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Abstract. We present a new approach to deal with the problem of stability
of collisionless stelar systems. This technique based on the symplectic struc-
ture of the Vlasov-Poisson system allow us to have a new stability criteria
for general systems very usefull in the anisotropic spherical case.

1 Introduction

As it was remarked by Zwicky in the fiveties, owing to their physical as-
pect, galaxies and comparable stellar systems seems to be relaxed, but their
collisional relaxation time is in general larger than the age of the universe.
So, there exist a collisionless epoch inportant in the life of stellar systems
which govern a part of their dynamical evolution.Taking into account the
statistical behaviour of their components, stellar systems can be treated by
a Kinetic Theory. However, as it was stessed by several authors (see Bin-
ney and Tremaine,1986- hereafter BT - for a review) classical stability tech-
niques stops when the problem become inhomogeneous and anisotropic. In
this sence, folowing the pioneer works of Bartolomew,1971 reactualized by
Kandrup 1991a , we present here a new symplectic approach of dynamical
evolution of collisionless stellar systems.This approach permit to obtain a
quite simple and very general stability criteria, which, in the special case
of spherical isopotential curves allow us to generalise an important isotropic
result called sometimes Antonov-Lebovitz Theorem.

2 A symplectic stability criterion

As it was shown by Morrison,1982 the standard Vlasov equation can be
exprimed using functionals. Indeed, if F' is any functionnal involving in the
phase space, the motion evolution equation can be written

6F 6H
ldl' := {F,H 1
A= [ 155 55 = AR (1)
where [,] denotes the standard Poisson bracket in the canonical conjugated
variables p and ¢, {,} have all the properties of a Lie bracket and é/éf
meaning a functional derivative operation .



Owing to the fact that any physical perturbation of any initial state f, can be
described by a generator g which is an hamiltonian-like function representing
the canonical transformation effectued, (e.g. Bartolomew 1971), we can find
a general Taylor expand for any functional F' during this perturbation

FIf] = FUR—{G, P} + 3{G G, P} - {GAG G, FI} + -+
(PN = rllelg) 2

where G is such that §G/6f = g is the Functional generator.
It is important to note that development (2) is true for any functional, so we
can apply it to all functional intervening in our problem as energy, entropy
or more complicated one.

Applying (2) in the special case of the total energy of the system
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, and choosing for f, a steady state, the first order energy variation is clearly
vanishing , and the second order can be written

HO[f) = —%/[g,E][g,fo]dF - G;" /dr/dr'i[g’lzo]_'[i;{é] (4)

where E' is the single-particle energy, functional derivative of H[f]. The sta-
bility of the system against some perturbations generated by some g, can now
be investigated in the anisotropic inhomogeneous case by the study of the sign
of H(z)[fo]. However, this development give to us only a sufficient condition
for stability. Indeed, we cannot make, as (Laval Mercier,Pellat,1965), a con-
nection between H(?)[f,] and some definite inner product to have a general
energy principle. As it is quoted in Larson,1991 the inner-product related to
our general problem is indefinite, and in this case relations like Schwartz’s
inequality fall and not allow us to connect our energy variation to some dy-
namical variable to diagnostic linear instabilities. However, as it is illustred
in Kandrup,1991b negativeness of H(2)[fo] can imply secular instability, and
a way 1s open in this weak version of instability.

3 Stability Results

As it is quoted in BT, stability problem of a collisionless stellar system and
of a gaz volume in gravitational interaction are closely related. In fact, in
many cases, the hydrodynamic problem (when it is identifiable) is simpler
than it stellar analog. Indeed, hydrodynamic problem is a three dimensional
one when stellar systems have six degree of freedom. Hence a technique to
simplify the study of stellar systems consist to average over velocities, when it
is possible, to deal with the hydrodynamic counterpart of the problem . One



of the most important isotropic result, sometimes called Antonov-Lebovitz
Theorem(ALT) (see BT), is built on this technique and assure the stability
of f,(E)’s systems against non-radial perturbations.

In a recent paper (Aly and Perez, 1992), we present a new demonstration
of this important result. This is the combination of this new method and the
symplectic approach of the stability criterion which allow us to obtain our
result on the stability of spherical stellar systems.

Before to give the proof with have to install the context and define the
class of perturbations which allow us to use the technique.

A stationary spherical system has a distribution function which depends
only on the energy E and the squared norm L? of the angular momentum L.

fo = fo(E,L%). We assume here that

dfo dfo
fE = a—E S 0 and sz = 8? S 0 (5)
We want to consider the stability of such an equilibrium with respect to the
class of preserving perturbations, which are generated by all the functions g
satisfying [g, L?] = 0. It is easy to see what is preciselly the class of preserving

perturbation writing the definition of a perturbation g-generated

fl = [gafo(EJL2)] = fE[gaE] + ng[g’Lz] (6)

This equation is written in the general anisotropic spherical case. In order
to clarify the situation, it is clear that in the isotropic case where f, depends
only of E all perturbations are preserving because g always commutes with
L2 .Moreover, the stability of isotropic systems in the (5) conditions is well
known. On the other hand, in the case of purelly radial orbit system, with
distribution function of the form f,(E,L?) = ¢(E).6(L?) (e.g. Fridman
and Polyachenko,1984), where ¢ is any smooth function and § denotes the
dirac distribution, one can show that there no exists non vanishing g such
that [g, L?] = 0 and f; # 0 simultaneously. In this sence we say that purely
radial orbit systems cannot receive preserving perturbations.

In the intermediate case preserving perturbations are generated by all
functions of the g(L?, Ly, Ly, L,) form, for example all radial perturbation is
also preserving. Non radial and preserving perturbations are clearly math-
ematically defined and numerically seen as not forming a vanishing set, but
we haven’t seen their physical interpretation.

In the general spherical case one can split the perturbation f; in two parts
with one invariant under rotation

B fi = T+ oh
file,p) = [ fi(R(g), R(p))dR and [éf1(R(q), R(p))dR = 0

where the averaging is made other all possibles rotations R. Hence, one
can show that the second order variation of the energy splits in H(Q)[fl] =
H®[fi]+ H®[5f,]. The first part being positive by Kandrup and Sygnet,



1985 Theorem, we study the second non-radial part and show (using ower
revisited proof of ALT and the well known Wirtinger inequality)

2 1 (5/91)
HA[sf] > 5/ i

where the non radial part of the perturbed density §p; is directly obtained
from 61 by a velocity averaging. This result assuring the stability of any
anisotropic spherical stellar system - having the properties (5) - against pre-
serving perturbations.Therefore, it should be stressed that the preserving
character is not dynamically robust. To have a greater signification this sta-
bility result must be completed by a numeric experience concerning the rela-
tion existing the nature of perturbation affecting a wide class of anisotropic
spherical systems and their preserving character. These kind of simulations
are under investigations and preliminary results tend to confirm that in most
of cases, stables systems are preserving-perturbed and unstable systems are
non-preseving perturbed.(Perez et al,1993 | Perez and Alimi,1993).
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