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DENSITY ESTIMATES FOR SDES DRIVEN BY TEMPERED STABLE
PROCESSES

L. HuaNG!

Abstract. We study a class of stochastic differential equations driven by a possibly tempered Lévy
process, under mild conditions on the coefficients. We prove the well-posedness of the associated
martingale problem as well as the existence of the density of the solution. Two sided heat kernel
estimates are given as well. Our approach is based on the Parametrix series expansion

1991 Mathematics Subject Classification. 60H15,60H30,47G20.

April 16, 2015.

1. INTRODUCTION

This Paper is devoted to the study of Stochastic Differential Equations (SDEs), driven by a class of possibly
tempered Lévy processes. Specifically, we show the existence of the density, as well as some associated estimates,
under mild assumptions on the coefficients. Weak uniqueness is also derived as a by-product of our approach.
More precisely, we study equations with the dynamics:

t t
X :x—i—/ F(u,Xu)du—l—/ o(u, X,-)dZ,, (1.1)
0 0

where F' : Ry x R? — R? is Lipschitz continuous, o : R; x R* — R? ® R? is measurable bounded, Holder
continuous in space and elliptic, and (Z;);>0 is a symmetric Lévy process. We will denote by v its Lévy measure
and assume that it satisfies what we call a tempered stable domination:

+oo q(s
V(A) < [S B /0 1a(50) 2 (), (1.2)

S

where G is a non increasing function, and y is a bounded measure on the sphere S?~!. This is a relatively large
class of Lévy processes, that contains in particular the stable processes.

In order to give density estimates on the solution of (L)), it is first necessary to obtain density estimates for
the driving process. Those estimates are clear when (Z;);>0 is a Brownian motion. However, the Lévy case is
much more complicated due to the huge diversity in the class of Lévy processes. Let us mention the papers of
Bogdan and Sztonyk [BS07] and Kaleta and Sztonyk [KS13] for density bounds concerning relatively general

Keywords and phrases: Tempered stable process, Parametrix, Density Bounds

L LPMA, Université Paris Diderot, 5 rue Thomas Mann 75013 Paris, huang@math.univ-paris-diderot.fr



2 L. HUANG

Lévy processes. In the case of the symmetric stable processes, the Lévy measure writes:

oo ds
VA € B(RY), v(A) = / / 1(a0e) ot pi(d6), (1.3)
0 Sd—1 S

for some « € (0,2). In the above, Cy, 4 is a positive constant that only depends on d and « (see Sato [Sat05] for
its exact value), and S9! stands for the unit sphere of RZ. Also, p is a symmetric finite measure on the sphere
called the spectral measure. When the spectral measure satisfies the non-degeneracy condition:

051, st C< [ oIt < Clol (14)

the driving process Z; has a density with respect to the Lebesgue measure. In the recent work of Watan-
abe [Wat07], the author studied asymptotics for the density of a general stable process, and highlighted the
importance of the spectral measure on the decay of the densities. Specifically, let us denote by pz(t,-) the
density of Z;, and assume that there exists v > 0 such that

@ (BO,r) NS <Ot Vo€ ST wr < 1/2, C > 1. (1.5)

Observe that in the case where the spectral measure has a density with respect to the Lebesgue measure on
S9=1 this condition is satisfied with v = d. For a general y € [1, d] such that (L)) holds, we have for all z € R?,

t>0:
t—d/a

aty”
(1+ k)
Moreover, a similar lower bound is given for the points z € R? such that two sided estimate hold in (L3
for & = x/|z| (up to a modification of the threshold 7). We refer to Theorem 1.1 in Watanabe [Wat(07] for
a thorough discussion. We would like to point out the difference between assumptions (L) and (). The
assumption (L4 alone is enough to show the existence of the density of the driving stable process. However, it
turns out that this sole assumption is not enough to get density estimates. Instead, we need to know what we
refer to (with a slight abuse of language) as the ”concentration properties” of the spectral measure to deduce
density bounds. This concentration, reflected by the index ~ in ([[LH]), directly impacts the decay of the density,
as shown in the bound (L6]). Observe however that if the concentration index + is too small with respect to the
dimension, namely, a + v < d, the upper bound () is not homogeneous to a density, since its integral (over
R?) is not defined. We refer to the work of Watanabe [Wat07] for a detailed presentation of these aspects.

A generalization of this result to the case where the Lévy measure does not factorize as in (3], but only
satisfies the domination (I2]) has been obtained by Sztonyk [SztI10]. Two sided estimates of the form (LG]) are
derived, up to additional multiplicative terms involving the temperation ¢ in ([2)), with the same restrictions
for the lower bound.

The temperation ¢ can be seen as a way to impose finiteness of the moments of Z (see Theorem 25.3 in
Sato [Sat05]), and intuitively, the integrability properties of (Z;);>¢ should transfer to (X;);>0. However, giving
a density estimate on the driving process and passing it to the density of the solution of the SDE is not always
possible.

In the Brownian setting, if co* is uniformly elliptic, bounded and Hélder continuous, and F' is Borel bounded,
it is known that two sided Gaussian estimates hold for the density of the SDE (I.1]), see Friedman [Eri64]. We
also mention the approach of Sheu [She91], that also gives estimates on the logarithmic gradient of the density.
In the stable non degenerate case, i.e. when the coefficients F, o are as above, and u(d€) has a smooth strictly
positive density with respect to the Lebesgue measure on the sphere, it can be derived from Kolokoltsov [Kol00],
that the density p(¢,s,z,y) of (LI exists and satisfies the following two sided estimates. Fix T' > 0, there
exists C' > 1 depending on T, the coefficients and on the non degeneracy conditions, such that for all z,y € R,

pz(t,z) <C (1.6)
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O0<t<s<T:
B C ) s (s — 1)/

(E=y (14 2 )“*d'
(s—t)t/ (s—t)t/«

This estimate is obtained using a continuity method: the parametrix technique. This approach is well suited
to obtain density estimates for the solution of an SDE under mild assumptions on the coefficients, provided
that good estimates are available on the driving process and on the so-called Parametriz kernel.

We refer to estimates of the form (7)) as Aronson estimates: two sided bounds that reflect the nature of
the noise of the system. In the Gaussian setting, the density of the solution has a Gaussian behavior, and in
the stable case, the density of the solution has two sided bounds homogeneous to those of the driving stable
process. This work aims at proving Aronson estimates when the driving process is a Lévy process satisfying a
tempered domination (in the sense of (L2)).

Finally, we mention that existence of the density can be investigated via Malliavin calculus. In the Brownian
setting, we refer to the works of Kusuoka and Stroock [KS84L[KS85[KS87], as well as Norris [Nor86]. The
jump case is more difficult, and is treated by various authors. Let us mention Bichteler, Gravereaux and
Jacod [BGIJ87|, and Picard [Pic96]. However, this technique requires regularity on the coefficients. In our
approach, the convergence of the Parametrix series will give us the existence of the density as well as weak
uniqueness, under relatively mild assumptions on the coefficients.

We will denote by [H] the following set of assumptions. These hypotheses ensure the existence of the density,
and are those required by Sztonyk [Szt10] in order to have a two sided estimate for the driving process Z.

7z Splt,s,zy) <C (1.7)

[H-1] (Z;)i>0 is a symmetric Lévy process. We denote by v its Lévy measure. There is a non increasing function
q:Ry — Ry, a bounded measure on S9!, and « € (0,2), v € [1,d] such that:

+oo (s
v(A) < /Sd 1/ 14(s0) jl(+i dsp(df), p(B(O,r)NS* 1) <Cr (1.8)

with v + a > d. Moreover, we assume the following decay for g: for all s > 0, there exists C' > 0 such that:

q(s ) Cq(2s), (1.9)
Y0 < 6 < d, s°G(s) < Cq(Cs). (1.10)
[H-2] For all p € R?, there is A > 1 such that
Al < [ It < Alpl” (111)
In particular, denoting ¢z the Lévy-Kintchine exponent of (Z;);>0, there is K > 0 such that :
E (ez«p,zn) — etez(p) < oKl (1.12)

[H-3] F:R% — R? is uniformly Lipschitz continuous in its second argument, and o : R — R? ® R? is bounded
and uniformly n-Holder continuous in its space.
[H-4] o is uniformly elliptic. For all z,¢ € R?, there exists x > 1 such that:

P < (€ ot )E) < mE (1.13)
[H-5] For all YA € B, Borelian, we define the measure:

vi(z,A) =v({z € RY o(t,z)z € A}). (1.14)
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We assume these measures to be uniformly Holder continuous with respect to the first parameter, that is, for
all VA € B,

+o0 =
e A) =o', A) < =2 [ [0 L dga),
sda—-1 Jo S

We point out that in the case where o € R, or when the spherical part of v is equivalent to the Lebesgue
measure on S?! this is actually a consequence of the Holder continuity of o, and the domination [H-1].
[H-LB] There is a non increasing function ¢ : Ry — Ry and Ay, C R?, such that for all z € Ajgw,

V(B(:z:,r)) > O li(lli)v, Vr >0 (1.15)
V(B(O,T)C) < cria, vr € (0,1). (1.16)

In the rest of this paper, we will assume that [H-1] to [H-5] is in force. Also, we say that [H] holds when
[H-1] to [H-5] hold. We point out that [H-LB] is needed for the lower bound, and that the upper bound holds
independently. Under [H], we are able to prove the following.

Theorem 1.1 (Weak Uniqueness). Assume [H] holds. The martingale problem associated with the generator
Li(x,Vy) of the equation ([III):

Lo V) (0) = (F(0), Vap@) + [l +o(t,0)2) — o) — L2 T2

— d
Rd 1+ |Z|2 I/( Z),

where ¢ € Cg(Rd,R) admits a unique solution. That is, for every x € R?, there exists a unique probability
measure P on Q = D(R, x R% R) the space of cadlag functions, such that for all f € Cé’2(R+ x R R) (twice
continuously differentiable functions with compact support), denoting by (X¢)r>o the canonical process, we have:

P(X,=2)=1 and f(s,Xs) —/ (Ou + Ly(2, V) f(u, Xy)du is a P- martingale.
t

Hence, weak uniqueness holds for (IT)).
Also, we have the following density estimate:
Theorem 1.2 (Density Estimates). Under [H], the unique weak solution of (1) has for every t > 0 a
density with respect to the Lebesque measure. Precisely, for all t > 0, and x,y € RY,
P(Xs € dy| X = ) = p(t, s, 2, y)dy. (1.17)

Also, for a deterministic time horizon T > 0. there exists C1 > 1 depending on T and [H] such that for all
0<t<T, (z,y) € RY,
(T —t)~4/

ly—07.+(2)|
(1+ (Tj;)l/a )
Moreover, assume [H-LB] holds. Then, if there exists to € [t,T] such that to —t > C(T —t), for some positive
constant C'; and

p(t,T,z,y) < Cy a7 Ay = Or.4(2)]). (1.18)

Vs € [t, to], B(a(ﬂsyt(x))*l(ﬁtj(y) —x),C(T — t)l/o‘) C Ajow, (1.19)
there exists Co > 1 such that

-1 (S—t)_d/a

C2
] es,t x
( ‘%S—t)l(/o‘)l)

a4y — 0s,4(2)]) < p(t, 5,2, y). (1.20)
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Remark 1.1. The condition (II9]) appearing for the lower bound comes from the possibly unbounded feature
of the deterministic flow associated with (II). Indeed, it states that if a neighborhood at the characteristic time
scale of a suitable renormalization of the flow stays in the sets of non degeneracy for v, then the lower bound
holds. Let us mention that the lower should remain valid provided that ([LI9) is satisfied for s € [e1t, eat],
0 <e1 < &g <1. In this case C5 should depend on €5 — €1 as well. In other words, it should suffice to enter the
non degeneracy region for a time interval of order t.

Remark 1.2 (On the constants). We will often use the capital letter C' to denote a strictly positive constant
that can depend on T and the set of assumptions [H] and whose value of C' may change from line to line.
Similarly, in the temperation, we will often write g(|x|) where we actually mean ¢(C|z|). Finally, we will use
the symbol < to denote the equivalence:

f=g&30>1, C7 f(z) < g(z) < Cf(x).

Remark 1.3 (About the tempering function). We point out that the additional assumption (L9) concerning
the tempering function g is not present in Sztonyk [Szt10]. Formally, it means that some integrability is required
in order to perform our techniques (precisely to correct a bad concentration index on the parametrix kernel).
Nevertheless, our approach allows to recover the existence and estimates on the density of ([Il) when (Z;):>0
is a rotationally invariant stable process. See the proof of Proposition B.3] and Remark

Remark 1.4 (Finite time horizon). In the rest, we fix t < T < 1. However, the main results hold for any
arbitrary, but finite time. Indeed, Theorem [[.1]is extended to any time by the Markov property, and Theorem
by convolution arguments (see Lemma [3.4)).

The rest of this paper is organized as follows. In Section 2] we set up formally the Parametrix technique,
and give the estimates permitting the convergence of the Parametrix series. Section [l is a technical section
and is divided in five subsections. First, in Subsection B3] we prove estimates on the Frozen Density. In
Subsection 3.2], we investigate the Parametrix Kernel and its smoothing properties. In Subsection [3.3] we tackle
the well-posedness of the Martingale Problem, using estimates provided by the two previous subsections. Next,
in Subsection B4 we prove the estimates giving the convergence of the Parametrix Series. Finally, in Subsection
B3 we investigate the lower bound (L20).

2. THE PARAMETRIX SETTING

We present here a continuity technique known as the Parametrix. Our approach is close to the one of Mc
Kean and Singer [MKSG7]. The strategy is to approximate the solution of ([II]) by the solution of a simpler
equation and control the distance in some sense between the two processes. First of all, let us define the prozxy
we will use. Let y € R? be an arbitrary point. Let 0: s be the flow associated with the deterministic differential
equation:

d
59,5,5(90) =F(t,0,5(x)), Oss(x) =2, 0<t,s<T.

We will often refer to 0, s(y) as the transport of y by the deterministic part of (II)). Recall T"is the deterministic
time horizon. Fix y € R?, a terminal point and t € [0,7], and = € R? initial time and position, we define the

frozen process (XI'V) e 1) as the solution of:

X0 = at [ POt [ otz (2:21)
t t

We point out that the transport of the terminal point in the drift part comes for the unbounded character
of the drift coefficient. Also, in diffusion coefficient o, the presence of the transport ensures the compatibility
between the estimates on the frozen process and the parametrix kernel (see Propositions Bl and B3]). We
mention that our approach covers the case of a measurable and bounded drift. In that case, we take as frozen
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process X, = x + fg o(u,y)Zy. Also, we could restrict ourselves to functions F that are Holder continuous.
In this case, existence of the flow 6 is given by the Cauchy Peano theorem. However, the lack of uniqueness
poses the problem of the definition of 6, 5, so we decided to assume Lipschitz continuity instead. Anyhow, in
the case where F' is Holder continuous, we expect some kind of regularization by the noise, as we recover weak
uniqueness, see e.g. Bafico and Baldi [BB82], or Delarue and Flandoli for recent developments.

It is clear from the definition of (X;f’y)se[tﬂ and assumptions [H-1] (domination of the Lévy measure) and
[H-2] (non degeneracy of the spectral measure) that XTtY has a density with respect to the Lebesgue measure.
We denote the latter:

P(XTY € dz| Xy = x) = p1¥(t, 5,2, 2)dz, s € (t,T).

To get an explicit representation for it, we proceed by a Fourier inversion. Observe first that the Fourier

transform of X7*¥ actually writes:

B(e!PR) = Pkl P01 exp < [ eztota eu,T<y>>*p>> :
t

where we denoted by o(u, 0, 7(y))* the transpose of o(u, 0, 7(y)), and ¢z is the Lévy-Kintchine exponent of
Z. Due to assumptions [H-1] and [H-2], this exponent is integrable and the frozen density actually writes:

1 . s
5Ty (¢ _ dpe—HPz—z= [ F(u,0u,1(y))du)
p ( ,S,J],Z) (27T)d ‘/]Rd pe
X exp (/S du/ ei<p70'(u;9u,T(y))5> — 1= <p7 U(”’ 9u,T(y))§> V(d§)> . (222)
¢ R 1+ ¢

We will often denote p(t, T, x,y) = p**Y(t,T,x,y), namely, we omit the superscript 7,y when the freezing
parameters and the points where the density is considered are the same. Observe that in this case, we have

T
y— /t F(u,0y(y))du —x =0, 7(y) — . (2.23)

The following proposition illustrates how the estimates on the frozen process transmit to the solution of the
SDE.

Proposition 2.1. Suppose that there exists a unique weak solution (Xs)sep,r) to (LI) which has a Feller

semigroup (Pst)o<si<7- We have the following formal representation. For all t > 0, (x,y) € (R")? and any
bounded measurable f : R — R:

P, f(2) = E[f(X7)|X, = 2] = /

Rd

+oo
(Z(ﬁ ® HO)(t, T, z, y)) f(y)dy, (2.24)

r=0

where H is the parametrix kernel:
VO S t S S S T7 ((E, y) € (Rd)27 H(tu T,x,y) = (Lt(xa vw) - Lt(et,T(y)v vw))ﬁTﬁy(tu T,.’L’,y). (225)
The notation ® stands for the time space convolution:
T
fogtTay) = [ du [ difitus g 5)
t R4

Besides, p@ H®) =p and Vr e N, H" (t, T, 2,y) = H""V @ H(t, T, z,y).
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Furthermore, when the above representation can be justified, it yields the existence as well as a representation
for the density of the initial process. Namely P[ Xt € dy|X: = x| = p(t, T, z,y)dy where :
—+o0
¥t >0, (z,y) € RY?, p(t,T,2.y) = (p® HO)(t,T,2,y). (2.26)

r=0

Proof. We refer to Huang and Menozzi for the proof of this statement. It relies on the Markov properties
of the involved process and the Chapman-Kolmogorov equations. For the sake of completeness, we give here
a simpler proof assuming first that the density of (Xs)ses,r) exists and is smooth. Since ()N(ST’y)se[tT] is an
approximation of (Xs)e[s, 77, we can expect that the densities of these processes are close to each other. We
quantify the distance with the help of the generators of the solution of (1)) and (Z2ZI)) and the Kolmogorov
equations. For ¢ € RY, we define the integro-differential operator Vo € CZ(R?,R):

L& Valple) = (F(6), Vagle) (227)
+ [ e+ 0(0.92) = olo) = (Vapla). o(t. ) o <ayo(d2)

Observe that when £ = x the initial position, the operator L;(x,V,) is the generator of (IIl), whereas for
& =0;,7(y), the operator L;(6 7(y), V) is the generator of (XI*¥) ¢}, 7. Also, we emphasize with the notations
V. the variable on which the operator acts.
Let us denote by p(t, s, z,y) the density of (Xs)s>p,1):
P(X; € dy| X, = x) = p(t, 5,2, y)dy.

Then, p(t, s, x,y) satisfies the Forward Chapman-Kolmogorov equations:

6sp(t7 S, T, Z) = Ls(xa vz)*p(tv S, T, 2)7
for all s > t, (x,2) € R x RY, limg_y; p(t, 5, 7,+) = 0,(-) - (2.28)

On the other hand, we have the Backward Chapman-Kolmogorov equations for the frozen density as well:

atﬁ(tu S, T, Z) = _Lt(et,T(y)7 vw)ﬁ(ta S, T, 2)7
for all s > t, (z,2) € R x RY, limg_y; p(t, 5, ,2) = 8.(+) . (2.29)

We deduce from the Dirac convergences (228) and (2:29) that:

p-p)t,T,z,y) = /tT du 0, (/Rd p(t,u,x,z)ﬁ(u,T,z,y)dz) )

Differentiating formally under the integral, leads to:

T
(p—p)t,T,x,y) = / du (/ Oup(t,u, z, 2)p(u, T, z,y) + p(t, u, z, 2)0up(u, T, z, y)dz) )
t Rd

Then, using the Kolmogorov Backward equation (Z29) for p and the Forward equation (228)) for p, we get:

(p—ﬁ)(t,T,CC,y) :/ d’LL/ dz(Lu(:C,Vz)*p(t,u,:c,z)ﬁ(u,T,z,y)
t R4

—p(t, 1,2, 2) Lu (0,0 (4), V)50, T, 2,9) ).
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Passing to the adjoint in the last equality yields:

T
o=t Tan) = [ [ pt)(Lue Vo) = L), Vo) )il T2z
= pRH(T, z,vy),

with the notation ® for the time space convolution:

T
pe vt Ty = [ du [ dsoltiun 2o z)
t R
and the Parametrix Kernel:
W<t <s, (y) € ®RY? HET0,y) = (L@ Va) = Ll0ur(v), V2) )5t Tooy). (230)

Thus, we can iterate this identity to get the following formal representation for the density:

—+o0
r=0

with p® HO =pand Vr e N, HO(t, T, 2,9) = H" YD @ H(t,T,z,y).
O

Remark 2.1. The proof relies on the Markov properties of the processes involved, as well as the Chapman-
Kolmogorov equations. In the Brownian setting, the series (Z20]) is first obtained for the SDE (L) with
regularized coefficients. Indeed, in that setting, the Hormander theorem gives existence and smoothness for
the density (see Norris [Nor86|). The next step consists in proving estimates independent of the regularization
parameter. Finally, the weak uniqueness, obtained through the well posedness of the martingale problem, as
exposed in [MenTd], allows to pass to the limit and identify the sum of the series (228) as the density of
the initial equation ([I). However, in the Lévy setting, there are no general (Hérmander) theorem to ensure
the existence of the density even with regular coefficients. Nevertheless, some results exist in the literature
concerning existence of the density in the jump case, let us mention Bichteller Gravereaux Jacod [BGJS7],
Ishikawa and Kunita [IKOG] in the non degenerate case, Cass [Cas09], which can be seen as the most complete
extension to the jump case of the Hérmander theorem, but requires some integrability conditions, or the works
of Zhang [Zhal4] in the weak Hormander degenerate stable driven framework. Anyhow, in our current operator-
based approach, we do not proceed in that manner. Instead, we provide a representation for the semigroup
associated with (II)), and when the series ([Z26]) converges, it yields a representation of the density of (IIJ).

The existence of the density for the solution of (II]) will follow from the convergence of the parametrix series.
In the following, we will denote

(T —t)~ 4>
ly—07,:(x)]
(1+ 4725)

This is the upper bound on the Frozen density under [H] derived by Sztonyk [Szt10], adapted to our possible
unbounded drift case. We prove that this upper bound holds for the frozen density in Section
The following lemma proves the convergence of the series (2.20]).

pt, T, x,y) = a7 4|y = Or.4(2)]). (2.32)
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Lemma 2.2 (Control of the iterated kernels). There erist Gy > 0, w € (0,1] s.t. for all t € [0,T],
(z,y) € (RY)?:

poHET.2y)| < (T -0pt.Ty) +plt. Toz,y) ). (2.33)
lp@ H(t,T,z,y)| < Co(T —t)“pt,T,z,y), (2.34)

where we denoted p(t,T,x,y) =6 A |z — 0, 7(y)|"* "Vp(t, T,2,y). Now for all k > 1,

P o H (1,T,2,y)| < (4™ (T 0™ (T = “pt. T,a,y) + (G + Pt Towy)),  (2:35)

@ HEHD (T, 2,y)] < (4™ (T — 0" (T = )™ g+ (T = )5+ p) + p) (1, Tz y). (2:36)

The above controls allow to derive under the sole assumption [H] the convergence of the Parametrix Series
(thus, existence of the density for the solution of (L)), and the upper bound (LI8) for the sum of the
parametrix series ([2:26]) in small time. To extend the result to any arbitrary (but finite) time, we use the semi-
group property satisfied by p(¢, T, z,y) (see Lemma [34). We point out that this procedure yields exponential
dependencies in time in the constants. It is possible however to obtain the convergence of the series (Z.26)) for
any time from Lemma 2.2] by estimating separately the two integrals (in time and space) in the time space
convolution ®. This more technical procedure, yielding better, yet still exponentially explosive constants, is
developed in Kolokolstov [Kol00).

Proof. We prove the important estimates (233]) and ([234]) in Section Bl as the proof is technical and relies on
sharp estimates on the Frozen Density and on the Parametrix Kernel (see Lemmas and B7). Assuming
estimates (Z33) and (Z34]), we prove estimates ([235) and ([236) by induction. The bounds may not be very
precise, as we will sometimes bound t** < 1, but they are sufficient to prove the convergence of the Parametrix

series (2.26)).

Initialization:
Since t¥(p + p) > 0, we clearly have:

P& HET,a,9)| < Grg((T = 0%p+p+ (T = 1%+ p) ) (T, 2,).

Now, using equations (Z33) and (234, we have:

peH? 0T eyl < (T -0"pe H +lpe H) (1. T.7,y)
< (™ — 0P + QT — 1) + T — B ) (1. T, )
< 0@ -0 (T~ 0P+ @+ ) (LT 2.)

Induction:
Suppose that the estimate for 2k holds. Let us prove the estimate for 2k + 1.

p @ HEV|(t,T,2,y)

IN

(4™ (T = ) (T = )" |p @ H|(t. T.2,y) + |(p + ) © H|(2, T, ))
(40 (T = )™ (T — (T = )“p + p)(t, T\, )
(T = )5+ p) (6, Ty, ) + GglT = )Falt, Ty, 1))

IN
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Recalling that (7' —t) < 1, we have (T — t)*p < (T — t)¥p. Thus:

4qm 2k w(qm( (k+1)wp+2qm p+p +qmp) t T,.I,y)
4%)% (0T — ) (T = )25+ (T = ) (b + p) + ) ) (4, To2,),

p® HED|(t, T, 2,y)

IN

IN

which gives the announced estimate.
Suppose now that the estimate for 2k + 1 holds. Let us prove the estimate for 2k + 2.

|I§ ® H(2k+2) (t, T, x, y)| < 4qm 2k+1 kw ((T _ t)(k-l—l)w |I3 ® H|

H(T = 6)|(5+ p) @ H| + |p© H|) (1. T,,y)

< 4%)2194-1 kw (Cm(T _ t)(k-i—l)w[(T _ t)wﬁ + p]
+ (T — £ [{(T — )P + p} + Ggy(T + (T — 1)) (1. T, ,y)
< (4Gry) )2k+2(T (k+1)w ((T . t)(kJrl)wZ—) F P+ p)) (t,T,2,y),

where to get to the last equation, we used the fact that since ¢ € [0, T'] with 7" small enough, we have (T'—t)“p < p,
and (T —t)*p < p.

O

3. PROOF OF THE ESTIMATES.

In order for the Parametrix technique to be successful, we must obtain some sharp estimates on the quantities
involved in the Parametrix expansion (2.20). This is usually done in two parts, first, we give two sided estimates
on the density of the frozen process, as well as a similar upper bound on the Parametrix kernel H, up to a time
singularity. Then, we prove that those bounds yield a smoothing effect in time for the time space convolution

P ® H appearing in (2Z20]).
3.1. Estimates on the Frozen Density
We first give the estimates on the frozen density.

Proposition 3.1. Assume [H] is in force. There exists C > 1 s.t. for all t € [0,T], (z,y) € (R%)2:

(s — t)_d/o‘

_ C_l
( L e Pty ))du)”vq(
(S t)l/a

prY(t,s,x,2) < C

Z—x— /ts F(u,0,,7(y))du

) : (3.37)

Moreover, when [H-LB] holds, for all z —x — [ F(u,0,1(y))du € Ajow, the lower bound holds:

C_l(S _ )—d/a

q(C
z—xr— (u,0u,7(y))du aJr’y_(
(R

z—T— /: F(u,0,1(y))du

) SﬁTW(tuSu:Euz)' (338)

Proof. We prove these estimates in the lines of Sztonyk [Szt10]. The idea consist in splitting large jumps and
small jumps at the characteristic time scale and exploit the Lévy-Itoé decomposition. Fix t,7 € R, and y € R<.
Observe that since the drift part in the frozen process is deterministic, it suffices to prove the estimates or:

AS:/ o(u, 0y, 1(y))dZ,.
¢
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We point out that Ay = A(¢,T,y), where ¢, T,y are fixed. The Fourier transform of A writes:

E(e!PAs)) = exp (/ du/ (P (u,0u,r(¥))E) _ 1 _ i(p,U(u,9u,T(y))§>1{|§|<tl/a}1/(d§)) .
t R B

Changing variables in the time integral to v € [0, 1] and setting o, = o((s — t)v + ¢, 0(s_¢)v4+,7(y)), We obtain:

1
E(e'PAe)) = exp <(S —t)/ dU/ e!Ps) 1 _i<paUv€>1{|5|<t1/o‘}u(d§)> :
0 Rd T

Now, defining vs to be the image measure of dvr(d§) by the application (v, £) — ,&, we obtain:

E(ei<p7AS>) = €exp <(S - t)/ e’“pﬂ]) -1- Z<p7 77>1{|n|<t1/a}VS(d§)) )
R4 -

which is the Fourier transform of some Lévy process (Sy,)u>0, with Lévy measure vs, at time s — ¢. In other
words, the marginals of (As)sep, 7] corresponds to the marginals of (Ss—¢)sept, 7]

Vs e [t,T], Ay "2V s, .. (3.39)
The idea is now to work with the process (Sy)u>0, and prove that it satisfies the assumptions [H]. Specifically,

we prove that [H-1] and [H-2] holds for vs, and that when [H-LB] holds for v, it holds as well for vs.
Let A € B(R?). By definition of vs, we have:

1
A) Z/O /Rd 1, ccayv(dE)dv

From the tempered stable domination, we deduce:

+o00 ( )ds
/ /Sd 1/ 1{‘7”5<€A} slta p(ds)dv.

For fixed v,¢, we change the variables in the integral in ds to p = s|o,c|. Observe that from the uniform
ellipticity of o, we have ¢ (‘a—”q) < Cq(p). Tt yields:

e ap)dp, o
o= [ [ ten sty

We now define j15(ds) to be the image measure of |o,|*u(ds)dv (measure on [0, 1] x S9~1) by the application

(v,¢) — 2. We thus obtain:
+oo =
a(p)dp
< 1 ———us(dq).
_/Sdl/o {p¢eA} pita ps(dC)

‘ng‘
Consequently, [H-1] holds for vs. Observe that by construction, we have that [H-2] holds for pus. Therefore,
from Stzonyk [Szt10], denoting ps(u,-) the density of S,, the following upper bound holds:

ufd/oc -
Py w) < — ().

(o)
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We deduce the estimate for A, and the upper bound on p7*¥(t, s, x, z) then follows.

To get a lower bound on p7"¥(t, s, x, 2), we investigate a lower bound for ps(u, ). To that aim, we prove that
when [H-LB] holds for v, it does for us. Specifically, assume [H-LB] holds for v. By definition of ug, for all

r € R4 r > 0, we have:
1
Vs (B(a:,r)) = / / 1{‘1_av§|gr}dvu(d§).
0 Jrd

Now, from uniform ellipticity of o,
f{lo = avsl <7} 5 {loy e — <] < Cr}.

Consequently, we have:

1 q(|oytz)) q(|z])
—1 77 Y =
VS(B(x,T)) _/0 V(O'U x,CT)dUZ/O Cr o I|o¢+'ydeT |z[o

where to get the last inequality, we exploited the uniform ellipticity of o. Besides, for r € (0,1), we write using

the ellipticity of o:
1 1 ,
)):/ / Ljousizrydov(ds) S/ / Lijojzcnydov(ds) < O—.
0 R 0 R4 r

Thus, we recovered [H-LB] for vs and the lower bound holds for ps(u,-). Thus, the one for p7¥(t,s,z, 2)
follows.

O

Remark 3.1. The idea of the proof was to identify the density of the frozen process to the density of some
Lévy process and exploit the Lévy structure to derive bounds on the density. The procedure described above
require the uniform ellipticity of o in order to prove that the assumptions [H] holds for the new Lévy process
(Su)u>0- Intuitively, we can say that a uniform elliptic coefficient does not alter much the nature of the noise in
the system. From the identity in law ([B39) that holds for fixed s € [t,T] and equation (Z23)), we deduce that:

ﬁTyy (ta T7 Zz, y) =Ds (T - ta et,T(y) - .I) (340)

This identity will be useful when investigating the parametrix kernel H.

Now, we state a Dirac convergence Lemma for the Frozen process when the freezing parameter changes. This
convergence will be used in the proof of the well posedness of the martingale problem. The difficulty comes
from the fact that when integrating with respect to the freezing parameter (as it is the case in a parametrix
procedure), the Dirac convergence does not follow from the Chapman-Kolmogorov equations. However, since
we have good estimates on the frozen density, we manage to prove the following lemma:

Lemma 3.2. For all bounded continuous function f: R — R,z € R?,

/f F0 T g)dy = F()| 0, (3.41)
that is, for all (z,y) € R x R, g7 (¢, T, z,y)dy = 0,(dy) weakly when T | t.

Proof. We prove this convergence in the lines of [HM14]. Let us write:

| ST )y — (@) = [ S )~ 5O T ) ) dy
Rd
10T () T — f(2).
+/Rdf(y)(p (t.T, ,y))dy f(x)
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From the usual Dirac convergence in the Kolmogorov equation ([229)), the second term tends to zero when
T — t. We focus on the first term. Define:

a= [ s (57 (8,7, 2,9) = 07O (¢, T, 2, y) ) dy. (3.42)

For a given threshold K > 0 and a certain (small) 3 > 0 to be specified, we split R? into D; U Dy where:

_ d. |0:7(y) — 2| -B _ d. 0: 7 (y) — | -B

A direct application of Proposition [B.1] yields:
(T _ t)fd/oc

10,7 (y)—=|
(1+ )

PV T a,y) <C ary 1007 (y) = )

Now, observe that

T T
y—x— / F(u, 0y r(0r(x)))du =y —x — / F(u,0y(x))du =y — 07 (x).
t t
Also, from the Lipschitz property of the flow, we have |0, 1 (y) — x| < |y — 07,(x)|. Consequently, we obtain:
(T —t)~/=
0,7 (y) —=|
(14 Lzl
and we have the same upper bound for the two densities in ([3.42)). The idea is that on Ds, we use the tail

estimate, and on Dy, we will explicitly exploit the compatibility between the spectral measures and the Fourier
transform in the Fourier representation of the densities. Set for i € {1,2}:

PO (8, T, y) < C a7 1107 (y) — 2));

Ap, := / F@) (57 (L Tow,y) = 70O 0, T, y) ) dy.
D;

For D5y, we bound the two densities as we described above:

T_tfd/a o
ol = Ol [ g rty) — ey
Do (14 Lelyal)
( (T—0)1/=
+oo 7qdfl
< (Clf|so —q(r)dr
< Ol )

< O - t)ﬂ(v-ira—d)'

Thus, for 8 > 0, Ip, ? 0. On D, we will start from the inverse Fourier representation of p7**(t,z,v),
t

z = Op(x),y. Recall we denoted by ¢z the Lévy Khintchine exponent of Z, that is e??7(P) = E(e?(P:Z0)),
denoting ¢* the transpose of o, we have:

~ 1 —i — [ u z))du—x r *
P T ) = g [ dpe 0o TP O e ([ s o, bu0(2) Bl
(2m)? Jpa t
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Consequently, we have:

PV T, x,y) — 0T O (T, y)

- 1)d / =iy I F (60,0 () du—) o [ 20 (w00,7(1)"p)du
2 R4

_e—i(p,y—ftT F(u,0,,¢(z))du—z) efr,T gaz(a(uﬁu,t(m))*p)dudp

N (271T)d /Rd (emitowm T Fubur@du=a) _ omitpiu T Flutur(eNdu=a)) ofiT palo(ubur ) Piugy
1 —i(p,y— ;" F(u,0u,i(@)du—a) ([ ¢z(c0(u,0u,1@) P)du _ [ ¢z(0(u,0u,(z)) p)du
—|—( ik e e e dp
2 R4

- Fl(taTuxuy)+P2(t7T7$7y)'

We split accordingly:
/D F) (P70 (T, y) = 0 (T, ,) ) dy = STy + | f@)Te(t T2, y)dy.
1 1 1

Note first that when « < 1, we assumed F' = 0, so that the term I'1 (¢, T, z,y) = 0 in that case. We now treat
this term, with o > 1. Using the mean value theorem, we write:

I‘1 (t7 Tu x, y)

1 ! . —i — —x T o(u *p)du
— ot L, [ T = 00 (y) = e OO0 T o 0 g,
0

where we denoted by I the identity map of R%. Recall that from the Lipschitz property of the flow and Gronwall’s
Lemma, there exists C' > 0 such that for all t < T, z € R, |(I — 074)(2)] < C(T — t)(1 + |2]). Thus, since
y € Dy, we have for 8 < 1/«

ltu ;LY S —t pe— B : pg —t _é_%'
Ly, T c(T K(T=0Ip1" gp < (T — )!
Rd

Integrating on D, we obtain:

PN 8T )b| < Clflo(T =575,

D+ T—t

when 1/d(1 —1/a) > B. For I's, we write:
1

1
To(t.T,2,y) — ; / dpe—iP=0r.4(2) / I e 202 (0 (00,7 (1)) D) H AN (0 (1,00 (2))* )
(2m)? Jpa 0

T
></t (pz(0(u, 0u,7(y))"p) = ¢2(0(0u,:(2))"p))du.

We know from assumption [H-2] that the Lévy-Khintchine exponent is bounded by —K (T — t)|p|*, thus, we
obtain independently of A € (0, 1):

e A2 (0(0.0.,7(0) PIHA-N gz (0 (w001 (2) P)du o (—K(T—D]p|"
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On the other hand, using the bound on the Lévy-Khintchine exponent and assumption [H-5], we can rewrite
the increment:

T
/t pz(0(u, 0,7 (y))"P) — z(0 (1, 0ui(x))"p)du

T
| costlotubu,0)p.6) = cosl(olubu4(2)"p. ) d)

T
< K|P|a/ 10u,(2) — Ou, 0 (y)|"D < K(T — t)|p|*|x — 0y 1 (y) |7 "D,
t

To summarize, we obtained:

/ f@D2(t.Tozy) < |floe / dy [Ta(t, T, 2, )|
Dy

Dy

IN

c / dy / (T — B)|pl*|z — Bp7() 1NV KT=DIPI" g
D1 Rd

Changing variables, and integrating over p yields

¢ o
f(y)FQ(t, T, €, y) S W|f|oo L dy|9t7T(y) - x|77( A1)
1

Dy
C (T—)~*#
— WLHOO/ dr Tn(a/\l)-i—d—l(T_t)d/a—i-n(l/\l/oz).
- 0
0osing now ———————=% > 3 > ives that [Ip,| — 0, which concludes the proof.
Choosing now AL > 5 > 0 gives that I, | - 0, which concludes the proof 0

3.2. The Smoothing Properties of H(t,z,y).

First, we investigate an upper bound for the Parametrix Kernel. Recall that:
V20, (@) € RY?, HELT,2,9) = (L@, V) = LOur(y), a) )57 (LT 2,y),

Proposition 3.3. Assume [H] is in force. There exists C > 0 s.t. for all t € (0,T], (z,y) € (R%)?2:

S A |z = b 7y
T—t

|H(t,T,z,y)| < C ((T—t)_l/a-i- )p(t,T,w,y),

where we recall that
(T —t)= 4=
0,7 (y)—=|
(1 + (TI;SI/& )
Thus, the upper bound on the Kernel H is the same as the upper bound on the Frozen density p*Y (¢, T, x, )
up to the additional multiplier (8 A [z — 0,7 (y)|"(“ V) (T — )1, that can be seen as the singularity induced by
the difference L(z, V) — L(0:,7(y), V) applied to the frozen density. The proof proceeds following the lines

of Sztonyk [Szt10], splitting the large jumps and the small jumps. The small jumps are dealt using Fourier
analysis techniques, whereas the big jumps are dealt more directly.

p(t,T,x,y) =

=60 (y) — ).
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Proof. Recall that the density of XST” can be linked to the density of the Lévy process (Sy)u>0 considered at
time s —t¢. We now exploit the Lévy structure of (S,),>0 to obtain an upper bound on H (¢, T, z,y). Specifically,
let us introduce the Lévy-Itd decomposition of (Sy,)y>o:

Su = Mu+Nu7

where (M,)y>0 is a martingale and (N,)y>0 is a poisson process. We choose to place the cut-off at the
characteristic time-scale, namely (T — t)l/ @. Therefore, the Fourier transform of M, writes:

E(ei<p’M“>) = exp (u /}Rd(ei(””7> -1- i(p,n>)1{z<(Tt)l/a}ug(dn)> )

This expression is integrable and regular in the variable p (see Sztonyk [Szt10] and the references therein). Thus,
the density pas(u,-) of M, exists and is the Schwartz’s class. Thus, we can say that this term produces the
density in the Lévy-It6 decomposition. Also, denoting by 7s(dz) = 1y|,|>(r—s)1/a}Vs(dz), we have the following
decomposition for the law of the Poisson Process N,:

100 koxk
—upe (RY u v (dz)
PNu(dZ):e s &%) § 5]‘{' :
k=0

Now, by independence of (M,,),>0 and (N, )u>0 and exploiting equation ([340), we get:

PV, T, 2, y) = ps(T — t, 0,1 (y) — ) = /Rd pm (T —t, 0t 7(y) — v — &) Pry_, (dS). (3.43)

From the definition of the generators, the operator naturally splits into three parts, for a test function ¢:

(Le(@, V) = LiOuz(y), V) ) (@) = (Vaip(@), F(t,2) = F(t,01,0(9))
+ [ (a2 = pl@) = (V000 2)) Lo opreg (4(.82) = 4061 9),42)

+ [ (a2 = @) Lacr ey (1l d2) = w(61.2(0). )

Recall that we defined 14(¢, A) = v{z € R%0(t,£)z € A}. Also, observe that by symmetry of v, we changed
the cut-off function to exhibit the intrinsic time-scale. Note that the first order term in the operator is present
only in the case a > 1. Otherwise, we assumed that F' = 0.

We treat the three terms separately. For the first order term, we see that the gradient acts on the variable
x. From the decomposition (3:43]), we see that the dependency in x appears in the density of the martingale,
which is in the Schwartz class. It is straightforward from [Sz£10] that for all m > 1:

(Fuaa (71, 002(0) = 2-). F(t.0) ~F0, 0 )} < O T gyt (1.4 B W 2228y

lz—=0:7()|

Thus, we recovered Lemma 2 in [SzE10] for the first order term, up to the additional multiplyier Thia

Consequently, we get:

(T4 T, ), Flt,0) = F ()] < 2000 7).
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For the small jumps part, once again, we observe that the operator acts on the variable z, and thus can
be put on the density of the martingale. Since py; is given by a Fourier inversion, it is convenient to use the
representation of the operator LM (z,V,.) — LM (0; 1(y), V) defined by:

(L@, V) = L (012 (9). V) ) (o)

= /]Rd (@(I +2) — () = (Vap(z), Z>)1{\Z‘S(T,t)1/a}(l/(:c, dz) —v(0,7(y),dz)),

in terms of symbol. Let us denote by:

ly(x,p)—ly(%:r(y),p):/d6i<p’z> —1—i{p, 2) 1 < (r—pyr/e (i@, d2) — 4 (0,7 (y), d2),
R

the symbol of the integro-differential operator LM (x,V,.) — LM (6, r(y), V). We have that:

(L2 V) = L 0o (). V) Joar (T = £, 000(y) — 2 — €)

1 —1 —xr— 7 +
= @i /Rde o)) (léM(x,p)—ly(&,:r(y),p))]E(e M=) dp,

We change variables to ¢ = (T — t)'/®p. This yields:

(L@, V) = L O (), V) )pas (T = 1,002 (y) =2 — €)

—i(q, I8 q M q
d Tr-ni/a (l ,—————) = 1,7 (0 ; )
‘/Rd qge t (:I: (T— t)l/a) t ( t;T(y) (T— t)l/a)

1
= (T - t)_d/a (27T)d

XE(ei(qy(Tft)*”"‘MTfﬁ).

For z,y € RY and 0 < t < T fixed, let us denote hr_; the function whose Fourier transform is given by:

N T-—1 q q
hr—+(q) = 5 N 0rr (y) — 2]AD (ltﬂf(x, m) — 1" (0,7 (y), m))

i(ﬁf;ﬂ?) . q
X exp ((T — t) ‘/Rd (e (T—t)t —-1- ’L<7(T — t)l/a,n>)1{|z|<(Tt)l/a}l/s(dn)) .
By definition, we have:

(L (@, V) = L O ), 92) ) par (T = 1,60.7() — 2 — €)

A B (y) — 1D —dfa, [(Our(y) —x =&
= (T —1) h<—(T—t)1/°‘ )

Tt

The goal is now to prove that uniformly in z,y € R? and 0 < ¢t < T, for all m > 1, there exists some positive
constant C,,, > 0 such that:

hr—(¢) < Cr(1 4+ |C™).

To that end, we prove that hr_y is in the Schwartz class, uniformly for all 2,y € R and 0 < ¢t < T.
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We see that thanks to the truncation, the function hp_; is smooth (see Sztonyk [SzE10] and the references
therein). Moreover, we point out that from [H-5], we have:

M 4q M 4q _ .n(anl) |q| “

Besides, from [H-1] and [H-2] for vs:

i L) . q
exp ((T — t) /Rd(e (T—1)1/ —1- Z<m,7’]>)1{|Z|§(T_t)1/a}Vs(d’q))
< exp(—Klq*) exp(C(T — )/ *vs(B(0, (T — 1)'/*))),
see also equation (19) in Stzonyk [Szt10]. Now, from assumption [H-1] for vs, we get
vs(B(0,(T = t)"/*)) < C(T — 1)~/

so that we actually obtain:
it , q o
exp <(T —1) /Rd (e r=ot/r —1 — Z<mvn>)l{|z|<(Tt)l/a}VS(dn)) < Cexp(—K]lq|®).

Thus, uniformly in 2,y € R and 0 < t < T, ﬁT_t(q) is in the Schwartz class, which is stable by Fourier
transform. We finally obtain:

(LY (2, V) = L 002 (w), V) o (T = t,002() — 2 — €|

5 A |07 (y) — z|7(@rD) y 10:7(y) —x—¢&\ "
< ’ - “« — :
<C T _¢ (T t) 1+ (T_t)l/a

Consequently, we recovered Lemma 2 in [SzL10] for the Parametrix kernel, up to the additional multiplicative
term (6 A|0y,7(y)—2|"@"D)(T'—¢)~1, which is the expected singularity for the Kernel (see Kolokoltsov [Kol00]).
The upper bound follows from this upper bound and the control of the measure of the balls for Py, , similarly
to the derivation of the upper bound for the density, see Corollary 6 in [Szt10] and the proof of Theorem 1
in [Szt10]. The upper bound for the small jumps part of the kernel follows.

Finally, for the large jumps, the measure 1y¢>p_yy1/0y (v(2,d§) — v(0r,7(y), dS)) is no more singular. Thus,
we can write:

/]Rd (ﬁ(tu T7 T+ 67 y) - ﬁ(tu T7 xZ, y)) 1{\E\Z(T7t)1/0<}(y($u dé-) - V(et,T(y)u df))

<),
Rd

+o0 _ g(s
S dN |.’II — Ht,T(y)|"(O‘A1) (/ / p(t7 Tu T+ SG, y)l{SZ(Tft)l/ﬂ}ql(—Jr()ldSy’(dg)
Sa-1.Jo S

ﬁ(taTv'I + gay) _ﬁ(taT7'I?y)’]'{\f\Z(T—t)l/D‘”V(x?dg) - V(9t7T(y),d€)|

1
—p(t, T :
+—p(t, ,:v,y))

For the last inequality, we exploited [H-5]. We focus on the remaining integral term above. When the diagonal
regime holds, the estimate is straightforward, as we can directly bound:

Bt T,z +s6,y) < O(T =)~ < Op(t, T, z,y).
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The integral then yields the singularity (7' —¢)~!. Therefore, we assume that |0; 7(y) — z| > (T — )/, The
regime of p(t,x + ss,y) is given by |07 (y) — x — ss|. Thus, thanks to the triangle inequality, when:

|0, 7(y) — x| <1/2s, or when s < 1/2|0, r(y) — x|,
the density p(t, T,z + s, y) is off-diagonal with:
Pt T,z +ss,y) < Cp(t,T,z,y).

Consequently, the problematic case is when s < |0, 7 (y) — |. Indeed, in this case, p(t, T,z + s¢,y) can be in
diagonal regime, whereas p(¢, T, z,y) is still in the off-diagonal regime. But in this case, we have

a(s) _ q(|0rr(y) —=|)

sthe = 10,7 (y) — xftte

Hence, we can take this part out of the integral and integrate a density to get:

3/210¢, 7 (y)—=| . a(s)
/ /SGH Pt T x+ 56, Y) o> (r—p)1/o} ra JIta dsp(ds)

1/2|6¢,7(y)—x|

q(|0er(y) —x|) [T

10c.7(y) — '+ J, ga— P Pt T, 2+ 56, 2) 1> (p_)1/aydsp(ds)
q(10e7(y) — )

|0e,7(y) — [t
Rewriting the right hand side to make the time dependencies appear:

q(0r(y) —a) 1 (T—p% ey
Bur) —ale T Oaly) — e W) ) 0
1 (T—t)+%

T =10, 7(y) —x['+e

C

IN

q(10:,7(y) — /).

In the last inequality, we recall that v < d, so that (T — t) * < 1. The estimate on the kernel follows from the
fact that thanks to equation (LI0) in assumption [H-1], we have:

W) —a)) _ a(Clonr(y) — )
602 (y) — a7 = () — 2o

In other words, we can correct the wrong decay thanks to temperation.
O

Remark 3.2. In the above proof, the temperation only serves to compensate the bad concentration in the
generator. Also, we see that when the spectral measure p dominating the Lévy measure v has a density on the
sphere, then, the large jump part of the difference of the generators becomes:

_ _ 3
/Rd P, T2 + & yY)1je)>r—yr/ayv(dE) < C/Rd Pt T, +&Y)Lje|>(r—1)1/0} |€(||d+|i d€.

Thus, when s < |0, 7(y) — x|, as in the last case discussed above, we have directly the good concentration index
and the temperation is not needed. In particular, when ¢ = 1, we recovered the results in Kolokolstov [Kol00]
in a weaker framework for the coefficients in (L]).
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We have obtained the same type of estimate on the kernel and on the frozen density. Let us observe that the
upper bound satisfies a ”semigroup” property in the following sense.

Lemma 3.4. Fizt € [0,T]. Let us denote pc(t,T,x,z) = ( (ST;Z)ZC} —=q(C10:7(2) — x|). Let C1,Cy > 0.
1+ —
(Tl

For all T € [0,t], there exists Cs > 0:

/d jZ2el) (tv T, X, 2)1302 (Ta T, z, y)dz < OZ_)C% (ta Tz, y)
R

Proof. The proof follows by an application of the triangle inequality and the Lipschitz property of the flow plus
the fact that ¢ is non increasing.
O

We exhibit here some smoothing properties in time of the Parametrix Kernel. These properties will become
crucial when investigating the convergence of the series (Z.26)) on the one hand and the lower bound of Theorem
on the other. The following lemma is a regularizing effect in time of the Parametrix kernel.

Lemma 3.5. There exists C > 1, w > 0 s.t. for all 7 € (t,T), (z,y) € (R?)2:
SA |z — 0,4 (2)|"Vp(t, 7w, 2)dz < C(T — 1),
d

R
[ 6M () = 2P Vp(n. Tz)de < O = 7).
Rd

As a corollary, we get that

T
/ dT/ |H(1,T, z,y)|dz < C(T — t)“.
t Rd
Thus, when integrated in time, the parametriz Kernel yields has a smoothing property in time.

Proof. The two estimates are similar, we shall only prove one. Let us denote the quantity of interest:

(r— t)_d/o‘

lz—=0:.-(2)]
(1+ )

I = /Rd dz 6 A |z — 915,7—(2)|n(a/\1) p— q(|z — 0. (2)]).

We split R¢ = Dy U D», with

D, = {ze€ Rd; |z =0, -(2)] <C(r — t)l/o‘}
Dy = {zeR%|z—0,.(2)>C(r—t)/}.

We write Ip, for the integral over z € D;. For z € D; we have:

(r— t)_d/a

lz—00- ()] >
(1+ 2572

q(1z = e (2)]) < (7= )7V fo = 0 (2)] "N < (7 — )10,

Also, Dy is a compact and its Lebesgue measure is exactly (7 — ¢)%®, thus, we obtain Ip, < (1 — t)7(/1/),
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When 2z € Dy, we have:

(r — t)lJr%d
|z — 01, (2)[*T7
v _ n(anl)
< (T—t)1+Td/ 26/\|Z HT’t(x)LJr
2—6,,(2)|>C(r—t)1/o |z — 07 (x)]*TY

IN

Ip, / dz8 A |z — 9t77(z)|’7(°‘/\1)
Do

Observe that we used the Lipschitz property of the flow to switch from z — 60, -(z) to z — 0, ,(z). This allows
us to change variables and set X = (z — 0, ,(z))/(t — t)*/

Ip, < (T—t)l+¥/ .

|X|>1 | X |ty

, we get:

— )N | X [1(end)

Thus, the result follows when o+~ — d > n(a A 1). When it is not the case, we split again:

SN |z — 0, ()@Y S A |z — 0, 4(2)|@D
o dz = o dz
12=0, o (2)|>(r—t) /e |2 — Orp(@)[*HT 15[ 0, (@) > (r—t) /e |2 = Or ()]

§ A |z — 0 ()1
o oo
b, ()>1 |2 = Ore(@)|*TY

The second part of the right hand side is clearly a constant, bounding § A |z — 977t(x)|"(‘“1) < 9, since a+v > d.
For the first part, we change variable again to Y = (z — 0 ,(x)), which yields when o+~ — d < n(a A 1):

y|n(anl)
| e
1> |Y|>(r—t)i/a Y [>T

On the other hand, when a +~v—d =n(a A1)

1 1
dY = [log([Y)](;_yy1/a < —|log(r —1)].
/1>|Y>(7-t)1/a |Y|d (r—t)t/ a

Thus the proof is complete.

3.3. Proof of Theorem [I.Jt Uniqueness to the Martingale Problem

We are now in position to prove the uniqueness to the martingale problem. Our approach relies on the
smoothing properties of the Parametrix kernel H.

Proof. We focus on uniqueness. The existence can be derived from standard compactness arguments (see e.g.
Chapter 6 in Stroock and Varadhan [SVT79], or Stroock [Str75]). Suppose we are given two solutions P* and P?
of the martingale problem associated with L(-,V.), starting in « at time 0. We can assume w.l.o.g. that t < T,
the fixed time horizon. Define for a bounded Borel function f : [0,7] x R? — R,

T
Sif =E! </ f(s,XS)ds>, i€ {1,2},

where (X)¢>0 stands for the canonical process associated with (Pi)ie{l)g}. Let us specify that S?f is a priori
only a linear functional and not a function since P* does not need to come from a Markov process. We denote:

§Af=8'f - 82,
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and the aim of this section is to prove that S f = 0 for f in a suitable class of test functions.
If fe 63’2([0, T) x R% R), since (Pi)i€{1,2} both solve the martingale problem, we have:

ft,z) +E (/tT(as + Ls(x,Vm)f(s,Xs)ds> =0, i€ {1,2}. (3.44)

As a consequence we thus have that for all f € Cy%([0,T] x R" R),

54 ((as + Ly(z, V) f) —0. (3.45)

We now want to apply (3.45) to a suitable function f. For a fixed point y € R? and a given ¢ > 0, introduce
for all f € Cy*([0,T) x RY R) the Green kernel:

T
V(t,z) €[0,T) x RY, G=Y f(t, ) :/ ds/ dzp*teV(t, s, z, 2) f (s, 2).
t R

We define for all f € Cy*([0,T) x R R):

T
Mf;’ (t,x) = / ds/ dzLs(0t 54c(y), Vi) p* TV (t, 8,2, 2) f (s, 2).
t R4
We derive from the Backward Kolmogorov equation for the frozen density that the following equality holds:
KRGV f(t,x) + MY f(t,x) = —f(t,x), Y(t,z) € [0,T) x R (3.46)

Now, let h € Cy*([0,T) x R™ R) be an arbitrary function and define for all (t,z) € [0,T) x R

¢*Y(t,x) =PV (t t+ e, 2, y)h(t,y), Ue(t, x) = / dyG=Y(¢=Y)(t, x).
Rd

Then, by semigroup property, we have:

T
U_(t,x) /Rd dy/t ds /Rd dzp*teY(t, s,x, 2)p Y (s, 5 + €, 2, y)h(s,y)

T
/ dy/ dsp* =Y (t, s + e, x,y)h(s,y).
R t
Hence, we can write:
atqjs(ta I) + Lt('rv Vz)\ps(ta I) = / dy (atG87y¢€)y(tv CC) + M;f =Y (tv CC))
Rd

+ [ dy(Lue. VG 1) — ME2 ()
Rd
=I5 (t,x) + I5(t, x).

Observe that from ([B.46]), we have:

) = = [ 50+ e n it iy
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Now, from Lemma [32] when ¢ — 0 we have the convergence:
[P e ity = hit.o).
Rd e—0
Consequently, I5(t, z) allows us to recover the test function h(t,z) when ¢ tends to zero, that is:
lim [S2(I5)| = [S2h).
e—0
On the other hand,
Bta) = [ dy(Lie, V)61 (t,0) M7 (1.2)
Rd

T
— [y [ (Ll 90) = LilBrase0), 901 s+ 2. ) h(s.0)
R4

t

T
:/ dy/ dsH(t,s +e,z,y)h(s,y).
Rd ¢

From the controls of Subsection B2 specifically, Lemma B3] we have for all (t,z) € [0,7] x R%:

T
I50)| < [hle [ dy [ dsl (0,54 20,0 < O+ &= 02 il
R4 t
Thus, denoting by [|S2|| := SUp| £ <1 |SA f|, we have:
lim [ S5 (15)] < (152t nf 73], < CIISS(T = )% Bl
e—0 e—0
Now, from B43) with f(t,2) = ¥.(¢,x), we have
S2((0.+ L, V)W) = 0 = [S3(15)| = |S2(15)].
Thus, for T'— ¢ small enough,
|S2h| = lim |S2(I5)| = lim [S2T5| < 1/2]S2||h|c.
e—0 e—0

By a monotone class argument, the previous inequality still holds for bounded Borel functions i compactly
supported in [0, T) x R%. Taking the supremum over |h|., <1 leads to ||S2|| < 1/2[|S?||. Since [|S2| < T —t,
we deduce that ||S2| = 0 which proves the result on [0,7]. Regular conditional probabilities allow to extend
the result on RT, see e.g. Theorem 4, Chapter II, paragraph 7, in [Shi96]. O
3.4. Proof of Lemma

In Subsection 31 we have obtained estimates for both the frozen density and the Parametrix Kernel. In this
section, we expose how these estimates are used to deduce the convergence of the Parametrix series through the
controls of Lemma

Lemma 3.6. Fizt € (0,T]. There exists C > 1, w > 0 such that for all (z,y) € (R%)2:
po H(t.T,y)| < C((T = O°B(t. T, x,y) + p(t. T 2.y)).

where we recall the notation p(t,T,x,y) =6 A |0 17(y) — z|""Vp(t, T, z,y).
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Proof. From the upper bound on the Frozen density and the parametrix kernel H, we have:

Orr(y)|[" "V

ﬁ(T’ T7 Z? y)dz

T—71

T—t —d/a _
< C / dr / il — 0 (2)])
R (14 l2oeC)

)l/a

T
ON |z —
p® HtLT,a,y)| < 0/ ar [ bl 12
Rd

T e L o

a4z
T—71 (+|29 ()\) aatd (
T/

— 0z r(y)|)dz.

Assume first that |0, 7 (y) — z| < C(T —t)*/®. Then, we split the time integral in ft Cdr + fT+r dr, and we

use the fact that the Diagonal estimate is global. In the integral over [%, T] we have that 7 — ¢t < T — ¢, so
that
pltmw,2) < (1 =)V < (T — 1) < p(t, T, ,y).

Consequently, we take p(7, x, z) out of the integral and use the smoothing property of Lemma

) LR weA) (7 gydfe
o Ta) [ i [ BAESSr _Cn
I+ R T—r ( |z2—0-.7 ()\) K
2 +7

—0-7(y)|)d=
( )l/a

S O(T - t)wﬁ(ta T7 €, y)
When, 7 € [0, %] we have T'— 7 < T — t, and we have

_ —d/« _ \—d/a
Ty < 0T o020
-7

1
< C——p(t, T, 2, ).
T—r <O 7 SO pt Ty

Next, we can bound
SNz = O (y)" ) < Cr(O A0z — 2" + 5 Az — b,,7(y) "N,

Thus, we finally obtain:

Bt T, d DR
) / T/]Rd 4 1Bure)- ml)aﬂ‘J( 10e.(2) — )
W

X (5 NOyr(2) — :c|" @A) L 5 A0 (y) — wl"(a“))dz

< O((T =0 + 3 A 0rr(y) — 2" )p(t, T, 2. y).

Assume now that |0; 7(y) — 2| > C(T — t)*/. In this case, the off-diagonal estimate holds for p(t, T, z,v),
that is:
(T — )=

PR = oy =

q(10:7(y) — |)-

On the other hand, we have:

8:0(y) = 2l < Cr(101,+(2) = ] + 167.0(y) - 2]
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In other words, we have either |0, r(y) — z| > C|0,,1r(y) — x|, or |0, -(z) — x| > C|0,,7(y) — z|. Consequently, we
split R = D; U Dy with

Dy {z €RY |0r7(y) — 2| < |01r(2) — 2},
Dy = {z€R%[0r1(y) — 2 > |6:r(2) — 2[}.

Now, when z € Dy, we have that [0y 7(y) — x| < |0.-(2) — z|, thus p(t, 7, x, 2) is off-diagonal and we can
bound:

_ Tt
p(t, 72, 2) < CWQU@,T(Z’) — )
(T — )+

Bor(y) — a0 (w) = o) = p(t. Tz ).

For the last inequality, we used the fact that g is non increasing and that v+ a > d so that the exponent in 7—¢
is positive. Thus, we can take out p(¢, 7, x, z) of the integral, and use the smoothing property of H, Lemma 3.5
Denoting by Ip, the convolution |[p ® H| where the space integration is over Dy, we have:

IN

T _
B ON |0, — z|1(and) T — 1)~/ B
I, < Cpt.Tny) [ ar [ 20T Z2 D abnir(y) — sl
t Dy (1 + (;iTy)l/a )

< C(T - t)wﬁ(thaIay)

When z € Da, we have |0, 17(y) — z| < |0 7(y) — z|. In this case, observe that we have:

1 (T—7)"s" 2—a (0,7 (y) — )
T == T a0, (y) — 2]) < (T — )5t DT T
T T = a0 = e ) = 2D < (T =) e g o e

Thus, the integral becomes:

q(16:.7(y) — =) /T u/ )
I < AP EATT T T _ = d ;
Dy > |9t,T(y) _ xla.l,-ry \ dT( 7') b, Zp( 77'73;72)

X (O A 0-(y) — 2|1 L5 A 10,7 (y) — z[1(eND)
< C((T =) + 6 Aoz (y) — 2D )p(t, T, 2,p).
To get the last inequality, we used Lemma and integrated in time to recover p(t, T, z,y). In every case,

we obtained the announced bound, thus the proof is complete.
O

The following Lemma controls the second step of the iterated convolutions.
Lemma 3.7. Fizt € (0,T]. There exists C > 1, w > 0 such that for all (z,y) € (R%)2:
lp@H(t,T,z,y)| < C(T —t)“p(t, T, z,y).
Proof. The proof is similar to the previous one, but now, due to the presence of dA|0; . (z) — x| D) multiplying

the first density, we do not use the triangle inequality anymore, because we are always in position to use
Lemma [3.5] 0
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3.5. Proof of the Lower Bound.

Observe first, that due to the controls on the Parametrix series, the convergence of the series actually yields
a diagonal lower found for the density of (X;);>o. Indeed, we have p(¢, T, z,y) = p(t,T,x,y) + pQ H(t, T, x,y).
Also, we have the upper bound p(t, T, z,y) < p(t,T, z,y), which yields

5/\ 0, 1(y) — 27D
p@ H,T,x,y) < / dT/ p(t, T, x, | T( ) Z' p(r, T, z,y)dz
]Rd

IN

(0=t + 5 A l0urly )—x|"<a“>) p(1, T, 2, y).

Thus, in diagonal regime: |0; 7 (y) — 2| < C(T — t)'/*, we have for ¢ small enough p(t, T, x,y) > C(T — t)~4/«,
In other words, we have a diagonal lower bound for the density of ().

We now turn to the off-diagonal regime. The idea to derive a lower bound for the density is to say that in
order to go from x to y in time T — ¢, we stay close to the transport of = by the deterministic system, for a
certain amount of time, then, a big jump brings us to a neighborhood of the pull back of y by the deterministic
system and the process stays in a neighborhood of this curve.

In the off-diagonal regime: |0; 7(y) — x| > C(T — t)'/*, we write from the Chapman-Kolmogorov equation
for some to € [t,T):

p(taTuxvy) = / dzp(t7t07xuz)p(t07Tzuy) > p(t7t07x72)p(t07T727y)dZ
Rd

/B(Gto,T(y)qC(TtO)l/Q)

X, = 3:) inf to, T, z,
v =) cen o r—toysm T T )

X, = :c)C(T —t)"d/,

Y

n»(xto € BBy (y), C(T — to)/*)

> (X, € BlOur(v). C(T — t0)'/%)

Consequently we have to give a lower bound for P(Xto € B0y, 7(y), O(T — to)V/*)| X, = x) To this end,

we introduce the process (X} )¢>0 with jumps larger than ¢ removed, for some d to be specified. Specifically,
(X?2)s>0 solves the SDE:

Xf::v—i—/ F(u,X;j)dqu/ o(u, X2)dz?,
t t

where (Z3)u>o is the process (Z,)u>0 with jumps larger that § removed. Its Lévy measure is 1,j<sv(dz).
Now, observe that we can recover the process (X;)s>0 from (X?)s>0 by introducing the arrival times of the

compound poisson process:
= Y AZlyaz, -

t<u<s
Let us denote by (T)r>1 the arrival times of the process (Ns)se, 7). We know that the variables Ty — T are
independent and have exponential distribution of parameter I/(B (0, 5)0). Then, we have:

Vt<s<Ti, X,=X],
_ y9o &
XT1 _XTf —I—O'(XTf)AZTl,
YTy <s< Ty, Xo=Xp, + X - XJ_,
1

and so on. We refer to the Theorem 6.2.9 in Applebaum for a proof of this statement. We now split:

P(Xs, € Btk 1), O ~ 10)/7)

X, = x) - ]P’(Xto € B(by, 7(y), O(T — to)V/*); Ty > to}Xt - x)

+B(Xiy € Bl 2(y), CT — 1)) Ty <to|X, = ).
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Using the Markovian notations P**(-) = P(-|X; = z), we thus focus on:
P (X1 € B(010.4(y), C(T — t0)/); T < o)

EH® []P’t’m (Xto S B(eto,T(y)vc(T - tO)l/Q) ]:Tl)l{TlSto}} )

where we denoted Fr, = o(X?%;s < T}), the filtration generated by X? until time 7;. Now, by the strong
Markov property, we have that

P (X1, € B(01r(y), C(T — )1/

le) — Pl (Xto € B(0y, 7(y), O(T — to)l/“))

/ p(TlathXTUZ)dZ'
B(0ty,7(y),C(T—to)'/ =)

Thus:

P (X, € B(0hy,r(y), C(T = )V/*); Ty < o)

Et® / p(Tl7 to, XTl s Z)dZ]-{T1Sto} .
B(01y,7(y),C(T—t0)/ =)

Now, since X7, = Xg, + U(X:‘;, YJAZr,, and since Ty is the first jump larger that §, conditionally to X - we
1 1

have that U(XT;)AZT1 + XT; is a Poisson process on R%\ B(0,d). Thus, we have for all test function f, given
XT;7 the law of X, is:

Elf(Xr) Xy | = Elf(o(X; )AZr, + X, )Xy, |
_ (X w4 X))
- /{w>5}f( Ky Jut Xy )V(B(Oﬁ)c)'
Consequently, we obtain:

ELe / p(Th,to, Xry, 2)dz| X
B(04y,7(y),C(T—t0)"/) !
v(dw)

= dsz,t,UX‘;,w—i—X _0,z2)—————.
/Rd /B<eto,T<y>,c<Tto>1/a> (o, o (X ) E )V(B(O,é)c)

Now, we exploit the fact that 77 in independent and exponentially distributed with parameter v(B(0,6)¢) to
write:

t“ (dw)
P (X, € B0y r(y), C(T — )/, Ti < ty) = Em[/ ds/ dz/ -
(Xt € BOrr (), C(T = )/) ) % o i S TB0.07)

xp(s,to, o (X)w + X2, 2)v(B(0, 6)c)e_5”(3(0>5)c)] .

Observe that the quantity IJ(B(O,&)C) gets cancelled. Now, we can give a lower bound by localizing the
integral over w so that o(X?2)w + X? is close to 05 4, (z). That is, where the density p(s,to, o(X)w + X?,2) is
in diagonal regime:
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IP’“”(XtO € By, r(y), C(T — to)/*): Ty < to)

to
E”[/ ds/ . dz/ . v(dw)
t B(01y,7(y),C(T—to) =) {lo(XD)w+X2=0s.40(2)|<C(to—s) = }

Xp(s7 th U(XS)UJ + Xg, Z)GSV(B(OV‘S)C):|

t() 7d/0¢
EbH® [/ ds (to - s) / dz
t B(b:y,1(y),C(T—to)/ =)

xu(B(o(Xj)_l(Hs)to (z) — Xg), C (to — S)l/a ))e—su(B(o,(s)C)]

Y

Y

Additionally, we can lower bound the last probability by localizing X? close to s, (x):

Pt’””(XtU € B0y, r(y), C(T — t)/*): Ty < to)

t |: fo —d/o
\ {IX8—0,,:(x)|<C(s—t) }( ) B(01y.1 (4),C(T—t0) /)
xv(B((r(XS)l(es,to (2) = X2),C (tg — )/ )>esv<B<w>c>],

Now, from assumption [H-LB], v(B(0,6)¢) < 1/6% so that taking § = (T — )/ yields e~**(B(0:0)%) > (.
Also, since z € B(0y,.1(y),C(T — to)¥), by the Lipschitz property of the flow,

Bsto2) € Oto (B0 (1), C(T = 10)%)) € B0 (y), C(T — t0)%),
up to a modification of C' for the last inclusion. On the other hand, X? € B(0; (), s*/%), thus,
0(X2) 7 (Ost(2) = X2) € B(o(X2) " (be7(y) — 2), C(T = )1/%).

Now, using the Holder continuity of o, and the localization |X? — 6, ,(z)| < (s — )}/, we have up to a
modification of C":

B(o(X2)  (b1,0(y) — 2), C(T = 1)) € B(o(0s4(x)) " (b0 (y) — 2), C(T — 1)),
so that we obtain:
o(X2) M (0s,00(2) — X2) € B(o(0s4(2)) " (Or,1(y) — 2), C(T — £)1/%)

Thus, if we have:
Vs € [t,to], B(o(0s,.0(2) (01 (y) — ), C(T — £)"*) C Ao,

then o(X?) 7 (0s.4,(2) — X2) € Ajow. Observe that this is exactly the condition (LI9) of Theorem 2
Consequently, we can use the lower bound in [H-LB] to get:

e QUo(XD) 710540 (2) — X2)))
0(X2) (05,0 (2) — X2) 7

V(B(U(Xg)-l(es,to(z)—Xg),C(to—s)l/“)) > Oty —s)
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We thus obtain:

P (Xt € Bl0h,1(y), C(T — 1) /*); 71 < o)

~—d

to
- CEMU dslixi-0, @l <C(s—n/oy (fo = 5)
t

Y Lo )~ X5
B0 x(0).0(T—to)/ey  |0(X2)7H(0e,s(2) — X2t

Consequently, since the function u — g(u)|u|~7~ is decreasing, the lower bound will follow from the upper
bound:

|0(X2) " (B0 (2) = X2)| < Cly = br4(2)].
We write from the ellipticity of o:

|o(X2) ™ (Os.00 (2) = X2

S S

15,1 () — X7
O(0s,t0(2) = Os,t(@)] + 05, () — X]).

<
<
Now, in the considered set, |0, (x) — X?| < C(s — t)Y/* < C(T — t)'/* < C|6; 1 (y) — x|. Thus, we have:
|0(X3) ™ (Bs,00(2) = X < C 105,86 (2) = bs,6(2)] + Clr 7 (y) — ).
On the other hand, we can write:
106,60 (2) = Os0(@)| < 0540 (2) — O ()] + [0s,7(y) — Os,0(2))-
Thus, from the Lipschitz property of the flow,
10s.7(y) = 0s,4(2)] < Crl0r 7 (y) — .
On the other hand, we have 6, 7 (y) = 05,4, © 01, 7(y) so that:

105,66 (2) = Os,7(Y)| = |0s,t0(2) = Os,t0 © 0o, 7(y)| < Crlz — 04y 7(y)|,

where to the get the last inequality, we once again relied on the Lipschitz property of the flow. We recall that
|z — 047 (y)| < C(T —to)"/* < |0; 7(y) — |, consequently we finally obtain:

|0(X3) " (Os,10 (2) = XD < Crlbu7(y) — .
Using this last inequality to estimate the probability:

Pt@ (Xto € B(Gt,tov C(T - t)l/a); Tl S to)

fo 2=d q([6+,7(y) — =)
> CEW* / ds1( x5 p (o)< (arpiron (to — ) / 4 DY) — %)
. {IX2 =05t (x)|<(s—t)1/} B(01g.7(4),C(T—to) /) |9t7T(y)_$|v+a
q(0rr(y) —x|) [t 2d
> (T -t d/a;/ ds (ty — )7 P(IX? — 0, 1(x)| < (s — /),
= ( 0) |9t,T(y) — I|7+0‘ ] ( 0 ) (| s ,t( )| = ( ) )
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where (T — to)* comes from the volume of the ball B(6y, 7(y), C(T — tq)'/®) obtained from the integral in
dz. Using the diagonal lower estimates for the density, we actually see that P(|X? — 6 ,(x)| < (s — t)V/) <1,
therefore:

P (X1, € B(0i,r(y), C(T — 10)V/°): Ty < o) = C(T — to)"/*(to — 1)

s a(lBur(y) — 7))
|0: 7 (y) — |7+ '

Returning to the first estimate on the density yields:

pt, T 2,y) > C(T —tg) YoPte (Xto € B0y, 7(y), C(T — to)/*); Ty < to)

q([6:,7(y) — x|)

—d/a @ y=d
C(T = to) (T — to)*(to — t)" 7= 10,2(y) — 2] re

Y%

14224 q(|0:,7(y) — zI)

Clto =)= g ) —ape

Finally, to get the announced bound, we see that we have to choose ¢ such that to — ¢ < 7T —t. This gives:

iz 0007 () — )

Pt Ty, y) 2 O =) e

which is the off-diagonal lower bound announced.

Remark 3.3. We point out that the assumption [H-LB] appears quite naturally in this procedure as it serves
here to give a lower bound on the v-measure of balls. Also, the time tq is pretty much arbitrary, but still has to
be comparable to T'— t. Heuristically, in (LI9), this means that the process (Xs)c[¢,r) has to stay an amount
of time comparable to T'— t in A;,,, in order to have a lower bound.
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