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Effective Hamiltonians for the Fermi resonance - Interacting states of Cs,
molecules

Kamil Sarka ¢, Lucie Nova Stfiteska “"*, Adina Ceausu-Velcescu ¢

2 Faculty of Pharmacy, Comenius University, Odbojdrov 10, 832 32 Bratislava, Slovakia
b Department of Analytical Chemistry, Institute of Chemical Technology, Technickd 5, 166 25 Prague 6, Czech Republic
€ Université de Perpignan Via Domitia, Laboratoire de Mathématiques et Physique, 52 Avenue Paul Alduy, 66860 Perpignan Cedex, France

A global reduction theory of the vibration-rotational Hamiltonian of C3, closed-shell molecules, dealing
with all possible anharmonic interactions in which a fundamental vibration can be involved, is presented.
The effective correlation-free Hamiltonians and the corresponding matrix elements are derived. The cases
studied here are (i) a fundamental band interacting with an overtone, (ii) a fundamental band interacting
with a combination band. The Hamiltonian terms Hso, H31, H3; and the recommended set of parameters
following from the appropriate reductions are presented. The results are provided in a form directly
applicable to the analysis of spectra of the interacting states.

1. Introduction

The polyads of interacting states are usually studied by high
resolution spectroscopy. The high quality data require adequate
treatment by Hamiltonians including higher order terms. However
the more Hamiltonian terms one uses, the higher is the danger of
running into correlation problems concerning the determined
parameters. The correlation problems can be partly solved by
means of using a ‘reduced Hamiltonian’ set of parameters [1,2].

The concept of the ‘reduced effective Hamiltonian’ was devel-
oped by Watson [1,2] and applied to isolated non-degenerate
vibrational states. For such states it is a purely rotational problem.
Extension to the degenerate vibrational states and to the states
with accidental resonances, which represent vibrational-rotational
problems, was done by Tyuterev and coworkers [3-5]. They also
treated the anharmonic resonance between the states of asymmet-
ric rotors [5]. We have recently derived [6] the effective correla-
tion-free Hamiltonian with the corresponding matrix elements
for the problem of interacting close lying states
V¢(E), va(A1) + v¢ (E) of C5, molecules.

The aim of this paper is to provide answers to very practical
questions related to spectroscopic data fitting, such as the number
of constraints to be applied, the parameters which should be
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constrained, the effects of the applied constraints on the physical
meaning of the remaining parameters. However, the reduction
schemes are “state specific”, in the sense that each type of vibra-
tional state or polyad of vibrational states requires specific reduc-
tion [7].

In the present contribution, we have studied the following cases
of anharmonic resonances in Cs, molecules: (i) a fundamental
band interacting with an overtone, (ii) a fundamental band inter-
acting with a combination band. The fundamental band can be
totally symmetric z,,(A;) = 1 or doubly degenerate v,(E) = 1. The
overtone can be v,(A1) =2 or v(E)=2. The combination band
can be v,(A1)=1, vp(A)=1 or v,(A)=1, v(E)=1 or
v (E)=1, vy (E) =1.

This means that the following ten cases are treated in this
paper:

1) < Vo + V(A1)
1) < 2y (A7)
Vn(A1) < Vp + Ve(E)
1) < Ve + Ve (A1 + Ay + E)
1) < 2v¢(A1 +E)
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In the following, we are giving the Hamiltonian terms, matrix
elements and sets of correlation-free Hamiltonian parameters for
the above listed ten types of anharmonic resonances. The results
for the case (6) were already published in a short Note [6] and
are presented here just for the sake of completeness.

2. Theory
2.1. The effective Hamiltonian

The effective vibration-rotational Hamiltonian for two interact-
ing vibrational states of a symmetric-top molecule can be written
as

H= 3 X/"Via,p)"RiPJ )" = > Hum,

imn

in which the molecular parameters X[ appear as coefficients of
products of vibrational V; and rotational R; operators. The respective
total powers m and n of the vibrational and rotational operators are
conventionally used for estimation of the order of magnitude of the
Hamiltonian terms and parameters.

The Hamiltonian H for the problem can further be split into
three components [4,8,9]

H =H; +H; + Hiy, (1)

where H; is the rovibrational Hamiltonian for the first state (A; or E
fundamental), H,, the rovibrational Hamiltonian for the second
state (overtone or combination), and H;,, the rovibrational Hamilto-
nian for the interaction between the two vibrational states. The
Hamiltonians Hy, H, have the standard forms. There are four types
of them: Hamiltonian for nondegenerate states [3,9-11] (nondegen-
erate fundamental v,(A;), nondegenerate overtone 2v, (A;), nonde-
generate combination band Vy + Vv (A;)), Hamiltonian for
degenerate states [3,9-11] (degenerate fundamental v,(E), degener-
ate combination band v, + v¢(E)), Hamiltonian for degenerate over-
tones of the type 2vy(A; +E) [12], Hamiltonian for degenerate
combination bands of the type v; + vy (A1 + A, +E) [13-15]. At the
level of approximation used in the present work, the diagonal terms
up to H,3 and the intra-vibrational interaction terms up to Hp4 have
been considered. For the v, =2(A; +E) overtone levels or the
Vi = V¢ = 1(A; + Az + E) combination levels, we have also included
the Hyp(n =0,1) terms [12,15].

The interaction Hamiltonians H;, are presented in Appendix A,
where we have used the ladder operators [3,4,8,10,11,16]

‘Cz:qnfiapna .’zr :.’x+io-.,y (G:j{]) (2)
and the “double ladder” operators [8-11,17]

1 . . .
L7 = 5(da +ieqy) — i0(pa +iepy)] (0,

= +1, the two signs are independent). 3)
The laddering properties of the operators
Lo\ vn) = 200 + 6 + 11?0, + 0)

JoUL k) =00 +1) —k(k— )|k - 0) (4)
L2 |vel) = [(ve+ ael + 0+ 1)/2] v + 0,1 + &)
provide the matrix elements presented in Appendix B.

We  have considered the three lowest terms
(Hine = H3o + H31 + Hs,) in the interaction Hamiltonian. It follows
from symmetry considerations that not all these terms have to
be necessarily present in all cases. The Hz; terms are usually
denoted as higher-order Coriolis terms [16] (like all terms which

are linear in rotational angular momentum). Possible higher-order
anharmonic and rovibrational interactions in which a fundamental

vibration could be involved were thus not included in the present
work.

The order of magnitude of the coefficients X" of a Hamiltonian
term Hp, is K™24B~ k2120, where Kk~ (D/B)/* ~
(B/wy)'* is a smallness parameter and D,B,w,; are typical
values of the quartic centrifugal distortion constant, rotational
constant and harmonic frequency for a molecule in question.

Hence, the order of magnitude for the anharmonic terms is

Hso ~ KWy, Ha1 = K20y, Hzp = K30y )

The matrix elements of the different interaction terms are given in
Appendix B. The correspondence with constants used in previous
studies dealing with such anharmonic resonances is given in
Table 1.

2.2. Transformed Hamiltonian

The effective Hamiltonian (1) could in principle be diagonalized
numerically, and its coefficients X" could be optimized by a least-
squares procedure. But before doing this, we have to consider also
the limitations due to possible indeterminacies which may result
in high correlations between certain parameters.

In fact, as shown by Watson [1,2], the problem is there are infi-
nitely many such Hamiltonians, having the same eigenvalues, but
with different values of the X[™ parameters.

Table 1
Constants used in the literature for the description of the anharmonic resonances.

This paper  Previous works

2. va(A1) < 2V (A1) %knz", Wiga [21,22], WE [23]
%k{IZH' WIIZZ [21'22]
Ko Wiy, [21,22]

3. Vn(Ar) < v +Ve(E) 2f3 —1RE, [21,22]
2% 3 Y125 [22]
2f3 3 X125 [22]

5. Vn(A1) < 2v¢(A1 +E) %ﬁkﬂm Wiss [21,22]
V21 Wi, [21,22]
V2K Wiss [21,22]
2f5 — 1R [21,22]
2% Yiss [22]
21y Xiss [22]

6. V¢(E) < Vi + Vi(E) 3 V2kniara WE s [24-26], Wags [21,22]
V2f3; J3R04s [21,22]
V2f3 — R [21.22]
%\/jk{lta['ﬂ W]245 [21'22]
WKy W [2122]
V2%, 75 Y245 [22]
V2, J5X245 [22]

8. Ve(E) < 2va(A1) 2V2f3 —5R54 [21.22]
2V2f%, 5 Y224 [22]
2V21% %qu [22]

9. Vi(E) & ve + V(A1 + A2 +E)  3kgrara Wgi0 [27]

10. v¢(E) < 2v¢ (Ay +E) 32 kv Wyss [21,22]
221 e Wi, [21,22]
2 Kiaara Wiss [21,22]
V25 V2Rfssg [21,22]
£ Rissa [21.22], Rass 28]
V2 V2REssp [21,22]
ey Yass [22]
V2PE V2T 455 [22]
ey Xass [22]
ol V28455 [22]




These Hamiltonians may be viewed as connected by unitary
contact transformations U = eS:

H = exp(iS)H exp(—iS) = H + [iS, H] +%[iS, [iS,H]] +--- (6)

The block diagonal operator S, which must be Hermitian, invariant
to the all operations of the molecular symmetry group and change
sign under the time-reversal operation, can be written as a sum of
products of the vibrational (V;) and rotational (R;) operator parts
multiplied by free coefficients s;

S= Zsivi([’ni7Ltii)Ri(Jz’.’iv.’z)’ (7)

and the free parameters s; appear in the transformed molecular
parameters X;

)’Zj:Xj+AX] (517527---571) (8)

This is the reason the molecular parameters may be highly corre-
lated and cannot be all fitted independently. The values of the free
parameters s; can be fixed by constraining one or more spectro-
scopic parameters to predetermined values (usually to zero). This
procedure is called reduction.

In the case of two interacting vibrational states, we will have
the standard transformation operators for the quasi-diagonal
blocks (belonging to the fundamental and the overtone or the com-
bination bands), which have been described in detail elsewhere
[3,4,9,10]. For the interaction block we have found that at this level
of approximation it is enough to consider Sso and S3; operators, the
parameters of which must satisfy the order of magnitude require-
ments [3,4,10]

S~ K, sy A~ K3 9)

The transformation operators are listed together with the Hamilto-
nian terms in Appendix A. A MAPLE program [6] has been applied to
evaluate the commutators in Eq. (6).

For the description of the nondegenerate fundamental v,, over-
tone 2v,, and combination v, + v, bands, it was necessary to
include the Hyg term, which may be transformed by the Sz opera-
tor. For the degenerate overtone 2v,(A; +E) and combination
Ve + V(A1 + Az + E) bands, it was necessary to consider explicitly
both the Hy and Hy; Hamiltonian terms [12,15], which may be
transformed by the contact transformation operators Sso, S3;.

As a general rule, we can conclude that the Hyq and Hyo “diago-
nal” operators are transformed whenever the Fermi operators Hsg
and Ssp are present.

Table 2

We recommend however for the parameters in the “quasi-diag-
onal” blocks to employ in priority the reductions described in
detail in Refs. [3,12,15].

After the application of the contact transformation, the molecu-
lar parameters become functions of the transformation operator
parameters, as shown in Eq. (8). The transformation equations
are given in Appendix C.

The constants A,B,A(, ¢y, Gy, oA, 08 0B of have their usual
meaning. The parameter s appears already in the case of a degen-
erate band (fundamental, overtone or a component of the combi-
nation band) and has the meaning defined in Refs. [3,6]. It
belongs to the transformation operator

Sy =5(l2f —€2] ) (10)

where we have used the same abbreviations as in our previous
work [9] €., = L[ Lo 0o =L, L.

The unprimed, primed and double primed parameters belong to
a fundamental, overtone or a component of the combination band
and correspond to the labeling used in the above description of the
studied interactions.

The terms containing the vibration energy differences between
the interacting bands are omitted in the transformation equations
[6]. They formally satisfy the correct order of magnitude, but in the
case of a close resonance the vibration energy difference term is
not of the order of w,; and therefore all these terms can be
neglected.

2.3. Reduction schemes

The values of the parameters s,s’,s” appearing in the transfor-
mation equations are assumed to be fixed by the reductions in
the quasi-diagonal blocks such as the Q-Reduction, the D-Reduction
[3] or the L-Reduction [12].

The parameters of the S3p and S3; operators have to be deter-
mined by appropriate constraints in the interaction blocks. Now
we will specify the reduction schemes for the individual studied
resonance cases.

1. Vn(A1) — Vyp + Vi (A])
The parameter s3;p has to be determined by constraining
either i/, , = 0 or kX, = 0. The parameters to be included
in the fit are either Kyyy With K, o Kyyo with K5 ..

2. Va(A1) < 2vy (A7)
The parameter s3; has to be determined by constraining
either k,, = 0 or k&, = 0. The parameters to be included

in the fit are either Ky, with K, or kyy with k<

n2n’*

Reduction schemes (sets of parameters to be used in fitting spectra) for the studied cases of Fermi resonance.

Reduction scheme |

Reduction scheme II

1. V(A1) < Vo + Vo (A7) | [—— k{m,",, Kot kffnr,,u
2. V(A1) < 2V (A1) Knans Ko Ko K

3. Vn(A1) < Vi + Ve (E) Fos £2

4. vn(A1) < Ve + Ve (A + Ay +E) Kntavas Karas Fi10 £ fails if (A7 — AL') is ‘small Kniaras Karas Kavar Fois i

5. Va(A1) < 2ve(Ar +E) knzta: Khoar Kioear 31 fails if g, is ‘small’ knzia: Ka 310 F55 0F knnia, Kioa f31. F5
6. Ve(E) < v + Ve (E) Kntavas Kyaras Fi10 £ fails if (A7 — AC') is ‘small Kniaras Kyaras Ksavar Fo1s i

7. V¢(E) < Vo + Vi (A7) 0 £

8. V¢(E) < 2vn(A1) £ ;}é

9. V¢(E) < Vp + vp (A1 +A; +E) Katat'as k{ﬂ[,a[”a, . )ﬁ X pua ;);b‘ o kearra, f2, £, §b1 x g §’§b> e
10. v¢(E) < 2vp (A1 +E) Keaaras klmzr*a’ 3, )ﬁ, PO oy keazear Fars £, >3<Z; wa :;);b




3. Vn(A1) < v + v(E) Table 3

The parameter s3; has to be determined by setting f32 _ _Summaw of transformed parameters and possible constraints for the ten cases of
So, at the level of approximation considered in this work, interacting levels.
the parameters remaining in the fit are f5; and f’% Case  Transformed Depends ~ Can be Fails for too small
4. vy(A)) & Ve + Ve (A1 +A; +E) No. parameter on constrained to values of
The reduction schemes in this case are very similar to those define
already published in Ref. [6]. 1 [ $30 $30
The parameter s3, has to be determined by setting f%, = 0, R $30 $30
the parameter s, by setting k<., = 0, the parameter s}, 2 i $30 S30
by setting f% = 0 The parameters remaining in the fit are ,éf" S0 $30
Kntara, k] tat’a7f31v .
In the case, When (Al — A') is accidentally very small, the 3 ~§y2 s
parameter s3 has to be determined by the constraint % $31 531
% = 0 and the parameter s%, by constraints in higher order 4 R S30
terms (e.g. the parameter R[[, in Hy [15]). The parameters f2, S30 S30 AL -AC
included in the fit are Kuugra, Kyarar Kacararfa1: 510 fx, 5§
In principle, s3o could also be determined by the alternative 1 e $30, 5,5’ $30
constraint R,y = 0. R $30.551,8, % AL - Al
5. Vn(A1) < 2v(A1 +E) s’
The parameter s3, has to be determined by setting f — f5 S30:831:5 - S3
the parameter s§;, by setting f32 =0. The parameters ay z s
included in the ﬁt are Kuoia, Kppeas Ko For- 32 n N
The constraint f% = 0 fails when g, is accidentally small. In > % s
this case, we can use one of the constraints I}fma =0 or [ 30,5 530
k&,a = 0 to fix s30. R o 530,5 $30
In principle, we can also use the constraint g, = 0 to deter- f% $30.85,8 S A-B+ 24
mine 3o, but we prefer the possibility to use this constraint 24 530 530 422
according to the reduction schemes given in Ref. [12]. a, $30,55,S  S§
The constraint f% =0, suggested in order to fix s§,, fails 6 7 S30 $10 AL AL
when A — B + 2A¢, is accidentally small. In this case, we sug- o s
gest the use of the alternative constraint g\, = 0. ,‘jl $30.5.5  Sa
6. Vi(E) < vy + Vo (E) e S00.5 [ -
. . g 19315 30
The reductions for this case were already described in detail nara s {sg, {Ag Al
in Ref. [G]. e 530,5%1,5,  S4
One should use in the fit the set of parameters . s
Kntaras Karar fo1s Foo. I (AL —AL) is accidentally small, the f3 $30 530
set of parameters to use is Kntara, Kyyarar Kaarar [310 F31- ;} % 51 3
The interaction case 6 is nicely illustrated in Ref. [ 18], on the 2y s
Fermi-interacting v4/v; + Vs bands of deuterated fluoroform 32
(DCF3). Here, the authors preferred using a slightly different 9 f% S30 530 AL+AT + AL
version of the first reduction scheme proposed in the present 5 s’
work. In this study, the refined parameters were fib s
Kntar'as Krapar f51» and dye. The authors found indeed that a 5 $
slightly better reproduction of the experimental data was K ovara 5305, $30
achieved when refining the d,,v Ak = 43 interaction param- . S"S”Z . o
eter, from the fourth-order Hi; term, rather than the Kiatara 232‘553,," 1 AHAL +AL
parameter from the third-order Hs, term. This somewhat Fra g;o, s, s s
higher significance of the higher-order d, term over the Fab 530.8.88 s
lower-order ones f3,,f3; was explained there by the Fur 305,55
observed resonant crossings of levels coupled by the f)?::a s,8',530
Ak =+3 interaction, whereas the inter-vibrational j;ifb 5,5, $30
Ak = Al = +£2 interaction (described by f%) is tuned out 2 5.5 530
from resonance by the coincidence with the Fermi crossing. 32 o
This interaction case could even be recently extrapolated to 10 g $30,5', 531
the vs + v4/2v5 + vg band system of the same molecule [19]. f5 530 $30 AL+ 247
In this latter study, the refined parameters were M s
Kntaras Kcorar f310 £, which strictly corresponds to our first 5 s
reduction scheme. The obtained values of parameters show Kaaea $30:5,8" S0
a good agreement with those of the v4/vs + v lower system. KK va zj"'”" S5 AL+ 240
7. Ve (E) < Vnt (Al) ~)3<zza 52;‘5’,5)3&1 s3 A-B-Al
8. Vi(E) < 2va(Ar) Fb b o A—B+ AL 2AC
Cases 7 and 8 are very similar. The parameter s3; can be fixed 2 530‘5‘5,31 531 : ¢
by settingf = 0, while the parameters f3, (which is unaf- J{ifb zzz;s
32 ’

fected) and f3, remain in the fit.




Table 4

Molecular parameters of DCF; (in cm™~!) in the ground, vs = 1, and v = 2 (I = 0,F2) vibrational states. The interaction scheme corresponds to the case No. 10 discussed above.

Parameter Ground state® vs =1 v6=2,1=0 ve =2,l=7F2
E 0 975.50827198(33) 1004.060254(26) 1005.983769(13)
B 0.3309331091 0.330621986(30) 0.331094256(99) 0.331060474(48)
C 0.18924413 0.189243978(22) 0.188516535(97) 0.188537096(64)
Dy x 107 3.198603 3.21835(16) 3.26761(67) 3.24476(24)
Dy x 107 —4.89265 —4.80400(21) —5.2271(15) —5.03126(63)
Dk x 107 2.1789 2.09655(37) 2.4381(17) 2.23871(82)
Hy x 102 0.4745 0.4428(15) 0.4745¢ 0.4745¢
Hy x 102 —2.0065 —~1.9663(99) —2.366(55) —2.454(18)
Hig x 102 2.5994 3.369(16) 3.016(75) 2.924(35)
Hy x 1012 —1.0496 —2.266(13) —1.0496¢ ~1.0496°¢
Ct 0.138488990(56) —0.14155297(16)
1y x 10° 1.64056(61) —~1.12515(64)
i x 108 —1.56895(81) 0.89865(75)
7 % 10" -10.53(32)
T x 101 2.1181(42)
T4 x 101° —2.3447(34)
gy x 10° —0.198137(51) —2.64109(14)
by x 101 9.106(28) 10.133(88)
75 x 101 0. —10.002(88)
fap x 1010 —5.5740(23)
di x 107 4.1790(34) —1.088378¢ -1.088378¢
d x 10" 2.6011°
hs x 10' —7.4939 —7.4939¢
K, x 101 4.77 4.77°¢
Gy x 10% —1.327(86)
2 % 103 —3.785(32)
;gj <107 —3.45(14)
i 108 5.345°¢
% 10° —7.299(28)
Y %107 —-8.09(14)
f’égK % 108 1.044°
£ 10° -328¢
f);)éb x 105 09486(24)
ktaZt’u —1.442¢
o x10% 2.23 (2.26) 2.41 (2.41) 2.62 (2.65)

Numbers in parentheses are standard deviations in units of the last digit quoted.
@ Ref. [29].
b Constrained to a value quoted in Ref. [30].
Constrained to the corresponding ground state values, Ref. [29].
Constrained to the corresponding vg = 1 value, quoted in Ref. [29].
Constrained to a value from Ref. [20].
f Standard deviations obtained in Ref. [20] are given in parentheses.

c
d
e

9. W(E) < V¢ + V¢ (A1 + Ay +E) :
The parameter s3, has to be determined by setting f%, = 0.
The parameter sj; has to be determined by setting
K ..ra = 0. Further, we should set f3% =0, fi& = 0, =0
to determine the values of si,s¥, s%. The parameters
remaining in the fit are Krara, K o £ 0 o
320 J32-
The parameter s3p can be alternatively determined from
Kl oara = 0, but there seems to be no advantage from that.
In this case, the Ry parameter, which belongs to the Hyo
term, is unaffected and should always be refined in the fit.
10. v¢(E) « 2vp(A; +E)
The parameter s3p has to be determined by setting fgl =0.
The parameter sj; has to be determined by setting
kK ,¢q = 0. Further, we should set f3 = 0,f% = 0 to deter-
mine the values of s34, s5%. The parameters remaining in the

X0 xb  cxxa -xxb
fit are ko Kigara » f31, F310 F3 £33 -

The parameter s;; can be alternatively determined from
K .. = 0, but there seems to be no advantage from that.

The “diagonal” Hyo,Hyo, and Hy; terms are all affected by the
contact transformation (see Appendix C). The corresponding con-
tributions in the contact transformation are given by the interac-
tion term Hso. In principle, we can now use the constraint g}, = 0
to determine s;0 or s¥j, but we prefer the possibility to use this con-
straint according to the reduction schemes given in Ref. [12].

The interaction case (10) was recently applied by Ceausu-Velce-
scu et al. to the vs/2vs band system of DCF5 [20]." In this work, the
use of two independent Coriolis parameters f5; and f3,, which were
fitted independently, was crucial for a significant improvement of
the convergence of the Hamiltonian. The inter-vibrational interac-

tion parameters which were refined in the fit were thus fii, f3

(and their J-dependent corrections f3/, fi/), together with fi,

f_ﬁ,’;”. The Fermi-interaction parameter was kept fixed to a value

which was found to minimize the standard deviation of the fit.
The parameter g}, [12] was fixed to zero in Ref. [20]. We have

performed a new fit in the present work, using the same data set

! The HY and HY) Hamiltonian terms used in Ref. [20] have opposite sign with
respect to those used in the present work.



as in Ref. [20], but with g}, refined (Table 4). As it can be seen by
comparing results given in Table 4 with those presented in Ref.
[20] (Tables 3 and 4), refining this parameter does not induce fun-
damental changes, neither in the vibrational ‘diagonal’ parameters,
nor in the inter-vibrational interaction parameters. However, an
important improvement of the standard deviation of the f,, and
d, parameters in the vs =1 vibrational state has to be noticed.
For instance, the f,, parameter, which was of
—557(16) x 107" cm™!  (Ref. [20], Table 3), becomes
—5.5740(23) x 107" cm™'; at the same time, the d, parameter
changes from 4.1804(76) x 10~7 cm™! to 4.1790(34) x 10~/

In the present work, the f5y' a-interaction parameter, which corre-
sponds to a non-resonant interaction, was kept fixed to the value
obtained in Ref. [20]. A minor improvement of the global standard
deviation of the fit can also be observed (see Table 4).

The reduction schemes corresponding to the ten above cases are
collected in Table 2. For practical purposes, a summary of variation
of parameters and possible constraints for each interaction case is
given in Table 3 .

3. Conclusion

In this paper, a general theory including all possible anharmonic
and rovibrational interactions between a fundamental vibration
and an overtone or a combination vibration in C3, symmetric-top
molecules is presented. For each case of interacting states, different

useful reduction schemes of the Hamiltonian are discussed. Some
of these reductions have already proved their efficiency in many
practical situations.
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Appendix A. The interaction Hamiltonians H;,, and the
transformation operators S for particular cases of Fermi
resonance in C; molecules

The H,,;, notation, where m is the total power of vibrational
operators and n is the total power of rotational operators, has been
employed throughout the paper for the Hamiltonian terms. We
have used the relevant interaction operators up to Hs,.

1. Interaction v, (A7) < V(A1) + Ve (A1)

Hso + H;, + H3, = g (La LoLy + Lo LoLy) [knn T knn/n”., ]
Sso = is30 (L Ly Ly — Ly LHLE)

2. Interaction v, (A1) < 2V (A1)

Hyo + M, + HY, = % (Lo 5 o+ L £3) Ko + Koy I+ K 1|

530 = ngo (ﬁ;ﬁ;ﬁ;, — ﬁ;ﬁ;ﬁ;)

3. Interaction vn (A1) < V(A1) + V¢(E)
Hsi =f3 (L Lo Lo T,

t+~n t—"~n

Lo L A L L L] — L Ly L)

H3, = f5 (Lo Lo Luld o L)+ Lo Lo Lyld o L)y 4 LL Ly Ly 0 )y + L0 Ly £y (00 101L)

HY = (,ct,ﬁz:,,,] L Ly P+ L L L I+ L L L )

531 = iS31 ([:;[:;E;, ]+ — [:;+[::£;l/ _’,

4, Interaction v, (Aq) < V¢(E) + vy (E)
3 _ o o
Hso = antut’a [Ln (ELE;L + ﬁﬁﬁl) + EI (l:t—[:tur + EHEI’—)}

H; :f; [EE

Hy, =13 2,

LOLE = LOL) + Lo (L Loy — L Lo )] T,

LiLalhd + Ll ],)

LLLid, — Ll 0 )+ L (L Lo )~ Lite )]

P+ Ko

Hj32 + H32 - [‘Cl; ([::r[:;— + E:r—[:zzr) + E; (‘C;—‘C;’Jr + E;+‘Ct7—>} {kinat’
M = 15 (Lo (£800  J 0+ £E L0 U J 1) + £0(Er Lo [ )+ £ L2100 T2
W = [, (i ci, P+ 0 28 P) + £ (60 £ 2+ £ 20, )]

(continued on next page)



S30 = iS30 [Er: (‘C;:r ;L + E;: ;Lr) - ‘C; (‘Ct:‘ctlr + ‘C;+‘Ct7—)]
S5 =S5 (Lo (LL L0 — L0 L)L) — Lo (L Loy — L0 L0,)] T2
S = ishy [0 (L6060, — £ L0 0) = L5 (20 £ ]~ £ikp )]

5. Interaction v,(A1) < 2V¢(E)

3 _ o
Hso = ganta (ﬁn Et++£t+— + ‘Cxct—ﬁpr)

Wy, = 5 (2 (i d, — £ L0 0 ) + Lol £ d — £0£0 )
3

HJ32+H'3(2:§

eyt 6 ) MgV Ko ]
M5 = 5[0 (L0 L0100+ £0 6010 1) + (o £ 0, + £ 20, 0]
HY = [c (c* ol sl 1+) L (ct,c Prcoco P )]

Ss0 = isso (L, L) L1 — Lol L)

St =iy [ L (L4 L0, — L0 L0 ) ~ L (e £ 0~ L0k, )]

6. Interaction v;(E) < v(Aq) + v¢ (E)

3
Hy = anmm (Lo (Lh Lo+ L Lo )+ L (L Lo+ Lo L))

H, =50 [C0 (L Lo = L Loy ) + Ly (Lo L)y — £, £50)] ),

(
H:, =f3 |C —-Lrc chech J —Lo L)
31—f31 n t’+.’ t— r’ ] + n( t— t’f.L t+ t’+.’+)

u.)

H]32 + H32 - Zl [‘C (£+ [’t’ + [’;r—‘ct’ ) + ‘C; (,C[:,C[tr + £;+‘Ct+/—)} [clmt/a.l + k;(mt/a.’ ]

M, = f5 £ (Ch Lo 0o J )+ £ Lo (o D)) + L4 (Ce£0 10 T) + Lo 500 )]
W = [, (e co, P+ e £ P) + £ (L0 £ 02+ £8P
S0 = is30[Ly (L Lo+ L0 Loy) = Ly (L Ly, + Lo Ly )]

S5 =iy [Lo (L4 Lo = £0Loy) = L (L Loy = Lo Lo )]z

Sy = sy [ (i Lo d, — £ Lo J) = (Lo £~ £ici, )|

7. Interaction v¢(E) < vn(A1) + Vi (A1)
Moy = £ (L0 L L0, — Lo Lilad + L5 Lalud — L LyLy]))

H3, = 5 (Lo Lo Lol ) + Lo Lo Luld o Tl + L Ly L0 T )+ £ £, LT, J1L)
WY = 35 (L0 Lo i P + L0 Ll o+ £ Ly L P+ £ £,64 07
S =issi (L LyLyd, —LoLoly] —LLL L] +LILLyT,)

8. Interaction v¢(E) < 2vn(A])
Hyy =f3, (Lo Loy J, — Lo LhCh ] +LL L L] — L0 L,0,],)

HY, = o (Lo CoLyld L)+ Lo Lo o0 L)+ LG L, L0 J o)+ L0 2, 2,10, 0L
HY = (Lt,ﬁﬁ] L L L L L Ly P L Ly T )

Ss1=iss (Lo LiLh ), — Lo Lilh . — Lo L Ly )+ LL L L, I)



9. Interaction v¢(Ey < vy (E) 4 vy (E)
3 - o .
Hj = ikmt’at”a [(£t+£;7 t” + EPE ‘Ct” ) (L;iﬁt’fﬁt”— + £t++£t’+ﬁt”+)]

My =5 (Lo i L — LOL_ L)+ (C Ly Lo =~ L Lo Lo,)] ],

LR [l s tu+>+(c:,c;,c;/+1+fcaﬁm,ff)]

W = 5[ (Coti g ) — Lot L0 J) + (060 Lo J, — £0.L7 £, ] )]

Hy; = [z:[_z:[/ o d = LoLi i J)+ (i Lo Lo J, ~ L8 Lo Lo ) )]
H'32+H'3<z:%[(ﬁ?+ﬁ Ll L L L0 )+ Ly Lo+ £ L0 L0 )] (Raara P+ Ragara )

B = 55 (e 66 (0 0+ £ L5 L5 10 B + (E6 L0 Lo U )+ £4 L Lo 0 0L

bLi )4 L L 1 B + (L Lo Lo U D)+ £k Lo 10T ).

E
Lo Ly Lol AR + Lo Li Lo 1), T ) (ﬁiilh[b ]+}++Et+—£;+£t7”+“z’-,f]+>]

b xzb
HXZ —
32
XzC
H32 -

2

W = £ (Lo ci o Bv Lo 25, P ) + (L0 Lo Lo P+ £ L0 Lo T2

xxb

e
o[
s
&
WY = 5 [(Loci £, v 0 £ i ) + (£ Lo Lo P+ £ L0 L0, )]
H’s‘”z°—f3 [(ﬁ Ly Lh, I+ Lo Ly Lo ]3)+(c;c; Lo VP + L7 Ly Lo, ]+)]
(Corlo Loy + L Lo Lo ) = (LLLy Lo +L{ Ly Lo )]
(Lo Li Loy — LOLE L) = (L8 Ly Lo — L Lo Lo )] ],
S (Coti b 0~ £oLi £, J) — (L0 Lo Lo d, — Lk Lo )]
W(encicid —eicpcp J) - (LiLe Lo J, ~ L5 Ly Lo, )]
5 (

Ly [' t” ‘Ct:rﬁ t” .’+) - (ELE;’*E;’L .’+ - ﬁ;ZL;’Jr[';’Ur ‘L)}
10. Interaction v¢(E) « 2vy(E)
3 - _ o o
Hao = 7 Kaaral (Lo, L0, L6, + L L L) + (L Lo Lo+ L7 Ly L))
Wy = fo [(CoLinLin = Lo Ly L) + (L Lo Lo = Lo Lo Loy)] T
Wy = 55 [(Cociti 0 — L0 £, 00) + (L Lo Lo d, = £ Li 0 ) )]
b [ e - o .
H;d; = )3(1 [(Etfﬁttr t+/+-L - LH‘C;LE:L -’+) + (E:ZrLtLEtL .’+ - E;i[:t#ﬁt#-’—)}
H, 3 -t ot -t ot + r- - + - - K 2, K 2
L, +Hy, = a (Lo i Loy + L Lo L) + (LELo Lo+ L Lo, Lo )] < waava )™+ Kigava .’z)

M = f3 (o Lo o (0 ), + Lo 0,100 0 + (£ o Loy U 0], + £ L0 L0 (0 J )]

b _ _ _ _ _
HY =% [(cf,z: oI D)+ Lo L5 U B + (L8 e Lo U I+ £ Lo L1000 L)

H;éa: BZH[( ;L‘IiJVEt: ;7 LJZ—) ([,;[,t, ctUrJ +£ £ﬁ+ t— .’+)]
HY =35 [ (o Lo Lo, Tt L0 Li 0 )+ (ke Lo 4 £ Lo Lo )]

S30 = iS30 [(L ;Cﬂ ﬁ + E;E;L :/7) — (,C;,C;LE;L + ELE;UF,C;/JJ]
Sgl = isgl [( t’ £:7+ - ['ti[:;l[:::—) - (£:7£;7£;7 - ﬁﬁﬁhﬁzﬁ)] J:
S5 = iS5 [(Co Lo L7 ).~ £ £ £5, 1) = (60 Lo Lo d. — £ Lo Lo )]

S$ = s [(co£iocid —coti £ J.) — (LiLe Lo J, ~ £ Loty )]




Appendix B. The matrix elements for the description of particular cases of Fermi resonance in C3, molecules

The notations correspond to Appendix A.

1. Interaction v, (A1) < Vi (A1) + Vi (A1)

3
=2V2 [km,nn KU+ 1) + Kk

<Un:1,1/nf :07 Unr :O’J’k‘H3O +l-lj32 +H,3<2 2

Un=0,00 =1, 0 = 1,],k>
2. Interaction vp(A1) < 2vp (A7)

o+ Ko + 1) + ki ]

<yn:1,7/nr:0,],/(‘H30+Hl32+H§2 %{

V=00, = 2,],k> =

3. Interaction vp (A1) < Vi (A1) + V¢(E)
(tn=1,0y,=0,0,=0,1; =0,k F 1 Hs1|vn =0, 0 = 1,0, = 1,1 = £1,], k) = £2f 5,1 /JJ + 1) — k(k F 1)

(U =1,00 = 0,0, =0, =0,k F 1 HE |0, = 0,0 = 1,0 = 1,1, = +1,],k) = 2P2 2k T 1), /JJ + 1) —k(k £ 1)

(e =100 =00, =0, = 0] k£ 2[H} |00 = 0,0y = 1oy = 1L = £1.J.k) = 2P JU + 1) — k(k £ 1)\ JU + 1) — (k= 1)(k £ 2)

4, Interaction v, (Aq) < V¢(E) + vy (E)

<Z/n = 07 Uy = 1711’ = ila Vp = 17lt’ = ¥1>]7k‘H30 +H]32 +HI3<2 Up = 17 Uy = O7lt‘ = 07 Uy = Oalt/ = 07]7k>
3

= ) \/i[knmf’a + k{uat/al(] +1)+ kﬁmﬂakz]

(=00, =11 =+1,00 = 1,lp = F1,],k|H;,|[vn = 1,0, = 0, = 0, vy = 0,1y = 0,]. k) = £V2f5 k

(0, =0,0=1,L = +1,0p = 1, = +1,],k T 1|H} |5 = 1,0, = 0,1, = 0,0 = 0,1y = 0,], k) = +V2f%,\/JJ + 1) —k(k T 1)

(On=0,v,=1 =310y =11, =41, k¥ 1H}|vn=1,0,=0,; =0,v, =0, = 0,] k) = V25 2k 1)\ /JJ+1) —k(kT 1)

<Un70 Utf‘l l[f:l:l Dy =1, lt 7:|:1_’ k:l:2|H |1/n*‘l Ur = Ovlt:07yt’:07lt’:()7.]>k>
=VafIU+ 1)~ kk = 10 +1) — (k1) (k£2)

5. Interaction v,(A1) < 2V+(E)

3
(va=0,2=2,1 =0, k(l—l30 +H, +HS v, =1,0,=01, =0, k> = 5 V2knta + RigedJ U + 1) + KoK

(0n=0,v, =21 =£2,] .k F1|Hy;|vs = 1,0, =0, = 0,], k) = £2f5\/J( + 1) — k(k ¥ 1)

(0 =0,0 =2, = +2,] kT 1 HS|v, = 1,2, = 0, = 0,],k) = 2f2 2k T 1), JJ + 1) —k(k T 1)

(=00 =2l = %2, ] k£ 2[H} oy = 1,00 = 0.l = 0.1.k) = 25\ 10 + 1) — k(k = 1)\ ] + 1) — (k& 1)(k £2)

6. The interaction v¢(E) < vn(A1) + V¢ (E)
(0n =00 =1, = %1, = 0,l = 0,],k|Hso + H, + H,

7/n = ‘LT/( :071[ :07 T/t’ = 171[/ = :tl,],l<>
:i\f [Knara + Kigara 0+ 1) + Kk’

(15=0,0, =1, =+1,0, =0,y =0, k|H},|vn = 1,2, = 0,1, = 0, vy = 1,1y = +£1,].k) = £V2f5 k

(tn=0,0,=11=+1,0, =01y =0,k F 1|Hy;|vn=1,00 =0, = 0,0y = 1,lp = F1,],k) = £V2f5;\/[J + 1) —k(kF 1)

(=0, =11 =+1,0, =0,y =0,k F 1 H}|vn=1,0, =0, = 0,0y = 1,1y = F1,J,k) = V2f5,2k F 1)\ /JJ + 1) —k(kF 1)



(tn=0,0, =11 =+1,0, =0,l, =0,],k £ 2|H}| v, = 1,0, =0, =0,vp = 1, = ¥1,]. k)
= VAU + 1) —k(k£ DU+ 1) — (k£ 1) (k£2)

7. Interaction v¢(E) < vn(A1) + Vi (A1)
(=0, =0, =10y =1,k 1H31|vr =1, =+1,v, =0, vy =0,],k) = 12f§]‘/1(1+1) —k(kx1)

(v0=0,l =0, =10y =1,J,kF1H|ve = 1,l; = £1, 0, =0, vy = 0,],k) = 2352k + 1) /JJ + 1) —k(k ¥ 1)

(0 =0l = 0,0, = 1,0y =1,k £ 2[H |0, = 1,1, = 1,0, = 0, vy = 0,],k) =2 ;yz\/](]+1)—1<(ki1)\/]u+1)— (k+1)(k+2)

8. Interaction v¢(E) < 2v, (A1)

(=01, =0, v, =2, k¥ 1Hy v, = 1,1l = £1, 0, = 0], k) = £2V2f3,\/JJ + 1) — k(k F 1)

(0, =0, =0,0, =2, k F1HE |ve = 1,1, = +1,0, = 0,],k) = 2V2f5 2k T 1)\ /JU + 1) —k(k F 1)

(0=0,l;=0,0, =2,Jk£2|HY| v = 1,I; = £1,v, = 0,], k) = 2V2 ?;\/J(]+1) 7’{(]{11)\/](]‘1‘1)*(kﬁ:l)(kil)

9. Interaction v¢(Ey < vy (E) + v (E)
(00 =0,l; =0,0p = 1,lp = +1,vp = 1,1y = +1,] k|Hso + H}, + HY,

3 k] K 2
o = Llk=%1Lv0=0,y =0, =0,l» =0,], k) = 2 Keat'atra + tut’at”a](] +1) + ktat’at”ak
(v:=0,i=0,vp =1,lp = +1,0p = 1,lp = +£1,], k|H5;
‘yf = 171f = :Fla Uy = 07It/ = 07 Uy = O)lt” = 0,]7’() = if;]k

(=0 =000 = 1,1y = +1, 00 = 1,1 = F1,],k + 1/HY

e =1, =F1,00 = 0,1y = 0,00 = 0,1 = 0,],k) = 5 /JJ + 1) —k(k £ 1)
(ve=0,ly =000 =1,lp = F1,0p = 1,lp = £1,],k + 1|H3},
we=1,li=F1,00 =01y = 0,00 =0, = 0,J,k) = 2 J7 + 1) — k(k £ 1)
(V=01 =000 = 1,1y = +1,vp = 1,1y = £1,], k + 1/H

e =1, =+1,00 = 0,1y = 0,00 = 0,1 = 0,],k) = +f35\/[JJ + 1) —k(k £ 1)
(=0, =0,0p = 1,1y = +1,0p = 1,1 = F1,],k + 1|HZ’

e =1, =F1,00 = 0,1y = 0,00 = 0,1 = 0,],k) = fi 2k + 1) /J( + 1) —k(k £ 1)
(=0, =0,0p = 1,1y =F1, 00 = 1,1 = £1,] k + 1HZ

=1, =F1,00 =0, =0, vy = 0,1y = 0,],k) = f3F 2k £ 1)\ /J( + 1) — k(k + 1)
(=0 =0,0p = 1,1y = +1, 00 = 1,1 = +1,],k + 1|HZ

=1, =+1,00 =0,ly = 0,00 = 0,1 = 0,],k) = fix(2k + 1), /JJ + 1) — k(k £ 1)

<Z}t = 07lt = O, Vy = 1,1{’ = il, Ve = ]711‘" = :Fl,],k:F2|H§§a

0= 1l =F1,00 = 0L = 0.0 = 0.l = 0.J.k) = 5"\ JU + 1) —k(kF )\JU + 1) = (kF 1)(kF2)

(continued on next page)
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(00 =0, =0,00 = 1,lp = F1,0p = 1,1 = +1,] k 7 2|[H>
=10 =F1,00 =0l = 0,00 =0.ls = 0.1, k) =5\ JU + 1) —k(k = 1)\ JU + 1) — (kT 1)(kF2)
W =0, =0,0p =1,lp = +1, 0 = 1,1y = 1], k F 2|0
ve=10=%1,00 =0l = 0,00 = 0,lp = 0., k) = 55 /JU + 1) —k(k T 1)y/JU +1) — (kF 1)(kF2)

10. Interaction v¢(E) < 2v(E)

(n-

(
(v

(o
(e

(vt

=0, =000 =2,y =+2,] k+1

3v2
0l = 0,0y =2,y = +2,], k‘H3o +H, + ng‘y, =1l =510, =01, = O,],k> = 2% kv + Kl U+ 1) + KiK'

v =0l =00y =2,lp = £2, ] kH, |, = 1.l = ¥1, 0 = 0,1 = 0,]. k) = £V2f3,k

=0, =0,00 =2, =0,],k £ 1HE v, = 1l = ¥1, 00 = 0,1y = 0,1, k) = 5% /] + 1) — k(k + 1)
=11 =+1,0, = 0,1, :O,],k>:i\/§ B I+ —k(k£1)

xb
H31

=0, =0,00 =2, =0,],k £ 1HZ|v; = 1,1, = 71,00 = 0,1y = 0,],k) = FL 2k + 1) /JJ + 1) — k(k + 1)

v=0l =000 =2,y = %2, k= 1B |v = 1,1 = 41,00 = 0, L = 0], k) = V2 2k 1) J¢ +1) ~ k(k = 1)
=0, =0,00 =2l =0 kF2[Hi¥|vy = 1 = F1, 00 = 0.y = 0.J.K) = 35"\ [1U + 1) — k(k= 1)y /J +1) - (k¥ 1)(kF2)
xxb xxb
v=0Li= 0,00 =21 = =2, k5 2 W0 = 1,k = 1,00 = 0,y = 0,1 k) = V251U + 1) — kk 5 1)y J0 + 1) = (k5 1)(kF2)

Appendix C. The transformation equations for the molecular parameters for particular cases of Fermi resonance in C; molecules

The constants A, B,A(, qy5, (2, 02, 02, o, o8 have their usual meaning. The parameters s are those involved in the transformation oper-
ators iSy; = s(L}, L. J. — £, £ ]_), introduced in Ref. [3].

The

‘energy difference’ terms are omitted, because in the case of close resonance they do not satisfy the order of magnitude conditions.

1. Interaction vp(A1) < Vi (A1) + Vnr (A7)

Hpo

E, = E,

Hyo

- 6530knn’n”

in’n” =Xy + 6530knn’n”

Hso
[
Hs,
K

nn'n"

kK

nn'n"

= knn’n”
8
=K — 3% (o8 — b — b))

8
= knn m’ §530((O¢ - O(g) - (Otlr?’ - O(g’) - ((xg” - aﬁ”))

2. Interaction vy (A1) < 2V (A1)

Hyo

En = En - 6530kn2n’

En/ = En’ - 3S3Okn2n’

11



Hyo

Xn’n’ = Xpw + 3S3Okn2n’

H3o

ann’ = ann’

Hs,

v 16

ann’] = kn2n’j - ?530 (Ofﬁ — 20(5,)

~ 16
knawx = knowx — ?530((%a - O‘ﬁ) - 2(“/3' - O‘E'))

3. Interaction vp (A1) < V(A1) + V¢(E)
H3,

f31 :f31

s EP)
f =5 —sn(A-B-AY)

Xy _ Xy
3 =f3n — s

4, Interaction v, (Aq) < V¢(E) + vy (E)
Hyo

En = En + 6S30Kntara

Hyo

Ry = Ry — 3830Kntara

Xy = Xy — 5530knmt’a

_ 3
it = 8w + js3oknmt’a

Hy,

- 1, o 3 9 ,
G121 = qiz1 +5 SRy — S(AL + &) — 530f§1 - nglknmt/a - §530(5 + 5" kntatra

2
3

=/ / 1 J 9 J
(1 = Qi +5SRw — S'(AL+ &) — 530f)3(1 - ZS)é]knrar’a - §530(5 + 5" Knara

2

Hsp

kntat’a = kntat’a

H3,
J;él = f31 — 2s30(AL - AL')

~ X 3 ,
f;l :f31 + Z(s +S )kntat’a

Hs;

T 4 4 J /

k{na['a = k{uat’a + §530(°‘5 — o —og) — 3 (s+5)f3 — sSkntara

i K 8 o a4 4
kgmt’a = kntat’a - §S§1 (Ag - AL ) + §S30((O(':]\ - OC,E) - (O(';\ - OC?) - (O('?/ - a?’)) +

2

(52 + s/z)knmt’a

3

/ / 1 /.
(S +5 )f)3‘1 +5s kntat’a + i (SZ + sz)kntut’a

Py ’ / 1 / 1 / 1 /
3% :f§22*5)3(1(A*B+AC+AC)+2530(Q12+‘I12)*5(5*5)f§1 +§5530(A*B+3AC*AC)+*5530

12

2

(A—B+3A0 —A))

(continued on next page)



B =3 +2530(d5 + qh)

5. Interaction v,(A1) < 2V¢(E)
Hao

~ 3
En = En + iS3Okn2ta

Hyo

3 3
Xt = Xet — 5 S30Kn2ta

8

- 3
8t = 8¢ + §s30kn2m

Ha
1

N 1 3 9
qlu = qlu - QS(AC +28,) — Esﬁlknzm - §$3of)3(1 - ﬁss3okn2ta

Hzo

I~<n2ta = anta

H3:

i X 3

f31 :f31 + gSantu
Hs,

P 8 32 .«
kjnzm = k{12ru + §530(ch - 20‘?) - ?Sfu — 28 Knota

A

~ 8 32
Kiota = k;(zm + 5 S30((0y — o) — 2(otf — o)) + ?Sf; +25°Knata

3

] ) 1
f);ZZ Zf);zz - 5)3(] (A —B+ ZA(_,) + 2530(]12 +25530(A - B+ 2AC)

Xy _ fXy
3 = f3 + 253002,

6. Interaction v(E) < v (A7) + v¢ (E)
Hyo

Et =E; — 3s30kntara

Hyo

int’ = Xnr + 3530kntat’a

H3o

kntat’a = kntut’a

Hs,
For = f31 + 2s30(AC — AY)

- 3 )
fa :f§1 + Z(S — 8 )kntat'a

H3;

[ — B _

4
3

4
B B
ntat'a ntat'a _530(at Oy — OC[,) -3 (s— sl)f);l -

_ 8 . 4
klrftat’a = kﬁmt’a + _Sél(AC _AC ) +_530((3(;q - Ocltg) - (Of': - ch) - (OC? - ch’/)) +

3 3

1 ,
z (52 - sz)knrar’a

13

3
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