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ENDPOINT ESTIMATES FOR COMMUTATORS OF SINGULAR

INTEGRALS RELATED TO SCHRODINGER OPERATORS

LUONG DANG KY

ABSTRACT. Let L = —A +V be a Schrédinger operator on R?, d > 3, where V
is a nonnegative potential, V' # 0, and belongs to the reverse Holder class RH ;5.
In this paper, we study the commutators [b,T] for T in a class K of sublinear
operators containing the fundamental operators in harmonic analysis related to L.
More precisely, when T' € Ky, we prove that there exists a bounded subbilinear
operator R = Ry : Hi (RY) x BMO(R?) — L'(R?) such that
(1) IT(S(f,0))] = R(f,0) < [[b, TI(f)] < R(f,b) +[T(S(f,))],
where & is a bounded bilinear operator from Hj (R?) x BMO(R?) into L'(R)
which does not depend on T. The subbilinear decomposition (1) allows us to ex-
plain why commutators with the fundamental operators are of weak type (H}, L'),
and when a commutator [b, T is of strong type (H},L').

Also, we discuss the H}-estimates for commutators of the Riesz transforms
associated with the Schrodinger operator L.
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1. INTRODUCTION

Given a function b locally integrable on R, and a (classical) Calderén-Zygmund
operator T', we consider the linear commutator [b, T'] defined for smooth, compactly
supported functions f by

b, TV(f) =bT(f) = T(bf).
A classical result of Coifman, Rochberg and Weiss (see [12]), states that the com-
mutator [b, T] is continuous on LP(R?) for 1 < p < oo, when b € BMO(R?). Unlike
the theory of (classical) Calderén-Zygmund operators, the proof of this result does
not rely on a weak type (1, 1) estimate for [b, T]. Instead, an endpoint theory was
provided for this operator, see for example [37, 38]. A general overview about these
facts can be found for instance in [28].

Let L = —A+V be a Schrodinger operator on R¢, d > 3, where V is a nonnegative
potential, V' # 0, and belongs to the reverse Holder class RHy/o. We recall that a
nonnegative locally integrable function V' belongs to the reverse Holder class RH,,
1 < ¢ < o0, if there exists C' > 0 such that

[ < G o
.13
IBI = T3]

holds for every balls B in RY. In [16], Dziubaniski and Zienkiewicz introduced
the Hardy space H}(R?) as the set of functions f € L'(R?) such that ||f||; :=
IMrfllzr < oo, where My f(x) := sup,.q|e " f(z)]. There, they characterized
H}(R?) in terms of atomic decomposition and in terms of the Riesz transforms
associated with L, R; = 8,,L7"/?, j = 1,...,d. In the recent years, there is an in-
creasing interest on the study of commutators of singular integral operators related
to Schrodinger operators, see for example [7, 10, 21, 32, 43, 44, 45].

In the present paper, we consider commutators of singular integral operators T
related to the Schrodinger operator L. Here T is in the class Ky, of all sublinear
operators T, bounded from H} (R?) into L*(R?) and satisfying for any b € BMO(R?)
and a a generalized atom related to the ball B (see Definition 2.1), we have

1(b = bp)Tal[r < bl Baso,

where bg denotes the average of b on B and C' > 0 is a constant independent of b, a.
The class K, contains the fundamental operators (we refer the reader to [28] for the
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classical case L = —A) related to the Schrodinger operator L: the Riesz transforms
R;, L-Calderén-Zygmund operators (so-called Schrédinger-Calderén-Zygmund oper-
ators), L-maximal operators, L-square operators, etc... (see Section 4). It should be
pointed out that, by the work of Shen [39] and Definition 2.2 (see Remark 2.3), one
only can conclude that the Riesz transforms RR; are Schrodinger-Calderén-Zygmund
operators whenever V' € RH,;. In this work, we consider all potentials V' which
belong to the reverse Holder class RHgj .

Although Schrédinger-Calderén-Zygmund operators map H} (R?) into L*(R?) (see
Proposition 4.1), it was observed in [32, 48] that, when b € BMO(RY), the commu-
tators [b, Rj] do not map, in general, H}(R?) into L'(R?). In the classical setting,
it was derived by M. Paluszynski [35] that the commutator of the Hilbert transform
[b, H] does not map, in general, H'(R) into L'(R). After, C. Pérez showed in [37]
that if H'(R?) is replaced by a suitable atomic subspace H}(R?) then commuta-
tors of the classical Calderén-Zygmund operators are continuous from H}(RY) into
L*(RY). Recall that (see [37]) a function a is a b-atom if

i) supp a C @ for some cube @,

i) [lallz < QI

iil) [paa(x)de = [p.a(z)b(z)dz = 0.
The space H}(R?) consists of the subspace of L'(R?) of functions f which can be
written as f = Zj; Aja; where a; are b-atoms, and \; are complex numbers with
Y21 Nl < oo. Thus, when b € BMO(RY), it is natural to ask for subspaces of
H}(R?) such that all commutators of Schrédinger-Calderén-Zygmund operators and
the Riesz transforms map continuously these spaces into L'(R?).

In this paper, we are interested in the following two questions.

Question 1. For b € BMO(RY). Find the largest subspace Hj ,(R?) of H} (R?)
such that all commutators of Schrodinger-Calderon-Zygmund operators and the Riesz
transforms are bounded from H} ,(R?) into L'(R?).

Question 2. Characterize the functions b in BMO(R?) so that H} ,(R?) = H} (R?).

Let X be a Banach space. We say that an operator T': X — L*(RY) is a sublinear
operator if for all f,g € X and o, € C, we have

T(af + Bg)(@)] < laf|Tf ()| + 8[| Tg(z)].
Obviously, a linear operator T': X — L'(IR?) is a sublinear operator. We also say
that an operator T : Hi(RY) x BMO(R?) — L'(R?) is a subbilinear operator if for
every (f,g) € H}(R?) x BMO(R?), the operators T(f,-) : BMO(R?Y) — L'(R?) and
T(-,9) : Hi(RY) — L'(RY) are sublinear operators.
To answer Question 1 and Question 2, we study commutators of sublinear op-
erators in KCp. More precisely, when 7" € K is a sublinear operator, we prove

(see Theorem 3.1) that there exists a bounded subbilinear operator R = Ry :
H}(RY) x BMO(RY) — L'(R?) so that for all (f,b) € Hi(R?) x BMO(R?),

(1.1) T(S(f,0))] = R(/f,6) <o, TS| <R(S,b) +[T(S(f,0))],
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where & is a bounded bilinear operator from H} (R?) x BMO(R?) into L'(R?) which
does not depend on T (see Proposition 5.2). When T' € K, is a linear operator, we
prove (see Theorem 3.2) that there exists a bounded bilinear operator R = Ry :

H}(RY) x BMO(RY) — L'(R%) such that for all (f,b) € H:(R?) x BMO(R?),
(1.2) [0, TI(f) = R(f,0) + T(S(f,1)).

The decompositions (1.1) and (1.2) give a general overview and explains why
almost commutators of the fundamental operators are of weak type (Hi,L'), and
when a commutator [b, T is of strong type (H}, L').

Let b be a function in BMO(R?). We assume that b non-constant, otherwise
[0,T] = 0. We define the space Hj ,(R?) as the set of all f in H}(R?) such that
[0, ML](f)(x) = Mpb(x)f(-) = b(-)f(-))(x) belongs to L'(R?), and the norm on
M, (R?) is defined by [[fllsy, = Ifllugbllsao + b, MLI(f)llzr. Then, using
the subbilinear decomposition (1.1), we prove that all commutators of Schrodinger-
Calderén-Zygmund operators and the Riesz transforms are bounded from #j ,(R?)

into L'(R?). Furthermore, ’Hi’b(Rd) is the largest space having this property, and
H} (R = HE(R?) if and only if b € BMO®*(R?) (see Theorem 7.2), that is,

pla)y 1 /
b(y) — bpe.r|d ,
) By ] 1)~ benldy | <o
B(z,r)

16l asos = sup | Tog (e +

B(z,r)

where p(z) = sup{r > 0: 7% fB(m,r) V(y)dy < 1}. This space BMOILOg(]Rd) arises
naturally in the characterization of pointwise multipliers for BM Oy (R?), the dual
space of Hi(R?), see [3, 33].

The above answers Question 1 and Question 2. As another interesting application
of the subbilinear decomposition (1.1), we find subspaces of H}(R?) which do not
depend on b € BMO(R?) and T € Ky, such that [b,T] maps continuously these
spaces into L'(R?) (see Section 7). For instance, when L = —A + 1, Theorem 7.4
state that for every b € BMO(R?) and T € K, the commutator [b, T] is bounded
from H,;"'(R?) into L'(R%). Here H,'(R?) is the (inhomogeneous) Hardy-Sobolev
space considered by Hofmann, Mayboroda and McIntosh in [23], defined as the set
of functions f in Hi(R?) such that d,, f, ..., 0,,f € Hi(R?) with the norm

d
1z = AWy + D 1102, f Ly
j=1

Recently, similarly to the classical result of Coifman-Rochberg-Weiss, Gou et al.
proved in [21] that the commutators [b, R;] are bounded on LP(R?) whenever b €

BMO(RY) and 1 < p < dquq where V € RH, for some d/2 < ¢ < d. Later, in [7],

Bongioanni et al. generalized this result by showing that the space BMO(R?) can be
replaced by a larger space BMOp, o (RY) = UgsgBMOy, 4(R?), where BM Oy, 4(R?)
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is the space of locally integrable functions f satisfying

T ! !
BMO , = Sup
L,0 B(z,r) (1 + (7.)>9 IB($,T>|
p(z

Let R} be the adjoint operators of R;. Bongioanni et al. established in [6] that the
operators R} are bounded on BMO(R?), and thus from L>(R?) into BMOL(R?).
Therefore, it is natural to ask for a class of functions b so that the commuta-
tors [b, Ry] map continuously L>®(R?) into BMOL(R?). In [7], the authors found
such a class of functions. More precisely, they proved in [7] that the commutators
[b, R;] map continuously L>(R?) into BMO(R?) whenever b € BMOy® (R?) =
Up>oBM Of%(Rd). Here BM OILO’%(]Rd) is the space of functions f € Ll (R?) such
that

/ |f(y) - fB(x,r)|dy < 0Q.

B(z,r)

log <e + ’)(f)> 1
Iral log = SUp
BMOLF@ B(z,r) <1+ r >9 |B($7T)’

p(x)

/ |f(y) = fB@mldy | < oo.

B(z,r)

A natural question arises: can one replace the space L>°(RY) by BM Oy (R%)?

Question 3. Are the commutators [b, Rj], j = 1,...,d, bounded on BMOL(R?)
whenever b € BMOILOiO(Rd)?

Motivated by this question, we study the H;-estimates for commutators of the
Riesz transforms. More precisely, given b € BM Oy, ..(R?), we prove that the com-

mutators [b, R;] are bounded on H}(R?) if and only if b belongs to BMOILOiO(Rd)

(see Theorem 3.4). Furthermore, if b € BMOY%(R?) for some 6 > 0, then there
exists a constant C' > 1, independent of b, such that
d
-1
C bl parores, < M1l maror + > b Rl s < Clivll parores -
j=1
As a consequence, we get the positive answer for Question 3.
Now, an open question is the following:

Open question. Find the set of all functions b such that the commutators [b, R;],
j=1,....d, are bounded on H}(R?).

Let us emphasize the three main purposes of this paper. First, we prove the
two decomposition theorems: the subbilinear decomposition (1.1) and the bilinear
decomposition (1.2). Second, we characterize functions b in BM Oy, o.(R?) so that
the commutators of the Riesz transforms are bounded on H}(R?), which answers
Question 3. Finally, we find the largest subspace Hj ,(R?) of Hj(R?) such that all
commutators of Schrodinger-Calderén-Zygmund operators and the Riesz transforms
are bounded from Hj ,(R?) into L'(R?). Besides, we find also the characterization
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of functions b € BMO(RY) so that H} ,(R?) = H}(R?), which answer Question 1
and Question 2. Especially, we show that there exist subspaces of H} (R?) which do
not depend on b € BMO(RY) and T' € Ky, such that [b, 7] maps continuously these
spaces into L'(R?), see Section 7.

This paper is organized as follows. In Section 2, we present some notations and
preliminaries about Hardy spaces, new atoms, BMO type spaces and Schrodinger-
Calderéon-Zygmund operators. In Section 3, we state the main results: two decom-
position theorems (Theorem 3.1 and Theorem 3.2), Hardy estimates for commuta-
tors of Schrodinger-Calderon-Zygmund operators and the commutators of the Riesz
transforms (Theorem 3.3 and Theorem 3.4). In Section 4, we give some examples of
fundamental operators related to L which are in the class K. Section 5 is devoted
to the proofs of the main theorems. Section 6 is devoted to the proofs of the key
lemmas. Finally, in Section 7, we give some examples of subspaces of H} (R%) such
that all commutators [b, T], T € K1, map continuously these spaces into L*(R?).

Throughout the whole paper, C' denotes a positive geometric constant which is
independent of the main parameters, but may change from line to line. The symbol
[ ~ g means that f is equivalent to g (i.e. C71f < g < Cf). In R we denote by
B = B(z,r) an open ball with center x and radius r > 0, and tB(z,r) := B(z,tr)
whenever ¢ > 0. For any measurable set E, we denote by xg its characteristic
function, by |E| its Lebesgue measure, and by E° the set R¢\ E.

Acknowledgements. The author would like to thank Aline Bonami, Sandrine
Grellier and Frédéric Bernicot for many helpful suggestions and discussions. He
would also like to thank Sandrine Grellier for many helpful suggestions, her carefully
reading and revision of the manuscript. The author is deeply indebted to them.

2. SOME PRELIMINARIES AND NOTATIONS
In this paper, we consider the Schrodinger differential operator
L=-A+YV

on R, d > 3, where V is a nonnegative potential, V # 0. As in the works of
Dziubanski et al [15, 16], we always assume that V belongs to the reverse Holder
class RHg/o. Recall that a nonnegative locally integrable function V' is said to belong
to a reverse Holder class RHq, 1 < g < oo, if there exists C' > 0 such that

s fvor)”s & v
ZE
IBI IBI

holds for every balls B in R%. By Hélder inequality, RH,, C RH,, if ¢ > ¢ > 1.
For ¢ > 1, it is well-known that V' € RH, implies V € RH,,. for some € > 0 (see
[19]). Moreover, V (y)dy is a doubling measure, namely for any ball B(z,r) we have

(2.1) / V(y)dy < Cy / V(y)dy.

B(z,2r) B(z,r)
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Let {T}}¢~0 be the semigroup generated by L and T;(z, y) be their kernels. Namely,

Tf(e) = f @) = [ To s, f e D@D, t>0
Rd
We say that a function f € L*(R?) belongs to the space H} (R?) if
1l = Mo fllor < oo,

where M f(z) := sup,~ |T3f ()] for all z € R%. The space H}(R?) is then defined
as the completion of H} (RY) with respect to this norm.

In [15] it was shown that the dual of H}(R?) can be identified with the space
BMOp(R?) which consists of all functions f € BMO(RY) with

Ifllwo, = lowo + sup T L/v JIdy < o,

p(z)

where p is the auxiliary function defined as in [39], that is,

(2.2) p(x )—sup 7“>O — / dy<1

z € R4 Clearly, 0 < p(x) < oo for all z € Rd, and thus R? = (J, ., By, where the
sets B,, are defined by

(2.3) B, ={x € R¥: 27" D/2 < () <272,
The following proposition plays an important role in our study.

Proposition 2.1 (see [39], Lemma 1.4). There exist two constants k > 1 and kg > 1
such that for all x,y € RY,

. — y|\ ko [z —yl\mt
/<.)1,01'<1+|x y|) < ply §/@px(1+ )0 .
DU W= o)
Throughout the whole paper, we denote by Cy the L-constant
(2.4) Cr = 8.9%k

where kg and x are defined as in Proposition 2.1.

Given 1 < ¢ < oo. Following Dziubariski and Zienkiewicz [16], a function a is
called a (H},q)-atom related to the ball B(zg,r) if r < Cpp(xg) and

i) supp a C B(zq,T),

i) Jlallzo < | Blao,r)[Vo,

iii) if r < %p(mo ) then [, a(x)dz = 0.

A function a is called a classn:al (H', q)-atom related to the ball B = B(xg,r) if
it satisfies (i), (ii) and [, a(z)dz = 0.

The following atomic characterization of Hi(R?) is due to [16].
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Theorem 2.1 (see [16], Theorem 1.5). Let 1 < q < oo. A function f is in H}(RY)
if and only if it can be written as f = Zj Aja;, where a; are (H},q)-atoms and
>_i 1Al < o0. Moreover,

I, ~ i {z il f = zxjaj}.

J

Note that a classical (H!, g)-atom is not a (H},q)-atom in general. In fact, there
exists a constant C' > 0 such that if f is a classical (H!,¢)-atom, then it can
be written as f = > 7| Aja;, for some n € ZF, where a; are (H!, q)-atoms and
> i—1 [Ajl < C, see for example [47]. In this work, we need a variant of the definition
of atoms for Hi(R?) which include classical (H', q)-atoms and (H}, q)-atoms. This

kind of atoms have been used in the work of Chang, Dafni and Stein [11, 13].

Definition 2.1. Given 1 < ¢ < 0o and € > 0. A function a is called a generalized
(H},q,e)-atom related to the ball B(xo,r) if

i) supp a C B(xo,7),

i) [lallze < [B(xo, )[4,

ii) | foa alw)ia] < ()"

The space ]I-]Iquaf (RY) is defined to be set of all functions f in L!'(R?) which can be
written as f = 37, Aja; where the a; are generalized (H],q,¢)-atoms and the A,

are complex numbers such that » 377, [A;| < co. As usual, the norm on HIL?; (RY) is

defined by
Il = imf {711 =3 Ay |-
j=1 J=1

The space Hi’flf{i(Rd) is defined to be set of all f = Z?Zl Ajaj, where the a; are
generalized (H},q,€)-atoms. Then, the norm of f in HlL’gq’i(Rd) is defined by

k k
|l = inf {30101 =7 Nay |-
Jj=1 Jj=1

Remark 2.1. Let 1 < ¢ < oo and € > 0. Then, a classical (H',q)-atom is a
generalized (H} ,q,€)-atom related to the same ball, and a (H},q)-atom is Cr® times
a generalized (H},q,)-atom related to the same ball.

Throughout the whole paper, we always use generalized (H}, q, €)-atoms except in
the proof of Theorem 3.4. More precisely, in order to prove Theorem 3.4, we need
to use (H},q)-atoms from Dziubariski and Zienkiewicz (see above).

The following gives a characterization of H}(R") in terms of generalized atoms.

Theorem 2.2. Let 1 < q < oo and € > 0. Then, Hy%(RY) = H}(RY) and the
norms are equivalent.
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In order to prove Theorem 2.2, we need the following lemma.

Lemma 2.1 (see [31], Lemma 2). Let V € RHyj5. Then, there exists g > 0 depends
only on L, such that for every |y — z| < |z —y|/2 and t > 0, we have

ly — 2|
|z —yldtoo

|z—

2
ty\ S C

Ti(x,y) — Ty(x, 2)| < C(W_\;ﬁ) .

Proof of Theorem 2.2. As M, is a sublinear operator, by Remark 2.1 and Theorem
2.1, it is sufficient to show that

(2.5) [Mr(a)|pr <C

for all generalized (H},q,¢)-atom a related to the ball B = B(xg, ).
Indeed, from the L?-boundedness of the classical Hardy-Littlewood maximal op-
erator M, the estimate My (a) < CM(a) and Holder inequality,

(2.6) IML(@)]z1ep) < ClM(a)l|zres) < C12BIY||M(a)llze < C,
where 1/¢' +1/q=1. Let x ¢ 2B and t > 0, Lemma 2.1 and (3.5) of [16] give

T = | [Tyt

< | [ @) - T m)at)dy| + 1T ao)| [ aty)a]

B
rr»UO TE
C C :
|:L'_x0|d+0'0 |£C_:L\O|d+8
Therefore,
[Mr(a)llLr@py) = || Sup Te(a)lll 1 (2Bye)
770 re
<C ———dx + C —d
= / lz — ao|dFo0 T+ / | — o[+ L
(2B)° (2B)c
(2.7) <C.
Then, (2.5) follows from (2.6) and (2.7). 0

By Theorem 2.2, the following can be seen as a direct consequence of Proposition
3.2 of [47] and remark 2.1.

Proposition 2.2. Let 1 < ¢ < o0, € > 0 and X be a Banach space. Suppose that
T: Hi’%’i(ﬂ%d) — X is a sublinear operator with

sup{||Tal|x : a is a generalized (H},q,€) — atom} < oo.

Then, T can be extended to a bounded sublinear operator T from H}(R?) into X,
moreover,

||f||H£HX < Csup{||Tallx : ais a generalized (H},q, <) — atom}.
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Now, we turn to explain the new BMO type spaces introduced by Bongioanni,
Harboure and Salinas in [7]. Here and in what follows fp := 18] B| [ f(z)dz and

For 6 > 0, following [7], we denote by BMO L,g(]Rd) the set of all locally integrable
functions f such that

1
||f”BMOL,0 = Ssup —QMO(fa B(I7T)) < o0,

B(z,r) (14_@)

and BM Of%(Rd) the set of all locally integrable functions f such that

log (e ayC )>
HfHBMolOg = sup

B(z,r) (1 + (x))

When 6 = 0, we write BMOY#(R?) instead of BM OlLogO (R%). We next define

MO(g, B(z,r)) | < oc.

BMOpo(RY) = | ] BMOp4(R?)
6>0
and
BMO% (RY) = | ] BMO%(R?).
6>0

Observe that BM Oy, o(R?) is just the classical BMO(RY) space. Moreover, for
any 0 < 6 < ¢ < oo, we have

(2.9) BMOpg(RY) € BMOLg(R?), BMOp%(R?) c BMO,(R)
and
(2.10) BMOY%(RY) = BMOo(R*) N BMOY® (RY).

Remark 2.2. The inclusions in (2.9) are strict in general. In particular:

i) The space BM Oy, o(R?) is in general larger than the space BMO(R?). Indeed,
when V(x) = |x|?, it is easy to check that the functions b;(z) = |z;|%, j = 1,...,d,
belong to BMOyp, o (R?) but not to BMO(R?).

ii) The space BMOILO’gOO(Rd) is in general larger than the space BMOYE(RY). In-
deed, when V(x) =1, it is easy to check that the functions b;(z) = |z;|, 7 =1,...,d,
belong to BMOILOiO(Rd) but not to BMO#(RY).

Next, let us recall the notation of Schrodinger-Calderén-Zygmund operators.
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Let § € (0,1]. According to [33], a continuous function K : R? x R?\ {(x,z) :
r € RY} — C is said to be a (§, L)-Calderén-Zygmund singular integral kernel if for
each N > 0,

C(N) [z —y[\ N
2.11 K(z,y)| < 1+
(2.11) K, y)l |av—y|d< p(x) )
for all x # y, and
/ / |.CE . x/,&
(2.12) K () = K (@', y) + 1K (y,2) = Ky, 2)| < C7— a3

for all 2|z — 2'| < |z —y|.
As usual, we denote by C>®(RY) the space of all C*°-functions with compact
support, by S(R?Y) the Schwartz space on R%.

Definition 2.2. A linear operator T : S(RY) — S'(R?) is said to be a (3, L)-
Calderén-Zygmund operator if T can be extended to a bounded operator on L*(R?)
and if there ezists a (6, L)-Calderdn-Zygmund singular integral kernel K such that
for all f € C*(RY) and all x ¢ supp f, we have

Tf(z) = / K (2, 9)f (5)dy.

An operator T is said to be a Schrodinger-Calderén-Zygmund operator associ-
ated with L (or L-Calderén-Zygmund operator) if it is a (4, L)-Calderén-Zygmund
operator for some § € (0,1]. We say that T satisfies the condition T*1 = 0 if
there are ¢ € (1,00] and € > 0 so that [, Ta(x)dz = 0 holds for every generalized
(H},q,¢e)-atoms a.

Remark 2.3. i) Using Proposition 2.1, Inequality (2.11) is equivalent to

C(N) |z —y[\ N
Kz y)] < I:E—yld<1Jr p(y) >

for all x # y.
i) By Theorem 0.8 of [39] and Theorem 1.1 of [40], we see that the Riesz trans-

Jorms R; are L-Calderdn-Zygmund operators satisfying R;1 = 0 whenever V€ RH,.
iii) If T is a L-Calderon-Zygmund operator then it is also a classical Calderdn-

Zygmund operator, and thus T is bounded on LP(RY) for 1 < p < oo and bounded
from LY(R?) into L1>°(R?).

3. STATEMENT OF THE RESULTS

Recall that Ky, is the set of all sublinear operators 7' bounded from H}(R?) into
LY(R?) and that there are ¢ € (1,00] and € > 0 such that

|(b—bp)Tal|Lr < Cbl|ro

for all b € BMO(R?), any generalized (H}, q, €)-atom a related to the ball B, where
C > 0 is a constant independent of b, a.
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3.1. Two decomposition theorems. Let b be a locally integrable function and
T € Kr. As usual, the (sublinear) commutator [b, T| of the operator T is defined by

.71 () =T ((b(x) = b)) (@),

Theorem 3.1 (Subbilinear decomposition). Let T € K. There exists a bounded
subbilinear operator R = Ry : Hi(RY) x BMO(R?) — LY(R?) such that for all
(f,b) € Hi(R?) x BMO(RY), we have

T(&(f,0))] = R(/,0) <o, TI(N)| < R(S,6) +[T(S(f, ),

where & is a bounded bilinear operator from H}(RY) x BMO(R?) into L*(RY) which
does not depend on T'.

Using Theorem 3.1, we obtain immediately the following result.

Proposition 3.1. Let T' € Ky, so that T is of weak type (1,1). Then, the subbilinear
operator T(f,g) = g, T|(f) maps continuously H} (R?Y) x BMO(RY) into L*°(RY).

As the Riesz transforms R; = 0,,L~'/% are of weak type (1,1) (see [30]), the
following can be seen as a consequence of Proposition 3.1 (see also [32]).

Corollary 3.1 (see [32], Theorem 4.1). Let b € BMO(RY). Then, the commutators
[b, R;] are bounded from H}(R?) into L>(RY).

When T is linear and belongs to K, we obtain the bilinear decomposition for the
linear commutator [b, T| of f, [b, T|(f) = bT(f) — T(bf), instead of the subbilinear
decomposition as stated in Theorem 3.1.

Theorem 3.2 (Bilinear decomposition). Let T' be a linear operator in Ky. Then,
there exists a bounded bilinear operator R = Ry : Hi(RY) x BMO(R?) — LY(R?)
such that for all (f,b) € H}(R?Y) x BMO(R?), we have

0, T)(f) = R(f,b) + T(&(f,D)),
where & 1s as in Theorem 3.1.

3.2. Hardy estimates for linear commutators. Our first main result of this
subsection is the following theorem.

Theorem 3.3. i) Let b € BMOILOg(]Rd) and T be a L-Calderdn-Zygmund operator
satisfying T*1 = 0. Then, the linear commutator [b, T| is bounded on Hi(R?).

i) When V. € RHy, the converse holds. Namely, if b € BMO(R?) and [b,T] is
bounded on Hi(R?) for every L-Calderén-Zygmund operator T satisfying T*1 = 0,
then b € BMOY®(RY). Furthermore,

d
100l pasoies = bl aro + Y 111, Bylllerg o

J=1

Next result concerns the H;-estimates for commutators of the Riesz transforms.
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Theorem 3.4. Let b € BMOy (RY). Then, the commutators [b, R;], j = 1,...,d,
are bounded on HE(RY) if and only if b € BMOYS (RY). Furthermore, if b €
BMOE’%(]Rd) for some 6 > 0, we have

d
18]l pasoies = 116l maro,,, + D b, Billl ey vy -
j=1

Remark that the above constants depend on 6.

Note that BMOYE(R?) is in general proper subset of BM OlLoio(Rd) (see Remark
2.2). When V € RH,, although the Riesz transforms R; are L-Calderén-Zygmund
operators satisfying R;1 = 0, Theorem 3.4 cannot be deduced from Theorem 3.3.

As a consequence of Theorem 3.4, we obtain the following interesting result.

Corollary 3.2. Let b € BMO(R?). Then, b belongs to LMO(R?) if and only
if the vector-valued commutator [b,V(—=A + 1)~Y2] maps continuously h*(R?) into
ht(RY RY) = (RY(RY), ..., h1(R?)). Furthermore,

6] zaro = |6l Baro + 1[0, V(—=A + 1>71/2]th(Rd)—ml(Rd,Rd)-

Here h'(R?) is the local Hardy space of D. Goldberg (see [20]), and LMO(R?) is
the space of all locally integrable functions f such that

| fllzaro == Bs(up) <log (e + %) MO(f, B(z, 7"))) < 00.

It should be pointed out that LMO type spaces appear naturally when study-
ing the boundedness of Hankel operators on the Hardy spaces H'(T?) and H*(B?)
(where B? is the unit ball in C? and T¢ = 9B9), characterizations of pointwise
multipliers for BMO type spaces, endpoint estimates for commutators of singular
integrals operators and their applications to PDEs; see for example [5, 9, 24, 25, 28,
36, 41, 42].

4. SOME FUNDAMENTAL OPERATORS AND THE CLASS K,

The purpose of this section is to give some examples of fundamental operators
related to L which are in the class Ky.

4.1. The Schrodinger-Calderén-Zygmund operators.

Proposition 4.1. Let T be any L-Calderon-Zygmund operator. Then, T belongs to
the class Ky,

Proposition 4.2. The Riesz transforms R; are in the class Kp,.

The proof of Proposition 4.2 follows directly from Lemma 5.7 and the fact that
the Riesz transforms R; are bounded from Hj}(R?) into L'(R?).
To prove Proposition 4.1, we need the following two lemmas.



COMMUTATORS OF SINGULAR INTEGRAL OPERATORS 14

Lemma 4.1. Let 1 < g < oco. Then, there exists a constant C' > 0 such that for
every ball B, f € BMO(Rd and k € Z+,

1/q
(e [ 100 = falran) ™ < CHl v
2B
The proof of Lemma 4.1 follows directly from the classical John-Nirenberg in-

equality. See also Lemma 6.6 below.

Lemma 4.2. Let 1 < ¢ < 00 and ¢ > 0. Assume that T is a (9, L)-Calderdon-
Zygmund operator and a is a generalized (H},q,€)-atom related to the ball B =
B(xg,r). Then,

| Tall pars prav sy < C27F028B|Ma~!
for all k =1,2,..., where 6o = min{e,d}.
Proof. Let x € 2B\ 2¥B, so that |v — 29| > 2r. Since T is a (4, L)-Calderén-
Zygmund operator, we get

Taw)] < | / <K<x,y>—K<x,xo>>a<y>dy\+|K<x,xo>|) [ awa

< C/ |x— |d+6 Wlldy+C 1xo|d<”|:;<_:c$0|>_€<p<zo>>a

re 7’50
C C .
= |x_$0|d+6 + |z — zo|tte =[x — m|d+o
Consequently,
8o
100
| Tall pogor+1p\2k 3y < Cm@kﬂmuq < 0270k BTt

g

Proof of Proposition 4.1. Assume that T is a (6, L)-Calderén-Zygmund for some § €
(0,1]. Let us first verify that T is bounded from H}(R?) into L*(R%). By Proposition
2.2, it is sufficient to show that

Ta||,: <C

for all generalized (H},2,d)-atom a related to the ball B. Indeed, from the L*-
boundedness of T" and Lemma 4.2, we obtain that

|Tall = ||Ta||L1(2B)+Z||Ta||L1(2k+lB\2kB)
k=1

< CRBIV|T el + O S 1281 BIY22 |24 B2
k=1

IN

C.
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Let us next establish that

|(f = fB)TallL < C|fllmo

for all f € BMO(R?), any generalized (H},2,d)-atom a related to the ball B =
B(xg, ). Indeed, by Holder inequality, Lemma 4.1 and Lemma 4.2, we get

|(f = fB)Tal 1
= |(f = fB)TallLr2m) + Z I(f = fB)TallL12k+1B\2¢ By
k>1
< (f = fo)xeslle 1Tl s e llalle + DI = follrzeen s Tall 2@e pos gy
k>1
< Clfllsmo + > Clk+ V)| fllsaol2" B2 |28 B~/

k>1
< (| fllBmo,

which ends the proof.
O

4.2. The L-maximal operators. Recall that {T}},-¢ is heat semigroup generated
by L and Ti(z,y) are their kernels. Namely,

Tf(e) = f @) = [ To) )y, f e DR, t>o0
Rd
Then the "heat” maximal operator is defined by

Mof(w) = sup [T, f(z)],

and the ”Poisson” maximal operator is defined by

M f(z) = sup |P.f(x)],
t>0
where

Pf(@) = e VEf(@) 2¢_/€4“ f()du.

Proposition 4.3. The "heat” maximal operator My, is in the class Kp.
Proposition 4.4. The ”Poisson” maximal operator MY is in the class Kr.

Here we just give the proof of Proposition 4.3. For the one of Proposition 4.4, we
leave the details to the interested reader.

Proof of Proposition 4.3. Obviously, My is bounded from Hj(R?) into L!(R?).
Now, let us prove that

I(f = fe)ML(a)ll < Cllfllsmo
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for all f € BMO(R?), any generalized (H},2, 0¢)-atom a related to the ball B =
B(xg, ), where the constant oy > 0 is as in Lemma 2.1. Indeed, by the proof of
Theorem 2.2, for every = ¢ 2B,

My (a)(z) < C— "

|[L’ _ x0|d+00

Therefore, using Lemma 4.1, the L?-boundedness of the classical Hardy-Littlewood
maximal operator M and the estimate M (a) < CM(a), we obtain that

I(f = fe)Mr(a)]| L
= [[(f = fe)Mr(a)llp@s) + I(f — fB)ML(a)|l (2B
ro0

< Clf = IsllzeslM(a)llz + C / \f(fﬂ)—fB(zo,r)!Wdaj

|z—z0|>27
< Clfllsumo,
where we have used the following classical inequality
770
/ |f(z) = fB(m,r)|Wdﬂf < C| fllsmos

|x—x0|>2r

which proof can be found in [17]. This completes the proof of Proposition 4.3.
U

4.3. The L-square functions. Recall (see [15]) that the L-square funcfions g and
G are defined by

o 1/2

a(f)(x) = / 0T f) ()

0

dydt
/ | remnwrEs

0 |z—y|<t

2t

and
1/2

Proposition 4.5. The L-square function g is in the class Kp,.
Proposition 4.6. The L-square function G is in the class Kp,.

Here we just give the proof for Proposition 4.5. For the one of Proposition 4.6,
we leave the details to the interested reader.
In order to prove Proposition 4.5, we need the following lemma.

Lemma 4.3. There exists a constant C' > 0 such that

h  lomyl?
(4.1) t0,Ty(x,y + h) — t3,Ty(x, y)| < o('\f') T e
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or all |h| < ‘x_yl, 0 < t. Here and in the proof of Proposition 4.5, the constants
2 p

d,c € (0,1) are as in Proposition 4 of [15].

Proof. One only needs to consider the case v/t < |h| < @ Otherwise, (4.1) follows
directly from (b) in Proposition 4 of [15].
For v/t < |h| < W—;y‘ By (a) in Proposition 4 of [15], we get

lo—y—h|? le—y[?
t

to, Ty (x,y + h) — td,Ty(x,y)| < Ct ¥%e e + Ot 2ee

< o(llyirmeit

0

Proof of Proposition 4.5. The (H} — L') type boundedness of g is well-known, see
for example [15, 22]. Let us now show that

I(f = fB)a(a)llr < Cliflsao

for all f € BMO(R?), any generalized (H},2,6)-atom a related to the ball B =
B(zg,7). Indeed, it follows from Lemma 4.3 and (a) in Proposition 4 of [15] that
for every t > 0, z ¢ 2B,

|10/ Ti(a) ()]

- (/(tatTt(x,y)—tatTt(:v,xo))a(y)dy+tat71($’x0)/a(y)dy‘

d clz—x 2 z—xg|2 t t -0 g
< O(Z) e T fallp + o e (14 /L J>> <p(r ))

Vit p(x)  plzo To
r\9 c lz—zgl?
< o[ e
Vit
Tr—x 2
Therefore, as 0 < § < 1, using the estimate e 5 < Cc, d)(‘z_’;op)d“,
- 1/2
2 6 clz—z 2 dt
gla)(z) < C / (%) pdem 5T =
0
o—aol? N 1/2
< C / (ﬁ)ét_d< t >d+2ﬂ+ / (ﬁ)ét—dﬂ
- t |z — z]? t t t
0 |z—z0|2
5
o
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Therefore, the L?-boundedness of g and Lemma 4.1 yield

I(f = f)a(a)l|:
= I(f = fe)e(@)|lwies + [I(f = f)a(@)ll L1 (2m))

< N = Folleanla@le+C [ 17@) = fowonl e

|x—x0|>2r

< C|fllsmo,

which ends the proof.

5. PROOF OF THE MAIN RESULTS

In this section, we fix a non-negative function ¢ € S(R?) with supp ¢ C B(0,1)
and [o, ¢(x)dx = 1. Then, we define the linear operator £ by

9(1) = 3 (nnf = pre + Wun)),
n,k
where ¢y, n € Z, k = 1,2, ... is as in Lemma 2.5 of [16] (see also Lemma 6.2).
Remark 5.1. When V(z) = 1, we can define H(f) = f —px f.

Let us now consider the set £ = {0,1}¢\ {(0,---,0)} and {17} ,c¢ the wavelet

with compact support as in Section 3 of [4] (see also Section 2 of [28]). Suppose

that 17 is supported in the cube (% -5, % — %)d for all o0 € £. As it is classical, for

o € £ and I a dyadic cube of R? which may be written as the set of = such that
29z — k € (0,1)%, we note

Y7 (@) = 29729 (P — k).

In the sequel, the letter I always refers to dyadic cubes. Moreover, we note kI the
cube of same center dilated by the coefficient k.

Remark 5.2. For every o € £ and I a dyadic cube. Because of the assumption on
the support of 17, the function 7 s supported in the cube cl.

In [4] (see also [28]), Bonami et al. established the following.

Proposition 5.1. The bounded bilinear operator 11, defined by

I(f.9) =YD (£ 07 {g. ) (WF),

I o€

is bounded from H'(RY) x BMO(R?) into L'(R?).
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5.1. Proof of Theorem 3.1 and Theorem 3.2. In order to prove Theorem 3.1
and Theorem 3.2, we need the following key two lemmas which proofs will given in
Section 6.

Lemma 5.1. The linear operator §) is bounded from Hi(R?) into H'(R?),
Lemma 5.2. Let T € K. Then, the subbilinear operator
Uuf,0) == b, TI(f — H(f))
is bounded from H}(RY) x BMO(R?) into L'(RY).
By Proposition 5.1 and Lemma 5.1, we obtain:

Proposition 5.2. The bilinear operator &(f,g) := —IL(H(f),g) is bounded from
H}(RY) x BMO(R?) into L'(RY).
We recall (see [28]) that the class K is the set of all sublinear operators T' bounded
from H'(R?) into L'(R?) so that for some ¢q € (1, q],
16 = bp)Tallr < Cllbllmo,
for all b € BMO(R?), any classical (H',q)-atom a related to the ball B, where
C > 0 a constant independent of b, a.

Remark 5.3. By Remark 2.1 and as H(R?) C HL(RY), we obtain that K C K,
which allows to apply the two classical decomposition theorems (Theorem 3.1 and
Theorem 3.2 of [28]). This is a key point in our proofs.

Proof of Theorem 3.1. As T € K C K, it follows from Theorem 3.1 of [28] that
there exists a bounded subbilinear operator V : H}(R?) x BMO(R?) — L*(R?) such
that for all (g,0) € H'(R?) x BMO(R?), we have
(5.1) T(=11(g,0))] = V(g,b) < [[b; T](g)| < V(g,b) + [T(~11(g,0))]
Let us now define the bilinear operator R by
R(f,0) = [Uf, D) +V(H(S), b)
for all (f,b) € H}(RY)x BMO(RY), where U is the subbilinear operator as in Lemma
5.2. Then, using the subbilinear decomposition (5.1) with g = H(f),
T(S(f,0))] = R(f,0) <|Ib, TI(HI < [T(S(f, )] +R(f, ),
where the bounded bilinear operator & : H} (RY) x BMO(R?) — L'(R?) is given in

Proposition 5.2.
Furthermore, by Lemma 5.2 and Lemma 5.1, we get

IR0l < ACF,0)[[Lr + IVH(F), b)]l e
< C|fllm 1ol Baro + CUHE ) a6l Baro
< Clflm ol sro,

where we used the boundedness of V on H'(R?) x BMO(R?) into L'(RY). This
completes the proof.
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U

Proof of Theorem 3.2. The proof follows the same lines except that now, one deals
with equalities instead of inequalities. Namely, as T is a linear operator in K C
IC, Theorem 3.2 of [28] yields that there exists a bounded bilinear operator W :
H'(RY) x BMO(R?) — L'(R%) such that for every (g,b) € H*(R%) x BMO(R?),

[, T1(g) = W(g,b) + T(~1(g, b))
Therefore, for every (f,b) € HL(RY) x BMO(R?),
[0, T](f) = R(f,b) + T(&(f, 1)),

where R(f,b) == U(f,b) +W($H(f),b) is a bounded bilinear operator from H} (R%) x
BMO(R?) into L'(R?). This completes the proof.
U

5.2. Proof of Theorem 3.3 and Theorem 3.4. First, recall that VMO (R?) is
the closure of C°(R%) in BMOr(R?). Then, the following result due to Ky [29)].

Theorem 5.1. The space H}(R?) is the dual of the space V MOL(R?).

In order to prove Theorem 3.3, we need the following key lemmas, which proofs
will be given in Section 6.

Lemma 5.3. Let 1 < g < oo and 6 > 0. Then, for every f € BMOILO%(R“‘),
B = B(x,r) and k € Z", we have

2k
(1 + o)
log (e + (2

where the constant kg is as in Proposition 2.1.

)(k0+1)9

<’2le| / |f(y) — fB|qdy)1/q < Ck

2kB

)ko+1> HfHBMOILOfge’

Lemma 5.4. Let 1 < ¢ < o0, € > 0 and T be a L-Calderon-Zygmund operator.
Then, the following two statements hold:
i) If T*1 = 0, then T is bounded from Hi(R?) into H'(RY).
ii) For every f,g € BMO(RY), generalized (H},q,¢)-atom a related to the ball B,
I(f = fB)(9 — gB)Tall1r < Cfllsmollgll srro-

Proof of Theorem 3.3. (i). Assume that T is a (¢, L)-Calderén-Zygmund operator.
We claim that, as, by Lemma 5.4, it is sufficient to prove that

(5.2) 16— bs)alliy < Clbllaroes
and

(5.3) 16— bs)Tally, < CIbl o



COMMUTATORS OF SINGULAR INTEGRAL OPERATORS 21

hold for every generalized (H},2,d)-atom a related to the ball B = B(xg,r) with
the constants are independent of b, a. Indeed, if (5.2) and (5.3) are true, then

116, T @)z < 116 = bp)Tallmy + CIT((b = bp)a)||u
<

Cllbll parores + ClIT [y 11(b = b5)al
< Cij”BA4of&

Therefore, Proposition 2.2 yields that [b, T is bounded on H}(R%), moreover,

where the constant C' is independent of b.

The proof of (5.2) is similar to the one of (5.3) but uses an easier argument, we
leave the details to the interested reader. Let us now establish (5.3). By Theorem
5.1, it is sufficient to show that

(5.4) lp(b = bp)Tal|r < Clbll gysowellfllzaro,
for all ¢ € C°(R?). Besides, from Lemma 5.4,

(¢ = ¢5)(b = bp)Tall 1 < Clbl saolldllsro < Clbll gyrorslldllmor.-
This together with Lemma 2 of [15] allow us to reduce (5.4) to showing that

p(x0)

(5.5) log (e n )H(b — )Tl < OBl gproee-

Setting ¢ = §/2, it is easy to check that there exists a constant C' = C(g) > 0
such that

log(e + kt) < Ck®log(e +t)

for all £ > 2,t > 0. Consequently, for all k£ > 1,

k+1p

5.6 og (e + 200 < 0 e+ (552)™)).
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Then, by Lemma 4.2 and Lemma 5.3, we get

log <e n p(xo)> (b — bg)Tal|,

r

X
= 10g (e + 220 b — b5) T o o) +

r

xXr
+ log (e L O)> (b = bp)T'al L1 (2r+13\2¢ B)

,
k>1

IN

2r

. p T ko+1
+C Z ok log <e + <2]g+$2_> ) b — bBHL2(2k+1B)HT@HL2(2’“+1B\2’“B)

k>1

T ko+1
C'log (6+ (p( 0>> ) 16— bgllz2@B)l| Tal| L2 +

22

< CRB pyopellall s +C 37 25k + D25 B o] gy on2 125 B2

E>1
< CHb”BMolLogv

where we used § = 2¢. This ends the proof of (7).

(77). By Remark 2.3, (4i) can be seen as a consequence of Theorem 3.4 that we

are going to prove now.

Next, let us recall the following lemma due to Tang and Bi [44].

Lemma 5.5 (see [44], Lemma 3.1). Let V' € RHy. Then, there exists ¢o € (0,1)
such that for any positive number N and 0 < h < |x — y|/16, we have

g

C(N) 1 V(z) 1
|Kj(z,y)| < e N|x_y|d—1( / |x_z|d—1dz+ |a:—y|)
< T W) B(a,Jz—y))
and
C(N) heo V(2) 1
|Kj(x,y+h)—K]($,y)’ < >N|.flj'—y|co+d1( / |x—z]d1dz+|x—y|)’

lz—y|
(1 ™ p(y)

B(z,|lz—yl)

where K;(z,y), j =1,...,d, are the kernels of the Riesz transforms R;.

In order to prove Theorem 3.4, we need also the following two technical lemmas,

which proofs will be given in Section 6.

Lemma 5.6. Let 1 < ¢ < d/2 and ¢y be as in Lemma 5.5. Then, R;(a) is C' times a
classical (H', q, co)-molecule (e.g. [40]) for all generalized (H}, q, cy)-atom a related

to the ball B = B(xo,7). Furthermore, for any N > 0 and k > 4, we have

C(N
(5.7) 1Ry (@) peaess avn) < — )

]\[271900‘2kB|1/qfl7
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where C(N) > 0 depends only on N.

Lemma 5.7. Let 1 < ¢ < d/2 and § > 0. Then, for every f € BMO(R?),
g € BMOp¢(RY) and (H},q)-atom a related to the ball B = B(zg,7), we have

Itg = 98)R; (@)l < Cllgllamoy

and

I(f = fB)(g — gB)R;(a)||r < C|fllzmollgllzmoy,-

Proof of Theorem 3.4. Suppose that b € BMOILOiO(Rd), ie. b€ BMOILO%(]RCZ) for

some ¢ > 0. By Proposition 3.2 of [47], in order to prove that [b, R;] are bounded on

H}(R?), it is sufficient to show that ||[b, Rjl(a)lmr < Clbl gpyeres for all (Hp,d/2)-
L,0

atom a. Similarly to the proof of Theorem 3.3, it remains to show

(5.5) 16~ b)ally < Clbll oo
and
(5.9) 10 =b5)Rj(a)llmy < Clbll parores

hold for every (H},d/2)-atom a related to the ball B = B(zg,r), where the constants
C'in (5.8) and (5.9) are independent of b, a.

As before, we leave the proof of (5.8) to the interested reader.

Let us now establish (5.9). Similarly to the proof of Theorem 3.3, Lemma 5.7
allows to reduce (5.9) to showing that

(5.10) log (e—i—p( ))||(b—b3) Rj(@)lls < ClPl pasops.

Setting € = ¢o/2, there is a constant C' = C'(¢) > 0 such that for all £ > 1,

(5.11) log (e + ,0(:1}0)> < 02" log (e + <§£ff2>ko+l) .

r

Note that r < Cpp(xg) since a is a (H},d/2)-atom related to the ball B(xg,r). In
(5.7) of Lemma 5.6, we choose N = (kg + 1)f. Then, Holder inequality, (5.11) and
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Lemma 5.3 allow to conclude that
t0g (e + 22 b~ )y (@)
— log (e + M) 1(b = b3) R (@) | 11 01) +

+Zlog(

k>4

SN (b — ) By @)l s

p(xo) ) Fot
< clog (e ()™ )nb—an b2 gy | B @l 2 +
Y 21 PN 1y, R
+ Z ogle+ ok, 16— B”Lﬁ (2+1B) | j(a)”Ld/Z(zkHB\sz)
k>4
< Clbllpasors, + Cllbllpagors, Y k27"

k>4
< Clbllpyrors

where we used ¢y = 2e. This proves (5.10), and thus [b, R;] are bounded on H}(R?).
Conversely, assume that [b, R;] are bounded on H} (R?). Then, although b belongs

to BM Oli)io(Rd) from a duality argument and Theorem 2 of [7], we would also like
to give a direct proof for completeness.
Asb € BMOy, . (R?) by assumption, there exist § > 0 such that b € BM Oy, 4(R?).
For every (H},d/2)-atom a related to some ball B = B(xq,7). By Remark 2.1
and Lemma 5.7,

18;((b = bp)a)llor < [I(b = bp)R;(a)l|Lr + ClI[b, Bj](a) ]|
< Clbllsroy, + ClIb Billl i —mt

hold for all j = 1,...,d. In addition, noting that r < Cpp(x) since a is a (H},d/2)-
atom related to some ball B = B(xg,r), Holder inequality and Lemma 1 of [7] (see
also Lemma 6.6 below) give

1 = bp)allor < 1o =bsll 24, el < Clibllsyor,-

By the characterization of H}(R?) in terms of the Riesz transforms (see [16]), the
above proves that (b — bg)a € Hi(R?), moreover,

d
(5.12) I(b = bp)allgy < C <HbHBMoL,9 +> I, Rj]llr@yg)

=1

where the constant C' > 0 is independent of b, a.
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Now, we prove that b € BM OILO’%(Rd). More precisely, the following

log <e+ @) d
7 MO(b, B(wo, 7)) < C | bl saros.e + Y b Bl o

(1 + m) P

holds for any ball B(xg,r) in RY. In fact, we only need to establish (5.13) for
0 <7 < p(xg)/2 since b € BMOp, 4(RY).

Indeed, in (5.12) we choose B = B(zo,r) and a = (2|B|)~'(f — f5)xB, where f =
sign (b — bg). Then, it is easy to see that a is a (H},d/2)-atom related to the ball
B. We next consider

(5.13)

p(@o) p(xo) >

) + X("?P(IO)}“I’ - 'TOD 1Og <|ZL’ N $0|

g:co,r(x) = X[O,r]('x - $0|) 1Og <

Then, thanks to Lemma 2.5 of [33], one has ||gu,r|lBmo, < C. Moreover, it is
clear that g,,,(b—bg)a € L*(R?). Consequently, (5.12) together with the fact that
BMOp(RY) is the dual of H}(R?) allows us to conclude that

log (e + @)
9

MO(b, B(xo, 7)) < 310g(p(f0))M0(b,B(x0,r))

p(zo)
= 6] [ gu0s 0)(b(e) ~ b))
Rd
< 6[lgwo.rllBrro, (0= br)allm
d

< C (HbHBMoL,e + > Ib, Rj]HHﬁ@) :

=1
where we used r < p(x¢)/2 and

1
/(b(x) —bp)a(x)dx = S Blaor] / b(x) = bp(ge,n|d.

R4 B(zo,r)

This ends the proof.

6. PROOF OF THE KEY LEMMAS

First, let us recall some notations and results due to Dziubanski and Zienkiewicz
in [16]. These notations and results play an important role in our proofs.
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Let P(z) = (4m)~%2e~1#*I’/4 be the Gauss function. For n € Z, the space hl(R?)
denotes the space of all integrable functions f such that

Mof(@)= sup |Pyxf@)|= sup / Pl y)f (9)dy| € L' (R,

o<t<2—m o<t<2—m
Ra

_ _lz=yl®
d/2,

2
where the kernel p; is given by p(x,y) = (4nt) i We equipped this space

with the norm || f||n1 = [[My fl[L1.
For convenience of the reader, we list here some lemmas used in our proofs.

Lemma 6.1 (see [16], Lemma 2.3). There exists a constant C > 0 and a collection
of balls By = B(xn1,27"?), n € Z,k = 1,2, ..., such that z,, € B,, B, C Uy Bk,
and

card {(n', k') : B(xp 5, R27"?) N B(x o, R27V?) # 0} < R
for alln,k and R > 2.

Lemma 6.2 (see [16], Lemma 2.5). There are nonnegative C™-functions 1 k, n €
Z,k = 1,2, ..., supported in the balls B(z, 1, 2'""?) such that

D k=1 and ||Vl < C2V7

n,k

Lemma 6.3 (see (4.7) in [16]). For every f € H}(RY), we have
D nsflg, < Cllflly.
n,k

To prove Lemma 5.1, we need the following.
Lemma 6.4. There exists a constant C' = C(p,d) > 0 such that
(6.1) 1f = oz 5 fllas < C|[fllny s for alln € Z, f € hy (RY).

The proof of Lemma 6.4 can be found in [20]. In fact, in [20], Goldberg proved
it just for n = 0, however, by dilations, it is easy to see that (6.1) holds for every
n € Z,f € hl(R?) with an uniform constant C' > 0 depends only on ¢ and d.

Proof of Lemma 5.1. It follows from Lemma 6.4 and Lemma 6.3 that

19w = || S Wnef = 0anre % i)
n,k

>

n,k

< CZ | Un s flln < CHfHHi
n,k

H1

IN

Ynif = Pr-n * (Unif)|

Hl

A

for every f € H}(R?). This completes the proof. O
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For 1 < ¢ < oo and n € Z. Recall (see [16]) that a function a is said to be a
(R}, q)-atom related to the ball B(x,r) if r < 2'7"/2 and

i) supp a C B(zq,7),

i) [lall 2o < | B(zo, )] Vo,

iii) if 7 < 27'7"/2 then [y, a(x)dz = 0.

In order to prove Lemma 5.2, we need the following lemma.

Lemma 6.5. Let 1 < q < 0o, n € Z and v € B,. Suppose that f € hL(R?) with
supp f C B(x,2'"2). Then, there are (H},q)-atoms a; related to the balls B(x;,7;)
such that B(x;,7;) C B(z,22™/%) and

F=Y Naj, D INI<Clfln
j i

with a positive constant C' independent of n and f.

Proof. By Theorem 4.5 of [16], there are (h), ¢)-atoms a; related to the balls B(z;, ;)
such that B(z;,7;) C B(x,22""/?) and

f:Z)\j(lj7 Z|/\]‘ SC”th?lz
j J

Now, let us establish that the a;’s are (H}, q)-atoms related to the balls B(z;, ;).

Indeed, as z; € B(x,227™?) and x € B,, Proposition 2.1 implies that r; <
2212 < Cpp(x;), where Cp, is as in (2.4). Moreover, if r; < ép(xj), then Proposition
2.1 implies that r; < 27172 and thus [p,a;(z)dz = 0 since a; are (h}, g)-atoms
related to the balls B(x;,r;). These prove that the a;’s are (H}, ¢)-atoms related to
the balls B(xj, ;). O
Proof of Lemma 5.2. As T' € K, there exist ¢ € (1,00] and € > 0 such that
(6.2) I(b—bp)Tallr < CbllBmo
for all b € BMO(R?) and generalized (H},q,)-atom a related to the ball B.

From Hiqﬁi (RY) is dense in HlL‘;f (RY) = H}(RY) (see Theorem 2.2), we need only
prove that

[ACE D)l = 1116, T = HUDI e < Clf Nl bl aro

holds for every (f,b) € Hﬁ;i(ﬂ%d) x BMO(R?).
For any (n,k) € ZxZ'. As z,; € B, and ¢, 1. f € hl(R?), it follows from Lemma
6.5 and Remark 2.1 that there are generalized (H},q, €)-atoms a?’k related to the

balls B(z"*, r"*) such that B(z?"*,r"*) C B(zyx,227/?) and

(6.3) Ui =D N Y N < Ol
J J

with a positive constant C' independent of n, k and f.
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Clearly, supp @g-n/2 * a?’k C B(xyx,5.27"2) since supp ¢ C B(0,1) and supp
a;-l’k C B(xp, 227™?); the following estimate holds

loa-rnxa; llza < Nog-nszllzallal Ml < @72Vl 0 < O B(np, 5.27"2) V0,

Moreover, as x, x € By,

5.2”/2)5

k k
N o B P e

Ra

These prove that g2 * a?’k is C times a generalized (H},q,¢)-atom related to
B(2px, 5.27%/%). Consequently, (6.2) yields

(6.4) (0 = bpa, p52-m2)) T (P2-ns2 % af M)z < Cllbl saro-

By an analogous argument, it is easy to check that (py—n/2 *a;’ J(b=bp(s, ,52-1/2))

is C||b]| smo times a generalized (H}, T, £)-atom related to B(2yx, 5.27/2). Hence,

it follows from (6.3) and (6.4) that
116 T](pa-ns2 * (Vg fNr < (0= bp, . 5.2-72)) T (P2-n/2 * (Yngef)) 12
e (s e )]
(6.5) < Cllvnrfln bl sro,

where we used the fact that T is bounded from H}(R?) into L*(R?) since T' € Kp.
On the other hand, by f € HlL’%’fl(Rd), there exists a ball B(0, R) such that supp

f C B(0,R). As B(0, R) is a compact set, Lemma 6.1 allows to conclude that there
is a finite set 'r C Z x Z* such that for every (n, k) ¢ I'g,

B(x,1,2""?) N B(0, R) = 0.
It follows that there are N, K € Z* such that

—N k=1

Therefore, (6.5) and Lemma 6.3 yield

[Z0RO] P Z Z]bT Pr-2 % (Y f))
—N k=1
< CHbHBMoZ lén el < cuan;HbHBM@
n,k

which ends the proof.
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Proof of Lemma 5.3. First, we claim that for every ball By = B(x,7¢)

(1 N T_O)(ko-i-l)e
(6.6) (ﬁ / £) — faltay) " < 0

log (e+( oo ))k0+1) I larogs:
Assume that (6.6) holds for a moment. Then,
/ |f f |qd )1/‘1
|2’€B| By
ok B
1 1/q kL
< < kB / |f(y)—fsz!qdy> +Z’f2a'+13—f2j3]

|2 ’sz e

(ko+1)0
2k 29+1
(1+25) (1 )

||f||BMolog + Z 2d ”f“BMo“’g
log <e + (g(,f?)"““)“) =0 log ( ) )

ri (k‘o-i—].)@
( +p(x>>
< Ck

1 £1l gasoros -
log (e + ( plz ))ko+1> BMOL 4

Now, it remains to prove (6.6).
Let us define the function h on R? as follows

1, x € Bo,
h(w) = 2=kl g e 2B\ By,
O, i ¢ 280,
and remark that
=Y
(6.7) Ih(z) — h(y)]| < M

Setting f = f — fap,. By the classical John-Nirenberg inequality, there exists a
constant C' = C(d, q) > 0 such that

,B|/|f ~ il |B\/|h )~ (1P lidy)

< C||hfl saro-
Therefore, the proof of the lemma is reduced to showing that
(o
1 (o)
1hfllBro < C .
log (6 + (p(wo))k()—Fl)
70

>(k0+1)9

”f“BMOlLO,%?
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namely, for every ball B = B(z,r),

)(ko+1)9

~ B -
ﬁ / |h(y) f(y) — (hf)sldy < C ( p(z0)

1 5ar000% -
log (e + (2md i) T EHOLe

Now, let us focus on Inequality (6.8). Noting that supp h C 2By, Inequality (6.8)
is obv1ous if BN2By = (). Hence, we only consider the case BN 2By # (). Then, we
have the following two cases:

The case r > ry: the fact BN 2By # () implies that 2B, C 5B, and thus

1 ~ ~
5 / b)) = (P)sldy < 2o / 1(y) Flw)ldy

< |23|/|f f230|dy

2By

27
. <1 + p(;;))

< ”fHBMolOg
log (e + péTg)> o
(1 RNGER
+ T
(z0)
< C ’ £l garores -
- p(x0) BMOy 4
log (e + (2ot
The case r < ry: Inequality (6.7) yields
|h(y) — (hf)pldy < 2— /|h — hpfpldy
|B| / | B
< z—/yh — F)ldy+
| B
vafal / | / V) de
|B|J |B]
(6.9) <22 [17)  Faldy + 47— fan|.
| B / To

By r <1, B= B(x,7) N B(xy,1) # 0, Proposition 2.1 gives

T To o | — o]\ ko ro \kotl
7 <70 < ) <00 ms)
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Consequently,

S\
<1 + p(:v)>

i/
— f Y _f dy <~ 7 f .
|B| J | ( ) B| log(e N @) H HBMOLﬂ
14 1o (ko+1)6
(6.10) <C < p(mo)) o
- IOg <€ + (M)k0+1> BMO,
To
and
T | V0~ ol (o) ) 1]
_— y - T, 37‘ y x log
|B(ZE, 237’0)‘3 3 B(z,2310) log(e 0) BMOY
($72 1“0)
( )(ko+1
6.11 e 10
( ) lOg (e+(p(1’0))k0+ )”f”BMO g

Noting that for every k € N with 2k+1y < 23,

1
|foreip — farp| < Qdm / |f(y) = farrip|dy

2k+1p

olo2)

p(x HfHBMolOg
( 237'0)
( ) (ko+1)0
< (@0 HfHBMolLoge7
log (e + ( ko+1 > ’

allows us to conclude that

>(k0+1

.CB

(-

log (e + (

(6.12) | frn — fB$23TO|<Clog<e+ )

) ”f”BMOlLO,gg‘
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Then, the inclusion 2By C B(x,23r) together with the inequalities (6.9), (6.10),
(6.11) and (6.12) yield

1
lB,/m Pty < 2 [ 150 = Foldy+

B
r
+4_ <|fB(z,r) - fB(;v,237’o)| + 4dMO(f7 B(ZE, 237"0)))

(1 + o >(k0+1)
< C’<1 + - log(e + @)> o)

P(T0) ko1
log<e—|—( S kot
o (ko+1)6
< C (1 P($0)>

log (e—l—( £(20) ko +1>

we have used ;=log(e + ") < sup,; tlog(e + 1/t) < oo. This ends the proof.

) H ”BMOILO%

”f”BMOlE,ge’

t

By an analogous argument, we can also obtain the following, which was proved
by Bongioanni et al (see Lemma 1 of [7]) through another method.

Lemma 6.6. Let 1 < q < oo and 0 > 0. Then, for every f € BMOyo(R?),
B = B(x,r) and k € Z", we have

1 q 1/q 2kr (ko+1)0
(g [ 10 = atran)™ < (i 25 Ilmvon

2k B

Proof of Lemma 5.4. i) Assume that 7" is a (9, L)-Calderén-Zygmund operator
for some & € (0, 1]. For every generalized (Hj,2,d)-atom a related to the ball B, as
T*1 = 0, Lemma 4.2 implies that T'a is C' times a classical (H', 2, §)-molecule (see
for example [40]) related to B, and thus ||Ta||g1 < C. Therefore, Proposition 2.2
yields T maps continuously H}(R?) into H'(R?).

ii) By Lemma 4.1, Lemma 4.2 and Hélder inequality, we get

1(f = f8)(g — gB)Tal 1
= |(f = fB)(g — gB)Tal L1 (2p) + Z 1(f = fB)(9 — 9B)Tal|1(2x+1p\2 B)

k>1

< |f- fBHL2q’(zB)”9 - QBHL2q’(2B)HT(a>HLq +
+ N = Follpae @i lg — 98120 @es g 1T(@) | Lot proe )
k>1
< Clfllsmollgllsmo + D Clk+ 1| fllsaollgllsaol 2 Bl 27|28 B ot
k>1
< Cfllsmollgll o,
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where 1/¢+1/¢ = 1.
U

Proof of Lemma 5.6. It is well-known that the Riesz transforms R; are bounded
from H} (R?) into H'(R?), in particular, one has [o, R;(a)(z)dz = 0. Moreover, by
the Li-boundedness of R; (see [39], Theorem 0.5) one has ||R;(a)|/« < C|BJY47 1.
Therefore, it is sufficient to verify (5.7). Thanks to Lemma 5.5, as a is a generalized
(H},q,co)-atom related to the ball B, for every x € 2*1B\ 2*B,

/a(y)dy‘

Ry@)(@)] <] [ (.90 ~ K au))ao)dy] + |, m0)

B
C(N) ly — @o|® { / V(2) 1
< —d } d
N / 1y lomeo ) VRO [z — o o I la(y)ldy
B < p(xo) > B(z,lz—=0l)
C() i V() IRYERS
_ N+4No+co _ d—1 ( _ s|d—1 dz + _ ) ( )
(1 Ll wol) |z — 0| |z — 2| |z — 20|/ \p(x0)
p(zo) B(z,|z—wo)
(6.13)
o) I V) gk
< ——d
= 2 N P No (k) a1 / z — 2|1 z+ 127 B
< + p(xo>) < + p(wo>> B(a,[z—wol)

Here and in what follows, the constants C'(N) depend only on N, but may change
from line to line. Note that for every z € 2**'B\ 2B, one has B(z, |r — x¢|) C
B(z,28r) C B(wo, 2"?r). The fact V € RHye, d/2 > ¢ > 1, and Holder inequal-

ity yield
V()
d
[ e
(@,lz—ol) La(2k+1B\2k B dx)
1/q
2 V2 \E
< C(2Fr)ima / ( / P dz) dx
2k+1B\2kB  B(z,2k+1r)
2/d
d/2
< C<2k7,)1—§|2k+13|$—§ dz —|V(z)| dz
|z — z|¢-1
B(z,2k+1r) B(x0,2k+2r)
(6.14) < C2kr|2kB|Ma! / V(2)dz.

B(zo,2kt27)
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Combining (6.13), (6.14) and Lemma 1 of [21], we obtain that

||Rj (a) ||Lq(2k+1B\2kB)

C(N) reo2ky|2k B|/a=1 1 2 keo
< d ) +1B 1/q
S e | T EnEeT L [ v gl
( +p(om) ( T p<x0>> B(ao 24+2r)
C(N)

< gy,
(1 + m)
where Ny = log, Cy + 1 with Cj the constant in (2.1). This completes the proof.
O

Proof of Lemma 5.7. Note that r < Crp(z¢) since a is a (H}, q)-atom related to
the ball B = B(zg,r); and a is C,® times a generalized (H}, q, co)-atom related to
the ball B = B(x,7) (see Remark 2.1). In (5.7), we choose N = (ko + 1)6. Then,
Holder inequality and Lemma 6.6 give

(g — 98)R;i(a)|L:

= (¢ — 9B)R;(a)||L12em) + Z (g — gB)Rj(a)|l L1 @v+18\2x )
k=4

< llg- gBHLq’(243)|‘Rj’|LMLqHCLHLq + Z lg — QBHLq’(zkHB\sz)HRJ'(G)HLQ(2’€+1B\2’€B)

k=4
< Cllgllzmo, +
o0
, Okt (ko+1)6 1 e _
+C (k+1)2¢ B <1 + @ ) l9llBrro, " T2 keo | ok B|1/a=1
k=4 (1 + T;))

< CHgHBMOL,B’
where 1/¢ +1/¢’ = 1. Similarly, we also obtain that

I(f = fB)(9 — 9B)Ri(a)|

= |(f = f8)(g — 98)Ri(@) || primy + D _N(f = f5)(9 — 98)Ri(a)l| 2 2r+1 20
k=4

IA

1 = Il 2 21m)lg = 9Bl 2w a1y 12 (@) | 2o +

+ Z 1f = fBll 2w ey 19 — 9B 120 @r41 ) 1R (@) || Laganr1 Br2x By
k=4

< Clflsmollgllizro, .,
which ends the proof.
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7. SOME APPLICATIONS

The purpose of this section is to give some applications of the decomposition the-
orems (Theorem 3.1 and Theorem 3.2). To be more precise, we give some subspaces
of H}(R?), which do not necessarily depend on b and T', such that all commutators
[b,T], for b€ BMO(R?) and T € K1, map continuously these spaces into L!(R?).

Especially, using Theorem 3.1 and Theorem 3.2, we find the largest subspace
H} ,(R?) of Hj(R?) so that all commutators of Schrédinger-Calderén-Zygmund op-
erators and the Riesz transforms are bounded from H} ,(R?) into L'(R?). Also, it
allows to find all functions b in BMO(R?) so that #} ,(R?) = H} (R?).

7.1. Atomic Hardy spaces related to b € BMO(RY).

Definition 7.1. Let 1 < ¢ < o0, >0 and b€ BMO(R?). A function a is called a
(H} 4, q,€)-atom related to the ball B = B(xo,7) if a is a generalized (HJ, q,€)-atom
related to the same ball B and

(7.1) ‘/a(m)(b(m)—bg)dx‘ g( ! )

p(o)

As usual, the space Hé’yZ’E(Rd) is defined as Hi‘;f (R%) with generalized (H},q,¢)-
atoms replaced by (H ,, ¢, €)-atoms.
Obviously, Hi”g’a(Rd) C ]HIIL‘;f (RY) = H}(RY) and the inclusion is continuous.

Theorem 7.1. Let 1 < ¢ < 00, ¢ >0, b € BMORY) and T € K. Then, the
commutator [b, T is bounded from Hé’fé’s(Rd) into L'(RY).

Remark 7.1. The space H}(R?) which has been considered by Tang and Bi [44] is
a strict subspace of Hi:Z’E(Rd) in general. As an example, let us take 1 < q < o0,
e>0, L=—-A+1, and b be a non-constant bounded function, then it is easy to
check that the function f = xp(,) belongs to H}J’E’E(Rd) but not to H}(RY). Thus,
Theorem 7.1 can be seen as an improvement of the main result of [44].

We should also point out that the authors in [44] proved their main result (see
[44], Theorem 3.1) by establishing that

116, Bj] (@)l < Cllbl[Baco

for all H}-atom a. However, as pointed in [8] and [28], such arguments are not
sufficient to conclude that [b, R;] is bounded from H}(R?) into L'(R?) in general.

Proof of Theorem 7.1. Let a be a (H} ;, q,€)-atom related to the ball B = B(xo, ).
We first prove that (b—bg)a is C||b|| saro times a generalized (H}, (g+1)/2, €)-atom,
where ¢ € (1,00) will be defined later and the positive constant C' is independent
of b,a. Indeed, one has supp (b — bg)a C supp a C B. In addition, from Holder
inequality and John-Nirenberg (classical) inequality,

(b = bg)all @z < (10— bp)xsl a@ s llall iz < Cllbllsaso] BITT/@Y,
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where ¢ = ¢ if 1 < ¢ < oo and ¢ = 2 if ¢ = oco. These together with (7.1) yield
that (b — bg)a is C||b||pyo times a generalized (H},(q + 1)/2,¢)-atom, and thus
1(b = bp)allm < Cllbl saro-

We now prove that &(a,b) belongs to Hi (R?).

By Theorem 3.2, there exist d bounded bilinear operators R; : H (R*)x BMO(R?) —
LYRY), j =1,...,d, such that

[b; R;](a) = R;(a,b) + R;(S(a, b)),

since R; is linear and belongs to K, (see Proposition 4.2). Consequently, for every
j=1,...,d,as R; € Kp,

17;(S(a, 0Dl = [I(b = bg)R;(a) = R;((b = bp)a) = R;(a,b)]| s
< (b =bp)R;(a)]lr + [|1Rjll 12 10 = bB)allmy + [R;(a, 0)]|
< Cllbllzaro-
This together with Proposition 5.2 prove that &(a,b) € H} (R?), and moreover that
(7.2) 16(a, b)l|my < CllbllBaro-

Now, for any f € Hi:Z’E(Rd), there exists an expansion f = .- Apaj, where the
ar are (HJ ,, q,¢)-atoms and Y7, [Ax] < 2|| fll g0 Then, the sequence {0 Ak a1

converges to f in H;¢*(R?) and thus in H}(R?). Hence, Proposition 5.2 implies that

the sequence {6(22:1 AiG, b)} converges to &(f,b) in L'(R?). In addition,
n>1

by (7.2),

< S IS @by < ClF gt bl maro.

Hi k=1

&( S hea. b)
k=1

We then use Theorem 3.1 and the weak-star convergence in H1(R?) (see [29]) to
conclude that

116, T

1R (f, )l + 1T W g2 S (S, 0y
Clifllag ol zaro + Clifllgrac bl Brro

C||fHH;ng||bHBMO,

IAIA

IN

which ends the proof.
O

7.2. The spaces M} ,(R?) related to b € BMO(R?). In this section, we find
the largest subspace #} ,(R?) of H}(R?) so that all commutators of Schrodinger-
Calderéon-Zygmund operators and the Riesz transforms are bounded from HILJ,(Rd)

into L'(R?). Also, we find all functions b in BMO(R?) so that H} ,(R?) = H] (R).
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Definition 7.2. Let b be a non-constant BMO-function. The space ’be(]Rd) con-
sists of all f in Hi(R®) such that [b, Mr](f)(z) = My(b(z)f(-)=b(-)f(-))(z) belongs
to L'(R?). We equipped H} ,(R?) with the norm

£l , = I erg Bl mazo + 1116, ML)(F) -

Here, we just consider non-constant functions b in BMO(R?) since [b,T] = 0 if b
is a constant function.

Theorem 7.2. Let b be a non-constant BMO-function. Then, the following state-
ments hold:
i) For every T € Ky, the commutator [b, T is bounded from H} ,(R?) into L' (R?).

ii) Assume that X is a subspace of HL(RY) such that all commutators of the Riesz
transforms are bounded from X into L'(R?). Then, X C M} ,(R?).

iii) 1y ,(RY) = HE(R?) if and only if b € BMO7®(R?).
To prove Theorem 7.2, we need the following lemma.

Lemma 7.1. Let b be a non-constant BMO-function and f € H}(RY). Then, the
following conditions are equivalent:

i) f € Hpp(RY).

i) &(f,b) € Hi(R?).

ii) [b, R;](f) € L*(R?) for all j =1,...,d.

Furthermore, if one of these conditions is satisfied, then

1l = Aol Baco + ({6, ML](f)llzs
~ N flap bllsao + 16(f, 0]y

d
~ | f s bllao + > b, Byl
j=1

where the constants are independent of b and f.

Proof. (i) < (ii). As My € K (see Proposition 4.3), by Theorem 3.1, there is a
bounded subbilinear operator R : Hi (R?) x BMO(R?) — L'(R?) such that

ML (S(f,0)) = R(f, ) < [[b, MLJ(f)| < ML(E(f, b)) + R(f, D).
Consequently, [b, Mz](f) € LY(RY) iff &(f,b) € H}(R?), moreover,
112y, & [Lf ey 1ol 5azo + (1S (S, 0) | -

(i1) < (it7). As the Riesz transforms R; are in KCj (see Proposition 4.2), by
Theorem 3.2, there are d bounded subbilinear operator R; : H} (R?) x BMO(R?Y) —
LY(R%), j =1,...,d, such that

[0, B;](f) = R;(f,0) + R;(S(F,0)).
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Therefore, &(f,b) € H}(RY) iff [b, R;|(f) € L'(R?) for all j = 1, ...,d, moreover,

d
1 1z bl saro + IS0 ~ L g bl Baro + > b RiJ(F) o1

j=1
U

Proof of Theorem 7.2. By Theorem 3.1, there is a bounded subbilinear operator
Rr : H(RY) x BMO(R?) — L*(R%) such that

IT(S(f,0))| = Rr(f,0) < |[b,TI(f)| < |T(S(f,0)) +Rr(f,b).
Applying Lemma 7.1 gives for every f € H} ,(R?),

11, TIHIer < T g2 1S CF 0y + 1R (S, 0)]
< Clfls, + Cllf Ml 1ol Brio < Cllf Nl -
Therefore, [b, T] is bounded from H} ,(R?) into L'(R?). This ends the proof of (i).

The proof of (ii) follows directly from Lemma 7.1.
The proof of (iii) follows directly from Theorem 3.4 and Lemma 7.1. O

7.3. Atomic Hardy spaces HlLoi(Rd).

Definition 7.3. Let o € R. We say that the function a is a Hﬁi—atom related to
the ball B = B(xo,r) if

i) supp a C B,

ii) llallz2 < (log(e + £22)) " BI /2,

i) [pa a(z)dr = 0.

As usual, the space Hlﬁi (R%) is defined as Hiif with generalized (H}, q, )-atoms
replaced by Hlﬁi—atoms.

Clearly, Hlﬁg(Rd) is just H'(R?) C H}(R?). Moreover, HlLﬁi(Rd) C HlLof’;, (RY) for
all @« < «'. It should be pointed out that when L = —A + 1 and o > 0, then
H}-ji(]Rd) is just the space of all distributions f such that

Mf(z)
/ /\smf( ) ~dr < 00
]Rd (log(e + T‘r)>

for some A > 0, moreover (see [27] for the details),

Mf(x)
HfHHlog ~ lnf )\ > 0 : / A adl‘ S 1
@ Mf(x
‘ 4 (Tog(e + 24=))

Theorem 7.3. For every T € K and b € BMO(R?), the commutator [b,T] is
bounded from Hp® | (R?) into L'(R?).
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Proof. Let a be a Hlﬁg_l—atom related to the ball B = B(xzg,r). Let us first prove
that (b — bg)a € H(R?). As H}(R?) is the dual of VMO (R?) (see Theorem 5.1),
it is sufficient to show that for every g € C®(R?),

1(b—bg)agllr < Cllbllzarollgll zaroy.

p(@o
T

Indeed, using the estimate |gg| < C'log (e + )> llgllsrro, (see Lemma 2 of [15]),

Holder inequality and classical John-Nirenberg inequality give

1(b=bg)agllr < [l(g —98)(b—bg)allrr + |gslll(b — bs)al|
< (g — 98)xslle+l(b = bs)xsll4llal > +

p(o)
T
< C|bllsmollgllBroy, s

which proves that (b — bg)a € H}(R?), moreover, ||(b— bp)allm < C|]b sro-
Similarly to the proof of Theorem 7.1, we also obtain that

ISCf 0y < Cllfll s [1bllBaro
for all f € HILOF_ L(R%). Therefore, Theorem 3.1 allows to conclude that
6.7z < Ol lLen [Bllsns0,
which ends the proof. O

+Clog (e + 252 llgllmaro, 16 = bs)xall e al 2

As a consequence of the proof of Theorem 7.3, we obtain the following result.

Proposition 7.1. Let T' € Kr. Then, T(f,b) := [b,T|(f) is a bounded subbilinear
operator from HE%I(Rd) x BMO(R?) into L*(RY).

7.4. The Hardy-Sobolev space H,'(R%). Following Hofmann et al. [23], we say
that f belongs to the (inhomogeneous) Hardy-Sobolev Hé’l(Rd) if f,0u, f, ..., 0u,f €
H}(R?). Then, the norm on H,"'(R%) is defined by

d
1 2 = 1 Nerz + D 1102, f Ly
j=1

It should be pointed out that the authors in [23] proved that the space HA (R?)
is just the classical (inhomogeneous) Hardy-Sobolev H'(R?) (see for example [1]),

and can be identified with the (inhomogeneous) Triebel-Lizorkin space F}'*(R%) (see
[26]). More precisely, f belongs to H%*(R?) if and only if

1/2

Wy(f) = {ZZ (F )21+ |fr—1/d>2|f\—1>a} € L'(RY),
I oec&

moreover,

(7.3) [l = W (Pl -
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Here {17} ¢cs is the wavelet as in Section 4.

Theorem 7.4. Let L = —A + 1. Then, for every T € Ky, and b € BMO(R?), the
commutator [b, T is bounded from H}"'(RY) into L'(R?).

Remark 7.2. When L = —A+1, we can define H(f) = f—@x* f instead of H(f) =
vak(wmkf — g/ * (Ui f)) as in Section 5. In other words, the bilinear operator
G in Theorem 8.1 and Theorem 3.2 can be defined as S(f,g) = —I(f — ¢ * f,g).
As O(f) = f— = f, it is easy to see that

02, (H(f)) = 90, f)-

Here and in what follows, for any dyadic cube Q = Q(y,r) := {z € R? : —r <
z; —y; <rforall j=1,..,d}, we denote by Bg the ball

Bg = {x eRY: |z —y| < 2\/37“}.
To prove Theorem 7.4, we need the following lemma.

Lemma 7.2. Let L = —A + 1. Then, the bilinear operator II maps continuously
HYYRY) x BMO(RY) into Hi (RY).

Proof. Note that p(x) = 1 for all x € R since V(z) = 1. We first claim that there
exists a constant C' > 0 such that

(7.4) I+ YD) @)y < ©

for all dyadic I = Q[xg,r) and o € €. Indeed, it follows from Remark 5.2 that supp
(1 + [I|7YN) =1 (p9)? C el C c¢By, and it is clear that ||(1 4 [I|7Y9) "1 (¢9)?||1~ <
[I|7 Y|z < CleB;|™. In addition,

| [ ey g ) ds] = 1+ 1 < 0

p(o)

Hence, (1 + |[I|7Y4)~1()7)? is C times a generalized (H}, o0, 1)-atom related to the
ball ¢By, and thus (7.4) holds.
Now, for every (f,g) € H"'(R?) x BMO(R?), (7.4) implies that

T D) = 1D 9 (g, 07) @7l

I oc€€

CIY (AR + 77) g, w)]

I o€€
ClIWy (Nl gl o2
Cll el Baco,

where we have used the fact that BMO(R?) = F%2(RY) is the dual of H'(R?) =
F?(RY), we refer the reader to [18] for more details.

IA

<
<
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Proof of Theorem 7.4. Let (f,b) € H;'(RY) x BMO(R?). Thanks to Lemma 7.2,
Remark 7.2 and Lemma 5.1, we get

16(f,0)llmy < ClUHUN e ]bllsaro
< Clflla bl Baco-

Then we use Theorem 3.1 to conclude that

116, THAe < 1R (f,0) | + 1Ty -0 1SS D)1y
< Clflluzlbllzro,

which ends the proof.
O

As a consequence of the proof of Theorem 7.4, we obtain the following result.

Proposition 7.2. Let L = —A+1 and T € K. Then, T(f,b) := [b,T|(f) is a
bounded subbilinear operator from H,'(RY) x BMO(R?) into L'(R%).
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