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Abstract

This paper presents a full study of the Total Valuation Adjustment (TVA) simulation on
American derivatives. It starts from the formulation of the problem under a general BSDE
framework that includes the funding issue and the default of both parties. It finishes by giving
a benchmark Nested Monte Carlo algorithm and discusses an appropriate implementation
that provides accurate results within a one-minute simulation on Graphic Processing Units
(GPUs). From a theoretical point of view, this paper can be considered as the extension to
American derivatives of the work presented in Crépey (2012a,b). Regarding the algorithmic
part, our study uses convergence rates developed in Newey (1997) as well as similar ideas
to those presented in Gordy and Juneja (2010) and it goes beyond the square Monte Carlo
algorithm detailed in Abbas-Turki et al. (2014) for European derivatives.
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1 Introduction

After the 2007 economic crisis and the new Basel agreements that include the calculation of
the CVA (Credit Valuation Adjustment) as an important part of the prudential rules, a large
number of papers and books have been published on the CVA and the counterparty risk.
For a comprehensive and detailed presentation of the subject, we refer the reader to Brigo
et al. (2013) and to Crépey (2012a,b). The former reference provides an in-depth overview
of the subject with a wide variety of compelling practical examples. The latter presents
the mathematical intuition and details of the subject including a hedging framework. Other
references that are not closely related to our work can be found in Brigo et al. (2013) and
to Crépey (2012a,b).

Although there are a quite few of practitioner papers on the CVA as well as some im-
portant mathematical work that explains the problem, little research has been dedicated to
developing a trustable numerical procedure that can be used to perform the computations.
Cesari et al. (2009) is one of the first references that presents the industry practices in
computing CVA. Among the research papers, maybe the most devoted to computing CVA
are: P. Henry-Labordere (2012), Abbas-Turki et al. (2014a) and M. Fujii and A. Takahashi
(2015). However, none of these papers develop a procedure that works for TVA for any
portfolio of contracts and prove the convergence of the procedure with a reasonable error
upper bound. The main reason for this is the mathematical complexity of the problem that
makes the computational aspect very challenging.

Also due to both mathematical and computational complexity, to our knowledge, there is
no paper that deals with the TVA problem when American contracts are involved. However,
this point is capital especially in markets where American or Bermudan options are widely
exchanged like in fixed income and equity markets. Thus, the first goal of this paper is to
address this lack of theoretical development. We not only derive the TVA BSDE on one
American option, we extend it to a portfolio of American derivatives.

The second goal of this paper is to propose a robust method to compute the TVA on



an exposure of American, European path-dependent and path-independent contracts. Con-
sequently, this method not only provides accurate results when the exposure is explicit in
terms of the underlying assets, it also works very well when the exposure must be simulated.
This method is based on a nested Monte Carlo and it is studied in two situations: First,
the funding constraints can be neglected and secondly they must be taken into account. For
both situations, we express the upper bound of the Mean Square Error (MSE) in terms of
the number of simulated trajectories. In particular, this allows us to establish an asymptotic
relation between the number of trajectories My simulated in the outer stage, the number of
trajectories {Mj }jzl,m, ~N—1 simulated in the inner stages and the number of time steps N.

The asymptotic relation between {Mj}jzl,m, N—1, My and N is useful to decrease the
execution time of the simulation. Indeed, although the implementation is performed on
a GPU with a high number of computing units that run the program in parallel, choosing
appropriate values of M; as a function of My and IV is necessary to perform the computations
within a one-minute simulation. Thus, it is necessary to point out that the structure of the
proposed method, based on nested Monte Carlo, allows us to compute an upper bound for
the MSE and subsequently establish the desired relation between {Mj}jzly___y N—1, My and
N. Moreover, we will show that the resulting algorithm provides quite accurate values since
the variance and the bias of the estimator are sufficiently small.

The rest of this paper is arranged as follows. In Section 2, we give the formulation of the
TVA BSDE and the pre-default TVA BSDE when the contracts involved are American. In
Section 3, we detail the simulation algorithms and we express an upper bound for the MSE
according to the simulation parameters. Section 4 explains the implementation and contains

some numerical results. Section 5 is dedicated to the proof of theorems 3.1 and 3.2.

2 TVA BSDE on American options

To simplify the presentation, we start by considering the TVA on only one American contract

then extend it in Section 2.2 for a more general case.



2.1 TVA with an optimal stopping time

We consider two defaultable parties: The bank with a default time 7° and the client with

a default time 7¢.

After selling to the client at time 0 an American contract that should
generate a cumulative dividend D until the maturity 7' > 0, the bank sets-up a hedging
strategy including collateralization and funding portfolio given by a price-and-hedge pair
(I1, 7). The promised dividend stream dD; is effective only if none of the parties defaults till
time t. We call “funder” of the bank a third party insuring the bank’s funding strategy. Let
(,G,(Gt)ejo,m, P) be a filtrated probability space satisfying the usual conditions. We set
G = th’Tc V F; where Qth’TC =o(t° At,7° A't) and F is generated by the underlying assets
S such that D is F-adapted. We define also G; = o(1 At) V F; with 7 = 7% A 7¢. We assume
that all the considered processes are G-adapted as well as integrable and P is a risk neutral
probability. The price of the TVA contract is computed as the difference between a reference
price and a price that takes into account the counterparty risk and the funding adjustment.
We refer to Crépey (2012a) and Crépey (2012b) for more details on the market conventions
and the meaning of a risk neutral probability in this context.

Assuming that the Azéma supermartingale associated with 7 is a positive continuous and

non-increasing process, we can admit Lemma 2.1 which will be useful in the sequel.

Lemma 2.1 . For any G-measurable random variable Y and any t > 0

1
E(Y1sy) = ﬁit)Et(Ylwt),
T

where By and E; denote respectively the conditional P-expectation given Gy and F;.
ii. An F-martingale stopped at T is a G-martingale and a G-martingale is a G martingale.

5. An F-adapted cadlag process cannot jump at T.

The first point of this lemma can be found in Dellacherie-Meyer (1980) and a proof of the
other two points is given in Crépey (2012b).

In the case of a European derivative, it is shown in Crépey (2012a) that the pair price-
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and-hedge satisfies a BSDE on [0,7 A T] under the risk neutral assumption. In the case of
an American derivative, the situation is exactly the same until the optimal stopping time
7* € [0, T) after which the contract is exercised and the counterparty risk disappears. Denote
7 = 7 A 7 the effective maturity and by analogy with Crépey (2012a) we characterize the

bank portfolio as follows.
Definition 2.1 We call a price-and-hedge the pair (IL,7), comprising a G-semimartingale

IT and a hedge m, that satisfies the following BSDE on [0, T]:

dlly + 147 ly<rvdDy — (11 + g (I, m))dt = dmf

with the final condition 1z = 17 R

where m™ is a G-martingale null at time 0, g is an F-progressively measurable function and

R is a G--measurable recovery.

Notice that, since the F-adapted process D does not jump at time 7 from Lemma 2.1 and

by discounting, the previous BSDE becomes
(21) dﬁtﬂt + Btht — ﬁtgt(Ht,ﬂ't)dt = ,Btdmf, \V/t S [0,77'].

where § = e~ Jo7sds is the risk-free discounting asset with an interest rate r generally consid-
ered as the overnight indexed swap rate. In the integral form, the last BSDE is equivalent

to the following

(2-2) Bth =E; </T Bsst - /T Bsgs(HsﬂTs)dS + BT]-{TZT}R> , Vte [O,f].
t t

When ignoring counterparty risk and assuming a risk-free funding rate, we define p® as the
discounted cumulative clean price of an American contract with an optimal stopping time

7*. Under the risk neutral measure P, it is known that (Biar«pfs.«)o<t<T is an F-martingale



and p“ is given by

bt = E, ( s Bsst>
0
- /OtﬁsdDﬁEt ( /tT*Bsst>

t
_. /6Sst+ﬁtPta, Vi € 0,7,
0

where P® represents the price of the future cash flows of the contract which we call the clean
price as in Crépey (2012b). Remark that the dividend D can be either seen as a native
swap or as a virtual swap via a repo market. In the examples considered in this paper, we
simplify D and make it only meaningful at 7*. For instance, if the bank sells a put option
on an asset S with a strike K then Dy = (K — S;+)415>,+ and thus P® would be given by
Bi P =Ky (Br+(Dy+» — Dypx_)) = Ey (Br+ (K — Sy+)4) for each ¢ € [0, 7%].

By substituting the time ¢ by 7 A7* = 7T in the last equality and conditioning with respect

to G; we get

E; (Bzp%) = Ey (/OT BsdDs + ﬁrPTa> , Vte[o,7].

Using Lemma 2.1, the F-martingale (Biar=pia,«)o<t<T stopped at 7 is a G-martingale, we

then deduce the following representation of P®
7
(2.3) BiPf = E, </ BsdDg + ﬁTP;_‘) , Ytelo,T].
t
The clean price can be seen also as the solution of the following BSDE
(24.) dﬁtf)ta + Btht = ﬁtdmg, Vit S [0, 77'], P;_l == 17*-:7-P7C_1

where, under usual assumptions on r, m® is the G-martingale null at time 0 defined by

mi = [y 87 d(Bspg) for t € [0,T.



The price of the TVA contract is defined by the process © = P® —II. From (2.2) and (2.3),

we deduce the integral form for the TVA

(2.5) 50, = E, <gT@T n /T Buge(P? — @S,Ws)ds) . Vtelo,7],
t

where @7— == Pg - l{T:;}R.

Moreover, the TVA can be also seen as the solution of the following BSDE that combines

both (2.1) and (2.4)

(26) dﬁt@t + ﬁtgt(Pta — @t, Wt)dt = ﬁtdmt, Vt € [0, 7_'],

with Oz =P — 1,1 R,
where m is the G-martingale null at time 0 defined by
(2.7) m=m"—m".

We assume now that the Azéma supermartingale of 7 is time differentiable and we denote

v = —%ﬁ) the hazard intensity and oy = e~ Jo 7545 Denote § = P — Ey(R1y—7)), and
& = mﬂﬂt(ftl{wt}). Notice that & = ©; and using Lemma 2.1 one can verify that
£t1{7>t} = {17~y Performing a filtration reduction, we introduce as in Crépey (2012b), a

new process called the pre-default TVA.

Definition 2.2 We call the pre-default TVA the solution of the following F-BSDE.
(28) d,@tét + Btgt(Pta - ét,ﬂ't)dt = Btdﬁlt, Vit € [O,T*], with éT* = 0,

where B = af3, m is an F-martingale and g is the F-progressively measurable function defined
by
Gi(PF = O, m) = gi(P — Oy, m) + wby, VEE[0,77].



In an integral form, the pre-default TVA is given by
(29) 56 =E, < / Bsgs(Ps = O, ) + 7 (P — és,ws)ds> . Vte[0,77].
t

Let M be the G-martingale defined by M; := sy + fg/w vsds and assume that the locale

G-martingale fd/\‘?((:)s — &s)d My is a martingale.

Proposition 2.1 Let the pair price-and-hedge (II,7) be as in Definition 2.1 with a G-
martingale component m™ defined by m™ = m% . — M pr — fd/\%((:)s — &)dMs. Then, the

TVA price is given by © = O.J + (1= J)&, where Jp = 1oy

Proof. Let © =: ©J + (1 — J)&,. Using (2.8) and (2.7), we have for ¢ € [0, 7]

B0 = dJiBO; +d(1 - J)Bi&r = dBinrOinr + BiOsdy — Bi&yd.],
_ aitdﬁtét BBt + (6 — £)d,
= —Bi(ge(PF — O, ) 4+ velo)dt + Bediing + By[(O — &)d Ty + 7Oyt
= —Buge(P* — Oy, mp)dt + Bydiing + Bi[(Or — &)d Ty + (O — &)dl]
= —Bgt (P — O, m)dt + Bi(dinng + (O — &)d M)
= —Bug(P? — Oy, m)dt + By(dmy — dm])

= —Bigi(Pf — O, mp)dt + Brdmy.

Then, O satisfies the BSDE as © with the same limit condition, this ends the proof.

2.2 Multiple optimal stopping times

Let us consider now n American contracts with different maturities T; > 0, different optimal
stopping times 7;* € [0, T;] and different dividend streams dD?. In that case, the counterparty

risk vanishes after 7% = mazo<;<, (7)) and the effective maturity time becomes 7 = 7 A 7*.



From (2.3), the clean price P%! of each contract is given by

BtPta’i — </ IBSdDZ + BTZP? Z) ) Vt € [0’77-1]

or equivalently ﬁMTZPg\Zﬂ = E </t BsdD!, i + ﬁTZP‘”) , Vtelo,7],
where 7 = 7 A 77. We define the overall clean price of all contracts at time ¢ € [0, 7] by
1 n
I)ta =z Z IBt/\TZP:;\iz
ez
This yields to the following BSDE for P¢

BPr = ( / BsdDs + ZﬁTsz‘ >
- Et (/ /Bsst+ﬁTP7(—l>7 Vt € [077——]7
t

where dD is the global dividend stream defined by dD; := Zth Azi- By analogy to the
previous section, the price-and-hedge pair (II, 7) satisfies a BSDE given, in an integral form,

by

8,1, — E, ( / 8,dD, — / 6sgs(ns,ws)d8+&1{”}R>, vt e [0,7]
t t

Thus, we deduce the integral form of the TVA BSDE

/Btet Et (/87'@ +/ /Bsgs 6577r5)d3> ) Vt € [077_—]7

where ©7 = Pf + 17 R.

Consequently, Proposition 2.1 remains true in this setup with

AT . T .
me =y Z / BB, where Bt = E; ( /0 MDZ)-

=1



3 Benchmark simulation using nested Monte Carlo

We present here an overview of the overall algorithm. We also discuss the differences between
Section 3.2 where we consider the funding issues and Section 3.1 where we study essentially
an extension of the square Monte Carlo explained in Abbas-Turki et al. (2014). In the
following, depending on the context, we use P; either for the clean exposure of a portfolio or
for the clean exposure of only one contract.

Since the paper by Brigo and Pallavicini (2008), the (CVA) Credit Valuation Adjustment
can be viewed as an option on the clean exposure called Contingent Credit Default Swap
(CCDS). When the clean exposure P; is computed on a basket of contracts that are priced
by closed expressions, the CVA and, more generally, the TVA can be calculated thanks to
a one-stage simulation using either PDE discretization or Monte Carlo as in Crépey et al.
(2014). However, when the underlying contracts have to be simulated as in the case of
American options, it is more reasonable to perform a two-stage simulation: The outer stage
for the TVA and the inner stages to compute the underlying contracts. Indeed, the TVA can
be considered as a corrective value on P; and mispricing the latter could produce significant
errors on the former. So, using a one-stage simulation with the same set of trajectories for
both TVA and the clean exposure would be a poor choice when implementing global methods
like regressions or when the default is strongly dependent on the exposure P;.

Our purpose is to develop a method that can be considered as a benchmark not only
when the exposure involves American derivatives but also European derivatives that are not
expressed by closed formulas. Although the proposed two-stage Monte Carlo is quite heavy
to implement on a CPU, it will run much faster on a GPU. Moreover, in order to decrease
the execution time and run a one-minute simulation, we propose in sections 3.1 and 3.2 a
judicious procedure to choose the appropriate number of trajectories that have to be drawn
in the inner stages.

For both sections 3.1 and 3.2, we fix the number of time steps used for the SDE dis-

cretization of the underlying asset S = (S',...,5%) to be a multiple of N: Ny, = ¢ x N.
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Using Ngqe time steps, we simulate My outer stage trajectories from tg = 0 to tn,, = T

From each value S ,, with k € {1, ..., N}, we simulate M}, inner stage trajectories that end

at thde =T.
140 ; ‘
= Quter simulation

5 - - = Inner simulation from 0.6 0~ I~
s S Inner simulation from 0.8 ’

120t . |
E ’V\ 1
C
©
c
; SV 7
© 100 ‘\ ‘\‘\«~ \'\ ««'M
o »,
2 PN T
g
5 801
(]
O

60 i i i i
0 0.2 0.4 0.6 0.8 1

Figure 1: An example of a two-stage simulation with My = 2, Mg = 8 and Mg = 4.

In Figure 1, we illustrate only two inner simulations starting at different times. Because
the inner simulations are used to compute the clean exposure F;, it is conceivable to draw
fewer trajectories when ¢ approaches T'. Indeed, as t — T the simulation variance V; asso-
ciated to P; decreases to 0. In addition, V; produces a bias on the outer simulation of the
TVA which gets smaller as V; — 0. We point out also that the bias of the estimator of
P, vanishes when the exposure involves only European contracts. For American contracts,
the bias produced by Longstaff-Schwartz algorithm is generally small and will be neglected
in this paper. We refer the reader to Glasserman (2003) for more details on the bias of
American options estimators.

For fixed and sufficiently high values of My and N, our purpose is to study the effect of

V; on the bias of the TVA estimator and thus on the choice of Mj...My_1. This study will
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be first implemented, in Section 3.1, when funding constraints are ignored and thus when

N-1

_ +
(3.1) CVAor = 3 B (B, ettt
k=0

then for more general case, in Section 3.2,

(3.2) Ot = Bt (@tq(Hl) + hg(tq(k+1)’Ptq(k+l)’@tq(k+1))> v Oy =0,

where O is the pre-default TVA process and h = T/N. In the sequel, P replaces P® used
in Section 2, CVAq 1 represents ©¢ given in (2.5) when we set g and R to zero and the © of
(3.2) is used for the pre-default TVA ©; introduced in (2.8). Also to simplify notations, we
assume that 7'=1 then h = 1/N. In standard applications when T" # 1, one should increase
or decrease linearly the value of IV depending on whether T"> 1 or T < 1.

As for (3.2), we consider an intensity model for the default time 7 of equation (3.1) and we
assume that its hazard rate is a function of the exposition P;. When compared to structural
models or to intensity models with a hazard rate expressed as a function of the underlying
assets, assuming that the hazard rate depends on P; is more difficult to study as one must
take into account the effect of V; on simulating 7. Admitting that we are dealing with this
complex setting, one can extend the obtained results bellow to simpler situations.

Unlike (3.1), (3.2) involves the computation of some conditional expectations during a
backward induction. Consequently, although both (3.1) and (3.2) are based on an intensity
model and on a two-stage simulation like the one illustrated in Figure 1, they are imple-
mented differently. Below, we detail the implementation of each expression and calculate
asymptotically its MSE. In the following, we replace the ¢, index by £ and we denote
by 131,...,?1\7_1 the simulated expositions using the inner trajectories. Then, we define
AP = /My (ﬁk - Pk), AP = (ék - @k;> where © is the simulated value of © and we
make the following assumption that is an extension of Assumption 1 in Gordy & Juneja

(2010).

12



Assumption 3.1 Defining o.My, (P1, - PN—1, 01, ...,HN,l,éf,...,(S%fl,é?, ...,6?\,_1) as
the density of the random vector (P, ..., Py—1,01,...,Oy_1,AY AL | A9 .., A%_l) with

respect to the Lebesgue measure, we assume that its partial derivatives
Ou, P Mo,... .My 1 63k7ul<pM07___7MN71, uy, = pr or O and uw; = p; or O with k,l=1,... N —1
exist and are continuous for each (Mo, ..., Mn_1). With uy, u; as before and u; = p; or 0;,

fori=1,...,N -1 lim pup,, . vy =0, lim Oy, orm,,.. My =0, lim aik w PMo,....My_1= 0

uniformly on all the variables except u; and uniformly on My, ..., My_1. Moreover, for each

(Mo, ..., Mn_1), there exist nonnegative functions gp(])\/[o My @}\/[0 My, and 90%\/10 o Mys

such that ong,. My, < 309\/[0,...,MN_1(511?a ...,6?,71,5?, ...,5]9\[71),
1 7 p 0 0
|auk30Mo,---,MN-1‘ < @MO,...,MN,l(‘Sla e O 15075 -, O q),

2 2 D P 0 6
8uk,ul()0M0,---,MN71| < (PMO,...,MN_l((Sl’ ey 5N717 517 sy 5N71)

for all (p1,...;pN—1,01,....0N_-1,0Y, ..., 5%71,5?, ...,5?\,_1) with

0 ; 0 0 0 6
sup / G001 ot g (8T oo 820 60 oo %)Y dS%_ Y. dS%y < o
M07~~~7MN—1 R2N-2

fork,l=1,..,.N—1,i=0,1,2,7r1>0,79 >0 and 0 < 7| + 19 < 4.

This assumption is needed to justify the Taylor expansion performed in sections 3.1, 3.2
and ensures that one can ignore the higher order terms. In what follows, we assume also that
the underlying asset S is a truncation of a positive Lévy process. The truncation should be
performed such that the support of S is a Cartesian product of compact connected intervals

on which the density of S is bounded away from zero.
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3.1 TVA without funding constraint

We present an optimized version of the square Monte Carlo simulation MC2 taken as a
benchmark algorithm in Abbas-Turki et al. (2014). Because MC2 was not the main subject
of the latter paper, the authors implemented a simple version of MC2 with My = My = ... =
Mp_1. However, here we would like to express My, ..., My_; as functions of (Mg, N) that
have to be sufficiently big. The other difference with the MC2 presented in Abbas-Turki et
al. (2014) is the possibility here to simulate American derivatives using the inner trajectories.
This will be performed thanks to N x M local dynamic programming inductions that are
explained at the end of this subsection and its implementation is detailed in Section 4.

We introduce new functions Fliﬂ(xl, ey Tht1), Flgﬂ(xl, ey Tht1), Fk3+1(x1’ ey Tt1) and
F4

k+1(x17 ey X, y) With

Flirl(‘Tl’ ---’-Tk;—l—l) =F (1T€(kh,(k+1)h}|P1 = Ty -eey Pk—l—l = xk—i—l) ,

( ) FISJrl(SCl,...,.T]H_l) = ($k+1)+Fkl+1(.T1,...,SC]H_l),
3.3

F]S’Jrl(xl, ...,xk_H) = ($k+1)+E (1T>(k+1)h|P1 = X1y..ey Pk+1 = xk-{-l) and

F]21+1(x1) ,CC],y) =K (F13+1(:C1’ "')xj)PjJrla )Pk+1)|S] = y) .

Thus, the simulated value (TVTA(),T of (3.1) is given by

N-1 My
— 1 ~ . ~ .
(34) CVAQT = E ﬁ E Fk2+1 (Pl(Si)) ceey Pk‘-i—l (Slzc+l))
k=0 =1

where {Si}i€{17...7 Mo} are independent copies of the underling asset .S that are generated in
the outer simulation.
As said previously, we take the hazard rate of 7 to be a function of the exposition P;. This

function is assumed constant by parts and can be decomposed using a family {fx}i<r<n of
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twice differentiable functions such that

k
(3.5) P (1 > kh|P, = x1, ..., P, = x,) = exp (—% Zfz(%)) .
i=1

Before announcing the main theorem of this section, we should consider an additional
constraint on My, ..., My_1 that makes possible dealing with American contracts using re-
gression methods. Indeed, an approximation of an American contract by a Bermudan leads

to

(3.6) Py(z) = sup E(Pp0(Sp)|Sk = ),
0Ty, N

where ®,4(z) = Y (z)/Bs with T is the payoff and § is the risk-free discounting asset.
Besides, T n represents the set of stopping times that take their values in {k,..., N}. The
computation of (3.6) is performed using the Longstaff-Schwartz algorithm introduced in
Longstaff and Schwartz (2001) and well detailed in Clément & al. (2002). We set Py(x) =
E (®g . (S7,)|Sk = x) with

™~ = N,

(3.7)
Vk e {N —1,...,0}, Tk:klAk—i-TkJrllAz,

where A;, = {@kJrl,k(Sk) >F (PkH(SkH)‘Sk)}. The conditional expectation involved in
Ay is approximated using a regression on a basis of monomial functions where Kj, is its
cardinal. This regression uses the inner trajectories and thus allows us to approximate Py (z)

by

N 1 M L
(3.8) i) =5 pOK I (57; Si = x)
=1

and the dependence on the inner trajectories can be seen from fixing S};. to be equal to

x. In (3.8), 7} is simulated thanks to a similar induction to (3.7) in which we replace the
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conditional expectation involved in Ay by a regression.

Then, we are able to announce the following result.

Theorem 3.1 As long as Assumption 3.1 is fulfilled and K?/MJ — 0 for each j when

American contracts are involved, we get
f—— —_— 2
MSE (CVAoz ~CVAor) = E [(CVAO,T ~ CVAor) }

N? 2 (P (qi 5 i
Mo kefo. a)]\i[ 1) Var (Fk+1 (P1(51)7---7Pk+1(5k+1)>>

IN

EWle(E[W(S?)f (P{SIEPS)). . By (5))])

2
N N-1
Ly (F[P A TS0, 5.5
N
+Z4]\]\;2 Vi(SHF}(PL(SL), .. Py (S| P;(S5) = 0] ;(0))

al 1
+NZ —j+1)? (W)
j

where @; is the density of Pj(Sji») and Vi(x) = Var(\/_ (ﬁ (x) — Pﬂx)))

Using this result, it is natural to take M; ~ /My/N when ¢;(0) vanishes or generally
when ¢;(0) is small enough, otherwise, it is sufficient to take M; ~ /M. However, we point
out that with both choices, it is necessary to make sure that N is not too big in order to
control the variance term in the previous inequality. Moreover, when American options are
involved, K j3 /M; must be small enough.

Theorem 3.1 allows to establish a condition on the value of M; for all j € {1,..., N —1}.
However, it is interesting to see how M; should decrease with respect to j as Vj(z) also
decreases. It is easy to express a relationship between M; and M;;1 when the exposition
involves only European contracts and the underlying asset .S is a truncation of a log-Normal

process. In this case and assuming a sufficient regularity on the function ®¢ N, Vj(z) =
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Var (@O,N («/(N — j)/NG)) ~ (N—7)/N®} (0)+O((N—j)?/N?) where G is a truncation
of a standard Gaussian variable. Thus, one can set
N—j

v M
(3.9) M; = li with either M7 = NO or My = +/Mj.

When American options are involved, we will see that the choice (3.9) is good numerically
as long as M is big enough. Indeed, this ensures that the value of My _1, which is the smallest
among all the M-, makes K]%/,l/MN—l small enough.

Even though we presented only asymptotic choices of M;, we will make them quantitative
in Section 4. In particular, we will see that K J3 /M; < 1 is quite sufficient because of the

induction (3.7) robustness that is used for the dynamic programming.

3.2 Pre-default TVA BSDE

As said previously, although both the approximation of (3.1) and the approximation of (3.2)
are based on an outer stage and on an inner stage simulation, the conditional expectation

involved in (3.2) requires a more advanced implementation. In particular, we need to simulate

----------

{Si}ie{lvao} are used in the outer simulation and {gi}i€{17...7MO} are used to compute the

regression matrix Wy that is given for each k by
1 &
_ it ) (i
(3.10) V=% <ﬁ0 ;w(sk) w(Sk)>

and v is a basis of monomial functions where K is its cardinal. ¥ is an operator that must

satisfy assumption 3.2. Then, the simulated value (:)k.(S,g) of (3.2) is defined thanks to the
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following induction

Fork=1,...N —1

O 1 ~ . ~ .
(3.11% Ox(z)= "4 Z¢ (@k+1 Sl) + Ng(k?Jr 17@k+1(5i+1)7Pk+1(Si+1)>>
A ~ 1 Moop 1 PO
and On(z) =0, Og(Sp) = i > (@1(5{) + Ng(l, 0,(57), Pl(S{)>> .
j=1

The proof of Theorem 3.2 involves an intermediary random function O (z) that satisfies

;

Fork=1,...N —1

Q9 1 . )
2y Op(x)="v(x) T}, MZ¢ <@k;+1 k+1)+Ng(k:-i—l,@k+1(5i+1),Pk+1(5i+1)>)

~ 1 : .
nd B(s) =0, Bo(S) = 11 Z(el (81)+ yo(1.0u(s. us))).

% used in (3.10) denotes a set of transformations that makes Uj, satisfy:

Assumption 3.2 V) =, E <¢(§£)t¢(§l’€)) as My — oo and ¥y, remains symmetric. For

a fized My, denoting by {Xk.i}ti=1,.. K the eigenvalues of V), we have also the property

-----

max E (‘X,“ > < 00 and setting X = F (\Illzl)

i=1,...,

we assume that for any K x K deterministic matriz A there exists a positive function

hil(Mo, K) that vanishes as K3/My — 0 such that |E(\IJ,;1A\IJ,;1) — SR ASg| < b} (Mo, K).

Basically, Assumption 3.2 announces a fact that a programmer must check when imple-
menting the regression. It is even natural to assume that ¥ allows to have {X/?i Fi=1.,

when this fact is true one can compute the function hf that fulfills the previous inequality.

Now, we are ready to announce the theorem.
Theorem 3.2 As long as assumptions 3.1 and 3.2 are fulfilled and KJ3/M] — 0 for each
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J when American contracts are involved, if {©;(x)}o<i<n—1 ts of class C® on the support of

S € RY then there exists a positive constant C such that for each 0 < k < N — 1

Vis1(S7,,)0%9 (l +1,0111(57, ), Pl+1(51j+1))
20,

K K K2 Kl—Qs/d
o|— K2/
* (MO TNz TN, TN T

E [(@k(s,g) - @k(s,g)f] < %Ni E
=k

The s-continuous differentiability assumed in Theorem 3.2 can be gotten either from the
regularity of g or from the regularity of the transition density of S using (3.2).

From this result, a reasonable choice of the number of inner trajectories is M; ~ \/My/N
for j € {1,..., N — 1}. Moreover, using the same arguments as the one presented in Section
3.1, when the exposition involves only European contracts and the underlying asset S is a
truncation of a log-Normal process, we can set

N—j M,

Also, when American options are involved, we will see that the choice (3.13) is good numer-
ically as long as My is big enough.
Although the proof of Theorem 3.2 is detailed in the last section, we should make few

remarks on the key tools that are needed for the proof. The first point that is really essential

-----

-----

(1997) which announces the following.

Theorem 3.3 We denote f(X) = E(Y|X) and f the approzimation of f thanks to a regres-
sion on a basis of K monomials. We assume that the support of X € R? is a cartesian product

of compact connected intervals on which the density of X is bounded away from zero. More-
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over, we compute f thanks to a regression that involves independent copies (X;,Y:)ic(1,.... Mo}

of the couple (X,Y). If f is of class C* on the support of X and if K3/My — 0, then

[ (@) = F)PFo(a) = Ok My + K24
where Fy is the cumulative distribution of X.

Theorem 3.3 with a ¥;, that satisfies Assumption 3.2 allows to conduct all the computa-

tions in order to get Theorem 3.2.

4 Simulation framework and results

This section starts by presenting additional details on how the simulations are implemented
and computing the complexity induced by this implementation. Then, it finishes by some
compelling numerical results that shows the robustness of the method presented in this paper

and that illustrates the theoretical asymptotic result established in the previous section.

4.1 Implementation and complexity

As already explained in Section 3, the proposed algorithm is based on nested (square) Monte
Carlo simulation. As Monte Carlo is well suited to parallel architecture, we perform the
implementation of our algorithm on the GPU “NVIDIA geforce 980 GTX” which includes
2048 parallel processing units. This massive computing power allows to reduce the execution
time of the overall solution to make it quite interesting to use for real applications in the
industry. This fact is true despite the high complexity of our method that has however the
property to be very accurate.

The parallelization of this method is performed according to both the outer and the inner
trajectories. First, one has to simulate the outer trajectories and to store them on the GPU if

enough memory is available, otherwise to store them on the machine RAM (Random Access
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Memory). Then, at each time step j € {1,..., N} of m outer trajectories with m = My/my,
we simulate the M inner trajectories. The reason of considering the outer trajectories per
a group of m realizations is due to the limitation of the memory space available on GPU
which makes impossible dealing with My x M; memory space occupation when My and M;
are sufficiently big. Consequently, for each j € {1,..., N}, we find ourselves obliged to repeat
mg times the same operation but on different m x M; data.

When the exposure involves only European contracts, the mg repeated operations com-
pose a common Monte Carlo simulation for the m x M; inner trajectories. However, when
the exposure includes also American contracts, one has to perform a lot of regressions in
addition to the standard Monte Carlo operations. Formally speaking, if the exposure in-
cludes also American contracts, one has to perform N — j — 1 regressions at each time
step j € {1,...,N — 1} and for each outer trajectory using M; inner trajectories involved
in a projection on K; monomials. The complexity of each regression is proportional to
M; x KJ3 and then the computations performed per each time step are of the order of
O((N —j —1)MoM;(d + Kj3)) where d is the number of underlying assets S. To explain ex-
actly how the different operations are performed and optimized on the GPU, we are preparing
a paper that will be submitted within a couple of months to a computing journal.

Let us now study the overall complexity of the algorithm assuming that K; = Ky does not
change according to j with M; > K¢ and that My is much bigger than N2. The complexity
induced by the computation of (3.4) and of (3.11) are almost the same and one can get the

following orders:

N—j Vo
o For M; = =M, with M; = Y2, then the complexity ~ O ((a+ Ko)Na?).
o For M; = - i M; with M; = —V\/NO then the complexity ~ O ((d + Ko)(NMp)3/2).

N
o For M; = N—iMl with M, = /Mo, then the complexity ~ O ((d + Ko)N2ME/ 2).

These orders justify the necessity to employ the GPU computing power to reduce the

execution time and make the overall solution usable by the banking industry.
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4.2 Numerical results

In this section, we give some numerical results associated to three different expositions. For
these examples we use the same three dimensional Black & Scholes model for the underlying
assets S = (91,52, 53)

(4.1) dSi =rdt + 07y 0idW{, i=1,2,3,

j=1

with r = the risk neutral interest rate = In(1.1), S§ = 100, o; = 0.2 and ¢ = {oijhi<ij<d
comes from the Cholesky decomposition of the correlation matrix (6;—;+0.5(1—0;—;))i j=1,2,3
where ¢ is the Kronecker symbol. We point that our method is quite robust according to
the dimension of the problem and when increasing the number of random factors one has
to increase smoothly the number of outer trajectories My to have the same accuracy order.
Studying more quantitatively the affect of the dimension and the choice of the model will be
done in a future work that deals with various practical examples.

For the following simulation, we take 7 = 1, My = 13 x 10* trajectories, N = 10
and Ngg. = 50. Although one can simulate exactly (4.1) without discretization, we use here
Ngge > N because we need sufficient number of time steps in order to simulate §3T = sup S?

0<t<T

by sup ka that will be involved in two European path-dependent examples of tables 1 & 2.
0<k<Neds

Table 1: European exposition with a payoff Y (Sr) = <% + % — g;)
and f;(x;) = 0.01 +0.01(z;)+, g(k,p,0) = 0.01p(p — 0)...

M1 @0 @0 std CVA()’T CVAQ}T std
N
¥ 9 10.01364 | 4 x 1075 | 0.0296 | 2x 1074
M,
0 10.01307 | 4 x 1075 | 0.0294 | 2x 104
VN
VM, [0.01265 [3x10° | 0.0291 | 2x 107
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In tables 1, 2 and 3, we study the changes in the values of the estimators of CVA( 7 and

of the pre-default TVA ©¢ when M; increases with M; = %Ml. In all tables, the values
postfixed by std represent the empirical standard deviation computed on 16 realizations of
the estimator. From the values of these standard deviations, we conclude that My = 130K
trajectories is sufficiently big as the variance of the simulations is quite small.
Table 2: European exposition with a payoff: YT (Sr) = <% + % - §;>+ — <% + % - §;)+
and f;(x;) = 0.01 +0.01(z;)+, g(k,p,0) = 0.05(p — ).
CH O std | CVAgr | CVAyr std

EE

2.72x 1072 | 107 | 0.0365 8 x 1074

ok

244 x 1073 | 107 | 0.0453 8 x 1074

2.28 x 1073 | 107° | 0.0520 8 x 1074
2.24 x 1073 | 107° | 0.0528 8 x 1071

=

=
E

Table 3: American exposition with a payoff: T(S7) = </{ — % — % — %) , k=100
+

and f;(x;) = 0.01 +0.01(z;)+, g(k,p,0) = 0.01p(p — 0)...
@0 @0 Std CVonT CVonT Std

EE

0.0242 | 107* | 0.0356 | 2x 107*
0.0220 | 107* | 0.0351 | 2x10°*

=

Regarding the value of M; that affects the bias of the estimators, we see in Table 1 that

My =¥ ]]\\[40 is quite sufficient to compute CVA( 7 and taking M; = ¥ \/]\%O produces a very

small bias on Oy when compared to /My. We have also the same case for ©( in Table 2,

however CVAo 1 has a big bias if we take M; too small which is due to the fact that the
density of the exposition has a significant value at zero. As far as Table 3 is concerned, we
do not show the simulations for M; = —VJJ\\,4° since this number is not sufficient to perform the

regressions needed for the Longstaff-Schwartz algorithm required by our condition M; > K3

(here Ky = 4). Nevertheless, we see that M; = ¥ \/A%O is quite sufficient to have very accurate
results of ©¢ and CVAq 7.
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5 Proof of theorems 3.1 and 3.2

Proof of Theorem 3.1: The condition K ]3 /M; — 0 is related to the convergence of of the
Longstaff-Schwartz algorithm studied in Stentoft (2004) which uses the results presented in

Newey (1997) and Clément & al. (2002). Given (3.5), (3.3) becomes

Bl (@1, ey Tg) = e~ N Xim filwi) (1 — e’%f’““(z’““)) ;

(5.1) FRoy (@1, s a1) = (@rg1) T Fp (21, 0 Th41),
5.1

3 AL g
FkJrl(xl’ '--axk—l—l) = ($k+1)+e N 2iz1 fi(®i) and

Fil (@1, e g, y) = e N i fie) g (e_%zﬁiflﬂ fi(Pi(Si))‘Sj = y> .

Besides, MSE ((T\?AQT - CVA07T> can be decomposed into two terms: a variance term
FE [(CVAQT - F [CVA(),TD ] and a square bias term (E {CVAQT — CVA(),TD . Regarding

the variance, one gets easily

N2

E {(éﬂoj -E [mof}ﬂ <o Va (21 (Pi(SD), o Pea (SE10)) ) -

As for the square bias term one has to perform a second order Taylor expansion according

to P. Doing the computations, we obtain

N

B[CVAgr - OV - 3;%%%5)2 JRAS)E RS, .. PA(S))
1ox 1 P\2 iy ol i i
S L farpery (s RS, .. By (50)]
j=1"
1 N 1 P\N2 pl1 i = 2 ( i
"2 ZWE (AL (B (S1) D Fya (PL(ST), - Pest (Sis1)
P k=l
1 . 1
+5 2 (N =j+1)0( -
j=1 I

and ¢ is the Dirac distribution at 0. Thanks to an integration by parts using Assumption 3.1:
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E|(AD2e(Py(S))FHPL(S)s s Py(S))] = B[(AD2FHPL(S), o PSP (S7) = 0] 25(0).
We point out that, conditionally to o({S} };=1,...;), (A¥) and F2, 1 (Pi(SY)), o Py (Sh4 1))

independent from the outer simulation and thus independent from o ({S}}i—j+1, . k+1)-
Finally, conditioning according to o({S{},—1,... ;) in each expectation involved in the value

of £ [CTVT%,T — CVAoyT} and using the Markov property, then taking the square of it and
n n
using the inequality (Z a;)? < nz a?, we get the required result.

i=1 i=1
|

Proof of Theorem 3.2: Like in the proof of Theorem 3.1, the condition K?/M] — 0 is

needed for the convergence of of the Longstaff-Schwartz algorithm. In this proof, we study

~ ~ 2 ~
separately the variance E [(@k(:c) —FE [@k(:c)]) ] and the bias F |O(z) — @k(:c)] involved

in £ ([@k(:c) - @k(x)} 2). It is quite heavy to develop each term involved in the variance.
Because we are interested by the term that decreases the least as My — oo, we assume that
O () is independent from S,z; as the terms {SZ] }eti1<i<n are involved only once (weighted
by 1/Mp) when computing backwardly O (x).

Denoting

_ . ~ . 1 . , N .
Ok t1(S141) = Orr1(Siyy) + Ng<k+ L @k+1(5;i+1),Pk+1(5i+1)> ;

then O(z) = (), L Z¢(Si;)@k+1(5i+1) and using Assumption 3.2

1 Mo 4 . . .
— St (ST, )0 Ski1)© S
4(@(@—%@(@})1 —B|tr| Ax(x) M&%}p( 1) V) O (S O ()

—Mgt1 tkarl

x xX K
+REOE (0o KO (—)
My

with Ay (z) = Spt(2)' 9 (2) Sk, mps1 = E(W(Sh,1)Ok41(S),,)) and tr is the trace operator.
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Thanks to the asymptotic independence of O (z) and Si, we obtain

E[(ék(s,i) B [@k(s,i)]f] ~0 (%) .

Regarding the bias, if we denote B(z) = E [@k(:c) - ék(az)} then

(2 [Busii—euis]) " < 2 [Buspl)” +2 (£ [Buts) - 0uls)])

9 ~ 12
< 2(E[Bi(S})])" +2E ([@k(s,g) - 6(s})] )
and using Theorem 4 in Newey (1997) as well as the boundedness part in Assumption 3.2,
we have

E ([ék(s,g) - @k(s,g)r) _0 (% + K—2S/d> .

0

Besides

Gu1(S11) = Ok (SLer) + &K1 Orin (S, Prra(5].1)

Bu(a)=" ()51 E [1(S]) * ‘
—%g(k:-f— 1,0511(5) 1), Pk;+1(5i+1))

and performing a second order Taylor expansion according to @k+1(si +1) and PkH(S,{; +1)

A?+1(Si+1)+%Ag+1(Siiﬂ)a@g(kﬂ” 1,0k41(87,1), Pk+1(5£+1))
o (AL (S PORg(k+ 1 Oksa (S P (1)
+ﬁ[A?+1(Si+1)]28%9<k+ L, @k+1(5i;+1)’ Pk:+1(5i+1)>
o <(Ak+1(sg+1)(z>

~—

Bi(z)="1(x) S E|¢(S;

where AkH(SiH) = (AEH(SiH),AZH(SiH)) and | - |2 is the Euclidean norm. In the

previous equality, the first order term in A} _H(Si; 1) vanishes as E (Ai +1(Si +1)\Si; +1> =0
that removes also the term in A} +1(Si +1)A?+1(Si +1) as the random functions A}, (z) and

A?H(x) are independent because the first one is simulated using the inner trajectories and
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the other one using the outer ones. Besides, one can only keep the first and the third term

and ignore all the others and obtain

[Ap 1 (Shy))? j j
. A?Jrl(siJrl) kg}\f]\flﬂ 82 (k+1a@k+1(5i+1)aPk+l(Slz;+l))
By(x)="¢(z) S, E [ (S}) of 1 VE = K-/
O\ N N/M, TN

After conditioning according to Siﬂ and ignoring E (@kH(SiH) - @k+1(5i+1)|5i+1), we

obtain the following induction

. Bk+1(5i+1)+%8%g(k+l ®k+1(5i+1)’Pk+1(Si+l)>
Bip(z)="¢(x)SrE [ (S]) o ( 1 JE K- s/d>

+ +
N2M, " NVM, N N
and because By (z) = 0, one can establish for each 0 <k < N — 1
|_Vz+1(5‘17+1)31239(l+1,91+1(517+1)7Pz+1(517+1))-|

N-1 l
EB[Bush]=E(tu(sh) 2> 0 TesE|us] ){ S

1=k | i=k+1 +0 <N21Ml + NV + K ~ )

where ®; = E (@z)(sg;l) ty(S? )). Fork =0, E [30(53)} differs from the other E [Bk(sg)_ .
J1E>

by a last term (I = 0) which does not involve w(Sé) or Y.

There exists then a positive constant C' such that for each 0 <k < N —1

N-1 J 2 j j
(e[sp]) < S5y (] L0 (1+ 1,008, Pa (51.)
REEEE s oM,
K K2 K1-2s/d
+O(N4Ml2+N2MO+ 2 >

~ 12
Using this final expression as well as the asymptotic behavior of E < [@k(S}g) — @k(SZ;)} )
and of the variance term, we get the required result.
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