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ABSTRACT. We consider the multidimensional Borg-Levinson theorem of determining both the magnetic
field dA and the electric potential V', appearing in the Dirichlet realization of the magnetic Schréodinger
operator H = (—iV 4+ A)2 +V on a bounded domain Q C R”, n > 2, from partial knowledge of the
boundary spectral data of H. The full boundary spectral data are given by the set {(Ax, vk |9q) + k > 1},
where {\; : k € N*} is the non-decreasing sequence of eigenvalues of H, {¢) : k € N*} an associated
Hilbertian basis of eigenfunctions and v is the unit outward normal vector to 9€2. We prove that some
asymptotic knowledge of (A, 8,,<pk‘aﬂ) with respect to k > 1 determines uniquely the magnetic field dA
and the electric potential V.
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1. INTRODUCTION

1.1. Statement of the problem. We consider Q C R?, n > 2, a C!*! bounded domain and we set I' = 9Q.
Let A € WHe°(Q,R"), V € L*>®(Q,R) and consider the magnetic Schrédinger operator H = (—iV + A)? +V
acting on L?(Q) with domain D(H) = {v € H} () : (—=iV + A)%v € L*(Q)}.

Let A; € WH(Q,R"), V; € L¥(Q,R), j = 1,2, and consider the magnetic Schrédinger operators
H;j =Hfor A= A; and V =V}, j = 1,2. We say that H; and H, are gauge equivalent if there exists
p € W2(Q) N HL(Q) such that Hy = e P Hye'?.

It is well known that H is a selfadjoint operator. By the compactness of the embedding H}(Q) — L?(£2),
the spectrum of H is purely discrete. We note {\ : k € N*} the non-decreasing sequence of eigenvalues of
H and {pj : k € N*} an associated Hilbertian basis of eigenfunctions. In the present paper we consider the
Borg-Levinson inverse spectral problem of determining uniquely H, modulo gauge equivalence, from partial
knowledge of the boundary spectral data {(Ag,Ovpkr) © k € N*} with v the outward unit normal vector
to I'. Namely, we prove that some asymptotic knowledge of (A, 8l,<pk|F) with respect to k € N* determines
uniquely the operator H modulo gauge transformation.

1.2. Borg-Levinson inverse spectral problems. It is Ambartasumyan who first investigated in 1929

the inverse spectral problem of determining the real potential V' appearing in the Schrédinger operator

H = —A+V, acting in L?(Q), from partial spectral data of H. For Q = (0,1), he proved in [1] that V =0

if the spectrum of the Neumann realization of H equals {k? : k € N}. For the same operator, but endowed

with homogeneous Dirichlet boundary conditions, Borg [6] and Levinson [19] established that the Dirichlet
1
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spectrum {\g : k& € N*} does not uniquely determine V. They showed that additional spectral data, namely
{llerllrz0,1) : k € N*}, where {¢) : k € N*} is an L?(0, 1)-orthogonal basis of eigenfunctions of H obeying
the condition ¢}.(0) = 1, is needed. Gel’fand and Levitan proved in [13] that uniqueness is still valid upon
substituting the terminal velocity ¢} (1) for ||ox|/z2(0,1) in the one-dimensional Borg and Levinson theorem.

In 1988, Nachman, Sylvester, Uhlmann [21] and Novikov [23] proposed a multidimensional formulation
of the result of Borg and Levinson. Namely, they proved that the boundary spectral data {(Ax, 0u¢k|aq) :
k € N*}, where v denotes the outward unit normal vector to dQ and (A\g,¢x) is the k" eigenpair of
—A + V, determines uniquely the Dirichlet realization of the operator —A + V. The initial formulation
of the multidimensional Borg-Levinson theorem by [21] and [23] has been improved in several ways by
various authors. Isozaki [14] (see also [9]) extended the result of [21] when finitely many eigenpairs remain
unknown, and, recently, Choulli and Stefanov [10] claimed uniqueness in the determination of V' from the
asymptotic behavior of (A, d, ¢k r) With respect to k. Moreover, Canuto and Kavian [7, 8] considered the
determination of the conductivity ¢, the electric potential V' and the weight p from the boundary spectral
data of the operator p~*(—div(cV-)+V) acting on the weighted space L3 () endowed with either Dirichlet or
Neumann boundary conditions. Namely, [7, 8] proved that the boundary spectral data of p=1(—div(cV-)+V)
determines uniquely two of the three coefficients ¢, V' and p. The case of magnetic Schrédinger operator has
been treated by [25] who determined both the magnetic field dA and the electric potential V' of the operator
H = (—iV 4 A)? + V. Here the 2-form dA of a vector valued function A = (ay,...,a,) is defined by

n
dA = Z (&Cjai - &Ciaj)dxj Adx;.
i,j=1

All the above mentioned results were obtained with © bounded and operators of purely discrete spectral
type. In some recent work [16] examined a Borg-Levinson inverse problem stated in an infinite cylindrical
waveguide for Schrédinger operators with purely absolutely continuous spectral type. More precisely, [16]
proved that a real potential V' which is 27-periodic along the axis of the waveguide is uniquely determined
by some asymptotic knowledge of the boundary Floquet spectral data of the Schrédinger operator —A + V/
with Dirichlet boundary conditions.

Finally, let us mention for the sake of completeness that the stability issue in the context of Borg-Levinson
inverse problems was examined in [4, 5, 9, 10, 16] and that related results on Riemannian manifolds were
examined by [2, 5, 15].

1.3. Main result. Let A; € Wh>°(Q,R"), V; € L>(2,R) and consider the magnetic Schrodinger operators
H; = H for A= A; and V =V}, j = 1,2. Further we note (\j, p;x), k > 1, the k' eigenpair of H;, for
j =1,2. Our main result can be stated as follows.

Theorem 1.1. For j =1,2, let V; € L>(Q,R) and let A; € C*(Q,R") fulfill

OgAi(x) =03 As(x), z€Tl, aeN" |Ja/ <1 (1.1)
Assume that the conditions
+oo
. 2
kgrfoo |>\1,k - )\2,k‘ =0, kz_:l ||81/§01,k - au@Z,k”Iﬂ(p) < 00 (12)

hold simultaneously. Then we have dA; = dAs and Vi = V5.

Let us observe that, as mentioned by [10, 16], Theorem 1.1 can be considered as a uniqueness theorem
under the assumption that the spectral data are asymptotically "very close". Conditions (1.2) are similar to
the one considered by [16] and they are weaker than the requirement that

Are = Aol S CETY [10vprk = vkl oy < Ck™"

for some a > 1 and 8 > 1 — 5=, considered in [10, Theorem 2.1]. Note also that conditions (1.2) are weaker
than the knowledge of the boundary spectral data with a finite number of data missing considered by [14].
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Let us remark that there is an obstruction to uniqueness given by the gauge invariance of boundary
spectral data for magnetic Shrodinger operators. More precisely, let p € C5°(€) \ {0} and assume that
AL =Vp+ Ay # Ay, Vi = V. Then, we have H; = e PH,e'” and one can check that we can choose the
spectral data of H; and Hs in such a way that the conditions

Qerkr = w2 kips Ak = Aok, kEN

is fulfilled. Therefore, conditions (1.1)-(1.2) are fulfilled but H; # Hs. Nevertheless, assuming (1.1) fulfilled,
the conditions dA; = dAs and V3 = V5 imply that H; and Hy are gauge equivalent. Therefore, Theorem 1.1
is equivalent to the unique determination of magnetic Schrodinger operators modulo gauge transformation
from the asymptotic knowledge of the boundary spectral data given by conditions (1.2).

We stress out that the problem under examination in this text is a Borg-Levinson inverse problem
for the magnetic Schrédinger operator H = (—iV + A)2 + V. To our best knowledge, there are only
two multi-dimensional Borg-Levinson uniqueness result for magnetic Schrodinger operators available in the
mathematical literature, [15, Theorem B] and [25, Theorem 3.2]. In [15], the authors considered general
magnetic Schrodinger operators with smooth coefficients on a smooth connected Riemanian manifold and
they proved unique determination of this operator modulo gauge invariance from the knowledge of the
boundary spectral data with a missing finite number of data. In [25], Serov treated this problem on a
bounded domain of R”, and he proved that, for A € W1>°(Q,R") and V € L*(£,R), the full boundary
spectral data {(Ax, Ok r) : k € N*} determines uniquely dA and V. In contrast to [15, 25], in the present
paper we prove that the asymptotic knowledge of the boundary spectral data, given by the conditions (1.2), is
sufficient for the unique determination of dA and V. To our best knowledge, conditions (1.2) are the weakest
conditions on boundary spectral data that guaranty uniqueness of magnetic Schrédinger operators modulo
gauge transformation. Moreover, our uniqueness result is stated with conditions similar to [16, Theorem
1.4], which seems to be the most precise Borg-Levinson uniqueness result so far for Schrédinger operator
without magnetic potential (A = 0).

The main ingredient in our analysis is a suitable representation that allows to express the magnetic
potential A and the electric potential V in terms of Dirichlet-Neumann map associated to the equations
(—iV + A)?u + Vu — du = 0 for some A € C. In [10, 14, 16] the authors applied a similar approach to the
Schrédinger operator —A + V with Dirichlet boundary condition!. Inspired by the construction of complex
geometric optics solutions of [3, 11, 17, 18, 22, 24, 27], we prove that the approach of [10, 14, 16] can be
extended to magnetic Schrodinger operators.

We believe that the approach developed in the present paper can be used for results of stability in the
determination of the magnetic field dA and the electric potential V' similar to [16, Theorem 1.3]. Indeed,
following the strategy set in this paper we expect a stability estimate associated to the the determination of
the magnetic field dA. The main issue comes from the stability in the determination of the electric potential
V. Nevertheless, we expect that this problem can be solved by adapting suitably the argument developed
in [28] related to the inversion of the d operator on differential forms restricted to the right subspaces.

1.4. Outline. This paper is organized as follows. In Section 2 we consider some useful preliminary results
concerning solutions of equations of the form (—iV + A)?u+ Vu — Au = 0 for some A € C\ o(H). In Section
3 we introduce a representation formula making the connection between Dirichlet-Neumann map associated
to the previous equations and the couple (A4, V) of magnetic and electric potential. Finally, in section 4 we
combine all these results and we prove Theorem 1.1.

Acknowledgements. The author would like to thank Otared Kavian and Eric Soccorsi for their remarks
and suggestions.

IThis argument was initially introduced by [14] and was inspired by the Born approximation method of the scattering theory.
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2. NOTATIONS AND PRELIMINARY RESULTS

We denote by (f, 1) the duality between 1 € H'/?(I") and f belonging to the dual H~1/?(T) of H'/2(T).
However, when in (f, 1) both f and 9 belong to L?(T'), to make things simpler (-,-) can be interpreted as
the scalar product of L?(T"), namely

(1) = /F (o) 0(0) do

We introduce the operator H defined as

Hu:= (—iV + A)*u+Vu, uwe D(H):={¢ € Hj(Q); (—iV + A)*p € L*(Q)}. (2.3)

Recall that H is associated to the quadratic form b given by

bu,v) = / (=i + A)u(z) - (51 T A)o(@) dz + / V(z)u(z)o(@) dz, w,v e HL(Q),
Q Q

Moreover, the spectrum of H is discrete and composed of the non decreasing sequence of eigenvalues denoted
by o(H) = {\ ; k > 1}. If we write V = VT — V~, with V* := max(0,4V), we have that the spectrum
o(H) of H is contained into [— ||V ™| s (q), +00). According to [12, Theorem 2.2.2.3], we can show that D(H)
embedded continuously into H?(2). Therefore the eigenfunctions (px)r>1 of H, that form an Hilbertian
basis, are lying in H?(2) and we have 9, ¢y € H'/?(T).

Lemma 2.1. For any f € HY*(T') and A € C\ o(H), there exists a unique solution u € H'(Q) to the
equation

(-iV+A)>2u+Vu—u = 0, in Q, (2.4)
u(x) = f(z), xeT, )
which can be written as
P— — ak
Uy ‘= u= Z N\ — Ak Pk (25)
k>1
where for convenience we set
hi == Oy ¢k rs and g = (f, hg). (2.6)
Moreover
[l zzm—ﬂ) as A — —oo
AMIL2(9) X — A2 :

k>1
Finally, there exists i < 0 such that (—oo, ux) C C\ o(H) and

sup [lux || g1 () < oo.
A< s

Proof. Since \ ¢ o(H), one can easily check that (2.4) admits a unique solution uy € H'(). Moreover, uy
can be written in terms of the eigenvalues and eigenfunctions \g, ¢x. Indeed, uy € L?(2) can be expressed
in the Hilbert basis (¢k)r>1 as

ux =Y (ualer) ¢
k>1
with (-, -) the scalar product with respect to L2(€2). Since uy € H*(Q) and Auy = —2iA-Vuy + (=i div(A) +
|A]2 + V)uy € L2(Q), we have Vuy € Hyiy () = {v € L2(;R") : div(v) € L?(Q)}. Thus, taking the scalar
product of the first equation in (2.4) with ¢ and applying the Green formula we obtain

(Fi ) = (A = Xe) (ulepr),
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which yields the expression given by (2.5). The fact that ||ux]] = 0 as A — —oo is a consequence of the
fact that we may fix cg > [[V|[;(q) large enough so that if A is real and such that A < —co, we have

IA = Ag|? > |co — \g|? for all k > 1, and thus

|ag|? |ag|?
‘)\ — )\k‘z - |CO — )\k‘Q ’

so that we may apply Lebesgue’s dominated convergence as A — —oo.
Now let us consider the last part of the lemma. Since Vuy € Hyg;,(92), multiplying (2.4) by uy and
applying the Green formula we obtain

/Q =1V + A)ur [ dr + /Q(V — ) unPda = — Byur +i(A- ), ). (2.7)
Then, since A € W (Q,R") € C(Q,R") and f € Hz(T), we get
A-vhf) = [(A@) vl [F@) dota) € R
Thus, for A € R\ o(H), taking the real part of (2.7), we find

ST+ s dot [ V) e = < @uin, 1) < 10l gy 11 ey < € ol 161,

(2.8)
with C a constant depending only on 2. On the other hand, we have

. 1
/{2\(—1V+A)u/\|2dx+/g(V—)\) |uA|2dxz5/9|vuA|2dx_[(32||A||LM(Q7R”)+HV||LQC(Q))+A}/Q|UA|2dx.

Therefore, choosing . = —(32 || Al oo (g gn) + [V || o () — %, we have (—oo, y1.) C R\ o(H) and for A < p,
we obtain

2
UX
/ [(—iV + A)uy|* dz + / (V= X) |ua|? dz > leallzr o
Q Q
Combining this estimate with (2.8) we get that
furllmoy < 201 gy A< b

This completes the proof the lemma since the right hand side of this inequality is independent of .
O

It is clear that the series (2.5) giving uy in terms of ay, Ay and ¢y, converges only in L?(2) and thus we
cannot deduce an expression of the normal derivative 0, uy in terms of oy, A and hy. To avoid this difficulty,
in a similar way to [16], we have the following lemma:

Lemma 2.2. Let f € HY*(T') be fived and for \,u € C\ o(H) let uy and u, be the solutions given by
Lemma 2.1. If we set v := vy, = ux — uy, then

_ (1 — Ao
P e v e Wil (2

the convergence taking place in H/?(T).

Proof. Let vy, = ux — u,; One verifies that vy , solves

{ (—=iV + A)%Mi +Vour,— Aoy, = (A—p)uy, inQ,

v u(0) 0, oel. (2.10)
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Since (uy|vr) = ar/(1t — Ak), it follows that

_ (A = pay
Ux,p = ; ()\k; — )\)(M — )\k> Pk

the convergence taking place in D(H). Since the operator v + d,v is continuous from D(H) into H'/?(T),
the result of the lemma follows. O

The next lemma states essentially that if for j = 1 or j = 2 we have two magnetic potentials A4;, two
electric potentials V; and u; := u; , solutions of
(—1V + AJ_)ZUJ_ + ‘G‘Uj - pu; = 0, in Q,
(2.11)
uj(r) = f(z), zeTl,
then u , and uy,, are close as yt — —oo: in some sense the influence of the potentials A; and V; are dimmed
when p — —oo. More precisely we have:

Lemma 2.3. Let V; € L°(Q,R) and A; € WH>°(Q,R"™) be given for j =1 or j =2, and denote by H; the
corresponding operator defined by (2.3). For f € HY*(T') and p € (—oo, ) C C\ o(H), let uj,, = uj be
the solution of (2.11). Then, for any 0 < & < 1/4, 2, := u1, — ua,, € H*(Q) converge to 0 in H>1=9)(Q)
as p — —oo. In particular d,z, — 0 in L*(T') as p — —o0.

Proof. Since the trace map v + 8,v is continuous from H?1~)(Q) to L?(T") (e.g. Theorem 9.4 in Chapter
4 of [20]), it is enough to show that z, € H?*(2) and ||z, gr2a-2) (q) — 0 when p — —oco. We fix p < p. with
t+ < 0 the minimal value of the constant given by Lemma 2.1 for A = A;, V =V;, j = 1,2. Without lost
of generality we assume that H; — u. is strictly positive, j = 1,2. One verifies that z, solves the equation

{ (—iV + A1)z, + Viz, —pz, = —2i(As — Ay) - Vus,, + (p2 — p1)uz,y,, in Q,

2 (o) 0, ocel, (2.12)

with p; = —idiv(A;) + |Aj|2 +Vj, j = 1,2. That is, denoting by Ry, = (Hy — ul)~' the resolvent of the
operator Hy := (—iV + A1) + Vi, we have

Zy = R1,u(_2i(142 —Ay)- Vug , + (p2 _pl)u2,u) =

with w, = —2i(As — A1) - Vua, + (p2 — p1)us,, and (A x)e>1, (¢91,5)k>1 respectively the eigenvalues of Hy
and an Hilbertian basis of eigenfunctions associated to these eigenvalues. Since w, € L*(Q), z, is lying in
D(H,) and by the same way in H?(2). It remains to show that ||z, || zrza-<) gy — 0 when p — —oo. Since
D(H;) embedded continuously into H?(Q) there exists a constant Cy depending on Ay, V3 and Q such that

o0
2 2 2
[0l < Co Y (Mg = el (v, 010", v € D(HY).
k=1
In a same way, one can find a constant C; depending on Aj, V; and Q such that

oo

vl < Cr Y Ak — mal [(v,0106) 7, v € D(Hy).
k=1

Therefore, by interpolation (e.g. Theorem 5.1 in Chapter 1 of [20]), there exists a constant Cy(;_.) depending
on g, Ay, V7 and 2 such that

e}

V200 ) < Caa—e) D A1k — P (v, 01 ), v € D).
k=1
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It follows

[e%) _ 2
M = 17w, 010) lwl 720
H%H?p(l—a(g) S C’2(1—5) Z 2“ S 02(1_5)728). (213)
Pt ALk — i — g

On the other hand, we have
2
||wl»b||L2(Q) <C ||u27HHH1(Q)
with C independent of . Then, according to Lemma 2.1, we obtain

2
sup ||wu||L2(Q) < C sup ||u2,u||H1(Q) < 00
B s WS s

Combining this with estimate (2.13) we find
2
SUPx<p, ||w>\||L2(Q)

2e
1 — ps|
We complete the proof by remarking that the right hand side of this inequality converge to 0 as 4 — —oo. [

||Zu||§{2(1fs)(sz) < Ca1—e)

3. A REPRESENTATION FORMULA

From now on, for all z = (z1,...,2,) € C" and y = (y1,...,yn) € C", we denote by z - y the quantity

n
Ty = Zﬂ%yk
k=1

and for all z € R"® we denote by z* the subspace of R” defined by {y € R" : y -z = 0}. Moreover, we set
Aj € CHQ,R™), V; € L™®(9), j = 1,2, and we assume that condition (1.1) is fulfilled.
For j = 1,2, we associate to the problem
{ (7iv + Aj)Q’UJj + ‘/jUj — )\u]' = , in Q,

0
uj(z) = f(z), zel (3.14)

the Dirichlet-Neumann map
1
Ajn s H2(09Q) 5 f = (0y +14; - V)ujar,

where u; » solves (3.14).
The goal of this section is to apply the Dirichlet-Neumann maps A;  to some suitable ansatz in order to
get a representation formula involving the magnetic potentials A; and the electric potentials Vj, j =1,2. A
similar approach was considered by [10, 14, 16]. All these authors considered this representation formula for
Schrodinger operators —A + V' with an electric potential V', in other words for Schrédinger operators with a
variable coefficient of order zero. In our case we need to extend this strategy to Schrodinger operators with
both magnetic and electric potentials, which means an extension to Schrédinger operators with variable
coefficients of order zero and one. Therefore, in accordance with results related to the determination of
magnetic Schrodinger operators from boundary measurements (e.g. [3, 11, 17, 18, 22, 24, 27]), we consider
some ansatzs of the form
®ja(z) =€ %gi(x), (G EC", x€Q, j=1,2 (3.15)

with (; chosen in such way that (—A — X)e%'* = 0 and with g; and g» respectively a solution of
C1-Vgr+(iC1-A14)g1 =0, (2-Vga—(i2- Az y)g2 =0

with A; s some smooth functions close to the magnetic potential 4;, j = 1,2. More precisely, we fix A € C\R,
m,m2 €S"L ={y eR™, |y =1} and 4;4 € C*(Q,R"), j = 1,2, and we define the ansatzs

D5\ (z) == ei\r’\"l'zeiwlm, Do i () = 671‘5’72'%2@)67“/’2(“"), x € Q, (3.16)
where 1; is a solution lying in W2°°(Q) of
nj - Vi(e) = —nj - Ajg, §=1,2



8 YAVAR KIAN

and by € WQ’OO(R”) satisfies 12 - Vby = 0. In the construction of our ansatzs we consider some smooth
approximation of the magnetic potentials instead of the magnetic potentials to obtain sufficiently smooth
functions ®; », j = 1,2. Further, for j = 1,2, we put

Sj()\,nl,ng) = <Aj’)\<1>1’)\, (I)Q,)\> = /(Ajy,\CI)L)\)@;A(x)dU(x). (317)
r

In other words we apply A; y, j = 1,2, to ansatzs of the form (3.15) with ¢; = iv/ A1, (o = —iv/ g, g1 = €
and g = boe”¥2. From now on, for the sake of simplicity we will systematically omit the subscripts X in
®;\, 7 = 1,2, in the remaining of this text. In view of determining the behavior of S;, j = 1,2, as I\ — 400
we first establish the following lemma.

Lemma 3.1. For all A\ € C\R and n; € S"71, j = 1,2, the scalar products S;(\,m1,m2) have the following
expression

S1( A, n1,m2)
= 2\&]9 n2 - (A1 — Az,u)ei\r’\("“""’)'zbgei(wl(””)*%(r))dx

+ [ (Vi = quo)elVA(m =m2) wp, il (@) —2(2) gy

—iJp VA=) 2 i1 (0)=12(2)) (by /Xy + Do Vihp + iV by + b Ay) - vdo ()

_ fQ [(Hl - )1 (2\/X771 (A=A + q11) (I)l] (2\/X772 (A — Az )by + Viby — (J12) e_iﬁnz'we_hhdx,
(3.18)

SQ()‘a m, 772)
— fQ {2&772 . (A2 _ AQ,ﬁ) + Vs — q22:| ei\/X(UI*WQ)‘beei(d’l(m)7¢2(m))dl‘

—i fBQ eiﬁ(m*n2)-mei(w1(z)*w2(x))(b2ﬁ7h + by Viho + 1Vby + b2A2) . Vda(x)

—Jq {(HQ -2t (2\5771 (A — Apy) + QQ1> ‘1’1] (2VAn2 - (As — As )by + Vobs — Ga2)e VAR T2 gy
(3.19)
Here we denote by q11, q12, g21, g22 the expressions

g = —idivAy +|A;[* + Vi(z) + 241 - Vb — 1Ay + [V |,
qi2 = Abz — 21V1/)2 . ng — QIVbQ . A1 + (71A1/}2 — ‘V@Z)2|2 - 2Vd)2 . A1 — le’UAl - |A1‘2) bg,
qo1 = —idivAg + |Ag|* + Va(x) + 245 - Viby — i1 + |V |*,
(a2 = Dby — 2V - Vby — 2iVby - Ay + (-iA% — Vi) — 2Vahy - Ay — idiv Ay — |A2\2) by,
Moreover, H;, j = 1,2, denotes the selfadjoint operator (—iV + A;) + V; acting on L*(Q) with domain
D(H;) ={v e Hy(Q): (—-iV + A4;)v € L*(Q)}.
Proof. We start with the expression of S1(\,71,72). Recall that
(—iV + AD?u+ Viu — I = —Au — 2iA; - Vu + qu — M
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with g(z) = —idivA; (z) 4 |A1(2)]” + Vi (z). Therefore, in light of (3.16) we have
(—iV + A41)2®; + V1 @1 — AP
= (A 2V - Vb — 1A% + [V ) By + 2V - Ay + 241 - Vb ) By + q®y — AP,
=2VA(m1 - V1 + 1 - A1) @1 + qu®y

with q11 = g+ 241 - Vi1 — 1Ay + |V¢1|2. On the other hand, since 1 satisfies 71 - Vip1 + 11 - A1y = 0, we
deduce that

(—iV + A1)2®; + Vid; — ADy = [Qﬁm (Aq — Agg) + qu} . (3.20)
Now consider w1 the solution of
(—iV + A1)2U1 +Viug —duy = 0, in €,
up(z) = @1(x), x €.

Note that, with our assumptions one can check that D(H;) = H(2) N H2(2). In view of (3.20), we can
split uq into two terms u; = ®1 + vy with vy the solution of

{ (—iV+ A1) +Vivy — doy = — [2\&771 (AL — Ay + Q11] ®;, in Q,
vi(z) = 0, x € 0N
Then, we have
wn = @y — (Hy = 07 2V (41— Avg) + g | @1 (3.21)
Further, as
S = /89(8” +iA; - V)u1(x)efiﬁnz'mbgefiwz(“’)da(x), (3.22)

from (3.17), and (V + iAl)ule_iﬁW'wewz € H(div,Q), we get

S1 = / div ((V + iAl(aj))ul (x)efiﬁm-zbgefiﬂ&(r)) dr
; (3.23)

= /(V + iAl)Qulefiﬁ”Q‘xbgefwgdx + / (V+4+id))uy - (V — iAl)efiﬁ‘m'xbge*dex
Q Q

by applying Stokes formula. Doing the same with (V — i4y)e VA2 hyeiv2 ¢ H(div; Q) we find out that

/ (V + iAl)ul . (V - iAl)eii\/an.Ibzeim&dI

Q

= 71/ U1($)671\/Xn2'm671w2(\/xb27]2 + b2v'¢)2 + IVbQ + bQAl) . I/dU(.’E)
r

f/ uy(x)(V — iAl)ze*iﬁnz'mbge*wzdx.
Q
In light of (3.16) and the identity u;r = ¢1, this entails

fQ(V + iAl)U1 . (V — iAl)e_iﬁW'wbze—WQdm
= —i [y VAl (@)= (Rbgny + by Vs + 1V + by Ay ) - vido ()
— Joua (2)(V = iAy)2e VA why o ivagy,

Moreover, one can check that

(V — iA1)26_iﬁn2'wb2€_iw2 = (—)\bg — 2\/X(772 . V'(/JQ + Al . ng)bg - 21\/X772 . VbQ + qlg) e_iﬁm'””e_iw

with ¢q12 = Aby — 2iV)g - Vby — 2iVbg - A+ (—iAi/Q — |V77[}2|2 —2Vps - A —idivA, — ‘A1|2) bs. Combining
this with the fact that 1o satisfies 2 - Vipa + 12 - A2y = 0 and by solves 1y - Vby = 0, we deduce that

(V —iA;)2e VAnapyemive = <[—/\ — 2V - (A1 — A y)]bo + qlz) e~ IVAn2w =ity
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Therefore, we find

fQ(V +iA)ug - (V= iAl)efiﬁm'””bge*inz
=i, eiﬁ(nrnz)wei(d)l(w)fwz(z))(ﬁbm + bWy + iVby + bo Ay) - vdo(z)
— Jqui(z) (—)\bz — 2V - (A1 — Aap)bo + Q12) emVAn @ ita g

Combining this with (3.21) we find
Jo(V +iAp)uy - (V — 1Ay )e VAN pye=ita gy
= _ifr eiﬁ(m_"2)“61(%(”5)_”’2(”))(ﬁbzng + baVihy +1Vby + boAy) - vdo(x)
+A [, wye VAT, o= gy 4 24/X Jom2 - (AL — Ay )tV Am =) wp, il (@) =2 (2) gy

_ fQ q12ei\5(771—772)'1'b26i(’¢1 (@) =v2(@)) Jq

— fﬂ[(Hl — )\)71 (2\/X771 . (Al — Al,)i) + q11> (Dl] (2\/X’I72 . (A1 — A27ﬁ)b2 — Q12> e*i\r)‘m'xe*id’zd:ﬂ.
(3.24)
Next, taking into account the fact that (V +iA1)%u; = (V3 — X)ug in Q, we obtain

fQ(V + iA1)2u16_iﬁ’72'””bge_i¢2dx = fQ(Vl - )\)ule_iﬁ""“’”bge_iwzdx
=—-A fQ ure= VAN Ty, o=t gy 4 fQ VielVAm=n2)-wp oi($1 (@) =v2(2) g

—JoW1 {(HI - N7 (2\5771 (A1 —Ag) + CI11) @1] e VAo o =ita gy
Finally, we deduce (3.18) from (3.23)-(3.24). In the same way we have
(—IV + A2)*®1 + Vody — ADy = 2VA( - Vi + As - 1) Py + g1 Py

with g1 = —idivAs + |A2|2 + Va(x) + 245 - Vo —iAyy + |V7j}1|2. Then, since 11 is a solution of n; - Viy1 +
m - A1y =0, we deduce that

(—IV + A2)2(I)1 + VQ(I)l — >\(I)1 = (2\/X’I71 . (AQ — Al,ﬂ) + Q21) @1.

Moreover, the solution us of

{ (—iV + A2)2ug + Voug — Aug = 0, in €,
ug(x) = P1(x), x €N
is given by
up = @1 — (Hy = )7 (V0 (s = Avg) + 421 By, (3.25)
Repeating our previous arguments, we deduce
Sy = / (V+ iAg)QUQefiﬁnz'mbgefiwzdx + / (V+ido)us - (V — iAg)efiﬁnz'xbzefiwzdx. (3.26)
Q Q

On the other hand, using the fact that v is a solution of the equation s - Vipo + 12 - Aoy = 0, we get
fQ(V + iAZ)UQ . (V — iAQ)efiﬁm'zbge*inz
= —i [V Am=m) @ i @) =2 (2) (/Xbony + by Vs + iVba + by Ag) - vdo(z)
— Jqua(x) (—)\bz — 2V \n2 - (Ag — Az p)bo + Q22) emVAn @ =iv2 g,

With gas = Aby — 2iVhy - Vby — 2iVhy - Ay + (—isz — Vo] — 2V - Ay — idiv Ay — \A2|2) by. Combining
this with (3.25)-(3.26) and repeating our previous arguments we obtain (3.19). O
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In order to get a suitable expression of the functions ;, A;;, we first need to extend identically the
magnetic potentials A;, j = 1,2. For this purpose we set 2 an open bounded set of R™ such that Q C © and
we define A; € C§(Q, R™) such that Aijq = A;. Then, we define Ay by

N | As(x), forx € Q,
Az(@) = { Ay (z), for x € Q\ Q.

In view of (1.1), it is clear that Ay € C3(€, R™). Without lost of generality, we assume that Diam(Q) =
2Diam(2). We now introduce the following quantities: we consider an arbitrary £ € R™ \ {0} and pick
n € S*~! such that n- £ = 0. Then for 7 > |¢| we put

2
BT = ma 771(7—) - B'rn - %7 7]2(7') = BTTI+ % and V )‘(T) = T+Z" (327)

in such a way that
n.m2 €S,
\f)\(m —1n2) = =&, as T — +0o0,
I\ = 400, as T — +oo,
jxf)\m, j\f)\nz are bounded wrt 7 > [¢].
We define the functions A; € C°(R™;R™), j = 1,2, by
Ajsla) = s x i) = [ sl = 0) A )y,

n

(3.28)

where xs(x) = § "y (6 'z) is the usual mollifer with x € C§°(R"), suppx C {z e R": |z| <1}, 0< x <1
and fR" xdz = 1. From now on we set § = =5 and we fix

Yi(x) = — /7”7:‘ Ajg(x+ (s —x-n5)n;)ds.

— 00

We set also
by = €90, [exp <1/ ng - Ag(x + an)ds> ei“"“‘} , (3.29)
R
_ _ _ _lePn o1 _ _ le?
where Ay = Aoy — A1y, w = B;£ >— €13, Br 1z, and
. . x'/r]
b= ¢, {exp (—i/ n- Al + sn)d8> e‘“"f} , Y= / n- A+ (s —z-n)n)ds.
R —0o0
Here y € S”~! denotes a vector lying in n*, 0y =y -V and A is the function defined by A> — A; on Q and

extended by 0 outside of Q. Note that, in view of condition (1.1) we have A € C}(Q). Since A; € C}(R",R"),
we find

~ _1
1456 = Ajll ey < 148 = Ajl| po gy < CO = C775 (3.30)
with C depending on 2 and any M > HAJ ||W1,OO(R,L). On the other hand, one can check that
108 Ajtll e gy < €817 = 075, @ e N\ {0}, (3.31)

where C depends on Q and any M > max . Applying (3.30) and (3.31), we obtain the following.
=

=1 HAJ‘HWLOO(W)
Lemma 3.2. Let the condition introduced above be fulfilled. Then, we have

sup HbQHLm(Rn) < o0 (3.32)
7>[€|+1
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and

lm by(z) =b(z), lUm ¥(z)—a(z) =¢(x) = /_90"7 Az + (s —x-n)n)ds, x € R™ (3.33)

T—+00 T—+00

Proof. Note first that
ba(z) = (iw Sy + fi/ N2 - OyAg(x + sng)ds> exp <1/ ng - Ag(x + snz)ds> . (3.34)
R R

On the other hand, we have |w| < 1+[¢] and, since Ay — Ay is compactly supported and A, —A; € Cs(R™,R"),
we find 0,4y = x5 * 0y(As — A1). Therefore, we obtain

”bQHLOO(]R”) <1+ |£‘ +C ||X5||L1(R") Hay(AQ - Al)HLN(R",R") <1l+ ‘£| +CM

with C a generic constant depending only on 2 and M > m From this last estimate we

j=
deduce (3.32). Now let us prove (3.33). Since A; and A, coincide outside of Q, we have Ay — A} = A.
Therefore, we deduce that Ay = x5 * A and

|0y Ay(x + sm12) — Oy A + sn)| < |0y Ay (x + s10) — Oy Ag(w + sm)| + [0y Ay (2 + sn) — Oy Al + sn)| . (3.35)
The second term on the right hand side of this estimate can be rewritten as
Oy Ag(x + sn) — Oy Az + 1) = X5 % Oy Ax + s1) — Oy A(x + 1)
and since A € C}(R"), we get
lim OyAs(x+sn) —0,A(x+sn) =0, zeR" seR. (3.36)

T—+00

5 HA~J'HWL°°(1R")'

For the first term on the right hand side of (3.35), using the fact that for 7 sufficiently large we have
19 1
A (T)
and applying (3.31), we get

10y Ayl + 572) — Dy Ag(x + 5m)| < [[Agllyyrame oy [0 = m1)| < C'ls| 775

with C depending on &, Q, A; and A,. In view of this estimate we have
Erf OyAy(x + sm2) — OyAg(x +sn) =0, xze€R", seR.

T

Combining this last result with (3.35)-(3.36), we get
lim 0yAy4(x+ sn) = 0,A(x+sn), xe€R", sk

T—+00
Then, using the fact that suppAy C Q+{z € R": |z| < ¢} and (3.31), by the dominate convergence theorem
we get that

lim Oy Ay(z + sm2)ds = / OyA(z + sn)ds, x €R".
R R

T—+00

Putting this together with (3.34) and the fact that w — &, 72 — 1 as 7 — 400, we obtain

lim by(x) = <i§ “y+ fi/an - Oy Az + sn)ds) exp <i/Rn Az + sn)d5> =b(z), z € R™.

T—+00

Using similar arguments we deduce that

zn
Jim_i(e) ~ vale) =6() = [ Alwt (s-aenhnds, v R
This completes the proof of the lemma. O

Applying (3.18)-(3.19) and (3.30)-(3.33), we obtain the following representation
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Lemma 3.3. Fiz £ € R"\ {0} and n € S*™! such that n-& = 0. Let X\, 71 and 12 be defined by (3.27) and
let be be defined by (3.29). Then, we have

.51 —=85 —ic-xy_iv(x)
TEI-POO U 2/917 (A — Ag)e e\ d. (3.37)
Proof. With reference to (3.16) and (3.27) we have |®y(z)| = e~™* and ‘6_1\5"72“ = €™ for all z € Q,
A 2
hence ||<I>1||iz(m = [pe M edx < [Qe?? and Heﬂﬁ”?'w e < |9/e? since |n1| = |n2| = 1. Moreover,
in view of (3.27), we have the estimate
1 1 1

)1 - - —
165 =07 sz = @t o) = A~ 20

In addition, in light of (3.31), we get
1 2
Vil w20 () < CO=CT%, |bjllyp2ce(qy < C6% =Crs

with C a generic constant depending on &, A;, j = 1,2, and Q. Putting these estimates together with (1.1),
(3.18)-(3.19) and (3.30) , we deduce that

51— S
VA

Combining this with (3.32)-(3.33) and applying the dominate convergence theorem we deduce (3.37).

= 2/ no - (A — A2)ei\/x(7’ll*7]2)'Ib2ei(¢’1(17)*"/’2(5’0))dx + 0 (T*%> )
Q

T—+00

]

Using similar arguments we obtain the following.

Lemma 3.4. Assume that A1 = Ay. Fiz £ € R"\ {0} and n € S"~! such that n-& = 0. Let \, g1 and ng be
defined by (3.27) and by = 1. Then, we have

T—+00

lim S; — Sy = / (Vi — Vg)e*ig'“’dz. (3.38)
Q

Proof. Note that for A; = Ay we have q11 — Vi = g21 — Va, qi2 = g2, A1 3 = Aay. Therefore, we deduce
that (3.18)-(3.19) imply

S-S = / (Vi = V)eVAm =) ei(a(@) =) gy / A ((Hy =N 7" = (Ha = X)) Q1] Qodar
Q Q

_ /Q [ﬁ(Hl - A)*QJ Vie VA et g /Q [A(Hl B A)_lm)l} e (3.39)

- / [(Hy = 27 Vi) Vie VA et dy 4 / [VAGH: = 071 @u] Voo
Q

Q
+/ {\[\(H2 - A)_1V2<I>1} Qa2dx -l-/ [(Hy — X) "1 Va®, ] Voe VAmw =102 gy
Q@ Q
where

Q1 =2m - (A1 — A1 4)®1 + (o = V)% V1)¢>1’ Q2= (2772 (A= Ary) - 6112) e~ VAT =itz

VA VA
On the other hand, since Ho — A = H; — A — (Vi — V3), for 7 sufficiently large we have

(Hy =)™ = (Hy = N7 = (Hy = )7 (1d = (1= (Vi = Va) (1 = X)) )
= —(H - (- va)(H - N

k=1



14 YAVAR KIAN

Combining this with the fact that I\ = 27, || < |72 — 1| + 27, and the fact that
C C
-1 -1 _
H(Hl - HB(Lz(Q)) + H(Vl —Va)(Hy = A) HB(LZ(Q)) = m T or
with C depending only on Vj, V5 and €2, we deduce that
sup [|A((Hy =A)"" = (Ha = A)7Y)
T>|¢|+1
In addition, (3.30)-(3.31) imply

HB(L2(Q)) < 00. (3.40)

A 1@l = B 1@l o) =0

Putting this result together with (3.28), (3.39)-(3.40), we obtain

=0.

lim sup
T—+00

(S1— ) — / (Vi — V)l A =12) i1 ()2 (0)) g
Q

On the other hand, repeating the arguments of Lemma 3.2, we find
i 01(e) — (o) = v(a) = [ A+ (5= aemads =0
since A1 = As. Thus, applying the dominate convergence theorem we obtain
i [ i V) elVA0m —12)-2 6141 (2) 2 (2)) g, — /Q(Vl CVa)etdy

and we deduce (3.38). O

4. PROOF OF THE MAIN RESULT

This section is devoted to the proof of our main result. In all this section, for j = 1 and j = 2, we
consider two magnetic potentials A; and electric potentials V; satisfying the assumptions of Theorem 1.1,
and denote by H; the associated operators defined by (2.3) for A = A; and V = Vj;. Let (\jk, ¢jk)e>1 be
a sequence of eigenvalues and eigenfunctions of H;. We start with two intermediate results.

Lemma 4.1. Let n1(7), n2(7) and A(7) be fixed by (3.27) and by be defined by (3.29). Assume that
lim S1AT), m (1), m2(7)) — S2(A(7), m(7), n2(7))
T—+00 )\(7—)
Then we have dA; = dA,.

Proof. Combining (4.41) with (3.37) we deduce that for all £ € R™\ {0}, n € S"~!, satisfying - £ = 0, we
get

=0. (4.41)

/ n-(Ag — Ay)e € h(2)eV @ dr = 0.
Q
Here b takes the form
b(z) = €49, [exp (—i/ n-Alx+ sn)ds) e_im'f}
R
with y € S"~! NnL. Then, we obtain

0= / - Alx)e S b(x) eV P da = / / n- Az’ + tn)eiw(z/"’t")b(x')e_ig‘”’/dtdx'.
n ot JR

Here we use the fact that b(z) = b(x — (z - n)n) and & - = 0. On the other hand, for all 2’ € n* and ¢ € R,
we have

- A + )@ = g Az + tn) exp <1/

— 00

t t

n- Az’ + sn)ds) = —i0; exp <1/

— 00

n- Az + sn)ds) .
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Therefore, we find
t
/ n- Alz)e €% (z)e? @ dy = —i/ [/ 9y exp (1/ n- Az + 577)ds> dt} b(z')e % da!
n 'r]J- R —00

= _i/ni [exp (i/Rn~A(x’ +sn)d8) — 1} b(z')e €% da .

It follows
/ {exp <1/ n- Az’ + sn)ds) - 1} b(z)e € da = 0. (4.42)
nt R
Now assume that £ € {£ = (&1,...,&) : § >0, 1 =1,...,n}. Fixi,j € {1,...,n} such that i # j. We
§jei—Eiej Eieit+é e,

can choose n = NG and y = Jae € n*. Here (eq,...,e,) is the canonical basis of R" defined by
e1 =(1,0,...,0),...,e, = (0,...,0,1). Then, (4.42) implies

/m [eXp (i/Rn Al Sn)d5> - 1} Oy [QXP <—1/R77 A2+ Sn)d8> e”'f} o’ = 0.

Integrating by parts we get

\/52_75]2 [ (&,

with A = (a1, ...,a,). Integrating again by parts, we find

/ (&as — Giay)e™ " dw = yif/ (&a; — &aj)e o da
" \/@T@z "
—i
= =" | (§0ya(

and it follows that for all £ € {{ = (&1,...,6,) 1 & >0, [ =1,...,n} we have F[0,,a; — 0,a;](§) = 0. On
the other hand, since 9,,a; — 0,,a; is compactly supported, F(9,,a; — 0z,a;)(§) is analytic in § € R™ and it
follows F(0y,a; — Oz,a;) = 0 on R". Here we use the fact that {{ = (§1,...,8,): § >0, l=1,...,n}isan
open set of R". From this last result, we deduce that 0,,a; — 0;,a; = 0 which implies that dA; = dAs. [

0) = &0ya5(a))e 4o = i [

YIL

</ n- 0y A(x' + sn)ds) e ey = 0
R

x) — &0ya;(x))e Sdr =0

Lemma 4.2. Let n1(7), n2(7) and X(7) be fived by (3.27) and by = 1. Assume that Ay = Az and

lim Sy (A(7),1(7),m2(7)) — S2(A(7),m1(7),m2(7)) = 0. (4.43)

T—+00

Then we have Vi = V.

Proof. Fix ¢ € R™\ {0} and choose n € S"~! N ¢+, Fix also b = 1. Thus, combining (3.38) and (4.43), we
find

/ V(z)e wEdr =0
with V = V] — V; extended by 0 outside of Q. It follows that V; = V5. O

Now let A € C and p € R, such that \,u ¢ o(H,) Uo(Hy), and f € HY/?(T) consider u; , solution to
the equation (2.4) where V :=V; and A = A;, and also denote
Rk = 0vpjmrs Gk = (f; hjk)-

According to Lemma 4.1, 4.2, the proof of Theorem 1.1 will be completed if we show that conditions (1.2)
imply conditions (4.41)-(4.43). For this purpose, we adapt the approach of [16] to magnetic Schrédinger
operators.
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Let f € H? (T') being fixed, with the notations of Lemmas 2.1 and 2.2, we denote by vj x , 1= ujx —uj .
the solution of (2.10) where V is replaced by V; and A by A;. Recalling that in Lemma 2.3 we have set
Zy = U1, — Uz, in a similar way to [16], writing the above identity for j =1 and j = 2, applying (1.1) and
then subtracting the resulting equations, we end up with a new relation, namely

(8,, + lAl . V>“L>\|F — (81, + 1A2 . Z/)UQ’)\“_‘ = I(Al — Az) . l/f + 8VU1,)\ - 81,11,2’)\ = 8VZM + 8,,1}1,)\’” — 8,/’1)2’)\,”.

(4.44)
Now let us set
FJ(>\7u7f) = al/vj,)\,p,|F7 J = 172
According to (2.9), we have
+oo
(1= ANak (= Ao,k

Fu, f)=F\u, f)—FMu, f) = : hir — 2 h 4.45
(A, f) (A, f) = Fa(N s f) Z[(/\)\17k)(u)\l7k) T T ) (= dap) 2k (4.45)

k=1
and consider the following intermediate results.

Lemma 4.3. Let 11,12, A be given by (3.27). Consider ®;, j = 1,2, with ®, introduced in the previous
section and o = e‘iﬁnz‘xbge_iwz. Then, we have

oo 2 o]
Oy h; Ty, h _
sup 7& L jl;\> <00, sup E <>\ 2 2’;\> <oo, j=1,2. (4.46)
1| Ak — >1| A2k —

Proof. We start with the first estimate of (4.46) for j = 1. According to Lemma 2.1 the solution uy ) of
(2.4) for f = &1, A= A; and V = Vi, is given by

oo

B (P, ha k)
Ui\ = Z X — Mg P1,k-
k=1 ’
Therefore, we have
o) 2
2 <(I)17 hl,k>
Al =D PPy (4.47)
k=1 J
On the other hand, we can split u; ) into two terms u; x = ®1 + vy » where v; ) solves
(—1V + A1)2’U1 + Vlvl — )\’Ul = —Gl, in Q,
v(z) = 0, zel,

where according to (3.20)
Gy = (—iV + A1)20; + V10 — XD = VA 211 - (A) — Ayy) + K] &y
with

—idivA; + |A1]? 4 Vi(z) + 24, - Vo — iApy + |V |
Y .

Thus, we have vy = —(H; — A\)7*G; and we deduce that

K =

uaall ey < 19l oy + VAL =07 200 - (A1 = Arg) + K|

L2(Q)
Combining this with the fact that

< |7 + i _ |7+ i <
BL2(Q) — [T 2r
and the fact that, according to (3.30)-(3.31), we have

e | |

tim 1+ (A1 = Avg)ll oy = 1Ko = 0

T—+00
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and we deduce the first estimate of (4.46) for j = 1. In a same way, for j = 2 using the fact that according
to (3.31) we have
(—iV + A2)*®1 + Vody — AP = O (1)

T—+00
and repeating our previous arguments we deduce the first estimate (4.46) for j = 2. For the second estimate
of (4.46), repeating the previous arguments we find
(—iV + A2)? Dy + Vody — X By = (iV + A2)205 + 1Vo®y — APy = O (7).

T—+00

Combining this estimate with the fact that

<523 h2,k> . <¢72, h2,k>
A2 — A Ao — A
since A2 1, € R, we deduce the second estimate of (4.46) by repeating the above arguments. O

From now on we set
G(>H H, ‘blv (PQ) = <F(/\a My (1)1)732>

= +Zoo(/i -A) @1, by k) (g, @2) (P, hog) (hog, o)
k=1

< _
(
Combining estimates (4.46) with Lemma 4.3, 4.4, 4.5 of [16], we obtain the following,.

A=Are)(p=Ak) (A= A2p) (k= Aop)
Lemma 4.4. Let the conditions of Theorem 1.1 be fulfilled and let m,m2, A be given by (3.27). Then,
G, 1, D1, P2) converge to Gu(\, @1, D3) as p — —o0 and G (A, @1, Py) converge to 0 as T — +oo. Here
we consider both the case by given by (3.29) and the case by = 1.

Armed with Lemma 4.4, we are now in position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Note first that according (4.44), for M = [[Vi|| ;e (q) + V2l 1o () We have

S1(>‘,771a 772) - 52()" 7717772) = <8Vzﬂ7eiﬁn2.wb26iw2> + G(/\vluv @1, (1)2)7 ®e (—OO, _M)v

where A, 11, n2 are fixed by(3.27), by is given by (3.29) or by = 1 and z, = u1 ,, — Uz, with u;,, j = 1,2,
the solution of (2.10) where X is replaced by u, V by V;, A by A; and f by ®;. In view of Lemma 2.3 and
Lemma 4.4, sending p — —oo we get

Sl(/\777177)2) - SZO\Jhﬂh) = G*(A7(I)17¢)2)'

Then, in view of Lemma 4.4, conditions (4.41) and (4.43) are fulfilled and in view of Lemma 4.1 we have
dA; = dAs. Therefore, condition (1.1) implies that for A = A; — Ay extended by 0 outside of Q we have
dA =0 on R"™. Thus there exists p € W2 (R") given by

p(x) = /0 x - Atx)dt

such that A = Vp on R™. Applying the fact that A =0 on R™ \ 2, upon eventually subtracting a constant
we may assume that pre\q = 0 which implies that ppr = 0. Now let us consider the operator Hz =
(—iV + A;) + V5 acting on L?(Q) with Dirichlet boundary condition and let (A3, ¢sx)k>1 be a sequence of
eigenvalues and eigenfunctions of Hj. Since 47 = Ay — Vp one can check that Hs = e’ Hye™"?. From this
identity we deduce that

A3k = A2k, k2>1
Moreover, for all £ > 1 we can choose @31 = e'r 2. and deduce that the condition

811903,16 = au@2,ka k >1
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is also fulfilled. Thus conditions (1.2) imply that

+oo
. 2
kEI—iI-loc Ak — A3kl =0 and ; 10,1, — 8ugpg,k||L2(F) < o0.

Then repeating the arguments of Lemma 4.4 we obtain

lim §1(>\(T%m(7)ﬂ72(7)) - SS()\(T)am(T)Jh(T)) =0

T—+00
where o
Sj()\7771;7]2) = <Aj7A(I)1,ei\/X77;_>-:c€i1ZJ2>7 ]: 1’3

with

- Z-12

Gaw) = [ Aot (- o mi)ds, b= 1

and As ) the Dirichlet Neumann map associated to problem (2.4) for A = A; and V = V5. Then in view of
Lemma 4.2 we have Vi = V5. This completes the proof of Theorem 1.1. ([
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