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Effective Hamiltonians for the Fermi resonance – Interacting states of C3v

molecules

Kamil Sarka a, Lucie Nová Stříteská a,b,⇑, Adina Ceausu-Velcescu c
a Faculty of Pharmacy, Comenius University, Odbojárov 10, 832 32 Bratislava, Slovakia

b Department of Analytical Chemistry, Institute of Chemical Technology, Technická 5, 166 25 Prague 6, Czech Republic
c Université de Perpignan Via Domitia, Laboratoire de Mathématiques et Physique, 52 Avenue Paul Alduy, 66860 Perpignan Cedex, France

A global reduction theory of the vibration–rotational Hamiltonian of C3v closed-shell molecules, dealing
with all possible anharmonic interactions in which a fundamental vibration can be involved, is presented.
The effective correlation-free Hamiltonians and the corresponding matrix elements are derived. The cases
studied here are (i) a fundamental band interacting with an overtone, (ii) a fundamental band interacting
with a combination band. The Hamiltonian terms H30;H31;H32 and the recommended set of parameters
following from the appropriate reductions are presented. The results are provided in a form directly
applicable to the analysis of spectra of the interacting states.

1. Introduction

The polyads of interacting states are usually studied by high
resolution spectroscopy. The high quality data require adequate
treatment by Hamiltonians including higher order terms. However
the more Hamiltonian terms one uses, the higher is the danger of
running into correlation problems concerning the determined
parameters. The correlation problems can be partly solved by
means of using a ‘reduced Hamiltonian’ set of parameters [1,2].

The concept of the ‘reduced effective Hamiltonian’ was devel-
oped by Watson [1,2] and applied to isolated non-degenerate
vibrational states. For such states it is a purely rotational problem.
Extension to the degenerate vibrational states and to the states
with accidental resonances, which represent vibrational–rotational
problems, was done by Tyuterev and coworkers [3–5]. They also
treated the anharmonic resonance between the states of asymmet-
ric rotors [5]. We have recently derived [6] the effective correla-
tion-free Hamiltonian with the corresponding matrix elements
for the problem of interacting close lying states
mtðEÞ; mnðA1Þ þ mt0 ðEÞ of C3v molecules.

The aim of this paper is to provide answers to very practical
questions related to spectroscopic data fitting, such as the number
of constraints to be applied, the parameters which should be

constrained, the effects of the applied constraints on the physical
meaning of the remaining parameters. However, the reduction
schemes are ‘‘state specific’’, in the sense that each type of vibra-
tional state or polyad of vibrational states requires specific reduc-
tion [7].

In the present contribution, we have studied the following cases
of anharmonic resonances in C3v molecules: (i) a fundamental
band interacting with an overtone, (ii) a fundamental band inter-
acting with a combination band. The fundamental band can be
totally symmetric vnðA1Þ ¼ 1 or doubly degenerate v tðEÞ ¼ 1. The
overtone can be vnðA1Þ ¼ 2 or v tðEÞ ¼ 2. The combination band
can be vnðA1Þ ¼ 1, vn0 ðA1Þ ¼ 1 or vnðA1Þ ¼ 1, v tðEÞ ¼ 1 or
v tðEÞ ¼ 1, v t0 ðEÞ ¼ 1.

This means that the following ten cases are treated in this
paper:

1. mnðA1Þ $ mn0 þ mn00 ðA1Þ
2. mnðA1Þ $ 2mn0 ðA1Þ
3. mnðA1Þ $ mn0 þ mtðEÞ
4. mnðA1Þ $ mt þ mt0 ðA1 þ A2 þ EÞ
5. mnðA1Þ $ 2mtðA1 þ EÞ
6. mtðEÞ $ mn þ mt0 ðEÞ
7. mtðEÞ $ mn þ mn0 ðA1Þ
8. mtðEÞ $ 2mnðA1Þ
9. mtðEÞ $ mt0 þ mt00 ðA1 þ A2 þ EÞ

10. mtðEÞ $ 2mt0 ðA1 þ EÞ
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In the following, we are giving the Hamiltonian terms, matrix
elements and sets of correlation-free Hamiltonian parameters for
the above listed ten types of anharmonic resonances. The results
for the case (6) were already published in a short Note [6] and
are presented here just for the sake of completeness.

2. Theory

2.1. The effective Hamiltonian

The effective vibration–rotational Hamiltonian for two interact-
ing vibrational states of a symmetric-top molecule can be written
as

H ¼
X

i;m;n

Xmn
i V iðqa;paÞmRiðJ2; J�; JzÞ

n ¼
X

m;n

Hmn;

in which the molecular parameters Xmn
i appear as coefficients of

products of vibrational V i and rotational Ri operators. The respective
total powers m and n of the vibrational and rotational operators are
conventionally used for estimation of the order of magnitude of the
Hamiltonian terms and parameters.

The Hamiltonian H for the problem can further be split into
three components [4,8,9]

H ¼ H1 þH2 þHint; ð1Þ

where H1 is the rovibrational Hamiltonian for the first state (A1 or E
fundamental), H2, the rovibrational Hamiltonian for the second
state (overtone or combination), andHint , the rovibrational Hamilto-
nian for the interaction between the two vibrational states. The
Hamiltonians H1;H2 have the standard forms. There are four types
of them: Hamiltonian for nondegenerate states [3,9–11] (nondegen-
erate fundamental mnðA1Þ, nondegenerate overtone 2mn0 ðA1Þ, nonde-
generate combination band mn0 þ mn00 ðA1ÞÞ, Hamiltonian for
degenerate states [3,9–11] (degenerate fundamental mtðEÞ, degener-
ate combination band mn0 þ mtðEÞÞ, Hamiltonian for degenerate over-
tones of the type 2mt0 ðA1 þ EÞ [12], Hamiltonian for degenerate
combination bands of the type mt þ mt0 ðA1 þ A2 þ EÞ [13–15]. At the
level of approximation used in the present work, the diagonal terms
up to H23 and the intra-vibrational interaction terms up to H24 have
been considered. For the vt0 ¼ 2ðA1 þ EÞ overtone levels or the
vt ¼ vt0 ¼ 1ðA1 þ A2 þ EÞ combination levels, we have also included
the H4nðn ¼ 0;1Þ terms [12,15].

The interaction Hamiltonians Hint are presented in Appendix A,
where we have used the ladder operators [3,4,8,10,11,16]

Lr
n ¼ qn � irpn; Jr ¼ Jx þ irJy ðr ¼ �1Þ ð2Þ

and the ‘‘double ladder’’ operators [8–11,17]

Lr
e ¼ 1

2
½ðqa þ ieqbÞ � irðpa þ iepbÞ� ðr; e

¼ �1; the two signs are independentÞ: ð3Þ

The laddering properties of the operators

Lr
n jvni ¼ ½2vn þ rþ 1�1=2jvn þ ri

JrjJ; ki ¼ ½JðJ þ 1Þ � kðk� rÞ�1=2jJ; k� ri
Lr

tejv t; lti ¼ ½ðv t þ relt þ rþ 1Þ=2�1=2jv t þ r; lt þ ei
ð4Þ

provide the matrix elements presented in Appendix B.
We have considered the three lowest terms

ðHint ¼ H30 þH31 þH32Þ in the interaction Hamiltonian. It follows
from symmetry considerations that not all these terms have to
be necessarily present in all cases. The H31 terms are usually
denoted as higher-order Coriolis terms [16] (like all terms which
are linear in rotational angular momentum). Possible higher-order
anharmonic and rovibrational interactions in which a fundamental

vibration could be involved were thus not included in the present
work.

The order of magnitude of the coefficients Xmn
i of a Hamiltonian

term Hmn is jmþ2n�4B � jmþ2n�2xvib, where j � ðD=BÞ1=4 �
ðB=xvibÞ1=2 is a smallness parameter and D;B;xvib are typical
values of the quartic centrifugal distortion constant, rotational
constant and harmonic frequency for a molecule in question.

Hence, the order of magnitude for the anharmonic terms is

H30 � jxvib; H31 � j3xvib; H32 � j5xvib ð5Þ

The matrix elements of the different interaction terms are given in
Appendix B. The correspondence with constants used in previous
studies dealing with such anharmonic resonances is given in
Table 1.

2.2. Transformed Hamiltonian

The effective Hamiltonian (1) could in principle be diagonalized
numerically, and its coefficients Xmn

i could be optimized by a least-
squares procedure. But before doing this, we have to consider also
the limitations due to possible indeterminacies which may result
in high correlations between certain parameters.

In fact, as shown by Watson [1,2], the problem is there are infi-
nitely many such Hamiltonians, having the same eigenvalues, but
with different values of the Xmn

i parameters.

Table 1

Constants used in the literature for the description of the anharmonic resonances.

This paper Previous works

2. mnðA1Þ $ 2mn0 ðA1Þ 3
4 kn2n0 W122 [21,22], WF [23]
3
4 k

J
n2n0 W J

122 [21,22]
3
4 k

K
n2n0 WK

122 [21,22]

3. mnðA1Þ $ mn0 þ mtðEÞ 2f 31 � 1
2R

B
125 [21,22]

2f xz32
1
2 Y125 [22]

2f xy32
1
2X125 [22]

5. mnðA1Þ $ 2mtðA1 þ EÞ 3
8

ffiffiffi
2

p
kn2ta W155 [21,22]

3
8

ffiffiffi
2

p
kJn2ta W J

155 [21,22]
3
8

ffiffiffi
2

p
k
K
n2ta WK

155 [21,22]

2f x31 � 1
2R

B
155E [21,22]

2f xz32 Y155 [22]

2f xy32 X155 [22]

6. mtðEÞ $ mn0 þ mtðEÞ 3
4

ffiffiffi
2

p
kntat0a WF

245 [24–26], W245 [21,22]
ffiffiffi
2

p
f z31

1ffiffi
2

p RA
245 [21,22]

ffiffiffi
2

p
f
x
31 � 1ffiffi

2
p RB

245 [21,22]

3
4

ffiffiffi
2

p
kJntat0a W J

245 [21,22]
3
4

ffiffiffi
2

p
k
K
ntat0a WK

245 [21,22]
ffiffiffi
2

p
f xz32

1ffiffi
2

p Y245 [22]
ffiffiffi
2

p
f
xy
32

1ffiffi
2

p X245 [22]

8. mtðEÞ $ 2mnðA1Þ 2
ffiffiffi
2

p
f 31 � 1ffiffi

2
p RB

224 [21,22]

2
ffiffiffi
2

p
f xz32

1ffiffi
2

p Y224 [22]

2
ffiffiffi
2

p
f xy32

1ffiffi
2

p X224 [22]

9. mtðEÞ $ mt0 þ mt00 ðA1 þ A2 þ EÞ 3
2 ktat0at00a W7810 [27]

10. mtðEÞ $ 2mt0 ðA1 þ EÞ 3
ffiffi
2

p

4 kta2t0a W455 [21,22]

3
ffiffi
2

p

4 kJta2t0a W J
455 [21,22]

3
ffiffi
2

p

4 kKta2t0a WK
455 [21,22]

ffiffiffi
2

p
f z31

ffiffiffi
2

p
RA
455E [21,22]

f
xa
31 RB

455A [21,22], R455 [28]
ffiffiffi
2

p
f xb31

ffiffiffi
2

p
RB
455E [21,22]

f xza32
Y455 [22]

ffiffiffi
2

p
f xzb32

ffiffiffi
2

p
T455 [22]

f
xxa
32

X455 [22]
ffiffiffi
2

p
f xxb32

ffiffiffi
2

p
S455 [22]
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These Hamiltonians may be viewed as connected by unitary
contact transformations U ¼ eiS:

eH ¼ expðiSÞH expð�iSÞ ¼ Hþ ½iS;H� þ 1
2
½iS; ½iS;H�� þ � � � ð6Þ

The block diagonal operator S, which must be Hermitian, invariant
to the all operations of the molecular symmetry group and change
sign under the time-reversal operation, can be written as a sum of
products of the vibrational ðV iÞ and rotational ðRiÞ operator parts
multiplied by free coefficients si

S ¼
X

i

siV i L�
n ;L�

t�
� �

RiðJ2; J�; JzÞ; ð7Þ

and the free parameters si appear in the transformed molecular
parameters eX j

eX j ¼ Xj þ DXj ðs1; s2; . . . snÞ ð8Þ

This is the reason the molecular parameters may be highly corre-
lated and cannot be all fitted independently. The values of the free
parameters si can be fixed by constraining one or more spectro-
scopic parameters to predetermined values (usually to zero). This
procedure is called reduction.

In the case of two interacting vibrational states, we will have
the standard transformation operators for the quasi-diagonal
blocks (belonging to the fundamental and the overtone or the com-
bination bands), which have been described in detail elsewhere
[3,4,9,10]. For the interaction block we have found that at this level
of approximation it is enough to consider S30 and S31 operators, the
parameters of which must satisfy the order of magnitude require-
ments [3,4,10]

s30 � j1; s31 � j3: ð9Þ

The transformation operators are listed together with the Hamilto-
nian terms in Appendix A. A MAPLE program [6] has been applied to
evaluate the commutators in Eq. (6).

For the description of the nondegenerate fundamental mn, over-
tone 2mn, and combination mn0 þ mn00 bands, it was necessary to
include the H40 term, which may be transformed by the S30 opera-
tor. For the degenerate overtone 2mt0 ðA1 þ EÞ and combination
mt0 þ mt00 ðA1 þ A2 þ EÞ bands, it was necessary to consider explicitly
both the H40 and H41 Hamiltonian terms [12,15], which may be
transformed by the contact transformation operators S30; S31.

As a general rule, we can conclude that the H20 and H40 ‘‘diago-
nal’’ operators are transformed whenever the Fermi operators H30

and S30 are present.

We recommend however for the parameters in the ‘‘quasi-diag-
onal’’ blocks to employ in priority the reductions described in
detail in Refs. [3,12,15].

After the application of the contact transformation, the molecu-
lar parameters become functions of the transformation operator
parameters, as shown in Eq. (8). The transformation equations
are given in Appendix C.

The constants A;B;Af; q12; q22, aA
n ;a

A
t ;a

B
n;a

B
t have their usual

meaning. The parameter s appears already in the case of a degen-
erate band (fundamental, overtone or a component of the combi-
nation band) and has the meaning defined in Refs. [3,6]. It
belongs to the transformation operator

iS21 ¼ sð‘þ2Jþ � ‘�2 J�Þ ð10Þ

where we have used the same abbreviations as in our previous
work [9] ‘þ2 ¼ Lþ

tþL�
tþ; ‘�2 ¼ L�

t�Lþ
t�.

The unprimed, primed and double primed parameters belong to
a fundamental, overtone or a component of the combination band
and correspond to the labeling used in the above description of the
studied interactions.

The terms containing the vibration energy differences between
the interacting bands are omitted in the transformation equations
[6]. They formally satisfy the correct order of magnitude, but in the
case of a close resonance the vibration energy difference term is
not of the order of xvib and therefore all these terms can be
neglected.

2.3. Reduction schemes

The values of the parameters s; s0; s00 appearing in the transfor-
mation equations are assumed to be fixed by the reductions in
the quasi-diagonal blocks such as the Q-Reduction, the D-Reduction

[3] or the L-Reduction [12].
The parameters of the S30 and S31 operators have to be deter-

mined by appropriate constraints in the interaction blocks. Now
we will specify the reduction schemes for the individual studied
resonance cases.

1. mnðA1Þ $ mn0 þ mn00 ðA1Þ
The parameter s30 has to be determined by constraining
either ~kJnn0n00 ¼ 0 or ~kKnn0n00 ¼ 0. The parameters to be included
in the fit are either knn0n00 with k

J
nn0n00 or knn0n00 with k

K
nn0n00 .

2. mnðA1Þ $ 2mn0 ðA1Þ
The parameter s30 has to be determined by constraining
either ~kJn2n0 ¼ 0 or ~kKn2n0 ¼ 0. The parameters to be included
in the fit are either kn2n0 with k

J
n2n0 or kn2n0 with k

K
n2n0 .

Table 2

Reduction schemes (sets of parameters to be used in fitting spectra) for the studied cases of Fermi resonance.

Reduction scheme I Reduction scheme II

1. mnðA1Þ $ mn0 þ mn00 ðA1Þ knn0n00 ; kJnn0n00 knn0n00 ; kKnn0n00

2. mnðA1Þ $ 2mn0 ðA1Þ kn2n0 ; kJn2n0 kn2n0 ; kKn2n0

3. mnðA1Þ $ mn0 þ mtðEÞ f 31; f
xy
32

4. mnðA1Þ $ mt þ mt0 ðA1 þ A2 þ EÞ kntat0a; kJntat0a; f x31; f xy32 fails if ðAf� Af0Þ is ‘small’ kntat0a; kJntat0a; kKntat0a; f z31; f x31

5. mnðA1Þ $ 2mtðA1 þ EÞ kn2ta ; k
J
n2ta ; k

K
n2ta; f

x
31 fails if qt is ‘small’ kn2ta; k

J
n2ta; f

x
31; f

xy
32 or kn2ta; k

K
n2ta ; f

x
31; f

xy
32

6. mtðEÞ $ mn0 þ mtðEÞ kntat0a; kJntat0a; f x31; f xy32 fails if ðAf� Af0Þ is ‘small’ kntat0a; kJntat0a; kKntat0a; f z31; f x31

7. mtðEÞ $ mn þ mn0 ðA1Þ f x31; f xy32

8. mtðEÞ $ 2mnðA1Þ f x31; f xy32

9. mtðEÞ $ mt0 þ mt00 ðA1 þ A2 þ EÞ ktat0at00a; k
J
tat0at00a; f

xa
31; f

xb
31; f

xc
31; f

xxa
32 ; f

xxb
32 ; f

xxc
32 ktat0at00a; f

z
31; f

xa
31 ; f

xb
31; f

xc
31; f

xxa
32 ; f

xxb
32 ; f

xxc
32

10. mtðEÞ $ 2mt0 ðA1 þ EÞ kta2t0a; kJta2t0a; f xa31; f xb31; f xxa32 ; f xxb32 kta2t0a; f z31; f xa31; f xb31; f xxa32 ; f xxb32
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3. mnðA1Þ $ mn0 þ mtðEÞ
The parameter s31 has to be determined by setting ~f xz32 ¼ 0.
So, at the level of approximation considered in this work,
the parameters remaining in the fit are f 31 and ~f xy32.

4. mnðA1Þ $ mt þ mt0 ðA1 þ A2 þ EÞ
The reduction schemes in this case are very similar to those
already published in Ref. [6].
The parameter s30 has to be determined by setting ~f z31 ¼ 0,
the parameter sz31 by setting ~kKntat0a ¼ 0, the parameter sx31
by setting ~f xz32 ¼ 0. The parameters remaining in the fit are
kntat0a; k

J
ntat0a; f

x
31, f

xy
32.

In the case, when ðAf� Af0Þ is accidentally very small, the
parameter s30 has to be determined by the constraint
~f xy32 ¼ 0 and the parameter sz31 by constraints in higher order
terms (e.g. the parameter ~RK

tt0 in H42 [15]). The parameters
included in the fit are kntat0a; k

J
ntat0a, k

K
ntat0a; f

z
31; f

x
31.

In principle, s30 could also be determined by the alternative
constraint eRtt0 ¼ 0.

5. mnðA1Þ $ 2mtðA1 þ EÞ
The parameter s30 has to be determined by setting ~f xy32 ¼ 0,
the parameter sx31 by setting ~f xz32 ¼ 0. The parameters
included in the fit are kn2ta; k

J
n2ta; k

K
n2ta; f

x
31.

The constraint ~f xy32 ¼ 0 fails when qt is accidentally small. In
this case, we can use one of the constraints ~kJn2ta ¼ 0 or
~kKn2ta ¼ 0 to fix s30.
In principle, we can also use the constraint ~ql

12 ¼ 0 to deter-
mine s30, but we prefer the possibility to use this constraint
according to the reduction schemes given in Ref. [12].
The constraint ~f xz32 ¼ 0, suggested in order to fix sx31, fails
when A� Bþ 2Aft is accidentally small. In this case, we sug-
gest the use of the alternative constraint ~ql

12 ¼ 0.
6. mtðEÞ $ mn þ mt0 ðEÞ

The reductions for this case were already described in detail
in Ref. [6].
One should use in the fit the set of parameters
kntat0a; k

J
ntat0a; f

x
31, f

xy
32. If ðAf� Af0Þ is accidentally small, the

set of parameters to use is kntat0a, k
J
ntat0a; k

K
ntat0a; f

x
31, f

z
31.

The interaction case 6 is nicely illustrated in Ref. [18], on the
Fermi-interacting m4=m3 þ m6 bands of deuterated fluoroform
(DCF3). Here, the authors preferred using a slightly different
version of the first reduction scheme proposed in the present
work. In this study, the refined parameters were
kntat0a; k

J
ntat0a; f

x
31, and dntt0 . The authors found indeed that a

slightly better reproduction of the experimental data was
achieved when refining the dntt0 Dk ¼ �3 interaction param-
eter, from the fourth-order H33 term, rather than the f

xy
32

parameter from the third-order H32 term. This somewhat
higher significance of the higher-order dntt0 term over the
lower-order ones f

xy
32; f

z
31 was explained there by the

observed resonant crossings of levels coupled by the
Dk ¼ �3 interaction, whereas the inter-vibrational
Dk ¼ Dl ¼ �2 interaction (described by f

xy
32) is tuned out

from resonance by the coincidence with the Fermi crossing.
This interaction case could even be recently extrapolated to
the m3 þ m4=2m3 þ m6 band system of the same molecule [19].
In this latter study, the refined parameters were
kntat0a; k

J
ntat0a; f

x
31, f

xy
32, which strictly corresponds to our first

reduction scheme. The obtained values of parameters show
a good agreement with those of the m4=m3 þ m6 lower system.

7. mtðEÞ $ mn þ mn0 ðA1Þ
8. mtðEÞ $ 2mnðA1Þ

Cases 7 and 8 are very similar. The parameter s31 can be fixed
by setting ~f xz32 ¼ 0, while the parameters f

x
31 (which is unaf-

fected) and f
xy
32 remain in the fit.

Table 3

Summary of transformed parameters and possible constraints for the ten cases of
interacting levels.

Case
No.

Transformed
parameter

Depends
on

Can be
constrained to
define

Fails for too small
values of

1 ~kJnn0n00
s30 s30

~kKnn0n00
s30 s30

2 ~kJn2n0
s30 s30

~kKn2n0
s30 s30

3 ~f xy32
s

~f xz32
s31 s31

4 ~Rtt0
s30

~f z31
s30 s30 Af� Af0

~f x31
s; s0

~kJntat0a
s30; s; s

0 s30

~kKntat0a
s30; s

z
31; s,

s0
sz31 Af� Af0

~f xz32
s30; s

x
31; s,

s0
sx31

~f xy32
s30 s30

5 ~f x31
s

~kJn2ta
s30; s s30

~kJn2ta
s30; s s30

~f xz32
s30; s

x
31; s sx31 A� Bþ 2Af

~f xy32
s30 s30 q22

~ql12 s30; s
x
31; s sx31

6 ~f z31
s30 s30 Af� Af0

~f x31
s; s0

~kJntat0a
s30; s; s

0 s30

~kKntat0a
s30; s

z
31; s,

s0
s30
sz31

�
�
Af� Af0

�

~f xz32
s30; s

z
31; s,

s0
sx31

~f xy32
s30 s30

7
8

�
~f xz32

s31 s31

~f xy32
s

9 ~f z31
s30 s30 Afþ Af0 þ Af00

~f xa31
s00

~f xb31
s0

~f xc31
s

~kJtat0at00a
s30; s,
s0; s00

s30

~kKtat0at00a
s30; s

z
31 ,

s; s0; s00
sz31 Afþ Af0 þ Af00

~f xza32
s30; s

00; sxa31 sxa31
~f xzb32

s30; s
0; sxb31 sxb31

~f xzc32
s30; s; s

xc
31 sxc31

~f xxa32
s; s0; s30

~f xxb32
s; s00; s30

~f xxc32
s0; s00; s30

10 ~ql12 s30; s
0; sxa31

~f z31
s30 s30 Afþ 2Af0

~f xa31
s0

~f xb31
s

~kJta2t0a
s30; s; s

0 s30

~kKta2t0a
s30; s; s

0 ,
sz31

sz31 Afþ 2Af0

~f xza32
s30; s

0; sxa31 sxa31 A� B� Af

~f xzb32
s30; s; s

xb
31 sxb31 A� Bþ Af� 2Af0

~f xxa32
s30; s; s

0

~f xxb32
s30; s

0
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9. mtðEÞ $ mt0 þ mt00 ðA1 þ A2 þ EÞ
The parameter s30 has to be determined by setting ~f z31 ¼ 0.
The parameter sz31 has to be determined by setting
~kKtat0at00a ¼ 0. Further, we should set ~f xza32 ¼ 0, ~f xzb32 ¼ 0;~f xzc32 ¼ 0
to determine the values of sxa31; s

xb
31, sxc31. The parameters

remaining in the fit are ktat0at00a, k
J
tat0at00a; f

xa
31, f

xb
31; f

xc
31; f

xxa
32 ,

f
xxb
32 ; f

xxc
32 .

The parameter s30 can be alternatively determined from
k
J
tat0at00a ¼ 0, but there seems to be no advantage from that.

In this case, the Rt0t00 parameter, which belongs to the H40

term, is unaffected and should always be refined in the fit.
10. mtðEÞ $ 2mt0 ðA1 þ EÞ

The parameter s30 has to be determined by setting ~f z31 ¼ 0.
The parameter sz31 has to be determined by setting
~kKta2t0a ¼ 0. Further, we should set ~f xza32 ¼ 0;~f xzb32 ¼ 0 to deter-
mine the values of sxa31; s

xb
31. The parameters remaining in the

fit are kta2t0a, k
J
ta2t0a ; f

xa
31; f

xb
31, f

xxa
32 ; f

xxb
32 .

The parameter s30 can be alternatively determined from
k
J
ta2t0a ¼ 0, but there seems to be no advantage from that.

The ‘‘diagonal’’ H20;H40, and H41 terms are all affected by the
contact transformation (see Appendix C). The corresponding con-
tributions in the contact transformation are given by the interac-
tion term H30. In principle, we can now use the constraint ~ql

12 ¼ 0
to determine s30 or sxa31, but we prefer the possibility to use this con-
straint according to the reduction schemes given in Ref. [12].

The interaction case (10) was recently applied by Ceausu-Velce-
scu et al. to the m5/2m6 band system of DCF3 [20].

1 In this work, the
use of two independent Coriolis parameters f

xa
31 and f

xb
31, which were

fitted independently, was crucial for a significant improvement of
the convergence of the Hamiltonian. The inter-vibrational interac-
tion parameters which were refined in the fit were thus f

xa
31; f

xb
31

(and their J-dependent corrections f
xa;J
33 ; f

xb;J
33 Þ, together with f

xxa
32 ,

f
xxb
32 . The Fermi-interaction parameter was kept fixed to a value
which was found to minimize the standard deviation of the fit.

The parameter ql
12 [12] was fixed to zero in Ref. [20]. We have

performed a new fit in the present work, using the same data set

Table 4

Molecular parameters of DCF3 (in cm�1) in the ground, v5 ¼ 1, and v6 ¼ 2 ðl ¼ 0;�2Þ vibrational states. The interaction scheme corresponds to the case No. 10 discussed above.

Parameter Ground statea v5 ¼ 1 v6 ¼ 2; l ¼ 0 v6 ¼ 2; l ¼ �2

E 0 975.50827198(33) 1004.060254(26) 1005.983769(13)
B 0.3309331091 0.330621986(30) 0.331094256(99) 0.331060474(48)
C 0.18924413 0.189243978(22) 0.188516535(97) 0.188537096(64)

DJ � 107 3.198603 3.21835(16) 3.26761(67) 3.24476(24)

DJK � 107 �4.89265 �4.80400(21) �5.2271(15) �5.03126(63)

DK � 107 2.1789 2.09655(37) 2.4381(17) 2.23871(82)

HJ � 1012 0.4745 0.4428(15) 0.4745c 0.4745c

HJK � 1012 �2.0065 �1.9663(99) �2.366(55) �2.454(18)

HKJ � 1012 2.5994 3.369(16) 3.016(75) 2.924(35)

HK � 1012 �1.0496 �2.266(13) �1.0496c �1.0496c

Cf 0.138488990(56) �0.14155297(16)

gJ � 106 1.64056(61) �1.12515(64)

gK � 106 �1.56895(81) 0.89865(75)

sJ � 1012 �10.53(32)

sJK � 1010 2.1181(42)

sK � 1010 �2.3447(34)

q22 � 104 �0.198137(51) �2.64109(14)

f
J
22 � 1010 9.106(28) 10.133(88)

f K22 � 1010 0. �10.002(88)

f 42 � 1010 �5.5740(23)

dt � 107 4.1790(34) �1.088378d �1.088378d

dJt � 1012 2.6011b

h3 � 1014 �7.4939 �7.4939c

hJ
3 � 1019 4.77 4.77c

q12l � 104 �1.327(86)

f
xa
31 � 103 �3.785(32)

f xaJ33 � 107 �3.45(14)

f
xaK
33 � 106 5.345e

f xb31 � 103 �7.299(28)

f xbJ33 � 107 �8.09(14)

f
xbK
33 � 106 1.044e

f
xxa
32 � 105 �3.28e

f xxb32 � 105 0.9486(24)

kta2t0a �1.442e

r� 104 2.23 (2.26)f 2.41 (2.41)f 2.62 (2.65)f

Numbers in parentheses are standard deviations in units of the last digit quoted.
a Ref. [29].
b Constrained to a value quoted in Ref. [30].
c Constrained to the corresponding ground state values, Ref. [29].
d Constrained to the corresponding v6 ¼ 1 value, quoted in Ref. [29].
e Constrained to a value from Ref. [20].
f Standard deviations obtained in Ref. [20] are given in parentheses.

1 The Hxa
31 and Hxb

31 Hamiltonian terms used in Ref. [20] have opposite sign with
respect to those used in the present work.
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as in Ref. [20], but with ql
12 refined (Table 4). As it can be seen by

comparing results given in Table 4 with those presented in Ref.
[20] (Tables 3 and 4), refining this parameter does not induce fun-
damental changes, neither in the vibrational ‘diagonal’ parameters,
nor in the inter-vibrational interaction parameters. However, an
important improvement of the standard deviation of the f 42 and
dt parameters in the v5 ¼ 1 vibrational state has to be noticed.
For instance, the f 42 parameter, which was of
� 5.57(16) � 10�10 cm�1 (Ref. [20], Table 3), becomes
� 5.5740(23) � 10�10 cm�1; at the same time, the dt parameter
changes from 4.1804(76) � 10�7 cm�1 to 4.1790(34) � 10�7 cm�1.
In the present work, the f

xxa
32 a-interaction parameter, which corre-

sponds to a non-resonant interaction, was kept fixed to the value
obtained in Ref. [20]. A minor improvement of the global standard
deviation of the fit can also be observed (see Table 4).

The reduction schemes corresponding to the ten above cases are
collected in Table 2. For practical purposes, a summary of variation
of parameters and possible constraints for each interaction case is
given in Table 3 .

3. Conclusion

In this paper, a general theory including all possible anharmonic
and rovibrational interactions between a fundamental vibration
and an overtone or a combination vibration in C3v symmetric-top
molecules is presented. For each case of interacting states, different

useful reduction schemes of the Hamiltonian are discussed. Some
of these reductions have already proved their efficiency in many
practical situations.
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Appendix A. The interaction Hamiltonians Hint and the

transformation operators S for particular cases of Fermi

resonance in C3 molecules

The Hmn notation, where m is the total power of vibrational
operators and n is the total power of rotational operators, has been
employed throughout the paper for the Hamiltonian terms. We
have used the relevant interaction operators up to H32.

1. Interaction mnðA1Þ $ mn0 ðA1Þ þ mn00 ðA1Þ

H30 þHJ
32 þHK

32 ¼ 3
8

Lþ
nL�

n0L�
n00 þ L�

nLþ
n0Lþ

n00
� �

knn0n00 þ k
J
nn0n00 J

2 þ k
K
nn0n00 J

2

z

h i

S30 ¼ is30 Lþ
nL�

n0L�
n00 � L�

nLþ
n0Lþ

n00
� �

2. Interaction mnðA1Þ $ 2mn0 ðA1Þ

H30 þHJ
32 þHK

32 ¼ 3
16

L�
n0Lþ

nL�
n0 þ Lþ

n0L�
nLþ

n0
� �

kn2n0 þ k
J
n2n0 J

2 þ k
K
n2n0 J

2

z

h i

S30 ¼ is30 L�
n0Lþ

nL�
n0 � Lþ

n0L�
nLþ

n0
� �

3. Interaction mnðA1Þ $ mn0 ðA1Þ þ mtðEÞ
H31 ¼ f 31 L�

t�Lþ
nL�

n0 Jþ � L�
tþLþ

nL�
n0 J� þ Lþ

tþL�
nLþ

n0 J� � Lþ
t�L�

nLþ
n0 Jþ

� �

Hxz
32 ¼ f

xz
32 L�

t�Lþ
nL�

n0 ½ Jþ; Jz�þ þ L�
tþLþ

nL�
n0 ½ J�; Jz�þ þ Lþ

tþL�
nLþ

n0 ½ Jz; J��þ þ Lþ
t�L�

nLþ
n0 ½ Jz; Jþ�þ

� �

Hxy
32 ¼ f

xy
32 L�

t�Lþ
nL�

n0 J
2
� þ L�

tþLþ
nL�

n0 J
2
þ þ Lþ

tþL�
nLþ

n0 J
2
þ þ Lþ

t�L�
nLþ

n0 J
2
�

� �

S31 ¼ is31 L�
t�Lþ

nL�
n0 Jþ � L�

tþLþ
nL�

n0 J� � Lþ
tþL�

nLþ
n0 J� þ Lþ

t�L�
nLþ

n0 Jþ
� �

4. Interaction mnðA1Þ $ mtðEÞ þ mt0 ðEÞ

H30 ¼ 3
4
kntat0a L�

n Lþ
tþLþ

t0� þ Lþ
t�Lþ

t0þ
� �

þ Lþ
n L�

t�L�
t0þ þ L�

tþL�
t0�

� �	 


Hz
31 ¼ f

z
31 L�

n Lþ
tþLþ

t0� � Lþ
t�Lþ

t0þ
� �

þ Lþ
n L�

t�L�
t0þ � L�

tþL�
t0�

� �	 

Jz

Hx
31 ¼ f

x
31 L�

n Lþ
tþLþ

t0þ Jþ � Lþ
t�Lþ

t0� J�

� �
þ Lþ

n L�
t�L�

t0� J� � L�
tþL�

t0þ Jþ
� �h i

HJ
32 þHK

32 ¼ 3
4

L�
n Lþ

tþLþ
t0� þ Lþ

t�Lþ
t0þ

� �
þ Lþ

n L�
t�L�

t0þ þ L�
tþL�

t0�
� �	 


k
J
ntat0a J

2 þ k
K
ntat0a J

2

z

h i

Hxz
32 ¼ f

xz
32 L�

n Lþ
tþLþ

t0þ½ Jz; Jþ�þ þ Lþ
t�Lþ

t0�½ Jz; J��þ
� �

þ Lþ
n ðL�

t�L�
t0�½ J�; J

z
�þ þ L�

tþL�
t0þ½ Jþ; Jz�þÞ

h i

Hxy
32 ¼ f

xy
32 L�

n Lþ
tþLþ

t0þ J
2
� þ Lþ

t�Lþ
t0� J

2
þ

� �
þ Lþ

n L�
t�L�

t0� J
2
þ þ L�

tþL�
t0þ J

2
�

� �h i

(continued on next page)
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S30 ¼ is30 L�
n Lþ

tþLþ
t0� þ Lþ

t�Lþ
t0þ

� �
� Lþ

n L�
t�L�

t0þ þ L�
tþL�

t0�
� �	 


Sz31 ¼ is
z
31 L�

n Lþ
tþLþ

t0� � Lþ
t�Lþ

t0þ
� �

� Lþ
n L�

t�L�
t0þ � L�

tþL�
t0þ

� �	 

Jz

Sx31 ¼ is
x
31 L�

n Lþ
tþLþ

t0þ Jþ � Lþ
t�Lþ

t0� J�

� �
� Lþ

n L�
t�L�

t0� J� � L�
tþL�

t0� Jþ
� �h i

5. Interaction mnðA1Þ $ 2mtðEÞ

H30 ¼ 3
8
kn2ta L�

nLþ
tþLþ

t� þ Lþ
nL�

t�L�
tþ

� �

Hx
31 ¼ f

x
31 L�

n Lþ
tþLþ

tþ Jþ � Lþ
t�Lþ

t� J�

� �
þ Lþ

n L�
t�L�

t� J� � L�
tþL�

tþ Jþ
� �h i

HJ
32 þHK

32 ¼ 3
8

L�
nLþ

tþLþ
t� þ Lþ

nL�
t�L�

tþ
	 


k
J
n2ta J

2 þ k
K
n2ta J

2

z

h i

Hxz
32 ¼ f

xz
32 L�

n Lþ
tþLþ

tþ½ Jz; Jþ�þ þ Lþ
t�Lþ

t�½ Jz; J��þ
� �

þ Lþ
n L�

t�L�
t�½ J�; Jz�þ þ L�

tþL�
tþ½ Jþ; Jz�þ

� �h i

Hxy
32 ¼ f

xy
32 L�

n Lþ
tþLþ

tþ J
2
� þ Lþ

t�Lþ
t� J2þ

� �
þ Lþ

n L�
t�L�

t� J2þ þ L�
tþL�

tþ J2�

� �h i

S30 ¼ is30 L�
nLþ

tþLþ
t� � Lþ

nL�
t�L�

tþ
� �

Sx31 ¼ is
x
31 L�

n Lþ
tþLþ

tþ Jþ � Lþ
t�Lþ

t� J�

� �
� Lþ

n L�
t�L�

t� J� � L�
tþL�

tþ Jþ
� �h i

6. Interaction mtðEÞ $ mnðA1Þ þ mt0 ðEÞ

H30 ¼ 3
4
kntat0a L�

n Lþ
tþL�

t0� þ Lþ
t�L�

t0þ
� �

þ Lþ
n L�

t�Lþ
t0þ þ L�

tþLþ
t0�

� �	 


Hz
31 ¼ f

z
31 L�

n Lþ
tþL�

t0� � Lþ
t�L�

t0þ
� �

þ Lþ
n L�

t�Lþ
t0þ � L�

tþLþ
t0�

� �	 

Jz

Hx
31 ¼ f

x
31 L�

n Lþ
tþL�

t0þ Jþ � Lþ
t�L�

t0� J�

� �
þ Lþ

n L�
t�Lþ

t0� J� � L�
tþLþ

t0þ Jþ
� �h i

HJ
32 þHK

32 ¼ 3
4

L�
n Lþ

tþL�
t0� þ Lþ

t�L�
t0þ

� �
þ Lþ

n L�
t�Lþ

t0þ þ L�
tþLþ

t0�
� �	 


k
J
ntat0a J

2 þ k
K
ntat0a J

2

z

h i

Hxz
32 ¼ f

xz
32 L�

n Lþ
tþL�

t0þ½ Jz; Jþ�þ þ Lþ
t�L�

t0�½ Jz; J��þ
� �

þ Lþ
n L�

t�Lþ
t0�½ J�; Jz�þ þ L�

tþLþ
t0þ½ Jþ; Jz�þ

� �h i

Hxy
32 ¼ f

xy
32 L�

n Lþ
tþL�

t0þ J
2
� þ Lþ

t�L�
t0� J

2
þ

� �
þ Lþ

n L�
t�Lþ

t0� J
2
þ þ L�

tþLþ
t0þ J

2
�

� �h i

S30 ¼ is30 L�
n Lþ

tþL�
t0� þ Lþ

t�L�
t0þ

� �
� Lþ

n L�
t�Lþ

t0þ þ L�
tþLþ

t0�
� �	 


Sz31 ¼ is
z
31 L�

n Lþ
tþL�

t0� � Lþ
t�L�

t0þ
� �

� Lþ
n L�

t�Lþ
t0þ � L�

tþLþ
t0�

� �	 

Jz

Sx31 ¼ is
x
31 L�

n Lþ
tþL�

t0þ Jþ � Lþ
t�L�

t0� J�

� �
� Lþ

n L�
t�Lþ

t0� J� � L�
tþLþ

t0þ Jþ
� �h i

7. Interaction mtðEÞ $ mnðA1Þ þ mn0 ðA1Þ
H31 ¼ f

x
31 L�

t�Lþ
nLþ

n0 Jþ � L�
tþLþ

nLþ
n0 J� þ Lþ

tþL�
nL�

n0 J� � Lþ
t�L�

nL�
n0 Jþ

� �

Hxz
32 ¼ f

xz
32 L�

t�Lþ
nLþ

n0 ½ Jþ; Jz�þ þ L�
tþLþ

nLþ
n0 ½ J�; Jz�þ þ Lþ

tþL�
nL�

n0 ½ Jz; J��þ þ Lþ
t�L�

nL�
n0 ½ Jz; Jþ�þ

� �

Hxy
32 ¼ f

xy
32 L�

t�Lþ
nLþ

n0 J
2
� þ L�

tþLþ
nLþ

n0 J
2
þ þ Lþ

tþL�
nL�

n0 J
2
þ þ Lþ

t�L�
nL�

n0 J
2
�

� �

S31 ¼ is31 L�
t�Lþ

nLþ
n0 Jþ � L�

tþLþ
nLþ

n0 J� � Lþ
tþL�

nL�
n0 J� þ Lþ

t�L�
nL�

n0 Jþ
� �

8. Interaction mtðEÞ $ 2mnðA1Þ
H31 ¼ f

x
31 L�

t�Lþ
nLþ

n Jþ � L�
tþLþ

nLþ
n J� þ Lþ

tþL�
nL�

n J� � Lþ
t�L�

nL�
n Jþ

� �

Hxz
32 ¼ f

xz
32 L�

t�Lþ
nLþ

n ½ Jþ; Jz�þ þ L�
tþLþ

nLþ
n ½ J�; Jz�þ þ Lþ

tþL�
nL�

n ½ Jz; J��þ þ Lþ
t�L�

nL�
n ½ Jz; Jþ�þ

� �

Hxy
32 ¼ f

xy
32 L�

t�Lþ
nLþ

n J
2
� þ L�

tþLþ
nLþ

n J
2
þ þ Lþ

tþL�
nL�

n J
2
þ þ Lþ

t�L�
nL�

n J
2
�

� �

S31 ¼ is31 L�
t�Lþ

nLþ
n Jþ � L�

tþLþ
nLþ

n J� � Lþ
tþL�

nL�
n J� þ Lþ

t�L�
nL�

n Jþ
� �
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9. Interaction mtðEÞ $ mt0 ðEÞ þ mt00 ðEÞ

H30 ¼ 3
2
ktat0at00a L�

tþLþ
t0þLþ

t00þ þ L�
t�Lþ

t0�Lþ
t00�

� �
þ Lþ

t�L�
t0�L�

t00� þ Lþ
tþL�

t0þL�
t00þ

� �	 


Hz
31 ¼ f

z
31 L�

tþLþ
t0þLþ

t00þ � L�
t�Lþ

t0�Lþ
t00�

� �
þ Lþ

t�L�
t0�L�

t00� � Lþ
tþL�

t0þL�
t00þ

� �	 

Jz

Hxa
31 ¼ f

xa
31 L�

tþLþ
t0þLþ

t00� J� � L�
t�Lþ

t0�Lþ
t00þ Jþ

� �
þ Lþ

t�L�
t0�L�

t00þ Jþ � Lþ
tþL�

t0þL�
t00� J�

� �h i

Hxb
31 ¼ f

xb
31 L�

tþLþ
t0�Lþ

t00þ J� � L�
t�Lþ

t0þLþ
t00� Jþ

� �
þ Lþ

t�L�
t0þL�

t00� Jþ � Lþ
tþL�

t0�L�
t00þ J�

� �h i

Hxc
31 ¼ f

xc
31 L�

t�Lþ
t0þLþ

t00þ J� � L�
tþLþ

t0�Lþ
t00� Jþ

� �
þ Lþ

tþL�
t0�L�

t00� Jþ � Lþ
t�L�

t0þL�
t00þ J�

� �h i

HJ
32 þHK

32 ¼ 3
2

L�
tþLþ

t0þLþ
t00þ þ L�

t�Lþ
t0�Lþ

t00�
� �

þ ðLþ
t�L�

t0�L�
t00� þ Lþ

tþL�
t0þL�

t00þÞ
	 


k
J
tat0at00a J

2 þ k
J
tat0at00a J

2

z

� �

Hxza
32 ¼ f

xza
32 L�

tþLþ
t0þLþ

t00�½ J�; Jz�þ þ L�
t�Lþ

t0�Lþ
t00þ½ Jþ; Jz�þ

� �
þ Lþ

t�L�
t0�L�

t00þ½ Jz; Jþ�þ þ Lþ
tþL�

t0þL�
t00�½ Jz; J��þ

� �h i

Hxzb
32 ¼ f

xzb
32 L�

tþLþ
t0�Lþ

t00þ½ J�; Jz�þ þ L�
t�Lþ

t0þLþ
t00�½ Jþ; Jz�þ

� �
þ Lþ

t�L�
t0þL�

t00�½ Jz; Jþ�þ þ Lþ
tþL�

t0�L�
t00þ½ Jz; J��þ

� �h i

Hxzc
32 ¼ f

xzc
32 L�

t�Lþ
t0þLþ

t00þ½ J�; Jz�þ þ L�
tþLþ

t0�Lþ
t00�½ Jþ; Jz�þ

� �
þ Lþ

tþL�
t0�L�

t00�½ Jz; Jþ�þ þ Lþ
t�L�

t0þL�
t00þ½ Jz; J��þ

� �h i

Hxxa
32 ¼ f

xxa
32 L�

tþLþ
t0þLþ

t00� J
2
þ þ L�

t�Lþ
t0�Lþ

t00þ J
2
�

� �
þ Lþ

t�L�
t0�L�

t00þ J
2
� þ Lþ

tþL�
t0þL�

t00� J
2
þ

� �h i

Hxxb
32 ¼ f

xxb
32 L�

tþLþ
t0�Lþ

t00þ J
2
þ þ L�

t�Lþ
t0þLþ

t00� J
2
�

� �
þ Lþ

t�L�
t0þL�

t00� J
2
� þ Lþ

tþL�
t0�L�

t00þ J
2
þ

� �h i

Hxxc
32 ¼ f

xxc
32 L�

t�Lþ
t0þLþ

t00þ J
2
þ þ L�

tþLþ
t0�Lþ

t00� J
2
�

� �
þ Lþ

tþL�
t0�L�

t00� J
2
� þ Lþ

t�L�
t0þL�

t00þ J
2
þ

� �h i

S30 ¼ is30 L�
tþLþ

t0þLþ
t00þ þ L�

t�Lþ
t0�Lþ

t00�
� �

� Lþ
t�L�

t0�L�
t00� þ Lþ

tþL�
t0þL�

t00þ
� �	 


Sz31 ¼ is
z
31 L�

tþLþ
t0þLþ

t00þ � L�
t�Lþ

t0�Lþ
t00�

� �
� Lþ

t�L�
t0�L�

t00� � Lþ
tþL�

t0þL�
t00þ

� �	 

Jz

Sxa31 ¼ is
xa
31 L�

tþLþ
t0þLþ

t00� J� � L�
t�Lþ

t0�Lþ
t00þ Jþ

� �
� Lþ

t�L�
t0�L�

t00þ Jþ � Lþ
tþL�

t0þL�
t00� J�

� �h i

Sxb31 ¼ is
xb
31 L�

tþLþ
t0�Lþ

t00þ J� � L�
t�Lþ

t0þLþ
t00� Jþ

� �
� Lþ

t�L�
t0þL�

t00� Jþ � Lþ
tþL�

t0�L�
t00þ J�

� �h i

Sxc31 ¼ is
xc
31 L�

t�Lþ
t0þLþ

t00þ J� � L�
tþLþ

t0�Lþ
t00� Jþ

� �
� Lþ

tþL�
t0�L�

t00� Jþ � Lþ
t�L�

t0þL�
t00þ J�

� �h i

10. Interaction mtðEÞ $ 2mt0 ðEÞ

H30 ¼ 3
4
kta2t0a L�

tþLþ
t0þLþ

t0þ þ L�
t�Lþ

t0�Lþ
t0�

� �
þ Lþ

t�L�
t0�L�

t0� þ Lþ
tþL�

t0þL�
t0þ

� �	 


Hz
31 ¼ f

z
31 L�

tþLþ
t0þLþ

t0þ � L�
t�Lþ

t0�Lþ
t0�

� �
þ Lþ

t�L�
t0�L�

t0� � Lþ
tþL�

t0þL�
t0þ

� �	 

Jz

Hxa
31 ¼ f

xa
31 L�

tþLþ
t0þLþ

t0� J� � L�
t�Lþ

t0�Lþ
t0þ Jþ

� �
þ Lþ

t�L�
t0�L�

t0þ Jþ � Lþ
tþL�

t0þL�
t0� J�

� �h i

Hxb
31 ¼ f

xb
31 L�

t�Lþ
t0þLþ

t0þ J� � L�
tþLþ

t0�Lþ
t0� Jþ

� �
þ Lþ

tþL�
t0�L�

t0� Jþ � Lþ
t�L�

t0þL�
t0þ J�

� �h i

HJ
32 þHK

32 ¼ 3
4

L�
tþLþ

t0þLþ
t0þ þ L�

t�Lþ
t0�Lþ

t0�
� �

þ Lþ
t�L�

t0�L�
t0� þ Lþ

tþL�
t0þL�

t0þ
� �	 


k
J
ta2t0a J

2 þ k
J
ta2t0a J

2

z

� �

Hxza
32 ¼ f

xza
32 ðL�

tþLþ
t0þLþ

t0�½ J�; Jz�þ þ L�
t�Lþ

t0�Lþ
t0þ½ Jþ; Jz�þÞ þ Lþ

t�L�
t0�L�

t0þ½ Jz; Jþ�þ þ Lþ
tþL�

t0þL�
t0�½ Jz; J��þ

� �h i

Hxzb
32 ¼ f

xzb
32 L�

t�Lþ
t0þLþ

t0þ½ J�; Jz�þ þ L�
tþLþ

t0�Lþ
t0�½ Jþ; Jz�þ

� �
þ Lþ

tþL�
t0�L�

t0�½ Jz; Jþ�þ þ Lþ
t�L�

t0þL�
t0þ½ Jz; J��þ

� �h i

Hxxa
32 ¼ f

xxa
32 L�

tþLþ
t0þLþ

t0� J
2
þ þ L�

t�Lþ
t0�Lþ

t0þ J
2
�

� �
þ Lþ

t�L�
t0�L�

t0þ J
2
� þ Lþ

tþL�
t0þL�

t0� J
2
þ

� �h i

Hxxb
32 ¼ f

xxb
32 L�

t�Lþ
t0þLþ

t0þ J
2
þ þ L�

tþLþ
t0�Lþ

t0� J
2
�

� �
þ Lþ

tþL�
t0�L�

t0� J
2
� þ Lþ

t�L�
t0þL�

t0þ J
2
þ

� �h i

S30 ¼ is30 L�
tþLþ

t0þLþ
t0þ þ L�

t�Lþ
t0�Lþ

t0�
� �

� ðLþ
t�L�

t0�L�
t0� þ Lþ

tþL�
t0þL�

t0þÞ
	 


Sz31 ¼ is
z
31 L�

tþLþ
t0þLþ

t0þ � L�
t�Lþ

t0�Lþ
t0�

� �
� Lþ

t�L�
t0�L�

t0� � Lþ
tþL�

t0þL�
t0þ

� �	 

Jz

Sxa31 ¼ is
xa
31 L�

tþLþ
t0þLþ

t0� J� � L�
t�Lþ

t0�Lþ
t0þ Jþ

� �
� Lþ

t�L�
t0�L�

t0þ Jþ � Lþ
tþL�

t0þL�
t0� J�

� �h i

Sxb31 ¼ is
xb
31 L�

t�Lþ
t0þLþ

t0þ J� � L�
tþLþ

t0�Lþ
t0� Jþ

� �
� Lþ

tþL�
t0�L�

t0� Jþ � Lþ
t�L�

t0þL�
t0þ J�

� �h i
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Appendix B. The matrix elements for the description of particular cases of Fermi resonance in C3v molecules

The notations correspond to Appendix A.

1. Interaction mnðA1Þ $ mn0 ðA1Þ þ mn00 ðA1Þ

vn ¼ 1;vn0 ¼ 0;vn00 ¼ 0; J; k H30 þHJ
32 þHK

32

���
���vn ¼ 0; vn0 ¼ 1; vn00 ¼ 1; J; k

D E
¼ 3

4

ffiffiffi
2

p
knn0n00 þ k

J
nn0n00 JðJ þ 1Þ þ k

K
nn0n00k

2
h i

2. Interaction mnðA1Þ $ 2mn0 ðA1Þ

vn ¼ 1;vn0 ¼ 0; J; k H30 þHJ
32 þHK

32

���
���vn ¼ 0;vn0 ¼ 2; J; k

D E
¼ 3

4
kn2n0 þ k

J
n2n0 JðJ þ 1Þ þ k

K
n2n0k

2
h i

3. Interaction mnðA1Þ $ mn0 ðA1Þ þ mtðEÞ

vn ¼ 1;vn0 ¼ 0;v t ¼ 0; lt ¼ 0; J; k� 1 H31j jvn ¼ 0; vn0 ¼ 1; v t ¼ 1; lt ¼ �1; J; kh i ¼ �2f 31
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

vn ¼ 1;vn0 ¼ 0; v t ¼ 0; lt ¼ 0; J; k� 1 Hxz
32

�� ��vn ¼ 0;vn0 ¼ 1;v t ¼ 1; lt ¼ �1; J; k
� 

¼ 2f xz32ð2k� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

vn ¼ 1;vn0 ¼ 0; v t ¼ 0; lt ¼ 0; J; k� 2 Hxy
32

�� ��vn ¼ 0;vn0 ¼ 1;v t ¼ 1; lt ¼ �1; J; k
� 

¼ 2f xy32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

4. Interaction mnðA1Þ $ mtðEÞ þ mt0 ðEÞ

vn ¼ 0;v t ¼ 1; lt ¼ �1; v t0 ¼ 1; lt0 ¼ �1; J; k H30 þHJ
32 þHK

32

���
���vn ¼ 1; v t ¼ 0; lt ¼ 0;v t0 ¼ 0; lt0 ¼ 0; J; k

D E

¼ 3
4

ffiffiffi
2

p
½kntat0a þ k

J
ntat0aJðJ þ 1Þ þ k

K
ntat0ak

2�

vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 1; lt0 ¼ �1; J; k Hz
31

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0;v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼ �
ffiffiffi
2

p
f
z
31k

vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 1; lt0 ¼ �1; J; k� 1 Hx
31

�� ��vn ¼ 1; v t ¼ 0; lt ¼ 0;v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼ �
ffiffiffi
2

p
f
x
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 1; lt0 ¼ �1; J; k� 1 Hxz
32

�� ��vn ¼ 1; v t ¼ 0; lt ¼ 0;v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼
ffiffiffi
2

p
f
xz
32ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 1; lt0 ¼ �1; J; k� 2 Hxy
32

�� ��vn ¼ 1; v t ¼ 0; lt ¼ 0;v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼
ffiffiffi
2

p
f
xy
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

5. Interaction mnðA1Þ $ 2mtðEÞ

vn ¼ 0;v t ¼ 2; lt ¼ 0; J; k H30 þHJ
32 þHK

32

���
���vn ¼ 1;v t ¼ 0; lt ¼ 0; J; k

D E
¼ 3

8

ffiffiffi
2

p
½kn2ta þ k

J
n2taJðJ þ 1Þ þ k

K
n2tak

2�

vn ¼ 0; v t ¼ 2; lt ¼ �2; J; k� 1 Hx
31

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0; J; k
� 

¼ �2f x31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

vn ¼ 0; v t ¼ 2; lt ¼ �2; J; k� 1 Hxz
32

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0; J; k
� 

¼ 2f xz32ð2k� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

vn ¼ 0; v t ¼ 2; lt ¼ �2; J; k� 2 Hxy
32

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0; J; k
� 

¼ 2f xy32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

6. The interaction mtðEÞ $ mnðA1Þ þ mt0 ðEÞ

vn ¼ 0;v t ¼ 1; lt ¼ �1; v t0 ¼ 0; lt0 ¼ 0; J; k H30 þHJ
32 þHK

32

���
���vn ¼ 1;v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1; J; k

D E

¼ 3
4

ffiffiffi
2

p
kntat0a þ k

J
ntat0aJðJ þ 1Þ þ k

K
ntat0ak

2
h i

vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 0; lt0 ¼ 0; J; k Hz
31

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0; v t0 ¼ 1; lt0 ¼ �1; J; k
� 

¼ �
ffiffiffi
2

p
f
z
31k

vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 0; lt0 ¼ 0; J; k� 1 Hx
31

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1; J; k
� 

¼ �
ffiffiffi
2

p
f
x
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 0; lt0 ¼ 0; J; k� 1 Hxz
32

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1; J; k
� 

¼
ffiffiffi
2

p
f
xz
32ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

9



vn ¼ 0; v t ¼ 1; lt ¼ �1; v t0 ¼ 0; lt0 ¼ 0; J; k� 2 Hxy
32

�� ��vn ¼ 1;v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1; J; k
� 

¼
ffiffiffi
2

p
f
xy
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

7. Interaction mtðEÞ $ mnðA1Þ þ mn0 ðA1Þ

v t ¼ 0; lt ¼ 0;vn ¼ 1; vn0 ¼ 1; J; k� 1jH31jv t ¼ 1; lt ¼ �1; vn ¼ 0;vn0 ¼ 0; J; kh i ¼ �2f x31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0; vn ¼ 1;vn0 ¼ 1; J; k� 1 Hxz
32

�� ��v t ¼ 1; lt ¼ �1;vn ¼ 0;vn0 ¼ 0; J; k
� 

¼ 2f xz32ð2k� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0; vn ¼ 1;vn0 ¼ 1; J; k� 2 Hxy
32

�� ��v t ¼ 1; lt ¼ �1;vn ¼ 0;vn0 ¼ 0; J; k
� 

¼ 2f xy32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

8. Interaction mtðEÞ $ 2mnðA1Þ

v t ¼ 0; lt ¼ 0;vn ¼ 2; J; k� 1jH31jv t ¼ 1; lt ¼ �1; vn ¼ 0; J; kh i ¼ �2
ffiffiffi
2

p
f
x
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0; vn ¼ 2; J; k� 1 Hxz
32

�� ��v t ¼ 1; lt ¼ �1;vn ¼ 0; J; k
� 

¼ 2
ffiffiffi
2

p
f
xz
32ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0; vn ¼ 2; J; k� 2 Hxy
32

�� ��v t ¼ 1; lt ¼ �1;vn ¼ 0; J; k
� 

¼ 2
ffiffiffi
2

p
f
xy
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 1Þ

q

9. Interaction mtðEÞ $ mt0 ðEÞ þ mt00 ðEÞ

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; kh jH30 þHJ
32 þHK

32

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ 3
2

ktat0at00a þ k
J
tat0at00aJðJ þ 1Þ þ k

K
tat0at00ak

2
h i

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; kh jHz
31

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ �f
z
31k

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 1h jHxa
31

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ �f
xa
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 1h jHxb
31

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ �f
xb
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 1h jHxc
31

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ �f
xc
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 1h jHxza
32

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ f
xza
32 ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 1h jHxzb
32

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ f
xzb
32 ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 1h jHxzc
32

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ f
xzc
32 ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 2h jHxxa
32

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ f
xxa
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

(continued on next page)

10



v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 2h jHxxb
32

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ f
xxb
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 1; lt0 ¼ �1;v t00 ¼ 1; lt00 ¼ �1; J; k� 2h jHxxc
32

jv t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0;v t00 ¼ 0; lt00 ¼ 0; J; ki ¼ f
xxc
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

10. Interaction mtðEÞ $ 2mt0 ðEÞ

v t ¼ 0; lt ¼ 0;v t0 ¼ 2; lt0 ¼ �2; J; k H30 þHJ
32 þHK

32

���
���v t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0; J; k

D E
¼ 3

ffiffiffi
2

p

4
½kta2t0a þ k

J
ta2t0aJðJ þ 1Þ þ k

K
ta2t0ak

2�

v t ¼ 0; lt ¼ 0; v t0 ¼ 2; lt0 ¼ �2; J; k Hz
31

�� ��v t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼ �
ffiffiffi
2

p
f
z
31k

v t ¼ 0; lt ¼ 0; v t0 ¼ 2; lt0 ¼ 0; J; k� 1 Hxa
31

�� ��v t ¼ 1; lt ¼ �1; v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼ �f
xa
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 2; lt0 ¼ �2; J; k� 1 Hxb
31

���
���v t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0; J; k

D E
¼ �

ffiffiffi
2

p
f
xb
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0; v t0 ¼ 2; lt0 ¼ 0; J; k� 1 Hxza
32

�� ��v t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼ f
xza
32 ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 2; lt0 ¼ �2; J; k� 1 Hxzb
32

���
���v t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0; J; k

D E
¼

ffiffiffi
2

p
f
xzb
32 ð2k� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q

v t ¼ 0; lt ¼ 0; v t0 ¼ 2; lt0 ¼ 0; J; k� 2 Hxxa
32

�� ��v t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0; J; k
� 

¼ f
xxa
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

v t ¼ 0; lt ¼ 0;v t0 ¼ 2; lt0 ¼ �2; J; k� 2 Hxxb
32

���
���v t ¼ 1; lt ¼ �1;v t0 ¼ 0; lt0 ¼ 0; J; k

D E
¼

ffiffiffi
2

p
f
xxb
32

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � kðk� 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ � ðk� 1Þðk� 2Þ

q

Appendix C. The transformation equations for the molecular parameters for particular cases of Fermi resonance in C3 molecules

The constants A;B;Af; q12; q22, a
A
n;a

A
t ;a

B
n;a

B
t have their usual meaning. The parameters s are those involved in the transformation oper-

ators iS21 ¼ s Lþ
tþL�

tþJþ � L�
t�Lþ

t�J�
� �

, introduced in Ref. [3].

The ‘energy difference’ terms are omitted, because in the case of close resonance they do not satisfy the order of magnitude conditions.

1. Interaction mnðA1Þ $ mn0 ðA1Þ þ mn00 ðA1Þ
H20

eEn ¼ En � 6s30knn0n00

H40

~xn0n00 ¼ xn0n00 þ 6s30knn0n00

H30

~knn0n00 ¼ knn0n00

H32

~kJnn0n00 ¼ k
J
nn0n00 �

8
3
s30 aB

n � aB
n0 � aB

n00
� �

~kKnn0n00 ¼ k
K
nn0n00 �

8
3
s30 aA

n � aB
n

� �
� aA

n0 � aB
n0

� �
� aA

n00 � aB
n00

� �� �

2. Interaction mnðA1Þ $ 2mn0 ðA1Þ
H20

eEn ¼ En � 6s30kn2n0

eEn0 ¼ En0 � 3s30kn2n0

11



H40

~xn0n0 ¼ xn0n0 þ 3s30kn2n0

H30

~kn2n0 ¼ kn2n0

H32

~kn2n0J ¼ kn2n0J �
16
3

s30 aB
n � 2aB

n0
� �

~kn2n0K ¼ kn2n0K � 16
3

s30 aA
n � aB

n

� �
� 2 aA

n0 � aB
n0

� �� �

3. Interaction mnðA1Þ $ mn0 ðA1Þ þ mtðEÞ
H31

~f 31 ¼ f 31

H32

~f xz32 ¼ f
xz
32 � s31ðA� B� AfÞ

~f xy32 ¼ f
xy
32 � sf31

4. Interaction mnðA1Þ $ mtðEÞ þ mt0 ðEÞ
H20

eEn ¼ En þ 6s30kntat0a

H40

eRtt0 ¼ Rtt0 � 3s30kntat0a

~xtt0 ¼ xtt0 �
3
2
s30kntat0a

~gtt0 ¼ gtt0 þ
3
2
s30kntat0a

H41

~q12l ¼ q12l þ
1
2
s0Rtt0 � sðAf0 þ gtt0 Þ � s30f

x
31 �

3
4
sx31kntat0a �

9
8
s30ðsþ s0Þkntat0a

~q0
12l ¼ q0

12l þ
1
2
sRtt0 � s0ðAfþ gtt0 Þ � s30f

x
31 �

3
4
sx31kntat0a �

9
8
s30ðsþ s0Þkntat0a

H30
~kntat0a ¼ kntat0a

H31

~f z31 ¼ f
z
31 � 2s30ðAf� Af0Þ

~f x31 ¼ f
x
31 þ

3
4
ðsþ s0Þkntat0a

H32

~kJntat0a ¼ k
J
ntat0a þ

4
3
s30ðaB

n � aB
t � aB

t0 Þ �
4
3
ðsþ s0Þf x31 � ss0kntat0a �

1
2
ðs2 þ s02Þkntat0a

~kKntat0a ¼ k
K
ntat0a �

8
3
sz31ðAf� Af0Þ þ 4

3
s30 aA

n � aB
n

� �
� aA

t � aB
t

� �
� aA

t0 � aB
t0

� �� �
þ 4
3
ðsþ s0Þf x31 þ ss0kntat0a þ

1
2
ðs2 þ s02Þkntat0a

~f xz32 ¼ f
xz
32 � sx31ðA� Bþ Afþ Af0Þ þ 2s30ðq12 þ q0

12Þ �
1
2
ðs� s0Þf z31 þ

1
2
ss30ðA� Bþ 3Af� Af0Þ þ 1

2
s0s30ðA� Bþ 3Af0 � AfÞ

(continued on next page)
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~f xy32 ¼ f
xy
32 þ 2s30ðq22 þ q0

22Þ

5. Interaction mnðA1Þ $ 2mtðEÞ
H20

eEn ¼ En þ
3
2
s30kn2ta

H40

~xtt ¼ xtt �
3
8
s30kn2ta

~gtt ¼ gtt þ
3
8
s30kn2ta

H41

~ql
12 ¼ ql

12 �
1
2
sðAfþ 2gttÞ �

3
16

sx31kn2ta �
1
2
s30f

x
31 �

9
32

ss30kn2ta

H30

~kn2ta ¼ kn2ta

H31

~f x31 ¼ f
x
31 þ

3
8
skn2ta

H32

~kJn2ta ¼ k
J
n2ta þ

8
3
s30ðaB

n � 2aB
t Þ �

32
3

sf
x
31 � 2s2kn2ta

~kKn2ta ¼ k
K
n2ta þ

8
3
s30ððaA

n � aB
nÞ � 2ðaA

t � aB
t ÞÞ þ

32
3

sf
x
31 þ 2s2kn2ta

~f xz32 ¼ f
xz
32 � sx31ðA� Bþ 2AfÞ þ 2s30q12 þ

1
2
ss30ðA� Bþ 2AfÞ

~f xy32 ¼ f
xy
32 þ 2s30q22

6. Interaction mtðEÞ $ mnðA1Þ þ mt0 ðEÞ
H20

eEt ¼ Et � 3s30kntat0a

H40

~xnt0 ¼ xnt0 þ 3s30kntat0a

H30

~kntat0a ¼ kntat0a

H31

~f z31 ¼ f
z
31 þ 2s30ðAf� Af0Þ

~f x31 ¼ f
x
31 þ

3
4
ðs� s0Þkntat0a

H32

~kJntat0a ¼ k
J
ntat0a þ

4
3
s30ðaB

t � aB
n � aB

t0 Þ �
4
3
ðs� s0Þf x31 �

1
2
ðs2 � s02Þkntat0a

~kKntat0a ¼ k
K
ntat0a þ

8
3
sz31ðAf� Af0Þ þ 4

3
s30ððaA

t � aB
t Þ � ðaA

n � aB
nÞ � ðaA

t0 � aB
t0 ÞÞ þ

4
3
ðs� s0Þf x31 þ

1
2
ðs2 � s02Þkntat0a
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~f xz32 ¼ f
xz
32 þ 2sx31ðA� Bþ Afþ Af0Þ � 2s30ðq12 � q0

12Þ �
1
2
ðsþ s0Þf z31 �

1
2
ss30ðA� Bþ 3Af� Af0Þ þ 1

2
s0s30ðA� Bþ 3Af0 � AfÞ

~f xy32 ¼ f
xy
32 � 2s30ðq22 � q0

22Þ

7. Interaction mtðEÞ $ mnðA1Þ þ mn0 ðA1Þ
H31

~f x31 ¼ f
x
31

H32

~f xz32 ¼ f
xz
32 � s31ðA� B� AfÞ

~f xy32 ¼ f
xy
32 � sf31

8. Interaction mtðEÞ $ 2mnðA1Þ
H31

~f x31 ¼ f
x
31

H32

~f xz32 ¼ f
xz
32 � s31ðA� B� AfÞ

~f xy32 ¼ f
xy
32 � sf31

9. Interaction mtðEÞ $ mt0 ðEÞ þ mt00 ðEÞ
H20

eEt ¼ Et þ 3s30ktat0at00a

H40

eRt0t00 ¼ Rt0t00

~xt0t00 ¼ xt0t00 �
3
2
s30ktat0at00a

~gt0t00 ¼ gt0t00 �
3
2
s30ktat0at00a

H41

~q0
12l ¼ q0

12l þ
1
2
s00Rt0t00 � s0ðAf00 þ gt0t00 Þ �

3
4
sxb31ktat0at00a �

1
2
s30f

xb
31 þ

9
8
s0s30ktat0at00a

~q00
12l ¼ q00

12l þ
1
2
s0Rt0t00 � s00ðAf0 þ gt0t00 Þ �

3
4
sxa31ktat0at00a �

1
2
s30f

xa
31 þ

9
8
s00s30ktat0at00a

H30

~ktata0ta00 ¼ ktat0at00a

H31

~f z31 ¼ f
z
31 � 2s30ðAfþ Af0 þ Af00Þ

~f xa31 ¼ f
xa
31 �

3
2
s00ktat0at00a

~f xb31 ¼ f
xb
31 �

3
2
s0ktat0at00a

(continued on next page)
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~f xc31 ¼ f
xc
31 þ

3
2
sktat0at00a

H32

~kJtat0at00a ¼ k
J
tat0at00a þ

2
3
s30ðaB

t � aB
t0 � aB

t00 Þ �
2
3
ðsf xc31 � s0f

xb
31 � s00f

xa
31Þ �

1
2
ðs2 þ s02 þ s002Þktat0at00a

~kKtat0at00a ¼ k
K
tat0at00a þ

2
3
s30ððaA

t � aB
t Þ � ðaA

t0 � aB
t0 Þ � ðaA

t00 � aB
t00 ÞÞ þ

2
3
ðsf xc31 � s0f

xb
31 � s00f

xa
31Þ �

4
3
sz31ðAfþ Af0 þ Af00Þ þ 1

2
ðs2 þ s02 þ s002Þktat0at00a

~f xza32 ¼ f
xza
32 þ sxa31ðA� B� Af� Af0 þ Af00Þ þ 2s30q00

12 �
1
2
s00f

z
31 þ

1
2
s00s30ðA� Bþ Afþ Af0 þ 3Af00Þ

~f xzb32 ¼ f
xzb
32 þ sxb31ðA� B� Afþ Af0 � Af00Þ þ 2s30q0

12 �
1
2
s0f

z
31 þ

1
2
s0s30ðA� Bþ Afþ 3Af0 þ Af00Þ

~f xzc32 ¼ f
xzc
32 þ sxc31ðA� Bþ Af� Af0 � Af00Þ � 2s30q12 þ

1
2
sf

z
31 �

1
2
ss30ðA� Bþ 3Afþ Af0 þ Af00Þ

~f xxa32 ¼ f
xxa
32 þ 2s30q00

22 þ sf
xb
31 � s0f

xc
31 �

3
2
ss0ktat0at00a

~f xxb32 ¼ f
xxb
32 þ 2s30q0

22 þ sf
xa
31 � s00f

xc
31 �

3
2
ss00ktat0at00a

~f xxc32 ¼ f
xxc
32 � 2s30q22 � s0f

xa
31 � s00f

xb
31 þ

3
2
s0s00ktat0at00a

10. Interaction mtðEÞ $ 2mt0 ðEÞ
H20

eEt ¼ Et þ 3s30kta2t0a

eEt0 ¼ Et0 þ
3
2
s30kta2t0a

H40

~xt0t0 ¼ xt0t0 �
3
4
s30kta2t0a

~gt0t0 ¼ gt0t0 �
3
4
s30kta2t0a

H41

~ql
12 ¼ ql

12 � s0gt0t0 �
1
2
s0Af0 � 3

16
sxa31kta2t0a �

1
4
s30f

xa
31 þ

9
16

s0s30kta2t0a

H30

~kta2t0a ¼ kta2t0a

H31

~f z31 ¼ f
z
31 � 2s30ðAfþ 2Af0Þ

~f xa31 ¼ f
xa
31 �

3
2
s0kta2t0a

~f xb31 ¼ f
xb
31 þ

3
4
skta2t0a

H32

~kJta2t0a ¼ k
J
ta2t0a þ

4
3
s30ðaB

t � 2aB
t0 Þ �

4
3
ðsf xb31 � s0f

xa
31Þ �

1
2
ðs2 þ 2s02Þkta2t0a

~kKta2t0a ¼ k
K
ta2t0a þ

4
3
s30ððaA

t � aB
t Þ � 2ðaA

t0 � aB
t0 ÞÞ þ

4
3
ðsf xb31 � s0f

xa
31Þ �

8
3
sz31ðAfþ 2Af0Þ þ 1

2
ðs2 þ 2s02Þkta2t0a
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