that the random field of interest can be represented as a linear random
field in the form of

(7) Xi = Z G X el
JEZA

of which the innovations (X 3 )jezd are multiparameter martingale differences. Hammond and
Sheffield [22] also made essential use of the martingale central limit theorem, although the
representation as a linear process as in (7) was not explicit. This representation plays a key
role in our proofs, as from there when verifying conditions in the martingale central limit
theorem, thanks to the structure of the linear process, we can deal with the coefficients g;
and innovations X J* separately. This framework, or more generally the martingale approx-
imation method, has been carried out successfully in dimension one to establish invariance
principles for fractional Brownian motions for general stationary processes [17]. To extend
this framework to high dimensions, a notorious difficulty is to find a convenient multiparam-
eter martingale to work with. It is well known that the martingale approximation method
applied to stationary random fields is not as powerful as to stationary sequences, as pointed
out a long time ago by Bolthausen [12]. Fortunately, our specific model can be represented
exactly as a simple linear random field with martingale-difference innovations as in (7).

Once the representation of linear random fields in (7) is established, the main work lies
in the computation of the limit of the covariance functions. This step is heavily based on
the analysis of Fourier transforms of the linear coefficients (g;);cz¢, the asymptotic property
of which is essentially determined by v. Analyzing the Fourier transforms is a standard
tool to compute the covariance functions for stationary linear random fields, see for example
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[28, 38, 39]. To complete the invariance principle, the tightness is established. At last, to
develop the sample-path properties we apply recent results in Biermé and Lacaux [7].

The rest of the paper is organized as follows. In Section 2 we describe in details the random-
field model. Section 3 provides a general central limit theorem that serves our purpose.
Section 4 establishes a general invariance principle that applies to both critical and non-
critical regimes. Some properties of the limit random fields are provided in Section 5.

Acknowledgement. The third author would like to thank the hospitality of Laboratoire
de Mathématiques et Physique Théorique, UMR-CNRS 7350, Tours, France, during his visit
from April to July in 2014, when the main part of this project was accomplished. The third
author’s research was partially supported by NSA grant H98230-14-1-0318. The authors
would like to thank two anonymous referees for their comments on the paper.

2. THE MODEL

In this section, we will give a detailed description of our random field model {X;};cz4,
of which the dependence structure is determined by an underlying random graph G,. The
asymptotic properties of the random graph are determined by a probability measure pu on
{1,2,... }d, which is assumed to be in the strict domain of normal attraction of an E-operator
stable measure v on ]Ri. Some simple properties of the model will be derived. In particular,
we show that the random field of interest can be represented as a linear random field, of which
the innovations are stationary multiparameter martingale differences.

Throughout the paper we use the following usual notations. Let d > 1 be an integer.
On R%, we consider the partial order (also denoted by <) defined by t < s if t; < s; for
all j = 1,...,d, where t = (t1,...,tq) and s = (s1,...,84). In the same way, we use the
notations >, <, >. We write ¢t £ s as soon as t; > s; for at least one j = 1,...,d, and in
the same way, we use %, £, #. We denote by [t, s] the set [t1, s1] X - -+ X [tq, s4] and we write
|t|oo for max{|t;|, j = 1,...,d}, and [t|; for Z?:l tj|. Furthermore, write N = {0,1,...}
and N, = {1,2,...}.

2.1. The random graph.
On Z?, we consider the random directed graph G,, associated to u, defined as follows:

o Let (Zy,),cza be iid. random variables with distribution p.
e For each n € Z%, let e, be the outward edge from n to n — Z,.
e G, is the graph with all sites of 7% as vertices and random directed edges {en, n € Z¢}.

The graph G, is then composed of (possibly) several disconnected components and each
component is a tree. The upcoming Proposition 1 shows that, almost surely, the number of
components of G, is one or is infinite.

We first introduce the following notations. For n € Z%, we denote by A,, the ancestral line
of n, that is the set of all elements k € Z¢ for which there exists a directed connection from
n to k (taking the orientations of the edges into account). Note that, in distribution, A,
can be described by the range of the random walk (rn — Sj)r>0 where (Sj)r>0 is the random
walk starting at 0 with step distribution x. In particular, since u is supported by N¢, any
element k in A,, satisfies k < n. Observe that the condition that the support of u generates
the group Z% is equivalent to the fact that P(A, N Ay, # 0) > 0 for all n, m € Z%.
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For m € Z%, we set ¢, = P(0 € A,). We clearly have ¢, = 0 as soon as 0 ¢ n, except for
go = 1. Further, since each edge is generated independently at each site, for any n, k € Z¢,

P(k € An) = Qn—~k-

Proposition 1. If ), na q,% converges, then G, has almost surely infinitely many components
whereas if Y pcna q,% diverges, then G, has almost surely only one component.

We start by proving the following lemma.

Lemma 1. (i) If )} cna qi converges then for all m € ze,
-1
IP)(AO N An 7& (D) = Z QIQc Z dkdk+n
keNd kezd
(it) If 3 pene 4p diverges then P(Ag N Ay, # 0) =1 for all n € Z4.
Proof. The proof follows an idea developed in [22, Lemma 3.1] for the dimension 1. Let G,

be an independent copy of G,. We denote by Aj, the ancestral line of m with respect to QL.
On one hand, one has

ElAo N Ayl = Y Pk € A))P(k € Ap) = D Grlkin
kezd keZd
On the other hand,

E|Ao N Aj,| = P(Ao N Ap # DE|Ao N Ap| = P(Ao N An #0) Y a}
kcNd

and thus (7) follows.
If Y pene @i = o0, then E|Ag N Ap| = co. But E[Ag N Ap| can also be computed as

1o ! = f = !
() Eldon 451 = ) P40 N o] > £) = 3_Bledo 1 4o 240" = 75557 47 2 oy

Thus E|AgNAg| = oo if and only if P(AgNAp # {0}) = 1, and in this situation |AgNAg| = oo
almost surely. Now, since the group generated by the support of p covers Z%, we know that,
for all n € Z%, there exists ko € Z¢ such that

P(ko € Ag and kg — n € Ap) = P(kg € AgN Al,) > 0.
But, since |Ap N Ay| = oo a.s., we infer that |Ag, N Ak,—n| = 00 also a.s., and thus
P(A() NA, # @) = P(Ako N AkO,n #* @) > P(’Ako N Ak:ofn‘ = OO) =1,

which proves (ii). O
Proof of Proposition 1. If C':= 3" ya i < 0o, from Lemma 1 (i), we get
1/2 1/2
P(Ao N An #0) =C™" Y qeahsn < C > > Giin
kezd keZd k+n>0 kcZ k>0

[SIE
[NIE
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which goes to 0 as [n|. — co. Thus, P(Ag N Ap # 0) — 0 as [n|w — 0o, and we can build a
sequence (ng)gen C 7%, iteratively, such that for each k € N,

P (Ank N(USZgAn,) # (Z)) < %

By the Borel-Cantelli lemma, we see that, almost surely, the ancestral lines A, , for all k
large enough, are disjoint from each other. This proves the first part of the proposition.
The second part of the proposition is clear from Lemma 1 (7). O

2.2. The measure.

From now on, we always consider a probability measure y on N? which is aperiodic (the
additive group generated by the support of p is all Z?) and such that p € D(E,v) for an
infinitely divisible full probability measure v on R% and a matrix E = diag(1/a,...,1/aq)
with a; € (0,1) for all ¢ = 1,...,d. Recall that we mean by p € D(E,v) that if (§;);>1 are
i.i.d. copies with distribution u, then

(9) n~¥ Z g = v
i=1

Note that, since the distribution of each coordinate is in the strict domain of normal attraction
of a positive stable law and since positive a-stable laws only exist for o € (0, 1), the condition
€ (0,1) for all i = 1,...,d is necessary.
Consider the characteristic function ¥(t) = fRi e*2dy(x) of v. Tt follows from (9) that

the log-characteristic function logt is then an F-homogeneous function, that is
for all t > 0 and & € R?, log Y(tPx) = tlogy(x).

(See (12) below.) Further, log(0) = 0 and for all « # 0, |log v (x)| > 0.

One can also describe p in the framework of multivariate regular variation. Consider the
triplet representation of v as an infinitely divisible distribution [34, Eq. (3.17)]. Then, [34,
Corollary 8.2.11] tells that (9) implies that the triplet has the form (0,0, ¢), with ¢ satisfying

(10) li_>m nu(nA) = ¢(A) for all A € B(R?) bounded away from 0 and ¢(dA) = 0.

Conversely, [34, Corollary 8.2.11] also shows that (10) implies (9) with a possibly centering
on the left-hand side and v determined by the triplet (a,0,¢) with a possible drift term a.
However, under the assumption «; € (0,1), it follows from [34, Theorem 8.2.7] that a = 0
and the centering can be set as zero.

In view of (10), p is said to have non-standard multivariate regular variation with exponent
FE and exponent measure ¢. Most of the applications in the literature of multivariate regular
variation, however, focus on the case that oy = --- = ag4. In this case, (10) is referred to as
multivariate regular variation in the literature. Standard references on (standard) multivariate
regular variation include [42, 43]. References on non-standard multivariate regular variation
include [40], [43, Chapter 6]. See also some recent development in [41]. Some examples are
given at the end of the subsection.

We denote by P the Fourier transform of the measure pu, that is

P(t)= Y u({k})e™*  teRr”

keNd
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Note that the assumption that the additive group generated by the support of y is all Z% is
equivalent to:

P(t) =1 if and only if the coordinates of ¢ belong to 27Z,

see for example Spitzer [48, p.76].

Let G,, be the random graph associated to p as defined in Section 2.1. The asymptotic
behavior of {gk }rene Will play a key role in our analysis. It is essentially determined by the
measure p € D(E,v). We denote by @ the Fourier series with coefficients g, = P(0 € Ayg),

that is
Q(t) _ Z qkezt-k_
keNd

Using that qx = 3 ;ene #({7})ak—j for k > 0, we see that both Fourier series are linked by
the relation

1
WO TRy
From Lemma 1, we see that
2
IP>(AO NAp # (Z)) = ZZ(("g‘|2))7

where c(|Q]?) denotes the Fourier coefficient of index k of |Q|> = QQ. This relation explains
why the Fourier series ) plays a crucial role in the study of the random graph.
The two following lemmas are key results concerning the behavior of Q) at 0.

Lemma 2. Let u € D(E,v) be as described above and 1) the characteristic function of v.
Then

=\l -Fx 71:L€8) z € [—n,7]?

where g is continuous and positive with g(0) = 1.

Proof. Let us use a change of variables in polar coordinates. As in [34, Chapter 6], we define
a new norm on R?, related to the matrix E, by

1
1
(11) il = / rPe| Ldr,
0 T

where here | - | denotes the Euclidean norm. The unit ball Sp = {x € R? | |z||g = 1}
associated to this norm is a compact set of R\ {0} and every vector in R?\ {0} can be
uniquely written as 7”@ with r > 0 and @ € Sg, since for any x # 0, the map t > |[tFz| g is
strictly increasing on (0, 00).

Since pu € D(FE,v), we have

P(n=F0)" = 1(0), as n — oo, uniformly in 8 € Sg,
from which we infer that
(12) tlog P(t~£0) — log (), ast — oo, uniformly in @ € Sg,
see [31, p.159]. Using that log(1 + =) ~ x as * — 0 and that P is continuous at 0, we obtain
t(P(t™P0) — 1) — log1(0), ast — oo, uniformly in 6 € Sg.
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Thus, for all € > 0, there exists T' > 0 such that for all t > T,
[logv(t~"8)] .| | [logw(6)]
|P(t—£0) — 1| t|P(t—£0) — 1]

Now, set g(-) = |log®(-)(P(-) — 1)~!|. The function g is clearly continuous and positive on
[—7, 7]\ {0}. Set § = infgcs, |78z > 0. Then for all z such that ||z||z < §, = = t; 78
with 89 € Sg and tg > T and thus

l9(@) — 1] = |g(tg "60) — 1| <e.

— 1| < ¢, uniformly in 8 € Sg.

Thus ¢ is continuous at 0 and ¢g(0) = 1. O

We are thus interested by the function @ +— log (), which is a continuous E-homogeneous
function that only vanishes at 0. Recall that ¢(F) = trace(E).

Lemma 3. If ¢ : R = R is a continuous E-homogeneous function that only vanishes at 0,
then for any p > 0, x — |¢(x)|™P is locally integrable in R? if and only if q(E) > p.

Proof. There exists a unique finite Radon measure op on Sg which allows the change of
variable

+oo
[ e - /0 [ 16Poy P (@)ar

for all f € L'(R?) (see [8], Proposition 2.3). Thus, using the E-homogeneity of ¢, one has

1
Py = q(E)—1 Eg\|—p
/{||w|Eg1}¢(w)’ e /O/SEr (7 0)| Pdop(6)dr
1
:/ 'r‘I(E)—l—Pd'r/ |¢(0)|_de'E(0)
0 Sp

The second integral is finite because |¢| is continuous and positive on the compact set Sg,
and the first integral is finite if and only if ¢(F) > p. O

As a first consequence, we get the following proposition.

Proposition 2. Let u € D(E,v). The random graph G, has almost surely infinitely many
components if and only if q(E) > 2.

Note that, when d = 1, the condition ¢(E) > 2 becomes a1 < %, which corresponds to
the condition assumed in [22]. When d > 2, since «; € (0,1) for all i = 1,...,d, then the
conditon ¢(E) > 2 is always satisfied.

Proof. As a consequence of Lemma 2, using Parseval identity, we get

S - (;)d /[ | 10() e = (2;)61 /[ JJo@)Plogu(a)| “d.

keNd ’

Since g is bounded and bounded away from 0 on any compact set, we see that ), ya q,2c < 400
if and only if & ~ |log(x)|~? is integrable on [~ 7]%. The function = ~ log(x) being
E-homogeneous, by Lemma 3, it is the case if and only if ¢(E) > 2 and the result follows
from Proposition 1. O

To conclude the section, we give few examples of possible probability measure p € D(E, v).
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Example 1 (Product measure). Let p be the product measure p; ® - - - ® pg, where each p;
is a regularly varying measure on N, with index «; € (0, 1) such that

:ui([n’ OO)) ~ Cin_ai’

for some ¢; > 0. Then, each u; belongs to the strict domain of normal attraction (with

normalization n~ /%) of a positive a;-stable law 14, see [11, Theorem 8.3.1]. Positive a-stable
laws only exist for a € (0,1), and then, their characteristic functions are given by

©(t) = exp {—'y]t|°‘ (1 —isgn(t) tan <ga>>} ,

for some v > 0. See [11, Theorem 8.3.2]. In this situation, the measure y belongs to the strict
domain of normal attraction of the measure v = 11 ® - - - ® v4 which is a full E-operator stable
distribution, with £ = diag(1/a1,...,1/aq). The characteristic function 1 of v is such that

o) = 3 vl (1 st tan (D)),

=1
for some v; > 0.

Example 2 (Standard multivariate regular variation). For the standard multivariate regular
variation, that is when a; = - - - = ag = «, many examples have been known from the studies
of heavy-tailed random vector X = (X1,...,Xy) € R?, in the literature of heavy-tailed time
series. An extensively investigated condition for multivariate regular variation is

P(X|>ux,X/|X| € ")
P(|X| > u)

for | - | a norm on RY and o a probability measure on B(S) for S = {z € R?: || = 1}. See
for example [1]. It is known that (10) implies (13) (see e.g. [29, Theorem 1.15]).

The measure o is often referred to as the spectral measure, which captures the dependence
of extremes. For example, the case that o concentrates on the d-axis with equal mass means
that, in view of (13), the extremes of the stationary processes are asymptotically independent.
For more theory and examples on spectral measures reflecting asymptotic dependence of the
extremes, we refer to [42, Chapter 5].

(13) =z “%o(:) as u — oo, for all z > 0,

Example 3 (Polar coordinate). A standard procedure to obtain non-standard regularly
varying random vectors is via the representation using polar coordinates. We use the
norm | - ||g introduced in (11) to identify RY \ {0} with (0,00) x Sg for the unit ball
Sp = {x € R? | ||z||p = 1} such that every vector in R?\ {0} can be uniquely written
as 70 with > 0 and @ € Sg. By [34, Theorem 6.1.7], in case of (9) (equivalently (10)), ¢
can be taken to have the polar coordinate representation

oe dt
A) = 1 0)—
o= [ [ tumcno@®)z

for some finite Borel measure o on Sg. In our case, since p has support contained in N¢, ¢
is a measure on R%, and o is a finite measure on S, = Sp NRY. Identifying R? \ {0} with
(0,00) x SE, to obtain a multivariate regular varying measure as in (10), it suffices to show
(14) p((r,00) x T) ~ 77 1o (T) as r — oo, for all T € B(S}).

This follows from a standard argument showing that {(r, c0)xI'}, _ e B(s}) are a convergence
determining class.
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A standard procedure to construct a random vector of which the distribution p satisfies (14)
is the following. Let R be a non-negative random variable with P(R > r) ~ o(S5)r~! as
r — 0o. Let © be a random element in S}, with probability o/o(S}). Assume that R and
© are independent. Then, RF@ is regularly varying in R% in the sense of (14). Indeed,

P(RFO® € (r,00) xI') = P(R> 7,0 €T) ~ rLo(I') as r — oo.

The so-obtained distributions can then be modified to become distributions on N¢ with the
same regular-variation property. We omit the details.

Remark 1. For our main results to hold, we do not impose any assumption on the spectral
measures ¢ in Examples 2 and 3. The only assumption is the non-standard multivariate
regular variation with indices aq,...,aq € (0,1), and a3 < 1/2 when d = 1.

2.3. The random field.

We now associate a random field (Xj);jcza to the random graph G,. Assume that u €
D(E,v) as in the preceding section, with the diagonal matrix E satisfying ¢(FE) > 2, and let
p € (0,1). We proceed as follows:

First, generate the random directed graph G, as described in previous sections, which has
almost surely infinitely many connected components in this situation. Let {C; | i« > 1} denote
the collection of disjoint components and associate to each component C; a random variable
g; such that (g;);>1 are i.i.d. with distribution given by P(¢; = 1) =p and P(g; = —1) = 1—p.
Finally, for all j € Z¢, set X j = & where 7 is such that j € C;. This construction implies that
Xj = Xj, as soon as j and k belong to the same component of G,, and they are independent
otherwise.

Remark 2. The one-dimensional Hammond—Sheffield model can also be formulated as an
example of the so-called chains with complete connections [22]. This general class of models
has a long history with different names, and is very similar to but not the same as the
Gibbs measures on Z; see [20, 21] for more references. Recently, Deveaux and Ferndndez
[18] extended chains with complete connections to the so-called partially ordered models. It
would be interesting to formulate our model in their framework.

For all n € N%, we introduce the partial sum

Sn= Y X
j€(0,n—1]

Our aim is to establish a functional central limit theorem (invariance principle) for the
partial sums S,, (with centering and appropriate normalization) when n goes to infinity with
a specific relative speed in each direction. We will distinguish different regimes. We first
show, in this section, that (Xj);jcza can be seen as a linear random field with martingale
differences innovations, and thus, S, is a partial sum of a linear random field.

For all j € Z%, we define the o-fields 0 = 0{Xy | k < j} and 7; = o{X | k # j}. Note
that, for j < m, the value of X, conditioned on o is obtained by sampling the ancestral
line A, and taking the value of X where k is the first site of the ancestral line A,, which is
strictly smaller than 3. We denote
(15) Xj = X; —E(Xj | 05) = Xj —E(Xj [ 75).

The equality E(X; | ;) = E(Xj; | 0j) comes from the fact that starting from j, the next
site in the ancestral line Aj; is necessarily strictly smaller than j. Then for all j € Z4,
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E(XJ* | 75) = 0 and X is measurable with respect to e, for all ¢ =1,...,d, where e, is
the ¢g-th canonical unit vector of R%. In particular, the random variables X;-k are orthogonal
to each other, that is, E(X;X}) = 0 as soon as j # k.

Lemma 4. In the above setting,
-1
Var(Xg) = | Y aqi| Var(Xo).
keNd

Proof. Let Zg be the random variable with distribution p that gives the first ancestor of 0.
We have Xo = > poo L{zo=k} X & and E(Xo|oo) = D p~0PkX &, Where pp = pu({k}) for all
k > 0. Therefore,

2
E(X5?) = E <Z(]l{zok} - pk)X—kz>

k>0
(16) =) ) E((Lyze—i} — Pr)(L{zo—e} — Pe))E(X_£X_¢).
k>0£>0

But,
(17) E(X X ¢) =P(A xNA o #DEX) +P(A_rNA_,=0E(Xp)>
and
(18) E((11zo=k} — Pr)(L{zo=ey — Pe)) = Lix—gyPk — PrDe-
Combining (16), (17), and (18), we get

E(X57)

= E(X5) (1 Y pkpeP(A_ kN A_g # @)) =3 pepeP(A_p N A_p = )E(Xo)”

k>0£¢>0 k>0 £>0
= (B(X5) —E(X0)*) > > pkpeP(A_ kN Ay =0)
k>0 £>0

= Var(Xo)]P)<A0 N A6 = {0}),
where Ajf is an independent copy of Ag. Finally, as we saw in (8) in the proof of Lemma 1,
> kend @r = E[Ao N Ap| = P(Ag N Ay = {0})~! and the proof is complete. O
Now, for all j € Z¢, we introduce
Aj(X)= Y (“D)TFERE(X | 0j40),
ee{0,1}

where |e|y =1+ ...+ &4

Remark that, since E(X; | 0j1c) = E(Xj | o) for all € € {0,1}? with the exception of
e = 1 for which E(Xj | 0j11) = X, we have
(19) A;j(X5) = Xj —B(Xj | 05) = Xj.
More generally, we have the following lemma.
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Lemma 5. For all j, k € Z°,
Aj(Xk) = qe—j X5,
which vanishes when k % j.
Proof. The result is clear when k = j (see (19)). In the case k < j, k # j, we easily see that
Now, assume k £ j. By linearity, we have
Aj(Xk) = (Xl ea,y) + A (Xelgiga,y)-
Using first that Xpljca,) = Xjljea,}, and then that {j € Ag} is independent of 0,1, we
obtain
Aj(Xlgica,y) = A5 (X5)P(F € Ag) = qr—5 X5
Denote by a(k,j) the first element of the ancestral line Ag that is < j and remark that
a(k,7) is independent of ;1. Then,

Aj(Xilgeag) = D Ai(Xlagg=e) = D> Aj(Xe)Pla(k,j) = £).
£<j L+ £<j t#j
But, A;j(X,) =0 for all £ < j, £+# j, and we finally have
Aj(Xilgjga,y) =0
which completes the proof. ]
Lemma 6. For all k € 7%, the series > jeza Aj(Xk) converges in L? and

X —E(Xp) = D Aj(Xp).
jezd
Proof. First, remark that by stationarity we may only consider the case where k = 0. The
sum in the statement can be written as ZjeNd A_;(Xp) since the other terms vanish. We
denote by nl the vector (n,...,n) where n € N. By Lemma 5, we have
2

Ell Y A X0 | =ExH| > o
Jje[o,ni] Jje[o,n1]
and the right hand side converges to Var(Xg) as n — oo thanks to Lemma 4. Now, by
construction, the random variables } ;.1 1) A—;(Xo) and Xo — > jc0,,1) A—j(Xo) are or-
thogonal. To see this last fact, note that for all I < 0 and j < 0, E(E(Xo | oy) | 0j) =
E (XO | O'min{lvj}) , where the minimum is taken on each coordinate. Thus, we get
2 2
E | | Xo—E(Xo)— Z A_j(Xo) = Var(Xg) — E Z A_j(Xo) -0,
J€[0,n1] j€[0,n1]

as n — 00. U

From Lemma 6 and Lemma 5, we get that (X; — E(X}j)) eczq is the linear random field
given by the innovations (X7);czs and the filter (¢;);jcza. That is, for all k € 74,

Xk —E(Xg) = Z Q—j X

jezd



INVARIANCE PRINCIPLES FOR OPERATOR-SCALING GAUSSIAN RANDOM FIELDS 15

Hence, we proved the following proposition.

Proposition 3. For all n € N%,
Sn—E(Sn) = > bnjX}.
jezd
where bnj = 3 pejon—1) W—j- Further, for any n € N by, = (bnj)jeza belongs to (*(Z4),
that is ||bp|* := > jezd bfm- < 00.

3. A CENTRAL LIMIT THEOREM

We still assume p € D(E,v), where v is a full E-operator stable law on RY with £ =
diag(1/az1,...,1/aq), with ; € (0,1) and a; € (0,1/2) if d = 1. The random field (Xj);eczq
is the random field defined in Section 2.3. In view of Proposition 3, we want to establish
central limit theorems for the sequences of L? random variables

E ijX;, n>1
jezd

with general coefficients ¢, = (¢, 5)jeza € ?%(Z%). Recall the definition of X ;in (15). It turns
out that a simple assumption on ¢, for a central limit theorem is given by

(20) lim sup 123! _ .

N0 jezd .
The aim of this section is to prove the following central limit theorem.

Theorem 3. Let ¢, = (¢y5)jeza be a sequence in (2(Z%) satisfying (20). Then

1 *
Torl Z cngX; = N(0,0%) as n — oo,
" jezd
where
VaI'(Xo)
(21) ok =Var(X}) = =5
° > kend 0

As a preparation, we prove the following theorem which is an adaptation of a theorem of
McLeish [33]. McLeish’s result applies to triangular arrays of Z-indexed martingale differ-
ences, and here we need a version for Z?-indexed martingale differences in the lexicographical
order. Recall that in the lexicographical order, for 4,5 € Z%,i # j, we write ¢ < j if, with
m = min{qg = 1,...,d : iqg # Jq}, im < Jm. A collection of o-fields {F;};czqe is called a
filtration in the lexicographical order, if F; C Fj; for all # < j. In this case, we say that
integrable random variables (&;);cz¢ are martingale differences with respect to {F;};cza if

& € Five, and E(& | F;) =0 for all 4 € 2%,
where eg = (0,...,0,1) € Z4.
Theorem 4 (McLeish [33]). Let (§,5)nen jezd be a collection of random variables satisfying

>jezabng € L? for all n € N. Assume that for each n € N, (&5) eza are martingale
differences with respect to a filtration {]-"mj}jezd in the lexicographical order. If

(i) limy, 00 max;eza [§n 5| = 0 in probability,
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(i) sup,en E (maxjezd 572173‘) < 00,
(i) 1My, 00 Y 5cga & ;= a? > 0 in probability,
then
Z €nj = N(0,0%) as n — .

jezd

Proof. Let us explain how one can derive this theorem from Theorem 2.3 in [33] which is
stated for finite sets of random variables at each n. First, since Zjezd §nj € L?, one can

find a sequence of finite rectangles T, in Z? such that 3 FEZAT, &n,j converges to 0 in L? as
n — oo. Thus, the conclusion of Theorem 4 holds as soon as

Z €nj = N(0,0?) as n — cc.
jeln

Furthermore, for each n, using the lexicographical order on the finite set I';,, one can re-index
the random variables (&, j)jer, and the o-fields {F,, j}jer, in order to fit with the statement
of [33, Theorem 2.3]. Now, it suffices to observe that conditions (), (i), and (4ii) imply those
of [33, Theorem 2.3]. O

We also need the following lemma.

Lemma 7. Let ¢, = (¢pj)jeze be a sequence in (2(7%) such that (20) holds. Then,
*2 *2\ - 2
Jim ||c ||2 Z cngX;" = E(Xg?) in L7,

Proof. We start by showing that
(22) Cov(Xf,X’@) — 0, as |t — Jleo — 00.

Observe that X;-‘ = Xj — > pooPeXj—p and let X =X 256{1 Lk} peX;_g. For any
j € 74, using that |XG| < 2, we get

| X5 = XG5 <41X5 — X;,] =4 > peXje
EE[l,oo)d\[l,k}d

Thus, since | X;| = 1 for all j € Z,
(23) sup [X3% — X323 <dp ([1, 00)\ [1, k]d) a.s., for all k > 0.
jezd

Now, introduce

Rijr= U Ag | N Am | =0
Lci—[0,k]4 mej—[0,k]4
We have
PR ;)< D, > PANAyn#0).

£ci—[0,k]% mej—[0,k]4
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But, from Lemma 1 (i), we see that P(Ap N Apy, # 0) — 0 as [£ — m|s — oo and thus, for
any k> 1,
(24) P(R; ;1) — 0, as |i — jleo — 00.
Fix € > 0 and, using (23), let k& € N be such that sup;cza |X372 — Xj*2k,| < €. From (24), for
|4 — jloo large enough, we have P(R; ;
E(X;3X;%) + O(e) = E(X;3 X% | Rigr) +0(e)
( ii | Ri,j,k) (X% | Rigw) +0(e) = EQGRE(X;R) + Oe)
(XE(X;?) + O(e).

) < & and we obtain

E(X;*?XJ’.‘Q)

E
E

This proves (22).
To prove the lemma, fix € > 0 and let K > 0 be such that | COV(X;Q, X}?)| < € as soon as
|t — Jlooc > K. One has,
2

2 *2
X
”anQ Z n] J )

jeza

n,t *2 *2
ZH nHQZHc 2 GOV &)

2 2
C C
<> Z 4| Cov(X2, X2) e Y Z e
i nll & llenll i n|| & llenll
= Sup TR Z ’COV(X*27X:2)‘ +5’

2
kezd ||Cn|| i 0| <K

and the first term of the right hand side goes to 0 as n — oo because | Cov(Xg?, X}?)| is

bounded and supgeza ¢2 ;. = o(||cn||?) by assumption. O

Proof of Theorem 3. Recall that we write 0 = 0{Xy | k < j} and 5; = o{Xy | k # j}, and
we already have seen for all j € Z9,
We now consider the o-fields F; = o{Xy | k < j}. We have 0; C F; C 7; for all j € Z¢ and
thus, for all j € Z¢, we also have

E(X; | ) =E(Xj | 0j).

Thus, by definition (see (15)), the random field (X7);cza is composed of martingale differences
with respect to the filtration {Fj};czqa defined above in the lexicographical order. Now in
order to establish Theorem 3, we apply Theorem 4 to

Cng .
fnﬂ' = HZ:HX] and Jrn,j = .Fj = U{Xk ‘ k < ]}.

Note that [X7| < 2, and by Lemma 4 the conditions (i), (i), and (iii) are satisfied with
0% =02 = IE(X*Q) Var(X§) = (X gene @) ' Var(Xo). The proof is thus completed. O
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The following lemma gives another useful condition on the coefficients (¢, j);czqe for The-
orem 3.

Lemma 8. If (cyj) jeczd s a sequence in 2(Z4) that satisfies, for allq=1,...,d,
2 _
(25) nh~>n;o HC ||2 Z ‘ n,g ng—&—eq‘ 0

jezd
where ey is the q-th vector of the canonical basis of RY, then (20) holds.

Proof. We use an idea of [37]. Assume that (20) does not hold. Then, there exist € > 0, a
sequence (ny)r>1 such that ny — oo as k — oo, and a sequence (j;)r>1 such that c,, j, >
gllcn, || for all k € N. Choose M > 0 such that M9%? > 1. One has, for all k € N,

2 2 d 2 2 2
len > >0 i =M i = > e i — G-
jelo,M—1]d jelo,M—1}d
Hence,
d_ 2 2 2 2
(26) (M = Dllen P < D 16k, i — il
jeo,M—1]d

But, if § € [0, M — 1], then

2
Cridr nk».?k+.7’ Z‘an, B nk, z+1”

where A = (Ag, A1,...,Ap) is any path from Ag = j, to Ap = 5, + J, with [A; — X1 = 1.
Since j € [0, M — 1]%, we can always choose the path A of length £ = ¢(\) smaller than dM.
Thus, we get

2 2

2
anyjk - an7.7k+.7‘ < dM Sup Sup ‘an k nk,k:+eq‘
9= 1, A keZ
MY Y e
9=1 kezd
Together with (26), this contradicts (25). O

Remark 3. Using Cauchy-Schwarz inequality, we also see that the condition

Z Cnj — anJreq) =0, forallg=1,...,d,
jezd

(27)

n—00 Hc [lenll?

implies (25) and thus by Lemma 8, implies (20). This last observation leads to an improvement
in Theorem 3.1 in Biermé and Durieu [5]. The conditions (i) and (ii) of this theorem are
equivalent to our conditions (20) and (27), respectively. Thus, the condition (i) in [5, Theorem
3.1] is unnecessary.

4. AN INVARIANCE PRINCIPLE

The aim of the section is to establish a general invariance principle for partial sums of the
random field (Xj);eza defined in Section 2.
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4.1. Main result.
Recall that (X);czq are associated to the random graph G,,, with p € D(E, v). We consider

partial sums on finite rectangular subsets of Z%. As we will see, the growth of the rectangles
will be determinant in the invariance principle and different limit random fields appear at

different regimes. For the general case, consider a matrix E' = diag(1/a},...,1/a},) with
a, >0,i=1,...,d and the partial-sum process
SFt)= Y X;, n>landt=(f,....tg) €[0,1]%
Jj€lonPE t—1]

The result will depend on both E’ and E.
We introduce several parameters. First, for all k =1,...,d, set pj := a;/a}, and consider

. 1 1
(28) % =70(E, E') :=min <y € {p1,...,pa} | > PR > =2
kiy>py k kiy>pg, k

Note that 7 is well defined by the assumption ¢(E) > 2, and is completely determined by E
and E’. Given ~y > 0, define the sets

Io:={ke{l,....d} | v < pr}

I :={ke{l,....d} | v = pr}

I, :={ke{l,....d} |y > pr}
This gives a partition of {1,...,d}. We also write I< := I- U I- and I> := I-UI.. The

sets I and I. consist of the directions in which the limit random field exhibit degenerate
dependence structure. Remark that by construction,

|[I-]>1 and |Is|<1.
According to these subsets of {1,...,d}, we consider subspaces of R? given by
He={zecR|zp=0for k¢ I},

and similarly H—,H~,H<,H>. Let 7, m—, m~, m<, and 7> denote orthogonal projections to
the corresponding subspaces, and let Ao, A—, A5, A<, and A> denote the Lebesgue measures
on the corresponding subspaces. For 7w of any proceeding projection, mF is a linear operator
on R? accordingly there is a corresponding diagonal matrix, which we also denote by 7E
with a slight abuse of notation.

Next, we define another diagonal matrix E” (that only depends on E and E’) by:

E" = diag(y1/a, ... ,va/aly), with g = Z—O v k=1,...,d
k

By definition of E”, one has
(29) n<E" =7<E and 7> E" = ym>E.
Further, E” — yoFE is strictly positive on H.. We can now state our main result.

Theorem 5. Assume p € D(E,v) with E = diag(l/ai,...,1/aq) with o; € (0,1),i =
1,....d, and oy € (0,1/2) if d = 1. Let E' = diag(1/c,...,1/d), with o > 0,i=1,...,d,
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and ~yy defined as in (28). If (7= E) < 2, then

SE'(t) — E(SE (1))
( ota(EN—q(E7)]2 = (W (t))tefo,¢-
te(0,1)d

as n — oo, in the Skorohod space D([0,1]%), where (W (t))icga is a zero-mean Gaussian
process with covariances given by

Cov(W(t),W(s)) =% | [] Cov(Bija(te) Bija(sk))

kel
trSk L (emyk _ 1)m
o 1 d\
. H 27 /H [log ¥ (y)| H 27|y |2 >(y),
kel 2 kel—

with By e a standard Brownian motion on R, v is the characteristic function of v, and O'g( 18
given in (21).

In the expression of covariance above and in the sequel, it is understood that when I or
I~ is empty, the corresponding product equals 1.

This theorem reveals that taking different summing rectangles may lead to different limits,
under different normalizations. To the best of our knowledge, such a phenomenon has not
been noticed in the literature until very recently [38, 39] for a different model. We elaborate
on this phenomenon of scaling transition in Section 5.

Remark 4. Observe that one can write Cov(W (t),W(s)) = (;%)dé(t, s) with

(eitkyk _ 1) (eiskyk _ 1)

G0 Ot = | [[ st | [ Mowvirn) | [T o dy.
kel R? kel Yk
because of the identity [46, Proposition 7.2.8]:
(eity _ 1)(eisy _ 1) B
(31) /R Snly 720 dy = Cy Cov (Bg(t), Bu(s)),t,s € R,H € (0,1)
with
Cy = u
0= HT(2H) sin(Hr)

Both Theorems 1 and 2 follow directly from Theorem 5.

Proof of Theorem 1. In the critical regime corresponding to Theorem 1, E = E’ and I =
I = (). In addition to I = I = {, it also follows that H> = R? and A> is the Lebesgue
measure on R%. Theorem 1 now follows immediately. U

The proof of Theorem 2 is slightly more computational. As it corresponds to a special case
that the limit W is a fractional Brownian sheet, which will be discussed in Section 5.2, the
proof is postponed there.

Remark 5. By definition (28), ¢(7~ E) < 2. The condition ¢(7~ E) < 2 in Theorem 5 cannot
be dropped. It is easy to construct an example with ¢(7r~FE) = 2, and as can be seen at
the end of the proof of Lemma 9, in this case the asymptotic estimate of the covariance
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no longer holds. Moreover, in view of results for d = 2 (Theorem 2), this corresponds to
the cases oy > ag,as = 1/2 or oy < ag,a1 = 1/2. In these cases, we conjecture that
the limiting random fields are still fractional Brownian sheets with (H;, He) = (1/2,1) and
(Hi, H2) = (1,1/2) respectively: that is, the dependence is degenerate in both directions. So
q(m= F) = 2 may be viewed as another critical regime in the non-critical regime. Since the
paper is already quite involved, and this regime seems to preserve the least dependence, we
do not pursue the investigation of this case here.

Remark 6. As we will see below in the proof, essentially we establish an invariance principle
for linear random field (X);czqe with

Xj=> qiiX;, jeizt,
icZ4

where (X7);czq are stationary martingale-difference innovations, and (g;);cza are real Fourier
coefficients of certain function @Q(t). This is a standard framework to obtain linear random
fields in the literature, and we comment briefly on connections between our results and others.

(i) First, the same invariance principle should hold if the innovations are replaced by other
weakly dependent random fields (weakly dependent in the sense of e.g. [5, 28, 51]).
These results can be viewed as generalizations of the seminal work of Davydov [15]
on invariance principles for linear processes.

(ii) Second, from the modeling point of view, the specific choices of Q(t) (in terms of
p € D(E,v)) and hence (g;);cze are new. However, although our assumption on
Q(t) is very general, not all possible operator-scaling Gaussian random fields can
show up in the limit; in particular the Hammond-Sheffield model in high dimensions
does not scale to fractional Brownian sheets except for a few cases in terms of Hurst
indices shown in Proposition 6. The aforementioned results [5, 28, 51] all include
linear random-field models scaling to fractional Brownian sheets, for flexible choices
of Hurst indices.

(iii) At last, when the innovation random fields exhibit strong dependence, the limiting
object could be more complicated (]28]).

4.2. Proof of the main result.
The rest of the section is devoted to the proof of Theorem 5. Using Proposition 3, we get

(32) SE () —B(SF (t) = ) bnj(£)X],

jezd

with by () = (bnj(£)) jepa € 2(Z7) and

(33) o) = > arj

kelo,nE't—1]

Recall that (X7);cza are stationary martingale differences.

The proof of Theorem 5 is now divided into three steps. The key step is to compute the
covariance, which is done in Section 4.2.1. Then, we proceed with the standard argument to
show the weak convergence by first establishing finite-dimensional convergence in Section 4.2.2
and then the tightness in Section 4.2.3. The matrices E and E’, and thus vy and E”, are
fixed as in the assumptions of the theorem.
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4.2.1. Covariances.
From (32), we obtain for ¢,s € [0,1]%,

Cov(SE' (), SE' (8)) = 0% (bn(t), bn(s)),

where, (b, (t),bn(8)) := > _pcza bnk(t)bnk(s). The asymptotic behavior of the covariances are

given in the following lemma where u,, ~ v, stands for lim, oo u, /v, = 1.
n—oo

Lemma 9. For all t,s € [0,1)%,
0% (b (t), b(s)) ~ n20t2E)=dE) Cov(W(t), W(s)).

n—oo

Proof. Define for m € N and z € R,
z(m+1) -1

Z ezlac _ — ’

and for & € R?, the trigonometric polynomlal
d
Kn(t,a:) = Z ]lje[(],nE't—l}e”'w — H DLnl/a;ctk—lj (.’L‘k),
jezd k=1
where | -] stands for the integer part. Recall that since
)= 4e’,
jezd
the sequence by,(t) (defined in (33)) is obtained by the convolution product of the Fourier
coefficients of Ky (t,-) and Q) with Q(z) = Q(—z) since (g;) ez is a real sequence. It follows
that by, k() is the k-th Fourier coefficient of QK,(t,-). Therefore, using Bessel-Parseval
identity, we get

). b0() = Gy [ Bt 2R )

d
1 2
B (27r)d/[ o Q@I [1 Dy pseg, 1) @)Dy 1o,y (i)
T k=1
( ) —_— (27'[')d/nE”[_ﬂ-’7r]d n(ya 78) yv
where
q) (y;t S ‘Q ’ H 1/a TL Fm/a;ﬂyk)Dl_Tbl/a;csk—lj(niwk/akyk)'
According to Lemma 2 and the E-homogenelty of log 1, one has
/! 2 1 2 17 -2
0 Q" y) [ = 00 [g(nE"y)| flog im0 EnE 0 )y)
" 2 " —2
= g™ "y)[ Jlog v (n=E"= 0Py
Thus,
/! 2
lim n=*°|Q(n~" y)‘ = |log ¢ (m>y)| 2,
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because E” — 7/9E is null on H> and strictly positive on H< and ¢g(0) = 1. Further, for all
n € Ny, y € n? [—7, 7]¢,

Qn "y)

(35) n=20 < max_|g(z)* sup |logy(z + m>y)| %

’2
we[_ﬂ-aﬂ—]d z€EH <

Now, remark that for all ¢ € [0,1] and y € R,

eity -1

ify=1
Jim n™ "Dy (ny) = iy :

t ify>1

and if [n™7y| < 7, then

1
i - mmin< 1, — ify=1
27 Dy ()| = L < o)

nsin (n=Vy/2) m ity > 1 ’
2

where we have used that Z|z| < [sin(z)| < |z| A 1 for z € [-7/2,7/2] and that |¢| < 1. Since
v, > 1 if and only if k € I-, we infer

/ teye — 1) (eiSkUk — 1)
(30) By tos) ~ 12 fog sy 2 [ T e ) [ ] e =Y
kel kel |yk|

as n — oo and for all t, s € [0,1]¢,

(37) n=2072E) @, (y,t,8)] < 7% max |g(x)| h(y),

ze[—m,m]d
with
1
(38) h(y) := sup |logu(x + m>y)| > H mm{l 2}.
rEH < kEI ’ k|

Applying the dominated convergence theorem to (34), (36) and (37) and using (30), to show
the desired result it remains to prove that h is integrable on R,
Formally, write

o=, | oo

/H 11 mm{ T ’2} dA<(y )/H sup |logt(x +9)| 72 ] mm{1,’yi|2} dXs(y),

< kel > TEH< kel

where the first integral in the right hand-side is understood to be 1 if H. = {0} (i.e. I = 0).
By Fubini’s theorem, h is integrable over R? if

(39) /H k[{[ mln{ }d>\<( ) < oo
and

) [ = [ s jogve ) Hmm{ |}dx><y><oo.

> > reEH < kel B
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The integrability condition (39) is obvious. For (40), let us remark that the function y €
H> — infgey. [log(x+y)| is (7> E)-homogeneous and since ¢(7>FE) > 2, by Lemma 3, the
function y € H> — sup,eqy_ |log(x +y)| 2 is locally integrable on H> with respect to A>.
Together with the fact that sup,eqy_ |logy(z + y)|~2 is bounded by 1 for 7_y large enough,
this shows that (40) holds in the case H> = {0}. For the case H~ # {0}, the preceding
considerations show that

/ Ljimayll, p<iy(y) dA>(y) < oo,
>

with the definition of || - [|,_ , given in (11). Moreover,

/H Ljimsyla p>130(y) dA>(y)

>

Hmln{ }d)\()

< [ o s ogute ) oru() [
H> :I:E'HS H_ kel

The second integral is clearly finite. For the first one, since y € H> — infzey_ [logi(z +y)|
is (m> E')-homogeneous and ¢(7~E) < 2, one has

1 sup |lo x 4+ y)| "2 d\
/H> {”y”w>E>1}w€H§| gy (e +y)|"" dAs(y)

+o0
- /1 il E)=3 /S sup |log (@ + 0)| "2 do. 5(6) < ox,

7r>E $€H§

where Sy g is the unit sphere of - with respect to ||| r. g and 0. g is the Radon measure on
Sx. g such that d\s = ra(m> E)*ld'rdmr> £. This shows that (40) holds and thus the function
h in (38) is integrable over R%. O

4.2.2. Finite-dimensional convergence.
We start by showing that the coefficients by, ;(t) defined in (33) satisfy the condition (20)
of Theorem 3 in the following lemma.

Lemma 10. For all t € (0,1]¢ and all ¢ =1,...,d,
AT Hb IE Z 67 :JJreq( )I=0
jezd
and (20) holds.
Proof. Fix £ € {1,...,d} and t € (0, 1]¢ be fixed. Using Cauchy-Schwarz inequality,

2

D 10ni ) = U ie, (O < | D (g (®) = bnjie, ()| 2[ba(t)].

jeza jeza
So, it is enough to show that

> (bug(®) = bure, (£))* = o(l[ba(t)[1%).

jezs
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But, we have

bng(t) — bn e (t) = Z Qk—j — Z Qk—j—eq-
ke[0,nE t—1] ke[0,n” t-1]
with k:g:Lnl/azth—l with k=0
Thus,
2
Yo ng®) —bugre, )’ <2> | Y ak
jezd JE€L4 \ kelonf t—1]
with k,=0
Let € > 0. Using Lemma 9, we get
9 2
lim su i < limsu i
MU )12 Hb E Zd Z Qg [ = MBI L m oy ||b NE Zd Z Tk—j
JELE \ ke[on® t—1] JEZ ke[on® t-1]
with kg=0 with ke<en!/Ct,—1
bu(ti, .. te_1,6to, togt, .- ta)l?
— limsup bn(t1,. .. te1,€ £,2£+1, sta)ll
n—00 [[bn (2)]]
B V(tl, R 7/ o 7/ 7N A ,td)

V(t) ’

where V(t) := C(t,t) with the covariance function C(-,-) defined in (30). We conclude the
proof of the lemma using that, for any ¢ € (0, 1]d,

V(t,... te—1,ete, torr, ..., tq) = 0, as e — 0.

The fact that (20) holds is a consequence of Lemma 8. O

To prove the finite-dimensional convergence, we use the Cramer-Wold device. Let m € N,
t1,...,tn €[0,1]4 A1,..., \n € R, and consider s S MSE (t1). One has

S —E(S{M) = Y dngX
JEZA
where dy, j := > ;" Aibp j(t) and Var(Sy m)) = ||d,||? Var(Xy). Using Lemma 9, we get

n2v0+24( E’) q(E")

112 = 3 37 Nl ba(t0)) ~ 33 NGt

k=1 (=1 k=1 (=1

where C' is defined in (30).

If S0 S0 M heC (g, te) = 0, then m(sﬁfn) - JE(SY(Lm))) converges to 0 in
L2 IE 00 SO0 A€ (g, te) > 0, we get that for each k =1,...,m,
Clty, tr,)

Z?:l ZT:l /\k/\éé(tk: té) '

baEI? ~ fdn?
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Thus, since the b, j(t;) satisfy (20),
Sup!dm! < Z)\kSUP’an ty |—Z)\k0 [[bn (Ee) (1) = o([|dnl])-
k=1 J k=1

This proves that (20) also holds for the d, ; and Theorem 3 applies to Sq(q,m). We thus proved
the finite-dimensional convergence.

4.2.3. Tightness.
To prove the tightness, by Bickel and Wichura [3], following [51] and [27], it is enough to
show that for some p > 0 there exist v > 1 and C' > 0 such that for all t = (¢1,...,t4) € [0,1]%,

g |57 (6) —E(S7(t)) CHtv

pota(E)—1
Recall from the equation (34) that for all ¢ € [0, 1]d we have

a(E")
2
—q(E") 2
0] A — / —B ‘ ‘ —/ ‘ dy.
1bn (2l ) nE,,[imd | | gy (0T ) ) dy

For any 6 € (0, 1), observe that |sin?(z)| = |sin!~ (x)||sin1+5(m)| < min{|z|' 9, |z|?} for all
x, and |sin(z)| > 2|z| for x € [-7/2,7/2]. Then, for all n and y such that |ny| <  and all
t € [0, 1], one has

n”?D -1 (ny) P =

2 170 g2 9 2 s 1
S mln{wW,4t } S 21 t mln{W,l},

and thus,
2
™ 1-6 - { 1 } e
——t  ‘ming ——,1 ify=1
_ _ 1-46 14467
n Dy (0 )P < 4 2 v

Recalling that ~;/aj, > 1 if and only if & € I, together with (35), this shows that there
exists a constant C' > 0 such that

n~ 200 20(E) (B b (4)||2

H _ 1
J

jels jelc jel<

One can show that this last integral is finite by proceeding exactly as we did to show the
integrability of the function h in (38). The important point is that 1 + J > 1 to guarantee
the integrability of Iylﬁ at infinity. Hence, for a new constant C’ > 0,

n—2’70—2q(E')+q(E”)||bn(t)||2 < ' H t? H tl ) < C/Htl )

j€]> j€I<
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Let p > 2. Using Burkholder inequality and the preceding inequality, there exists a constant
¢p > 0 such that

P
= Z n2v0+2q(E")—q(E") "3
jezs

D
A O
= P\ 2wt 24(B)—a(E")

d
S Cpc/p/Q H t§1_5)p/2,
j=1

| 8E @) — m(sF 1)
nyot+a(E)—q(E")/2

which gives the tightness by choosing § > 1 — ]%.

5. PROPERTIES OF THE LIMIT FIELD

In this section we focus on the zero-mean Gaussian random field (W (t));cpa arising in the
limit in Theorem 5. Recall that this random field depends on both E and E’.

5.1. Increments.
We may consider a harmonizable representation of W, defined on the whole space R¢ by

W(t) = ox Htk/ 11

d
kel RE \ kel

elteye — 1 L~ .
o |log v (m>y)| ' M(dy), vt € R%,

with ox given in (21), and M is a centered complex-valued Gaussian measure on R? with
Lebesgue control measure (see [52]). The harmonizable representation shows that the random

field has stationary rectangular increments. In the sequel we let (ep,...,eq) denote the
canonical basis of R%. Rectangular increments of W are defined for s < t by
W(s.t]) = > (D)MW (si+e1(ts —s51),..., 50+ €alta — 5q))
ee{o,1}4
1 2 d
= Al AP AW w(s),

where |e|]; =1+ ...+ ¢4 and Agj ) corresponds to the directional increment of step 6 € R in

direction j for 1 < j < d, defined by
ADW (&) = W (t + bej) — W(E).
A direct consequence of Theorem 5 are the following properties of the random field W.

Proposition 4. The random field W satisfies the following properties:
(i) stationary rectangular increments: for any fired s € RY,

(W ([5,8]))sct = (W([0, = 8]))sct = (W(E — 5))scs:

(i1) (E', H)-operator-scaling property: for all A >0

(WOE'))gera 2 ONFW (#)) e,

with H =9+ q(E') — ‘I(LQH) and E" satisfying (29).
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Proof. Property (i) can be proved by observing that W s, ] corresponds to the limit of partial
sums of a stationary random field over a rectangle area, after normalization. By stationarity,
the distributions of the partial sums, and hence the limit, depend only on ¢ — s, up to certain
boundary effect which needs to be taken care of. Alternatively, the stationary increment
property can also be derived from the covariance function. The proof is omitted.

We only prove (%) here. Recall the definition of C(t, s) in (30). By the change of variables

Moy, ke lc
yk) )\Wo/ak k - M
Yk €l

we have

CAFE N s) = | T A/ tsi
kels

/ 1 [ e e )
ri | 10g (A= 0EX0E 1 )2 27| yx|?

dy
kEIS

- 1_[)\2/013c A2 H)\l/% H)\*’YO/O% C(t, s)

kel kel kel
= A2ota(E)ta(m>E)—v0a(r>E)C (¢ g),

where in the second equality we also used the fact that log ¥(AFy) = Alog(y). On the other
hand, recalling (29), we have

A(B) ~ Ja(E") = a(B) ~ Lalwe) ~ Lo B) = Sa(B) + sa(ms B') — Lg(r ).

The desired result thus follows. OJ

We can say more about the directional increments Agj )W(t). First of all, as a special case
of Proposition 4, (i), W(t) viewed as a process indexed by ¢; € R has stationary increments.
Moreover, simple dependence properties in the directions corresponding to Is and I., if
not empty, are given below. Following ideas from [39, Definition 2.2] we state the following
proposition. Recall that |I-| < 1.

Proposition 5. The random field W satisfies the following properties:
(i) When I, = {j}, the random field W has invariant increments in the direction e;: for
all h,6 € R, t € RY, we have Agj)W(t + he;) = Agj)W(t).
(i) When I« # 0, the random field W has independent increments in any direction ej with
j €l forall§>0,teRY, Agj)W(t) is independent from W (t).

Proof. Let (ej)* denote the subspace of R? orthogonal to e;j. Let Tie;)+ and Ay y1 denote
the corresponding projection and Lebesgue measure, respectively. First, let us simply remark

that for I = {j}, § € R, and t € RY,

AW (1) = 6W (e, (£) +e),
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which does not depend on t;. The desired statement then follows. For the second statement,
when j € I,

AWty =ox | [] ta

kel
tiy; (e10Y; — 1 ity _ 1 —
e | e e )
R i kelokj Ok
Theref
o (€9 ~1) (1= ')
Cov(AY W (8), W (1)) = Ce, (1) / v dy;,
R ‘yJ’
with
2 2
elteye — 1 B
o=k | [Te) [ T |55 | losvtmn) dre, )i w).
kel (€)™ kel ki Yk

Hence, Cov(AY)W (£), W () = 2rCe,(¢)Cov(By a(tj + 6) — Byja(ts), Bija(t;)), with By
a standard Brownian motion on R. By independent increments of By, we obtain that

COV(Agj)W(t), W(t)) =0 for § > 0. Since W is a Gaussian field, we conclude that Agj)W(t)
is independent from W (¢). O

Let us mention that our definitions of invariant and independent increments are not the
ones used in [39, Definition 2.2]. However we remark that invariant increments in the direction
ej lead to invariant rectangular increments in the sense that, for all 6 € R, and s <t

W([s + dej, t + de;])=W([s, t]).
This follows from the fact that
W ([s + de;, t + de;]) = A AP Al W (s + de;).

t1—s1 " to—s2 * " Ttg—syq

Indeed, computing first Agﬂ ) s W (s+dej) = Agj ). 5. W(s), we obtain the desired result.
J J J J
When the increments are either invariant or independent in at least one direction, we say

that W has degenerate increments. Otherwise, we say that W has non-degenerate increments.

Example 4. When d = 2, choosing E' = diag(1,8) for § > 0 as in [39] we obtain that
[I=| = 2 if and only if p1 = po, that is 3 = 52. It follows that for 3 # 52, one has |I-| =1
and W has either independent or invariant increments in the orthogonal direction. However,

when 8 = g—f we get

elteye — 1

2
W(t) = ox /R2 <kH1 > | log 9 (y)| ' M(dy), ¢ € R?.

Yk

In this case, W has non-degenerate increments. Recall that all possible non-critical cases in
d = 2 have been provided in Theorem 2 in introduction.

More generally for d > 2 we can state the following scaling-transition property.

Corollary 1. The random field (Xj)jecza, defined in Section 2.3, exhibits a scaling-transition
in the sense that
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(i) If there exists ¢ > 0 such that E' = cE, then W has non-degenerate increments;
(ii) Otherwise, W has degenerate increments. That is, there exists at least one direction in
which the increments of the limit random field are either invariant or independent.

In the sequel, we need to control the variance of the directional increments. By Proposi-
tion 5, for all u € R%, § € R,

Var(AY W (w)) = 62 Var(W (m - (u) + €;)),j € I,
and
(41) Var(AY W (w)) = 6] Var(W (m 1 (u) + ), j € L.
The control for j € I_ is a little more involved, as summarized in the following lemma.

Lemma 11. There exist some constants C such that for all w € [-1,1]4,6 € R, j € I_, the
following inequalities hold.

(a) If |Is| =1 or I, =0 and a; < 1/2,

(42) Var(AVW (w)) < C|6*% with 8; = oy <1 - Q(”;E)) + %

(b) If I, = 0,5 = 1/2, then

(43) Var(AVW (w)) < Cmax(62, |6]279) for all H; € (0,1).
(c) If I = 0,a; > 1/2, then

(44) Var(AYW (w)) < €82,

Proof. Recall (31). For j € I, for all w € [~1,1]? and § € R,

2
, etoy; 112
Var (A&ﬂW(u)) = |ox H (" / —| fi(yj)dy;,
kel R LY;
with
; 2
ezukyk — 1 _
fp = [ TL ] Mosvra(y + el A w)
€j

kel ;k#j

This is a locally integrable function over R for all values of a;; € (0,1) due to the fact that
|log ¢ (m>y)| is a m>E-homogeneous function, ¢(7>FE) > 2, and Lemma 3. Furthermore, by
E-homogeneity and polar coordinate & = 7(x)*0(x),

-1 |10g1/1(77>w)‘+’33j‘aj o — @)1
7(x)|log ¥ (m>6(x))| + 7(x)|0;(x)|*
7(x)|log ¥ (0(x))|

< ci|logy(msa)| + |zj|%)

(|log ()| + |5 *) ™!
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with ¢; = maxgeg,, (| log ¢ (7=0)| + 10;]%7)/|log1(0)|. Thus,

2
elukYe _ 1 s
) < df L (o plmay)| +1s1*) 2 A (9)
(ej)+ k:61<,k:;£j Yk
2 el — a;\—2
-2 I / o / (log(msw)]| + 55]%) 2 dAs (w),
kel<;k#j H>

where the last integral in the right-hand side has to be reduced to |y;|72% if H~ = {0} and
otherwise is equal to

/ 15172 (Jlog ¥ ((Jy; 1)~ Ersg)| + 1) 2 (3)

>
= |y;|2e+esa(m>E) / ([log (s y)| +1)~2dAs () = Jy;| %+ Ley
H>

with ; = a;(1 — ¢(7> E)/2) + 1/2. We have thus obtained

fily;) < 63|yj|_2ﬁj+1 with 3 = 3o H (2muy).
kel kit
Recall that |[Is| < 1.

(a) In case that |I.| =1, ¢(m~FE) > 1 and thus §; < 1. Therefore by the above calculation
and (31),

ez5y7 _ 1

(45) Var(AY W () < 0% c3 / i 20y = a%esCp |81

J

In case that |Is| =0, 5; = a; +1/2. If oj < 1/2, then the same bound (45) holds.
(b) If aj = 1/2, then for any H; € (0,1),

L

with

z6y] - 1
zyj

ety _
37]_ ‘ 2Hj+1dyj

i(yj)dy; < 52/ fj(yj)dyj+03/
ly;1<1

ly;|>1

Zyj
< cymax(s?, |§]2),

kak — 1 2

= max /
“11¢ e,

™ [log ¢ (m>y)|~*dAe,)2 (y) + c3Ch;.-
kel k;é]
Therefore,

Var <A§j>W(u<j>)) < 0% ¢y max(82, |5]2H5).
(c) At last, if a; > 1/2, then ; > 1, the function f; is integrable on R and
A

zéy] o 1
zyj

(y])dyj < 5 /fj Yj dyj

It then follows that ‘
Var (Agj)W(u(j))) < c502,
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with
elUkYe — 1 2

-2
- s dy.
- (mov)| "y

cy = 0% Sup d/d

0

5.2. Fractional Brownian sheets. Here we give a complete characterization of when W
is a fractional Brownian sheet. Recall that a zero-mean Gaussian random field (X (t))scpa is
a standard fractional Brownian sheet with Hurst index (Hy, ..., Hy) € (0,1]% if

d
1 , , .
COV( ( = 7d | I ‘t ‘QHZ + ‘Si‘QHZ — ‘ti — Si’2Hl) .

Remark that we include the degenerate case that Hurst index equals 1.
For the limit random field W, the covariance function can be factorized according to dif-
ferent directions as
o2
|I>| H Cov(By2(tr), Bi/2(sk)) H tpsk - U(t, s)

Cov(W(t),W(s)) = o
kels

with U(t, s) only depending on {ty, sk }rer_, given by
ltkyk -1) elskyk -1)

W(t,s) = /H>y1og¢ I QW‘W s (y).

kel=

Recall Cy in (31).

Proposition 6. The random field W is a fractional Brownian sheet, if and only if |I-| = 1.
In this case, ¥(t,s) has the following expressions: in case I- = {j}, I~ =0,

(46) U(t,s) ::|10g1ﬁ(ej)’72(1yf+1/2(joV(lgaj+4/2(tj)af3aj+1/2(3j)%
in case I- = {j}, I~ = {k},

(47) U(t, s) = /H log é(y + e)|2dAs (¥)Cir, Cov(B, (t5), B, (7)),

with Hj = aj(l — 1/(20%)) + 1/2.

Proof. We first prove the ‘if part’. Suppose I— = {j}. In the case I~ = 0,

B (e’itjyj _ 1)(€i5jyj _ 1)
U(t,s) = / log ¥(y,e;)| > dy;
( ) ]R’ ( J J)| 27T|yj|2 J
] _ (eitjyj — 1)(@“]'?!]’ — ]_)
= log 9 ((ly;1%7) " e;)| dy;
| og (1) Pes) T ;

5Y; — 1)(e"i% — 1)
= [ 2l dy;.
[ 1oz wten 2= ay,



INVARIANCE PRINCIPLES FOR OPERATOR-SCALING GAUSSIAN RANDOM FIELDS 33

Thus by (31), in case I= = {j}, I =0, (46) follows. In the case I~ # 0,

ity 1(e*sivi — 1
wit) = [ [ Noguty et L
QWWHA

ity _ 1)(eiSi%i — 1)
L 317225 g ((Jys |=9) g + ey 2L = 1)
R JHs

B (s — 1) —1)
= /H> |log ¥ (y + €;)| d)\>(y)/]R 2y P20 00> ) dy;.
That is, in case I= = {j},Is # 0, for H; = a;(1 — (7> E)/2) + 1/2, (47) follows.
Next, we prove the ‘only if part’. Suppose W is a fractional Brownian sheet with Hurst
indices Hy, ..., Hq. From Proposition 4, W is also (E’, H)-operator-scaling with H = ~g +
q(E") — q(E")/2. Then, it follows that

J

H1 Hd
o S o (B — q(E))2,
o] ay
or equivalently
1 1 L
I AP P AU S ELT (R P
oy, A 2 A
kelc kel kel

We consider the variance. By the assumption that W is a fractional Brownian sheet, and the
fact that W has stationary directional increments, for all j € {1,...,d}, for all § € R,

(49) Var(AY W (w)) = |62 Var(W (1 (u) + €5)).
Recall that |I~]| < 1. We first consider the case I~ = (. In this case,

e for k € I, comparing (49) and (41) yields Hy = 1/2,
for k € I, ay, < 1/2, comparing (49) and (42) yields Hy, = oy + 1/2,

for k € I-, aq, = 1/2, comparing (49) and (43) yields Hy = 1,
for k € I-, ag, > 1/2, comparing (49) and (44) yields H = 1.

Then (48) becomes
Y gt X w=w

2a,
kel—,ap>1/2 kel 0, <1/2
Since oy < 1, it then follows that |I_| = 1. Similarly, in the case I. # ), say I. = {1}, it
follows from comparing the corresponding inequalities that
L H1 = 1,
o forkel., H,=1/2,
o for ke l_, H,=ar(1—1/(2a1)) + 1/2.

Then, (48) becomes
S o (1) =0 (1- =
70 201 =7 20, )
kel=

which implies [I-| = 1. O

Remark 7. When the limit is a fractional Brownian sheet, in directions corresponding to
I, I (if not empty) and I—, the Hurst indices equals 1, 1/2 and some value in (1/2,1),
respectively. Thus, W exhibits long-range dependence in the directions corresponding to I.



34 HERMINE BIERME, OLIVIER DURIEU, AND YIZAO WANG

As a concrete example, we prove Theorem 2.

Proof of Theorem 2. Case (i): when o, > ag,as € (0,1/2). In this case, v = p2 = a2/,
E" = diag(1/an,1/ab), I« = {1}, 1= = {2}, B = ag/ah + 5(& + &) and Hy = 1/2 are
2

0%

straight-forward. Then, by (46), Hy = 5 + ap and 02 = Cp, |log (0, 1) 72

Case (ii): when of, > ag,ag € (1/2,1). Inthiscase, v =p1 =1, B = E, I, = {2}, - = {1},
=1+ ﬁ + 24— 5L and Hy = 1 are straight-forward. Then, by (47), Hy = 3 + a3 (1 — ﬁ)

an 2z
and 0 = Cp, [ [log(1,y)|~?dy.
2

The calculation of cases (iii) and (i) are similar and thus omitted. One obtains 0% =
Chr, |log ¥(1,0)|2 for case (iii) and 0% = Cp, [, |log¥(y,1)|~2dy for case (iv). O

5.3. Sample-path properties.
We conclude this section by the following general sample-path properties for the random
field W that is a consequence of [7, Proposition 5.3].

Proposition 7. There exists a modification W* of W on [0, 1]¢ such that for all € > 0, almost
surely there exists a finite random variable Z such that for all s,t € [0,1]¢,

‘W*(t) - W*(S)| < Zp(t,s)log(l + p(s,t)—1)1/2+6’

H.
p(st) = > |ty —sil+ > It — s 2+ Y Ity — s,

jeI> jele jel-

with

where for j € I_,

(a) Hj = (1 — q(m>E)/2) 4+ 1/2 if either |Is| =1 or I, =0 and o;j < 1/2,

(b) Hj can take any value in (0,1) if I =0 and o;j =1/2, and

(C) Hj =1ifls = 0 and o > 1/2.

Proof. Let us consider E” the diagonal matrix with entries corresponding to 1 for j € I, 2
for j € I. and 1/H; for j € I-. Let T be the radial part with respect to E” according
to [7, Equation (9)]. Let us quote that since ¢t — p(0,t) is E”” homogeneous and strictly
positive on R? \ {0}, following ideas of Clausel and Vedel [13, Theorem 3.2], the function
t— p(0,t)/7Em(t) is continuous and strictly positive on the compact set Sgw. It follows that
we may find C,C’ > 0 such that for all t € R?,

CTE!// (t) S p(O,t) S C/TE/// (t)

Therefore, by [7, Proposition 5.3] (with 8 = 0), to show Proposition 7 we prove for t, s € [0, 1]¢
that

(50) VE((W(t) — W(s))2) = /Var (W(t) — W(s)) < Cp(s, t).
For t,s € [0,1]%, considering as in [26], the sequence (u(j))ogjgd defined by u(® = s and
wltD) = 4l) 4 (t; — s5)ej for 0 < j < d— 1, we get W(t) —W(s) = Z?:l AE]) W(u).

tj—s;5)

Hence

d .
VVar (W (t) —W(s)) < \/Var (Agjfsj)W(u(j)))
j=1

Now to obtain (50), it suffices to apply the bounds on the directional increments established
in Lemma 11. Observe that in the case j € I—, I = (), since § = t; — s; € [—1, 1], the right-
hand side of (43) becomes C|5|?Hs. The details are omitted. The proof is thus completed. [J
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Let us mention that we probably could improve this result. Actually, following [52], it is
sufficient to get a similar lower bound on the variance on [g, 1] to establish condition (C}),
from which Theorem 4.2 follows, saying that the inequality is true for ¢ = 0 and Z has finite
moments of any order.
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