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OCCUPATION TIMES OF LONG-RANGE EXCLUSION AND CONNECTIONS
TO KPZ CLASS EXPONENTS

CEDRIC BERNARDIN, PATRICIA GONCALVES, AND SUNDER SETHURAMAN

ABSTRACT. With respect to a class of long-range exclusion processes on Z¢, with single
particle transition rates of order |- |~(¢*®)_ starting under Bernoulli invariant measure Vo
with density p, we consider the fluctuation behavior of occupation times at a vertex and
more general additive functionals. Part of our motivation is to investigate the dependence
on &, d and p with respect to the variance of these functionals and associated scaling limits.
In the case the rates are symmetric, among other results, we find the scaling limits exhaust
a range of fractional Brownian motions with Hurst parameter H € [1/2,3/4].

However, in the asymmetric case, we study the asymptotics of the variances, which
when d = 1 and p = 1/2 points to a curious dichotomy between long-range strength pa-
rameters 0 < oo <3/2 and & > 3/2. In the former case, the order of the occupation time
variance is the same as under the process with symmetrized transition rates, which are
calculated exactly. In the latter situation, we provide consistent lower and upper bounds
and other motivations that this variance order is the same as under the asymmetric short-
range model, which is connected to KPZ class scalings of the space-time bulk mass density
fluctuations.

1. INTRODUCTION

Informally, the exclusion process is an interacting particle system consisting of a col-
lection of continuous-time dependent random walks moving on the lattice Z?: A particle
at x waits an exponential(1) time and then chooses to displace to x + y with translation-
invariant probability p(y). If, however, x + y is already occupied, the jump is suppressed
and the clock is reset. The process 1, = {n,(x) : x € Z} € {0, I}Zd fort > 0 is a Markov
process which keeps track of the occupied locations on Z¢. These systems have been much
investigated since the 1970’s when they were introduced as models of queues, traffic, fluid
flow etc. In particular, the model has proved useful and fundamental in the context of
statistical physics [17], [18], [30].

The exclusion model has many invariant measures, being ‘mass-conservative’ with no
birth or death. In fact, there is a one parameter family of Bernoulli product invariant
measures Vp, indexed by the ‘mass density’ p € [0,1] (cf. Chapter VIII in [17]). Here,
under V,, particles are placed at lattice points x € 74 independently with probability p.
Throughout the paper, we fix a density p € (0, 1) and begin the process under v,.

The study of the fluctuations of occupation times of a vertex, or a local region, or more
generally that of additive functionals in exclusion particle systems on Z¢, starting from an
invariant measure V,, has a long history going back to [12] and [14]. When the infinitesimal
interactions are ‘finite-range’, that is when p is compactly supported, several interesting
dependencies on the dimension d, the density p, and the type of underlying single particle
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transition probability p = p(-) have been found . In particular, for the asymmetric exclusion
model, when p = 1/2, connections with ‘Kardar-Parisi-Zhang’ (KPZ) class variance orders
of the space-time bulk mass density of the process have been made (cf. Subsection 1.4
below).

The purpose of this article is to ask what happens if the system has ‘long-range’ inter-
actions, that is say when p(-) has a long tail, proportional to |- |~@+® for o > 0. Such
systems are of interest in models with anomalous diffusion, a subject of recent interest (cf.
[7], [1] and references therein). In the particle systems context, symmetric long-range ex-
clusion processes have been studied with respect to tagged particles [11]. However, in the
asymmetric context, there appears to be little work on long-range processes. We note the
‘long-range’ systems considered in this article are not those systems, with the same name,
where at rate 1 a particle hops to the nearest empty location found by iterating a random
walk kernel (cf. [3]).

What are the variance orders and scaled centered limits of the occupation time at a vertex
or more general additive functionals, and how do they relate to d, p, « and the structure
of p? In particular, one wonders under asymmetric long-range infinitesimal interactions if
there are still connections with‘KPZ’ exponent orders, and if so how to interpret them. Can
one infer the notion of ’long-range KPZ’ exponent orders, which to our knowledge have
not before been considered?

To discuss these questions and to put our work in better context, we first develop con-
nections with ‘second-class’ particles and H_; norms in the setting of occupation times at
the origin, and then discuss previous ‘finite-range’ literature afterwards.

Let 15(0) be the indicator of a particle at the origin at time s with respect to the process,
and let I'(t) = [; f(ns)ds with f(n) = n(0) — p be the centered occupation time up to time
1. Leta? = E, ([['(£)]?) be the variance starting from V.

1.1. Connection with a ‘second-class’ particle. The variance may be computed from a
standard argument. By stationarity of v, and changing variables,

@ = 2 ['Eplrn)s)lduds
21 [[ (1= s/0)Bp £ (o).

Now, the covariance, or ‘two-point’ function as it sometimes called, as p =P, (1,(0) = 1)
for s > 0, and by Bayes’s formula,

Ep[f(n:)f(mo)] = Ep[ns(0)10(0)] - p*

= P{Ep[n:(0)[m0(0) = 1] —Ep[n:(0)]}

= p(1=p){Ep[n5(0)[n0(0) = 1] = Ep[n;(0)|10(0) = 0] }.
From the basic coupling, which compares two exclusion systems starting from 1y and 1,
a configuration which ‘flips’ the value at the origin, that is 1{,(x) = no(x) for x # 0 and
ny(0) =1—m0(0), we can track the location of the discrepancy Ry, initially at the origin,
for times s > 0. The dynamics of the discrepancy, or ‘second-class’ particle, is that it
moves from location x to x +y at time s with rate p(y)(1 — ns(x+)) + p(—=y)Ns(x + ).
The interpretation is that it jumps as any other particle in the system, corresponding to the
part p(y)(1 — ns(x+y)); but, also it must move if one of the other particles jumps to its
location, corresponding to the part p(—y)ns(x+y). Hence,

Ep[15(0)[n0(0) = 1] = Ep[n5(0)|m0(0) = 0] = Py(R; =0)
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where Pp is the coupled measure. See Section VIIL.2 in [17] for more discussion on the
basic coupling.
Putting these observations together, we have

nl _
a =2 / (1—s/t)Py(Ry = 0)ds,
Jo
roughly ¢ times the expected occupation time of the second-class particle at the origin.

1.2. Connection with ‘H_;’ norms. Instead of dealing directly with a?, one might con-
sider the Laplace transform L; = [y e’ma,zdt and its behavior as A | 0. By a formal
Tauberian ansatz, t 'L, 1 ~ ¢! [§ a2du ~ a?. Moreover, the object L;, after two integra-
tion by parts, may be written as
2
L= 33| ¢ MEolrms(mo)lar

_ %Ep £ (n0)uz (10)]

where uy () = [57e T, f(n) = (A —.£) "' f(n) and T, and .Z are the process semigroup

and generator respectively. The term {E,[f(1)(A —2)~'f(n)]} 1/2 s well defined for
fe Lz(vp) and can be written in variational form in terms of H; and H_; (semi-)norms
and the symmetric and anti-symmetric decomposition of .¢ = . + &/, which may be
leveraged in bounding L; . Moreover, a useful test for when a? = O(¢) is that the H_; norm
[l f]l=1 < eo. See Subsection 3.1 for a more comprehensive treatment.

1.3. Finite-range models: Symmetric and mean-zero transtitions. When p is symmet-
ric, p(-) = p(—-), the transition rates of the second-class particle from x to x + y reduce to
p(¥)(1—=ns(x+y))+ p(—y)ns(x+y) = p(y). Hence, marginally, the second-class particle
moves as a symmetric random walk. In this case, I@p (Rs = 0) can be explicitly estimated.
When p is finite-range, along similar lines, it was shown in [12] that

0(r¥?) ind=1
a?> = { O(tlog(t)) ind=2
O(t) ind>3.
Moreover, in the above scales, the functional CLT in the uniform topology was shown
in [12], [23]:
B3 4([) ind=1
BU) ind>2 (1.1
Here, By is fractional Brownian motion with Hurst parameter H and B = B, , is standard
Brownian motion.
We remark similar claims on the Laplace transform L, hold when p is finite-range,
asymmetric and mean-zero, Y xp(x) = 0 by different methods. Also, corresponding CLT’s
and scaling limits have been shown [10], [23], [31].

1
—TI'(Nt) —>{
aN N—yoo

1.4. Finite-range models: Asymmetric transitions and KPZ exponents. When p is
finite-range and has a drift, m = Y xp(x) # 0, although the second-class particle Ry is not
a random walk, it has a mean drift of (1 —2p)m under I@p (cf. [4] and references therein).
In analogy with random walks, the second-class particle should be transient exactly when
p # 1/2. Partly based on this intuition, it was proved for p # 1/2ind > 1 that a’> = O(t),
and also the functional CLT N~'/2I'(Nt) = B(r) (cf. [8], [22], [23]).

However, now fix p = 1/2 for the remainder of the subsection. This case interestingly
connects with ‘Kardar-Parisi-Zhang’ (KPZ) behavior and exponents of driven diffusive
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systems. In this situation, the process macroscopic characteristic speed (1 —2p)Y xp(x)
vanishes. By the same sort of calculation presented above in Subsection 1.1, the variance
of the second-class particle can be written in terms of the ‘diffusivity’ of the system:

= 2
p(1—P)Ep|R|” = Y IxPE, [((x) — p) (m0(0) — p)] =: D)
which in d = 1 is related to the variance of the ‘height’ function for an associated interface
which is in the KPZ class (cf. Chapter 5 in [30] and [21] for definition of the height
function and more discussion).
In [6], it was formulated that

o(*3) ind=1
D(t) = { O(t(log(1))*?) ind=2
o(t) ind>3.

This has been proved, in Tauberian form, by various techniques and discussed in more
detail in [5], [9], [16], [20], [21], and [32].

Then, allowing a Gaussian ansatz, B, (R, = 0) should decay as O(t~>/?) in d = 1,
O(t~'(log(t))'/?) in d = 2, and O(t~%/?) in d > 3. Although these local limit type es-
timates have not been shown, they would imply that the occupation time variance should
satisfy the same estimates as for D(¢) above. However, in d > 3, when p = 1/2, the con-
clusion a? = O(t) is known [23], [27].

Although the conjecture in d < 2 for the order of @ has not been substantiated, the
following H_; estimates have been found in [8] and [26]: As A | O,

CA % < L, <C 'A% ind=1
CA %log|log(A)| < L < C'A7%|log(A)| d=2 (1.2)

with an improvement in the second line lower bound of CA~2|log(2)|'/? when the p-drift,

Y xp(x), lies on a coordinate axis. These Tauberian bounds formally imply that
't < @ <c'P? ind=1
Ctlog(log(t)) < a? < C 'tlog(r) ind=2.

1.5. Finite-range models: General additive functionals and H_; norms. Besides the
occupation function, one can consider the additive functional T's(t) = [§ f(n;)ds for a
general class of ‘local” mean-zero functions, E, [f] = 0. That is, by ‘local’, we mean f is
compactly supported: f(7) depends only on the variables 7 (x) for x € A C Z¢ and A is a
finite set. Let 07 (f) =E, (Ff(t))z.

One may ask for which functions f is 62 (f) = O(t), that is the variance is of ‘diffusive’
order. When p is finite-range, there is a dimension dependent characterization of such
f’s depending on the ‘degree’ or ‘smoothness’ of the functions (cf. Proposition 2.1). In
particular, for the symmetric process, we have seen f(1) = n(0) — p in dimensions d < 2
is not smooth enough.

When o7 (f) is not ‘diffusive’, divergence orders have been found for symmetric and
mean-zero processes (cf. Proposition 2.2) and bounds for the asymmetric model (cf.
Proposition 2.3).

Functional CLT’s in diffusive scale, converging to Brownian motion, for I's(z) when
6 (f) = O(t) have been shown (cf. [19], [14], [28], and [26] and references therein for
statements and more discussion). When p is mean-zero and f is a degree 1 function (such
as the occupation function f(n) = n(0) — p), in d = 1, a functional CLT in anomalous
scale has been proved [10]. Otherwise, characterizing the fluctuations of I'¢(r) is open.
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1.6. Long-range transitions and main results. We will take p to be ‘long-range’ if its
symmetrization 2~ (p(x) 4+ p(—x)) is proportional to |x|~@*® for a > 0. This natural
choice introduces the parameter & which controls the order of moments allowed. We also
consider several types of asymmetries, both ‘short’ and ‘long’, which are detailed in the
next section.

When o > 2, p has two moments and one suspects the asymptotics of the occupation
time I'(-) behaves as if p were finite-range (cf. Theorem 2.4). Also, when 0 < & < 1 or
d > 3, the random walk generated by p is transient [29], and the long time behavior of I'(+)
is diffusive (cf. part of Theorems 2.6, 2.11, 2.12).

Our main interest is when 1 < @ <2 and d < 2. When p is symmetric, one of our main
results is to derive a fractional Brownian motion scaling limit in d = 1 for I'(-) in scale
a; = O(t'=C®™") corresponding to Hurst parameter H = 1 — (2a/)~!. This microscopic
derivation of a collection of fractional BM’s, in a range of Hurst parameters, generalizes
the H = 3/4 limit when p is finite-range. In d < 2, other additive functional variance
divergence orders and CLTs are also found (cf. Theorems 2.8, 2.9, and 2.11). We also
observe that most of these results also hold for a class of long-range mean-zero processes.

However, when p is asymmetric with a ‘drift’—an example is when p(x) is proportional
to l(xi>0:1§,-§d)|x|’d’°‘—other new phenomena appear. In particular, in d = 1 when p =
1/2, we observe a curious transition point at o = 3/2. When o < 3/2, we show the
variance a’ is of the same Tauberian order as if p were symmetric. In particular, when
a = 3/2, we prove a> = O(t*/3) in the Tauberian sense (cf. Theorem 2.14).

However, as « increases, the process is less heavy-tailed and one feels less mixing,
more volatile and more susceptible to ‘traffic jams’. In fact, we propose for a large class
of exclusion systems that L) and alz should increase as o increases. In support, we verify
this intuition for symmetric and mean-zero type processs (cf. Theorem 2.18).

Moreover, we conjecture, from (1) this intuition, (2) the statement at2 = O(t4/ 3), in the
Tauberian sense, when o = 3/2 and p = 1/2, (3) the result af is of the same Tauberian
order as for finite-range processes when o > 2, and (4) the belief for d = 1 finite-range
processes with drift that also a? = O(t*/3), that we have a> = O(t*/?) in the Tauberian
sense for all &« > 3/2 in d = 1 (cf. Conjecture 2.17). We note superdiffusive lower and
upper bounds, consistent with this conjecture, are given in Theorem 2.14.

We remark the apparent dichotomy in the behavior of a> when variously o < 3/2 and
o >3/2ind =1 for p = 1/2 suggests a novel extension of the scope of the KPZ class
behavior to long-range models. This topic and supporting results are discussed more in
Subsections 2.5, 2.6.

In dimension d = 2 when p = 1/2, analogously, we show for a < 2 that a? is of the
same Tauberian order as in the symmetric case (Theorems 2.12, 2.15). Here, it seems,
the KPZ class behavior does not extend below o < 2. As in the finite-range case, what is
expected for o > 2 is that a? = O(t(log(1))*/?).

In addition, when p # 1/2, since the process characteristic speed drifts away from the
origin, one expects a’> = O(t). This is indeed the case and stated in Theorem 2.12 for
almost all values of o and d < 2.

We also consider the variance I'y(¢) for general local functions f, and find an «, p,
d-dependent characterization of when a?(f) = O(t) (Theorems 2.6, 2.12), and also excep-
tional orders (Theorems 2.14, 2.15). Corresponding functional CLT’s are also given for the
symmetric model (cf. Theorems 2.11) and remarked upon for the asymmetric process (cf.
Remark 2.13).
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The methods of the article make use of a combination of martingale CLT, ‘duality’, and
H_ norm variational formula arguments. In particular, part of the arguments nontrivially
generalize, to long-range models, the works [12], [8], [23] in the finite-range setting. The
long-range nature of the jump rate introduces new questions, such as the long-range sector
condition and monotonicity work in Sections 4 and 7, which may be of interest themselves.

1.6.1. Notation and plan of the article. The canonical basis of R? and coordinates of a
vertex x € R? are denoted by e; and x; for 1 < i < d respectively. The usual scalar product
between x and y in R¥ i

Define the relations ‘ ~”, ~’, ‘x’, ‘=" and note usual conventions ‘O(-)’ and ‘o(-)’
between sequences a(s) > 0 and b(s) > 0:

e a(s) =~ b(s) when both 0 < liminfs_.a(s)/b(s) and limsup,_,., a(s)/b(s) < eo,

e a(s) ~ b(s) when lims_ye a(s)/b(s) exists and 0 < limy_ye () /b(s) <
o a(s) = O(b(s)) when limsup,_,_ a(s)/b(s) <

* a(s) = o(b(s)) when limsup,_,.. a(s)/b(s) =

e a(s) < b(s) when a(s) = O(b(s)), and

e a(s) = b(s) when b(s) = O(a(s)).

Sometimes, the parameter s will denote the time ¢ which tends to infinity. At other times,
s = A, a parameter we will send to 0, and the relations above are defined accordingly.

In the next section, we more carefully define the model, and discuss the results. In Sec-
tion 3, we give notions of H_;| norms, ‘duality’ with respect to the (asymmetric) exclusion
process, ‘free particle’ approximations, and other basic estimates useful in the proofs. In
Section 2.2, finite and long-range H_| norm comparison results are proved. In Sections 5
and 6, we prove the main results for symmetric and asymmetric long-range exclusion pro-
cesses respectively. In Section 7, Theorem 2.18 on monotonicity of Tauberian variances
with respect to « is proved. Finally, in Appendix A, some more technical computations
are collected.

2. DEFINITIONS AND MAIN RESULTS

Let o > 0 and let p(-) be a transition function on Z¢ such that for any y € Z¢,

p<y>|yy|§y3a, n=x ch" sty

and p(0) = 0. Here, c is a normalization constant and (b;" (¥))1<i<d yeza are nonnegative
real numbers, which are bounded b7 (-) < b, such that (p(-) + p(—-))/2 is irreducible.

The symmetric and antisymmetric parts of p are denoted respectively by s and a where
s(y) = (p(y) + p(—y))/2 and a(y) = (p(y) + p(—y))/2. The mean of p, equal to the mean
of a, is defined by m =} 74 yp(y) € R? if it converges.

We now distinguish several types of natural asymmetric long-range probabilities:

(LA) (Long asymmetric range) There are constants by > 0 such that b (y) = b7,

min b Ab; >0 and Z|b+ by | >0.

1<i<d
i=1

(SA) (Short asymmetric range) There is an R < c0 and b; > 0 such that b; (y) = b; (y) =
b; for [y| > R, ¥yj<ryp(y) # 0. Here, a is finite range, but jumps of all large sizes
are supported by p.
(NNA) (Nearest-neighbor asymmetry) A particular case of the short asymmetric range
probability is when R = 1 and the asymmetry is nearest-neighbor.
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(MZA) (Mean-zero asymmetry) Another case of the short asymmetric range probability
is when Y| <gyp(y) = 0, but p is not symmetric.

We will on occasion make comparisons with respect to the more studied ‘finite-range’
jump probability, for which symmetric, mean-zero asymmetric and asymmetric versions
can be analogously defined.

(FR) (Finite range) There is an R < oo such that forall 1 <i <d, b, (y) = b; (y) = 0 for
|[v] > R. As before, to avoid sublattice periodicity, we assume the symmetric part
s is irreducible.
(FR-NN) (Nearest-neighbor) A case of the finite-range probability is when R = 1. Here,
necessarily s(e;) > 0for 1 <i<d.

Most of our focus, to make a choice, is on long asymmetric range model (LA), and
for the remainder of the article p denotes such a probability. However, some comparisons
with other types of probabilities are made in Subsection 2.2. In the following, quanti-
ties with respect to the different types of probabilities will be denoted with corresponding
superscripts; in this respect, (S) signifies the jump probability is s.

The corresponding d-dimensional exclusion process is a Markov process {n;;¢ > 0},
with state space Q = {0, 1 }Zd, whose generator acts on local functions f: Q — R as

Zfm =Y, pINE) 1 =1n(Ex+y)Verrnf(0)

x,yezd

where V. oy (1) = f(n**) — f(n) and

nx+y), z=x
" (z) = n(), z=x+y
n(z), z#xx+y.

We will denote by T; the associated semigroup.

As mentioned in the introduction, for every p € [0, 1], the Bernoulli product measure
Vvp with density p is invariant for {n,;# > 0}. Let P, be the law of the process {n, ;7 > 0}
starting from v,. We denote by E,, as it will be clear by context, the expectation with
respect to both v, and P,. We will also use the notation (f,g), := E,[fg].

One may compute that the ]Lz(vp) adjoint .£* itself is an exclusion generator with
reversed jump probability p*(-) = p(—-). When p =s, the L?(V,)) process generator . and
semigroup 7; are reversible. The construction and basic properties of this Markov process
can be found in Chapter I, VIII in [17]; its extension to L2 (vp), with a core including local
functions, follows from the development in Section IV.4 in [17].

Recall the additive functional for this process

r) = [ rm)as

where f : Q — R is a local function, and its variance o,%(f) with respect to the stationary
measure V, with density p. We now define the ‘limiting variance’ o (f) by
c(f) = limsupt~'c?(f).
t—oe0

A local function f such that 6%(f) < e or equivalently 6;7(f) < Ct for a constant C > 0
independent of ¢, is said to be admissible.

Define the Laplace transform of 62(f), Ly(1) = [3 e * 67 (f)dt. We observe that if f
is admissible then 2 ~2L(1) is uniformly bounded as A |, 0.
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The behavior of the variance 6 (f) and Lf(A) are much related to the degree of f.
Define s(z) = [ fdv, the mean of f with respect to V..

Definition 2.1. Let deg(f) be the degree of the local function f, with respect to vy, that is
the integer i > 0 such that u](f) (p) #0and /,L]((-j)(p) =0forany j <|. Ifuf(»”(p) =0 forall
0 < j €N we say deg(f) = oo.

For a finite subset A C Z¢ with cardinality |A[, let @4(1) := [Tica (n(i) — p). Then,
@, is a degree |A| function and pg, (z) = (z — p)Ml. All local, mean-zero functions f,
Ep [f] = 0, can be decomposed in terms of {®, : A C Z}: Since the occupation variables
are at most 1,

f) =Y ) c@)@a(n),
n>11|A|=n
in terms of coefficients ¢(A) where all sums are finite. In particular, if f is a degree i local
function then y(z) is a degree i polynomial.
Moreover, we may conclude,

if deg(f) =1, then ¥ j5—;c(A)#0
if deg(f) =2, then Y4—rc(A) #0and Yy—;c(4) =0 2.1
if deg(f) >3, then Yjy—c(A) = YL=2c(A) =0.
It will be helpful, before stating our main long-range results in Subsections 2.2 — 2.6, to
state precisely some of the work on finite-range systems.

2.1. Previous work on (FR) models. Admissibility has been previously characterized for
exclusion with finite range probabilities p("®) in [8], [28], [23].

Proposition 2.1. Suppose p\F®) is mean-zero. Then, a local function f is admissible ex-

actly when
3 ind=1
deg(f) > ¢ 2 ind=2
1 ind>3.

But when p\F® has a drift, ¥ xpF®) (x) # 0, then f is admissible exactly when

lifp#1/2ord >3
deg(f) > { 2ifp=1/2andd <2.

In the exceptional cases, the following is known. We remark when pFR) is symmetric,

L¢(A) and ~ below can be replaced by o7 (f) and ~ respectively; see [19], [28], [23] for
more details and refinements.

(FR) is mean-zero and f is local. Then, ind =1,

A732if deg(f) =1

Proposition 2.2. Suppose p

Le(A) ~ ¢ A7%log(A)| if deg(f)=2
A7%if deg(f) > 3.
Ind=2,
v A7 log(A)] if deg(f) =
Ly(A) ~ { A% if deg(f) > 2.
Ind>3,

Lf(),) ~ A2
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When pFR) has a drift, p = 1/2 and deg(f) = 1, the behavior of o(f) will be of
the same conjectured orders t*/3 in d = 1 and ¢(log(t))?/? in d = 2 with respect to the
occupation time function fy(n) = 11(0) — 1/2 discussed in the introduction.

On the other hand, the boundson L = Ly, (1) givenin (1.2) extend to degree 1 functions
(8], [26].

Proposition 2.3. Suppose p*® has a drift, ¥ xp\F®) (x) # 0, p = 1/2, and f is local and
deg(f) = 1. Then,

A4 Li(A) < 472 ind=1
A 2logllog(R)] < Lg(A) < A 2|log(A)] ind=2.

IN

Also, in d = 2, when in addition pr(p R) (x) is on a coordinate axis, the lower bound can
be replaced by A~2|log(A)|'/2.

2.2. Finite/Long-range and other comparisons. We now compare Tauberian variances
Ly and L¥R) wwhen o > 0. We remark the results of Theorem 2.4 holds also with respect

to comparisons between LY, for all the types of jump probabilities mentioned before, and
LFR),

Theorem 2.4. Let f be a local function. Then, for o« > 2 and d > 1, when Y. yp(y) =
cYyp¥R) (y) for a constant ¢ # 0, we have

We remark, in d = 1, the ‘parallel’ condition ¥ yp(y) = c¥.ypF®)(y) for a nonzero
c is the same as Y yp(y) = YypF®) (y) = 0 or both Yyp(y), LypFR) (y) # 0. The first
display indicates that if p has strictly more than 2 moments then the associated long-range
exclusion dynamics may be thought to have similar properties as when the jump probability
is finite-range and parallel. In particular, one may apply results for finite-range processes
when o > 2.

Also, in long-range models with finite-range mean-zero asymmetries, we note Taube-
rian variances are comparable to their symmetric counterparts.

Theorem 2.5. Let f be a local function. Then, for ot > 0 and d > 1, when p = pMZA) e
have

LYy ~ LP0).

The proof of this statement is omitted as it follows the same proof of Lemma 4.4 in [23]
for finite-range mean-zero systems, as aMZ4) is the anti-symmetric part of a finite-range
jump probability.

2.3. Symmetric jumps. We now consider the symmetric process when p(-) = s(-) for
which we have a clear picture of the scaling limits of additive functionals. We first charac-
terize admissibility of local functions.

Theorem 2.6. Consider the symmetric long-range exclusion process in dimension d. We
have the following characterization of admissibility.

e d =1: Every local function f such that:
1. deg(f) > 3 is admissible,
2. deg(f) =2 is admissible if a. < 2,
3. deg(f) =1 is admissible if a < 1.
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e d =72: Every local function f such that:
1. deg(f) > 2 is admissible,
2. deg(f) = 1 is admissible if o < 2.
e d > 3: Every local function with deg(f) > 1 is admissible.

Remark 2.7. In terms of variance asymptotics, the following observation reduces the con-
sideration of a general local degree 1 function f to that of the occupation time function
1n(0) — p. Indeed, note that g = f — pu;(p)(n(0) — p) is at least a degree 2 function. When
d=1,a<2,02(g) =O0(t) by Theorem 2.6. Hence, if 6.2(1(0) — p)) is superdiffusive in
growth, it is the dominant term with respect to the equation f = g+ u(p)(1(0) — p).

Similarly, noting (2.1), a degree k function f can be written as f = h+ ity (k)(p)®a
where |A| = k and / is now at least a degree k + 1 function. Hence, one deduces 67(f) ~
6} (®4) when 6 (®,4) dominates o7 (h).

Next, the following results give the variance behavior for exceptional functions f in
terms of dimension d. As discussed earlier, when & > 2, the orders match those for the
symmetric finite-range model (cf. Theorem 2.4).

Theorem 2.8. Let f be a local degree 1 function. It holds that

e Ind=1
t, ifa<l
tlog(r), ifa=1

o2 (f) ~ 2oVe ifl<a<2
2(log(t))~"?, ifa=2
32, if o >2.
e Ind=2

r, ifa<?2
o’ (f) ~ { tlog(log(r)), ifa=2
tlog(t), ifa>2.

e Ind>3,

G (f) ~t, forall a.

Theorem 2.9. Letd = 1, a > 2 and let f be a local degree 2 function. Then, as A ] 0, we
have

Ly(A) ~ A~[log(A)].

Remark 2.10. When deg(f) = 2, we expect variance asymptotics 67 (f) ~ tlog(¢) if ot > 2
and 6 (f) ~ tlog(log(t)) if & = 2, which is not seen at the level of the Laplace transform
Ls(A). However, in the nearest-neighbor case, by computing the Green’s function of a
system of two interacting exclusion particles, which seems more difficult when jumps are
not nearest-neighbor, these asymptotics are shown in [28].

The following convergence results hold. Recall By denotes fractional Brownian motion
with Hurst exponent H, and B = B, ; is standard Brownian motion.

Theorem 2.11. i) If f is an admissible function then we have weak convergence in the
uniform topology:
1
——I'(tN) — B(z).
on(f) f( )NHM (t)

ii) If f is a (non-admissible) function of degree 1, we have the following weak conver-
gences in the uniform topology
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e Ind=1
B(), ifoa=1
—Ff(tN) —_— El*l/za(t)a fl<oa<?2
on(f) N=eo Bsa(t), ifa>2.
o Ind=2, foralla>2,
1
——T(tN) —— B(1).
GN(f) f( )Naoo ()
iii) If f is a (non-admissible) function of degree 2, i.e. o > 2 and d =1, then for any
t > 0, we have the one-time CLT, convergence in law
1
on(f)

where N (t) is a centered normal variable with variance t as N — oo,

Ty (tN) A (1)

N—ro0

The last part is weaker than the previous lines in Theorem 2.11 as the exact asymptotics
of o (f) have not been found (cf. Remark 2.10).

2.3.1. Mean-zero (MZA) processes. We make a few remarks on (MZA) systems and note
all statements in Theorems 2.6 and 2.9 hold for these processes. In addition, statements in
Theorem 2.8, interpreted in the Tauberian sense, that is with respect to the asymptotics of
Li(A) = [ e * 0?2 (f)dt, also hold for (MZA) processes.

Indeed, by the bound 67 (f) < 10¢~! L;S) (t~1) in the H_; norm Lemmas 3.1 and 3.2, and
admissibility for the symmetric process in Theorem 2.6, the same admissibility statements
follow for (MZA) systems. Also, the Tauberian variance statements for the symmetric
process transfer to (MZA) processes by Theorem 2.5.

Finally, we remark, the statement in Part (i) Theorem 2.11 also holds for (MZA)-
systems, by the method in [31] for finite-range mean-zero systems, since aM?4) s the
anti-symmetric part of a finite-range mean-zero jump probability. Otherwise, the fluctua-
tions have not been considered.

2.4. Asymmetric jumps. We now consider (LA) asymmetric processes with long-range
probability p, which require more delicate considerations than in the symmetric situation.

However, we remark all results of this subsection also hold for long-range (SA) models
with short-range asymmetries, with similar proofs.

Theorem 2.12. Consider the asymmetric long-range exclusion process in dimension d.
We have the following characterization of admissibility.

e d =1: Every local function f such that:

1. deg(f) > 3 is admissible,

2. deg(f) =2 is admissible if o # 2,

3. deg(f) = 1is admissibleif p #1/2 and o« £ 1,2 orifp=1/2and o < 1.
o d =72: Every local function f such that:

1. deg(f) > 2 is admissible,

2. deg(f) = 1 is admissible

ifandonly if p £ 1/2 forall a or if p =1/2 and o < 2.
e d >3: Every local function such that deg(f) > 1 is admissible.

Remark 2.13. Cases left open, by our methods, are the boundary cases whend = 1, @ =
1,2, p #1/2 and deg(f) =1 or when d = 1, ot = 2, deg(f) = 2 for which we conjecture
such functions are admissible. Moreover, we show later in Theorems 2.14 and 2.15 that
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functions not satisfying either the assumptions of Theorem 2.12 or the two cases above are
not admissible.

When all mean-zero local functions are admissible, that is when a < 1 or d > 3, the
functional CLT display in Part (i) Theorem 2.11 holds by the same argument as for Corol-
lary 2.1 in [22]. Otherwise, the fluctuation limits for I'y have not been characterized.

The next results give upper and lower bounds on L(A) in exceptional non-admissible
situations. Formal estimates on 67 (f) can be recovered by the formal Tauberian relation

of (f) ~ 1t Ly(e 7).
Theorem 2.14. Consider the asymmetric long-range exclusion process in dimension d = 1
with @ > 1 and p = 1/2. Let f be a local function of degree one.

e Whenoo=1,as A |0,
Ly(A) ~ A7%[log(4)].
When 1 <o <3/2,as 10,
Lp(A) ~ A3,
When 3/2 < a0 < 2, there exists a constant C such that for all small A,
cia120-2 < Li(A) < cal/a=3
When o = 2, there exists a constant C such that for all small A
2-5/2

C——.
V/ [log(2)]
When o > 2, let L;-FR) (A) correspond to p\FR) with a drift, ¥ xp\F®) (x) # 0. Then,

by Theorem 2.4, Ly(A) ~ L}FR) (A), and the bounds in Proposition 2.3 hold.

Theorem 2.15. Consider the asymmetric long-range exclusion process in dimension d =2
with o > 2 and p = 1/2. Let f be a local function of degree one.

e Whenoo=2,asA |0,
Ly(2) ~ A *log(|log(2))).
o When o > 2, let L;-FR) (A) correspond to p\FR) with a drift, ¥ xp\F®) (x) # 0. Then,
by Theorem 2.4, Ly(A) ~ L}FR) (A), and the bounds in Proposition 2.3 hold.

A M log(M)|* < Ly(2) <

Remark 2.16. We note all upper bounds in Theorems 2.14 and 2.15 hold in the Abelian

sense: That is, 67 (f) < 10t’1L§CS) (t!) by the H_; norms Lemmas 3.1 and 3.2, and the
variance bounds for the symmetric long-range process in Theorem 2.8.

2.5. A conjecture and partial monotonicity argument. As remarked in the Introduc-
tion, with respect to finite-range asymmetric exclusion processes, when p = 1/2 and
Y ypFR)(y) # 0, it is believed that the occupation time variance 62(1(0) — 1/2)) ~ /3
ind=1and~ t(log(t))z/3 in d = 2. Given Theorem 2.4, these are the same orders con-
jectured for the variance, in the Tauberian sense, for the long-range asymmetric exclusion
process when ¢ > 2ind = 1,2.

Now, as ¢ increases, the jump probability p becomes less heavy-tailed. Correspond-
ingly, because of the exclusion dynamics, particles which are bunched together disperse
slower and traffic jams are more likely to persist. In particular, it is known that the
occupation time at the origin has positively associated increments in time [23]. One
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feels consequently that the origin occupation time is more volatile as o grows, that is
@ Ep[ 2 f(n,)ds])® = 62(f), and & — [;"e ME,[fP,fldi = Ly(), in terms of their
orders, are increasing functions of o, where f(n) =n(0) —p.

Recall, also, at & = 3/2, the order of the variance 67(f), in both the symmetric and
asymmetric cases, in the Tauberian sense, is O(t4/ 3), the same order believed under asym-
metric finite-range dynamics. These comments form the basis of the following conjecture.

Conjecture 2.17. For o >3/2 and p = 1/2, with respect to the exclusion dynamics with
asymmetric long-range jump probability p, the Tauberian variance satisfies

| R N A3 ind=1
L(A) 7/0 e Moy (f)dt ~ { ),*2|]og(l)|2/3 ind=2.

Correspondingly, this type of approximation would formally imply 62(f) ~t*/3ind =
1 and 62(f) ~t(log(r))** ind = 2.

In partial support of the conjecture, consider long-range models with finite range mean-
zero asymmetries or symmetric transitions, where the jump probability pMZA) or s is
replaced by jump rates pM?4) = (byc) ™' pM?Y) or § = (byc)~'s respectively, which are

sub-probabilities, effectively having removed the normalization. Let also Z}MZA) (1) and
i;s) (1) be the respective Tauberian variances, and @™#4) be the anti-symmetric part of
~(MZA)

p .
As the process is speeded up by (bc) ™', a calculation with the generator gives Zﬁ;) 1) =

(blc)3L§i) (bycA). In particular, the order, as A | 0, of iﬁi) (A) and L;)(l) are the same.

Theorem 2.18. Consider long-range exclusion processes with jump rates pMZA) or 5. Let

€ 1= maxy|<p |@™?A)(y)|. Then, for 1 < o < Bo, there is & = & (&, Bo) > 0 such that
for0 < e <egandA >0, the map a € [, fo] — iﬁMZA)(),) or o € [0, o] — l_,;-s)(l) is
non-decreasing.

Remark 2.19. We conjecture the same monotonicity statement holds for the Tauberian
variance L' (A) with respect to short asymmetric long range processes, with jump rate
A = ¢=1p(S4) | when the drift ¥ x54) (x) # 0. If such monotonicity could be verified,
by Theorem 2.14, there would be a constant C such that Z,;SA) (A)>CA~7/3 when o > 3/2

and p = 1/2. To show the corresponding upperbound on i}SA)(l), by Theorem 2.4, it is
sufficient to consider finite-range models. In particular, to complete the Tauberian part of

Conjecture 2.17, it would be enough to show for an o > 2 and p = 1/2 that Z;FR) 1) <

CA~7/3, an estimate which is expected.
We show, however, for general short-range asymmetric (SA) processes with jump rate

554 a formula for the derivative of the map o — Z,}SA)(A) in the first part of the proof

of Theorem 2.18. Namely, the derivative equals 24 ~2(f, v¥)p, where v§ solves a certain
resolvent equation.

2.6. Role of oo = 3/2. Given Conjecture 2.17, it seems the long-range parameter value
o = 3/2 is a change-point for the occupation time dynamics with respect to d = 1 asym-
metric exclusion with jump probability p when p = 1/2. On the one hand, for a < 3/2,
the occupation time variance behaves as that under the symmetric dynamics (cf. Theorems
2.8, 2.14). But, otherwise, it would seem, for a > 3/2, the variance acts as that under an
asymmetric finite-range (FA) model.
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Technically, the symmetric part of the generator L “dominates” the anti-symmetric part
exactly when 0 < o0 <3/2. At o¢ =3 /2, they are of the same order, and exact computations
can be made. A more physical intutition of the phenomena is yet to be understood.

That the occupation time variance orders are computed exactly, namely 1 forO < a <1
and2—1/afor 1 <a <3/2ind =1 (cf. Theorem 2.14), in particular a power of 4/3 for
o =3/2, is one of the few exact calculations with respect to the fluctuations of asymmetric
particle systems across process characteristics.

When p # 1/2, we conjecture the same scaling behavior, as in Theorem 2.14 and Sub-
section 2.5, for the occupation time of the vertex in the moving frame with process charac-
teristic velocity | (1 —2p)m].

Finally, it would be of interest to explore more the proposed ‘extension’ of the KPZ
class to other long-range models when 3/2 < o < 2. One feels that it is perhaps a generic
feature of a large class of mass conservative particle systems.

3. ToOLS

The goal of this section is to develop for long-range processes, H_| norm estimates,
generalized ‘duality’ decompositions, ‘free particle’ approximations and other technical
bounds useful in the sequel. We refer the reader to [15], [8], [23] for more discussion of
the material in the finite-range context.

3.1. Resolvent norms. Denote the symmetric and antisymmetric parts of .Z by . and
o, respectively:

P
2

&L

o =T

A straightforward calculation shows that .# itself generates the symmetric exclusion pro-
cess with jump probability s: On local functions,

Zfm) = Y, pO)[f(M™) — f(n)].

x,yGZd

The corresponding Dirichlet form (f, —.Z f),, acting on local functions, after a calcula-
tion, is given by

omlflp = (fr—Pflp =

NS

Y OO [(fr ) - sm)’] 2 0. @
x,yezZd

In particular, —.% is a nonnegative operator.
We now define the following resolvent norms. Fix A > 0 and consider (A —.#)"! :
12(v,) — L?(v,) where, in terms of the semigroup 7,

ated by .,

for the symmetric process gener-

(A=) @)= [ M p(0an,

Denote by 7] j, the closure of local functions f such that ||f|\%;L =(f,(A =) f)p <oo.
Let 7 5, be its topological dual with respect to L?(V,) and let || - |_; 3 be its norm. One
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has

1Aa = sup{(f.0)p /191 ¢ local}
(A=) 1)
— /00 e*ll <f7 Y;(S)f>p

0

Analogously, let 7 be the closure over local f such that ||f||3 := (f,—7f)p < .
Denote 7 as its topological dual with respect to L?(V,) and || - ||y its norm, namely

1£1-1 =sup{(f,9)p/ll¢]l1: ¢ local}.

By the formulas, we have ||f][; 4 > ||f[[1 and so ||f||_1, < [/fl|-1. Moreover, as
Tt(s) is reversible with respect to v,, (f, 7}(S)f>p = (7;(/“;)1‘, 7;(/‘;)f>p > 0. Hence, the limit
limy, o || fll =12 = [|f]| -1 exists, which may be infinite.

The resolvent (A —%)~! : L?(v,) — L?(v,) is given by

(-2 F(C) = /Ome*’r,f@)dr,

with respect to the (asymmetric) generator . and semigroup 7;, will be important in many
arguments. Observe that by a simple integration by parts and stationarity of the process, we
may relate the Tauberian variance L;(A) to the quadratic form with respect to (A —.%) 1

L) = /0 e Mo (n)de

B o [
= 2/0 e /()/()(fﬂ},uﬁpdudsdt

2
= ﬁ(f,(l—$)7]f>p- (3.2

As discussed in [23],
—1
%(x@%uz*ﬂ)] = A-2YA-S) ' A-2) =0,

the point being that one can symmetrize in the inner product (f, (A —%)~! f), and inter-
pret it as the dual form with respect to the operator Q. Since (f,Qf)p = (A —Z)f, (A —
L) HA = L) f)p > 0 for all local f, we see that Q and Q! are nonnegative symmetric
operators which admit square roots. Hence, we may apply Schwarz’s inequality to obtain

Lf+g(l) < 2Lf(l)+2Lg()~). 3.3)

We now recall a basic estimate, proved in [23], which applies for general Markov pro-
cesses.

Lemma 3.1. Fort > 0and f € L?*(V,) such that Ep[f] = 0, we have

B [(r0)7] < 10000/ )7 1) = 100,67,

In [23], the following sup variational form for the quadratic form is proved. The inf
variational form is an equivalent relation.
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Lemma 3.2. Let f: Q — R be a local function and let A > 0. Then,
(F0-2)" N = {2080~ gl s~ 78l 1}
4

_ il;f{waL«!zfgllz,l,,l + ||g||ix}v

where the supremum and the infimum are taken over local functions g. In particular, by
taking g = 0, we have

(FA=2)"f)p < (A=) ).

We remark, although these variational formulas are quite difficult to compute, by re-
stricting the supremum or the infimum over the class of degree one functions, that is linear
combinations of the functions {n(x) — p : x € Z¢}, we can sometimes extract interesting
lower and upper bounds.

Putting things together, we obtain the following estimate which bounds the variance,
with respect to the process generated by %, in terms of the symmetric part ..

Corollary 3.3. Fort > 0and f € L?*(v,) such that Ep[f] = 0, we have

EP[(rf(t))z} < 1002, 0 = 100 LD,

3.2. Duality. We now detail certain ‘duality’ decompositions which often help simplify
calculations. For finite subsets A C Z<, let ¥, be the function

w, - TP
ea V2(P)
where x(p) = p(1 —p). The collection {¥4 : A C Z¢} forms an orthonormal basis of

L2(vp).

Let & = {A C Z% : |A| = n} be the class of subsets of Z¢ with n > 1 points. Let also .77,
be the set of functions F : &, — R such that ¥ 4|, F?(A) < o0; when n = 0, /% denotes the
space of constants. Denote also, for n > 1, H, as the space of ‘n-point’ functions f in form
f =YL= F(A)¥a with f € 54;; for n = 0, as before, Hy denotes the space of constants.
‘We have thus the orthogonal decomposition

Lz(VP) = ®n>0Hn.

Functions f in %, can be identified with a symmetric function § : x,\D, — R where
X = (Z4)" and D, = {(x1,...,x,) € (Z%)"; i # j such that x; =x;} via f(x1,...,x,) ==
f({x1,...,%,}). In the sequel, we will use this identification implicitly.

We now decompose the generator . on the basis {¥4 : A C Z?}. Given a subset

A of Z4 and x,y € Z¢ denote by Ay, the set A,y = A\{x} U{y} if x €A and y ¢ A, by
Ary =A\{y}U{x}ifx ¢ A and by A, , = A otherwise. Let also & := {J,>( &. Then,

2f = Y (eHA)s,

Ae&

Sf = Y (S)(A)¥a,
Aeé&

df =) (AP(A)¥a,
Ae&

where

L£=6+Aand S=¢' A=(1-2p)%+2/%(p)(LT —£7),
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and
£N@) = (1/2) Y, sO—x0)[f(Ary) —FA)],
x,yezd

(&)@ = Y aly—x0)[{(Awy) —FA)],
XEA,y¢A

(€N@) = ) ab-xfAu{x}),
X¢Ay¢A

(@) = ) a—0iA\h.
XEA,yEA

The operator G, which generates the dual symmetric exclusion process, takes %, to
¢, for n > 0. Its restriction to .77, is the generator of the set of n particles interacting
by the exclusion rule with the jump probability s. This property represents the classical
self-duality of the symmetric exclusion process [17].

Since the spaces {H,, : n > 0} are orthogonal and . is invariant on each H,, for f € H,
and g € Hy, with n # m, we have || f+g[|3, = fl?, +lgll3 ;. Similarly, from the sup-
variational formula in Lemma 3.2, we have ’ ’

If+8l2i0 = 1210 +lgl2 2 G4

Although self-duality is not valid in the asymmetric setting, the decomposition of the
generator gives an extension of the duality relations. Note that the operators £! and £2
preserve the degree of functions, but that £ and £~ respectively increase and decrease
the degree by 1. The operator 2 has a decomposition of the form

A= ; (Qtn,,,,wlnnwlmﬂ),

where 21,,,, is the projection onto 7%, of the restriction of 2 to /7.
Later on, we will primarily consider functions of degree 1 and degree 2. We note the
following action of the operators 20} = (1 —2p)B; and Aj» =2/ x(p)B12:

(B1if)(x) Y. aly—x)[f(y) — )],
yez4
(Brf)({xy}) = aly—x)[fx) )]
3.3. Approximation by free particles. We now discuss ‘free particle’ approximations
though which n-particle exclusion interactions can be estimated in terms of n-‘free’ or

independent particles. For a local function f = Z‘A‘:”f(A)‘PA € H,, the H| j norm can be
written in terms of the dual function f € .77,

1A, =2 Y @+ Y Y sv—u)li(Au) —fA)7. (3.5)

|A|=n uyeZd |Al=n

Similarly, the H_; ; norm of f can be written in terms f.

Because of the exclusion interaction, it is not easy, even for simple functions, to com-
pute these norms. The idea then is to compare them to corresponding norms without the
exclusion, that is for a system composed of free particles. Observe there exists a positive
constant Ky such that

Ky 'so(r) < s(-) < Kosol®) (3.6)
where sy is the symmetric probability, defined for y € Z¢ by

€0
so(y) = W7
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where c( is a normalization constant.
The Hj free 2 -norm of the symmetric function F : x, — R is defined by

HFHI Jfree, A = A— ZFZ + Z Z ZSO X+Zej)7F(X)]2

J lzezd X
where X +ze; = (X1,...,Xj_1,Xj +2,Xj41,...,%,). If n =1, the formula reduces to
2
IFI T feen = 2 Y, F2(0)+ Y so(z—x)[F(z) = F(x)]*.
xezd z,xeZ4
When n =2, it is given by
IFI} freen = Z Frxy)+ Y solz—x)[F(z,y) = F(x,y).
xyeZd zx,yeZd

The implicit ‘free’ dynamics is that each particle moves independently according to jump
probability sg.
The H_ free 2-norm of the symmetric function G : , — R is defined by

1
2 2
HGHfl,free,)L = sup {EZF(X)G(X) - ||F||1,free,l} :

F:xn—R tX

To f € #,, we associate a symmetric function f : y, — R which coincides with f outside
D, and for (x,...,x,) € D, by
flers.ooxm) = E[f(X1(T),....Xa(T))]

where E is the expectation with respect to the law of n-independent simple symmetric
random walks (X (t),...,X,(t));>0 on Z¢ starting from (xi,...,x,) and T is the hitting
time of ¥, \D,. For example, if f € 7% then

N f({xvy}) lf)C?éy,
X,y) = - . 3.7
) = { B T3t e e ey esn O
With respect to the symmetric function F : y, — R, we also associate the function
0, F : x, — R which coincides with F outside D, and is equal to 0 on D,,.

Lemma 3.4. Let n > 1. There exists a constant C,, 4 independent of A such that for f € H,
and its dual function | € 9, we have

Crzi)i”ﬂlifree,l S Hf”i)t S Cnﬂ”ﬂlifree,l'
It follows that

A

2 312
1A% < Cual20aflI~1 freen-

Proof. We only give the proof of the first claim for n = 2 to reduce notation; the argument
for general n > 1 is similar. The second claim is a consequence of the first one since
17112 freed = > |IF1? A= HQB,,le A free Oting the H, 3 formula in (3.5), and the dual form of
I| - ||,] free,1- Let now C be a positive constant independent of A whose value can change
from line to line.

The first term in (3.5), noting (3.7), can be bounded by Schwarz’s inequality:

Y Py < Y P < Y Pl

x,yezd xXF£y x,yezZ4
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With respect to the second term in (3.5), noting (3.6), by replacing § with f, we have trivially

Y s Fdeyh) —FnyDP Lgyesany < € Y solz—x) [fey) =)

7,x,y€Z4 zx,yeZd
On the other hand, to show
2 ~ 2
Z S0 (Z - x) [f(Z y) f ] <C Z [ ) f( )} 1Z7£y,17éx,x7éy
zx,yeZd Z,x )eZd

it is enough to verify
~ ~ 2 2
Y so—x) [fO.y)—Fxy)] < C Y s [F({zv}) = F{e v )] Ly sty
xXF£y z,x,yGZd
To this end, by Schwarz’s inequality, we have

;So(y —x) [fony) —Fey)]?

<czl§soy ) {0 + ) = HExDP + F({y = ey} = H({xo DI |
i=1x#y

Since sup;_; _;SUp, s +.,50(2)/s0(z £ e;) < C and Y% 1 =d, the right-side above is
bounded by
2
C Z [f({z,¥}) = F({x,y})] Lty xte iy,
X y,zGZd

as desired. O
3.4. Fourier estimates. Let T = [0, 1)d be the d-dimensional torus. Denote the Fourier
transform of the function w € IL?(x,) by ¥: For (s1,...,s,) € (T9)",

~ 1
W(Sla"'vsi'l) - ﬁ(x Z)ex

27ri(x1-s1+...+x,,-s,,)w(xl xn)
ey .

As the ‘free’ dynamics consists of independent random walks moving with jump prob-
ability so, the H g 4 -norm of v is

17 d N
||W||ltree)L = W-/(Td)" (A’—i_z:led(Si;so(.))) |l[/(s1,...,sn)|2ds1...ds,,.

Also, the H_; g 2-norm of y is written as

1 / |0 (s, 80)|?
2
z = dsy...dsy. 3.8)
HWH 1,A free, (Zﬂ)”d Af‘i‘z led(s“so( )) n
Here, for u € T¢, and symmetric transition function r : Z¢ — [0, 1],
0(usr(r)) = 2 Z )sin?(mu - 7). (3.9)
z€74

When ‘free’ particle H.j norms are used in the sequel, r = so(-). However, in the proof
of the functional CLT in Theorem 2.11, r = s(+), the symmetric part of p given by
7(2) Lo} +b;

<
s(z) = |Z|d+oc’ and ¥(z) = Z ’ ) ’ lz-ej?éo-
=1

Note that sp is a special case of the more general formulation of s.
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We now state an estimate used throughout the proofs. Let % be the set of extremal
points of [0,1]¢,
¢1={oc1e1+...+04e4;0:€{0,1}}. (3.10)

We note the function 8, (u;s(+)) is smooth, even, positive on T¢\%, and vanishes exactly
on %,.

Lemma 3.5. Let yp = %Z‘}l:l (bj+ +b7 ). The function 85 = 84(+;5(")) is bounded above by
a positive constant. For u € T¢ and w € €%, 6;(u—w) = 6,(u) and, as u—w — 0,

Os(u—w) = J(d,0)Fo(u—w)+o(Fy(u—w))

where
x| ifa<2
Fo(x) = ¢ IxPlog(lx))  ifa=2
|x|? ifo>2
and
)
sin” (7qp) )
0’0 Jyema qu ifo<?2
2
T
J(d, o) = *CO}S ifa=2
2
oW .
—_— a > 2.
d(a—2) fo>

Proof. By periodicity of 8,, we can restrict the proof to the case w = 0. Since sy is a radial
function, we can write 6, () as

ol d ¥(lulz) sin? "
(u) - C0|Lt| [|M| Z;)H |Z|d+a < | | | |Z>]

This is equivalent in order, as u vanishes, to

1 u 1
coYolul* ——sin? {n—-q | dg = coy()|u|°‘/ —sin® (wq,) dgq.
lgi>Jul 11+ Jul lallu |g] ¥+

Here, the second equality follows from the invariance of the Lebesque measure by the
orthogonal group.
If o0 < 2, the last integral is convergent. If o > 2, the integral diverges as u vanishes as

. 1 u 77,'2
— sin? 2—o
sin” | T—- dg ~ ———|u .
-LBMMHW < WVO 1 Ao )"

If o0 = 2, the integral diverges as

2

[ gesin® (g ) dg ~ " tog(lu)
T—-q | dg ~ ——log(|u|).
e T2\ " d
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3.5. One point function lower bounds. The following lower bound will be useful in
the proof of Theorems 2.14 and 2.15, and may be skipped on first reading. We estimate
the variational formulas of the resolvent norms given in Lemma 3.2 with respect to the
occupation function ¥'yp;.

Recall the decomposition of the probability p = s+ a and the notation in Subsection
3.4.Let 6; = 604(-;50(+)) and

ja(u)?

A+ 6,(u)

|la(s) +a(u—s)?
+ / |
%(p)vezg/d s€Dy (u) A+ Gd(s) + Gd(u — S) 5

Fio) = [A+64(u)]+(1-2p)°

where
Dy(u) = {se[o,l)d, (u—s+V)e[o,1)d}, G3.11)

and

L) = [

—d 3.12
T (3.12)

Proposition 3.6. There exists a constant C, not depending on A, such that
(A=), 01)p = Cla(R,p).

Proof. The first step is to use the sup-variational formula in Lemma 3.2 to express
(A —ZL) "0, Piop)p = sup {2<‘P{0},g> —llglli A — |\d8|\31,x} :
8

The second step is to restrict the supremum over functions g =) 74 g(x)‘l—‘{ xy InH to
get a lower bound. By orthogonality relation (3.4) and Lemma 3.4, we have

lellf, < Clollifeen = C lZQQ(X)ﬂLZSO(y—X)[g(y)—g(X)]Z]
x xy
2 2
gl = || ¥ @uig) Al + ]| Y @h2e)(AP@A)]-, ,
Al=1 IA|=2
< C [Hmlg{l,lgH%l,free,l + ”wQQ{l,ZgHz—l,free,l} : (3.13)

Recall the operators Tq 1 := 201%{,; and T, := 2012 » act on functions defined on 74
and (Z%)? respectively, and are given by

(Trag)(x) = (1-2p) ) aly—x)[s(y) —a(x)],

yezd
(T120)(x,y) = Vx(paly—x)[g(x) — ()]
It follows that
(A —2)"" (0. Ppop)p (3.14)
Csup{20(0) =4 ¥ )+ ¥ solv—2)[a0y) ~9(x)]’
g x€zd x,yezZ4

2 2
101 e~ 11261 1 e}
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The last step is to express the terms in this formula via the Fourier transform of g. We
have, as a is anti-symmetric,

Tiaels) = —(1-2p)als)a(s),
Tioals,t) = —x(p)lals)+a)s(s+1).

Recall € = {o1e1 + ...+ 0y4eq; 0; € {0,1}} C Z%. Observe that the set [0,2)¢ is equal to
the disjoint union of the sets [0, 1) 4V over V € €. Then, by periodicity of g, 6; and &,

we have
~ ~ 2
sr| ¥ @) +a@w-s)P ]
|g( )| lvggd sGDV(u)Ar‘i‘Gd(s)‘f'ed(u_s)

) B .
%1200 e = 20) [,

Because g is a real function, § has even real and odd imaginary parts. To obtain a lower
bound of (3.14), we maximize, over such square integrable complex functions ¢ : T - C,
the following expression

/w du{20() ~ F () o)} du (3.15)
Noting, for A > 0, that sup, g [2x — Ax?] = 1 /A is realized at x = 1/A, the supremum in
(3.15) is attained at ¢ = 1/Ff.p and the value of the supremum is I;(A,p). O

4. COMPARISON RESULTS: PROOF OF THEOREM 2.4

The proof of Theorem 2.4, given at the end of the section, makes use of two preliminary
results which we first argue. In particular, Lemma 4.2 states a type of sector condition,
perhaps useful in other problems, for long-range models when o > 2 and d > 1.

Denote by || - [| 1 (za)s || - |1, (ra—nw) and || - | .£1 (vna) the % -norms defined in terms
of #\FA) g (FA=NN) and .o7(NNA) respectively, and similar expressions with respect to
(FA— NN) and (NNA) generators.

Lemma 4.1. For a > 2, and d > 1, there exist constants C = C(p,d),D = D(p,d) > 0
such that on local functions @,

oy < oI} < Clol (1)
D oIy < N0IP < DIOIR, oy

Proof. The second display follows from first in (4.1) and the definition of H_; norms.
To prove (4.1), we now give a reduction: By irreducibility of s(FA) Lemma 3.7 in [25]

states that || - ||1. 74y and || - ||+ (ra—nw) are equivalent. Hence, we need only to show (4.1)
FA—NN)

A

IN

with respect to P

Recall, the Dirichlet form ||@||3 = Y yezd S(V)Dxxiy(@). Similarly, ||(p|\%’(FA7NN) =

Yreza i s M) () Dy (9). Here, foru,v € Z4, Dy (9) = Ep (@(n*") — 9(n))*.
We now argue in d = 1, and remark later on modifications to d > 2. The left in-
equality in (4.1) is trivial since sUA=N¥)(1) =271 s(1) = 27! (b] +b;) > 0 and so

s(1
191} > s 017 sy

For the right inequality in (4.1), consider the bond (x,x+y) for y > 0. Rewrite n*** as
a series of nearest-neighbor exchanges. One exchanges in succession the values on bonds
(x,x+1), (x+1,x+2) and so on to bond (x+y— 1,x+y). In this way, the value at x is
now at x +y. Exchange now on bonds (x+y— 1,x+y—2), and so on to (x,x+ 1). This
puts the value initially at x+ y at x, also shifts back the values at intermediate points to their
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initial states. The Dirichlet bond Dy ,(¢), by invariance of v,, by adding and subtracting
2y — 1 terms and Schwarz inequality is bounded

x+y—1
Dx,x+y(q)) <2 Z Dz,z+1((P)'

=X
Since a > 2, we have ¥ y%s(y) < o and

x+y—1

ZZyS(y)Z Z D z41(9)
y =x

X

(ZZYZS()’)) ZDx,xH (¢) < sFRN)(1)~! (ZZYZS(Y)) ”q)H%,FRfNN'
y x y

IN

el

IN

In d > 2, the proof of the left inequality in (4.1) is similar, as s(FA="N) (¢;), s(e;) > 0 for
1 <i < d. For the right inequality, an exchange over the bond (x,x+ y) is decomposed by
nearest-neighbor exchanges first on bonds (x,x+e1) to ((x; +y; —1,x2), (x; +¥1,%2)), and
then from ((x; +y1,x2), (x1 +y1,%2 4+ 1)) to x+y. Then, as before in the d = 1 argument,
exchanges are made on the vertical and horizontal lines to bring the value at x +y to x, and
shift back other values. The analysis is now analogous with more notation (cf. Appendix
3.3in[13]). O

Now, suppose m = Y. yp(y) is such that m; >0 for 1 <i <d. Let " be the generator
of a nearest-neighbor finite range (FA-NN) exclusion process where

(Z'Nm) = L [@m—Dn(te)(l=n@)Vaese, f(0)
z€74
d

+ Y 2m)n (et e) (1 = 0(2) Vere ().

i=2

Lemma 4.2. Suppose o> 2, d > 1 and consider the exclusion process generated by L=
L+ L. Then, Z satisfies a sector condition: There exists a constant C = C(p,d) such
that on local functions @,y : Q — R we have

<(—j)‘Pa‘I’>p < Cllolra-—nm Wl ra-nw)-

We remark this lemma is a type of generalization, to the long-range setting, of the finite-
range sector inequality in Lemma 5.2 of [31]:

—

(=)0, v)p < Cllolli, )Wl (ra) 4.2)
where . is the generator of a finite-range mean-zero exclusion process.

Proof. We work in d = 1, but a similar but more notationally involved argument, decom-
posing a jump from x to x 4y into nearest-neighbor jumps parallel to axes, as in the proof
of Lemma 4.1, yields the proof for d > 2.

First, we notice that . generates a process which can be decomposed into certain ‘loop-
ing” operators .%:

Zom) =Y Y Lo, 43)
k€ZxeZ
where, for k > 0,
x+-k—1

220 () = p(O{ () (1 =N (4 0)Varkp(m)+2 ¥ 0+ 1)1 =1()Vype19(m) |

y=x
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and for k < 0 the last term in the curly braces above takes the form 2 Z;:X e N=1)(1—
) Vyy+19(1).

We now fix k > O—the arguments in the case when k < 0 will be analogous. Define the
following v,-measure-preserving transformations: Let 7; : Q — € be given by

TOTI _ nx,x+k
7—‘]11 — nx+k7j+1,x+k7j for 1 S ] S k
Tj = T2k7j fOI‘k—f—lS]SZk—l

Define also the sets
Ey = {n(x)=1}
E; = {nx+k—j+1)=1} for 1<j<k
E;j = Ey_; fork+1<j<2k—1.
Then, since N(z)(1 — n(w))V;w®(N) = N(z2)V,w@(N), a moment’s thought gives

iom) = pI{N@Verkp(m) + (6 + 1)V50i10(0)
x+k—1

12 Y N0+ 1)V00)}

y=x+1
2k—1

= p) Y 1E,-(n){<p(Tm) - ‘P(”)}'
j=0

Now, E; = T;j_1---ToEy for 1 < j < 2k—1. Also, noting the order of the exchanges
{T:}, we take a particle from x to x + k, bring it back to x in k nearest-neighbor steps, and
then put back the offset values in k — 1 nearest-neighbor exchanges. Then, Tog—1--- Ty =1,
the identity map. For local functions ¢ and y, we have

2k—1
(=200 W)p = pWIES[ X 15, () o(Tm) — o(m)] ()]

2k—1
= PO, | X 1eo(m{ (T Tom) = (Tt o)}y (T Tom)

after changing variables, with convention 7_; - - - Ty = I. As the sum over the curly brackets
telescopes in the last display and vanishes for each 1), we may subtract y(1) to obtain

2k—1
(200wl = PWEs| X 1ep(m{o(T;: Tom) = @(Tj-1-Tom)}
Ay Tom) - y(m)}].

The last display is rewritten, noting the j = O term vanishes, as

2k—1
P(K)E, | 22 Lo (M{ (T Ton) = 9Ty 1+ Tom) Hw(Ty1 -+ Tom) — y(Tom)}
=

2k—1

+ PO | X ey ({@(Ty+Tom) = 9Ty -+ Tom) H{y(Tom) — w(m) }

=: A+B.
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In the following, C is a constant which may change line to line. From Schwarz’s in-
equality, changing variables,

%1 2%U—1j—1
Y, Ep{w(Tmi--Tom) - w(Tom)}” < Ck Y, ZEP{W ) —w(n)}’.
= j=2 i=

Note that 7; for [ > 1 is a nearest-neighbor operation. Hence, by another Schwarz’s in-
equality, infe~o{a’e + b*e~'} = 2ab, 1 Ey < 1, and counting nearest-neighbor bonds, we
have after summing on x, that Y |A| is bounded

YAl < Cp(RelWIT (rann) + Ckp(k)E I (rayn)-

Taking &, = ek~ ', summing on k, and optimizing on &, we have

ZZ|A| < C[Zkz (] @l ra—vm Wl (Fa—nw)-

Similarly, since Ep { w(Ton) — w(n)}* = Ep {w(n™*) — y(n)}>.
;Z B < Ce Zkzp(k)l\fpllﬂmwm +2e7! Zp(k)Ep{w(Ton) —y(m)}’

- CSZ/«Z K1 () 26 IIWHZ

IN

1/2
C|[ Zkzp k)] / ol (ra—nwy W1
T

1 S C”W”%,(FAfNN)- ~
Finally, combining bounds on A and B, we get the desired estimate for ((—.Z) @, y), =
YiXi(A+B). O

Proof of Theorem 2.4. For local functions f, we first compare Ly (4) with L(FA —MN) (1) for
A > 0. Recall from Lemma 3.2 that

Ly(2) = 22 2sup {207.:9)p — (9.(h = 719 = (/9. (A= 7) '/ ), .

Consider & = £+ ¢ = o/ + 7' + .7 + .7, decomposed into anti-symmetric and
symmetric parts. Then, by the triangle inequality, with respect to the || - || -1 norm,

(o, (A~ A 9)p
< 3. (A —F) A +3(L9, (A~ ) L),
+3(L+ SN, (A =) T+ o).
The second inner product, by Lemmas 4.1, 4.2 and that || - || < || - || 2, is bounded
(Zo,(A—~)"Lo)p
Clollwanm (2 =)' Lo, (- A~ 7) " L),
Clloll,Ea-nm (2 =)' Lo.(h =) (4 -2 2)?
CH(P”l,(FAfNN)Hj(p”fl,l

IN

IN

where the constant C may change every line. Dividing through by |.Z @||—1,2, we obtain
Lol -12 < Clloll1 (ra—nw)-
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Similarly, the third inner product, by Lemma 4.1 and definition of || - || _; 3, is bounded
{7+ e, (A=) +LMe)p < Clo. (A=),

Hence, substituting into the variational formula for Lf(A) and optimizing over ¢, we
have L(2) > CLY* ™™ (). Similarly, we bound LY (1) > CLy(1) with possibly

a different constant C, starting from the variational formula for L}FA*NN) (1).

Finally, by similar arguments as above with the known ‘finite range’ sector inequality
(4.2), we conclude L;FA*NN) ~ L;FA). O

5. PROOF OF RESULTS: SYMMETRIC JUMPS

The proofs of Theorem 2.6, Theorem 2.8 and Theorem 2.9 are based on the self-duality
property of the exclusion process, and follow from several computations. On the other
hand, the proof of Theorem 2.11 follows the martingale approximation scheme in [12],
[19] and [23] for the finite-range case. Nevertheless, several estimates are different and
require care because of the presence of the heavy tails of the probability p(-) = s(-). In the
remainder of the section, we abbreviate 6; = 6,(-;s(-)) (cf. Subsection 3.4).

5.1. Proof of Theorem 2.6. By the basis decomposition in Subsection 3.2, a local, mean-

zero function can be written as
=YY ia)w
n>1|A[=n

where A C & and all sums are finite. Let n > 1 be such that a A 2 < nd and suppose
deg(f) = n. By the remark (2.1), () if n =1, Y5 =1 f(A) #0; 2) If n =2, ¥ 4= f(A) = 0;
(3)andifn >3, ¥jaj—1 f(A) = Lja—2f(4) = 0.

Note that ¥ j4— f(A)14 is the dual form of ¥4 f(A)¥a for k > 1. To show f is
admissible, it is enough to show in case (1) that 14 is admissible for all A € &7; in case (2),
it is enough to prove ¥4/ f(A)14 and 1, for [A| > 2 are admissible; in case (3), we need
to show Y 4—; f(A)1a, ¥jaj=2f(A)14 and 1, for [A| > 3 are admissible.

To show 1,4 for |A| > n is admissible, by Lemma 3.1, we need only to bound |[14]|_; 2
uniformly as A | 0. By Lemma 3.4, it is sufficient to prove

limSUPA%oHanIAHfl,)t,free < oo 5.1

Since the function g = QH,,IA =1 when {x,...,x,} = A and vanishes otherwise, its
Fourier transform is bounded. Thus, expressing the H_; 3 f.-norm in Fourier space (cf.
(3.8)), the display (5.1) follows if we show that

I / dky ...dk, <
imsu oo,
PA=0 foray A1 64(k1) + .. . B4 (k)
The divergence of this integral can only happen for (kj,...,k,) close to a point in € x
... X Gy. Tt is straightforward to check that all divergences are the same as for (ki,... k)

close to (0,...,0). Standard analysis, using Lemma 3.5, shows the bound (5.1).

e~

But, when Y 4—¢f(A) = 0, the square of the Fourier transform of 2,4 f(A)14 di-
verges quadratically near points in (‘Kd)é, for instance as k% 4+ k% near the origin.
Since at these points, by Lemma 3.5, 6,(k) diverges with smaller or equal order, the norm
1050 41=¢ F(A)Lal| -1 2 free cOnvergesas A | 0.

Combining these estimates, we conclude f is admissible in all cases. O
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5.2. Proof of Theorem 2.9. Let (1) = (n(0) —p)(n(1) —p) = x(p)¥{0,1} Whose dual
function § = %(P)l{o,l}- By our assumption . = .#, Remark 2.7 and that functions of
degree strictly larger than 2 are admissible by Theorem 2.6, and (3.2), we need only show

(F,A=2)" o = (£.(A=) "1 = If1712 =~ |loghl.

Further, by Lemma 3.4, we need only to show this estimate with || f||_; ; replaced by
12071| -1, free- Observe, by (3.7), that (22f)(x,y) = %(p) [Li=o,y—1 + Li=1,—0] and its
Fourier transform is x (p) [¢*™1 4 ¢*™52]. Then, by (3.8), it is enough to show

1
/]I‘2 A +61(s1)+ 61(s2)

as A | 0. This is straightforwardly accomplished using Lemma 3.5 and standard analysis.
(]

dsydsy ~ |logA|

5.3. Proof of Theorem 2.8. By Remark 2.7, the lower order of variance for degree 2 func-
tions in Theorem 2.9, and admissibility of functions of at least degree 3 in Theorem 2.6, we
need only to consider f(1) =1 (0) — p. Recall from (3.2) that the Laplace transform L(-)
ofG]%(t) is givenby Lr(A) =24 72(f,(A — &) ), whichequals 2A~2(f,(A —.) 1 f),
as .Z = . by assumption.

Write f = \/x(p)¥0y € H1 and consider its dual function f = \/x (p)1;y € 7. Iden-
tifying cardinality 1 subsets of Z¢ with points in Z¢, we see that the generator & restricted
to .7 is nothing but the generator of a random walk on Z? with kernel s. Then,

Ly(2) = 2x(p)A*(A—&)"'({0},{0})
_ du
22(P)A Z/Edl+9d(u)

— zx(p)lfz /‘wefﬂ,l |:/ €9d(u)ldl/t:| dt
Jo Td

using Fubini’s Theorem for the last line.
After two integration by parts, we recover the variance

- 0 (1)t — 14 ¢ Oalw)t
1) = 2e) [, 63 (u)

Now, by Lemma A.1, which analyzes (5.2) through standard analysis and Lemma 3.5, we
obtain Theorem 2.8. ([

du. (5.2)

5.4. Proof of Theorem 2.11. The functional CLT follows from a combination of argu-
ments. In particular, since the symmetric exclusion process starting from Vv, is reversible,
part (i) follows from the Kipnis-Varadhan theorem [14]. Also, the proof of part (iii) is the
same as in Section 3.2 in Kipnis [12] given the scalings in Theorem 2.9.

However, part (ii) is more involved as the long-range character of the process needs to
be addressed.

5.4.1. Proof of Theorem 2.11, ii). Let f be a local function of degree 1. Again, by Remark
2.7 and the lower order variance growth of degree 2 or more functions in Theorem 2.8, it is
enough to prove the result for the function f(1) = 71(0) — p. In the following, we denote
N(x) :=n(x)—p.

Recall, the notation from the introduction, ay = oy(f). In order to show A,(N) =
a,(,'l"f(tN ) converges in the uniform topology as N T o, it is sufficient to show tightness
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in the sup-norm, and that the finite-dimensional distributions converge. Tightness is estab-
lished with the same argument as for Theorem 1.2 in [23] with respect to the finite-range
limit (1.1). Also, by the Markov property and scalings in Theorem 2.14, convergence of
finite-dimensional distributions to B(#) when d = 1,ac = 1 or d = 2, > 2, By_; 24(2)
when d = 1,1 < & <2, and B3/4(¢) when d = 1, > 2 follow from the convergence of
(N)

the marginal sequence A;
marginal convergence.

to a Gaussian limit. We now give a sketch how to obtain this

Let T > 0 be fixed. Suppose there is a function v! such that for s € [0, 7],

(05 + L)y (n) = ~7,(0)
and vl = 0. Then, by Dynkin’s formula

AT =)= 0) -~ [ 2+ 20 (s

is a centered martingale and

T
/0 ,(0)ds = v (o) + .4 (5.3)

Moreover, by the martingale property, vg (no) and .#} are uncorrelated since //ZOT =0.
Then, a7 = E, [F%(T)] is the sum of the variances of these terms. Define the limiting
variances, assuming they converge,
1 2 2
GIT = ]\lllm Ep (—vo (no)) and GZT = 11m EP( ME; ) .
—o0

Write
2
‘EP [eitA;N) _ ef%(dlz,T+522,T)}

L TN zzz}

< EP‘E [ N Mry e 20T ’E [ ay 70" (o) p 226I2T:|

Later, in Lemmas 5.1 and 5.2, we show 67, and 03, indeed converge, and that the first
and second terms above vanish, finishing the marginal convergence argument.

To make rigorous this sketch, we first establish the martingale decomposition (5.3). Let
p:(y) be the continuous-time transition probability of the random walk on Z¢, starting at
the origin, with translation-invariant symmetric rates p(x,x+y) := p(y) = s(y). Define

r
w0 = [ s,
the Green’s function, which satisfies
3,1@ = AM[ + 5()

where A is the generator of the random walk, Af(x) = ¥, cza p(y) (f(x +) — f(x)).
We now verify that U (n) := v () where

ur(m) = ), ur—(x)n ).

xezd
Indeed, write
Ul = - ;Aur,s(x)ﬁ(x)*(AMTfs(O)ﬂLl)ﬁ(O)
x#0
= =Y Aur (WA -70) = —2Ul -7(0)
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noting Uy (™) = Uy(1) = (ur—(x+y) —ur—(x)) (n(x) =n(x+y)). p(-) = 5() and

20l (m) = Y poIn@)A—=nx+y) (ur—(x+y) —ur—(x)) (5.4
x,yezZd
= Y pO)(ur—(x+y) —ur—(x))n(x).
x,yezZd

Observe that U/ () = 0, since up(x) = 0 for all x € Z¢. Hence, (5.3) follows and

T
/0 A(0)ds = UL (o) +.4F.

Lemma 5.1. We have

1 NT

o L0 (o) = — Y unr(x)7o(x) (5.5)

1
a
N xezd

converges weakly as N 1 o to a centered Normal variable with limiting variance Glle.

WhenO<a<lind=lora>2ind=2, GIZ‘T:O. But,for(x>1ind:1,0<612‘T<°0.

Proof. The Fourier transform of u,(-) is given by
(k) = /l e~ (U=P(K)s g ¢
0

for k € T¢ where p(k) = Yyezd p(v)e?™¥ is the Fourier transform of p(-) = s(-). By
symmetry of s(-), the fact that 1 — cos(2mk - y) = 2sin?(ztk - y), and definition of 6, in (3.9),
we have

1—pk) = 2 s(y)sin*(wk-y) = 64(k).

yezd
Thus, we obtain
1 — ¢~ 0ak)t
(k) = 8.0 (5.6)
and as a consequence
. 1 — e falbr
u(x) = /W e 2imkx [T(k)] dk. 5.7

By Parseval’s relation, E,[(1(x) — p)?] = p(1 —p) = x(p), and the equation for a3, =
0% (fo) in (5.2), the variance of ay'U'" (19) under v, is equal to

_ o 8uTN]?
K0S ) = o) [, [17] ak

an xezd 6a (k)

" 0y (u)N—1 46N -

i) If d = 1 and & = 1, by the scaling relation a%, ~ Nlog(N), 6; (k) ~ |k| (cf. Lemma
3.5), and simple computation, the variance (5.8) vanishes as N 1 co. Therefore, (5.5)
converges in distribution to the Dirac mass centered at 0.
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ii) Ifd=1and 1 < o < 2, recall ay ~ N'~1/2%_ By (5.6), we have

) 1[1_e0kr]?
YluepP = [ [T(k)] dk

xeZ
2
1/2 11 — 6761(1()[ 2 [l/a/Z 1— e,tgl(&—l/a)
= 2| || dk = 2t2*1/“/ I=e & '\
-/0 l 61 (k) 0 16, (4r—1/@)

By Lemma 3.5 and dominated convergence, we have, as t 1 oo,

2
oo 1ie—a1(oc)€“
2 o 271/05/ 1me T .
Ll ~ 207 ) : (5.9)

XEZL

where the constant a;(a) is such that ) (k) ~ a;(ct)|k|* as k | 0. A similar argument
shows, for x € Z and ¢t > 0, that

) < [

Also, by the same type of analysis, one concludes that GIZ,T’ the limit of (5.8) as N 1 oo,
converges.
Now, for B € R, we have

log [/dvp(n) CXP< é“m )]

= log Lg/dvp exp <%“NT( ) (x )>]
= log [H {1 — %MNT(X)ZJFO(aN3|uNT(x)|3)H .

XEZ N

1 _ 6‘761 (k)l

—o |4 = 0(:1*1/“). (5.10)

Since ¥, [unt (x)* < (L Junr (x)|?) sup, Juyr (x)] = O(@kN'~"/*) and e 5 =1 —z+
0(z?) as |z| 1 0, by (5.9) and (5.10), we get

lim /dvp(n)exp< ZMNT ) = exp(—clz.rﬁz/z)-

N=reo N xez '

iii) If d =1 and o > 2, the argument is similar to the case when 1 < o < 2. If o0 =2, using
the substitution k = B,u with 18|log B;| = 1 and B, = O((tlog(t))~'/?), the proof is
also analogous.

iv) If d =2 and a0 > 2, as when d = | and o = 1, noting the scaling relation for a%, in
Theorem 2.8 and that 6, (k) ~ |k|> for & > 2 and 6,(k) ~ |k|*1log(|k|) for & =2 by
Lemma 3.5, the limit of the variance in (5.8) vanishes and (5.5) converges to the Dirac
mass at 0.

O

Lemma 5.2. For any fixed T > 0, the limiting variance satisfies 0 < 6227 < oo and

2
Jim EP‘E%{ A~ 7% ]| = 0. (5.11)

N (T)
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Proof. Although U is not a local function, by standard approximations, the quadratic
variation of the martingale .7 is [§ £ (UT')? —2UT £U!ds. Recalling p(-) = s(-), the
integrand may be computed as

LW 22Ul = Y ply—x) (ur—s(y) — ur—s(x)*ns(x) (1 - 05(»)).

x,yEZd

Hence, the variance 622,7 is given by

lim LZEP (*///TTIGI)Z = lim Lz_p) /‘TN Y pl—x) (urn—s(y) — MTNfs(X))zds
Nteo ayy; Ntoo Ay JO xyezd
2p(1 — NT
lim M/ Gd(k)|ﬁm,s(k)|2dkds (5.12)
Nfeo ay 0 Td

using a form of Parseval’s relation: The random walk Dirichlet form

% Y PO —x) (urn—s(v) —urn—s(x))* = —(urn-s, Aury-—s) = /T : 0 (k) |tir—s (k) [P k.

x,yeZd4

Then, the limit converges to a positive quantity, noting the explicit form of 4; in (5.6),
Lemma 3.5, and the asymptotics of ay (cf. Theorem 2.8), and from standard analysis as
used in the proof of Lemma 5.1.

Now, by Feynman-Kac’s formula, for § € R, the process

[ . .
J{Tﬁ = exp {iBUtT(nz) —iBUL (o) — / o~ iBUS (1) (9 _i_g)etﬁUyT(m)ds} ,
0
for 0 <t < T, is a martingale with expectation 1. By the form of U7 and (5.4), we have

e PU (1) (9, 4 2)elPU (1) = iB(a,+ . 2)UT (n,) +A(B,s,T)

with A(B,s,T) equal to
Y p(y—x) [PUr= O B () = ur—y () 1 () (1= ().
X,y

‘We have to show that

MY 2 2
Ep |Epo) |exp (lﬁ an )exp(ozyTﬁ /2))
NT
=E, |Eno) [Q/VT?VN’WaN {exp {—/0 A (%,S,NT) ds] —exp (—Gzzjﬁz/Z))}”

vanishes as N 1 co.
Note, for x,f € R,

| — 1 —itx+x°% /2| < Cr*x*min(1,|rx]) (5.13)

and that ay' sup, |unr—s|(x) — 0 by (5.10), ay-asymptotics in Theorem 2.8 and straight-
forward computations.



32 CEDRIC BERNARDIN, PATRICIA GONCALVES, AND SUNDER SETHURAMAN

With this estimate, there exists a constant C > 0 such that

NT
’JVTQN,ﬁ/aN’ < exp [/0 A(:LN’S’NT) ds] (5.14)
C 2 ,NT
< eXp{Li/ Zp(yx)[uNTs(y)MNTs(x)]ZdS}
ay Jo o

o { e [ ([ utolave-0) Pa) as}.

where the second inequality comes from a Taylor expansion and the equality from the
Parseval relation for the A-Dirichlet form.

As the variance in (5.12) converges, the quantity [i'" |A(ay'B,s,NT)|ds and (5.14) are
uniformly bounded in N. Therefore, things are reduced to show that

NT 62 2
lim A <£,s,NT> ds = %arh” (5.15)
N—oo J an 2

in probability under Pp.
Then, to prove (5.15), noting (5.13), it is sufficient to show, in probability, that

fim 4 [ Lz bN<s,x,y>m<x><1m(y>>] ds = o3
N—e ay Jo yezd ’
where

by(s,x,y) = p(y—x)(unt—s(y) — unr—(x))*.

This statement, by the form of 622 T (5.12), would follow if we can replace 1(s)(1—1,(y))
by p(1—p) in L2(P,):

1 [NT
tim — [ [ Y bulsx.y) {m(x)(lm(y»p(lp)}] ds = 0. (5.16)

N—e a3, acd

To prove (5.16), after squaring terms, since (ay’ fév r Yoy b;\/(s,x,y)ds)2 converges in
(5.12), we need only show the covariance

Ep [ {m () (1= 1,00 = p(1 = ) {nu(2) (1 = mu(w) (1 = )}

vanishes uniformly in x,y,z,w as |u — s| 1 co. As

n(OA=nk)-p* = (1=p)n()—p)—p(nk)—p)— () - p)(n (k) —p),
by a calculation using the duality process decompositions in Subsection 3.2, namely the
symmetric semigroup action

n

LI —p) = ¥ PP {x b A TT0) - p),

i=1 |A|=n yeA
the covariance is bounded by

)Py w2+l o)+ Pl 50+ Pl 0ow) + P2 (63, (2w) }
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where p is the continuous-time transition probability of n particles in symmetric simple
exclusion for n > 1. By Corollary VIII.1.9 in [17], we have the bound

2
P (ki ska), (61,62)) < C Z Yk, ).

As p(vl) (k,0) = p‘(,l) (0,k—£), to show the covariance vanishes, we show lim, .. p(vl) (0,k) =
0 uniformly in k.
To this end, we bound p' (0,k)2 = p{"(0,k)p!" (k,0) < pi!)(0,0) uniformly in k. But,

p(0,0) = / e 1A gy — /‘le’ved(k)dk.
0 JO

Since for o > 1, by Lemma 3.5, 6,(k) > C|k|? near the zeroes of 8;, we have p(vl)(0,0)

<
C'v—'/2, which shows the covariance vanishes uniformly. O

6. PROOF OF RESULTS: ASYMMETRIC JUMPS

The proofs of the results for the asymmetric model rely on several ingredients, among
them careful estimation of variational formulas for Ly(A), which we have partially pre-
pared for in Subsection 3.5, and several technical results collected in Appendix A.

6.1. Proof of Theorem 2.12. We first make a few reductions. By Corollary 3.3, the vari-
ance sz»(t) <10t L}s) (t~1). Then, by Theorem 2.6, which bounds L}s) (1), all statements
in Theorem 2.12 follow modulo a few exceptionsin d < 2. Ind = 1, we still need to show
(a) admissibility when deg(f) =1, o € (1,2) U (2,0) and p # 1/2, and (b) admissibility
when deg(f) =2, o > 2, p € [0,1]. In d =2, the case not obtained is (c) admissibility
when deg(f) =1, >2and p # 1/2.

When o > 2, by Lemma 3.1, sz(t) < 10t7'Ly(t7') and by Theorem 2.4, Ly(4) ~

L;FR) (1) with respect to a jump probability pX) with a drift. Also, by Proposition 2.1,

when p # 1/2, AQL;FR)(A) is bounded as A | O for all local f. Hence, A2Ls(A) is also
bounded and G]% (1) =0(t) when p # 1/2ind = 1,2, and so parts (a) and (c) in these cases
also hold. Also, by Proposition 2.1, for local functions f with degree deg(f) = 2, and any
0<p <1, weknow QLZL}FR) (4) is bounded as A | 0. Therefore, A2L¢(A) is also bounded
and 67(1) = O(t), establishing part (b).

What remains then to conclude the proof of Theorem 2.12 is to show admissibility of
degree one functions when

(A) ae(1,2),d=1and p #1/2,and

(B) o =2,d=2andp #1/2.

By Remark 2.7 and the already proven admissibility of functions of at least degree 2 in
these cases (A) and (B), it is sufficient to focus on the degree 1 function f(n) = n(0) — p.

For the rest of the section, we remind that 6; = 6,(-;s0(+)) (cf. Subsection 3.4) in all
the formulas.

6.1.1. Proof of (A). To prove f(n) = n(0) — p is admissible, by Lemma 3.1, we need
to bound (f,(t~' —#)~'f)p. Then, by Lemma 3.2, using the inf form, to get an upper
bound, we restrict the infimum to the set of functions g of degree one. By the estimate
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(3.13), in the ‘free particle’ formulation, we have

inf  {[In(0) —p+/g|2 1 +lIgli A}

g of degree one

< 11(‘/1)f{||50 +‘Ilal(p||271,l,free + H‘Ilyz(szfl,)L,free + H(pHi)L,free}’
which is further expressed, in terms of the Fourier transform @, as

[0 2plitg e, [ A
Tra gt [ e)lo

2
/|(P |/7L+91 +9,(;)|s)de”}' 6.1)

We note, as @ is real, ¢ is a complex function with even real part and odd imaginary part.
The previous infimum is taken over this set of complex functions.
Now, for real numbers b, ¢ > 0 and a # 0, we observe

, 1 +iaz|? 1
mf{ﬂ +c|z|2} - _
zeC b b+ L

c

in f 2du

and the infimum is realized at z = ia/(bc + a*). In our case, we have
ia = (1-2p)a(u)
b = A+6i(u)
tlas) +a(u—s)P
0 A+6i(s)+6;(u—s) g

Then, the infimum (6.1) is realized for the function

c = A+61(u)+x(p)

Gy (w)
(1—2p)a(u) [l + 61 (u) + G;L,p(u)] ’

Pu) = —

where G;li) is given by

(1—2p)*|au)?

a(s)+a(u—s)|?
A+61(u)+x(p)* Jy ,LL(QI)(;i@l(u)ls) s

Noting that G&li) is even, we see @ (u) has odd imaginary part and zero real part.
Therefore, we obtain the infimum (6.1) is equal to

1

1
/0 A+6(u)+GY) (u)

du.

We split the above integral over u-regions [0, 6], [§,1 — 6] and [1 — 3, 1] for § > 0 small.
The contributions to the first and last regions are the same, while the integral over the
middle region is O(1) independent of A since 6; vanishes only on 4.
By Lemma A.2, sup,.r |d(s) +a(u— s)|* < Cu®. Also, by Lemma A.4, for 1 < a0 < 2,
/ ds
J0.8)0(1-5.1) A + 601 (s) + 01 (s — u)

On the other hand, fg*a(l 4 01(s) + 61 (s —u))"'ds = O(1) not depending on A.

ds < Co(A+u®/Cp)Vo 1,
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Hence, there exist Ky, k7 > 0 such that for any 0 < u < &
2

(1) Kou
G > .
AP(M) = l+ua+u2[(l+Klua)l/afl+]]
Therefore
) S
/ du - S/ du i — I,
0 7L+91(u)+Gl’p(u) 0 A+ u® 4 Kou
A+ u®+u2[1+ (A + kju®)t/e-1]
where s
limsupJ(A) :/ du 5
A—0 0 Kou

e Ifl<a<3/2,asu—0,

o
u-+
1/a—1
w42+ )/ i

because 3—a > aand ¢ > 2 — .

o If3/2<a<2,asu—0,

2
Kou Ko a—1

~ u
1/o—1 1/o—1
T B

because3—a<a<2and x—1< a.

u®+

o Ifa=3/2,asu—0,

K'0”2 Ko 1/2

u®+ ~ u
uOt_i_uZ_i_K]l/a*lufif(x 1+Krl/3

In all these cases, limsup,_,,J(2) is finite, finishing the proof of part (A). O

6.1.2. Proof of (B). We proceed as in Section 6.1.1, and note that it suffices to show

1
limsup 5 du < oo (6.2)
A0 T2 44 0 (u) + Gy (1)
where ) s
2 1-2p)*la(u
62 ) = (1-2p)*law)|

) ja(s) +a(u—s)?

A+ 00+ 2(P) Je2 g S Bt —)

We split the integral appearing in (6.2) in five parts according to when u is close to
one of the four points in %, or not. The integral corresponding to the exceptional region
is bounded O(1) independent of A as in part (A). The four remaining integrals can all be
treated similarly, and we restrict ourselves to the integral corresponding to the small ball
{u € T?; |u| < 8} where § > 0 is small.

In the sequel C is a positive constant, which can depend on d but not on A4, changing
line to line. By Lemma A.2 and Lemma 3.5, we have

ds

1 1
du < / du
/\u\§6 A+6:(u)+Gyp(u) = Juj<s A +Clul*|log|ul| + CH; p(u)
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where, recalling m is the mean of p,
ju-m|?

A+ Clul?|og [ul| +Clul? fr2 T35 250

H) p (u)

We now write
ds

/‘ ds
J2 A+ 65(s)+ 6 (s—u)

/\sfw\gﬁ/z A+6:(s)+6(s—u)

+R5(A),

WEB,

where sup, .o Rs (1) < Csince 65 is positive and vanishes only on 6. Similarly, as |u| < §,
all integrals in the sum over w € %, are equivalent in order to the integral on the domain
{|s| < &/2}. By Lemma 3.5 and the fact, for |x| small, that |x*||log |x|| > |x|?, it follows

/ ds < C/ ds i
A+ 6(s)+60a(s—u) s<8/2 A+ |82+ |s — ul?

ds
of e
Is|<8/2 A+ [s[* 4 |u]?
C [log(A + |u|2)| +C,

IN

where the second inequality is obtained from |x|?/4 < (|y|*> + |x—|?)/2 and the third from
direct computations.
Substituting into H; , and noting again |x|?|log|x|| > |x|* for small |x|, we get
Ju-m|?
A +Clul*[log|ul[ + Clu|*[log(A + [u[?)|
ju-m|?

> .
~ A+ Cluf*[log(A + |ul?)]

Hy (u)

Fix € € (0,1) and observe, for § sufficiently small, that sup), < 5{|t|*[log¢||} < 1. Then,

u-m|?

H; ,(u) > ,
el 2 A

and we arrive at an upper bound for the integral in (6.2) given by

C

|u|<o

-1
5 |u-m|?
A+ |u +A+C(ﬂ,+|u|2)'8‘| du. (6.3)

We can assume m = (m1,my) € R? is such that m; # 0,my # 0, and so |u-m|? > C|u|?.
Otherwise, we choose a rotation R_g of angle —0 € (0,27), such that R_gm satisfies the
previous condition, and change variables v = Rgu in the above integral (6.3). Thus, an
upper bound of (6.3) is

C A+ Jul?+ juf 71d
u u
<5 i+ COA+ [u?) ¢
<c/ A+ 4 = a
= s |P T e |

where we note A < A€ < (A + |u|?)' ¢ for all small A.
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Through polar coordinates, we are left to show

s r
]imsup/ S——dr < oo
A—0 JO l+r2+CW

Changing variables v = AV2r, the integral

sA~1/2 v
/ 2 e—1__ V2 dv
0 1 +v +Cl W

I )l—s
1 SA-1/2 1 2\1-¢
< /)vdv+6ﬂ}7i/ U+v) =y = o(1).
0 1 v
This finishes the proof of (B). (I

6.2. Proof of Theorem 2.14. Only the results for & < 2 need proof. The upper bounds
are obtained using Corollary 3.3 and Theorem 2.8. Indeed, for completeness, we discuss
the case 1 < a < 2, the rest being similar. From Theorem 2.8 we have that 62 (f) ~ 2~ 1/,
Then, by the change of variables A7 = s, we obtain

g}

200 = [P < 2o [T inas = o),

To address the lower bounds, we first note a bound for degree 2 functions g in d = 1.
When o < 2, by the admissibility Theorem 2.12, such a g is admissible. When o = 2, by
Proposition 3.2 and Theorem 2.9, the Tauberian variance Lg (1) < Lés) (X) <CA2|logAl,
which is of smaller order than the desired lower bound for degree 1 functions in this situa-
tion; in fact, we believe g is admissible in this case (cf. Remark 2.13), although this is not
needed here.

Hence, decompose a local degree 1 function f as f = Wiy +g. By the inequality
Ly, (A) < 2Lg(A) + 2Lg(4) in (3.3), we need only to prove the lower bound for the
specific one-point function f(n) = W(0}. Recall the notation in Subsection 3.5 which is
used throughout this subsection.

Noting (3.2), we apply Proposition 3.6 and estimate the integral /;(4,1/2) there which
serves as a lower bound for (Woy, (A — ) "Wgy)p. For this purpose, we restrict the
integration domain of the integral 7;(4,1/2) in (3.12), around a small neighborhood of 0,
say (0,6), for & > 0 small. Note, since u is very small, the domains Dy for V € 4] (cf.
(3.11)) take form

Do(u) =[0,u], Di(u)=[u,l].
Since p = 1/2, d = 1, it follows, from Lemma A.2, that the sums of the two integrals,
over domains Dy and Dy, appearing in the definition of F)Ll.l /2 in (3.12) with respect to the
integral 7;(A,1/2) are of order '

'] ds
ba(u)./o A+01(s)+6i(s—u)

(6.4)

where
sin® (mu) log? (u), ifo=1,
bOt (M = ) .
sin”(7u), ifa>1.
We rewrite the integral in (6.4) as the sum of the integrals over [0, 8], [§,1 — §] and
[1—6,1]. By periodicity of 6y, the integral on [1 — §,1] is the same as that over [0, 8].
Also, the integral on [8,1 — 8] is O(1) independent of A as 6; vanishes only at 0 and 1.
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However, in Lemma A.4, in Appendix A, o-dependent bounds are given for the integral
JE(A +61(s)+ 61 (s —u)) " \ds.
We now substitute these estimates for the integral into the formula for 7;(A,1/2).
i) For o = 1, since b (u) = sin’(mu) log? (u) ~ w*u*log*(u) for u ~ 0, for some positive
constants Cyp,Cy,

%] d
Ii(A,1/2) = / 2 - ¢ .
JO A +u+u?log (M)[14-Cb10g(1*‘11fﬁ3)}

To show the last integral is equivalent in order to fo‘s(l +u)"'du =log(1+8/2), it
is sufficient to verify that the difference

2 2 C
u*log*(u) {1+Colog <1+WI/C1)}

9
Rl::.A Mﬁﬂn{l+u+u”0§0”[L+qm%(]+xﬁhjﬂ}

du = o(|logA|).

To this end, note that the denominator of the integrand is bounded below by (A + u)>.
For small € € (0,1), as u*log?(u) = O(u*>~¢) for u small, the numerator is bounded
by above by a constant times u>~¢|log(A)|. Then, by the change of variables u = Av,
we have
5§ y2¢ |

Ry < Cllog)| | —sdu = O('~*[log(2))).
2 < Cllog( )|O(x+u)2 (A" [log(A)])
ii) For o € (1,2), since by (u) = sin®(wu) ~ w>u? for u ~ 0, it follows, for positive con-

stants Cp, Cy, that

J du
? .
A A+ u|®+ Cou (1 + (A 4 u®/Cy)l/T)

e Assume that 1 < o < 3/2. Changing variables z = 2~ !/%u, and noting when
o <3/2and A <1 that A3/e=2 < 1, we have

L(A,1/2)

I (l 1/2) - Al/afl /.Sll/a dz
1A, @ Jo (1+Z°‘)+7L3/a7222(1+K1Z°‘)1/0‘*1
= Al/al/"ml/a dz o al/a-1
- JO (14 2%) + 22(1 + Kkyz%) /o1 -

e Assume that 3/2 < o < 2. Changing variables u = A'~1/(2%7_similarly,

1w [P de
— a
h(A,1/2) = A /0 1+ A03/270 4 22(1 4 1 A0-3/270) /a1
SAl/(2a)-1
- )Lfl/(Za)/ _dz = A1),
0 1429422

iii) For o = 2, since by (u) = sin®(wu) ~ w2u® for u ~ 0, changing variables u = 13/4z,
similarly we have I;(A,1/2) is greater in order than
~3/4
A-1/4 /M dz
0 1+241Y2z210g(A3/4z) + 2R(1,2)
71/4/‘ dz
0 1+A122210g(A3/42) + 22R(A,z)’

=A
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where M > 0 and
—-1/2
R(2,2) = { (142122 log(2¥/*2)]) - | log A + log(1 4+ A2 log(A¥“2))| } "

Since R(A,z) is of order | log A|~'/2, we have further

M dz
LA, 1/2) = /1*‘/4/
1(4,1/2) Jo 1+ «kz2|logA|~1/2’

which yields the desired lower bound. (]

6.3. Proof of Theorem 2.15. The only statement to prove is the first one. The desired
upper bound is a consequence of Corollary 3.3 and Theorem 2.8. On the other hand, for
the lower bound, again by Remark 2.7 and admissibility of degree 2 or more functions in
d = 2 given in Theorem 2.12, we need only to focus on f = ¥y¢.

We begin as in the proof of Theorem 2.14: With @ = 2 and p = 1/2, to find a lower
bound of Ly(A4), using (3.2), we estimate the integral >(A,1/2) in (3.12) which yields
a lower bound for (Woy,(A —£) "Wigy)p. We restrict the domain of integration in
L(A,1/2) over a small box [0, 8] with § > 0 small.

For u € [0,8]?, by the periodicity in each direction of 6, and @, and Lemma A.2, we
bound the term in F} | , (3.12) by

/ la(s) +a(u—s)|? is < 4/ |la(s) +a(u—s)|? S
VES s€Dy (u) 7L+92(s)+92(u7s) - T2 )L“FGQ(S)‘FOQ(M*S)
1

< Jul? ds.
) T e rma— ™

We split the region of integration in five parts: The union of four sets {s € T?; |s —w| <
6/2} for w € %, and its complement. The integral on the complement is bounded O(1)
uniformly in A since 8, vanishes exactly on %. But, by periodicity of 6, in each direction,
the remaining integrals over the first four regions are all equal. Thus, by Lemma 3.5,
|x|?|1og |x|| > |x|* for small |x|, and |x|?>/4 < (|y|> + |x — y|?) /2, we have

1 " 1
ds < 1+/ ds
/Tz A+ 62(5) + 62 (u—s) Ji<8/2 A+ |52 log|s][+ [u— s|?[log|u—s]]
1
< 1+/ —d
sl<s/2 At sP+u—sP "
< |log(A+]uP)|.

Finally, by Lemma 3.5 again, and inequalities |u|> < |u|?|log|u|| and |u|?|log(A +
[u*)| < |u|*|log |u|?| for small |u|, we obtain the lower bound,

du
LA, 1/2) = /
2(W1/2) 7 s A TuPTiog ]+ [uPTT + Tiog(A + P

/ du
0.2 A+ [u|*|log]u|

6 rdr 6 dr
o [T [T o(llog|logAl]).
/0 A+ r2|logr| /)Lr|10g(r)| (|loglogA[])
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7. MONOTONICITY: PROOF OF THEOREM 2.18

It will be helpful to write the long-range short asymmetic generator, with jump rate

Y, in the following way, which stresses dependence on a: For a > 1, let L% = of +

/% where .7 % generates the symmetric long-range exclusion process with sub-probability

. 1y20 - . . . .
jump rate so = mﬁ, and 7 is a finite-range anti-symmetric operator on local functions
y

given by
(ZHm) = Y apmE)—nl+y) [f™) - fm)].
x,yeZd

We remark, in the following, the arguments do not depend on the fixed value of p.

Proof of Theorem 2.18. We first calculate the derivative of the map « : (1,00) — Z}SA) (1).

Let u§ be the solution in L?(V, ) of the resolvent equation
Au§ — L5 = f.

Observe, formally, the derivative of .Z% is given by —(a + 1).%"! and the derivative

d o _. o ; : :
Jgy =: vy is the solution of the resolvent equation

(A — LW = —(a+1)7ug.

Indeed, in Lemmas 7.1 and 7.3, we show that Y““u% is well-defined and in Lz(vp),

and v{ is the weak limit of /! [u%*h —u$] ash | 0. In particular, the function & € (1,00)
[;SA) (A) =2272(f,u}*)p (cf. (3.2)) is differentiable, and its derivative equals

2
p<fﬂ§”€>p- (7.1)

Our task now is to show that (7.1) is nonnegative when the short asymmetry is a mean-
zero asymmetry (MZA) or the process is symmetric (S). Equivalently, we have to show

o= 2% (T (A= 2% ) 2 0,
Let g% = (A — 2% (=% (A — Z%)~! f and, for 7 > 0,
g8 = A—2* - (A -2 1.

By Lemma 7.1, both g%,¢% € L?(v,) and g% = lim,_,0 g% in L?(V,). Also, g% belongs to
the domain of .Z’*. Hence, in the following, g can be approximated by local functions g.
It will be sufficient to prove

liminf (g7, (4 — LN (2= A= 2Lg%)p 2 0
Z—
or, for local functions g,
(g, (A=2N-7* )" (A -2%g)p > 0. (7.2)

Observe now, by the polarization formula with respect to the H_; ;-norm defined by
z—.%*1 and the antisymmetry of .27, that

(g, A= LN (z—*) A - 2% (7.3)
(A=29] "¢, c—7* ) (A =2L%g)p

—~

(A=, (=) (A =%e)p
—(g, (z— ) )]

N =



OCCUPATION TIMES OF LONG-RANGE EXCLUSION 41

The right-side of the previous equality is the difference of two non-negative terms. If
the process is symmetric and generated by % = .%, we have &/ = 0 and the second
term disappears. Trivially, the right-side is non-negative.

Consider now the case when the process is mean-zero asymmetric and |a(y)| < € for
all y € Z%. In addition, fix By > ap > 1 and take & € [0, Bo]. We have, as s¢ 1| < 5q, the
Dirichlet forms (cf. (3.1)),

(@, =7 9)p < (9, Sy, (7.4)
A lower bound for (7.3), using Lemma 3.2, is then given by

L= 79, c= 7 (A - 7)),

2
—(g, (z— ) g),]. (7.5)
Writing (A — #%)g = (A —z)g + (z— S%)g we see that if 0 < z < A we have
(A=, (z=L*) (A =F%)g)p
= (A—2%g, (=) "e)p +2(A —2)(g, 8)p
+(8, (2= 7")8)p
(8 (2= ")g)p-

Writing Jz%_/e =: oy, our aim is now to bound the term
(g, (z— L") atg)p < Clg.(z—S")g)p (1.6)

with respect to a constant C > 0 independent of z, 4, € and g. Then, by choosing € < 1/\/5,
inserting into (7.5), we will show (7.2).

Y

Let now .7 (FR=NN) pe the generator of the one-dimensional nearest-neighbor symmet-
ric simple exclusion process. By Proposition 4.1, as o+ 1 > 2 the Dirichlet forms of
%41 and of .7 (FR=NN) are uniformly equivalent for o € [ot, Bo]: There exists a constant
C := C(on, Po) such that for a € [ag, o] and local functions @,

C o, — RN ), < (p,— 7o), < Clo,—7 RN g),. 1.7
Then, for local functions g, we write, by Lemma 3.2,
(g, (z— ) Latg)y = sup {2(a8,9)p — (@, (z— 7" o)y}

< sup {28, 9)p —C g, (c— 7)), |

= Clahg, (z— TN ape),

By finite-range sector inequality (4.2), which applies to the finite-range ‘mean-zero’
operator o7, approximating i := (z — . FR=NN))=1 o706 by local functions, for a constant
K independent of g and € > 0,

(g, (z— S TR epye), (7.8)
< K<g7_y(FR7NN)g>;)/2 . <h7_y(FR7NN)h>;)/2_

Since —.7(FR=NN) < (7 — .(FR=NN)) in the sense of Dirichlet forms by (7.7), substituting
into (7.8), we obtain

(g, (z— SV Hg)p < K*g,(z— S TRAMNg),.
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Finally, as —.FR=MN) < _M.7% with M = sFR=NN) (1) /5(1), in the sense of Dirichlet

forms (cf. proof of the left inequality in Lemma 4.1), we obtain (7 6). (I
To simplify the notation we drop dependencies on A and fix o > 0 for the remainder of
the section. We observe if 4 > 0 is sufficiently small, then the operator ¢ h — _W#’

well defined on the set of local functions, is the pregenerator of a Markov process. Indeed,
we have that the action of 4" on a local function g is given by

@ = § T el - gl e st

Y P"0) [s(™ ) —g(m)]
X,y

with

11
h 2 yFE0
p ( ) = h|y|'+a[1 b’\h]

If h >0, then ¥, p"(y) < oo and 0 < p(y) < 1 for all y # 0. It follows that 4" is closable
and its closure in Lz(vp) is the generator of a symmetric exclusion process with jump rate
p". For hy small and y # 0, by the mean-value theorem, for all y # 0,

log|y|
h
sup p"(y) < = Plog(y)- (7.9)
0<h<hg |Y|O‘Jrl o

We now define some notions, following [2]. Define k(x) := ¥,,502"s"(0,x) < 2
for x € 24, where s (0,y) is the n-step rate of reaching y starting from 0 according to
sub-probability kernel sg. Then,

Y sp(y—x)k(y) <2x(x) and Y k(x) < Y 27" Y s¢(0,x) <2

yezd x€zd n>0 x€z4

Let ]l = Inllg = X k(x)n(x). Define also Lip as the class of functions f such that
|£(n) = f(&)] <C|In =] for all n,& € Q, and let ¢(f) = cg(f) be the smallest such
constant C. Note that all local functions belong to Lip; for example, the basis element

f(n) =TI, (n(x;) — p) satisfies

k
Fm—=s@Q)I = ZI(H(X;)*C(X;)II}IH(&)*
= i

< |k 'Z|11xz t

< |1-p[~ ‘max{K o) 1 <i<k}n =]

Analogously, let k’(y) be the n-step rate of y with respect to sub-probability piog(-)
defined in (7.9). As before, ¥, piog(y — x)x'(y) < 2K’(x) and ¥, ¥’(y) < 2. Define the
distance || - ||" with respect k', and let Lip’ be the space of functions with ‘Lipschitz’ norm

().

Lemma 7.1. For 0 < B <y,x, #*u? is well defined and belongs to L>(v,). Moreover,
we have supg_ <y, | " u‘”hHLz ) <. In addition, g%, g% € L?(v,) and limy g% = g*
inL2(vp).
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Proof. The argument is to develop pointwise, L™ bounds. We observe that exclusion
generators are well-defined on Lip. In fact, for f € Lip, we have the pointwise bound
|-Z%f(n)| < 6¢(f). Indeed, as |n(-)| < 1, note

™) =fml < e(Hln™ —nll
= c(NxE)+rO)ME) —nG)| < (K +x(),

and write, noting s, (-) < sg (),

EEm) < (DY Y spy—x)(k(x) +x(y) < 6¢(f).
x oy

Let now 7,7 be the semigroup corresponding to .#7. In Lemma 7.2, we show, for f €
Lip, that 7, f € Lip and ¢(T," f) < Mc(f)t with respect to a universal constant M.
Write u? = [y e T, fdt. Then,
u’ € Lip and c(u”) < Mc(f)/ e Md.
0
Therefore,

A )] < 6elu) < 6Me(f) [ re M
0

In particular, for local functions f, .#*u¥ € L* and so also belongs to L?(V, ). This proves
the first statement. Note that the above bounds depend only on 3.
To prove the second statement, for f € Lip/, we have

G ) < ()L P =0 [K0)+K ()] < 6 (f).

x,yezZ4
Again, by Lemma 7.2, for all & > 0, ;%" f € Lip’ and ¢/(T,**" f) < Mc/(f)t where M is
a universal constant. Hence, as before, we obtain supy_y, [|4"u**"(1)||1= < o0 and the

desired L% (v, ) bound.

To prove the third statement, as now ||Y“+'u“|\i2(vp) < oo, we have ||g“|\i2(vp) <

AL 7ot u“||i2(vp) < oo by the resolvent bound. Similarly,
2 -1 2 1 a2
||gg‘|\u(vp) < 274 Hua”mvp) +2||. 7% u“ll]m(vp) < oo,
and as z | 0, the limit g% — g% follows. O

Lemma 7.2. For 0 < 3 <y, the semigroup T, is invariant on Lip and c(T, f) < 48¢(f)t.
Similarly, for h > 0, T,*™" is invariant on Lip" and ¢/ (T f) < 48¢'(f)t.

Proof. The argument is a modification of the proof of Lemmas 2.2 and 2.6 in [2] to the
exclusion context. One can couple two processes starting from 7 and § with coupled
generator

Lim.0) = Y py—0n@01-E0)[fm™,8)—fn,0)]

+ ), =)L) =n()[f(n,5%) - f(n,0)]
x,yeZd

+ ) pyy—)n@E@ [, E) — f(n.0)].
x,yezZd

Let T; be the corresponding semigroup. Marginally, both processes are generated by .#7,
noting N(x)[@(n*) — e()] = n(x)(1 = n()[e(n™") — @(n)].
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Write
1L f() =TT f(O)l = |Tig(m,0)| < e(f)Tih(n,§)
where g(n,¢) = f(n) — f(§) and h(n,§) = [[n — &||. Note py(y —x) < 2sy(y —x) <
2sg(y—x),and |n(-) — £(-)| < 1. Then, by the triangle inequality, we calculate
ILh(n,0)l < 4) py(y—x)[k(y) + x(x)]
X,y

8Y sp(y—x)[K(y)+x(x)] < 48.

Xy

IN

Hence, T, f(n, ) < 48c(f)t.
The second statement follows the same argument noting that py s () < 2sq45(¢) <

2piog(-) when h > 0. O
Lemma 7.3. Let f be a local function and u§ be the ]Lz(vp) solution of the resolvent
equation (A — L*)u§ = f. Then, for o € (1,00), we have the IL? (Vp)-weak convergence,
W]
where v§ is the solution in Lz(vp) of the resolvent equation
(A—ZLWY = —(a+1)7* g

Proof. Let V' = h~![u®*" — u®] and observe that

(A — LW (7% — 7oty — ghy®, (7.10)

We now claim that
(vM)n=0 is uniformly bounded in L*(v,). (7.11)

Assuming this bound, let vy be a limiting point for (v");,~¢ and denote by V' a subsequence
converging weakly to vg. Taking the scalar product of the two sides of (7.10) with an
arbitrary local function ¢, we see that

(A =290 ") +(7 ="M V) = (F9.u%). (112)
Since ¢ is local, we have that " converges strongly to —(a +1).7% ¢ and (/% —
S ‘”h/)(p converges strongly to 0. It follows that vy satisfies
(A=29¢.vo)p = (9, (A=L%w)p = —(a+1){7* o, u%),
for all local functions ¢. Since the set of local functions is dense in Lz(vp), we conclude
that vy is a solution of the resolvent equation
(A—L%v = —(a+1).7% 1y,

By the uniqueness in I[,Z(vp) of the solution of this resolvent equation, we get the unique-
ness of the limiting point vy and the desired statement in the lemma.

a+h

Therefore, it remains only to show (7.11). By definition of Vit and u , we have

()L . Ds/pa)vh _ 7%hua+h'
Take the scalar product of each side of this equation with v/*. Then,
l(vh,vh>p + <vh, fyavhh) = <vh, f%hua”')p <K

h
P l2ay):
where, by Lemma 7.1, K := supg_pp, [|4"u®*"[|; 2, < eo. Since the Dirichlet form
(W, =% 5 > 0, we have supy_;, ||VhHL2(vp) < KA~!, finishing the proof. O
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APPENDIX A. USEFUL COMPUTATIONS
In this section, 6; = ;(-;s0(+)) (cf. Subsection 3.4).

0 (u)t — 14 ¢~10a(®)

Lemma A.l. LetI; 4(t) = [pa du be the integral in (5.2).

A
o I[fd=1,
t whena<1,
tlog(t) whena =1,
Lig(t) ~ >71%  whenl<a<2,
32(log(t))~"/*  when a =2,
/2 when a > 2.
o Ifd=2,

t whena <2,
)) whena=2,
t) when a > 2.

lalt) ~ { tlog(log(t
tlog(

o Ifd>3, forall o0 >0, I o(t) ~ 1.

Proof. We argue only in the one dimensional case, as the other statements are similar.
If a < 1 then the integrand, divided by ¢, converges pointwise as ¢ 1 oo,

0(u) 1 — 14 ¢ 10a) . 1
tej(u) 01(u)’

and is dominated by 1/6; (u). By Lemma 3.5, the function 1/6; is integrable on T' and so
the result follows by dominated convergence.

Let now o > 1. Fix § > 0 small and write [ 1, as the sum of the three integrals over
[0,6], [8,1 — 6] and [1 — §,1]. The integral over [3,1 — 8] is O(¢) as 6 does not vanish
on the domain. By changing variables v = 1 — u and periodicity of 6y, the integral over
[1—8,1]is equal to the integral over [0, 8].

When a > 2, by changing variables v = /fu, we need to estimate

32 /wl 16, (vt*'/z) 1 _i_e—ze](vﬁlﬂ) N
Jo TOsvsévi (16, (vi—1/2)]2

By Lemma 3.5, 6;(w) = J(1,a)|w|*> + o(|w|?), as w — 0, and therefore as ¢ 1 oo the inte-
grand converges pointwise to
J(L,a)v? —1+ e/ (Lap?

(1, ap??

h(v) =

Since the function

o) = e ifx >0
1/2 ifx=0.

is bounded near 0 and is of order O(x~!) for large x, noting again the asymptotics of

SV 10y (1) 1ot )
01 (w), we have [; TR
convergence, and the statement holds for ¢ > 2.
When 1 < & < 2, by changing variables v = ¢'/®y, the result follows by similar calcu-
lations.

dv converges to [y h(v)dv < e by bounded
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When o = 1, the calculation is more involved. Consider the change of variables v = tu
in the integral over u € [0, 8]. We are the reduced to study tfo& (t61(v/t))dv. Observe

5t .5 St e*J (1,1)v _ Ot 1
1L1)v)dv = 1) e RIS
/0 2(J(1,1)v)dv /0 g((1, dV+/ ERIE d”/ 7

As t 1 oo, for fixed 8, the second integral converges to [ 9[1((17;]1411) and the third one
equals log(¢)/J(1,1). Hence,

Ot )
./0 g(J(1,1)v)dv = Jl(f:)—l—o(logt).

Therefore, to show the desired statement, it is enough to prove

lim sup lim sup (log#) ™! /0 " 1216y (v/1)) — g (1, 1)) dv = 0. (A1)

0—0  Iotee

By Lemma 3.5, for v € [0, 6], we have
|16, (v/t) —J(1,1)v] < r(6)J(1,1)v

where limg(7(6) — O uniformly in z. On the other hand, there exists a constant Cy > 0
such that |g’(x)| < Co/(x* + 1) for x > 0. Consequently, for § small so that 7(8) < 1, we
have

ot v

ot
/0 g6, (v/1)) —g(J(1,1)v)]dv SCOJ(I,I)r(S)/O 1+[(17r(6)).](1,1)]2v2dv'

Finally, sending 0 — 0, the right-side vanishes and we get (A.1).
When o = 2, using the substitution u = B,v with 3?|log ;| = 1 and B; = O((tlogr)'/?),
a similar method yields the result. O

Lemma A.2. Ind = 1, we have

=

a(u) = ic(bf —b7) Y

y=1

sin(27muy)

e (A2)

When o > 1, let E(a) =Y. —. Asu 0,

y 1
a(u) ~ 2mic(by —b7)E(a)u

flelg { |a(s) +a(u— s)|2} < sin®(7u).

Whena =1,asu |0,
au) ~ —2mic(b] — by )ulog(u)

a a(u—s)|? —sin?(7tu) log? (u).
§2%{|a(s)+a(u ) } < (7wu)log” (u)

Ind =2, for o > 1 andw € 65, we have, as u — w,
a(u) ~ 2mi(u—w)-m.
Also, for 6 > 0 small, there exists ¢(8) > 0 such that when |u —w| < 8, we have

sup{|a )+au—s)*} < c(8)|u—wl.
seT?
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Proof. We prove the statements in d = 1, the two dimensional case being similar. To show
the first claim (A.2), we notice, for y € Z, that

_ 1
a(y) = c(by —b, )W(1*21y<0),

so that

=

a(u) = Zezm"ya(y) = ic(b] —by) Z

YEZ y=I

When a > 1, since the function u — sin(2myu)/(2mwyu) — 1 as u | 0 pointwise and is
uniformly bounded in y > 1, we have

a(u)

sin(2muy)
y1+oc

1 sin(2x@
= 2mic(bf —b7) ¥ — sin(2myu)

— 2mic(bT —b])é(a),
=1 y*  27yu ! !

by bounded convergence, proving the second claim.
For the third claim, write

a(s)+a(u—s) _ & sin(2@sy) +sin(2wy(u —s))
sin(7u)

y+%sin(mu)

1 sin(muy)

2ic(bf —by) Y,

y=I
as sin(27msy) + sin(2wy(u — s)) = 2sin(mwyu) cos(mwy(u — 2s)). Note cos(m(u — 2s)y) < 1
and |sin(zyu)/(ysin(zu))| < 1 uniformly in y > 1 and u € (0, 1). Hence, as u | 0,

ﬁ m COS(TC(U — 2S)y),

sup{|d(s) +d(s—u)|2} < sin?(mu). (A3)
seT

When o = 1, for fixed € > 0 small, we have

. . & sin(2wuy)
au) = ic(b{ —by) Z —
y=1 y
le/u] 1
= 2mic(b{ —by)u Y, -
=17
L&/u) [sin(27uy) — 27uy) > sin(27uy)
+ic(b] —by) 5 +ieb{ —=by) Y, —5
=1 Y y=leful+1 7Y

Since there exists Ce > 0 such that |sin(27uy) — 27uy| < Ce|ul>y® for 1 <y < |&/u] and
|sin(2muy)| < 1, the second and third sums on the right-side are of order O(u). The first
sum is equivalent in order to —2mic(b]{ — b} Julog(u), proving the fourth claim.

The fifth claim is proved similarly by decomposing in the equation,

als)+a(u—s) ) _ & 1 osin(muy)

———————~ = 2ic(b{ —b -—— -2

sin(?tu) lC( 1 l)yglyz sm(7ru) COS(TC(M S)y)7

the sum according to y < [¢/u] and y > [€/u] + 1 for a fixed € small. O

Lemma A.3. Let o € (1,2] and

B s]%, fl<a<2,
Pals) { is2log(Is]), if ar=2. A
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For 0 < § < 1 sufficiently small, there exists C = C(at,8) > 0 such that for u,s € [0, 8],

Pa(t—5)+ Qa(s) > ClQa(u)+ @als)].

Proof. We only prove the statement for oo = 2, as the proof for o € (1,2) is similar. Ob-
serve first that the restriction of @, to [—8, 6], for J small, is an even convex function. For
0 <x <1, we write

1—x

(1-x)u = x(

and invoke convexity of ¢, to get

s> +(1—x)(u—s)

X

1—x
e < ar (55) (-9,
Then,
L e((1=x)u) x_ ¢ ()

— > - .
-t = | 1 PO g 1 2
Since,

1 oa((1—x)u) log(1 —x)
> _ e\ 7
l—x  @(u) z (L—x)j1+ logd
and
X q)z(lfxs) 1—x L}_log(%)
I1—x @) x logé |’
taking x sufficiently close to 1, the claim follows. (|
Lemma A4. Let
Ja(M,8,u) = /5 ds (A.5)
o sy Uy = A k+9](s)+9](s—u). .

Then, for A >0 and 0 < u < & small, there exist constants Cy,Cy > 0 such that
Colog (1+#1/Cl) ifoo=1
Ja(A,8,u) < Co(A+u®/C)V* ! ifae(1,2)
~1/2
Co{ [A +Ci1|u*log(u)[] [log (A + Cy|ulog(u)|) | } ifo=2.

Proof. Suppose o = 1. Since u € (0,0) with 6 < 1, with respect to a suitable positive
constant K, by Lemma 3.5, we have

Ju(h,8,1) < /5 ds
B — Jo A+ xols|+ xols — u
_ /" ds +/5 ds
 Jo Atkou Ju A+Kos+Ko(s—u)
u 1 2K()(6—M)
= —1 1oL 20O
X+Kou+21<0 og( * A+ Kou
_ _ 2Kp0
< 1 1
< K, +(2x0)” log (]+7L+Kou)’

finishing the claim in this case.
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Suppose 1 < a < 2. By Lemma 3.5, as s,u € (0,0) with § < 1, and Lemma A.3, we
have
ds

S
Ja(2,8, /
a(%,8,u) 0 A+ Kols|% + Kols —ul®

IN

/5 ds
0o A+ K1|S|a + K1|u|0"

for a suitable constants kg and k. By the change of variables t = s/(A + Kju®)'/®, the last
integral is equal to

(Ao [

0 1+ xt%
which shows the desired statement.
Suppose o = 2. Similarly, by Lemma 3.5 and Lemma A.3, we have
/‘5 ds < /‘5 ds
Jo A+061(s)+61(s—u) — Jo A+xi|s?log(s)|+ xi|u?logul

ay—a~!
S(A+xu®) dt _ O((),+K1Ma)]/a7])7

i §/C(w) ds
= C)L (Lt)/ B )
0 1+ 5% log(s) 4 log(Cy (w))|
for a positive constant k; and Cy (1) := /A + ki |u? log(u)|.
For A and 0 small, C (1) < 1. Fix 0 < € < 1. We split the last integral as follows:
/‘5/Cx(u) ds
Jo I+ s[log(s) +log(Cy (u))|

(A.6)

8/C (u)E ds 8/Cy (u) ds
- /0 T+ [log(s) 1 0g(Cr ()] -/S/CA (we 14 57[log(s) +log(Cy ()]
We claim the first integral on the right-side of (A.6) is of order O(|log(Cy (u))|~"/?):
Indeed, for s € (0,6/Cy (1)),
|log(s) +1og(Ca ()| = [log(8) + (1 — €)log(Cy (u))|
so that
/5/(3/1('4)E ds - 1 /°° dv
0 I+ s%|log(s) +1og(Cy ()| ~ [log(8) + (1 —&)log(Cy (w))['/2 Jo 14>
On the other hand, the second integral on the right-side of (A.6) is order O(1): Indeed,
this integral is bounded above by
8/Cy, () ds
-/ﬁ/cm)f I+7logd]
finishing the proof. O

0(C(w)*) = o(1),
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