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A MULTIDIMENSIONAL BORG-LEVINSON THEOREM FOR MAGNETIC
SCHRODINGER OPERATORS WITH PARTIAL SPECTRAL DATA

YAVAR KIAN

ABSTRACT. We consider the multidimensional Borg-Levinson theorem of determining both the magnetic
field dA and the electric potential V| appearing in the Dirichlet realization of the magnetic Schrédinger
operator H = (—iV + A)2 +V on a bounded domain Q C R™, n > 2, from partial knowledge of the
boundary spectral data of H. The full boundary spectral data are given by the set {(Ag, 8ygok|69) :k>1%,
where {\; : k € N*} is the non-decreasing sequence of eigenvalues of H, {¢) : k € N*} an associated
Hilbertian basis of eigenfunctions and v is the unit outward normal vector to 9Q2. We prove that some
asymptotic knowledge of (/\k,aygak‘ag) with respect to k > 1 determines uniquely the magnetic field dA
and the electric potential V.

Keywords: Inverse spectral problem, Borg-Levinson theorem, magnetic Schrédinger operators.
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1. INTRODUCTION

1.1. Statement of the problem. We consider Q@ C R", n > 2, a C!*! bounded and connected domain such
that R™ \  is also connected. We set I' = 9Q. Let A € Wh(Q,R"), V € L*°(Q,R) and consider the
magnetic Schrédinger operator H = (—iV + A)? 4+ V acting on L?(2) with domain D(H) = {v € H}(Q) :
(—iV + A)%v € L*(Q)}.

Let A; € Whe(Q,R"), V; € L¥(Q,R), j = 1,2, and consider the magnetic Schrédinger operators
Hj =Hfor A= A; and V =V}, j = 1,2. We say that H; and H, are gauge equivalent if there exists
p € W2°(Q,R) N H}(Q) such that Hy = e P Hye'P.

It is well known that H is a selfadjoint operator. By the compactness of the embedding H}(Q) — L?(£2),
the spectrum of H is purely discrete. We note {\; : k € N*} the non-decreasing sequence of eigenvalues of
H and {pj : k € N*} an associated Hilbertian basis of eigenfunctions. In the present paper we consider the
Borg-Levinson inverse spectral problem of determining uniquely H, modulo gauge equivalence, from partial
knowledge of the boundary spectral data {(Ag,Ovprr) © k& € N*} with v the outward unit normal vector
to I'. Namely, we prove that some asymptotic knowledge of (A, &,cpk|F) with respect to k € N* determines
uniquely the operator H modulo gauge transformation.

1.2. Borg-Levinson inverse spectral problems. It is Ambartsumian who first investigated in 1929 the
inverse spectral problem of determining the real potential V' appearing in the Schrodinger operator H =
—A +V, acting in L?(f), from partial spectral data of H. For = (0,1), he proved in [1] that V = 0 if
the spectrum of the Neumann realization of H equals {k* : k € N}. For the same operator, but endowed
with homogeneous Dirichlet boundary conditions, Borg [6] and Levinson [19] established that the Dirichlet
spectrum {\g : k& € N*} does not uniquely determine V. They showed that additional spectral data, namely
{llerllzz0,1) : k € N*}, where {¢} : k € N*} is an L?(0, 1)-orthogonal basis of eigenfunctions of H obeying
the condition ¢}, (0) = 1, is needed. Gel’fand and Levitan proved in [12] that uniqueness is still valid upon
substituting the terminal velocity ¢} (1) for ||ox|/z2(0,1) in the one-dimensional Borg and Levinson theorem.
1
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In 1988, Nachman, Sylvester, Uhlmann [22] and Novikov [25] proposed a multidimensional formulation
of the result of Borg and Levinson. Namely, they proved that the boundary spectral data {(Ag, 8,,<pk‘ 90q)
k € N*}, where v denotes the outward unit normal vector to dQ and (A\g,¢x) is the k" eigenpair of
—A + V, determines uniquely the Dirichlet realization of the operator —A + V. The initial formulation
of the multidimensional Borg-Levinson theorem by [22] and [25] has been improved in several ways by
various authors. Isozaki [14] (see also [9]) extended the result of [22] when finitely many eigenpairs remain
unknown, and, recently, Choulli and Stefanov [10] claimed uniqueness in the determination of V' from the
asymptotic behavior of (g, 8,,<pk|p) with respect to k. Moreover, Canuto and Kavian [7, 8] considered the
determination of the conductivity ¢, the electric potential V' and the weight p from the boundary spectral
data of the operator p~*(—div(cV-)+V) acting on the weighted space L2 () endowed with either Dirichlet or
Neumann boundary conditions. Namely, [7, 8] proved that the boundary spectral data of p=1(—div(cV-)+V)
determines uniquely two of the three coefficients ¢, V' and p. The case of magnetic Schrédinger operator has
been treated by [27] who determined both the magnetic field dA and the electric potential V' of the operator
H = (—iV + A)? + V. Here the 2-form dA of a vector valued function A = (ay, ...,a,) is defined by

dA = Z(&Ijai — 8Iiaj)dxj A da:l
i<j

All the above mentioned results were obtained with Q bounded and operators of purely discrete spectral
type. In some recent work [16] examined a Borg-Levinson inverse problem stated in an infinite cylindrical
waveguide for Schrodinger operators with purely absolutely continuous spectral type. More precisely, [16]
proved that a real potential V' which is 27-periodic along the axis of the waveguide is uniquely determined
by some asymptotic knowledge of the boundary Floquet spectral data of the Schrédinger operator —A + V/
with Dirichlet boundary conditions.

Finally, let us mention for the sake of completeness that the stability issue in the context of Borg-
Levinson inverse problems was examined in [4, 5, 9, 10, 16] and that [2, 5, 15] established related results
on Riemannian manifolds. We also precise that [21, 28, 29] have proved stability estimates in the recovery
of coefficients from the hyperbolic Dirichlet-to-Neumann map which is equivalent to the determination of
general Schréodinger operators from boundary spectral data.

1.3. Main result. Let A; € WH>°(Q,R"), V; € L>(Q2,R) and consider the magnetic Schrodinger operators
H; = H for A= Aj and V =V}, j = 1,2. Further we note (\jx,¢;x), k > 1, the k' eigenpair of H;, for
7 =1,2. Our main result can be stated as follows.

Theorem 1.1. We fix Q1 an arbitrary open neighborhood of I' in § (T CQy and Q € Q). Forj=1,2, let
V; € L* (L, R) and let A; € CH(Q,R™) fulfill

A1<.'17) = AQ(.’E), x €. (11)
Assume that the conditions
+oo
. o B 2
kgrf_loo |)‘1,k —A2x| =0, 1; ||6u§01,k 6V<P2,k||L2(r) <0 (1.2)

hold simultaneously. Then, we have dAy = dAs and V, = Vs.

Note that condition (1.1) corresponds to the knowledge of the magnetic potential on a neighborhood of
the boundary.

Let us observe that, as mentioned by [10, 16], Theorem 1.1 can be considered as a uniqueness theorem
under the assumption that the spectral data are asymptotically "very close". Conditions (1.2) are similar to
the one considered by [16] and they are weaker than the requirement that

‘)‘1,](? - >\2,k| < Ckiaa ||6V901,k - 8u(p2,k||L2(F) g Okiﬁ

for some a > 1 and 8 > 1 — 5=, considered in [10, Theorem 2.1]. Note also that conditions (1.2) are weaker
than the knowledge of the boundary spectral data with a finite number of data missing considered by [14].
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Let us remark that there is an obstruction to uniqueness given by the gauge invariance of boundary
spectral data for magnetic Shrédinger operators. More precisely, let p € C5°(2\ Q1) \ {0} and assume that
Ay =Vp+ Ay # Ay, Vi = V. Then, we have H; = e PH,e'? and one can check that we can choose the
spectral data of H; and Hs in such a way that the conditions

Oerkr = 2 kips Ak =Aok, kEN

are fulfilled. Therefore, conditions (1.1)-(1.2) are fulfilled but H; # Hs. Nevertheless, assuming (1.1)
fulfilled, the conditions dA; = dA; and Vi = V5 imply that H; and H, are gauge equivalent. Therefore,
Theorem 1.1 is equivalent to the unique determination of magnetic Schrédinger operators modulo gauge
transformation from the asymptotic knowledge of the boundary spectral data given by conditions (1.2).

We stress out that the problem under examination in this text is a Borg-Levinson inverse problem
for the magnetic Schrédinger operator H = (—iV + A)2 + V. To our best knowledge, there are only
two multi-dimensional Borg-Levinson uniqueness result for magnetic Schrodinger operators available in the
mathematical literature, [15, Theorem B] and [27, Theorem 3.2] (we refer also to [24] for related inverse
scattering results). In [15], the authors considered general magnetic Schrodinger operators with smooth
coefficients on a smooth connected Riemannian manifold and they proved unique determination of these
operators modulo gauge invariance from the knowledge of the boundary spectral data with a missing finite
number of data. In [27], Serov treated this problem on a bounded domain of R™, and he proved that, for
A e Wh(Q,R") and V € L>(Q,R), the full boundary spectral data {(Ax, 0, @k ) : k € N*} determines
uniquely dA and V. In contrast to [15, 27|, in the present paper we prove that the asymptotic knowledge
of the boundary spectral data, given by the conditions (1.2), is sufficient for the unique determination of
dA and V. To our best knowledge, conditions (1.2) are the weakest conditions on boundary spectral data
that guaranty uniqueness of magnetic Schrodinger operators modulo gauge transformation. Moreover, our
uniqueness result is stated with conditions similar to [16, Theorem 1.4], which seems to be the most precise
Borg-Levinson uniqueness result so far for Schrodinger operators without magnetic potential (A = 0).

An important ingredient in our analysis is a suitable representation that allows to express the magnetic
potential A and the electric potential V' in terms of Dirichlet-to-Neumann map associated to the equations
(—iV + A)?u + Vu — Au = 0 for some A € C. In [14] Isozaki applied a similar approach to the Schrédinger
operator —A + V with Dirichlet boundary condition! and [10, 16] applied the representation formulas of
[14]. Inspired by the construction of complex geometric optics solutions of [3, 11, 17, 18, 23, 26, 30] we prove
that the approach of [10, 14, 16] can be extended to magnetic Schrodinger operators. More precisely, we
derive two representation formulas that allow to recover both the magnetic field and the electric potential of
magnetic Schrodinger operators which means recovery of both coefficients of order one and zero in contrast
to [10, 14, 16] where only determination of coefficients of order zero is considered. This paper is the first
where the extension of the approach developed by [14] to more general coefficients than coefficients of order
zero is considered. Note also that our approach make it possible to prove this extension without imposing
important assumptions of regularity of the admissible coefficients.

We believe that the approach developed in the present paper can be used for results of stability in the
determination of the magnetic field dA and the electric potential V' similar to [16, Theorem 1.3]. Indeed,
following the strategy set in this paper we expect a stability estimate associated to the the determination of
the magnetic field dA. The main issue comes from the stability in the determination of the electric potential
V. Nevertheless, we believe that this problem can be solved by adapting suitably the argument developed
in [32] related to the inversion of the d operator on differential forms restricted to the right subspaces.

1.4. Outline. This paper is organized as follows. In Section 2 we consider some useful preliminary results
concerning solutions of equations of the form (—iV + A)?u+ Vu — Au = 0 for some A € C\ o(H). In Section
3 we introduce two representation formulas making the connection between the Dirichlet-Neumann map
associated with the previous equations and the couple (A, V') of magnetic and electric potential. Finally, in
section 4 we combine all these results and we prove Theorem 1.1.

LThis argument was inspired by the Born approximation method of the scattering theory.
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2. NOTATIONS AND PRELIMINARY RESULTS

In this section we introduce some notations and we give some properties of solution of the equation
(—iV + A)?u + Vu — M = 0. We denote by (f,4) the duality between 1) € H'/2(TI") and f belonging to the
dual H-/2(I") of HY/?(T"). However, when in (f,1) both f and ¢ belong to L?(T"), to make things simpler
(-,+) can be interpreted as the scalar product of L?(I"), namely

() = / f(2) 6(x) do(a).

We introduce the operator H defined as

Hu:= (—iV + A)*u+Vu, ue D(H):={y e Hj(Q); (—iV + A)*p € L*(Q)}. (2.3)

Recall that H is associated to the quadratic form b given by
b(u,v) = / (—iV + A)u(z) - (3 T A)o(z) dz + / V(@) u(z)o(@) dz, v € HL(Q).
Q Q

Moreover, the spectrum of H is discrete and composed of the non-decreasing sequence of eigenvalues denoted
by o(H) = {\ ; k > 1}. If we write V = VT — V~, with V* := max(0,4V), we have that the spectrum
o(H) of H is contained into [—||V ™ || = (q), +00). According to [13, Theorem 2.2.2.3], we can show that D(H)
embedded continuously into H?(2). Therefore the eigenfunctions (px)r>1 of H, that form an Hilbertian
basis, are lying in H?(2) and we have Ovpr|r € HY2(T).

From now on, we fix f € H'/?(I') and A € C\ ¢(H) and we consider the problem

(-iV+A)?u+Vu—Iu = 0, in Q, (2.4)
u(z) = f(z), xel. ’
We start with two results related to the asymptotic behavior of solutions of (2.4) as A — —oc.

Lemma 2.1. For any f € HY/?(T') and A\ € C\ o(H), there exists a unique solution w € H*(Q) to (2.4)
which can be written as

pp— J— ak
Uy ‘= u= Z A\ — >\k Pk (25)
k>1
where for convenience we set
h == Oukps and ok = (f, hg). (2.6)

Moreover, we have

2 _ |04k|2
||u>\HL2(Q) —kg:lm — 0 as A\ — —oo.

Proof. Since \ ¢ o(H), one can easily check that (2.4) admits a unique solution uy € H'(). Moreover, uy
can be written in terms of the eigenvalues and eigenfunctions \g, ¢x. Indeed, uy € L?(2) can be expressed
in the Hilbert basis (¢g)r>1 as

Ux = Z(UAWUC) Pk
k=1
with (-, -) the scalar product with respect to L?(Q). Since uy € H*(Q2) and Auy = —2iA-Vuy+ (=i div(A) +
|A|? 4+ V)uy € L3(2), we have Vuy € Hyip(Q) = {v € L2(;,C") : div(v) € L3(Q)}. Thus, taking the scalar
product of the first equation in (2.4) with ¢ and applying the Green formula we obtain

(Fi ) = (A = ) (ulepr),
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which yields the expression given by (2.5). The fact that ||ux]] = 0 as A — —oo is a consequence of the
fact that we may fix cg > [[V|[;=(q) large enough so that if A is real and such that A < —co, we have

IA = Ag|? = |co — \g|? for all k > 1, and thus
ok |? Jovk|?
A= Ae2 T Jeo = Al
so that we may apply Lebesgue’s dominated convergence as A — —oo. O

Lemma 2.2. For all A < —[|V|| () — 6 HA||2LOO(Q’R7L), the solution uy of (2.4) satisfies

[Vurll 2oy, < Clluallpzq,) (2.7)
with C depending only on Q and €.

Proof. Let us denote by x € C5°(£2,R) a function satisfying x = 1 on Q\ €. Then, since Vuy € Hy;, (£2),
multiplying (2.4) by x*ux and applying the Green formula we obtain

0:/(—iV+A)2uAX21T,\dx+/(V—>\)X2 lux|? da
Q Q
=/ |xVu)\|2dx+2/(xVu)\)-quAdx (2.8)
Q Q

+ / [2i(uax)A - uaAV X + ixurA - xVuy + xVuy - iAxun]dz + / (AP +V = X2 |ua]? da.
Q Q
Applying the Cauchy-Schwarz inequality we find
2 2 2
||XVUA||L2(Q) + (= HAHLoo(Q,Rn) - ||V||Loo(Q) ) ||XUA||L2(Q)

<2 HUAVXHB(Q) ||XVU>\||L2(Q) +2 HAHLOO(Q) ||XUA||L2(Q) HUAVXHB(Q) +2 ||A||Loo(Q) HXUA||L2(Q) ||XVUA||L2(Q)

IxVuxll
4

2
2 2 2 2 2 2
<A [uaVx[p2(0) + L@ 4 Al ) IxUallZ2c) + 1a VXN L2 0y + 4 11AN L .m) IXUAN L2 (0

”XVU)\ HiQ(Q)
-

From this estimate, we deduce

[XVurlzz)
2
Using the fact that A\ < — [|[V| e () — 6 ||A||ioo(Q’Rn), we obtain

2 2 2
+ (= HVHLOC(Q) —6 HAHLOO(Q,]R") - ) ||XU/\HL2(Q) <5 ||U/\VX||L2(Q) :

2 2 2 2 2 2
HVUAHB(Q\Ql) < ||XVUA||L2(Q) <10 ||u)\VX||L2(Q) <10 HVXHLOC(Q) ”u)\”L?(Ql) <C ”u)\”L?(Ql)'
From this estimate we deduce (2.7).
(|

It is clear that the series (2.5) giving uy in terms of oy, Ay and ¢y, converges only in L?(2) and thus we
cannot deduce an expression of the normal derivative d,u) in terms of oy, Ay and hy. To avoid this difficulty,
in a similar way to [16], we have the following lemma:

Lemma 2.3. Let f € HY*(T') be fived and for \,u € C\ o(H) let uy and u, be the solutions given by

Lemma 2.1. If we set v := vy, = ux — uy, then

_ (1= Ny,
K Y e v e L 29

the convergence taking place in HY/?(T).
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Proof. Let vy, := u) — uy; One verifies that vy , solves

{ (—iV + A)Qv)w +Voy,— Aoy, = (A—p)uy,, in,

unu(z) = 0, zel. (2.10)

Since (uy|or) = ar/(1t — Ak), it follows that

_ (A — o
P L T = a0

k>1
the convergence taking place in D(H). Since the operator v + d,v is continuous from D(H) into H'/?(T'),

the result of the lemma follows. O

The next lemma states essentially that if for j = 1 or j = 2 we have two magnetic potentials A;, two
electric potentials V; and u; := u;,, solutions of

(—iV + A;)uj + Vjuj; — pu; = 0, in Q,
u](x) = f(J?), zel,

then uy , and us , are close as ;t — —oo: in some sense the influence of the potentials A; and V; are dimmed
when p — —oo. More precisely we have:

(2.11)

Lemma 2.4. Let V; € L°(Q,R) and A; € WH®(Q,R"™) be given for j =1 or j =2, and denote by H; the
corresponding operator defined by (2.3). We assume that condition (1.1) is fulfilled. For f € HY?*(T) and
p € (=00, ps) C C\o(H), let u;, = u; be the solution of (2.11). Then z, = u1,, —ua, € H*(Q) converge
to 0 in H?() as p — —oo. In particular d,z, — 0 in L*(T') as p — —o0.

Proof. Since the trace map v — 9, is continuous from H?(€2) to L*(T'), it is enough to show that z, € H?()
and |[2,][r2() — 0 when g — —oo. We fix p < pi with p < — [Vl o) — 6 ”A”iW(Q,R") less than the
constants given by Lemma 2.1 for A = A;, V =V}, j = 1,2. Without lost of generality we assume that
Hj; — p, is positive, j = 1,2. One verifies that z, solves the equation

(—iV 4+ A1)?z +Vizy —pzy = —2i(Ay — A1) - Vugy, + (p2 — p1)ug,,, inQ,
Zu(x) 0, zel

with p; = —idiv(A;) + |Aj|2 +Vj, j = 1,2. That is, denoting by Ry, = (Hy — ul)~' the resolvent of the
operator Hy := (—iV + A1) + Vi, we have

(2.12)

“+ o0

Zu = RLM(_Qi(AQ —Ap)- Vug,, + (p2 — pl)u2,u) = Z
k=1

7(wu7<pl’k)<ﬁ1 k
Aie—p) "

with w, = —=2i(As — A1) - Vug , + (p2 — p1)u2,, and (A1 x)k>1, (©1,k)k>1 respectively the eigenvalues of H
and an Hilbertian basis of eigenfunctions associated to these eigenvalues. Since w,, € L?(2), z, is lying in

D(Hy) and by the same way in H?(£2). It remains to show that ||z, | g2(q) — 0 when p — —oco. Since D(H;)
embedded continuously into H?() there exists a generic constant C' depending on Ay, V4 and € such that

o0
2 2 2
lzullr @) < C D P = el 1z 010 < C gl gy -
k=1

On the other hand, condition (1.1) implies

HwH”LQ(Q) < C([Vuz,u ‘LZ(Q\Ql) + H“2,u||L2(Q))

with C independent of p. Then, according to Lemma 2.1 and (2.7), we obtain

limsup [|wy | ;2 q) < Climsup |lug |12 (q) = 0.
p——00 p—>—00
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Thus, we have

limsup ||z, 12y < Climsup ||z, 2(@) < Climsup |lwy|| 12 ) = 0.
H——00 H—r—00 =00

This completes the proof. O

Armed with these results, we will prove Theorem 1.1 by using some asymptotic properties of solutions
of (2.4) with respect to A. For this purpose, like in [10, 14, 16] we use representation formulas that will allow
us to make a connection between the boundary spectral data and the potentials A and V.

3. REPRESENTATION FORMULAS

From now on, for all z = (z1,...,2,) € C" and y = (y1,...,yn) € C", we denote by z - y the quantity

n
Ty = Z»’%yk
k=1

and for all z € R" we denote by o1 the subspace of R" defined by {y € R" : y-x = 0}. Moreover, we set

A; € CHOQ,R™), V; € L>®(,R), j = 1,2, and we assume that condition (1.1) is fulfilled. For j = 1,2 and
A € C\ R, we associate to the problem

(—iV + 4;)%uj + Viu; — duy 0, in Q,

uj(r) = f(x), z€l

(3.13)

the Dirichlet-to-Neumann map
Aja: H2(09) 3 f > (0 +id; - v)ujn g

where u; \ solves (3.13). The goal of this section is to apply the Dirichlet-to-Neumann maps A; x to some
suitable ansatzs associated with (3.13) in order to get two representation formulas involving the magnetic
potentials A, and the electric potentials V;, j = 1,2. A similar approach was developed by [14] and
[10, 16] used the representation of [14]. The idea is to establish the link between the electric and magnetic
potentials and the boundary spectral data by mean of an expression involving the Dirichlet-to-Neumann
maps Aq x, Az x. We start with two general representation formulas, stated in the next subsection, where
some properties of the ansatzs will not be completely specified. This will allow us to clarify the main goal
of these formulas. Then, in Subsection 3.2 we will introduce the remaining properties of our ansatzs and
establish some asymptotic properties from our representations which will be one of the main points of our
analysis.

3.1. General representation formulas. In this subsection we introduce the first formulation of two rep-
resentation formulas involving respectively the Dirichlet-to-Neumann maps A x, Ay and some ansatzs
associated with problem (3.13). In [14], Isozaki considered such formulas for Schrédinger operators —A + V'
with an electric potential V', in other words for Schrédinger operators with a variable coefficient of order
zero. In our case we need to extend this strategy to Schrédinger operators with both magnetic and electric
potentials, which means an extension to Schrédinger operators with variable coefficients of order zero and
one. In addition, we need to consider ansatzs that allow to recover both the magnetic field and the electric
potential. Therefore, we consider some ansatzs, associated with (3.13), of the form

D\ (7)) =e9%gi(x), GEC", z€Q, j=1,2 (3.14)
with (; satisfying (; - (; = —X and with g, and g, respectively a solution of
G Vg + (G- A1g)gr =0, (Vg —(ila- Azg)ga =0 (3.15)

with A; 4 some smooth function close to the magnetic potential A;, j = 1,2. More precisely, we fix 11,72 €
S"1 = {y € R", |y| = 1} and we define 4;; € C§°(R",R"), j = 1,2, some smooth approximations on
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of A;. Then, we set ¢; = ivAn1, & = —iv/ A, and we consider solutions of the transport equations (3.15)
given by

0
D) i= €, ga(o)i=ba()e i) i= = [ g Ajgatsn)ds, - Veals) =0, xR
Therefore, we consider ansatzs associated with (3.13) taking the form
Dy 5\ (x) = eVAM T it (@) Do () = e‘iﬁm'xbg(x)e_%(’”), x € Q. (3.16)
We assume in addition that by € W2°°(R") and we recall that v; solves the equation
n; - Vj(x) =—n;- Ay, =12, ze&R"

For the time being, we consider general ansatzs of the form (3.16) with the properties describe above.
Additional information about the parameter A, the function Aj;y, the vector 7;, j = 1,2, and the function b,
will be given in Subsection 3.2. In a similar way to [11, 17, 18, 23, 26, 30], in the construction of our ansatzs
we consider some smooth approximations of the magnetic potentials instead of the magnetic potentials to

obtain sufficiently smooth functions ®;x, j = 1,2. Using this approach, we can weaken the regularity
assumption imposed on admissible magnetic potential from W3>°(Q) to C!(Q). Further, for j = 1,2, we put
Si(Am,m2) = (Aja@ix, Pon) = /(AJ,A‘I’l,A)@z,A(x)dU(w)- (3.17)

r

In other words, we apply Ajx, j = 1,2, to ansatzs of the form (3.14) with ¢; = iV, G = —ivan,
g1 = €'¥1 and go = bye~¥2. We recall that quantities similar to S; and S, have also been used by [11, 14, 16,
17,18, 23, 26, 30]. Let us also mention that, like in [14, 16], the ansatzs (3.16) do not depend on the potential
V1 and V5 which are coefficients of order zero of the equation (3.13). On the other hand, the ansatzs (3.16)
depend on the magnetic potentials A; and Ay which are coefficients of order one of the equation (3.13). By
modifying the construction of [14, 16] with the new expression g;, j = 1,2, we will extend the approach of
[14, 16] to Shrodinger operators with magnetic potentials. From now on, for the sake of simplicity we will
systematically omit the subscripts A in ®; 5, 7 = 1,2, in the remaining of this text. In view of determining
the behavior of S; — Ss, as JA — +00, we introduce the following representations associated with S; and Ss.

Proposition 3.1. For all A\ € C\ R and n; € S"7', j = 1,2, the scalar products S;(\,m,m2) have the
following expression

Sl ()\7 m, 772)
B 2\6/ ny - (Ay — Aw)eiﬁ(m—nz)‘wbzei(wl(w)—wz(m))dx
Q

(Vl _ q12)ei\/x(771*?72)'11)261(#’1(ﬂf)*ﬂ&(i))dx
Q

_i/ VA =12)12 81 (2)=02(2)) (3, Raga + by Vs + 1Vby + b Ar ) - vdor(2)
I

—/ |:(H1 — /\)71 (2\/XT]1 . (Al — ALﬁ) —+ Q11> (1)1:| (2\/X772 . (A1 — Agvﬁ)bg + V1b2 — qlz) eiiﬁnzlmeiw&d.ﬁ,
Q
(3.18)

SZ( , 7 17772)
[2fn2 (Ay— Agy) + Vo — qzz} VA =n2) @ i(Y1(2) =2 (2) g

Q
/ VA =n2)@ (01 @) =02(2) (b7 /Xy + by Vapy + iVby + by Ag) - vdo ()
I}

Q
/ [ = 2)7 2V - (A2 = Arg) + g1 ) @1 (2V A2 - (Az — Az )bz + Vaba — gaa)e ™™ Ve %2y,
Q
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(3.19)
Here we denote by q11, q12, g21, g22 the expressions
g1 = —idiv(Ar) + A ]? + Vi(z) + 241 - Vb — 1A%, + [V [,
Q12 = Dby — 2iVihy - Vby — 2iVhy - Ay + (—iA¢2 — | V4ha|* = 2Vihy - Ay — idiv(Ay) — ‘A1|2> bz,
gor = —idiv(As) + |As|® + Va(z) + 245 - Viby — 1A%, + [V |2,
q22 = Abg — 21V’¢2 . ng — 21Vb2 . A2 + (—iAlﬂQ — ‘V’(/J2|2 — 2V’(/J2 . A2 — leU(Ag) — ‘A2|2) bg.
Moreover, H;, j = 1,2, denotes the selfadjoint operator (—iV + A;) + V; acting on L*(Q) with domain
D(Hj) ={ve Hy(Q): (-iV + 4;)v € L*(Q)}.
Note that formulas (3.18)-(3.19) contain expressions involving the magnetic potentials Ay, As and the
electric potentials Vi, V4, expressions on the boundary 02 and expressions described by the resolvent (H; —
A)~Y, j = 1,2. Using condition (1.1) one can check that the expressions on 92 of S; and Sy coincide and

applying the decay of the resolvent (H; — A~ i =1,2, a8 I\ — +oo we will show in the next subsection
that, for some suitable choice of our ansatzs, the expressions

_/ |i(Hl - )‘)_1 (2\/X771 : (Al - Al,ﬁ) + qll) @1] (2\/X’I72 . (A1 — AQ’ﬁ)bQ + Viby — q12) e_i\/XWTwe—il/)zdx’
Q

—/ [(Hz -\t (2\5\771 (A — Ay + CI21) (Pl} (2VAng - (Ag — Az 4)bg + Voby — QQz)e_iﬁm'we_iwzd%
Q

vanish as J\ — 4oc0. Thus, what will remain in the asymptotic expansion of S; — Ss, as I\ — +oo, will
be two expressions involving A; — Ay and Vi — V4. These two expressions, that will be given in the next
subsection, are one of the main ingredients in our proof. The remaining of this subsection will be devoted
to the proof of Proposition 3.1.

Proof of Proposition 3.1. Let us first remark that the expressions (3.18)-(3.19) correspond to some
asymptotic expansion of the expression S;, j = 1,2, with respect to VA 2. We will prove (3.18)-(3.19) by
combining properties of the ansatzs (3.14), with properties of solutions of (3.13) when f = ®;. This proof
will be divided into two steps, first for S; then for So. We start by showing that for j = 1,2 and f = &,
problem (3.13) admits a unique solution u; € H?(f2) taking the form

uy = & — (Hl — )\)_1 [2\&7]1 . (A1 — Al,ﬁ) + q11:| P, (320)

Uy = b1 — (HQ — )\)_1 |:2\/X7’]1 . (A2 — Alyﬁ) + q21i| P;. (321)

Then, combining these formulas with the properties of the ansatzs (3.14) and applying the Green formula,
we derive (3.18)-(3.19).
We start with the expression of S1(A,n1,m2). Let us first prove (3.20). Recall that

(—iV + AD%u+ Viu — I = —Au — 2iA; - Vu+ qu — M
with g(x) = —idiv(A;)(x) 4 |A; (2)]> + Vi(z). Therefore, in light of (3.16) we have
(—iV + A1)2®1 + V1@ — APy
= (A 42V - Viby — 1Ay + |[Vipi ) By 4 (2 - Ay + 245 - Vipy ) Dy + q®y — ADy
= 2VA(m - Vo + 1 - A1) @y + g @y

with g11 = ¢+ 2A; - VY1 — 1Ay + |V1/)1|2. On the other hand, since 1 satisfies 71 - Vap1 + 11 - A1 3 = 0, we
deduce that
(—lv + A1)2(I)1 + ‘/i‘bl — )\(I)l = [2\/XT]1 . (Al — ALﬂ) —|— q11:| q)l. (322)

2This statement will be clarified in the next subsection where we will give additional information about the parameter A
and the vectors 01, n2.
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Now consider u; the solution of

(—iV + A1)2’LL1 + V1U1 — )\’U,l = 0, in Q7
ui(z) = @1(z), =€

Note that, with our assumptions one can check that D(H;) = Hg(Q) N H2(Q). In view of (3.22), we can
split u; into two terms u; = ®1 + vy with v; the solution of

(—=iV + A1)2’U1 +Vivy —Advy = — 2\&771 (A —Ary) +qu| P, inQ,
vi(z) = 0, x € 0fd.

Then, u; € H?(Q2) take the form (3.20). Using this formula we will complete the proof of (3.18). Since
S = / (0, + 141 - v)u (z)e VAP Ty e 1V2() 4o (), (3.23)
19)
from (3.17), applying Green formula, we get

S1 = / div ((V+iAl(x))ul(x)efiﬁnzmbx—iwz(x)) da
1 (3.24)

= / (V+ iAl)Qulefiﬁ"Q'zbgefindx + / (V+4+id))uy - (V — iAl)efiﬁ"TIbge*i%dz.
Q Q

Doing the same with the second term on the right hand side of this formula, we find out that

/ (V+iA1)ug - (V — iAl)e_iﬁ”Q'”bge_w?dx

Q

= —i/ ul(x)e_iﬁm“e_iw"’(ﬁbgng + b Voo +i1Vby + bgAl) . l/dO'(.I)
T

—/ uy(x)(V — iAl)Qe_iﬁm‘ere_dex.
Q
In light of (3.16) and the identity u;p = ®1, this entails

fQ(V + iAl)’U,l . (V — iAl)eii\/XnszQeinmdl‘

= —i fr eiﬁ(nl*Wz)'wei(wl(w)*wz(w))(\/Xb2172 + by Vahy + iVby + by A1) - vdo (1)

— Joui(z)(V — 1Ay)2e= VM) oia gy
Moreover, one can check that
(V — iAl)Qe_i\ﬁy’””er_w2 = (—/\bg — 2V \(2 - Viby 4+ Ay - 2)by — 2iV Ay - Vb + qlg) eIV @ =itz
with q1o = Aby —2iVthy - Vby —2iVby- A + (—impz — |Vipa|? = 2Viehy - Ay — idiv(A;) — |A1|2) by. Combining
this with the fact that i, satisfies 12 - Vipa + 12 - A2y = 0 and by solves 1, - Vby = 0, we deduce that
(V — iA1)2efiﬁn2~a:b267iw2 = ([7)\ — 2\/X772 . (Al — A27ﬂ)]b2 + CI12) eiiﬁnz.weiiwz.

Therefore, we find

Jo(V +id1)ur - (V - iAl)efiﬁm'wbzefiw?dx
=i/ eiﬁ(m_m)%ei(%(m_wz(m(\5527]2 + baVihy +1Vbhy + baAy) - vdo(x)
_ fQ ul(x) <_Ab2 — 2\/X’r]2 . (Al _ A27u)b2 + q12) e—iﬁngme—indI'

Then, from (3.20) we get

/ (V+iAy)ug - (V — iAl)e_iﬁm'xbge_i%dac
Q
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— ,i/ ei\/x(m*ﬁz)wei(wl(w)*wﬂﬂ”))(ﬁanQ + by Vahy +iVhy + bQAl) . ]/da‘(:r)
r
X [ ugem VAT it g 2\5\/ M2 - (A1 — Agg)elV MM =122, i(¥1(@)=v2(@)) gy
Q Q
_ / (1o VAI =) (01 (2) =2 (2) g
Q
— / [(Hl — )\)_1 (2\/X’I71 . (Al — ALﬁ) + q11> (I)l] (2\/X772 . (Al — Ag,ﬁ)bg — Q12> €_iﬁn2'z6_iw2dl‘.
Q
(3.25)
Next, taking into account the fact that (V +1i4;)%u; = (V4 — A)ug in €, we obtain

Jo(V + i4))2upe VA Tp e—iva gy = Jo(Vi — Nuge VAN p) o=itba gy
=-\/q wy e~ VAT Y, o =i gy Jo Viel VA —n2)-wp oW1 (2)=2(2) gy

—Jo Vi [(Hl -3 (2\5\771 (A —Arg) + Q11> ‘I’l] e VAR T, o—iv2 gy

Finally, we deduce (3.18) from (3.24)-(3.25).
Now let us consider (3.19). For this purpose, we start by proving formula (3.21). In a similar way to
(3.20), we have

(—iV + A2)2®; + Vady — A®y = 2V (1 - Vi + Ao - 11) Py + go1 Py
with go1 = —idiv(Az) + |As|® + Va(z) + 245 - Vb, — iAYy + [Vir|*. Then, since 11 is a solution of
m - Vi1 +m - A1y = 0, we deduce that
(—IV + A2)2(I)1 + ng)l — /\(I)l = (2\/XT]1 . (AQ — ALﬂ) + q21) (I)l-
Moreover, one can check that the solution us of

(—1V + A2)2U2 —+ ‘/2u2 - )\UQ = O, in Q,
ug(x) = @1(x), x €0

is given by (3.21). Repeating our previous arguments, we deduce
Sy = /Q(V + iAg)nge_iﬁW’”bge_i%dx + /Q(V +id2)ug - (V — iAQ)e_iﬁ"Txbge_i%dx. (3.26)
On the other hand, using the fact that v, is a solution of the equation 1, - Vipo + 12 - Aoy = 0, we get
/Q(V +ids)us - (V — iAg)e_iﬁm"”bge_“/’de

— ,i/ gﬁ(m7772)-161(1#1(96)*1#2(:1?))(\[\bzm + by Vahy + iVby + by Ag) - vdo ()
T

—/ uz(x) (—)\bg — Q\F)\ng (A — A g)bs + qgg) e~ 1VAn2-z o—iv2 g (3.27)
Q

with gos = Aby —2iVihy - Vby — 2iVhy- Ao+ (—iAwg — Vo] — 2V - Ay — idiv(As) — |A2|2) by. Combining
this with (3.21)-(3.26) and repeating our previous arguments we obtain (3.19). O

3.2. Asymptotic properties of S; — So and representation formulas for A; — A; and V; — V. In
this subsection we will apply formulas (3.18)-(3.19) in order to derive two expressions involving A; — As and
V1 — V4 from the asymptotic expansion of S; — S, as I\ — 4o00. For this purpose, we start by specifying
our choice for the parameter A, the function A;y, the vector n;, j = 1,2, and the function b, appearing in
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(3.14). Let us first define the parameter A and the vectors 71, 2. We consider an arbitrary £ € R™ \ {0} and
pick € S*~1 such that 7 - £ = 0. Then, for 7 > [£| we put

B =1/ f'z, n(r) = By — é m2(7) = By + % and A(7) = (7 +14)%, (3.28)

in such a way that
M, € 8",

\/X(nl - 772) — _57 as 7 — 100,

~ (3.29)
JN — 400, as T — 400,

IVAn1, 3V, are bounded with respect to 7 > [€].

In order to get a suitable expression of the functions A;y, we first need to extend identically the magnetic
potentials AJ, j =1,2. For this purpose we set Q an arbitrary open bounded set of R™ such that O c Q and
we define A; € ch (Q,R") such that A1|Q = A;. Then, we define A, by

N [ Asx(z), forz € Q,
Az(@) = { Ay (z), for x € Q\ Q.

In view of (1.1), it is clear that Ay € C}(€2, R™). We define the functions A; 4 € C3°(R™;R™), j = 1,2, by
Ajsle) = s+ Ae) = [ e = 1) A (00,

where x5(z) = 6 "x(6 ), with § > 0, is the usual mollifer with y € C5°(R"), supp(x) C {z € R" : |z| < 1},
x = 0 and fRn xdz = 1. From now on we set § = 773 and we recall that

0
Yj(z) = —/ n; - Ajg(@ + sn;)ds.
We set also

bo(x) = ¥y -V {exp (—i/ N2 - Ag(x + sng)ds> e_iw'm] ) (3.30)
R
where Ay = Aoy — A1y, w = B.£ — |£| 1€y, By =4/ ETI;, and

bz) = ™y . v [exp <—i /R n-A(x+sn)ds> eiw‘f], W(@) = / Y Al + sn)ds.

— 00

Here y € S""! Nnt, y- V denotes the derivative in the y = (y1,...,y,) direction given by

y-V=> y0a
j=1

and A is the function defined by A — Ay on (2 extended by 0 outside of 2. Note that, in view of condition
(1.1) we have A € C}(Q). Since A; € C}(R™,R™), we find

1458 = Aill o) < 458 = Ajll poo gy < C5 = CT73 (3.31)

with C depending on ) and any M > max ||A le o (Rn) . On the other hand, one can check that

108 As ]l e gy < COITH =75, a e N\ {0}, (3.32)

where C' depends on 2 and any M > ]rr:mlué HAj HWLOO(R").
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Remark 3.2. Let us observe that, our anstazs are related to the principal part of the complex geometric
optics solutions of [31] and the extension of this construction to magnetic Schrodinger operators by [11, 17,
18, 23, 26, 30]. Nevertheless, in contrast to the complex geometric optics solutions of [31], the large parameter
of the ansatzs (3.14), that will be send to +oo for the uniqueness result, is given by I\ where the parameter
A appears explicitly in (3.13). This makes it possible to construct ansatzs bounded with respect to the large
parameter and to use the resolvent (H; —A)~L, 4 = 1,2, for the construction of a remainder term that admits
a decay with respect to the large parameter I\. Moreover, in contrast to the geometric optics solutions of [31],
whose principal parts take the form (3.14) when (; - (; = 0, our construction is not restricted to dimension
n > 3. Indeed, the vector (j, j = 1,2, that we consider in the present paper are subjected only to the
condition (3.29), already considered by [14], which requires only the two orthogonal vectors n and & appearing
in (3.28). For this reason, in contrast to the construction of [31], that requires three orthogonal vectors, our
construction works also for n = 2.

From now on, our goal is to derive from (3.18)-(3.19) two formulas from some asymptotic properties of
S1 — S92 as 7 — +oo. For this purpose we need the following intermediate result which follows from (3.31)
and (3.32).

Lemma 3.3. Let the condition introduced above be fulfilled. Then, we have

sup |[b|| o0 (ny < 00 (3.33)
T>[€|+1
and
i ba(e) = be), Tim_ie) — va(a) = U(@), @ R (339

Proof. Note first that
bo(z) = (—iw Yy — i/ N2 -y - VAg(x + sng)ds> exp (—i/ n2 - Ag(x + sng)ds> . (3.35)
R R

On the other hand, we have |w|~< 1—|—~|§| and, since Ay — A; is compactly supported and A, —A; € C§ (R, R™),

we find y - VA; = x5 * (y - V(A2 — Ay)). Therefore, we obtain

with C a generic constant depending only on € and M > max HA}HWLOO(RH). From this last estimate we
j=1,

deduce (3.33). Now let us prove (3.34). Since A; and Ay coincide outside of Q, we have Ay — A} = A.
Therefore, we deduce that Ay = xs * A and

ly- VA + sm2) =y VA + sm)| < |y - VA + s12) =y VAy(x + sm)|+ly - VAy(w + sm) — y - VA + sm)].

The second term on the right hand side of this estimate can be rewritten as (339
y-VAy(r +sn) —y VA +sn) = xs* [y - VA](z + sn) —y - VA(z + sn)
and since 4 € C§(R"), we get
lim y-VAy(z+sn)—y-VAx+sn) =0, zeR" seR. (3.37)

T—+00

For the first term on the right hand side of (3.36), using the fact that for 7 sufficiently large we have

L E (1
2= 21 To+4oo \ T
and applying (3.32), we get

Wi

ly - VAy(z + sm2) —y - VAy (2 + sn)| < [Asllyo,oo @y [8(n —m)| < Cls|T
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with C' depending on &, , A; and A,. In view of this estimate we have

lim y-VAy(x+sm) —y -VAy(x+sn) =0, xzeR" seR.

T—+00
Combining this last result with (3.36)-(3.37), we get
lim y-VAy(z+sn) =y-VAx +sn), zecR" seR.

T—+00

Then, using the fact that supp(4;) C Q@ + {x € R" : |z| < 0} and (3.32), by the dominate convergence
theorem we get that

lim y-VAy(x + sn)ds = / y-VA(x+sn)ds, xe€R"
R R

T—+00

Putting this together with (3.35) and the fact that w — &, 1o — 1 as 7 — 400, we obtain

lim by(z) = (—if cy+ —i/Rn cy-VA(z + sn)ds) exp (—i/}Rn Az + sn)ds) =b(x), z € R™

T—+00

Using similar arguments we deduce that

0
im_un(e) ~ vale) =v(0) = [ n- A+ sds, a e R
This completes the proof of the lemma. (Il

Applying (3.18)-(3.19), (3.31)-(3.34) and sending 7 — +00, we obtain our first formula involving the
magnetic potentials Aj, As.

Proposition 3.4. Fiz ¢ € R™\ {0} and n € S*™! such that n-& = 0. Let \, 1 and 12 be defined by (3.28)
and let by be defined by (3.30). Then, we have

. 51—=85 —ig-awy it(x)

TEI-POO U 2/917 < (A; — Ag)e be'"\ ) dx. (3.38)

Proof. With reference to (3.16) and (3.28) we have |®;(z)| = e~™* and e=Vamw| — en2w for all 2 € Q,
_ 2
hence ||(I)1||i2(g) = [qe 2 %dx < |Q[e*9 and He‘lﬁ’“‘” . < Qe since || = |n2| = 1. Moreover,
in view of (3.28), we have the estimate
1 1 1
H— A} - <= j=12
G = 0 2y distOh, o (Hy)) S an 20 !

In addition, in light of (3.32), we get
3 2
[l 2.0 () < CO = CT5, lbjllyy2,00 ) < €82 = C73

with C a generic constant depending on &£, € and Aj, Jj = 1,2. Putting these estimates together with (1.1),
(3.18)-(3.19) and (3.31) , we deduce that

S1—-5 _ V(1 —n2)-wp,_i(1 (2)—a(2)) -1
\/X —2/9772'(1417142)6 boe dx+7‘~>(?roo (T 3).

Combining this with (3.29), (3.33)-(3.34) and applying the dominate convergence theorem we deduce (3.38).
]

Using similar arguments and assuming that the magnetic potentials are known (A; = Ay), we obtain
our second formula involving the electric potentials V7, V5.
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Proposition 3.5. Assume that Ay = As. Fiz £ € R™\ {0} and n € S*™! such that n-&=0. Let A\, n1 and
12 be defined by (3.28) and bs = 1. Then, we have

lim S; — Sy = / (Vi — Va)e %dg. (3.39)
Q

T—+00

Proof. Note that for A; = Ay we have g1 — V1 = q21 — Va2, 12 = qo2, A1 3 = Azy. Therefore, we deduce
that (3.18)-(3.19) imply

Sy — S, :/Q(V1 — V)l VAm=n2)z i (@) =v2(2)) gy —/Q AN((Hy =)= (Ha = N7 Q1] Qada
—/ [ﬁ(ﬂl — A)‘lQl] Vie WA =it g / [A(Hl - A)—lvlqn] Q2dx
Q & (3.40)

- [ T =0 e Ve e [ VA, )71 Ve e e
Q

Q
+/ [\f/\(HQ — )\)71{/2@1} del‘ —|—/ [(HQ — )\)71‘/2(131] V26*i\/x?72-ze*i¢2d$,
Q Q
where

Q1 = 201 (Ay — Ay )@y 4 D= VIR (2772 (A= Ary) — q”) e~ iVl

VA VA

On the other hand, since Hy — A = H; — A — (V] — V4), for 7 sufficiently large we have
(Hy = N7 = (Hy = N7 = (Hy = )7 (1d = (1= (Vi = Va) (1 = ) 7))

S 1\ K
=—(Hi =N (Vi =Va)(Hy = N)71)".
k=1
Combining this with the fact that I\ = 27, |A\| < |72 — 1| + 27, and the fact that
C C

—1 -1 _
with C depending only on V;, V5 and €2, we deduce that

sup |[A((Hi —A)"' = (Ha— A7) ||B(L2(Q)) < oo. (3.41)

T>[€]+1
In addition, (3.31)-(3.32) imply
TEIEOO ||Q1||Loo(9) = TEIEOO HQ2||Loo(Q) =0.

Putting this result together with (3.29), (3.40)-(3.41), we obtain

lim sup =0.

T—+00

(S1— ) — / (Vi — Vy)elVA0m =122 i1 (@)= 2(2)) g
Q

On the other hand, repeating the arguments of Lemma 3.3, we find

0
lin_v1(2) ~ vale) = v() = [0+ Ao +sn)ds =0

T—+00 — s

since A1 = A,. Thus, applying the dominate convergence theorem we obtain

lim [ (Vi — Va)elVAm =) e il (@) —va(@) gy — / (Vi — Va)e ¢da
T—=+00 Jq Q

and we deduce (3.39). O

Armed with formulas (3.38)-(3.39), in the next section we will complete the proof of Theorem 1.1.
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4. PROOF OF THE MAIN RESULT

This section is devoted to the proof of our main result. In all this section, for j = 1 and j = 2, we
consider two magnetic potentials A; and electric potentials V; satisfying the assumptions of Theorem 1.1
and we denote by H; the associated operators defined by (2.3) for A = A; and V = V;. Let (A &, ©;.x)k>1 be
a sequence of eigenvalues and eigenfunctions of H;. In order to prove Theorem 1.1, in light of (3.38)-(3.39),
we prove first that the condition

L SI0@). @) m() = S M m) )
T—+00 )\(7-)
implies dA; = dAs. Then, we show that for A = A, the condition
lirnOO S1NT)ymi(7),m2(7)) = S2(A(7),m1(7),m2(7)) =0 (4.43)

implies Vi = V5. Finally, we complete the proof by proving that condition (1.1)-(1.2) imply (4.42)-(4.43).
We start by proving that (4.42) implies dA; = dA,.

Lemma 4.1. Let n1(7), n2(7) and A(7) be fized by (3.28) and by be defined by (3.30). Assume that (4.42)
is fulfilled. Then, we have dA; = dAs.

Proof. Combining (4.42) with (3.38) we deduce that for all £ € R™\ {0}, n € S"~!, satisfying - £ = 0, we
get

/ n-(Ag — Ay)e €h(2) e @ dr = 0.
Q
Here b takes the form
b(z) ="y -V [exp <1/ n- Az + sn)ds) ei”g]
R
with y € S"~! Nn*. Then, applying Fubini’s theorem, we obtain

0= / n- A(z)e 4 b(x)e VW dr = / / n- Al + tn)e @ (2 e dtda
R™ n+ JR

Here we use the fact that b(z) = b(z — (z - n)n) and £ - = 0. On the other hand, for all 2’ € nt and t € R,

we have

n- Az + tn)ew("”/"'t") =n-A(z' +tn)exp ( / n- Az’ + sn)ds ) = —i0; exp ( x + sn)ds) .
Therefore, we find
/ n- A(z)e € %h(z)eV @ dr = 1/ [/ O exp ( / n-A(z' + sn) ds) dt} —ie! gt
n nL
1/ [exp( /n Az +sn)d) }b(z’) —i&a gy
nl
It follows
/ {exp <1/ n- Az + sn)ds) — 1} b(z')e €% da’ = 0. (4.44)
nt R
We fix 4,5 € {1,...,n} such that ¢ < j and we assume that £ € {£ = (&1,...,&) : & # 0}. We can
choose n = % and y = % € nt. Here (eq,...,e,) is the canonical basis of R™ defined by

er1 =(1,0,...,0),...,e, = (0,...,0,1). Then, (4.44) implies

S N M Ry e P
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Integrating by parts we get

\/é%f]z . /n(ij . Vai(x) - &y - Vaj(l‘))e_ix{dl‘ =—i /,]L (/Rn e VA(.%‘/ + sn)ds) e_ix/'fdx/ =0

with A = (ay,...,a,). Integrating again by parts we find

§iaj)e_i””‘5dx

/n (gjai - \/@ ; (Qai
\/@Téz / (&y - Vai(w) = &y - Va,(z))e ™ dz = 0

and it follows that for all £ € {§ = (§1,...,6n) : & # 0} we have F[0,,a; — Oz,a;](§) = 0. On the other
hand, since 0, ;a; — 0, a; is compactly supported, F(0,,a; — 0y, a;)(§) is continuous in § € R™ and it follows
F(Op;a; — Oy,a;) = 0 on R™. From this last result, we deduce that d,;a; — 0;,a; = 0 which implies that
dA; = dA,. O

— &aj)e e dy

Now assuming that A; = A, we show in the next lemma that (4.43) implies V; = Va.

Lemma 4.2. Let n1(7), n2(7) and X(T) be fived by (3.28) and by = 1. Assume that Ay = Ay and (4.43) is
fulfilled. Then, we have Vi = V.

Proof. Fix ¢ € R™\ {0} and choose n € S"~! N ¢+, Fix also b = 1. Thus, combining (3.39) and (4.43), we

find
/ V(z)e @Sdr =0

with V' = V7 — V; extended by 0 outside of €. It follows that V; = V5. O

According to Lemma 4.1, 4.2, the proof of Theorem 1.1 will be completed if we show that conditions (1.2)
imply conditions (4.42), (4.43). For this purpose, we adapt the approach of [16] to magnetic Schrodinger
operators. Let f € H%(F) being fixed, with the notations of Lemmas 2.1 and 2.3, we denote by v; x .
ujx — uj, the solution of (2.10) where V' is replaced by V; and A by A;. We fix also hj; = vk
a; k= (f, hj k). Recalling that in Lemma 2.4 we have set z, = u1,, — U2, in a similar way to [16], writing
the above identity for j = 1 and j = 2, applying (1.1) and then subtracting the resulting equations, we end
up with a new relation, namely

(81, + iAl . V)uL)\‘F — (8,, + iAQ . V)u27)‘|F = i(Al — AQ) . I/f + 0yu17A — &,ug,)\

4.45
= al/zp. + auvl,)\,u - 8VU2,/\,;1,- ( )
Now let us set
Fj(>\5:u’7f) = 8uvj,)\,p,|pv Jj=12
According to (2.9), we have
+oo
(1= Nk (1= Nz
F(A = Fi (A — Fy(\ = : hi, — : h . (4.4

( 7:U/7f) 1( ,/j,,f) 2( vﬁbaf) Z|:()\_)\1,k)(,u_)\17k) 1,k (A—Az,k)(H—AQ,k) 2,k ( 6)

k=1
Consider the following intermediate results.

Lemma 4.3. Let 11,12, A be given by (3.28). Consider ®;, j = 1,2, with ®, introduced in the previous
section and @4 = e*iﬁ"’ﬁ"mee*w?, where by is defined by (3 30) or b2 = 1. Then, we have

2 0o

<(I)17hj,k>

i=1,2. 4.47
VP <oo, j=1, (4.47)

sup
T>1

k=1
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Proof. We start with the first estimate of (4.47) for j = 1. According to Lemma 2.1 the solution u; » of
(24) for f =P, A= A; and V = Vi, is given by

o~ (D1, Ay k)
UL\ = E 1k
oA Ak

Therefore, we have
(@1,h1,1) |
Al — A

2
lurall 720 (4.48)
On the other hand, in view of (3.20), we have

||u17)\||L2(Q) < ||(I)1||L2(Q) +

VA(H, = 27! {Qm'(Al Avg) + iJ/ﬂ

120)

Here ¢1; is the expression introduced in Lemma 3.1. Combining this with the fact that
_ +i| |7+
VA(H; — X 1” LIl
H (Hy ) B(L2()) [TA| 27
and the fact that, according to (3.31)-(3.32), we have
. qi1
li Ay — A ooy = 1 — =0
i = Al = i [

we deduce the first estimate of (4.47) for j = 1. In a same way, for j = 2 using the fact that according to
(3.32) we have
(—iV + A2)°®; + Vod; — APy = 0 ()
T—r+00
and repeating our previous arguments we deduce the first estimate (4.47) for j = 2. For the second estimate

of (4.47), repeating the previous arguments we find

(—iV + A2)? g + Va®y — XN By = (iV + A2)205 + Vody — Ay = O (7).

T—+00

Combining this estimate with the fact that

(Bo,hok)|  |(P2rhok)
Aok — A Aok — A
since Mg € R, we deduce the second estimate of (4.47) by repeating the above arguments. (]
From now on we set
G\, p, @1, ®2) := (F(A, 1, @1), B2)

(F
+2: (@1, h11) (P g, o) (@1, hok) {(ho,k, P2)
Pt A=Ae) (= Ae) (A= Aop) (1t — Agp)

Combining estimates (4.47) with Lemma 4.3, 4.4, 4.5 of [16], we obtain the following.

Lemma 4.4. Let the conditions of Theorem 1.1 be fulfilled and let ni,m2, A be given by (3.28). Then,
G(A, 1, D1, P2) converge to Gu(\, 1, D2) as p — —oo and G.(A, @1, Py) converge to 0 as T — +oo. Here
we consider both the case by given by (3.30) and the case by = 1.

Armed with Lemma 4.4, we are now in position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Note first that according (4.45), for M = |[Vi|| o) + [[V2ll 1= (q), We have

510\,771, 772) - 52()‘3 7717772) = <auzﬂveiﬁn2.wl726w}2> + G(Anu7 q)la (1)2)7 1 S (700, 7M)7
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where A, 11, 12 are fixed by (3.28), by is given by (3.30) or by =1 and 2, = u1,, — ug, with u;,, j = 1,2,
the solution of (2.10) where X is replaced by p, V by V;, A by A; and f by ®;. In view of Lemma 2.4 and
Lemma 4.4, sending u — —oo we get

Sl()\77717772) - 52()\77717772) = G*()U(bl,q)?)‘

Then, in view of Lemma 4.4, conditions (4.42) and (4.43) are fulfilled and according to Lemma 4.1 we have
dA; = dAs. Therefore, condition (1.1) implies that for A = Ay — Ay extended by 0 outside of 2 we have
dA =0 on R"™. Thus, there exists p € W2>(R") given by

p(x) = /0 x - A(tx)dt

such that A = Vp on R™. Since R™\ 2 is connected, applying the fact that A = 0 on R™\ €, upon eventually
subtracting a constant we may assume that pjgn\o = 0 which implies that pjr = 0. Now let us consider the
operator Hy = (—iV + A1) + V4 acting on L?(§2) with Dirichlet boundary condition and let (A3, ¥3.%)k>1 be
a sequence of eigenvalues and eigenfunctions of Hs. Since A; = Ay — Vp one can check that Hs = e'? Hye P,
From this identity we deduce that

A3 = Aok, k21

Moreover, for all £ > 1 we can choose @31 = Ciptpg,k and deduce that the condition
811()03,]{; = 611()02,]{;’ k = 1
is also fulfilled. Thus, conditions (1.2) imply that

+oo
. _ _ 2
Jm Ak = Akl =0 and ; 1001,k = Ovps il 2y < o0

Then, repeating the arguments of Lemma 4.4 we obtain
TETOO ‘gl(/\(T)v Uit (7—)7 772(7—)) - 53(A(T)v m (7-)7 772(T)) = Oa
where o
S’j()\7771a772) = <Aj7kq)1aei\/xn2.zew)2> ) ,7 = 153
with
- Z-12
Pa(z) = / n2 - Arg(z + (s —z - nm2)ne)ds, by =1

and Ag » the Dirichlet-to-Neumann map associated to problem (2.4) for A = A; and V = V5. Then, in view
of Lemma 4.2 we have V; = V5. This completes the proof of Theorem 1.1. O

ACKNOWLEDGEMENTS

The author would like to thank the anonymous referee for valuable comments and helpful remarks. The
author is grateful to Otared Kavian and Eric Soccorsi for their remarks and suggestions.

REFERENCES

[1] V. A. AMBARTSUMIAN, Uber eine Frage der Eigenwerttheorie, Z. Phys., 53 (1929), 690-695.

[2] M. BELISHEV AND Y. KURYLEV, To the reconstruction of a Riemannian manifold via its spectral data (BC-method),
Commun. Partial Diff. Eqns.,17 (1992), 767-804.

[3] M. BELLASSOUED AND M. CHOULLI, Stability estimate for an inverse problem for the magnetic Schrodinger equation from
the Dirichlet-to-Neumann map, J. Funct. Anal., 258 (2010), 161-195.

[4] M. BELLASSOUED, M. CHOULLI, M. YAMAMOTO, Stability estimate for an inverse wave equation and a multidimensional
Borg-Levinson theorem, J. Diff. Equat., 247 (2) (2009), 465-494.

[5] M. BELLASSOUED AND D. Dos SANTOS FERREIRA, Stability estimates for the anisotropic wave equation from the Dirichlet-
to-Neumann map, Inverse Problems and Imaging, 5 No 4 (2011), 745-773.

[6] G. BOrG, Eine Umkehrung der Sturm-Liouvilleschen Eigenwertaufgabe, Acta Math., 78 (1946), 1-96.



20

[7]

YAVAR KIAN

B. Canuto AND O. KAVIAN, Determining Coefficients in a Class of Heat Equations via Boundary Measurements, SIAM
Journal on Mathematical Analysis, 32 no. 5 (2001), 963-986.

B. CAaNuTO AND O. KAVIAN, Determining Two Coefficients in Elliptic Operators via Boundary Spectral Data: a Uniqueness
Result, Bolletino Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8), 7 no. 1 (2004), 207-230.

M. CHouLL1, Une introduction auzx problémes inverses elliptiques et paraboliques, Mathématiques et Applications, Vol. 65,
Springer-Verlag, Berlin, 2009.

M. CHOULLI AND P. STEFANOV, Stability for the multi-dimensional Borg-Levinson theorem with partial spectral data,
Commun. Partial Diff. Eqns., 38 (3) (2013), 455-476.

D. Dos SANTOS FERREIRA, C. KENIG, J. SIOSTRAND, G. UHLMANN, Determining a magnetic Schrodinger operator from
partial Cauchy data, Comm. Math. Phys., 271 No. 2 (2007), 467-488.

I. M. GEL’FAND AND B. M. LEVITAN, On the determination of a differential equation from its spectral function, Izv. Akad.
Nauk USSR, Ser. Mat., 15 (1951), 309-360.

P. GRISVARD, Elliptic problems in nonsmooth domains, Pitman, London, 1985.

H. Isozak1, Some remarks on the multi-dimensional Borg-Levinson theorem, J. Math. Kyoto Univ., 31 (3) (1991), 743-753.
A. KarcHALOV AND Y. KURYLEV, Multidimensional inverse problem with incomplete boundary spectral data, Commun.
Partial Diff. Eqns., 23 (1998), 55-95.

O. KavIaN, Y. KIAN, E. Soccorsl, Uniqueness and stability results for an inverse spectral problem in a periodic waveguide,
Journal de Mathématiques Pures et Appliquées, 104 (2015), no. 6, 1160-1189.

K. KrurCHYK, M. LAssAS, G. UHLMANN, Inverse problems with partial data for a magnetic Schrodinger operator in an
infinite slab and on a bounded domain, Comm. Math. Phys., 312 (2012), 87-126.

K. KRUPCHYK AND G. UHLMANN, Uniqueness in an inverse boundary problem for a magnetic Schrodinger operator with a
bounded magnetic potential, Comm. Math. Phys., 327 1 (2014), 993-1009.

N . LEVINSON, The inverse Strum-Liouville problem, Mat. Tidsskr. B, (1949), 25-30.

J.-L. L1oNS AND E. MAGENES, Problémes aux limites non homogénes et applications, , Vol. 1, Dunod, Paris, 1968.

C. MONTALTO, Stable determination of a simple metric, a co-vector field and a potential from the hyperbolic Dirichlet-to-
Neumann map, Commun. Partial Diff. Eqns., 39 (2014), 120-145.

A. NACHMAN, J. SYLVESTER, G. UHLMANN, An n-dimensional Borg-Levinson theorem, Comm. Math. Phys., 115 (4) (1988),
595-605.

G. NAKAMURA, Z. SUN, G. UHLMANN, Global identifiability for an inverse problem for the Schrédinger equation in a
magnetic field, Math. Ann., 303 (1995), 377-388.

F. NICOLEAU, A stationary approach to inverse scattering for Schrédinger operators with first order perturbation, Commun.
Partial Diff. Eqns., 22 (1997), 527-553.

N. G. Novikov, Multidimensional inverse spectral problems for the equation —AvY + (v(z) — Eu(z))y = 0, Functional
Analysis and its Applications, 22 (4) (1988), 263-272.

M. SALO, Inverse problems for monsmooth first order perturbations of the Laplacian, Ann. Acad. Scient. Fenn. Math.
Dissertations, Vol. 139, 2004.

V. S. SEROV, Borg-Levinson theorem for magnetic Schrédinger operator, Bulletin of the greek mathematical society, 57
(2010), 321-332.

P. STEFANOV AND G. UHLMANN, Stability estimates for the hyperbolic Dirichlet to Neumann map in anisotropic media, J.
Funct. Anal., 154 (1998), 330-358.

P. STEFANOV AND G. UHLMANN, Stable determination of the hyperbolic Dirichlet-to-Neumann map for generic simple
metrics, International Math Research Notices (IMRN), 17 (2005), 1047-1061.

7. SUN, An inverse boundary value problem for the Schrédinger operator with vector potentials, Trans. Amer. Math. Soc.,
338 No. 2 (1992), 953-969.

J. SYLVESTER AND G. UHLMANN, A global uniqueness theorem for an inverse boundary value problem, Ann. of Math., 125
(1987), 153-1609.

L. Tzou, Stability Estimate for the coefficients of magnetic Schridinger equation from full and partial boundary measure-
ments, Commun. Partial Diff. Eqns., 11 (2008), 1911-1952.

A1X MARSEILLE UNIv, UNIVERSITE DE ToULON, CNRS, CPT, MARSEILLE, FRANCE.
E-mail address: yavar.kian@univ-amu.fr



