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Regularity structures and renormalisation of
FitzHugh—-Nagumo SPDEs in three space dimensions

Nils Berglund and Christian Kuehn

Abstract

We prove local existence of solutions for a class of suitably renormalised coupled
SPDE-ODE systems driven by space-time white noise, where the space dimension
is equal to 2 or 3. This class includes in particular the FitzHugh-Nagumo system
describing the evolution of action potentials of a large population of neurons, as well
as models with multidimensional gating variables. The proof relies on the theory of
regularity structures recently developed by M. Hairer, which is extended to include
situations with semigroups that are not regularising in space. We also provide explicit
expressions for the renormalisation constants, for general cubic nonlinearities.
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1 Introduction

Many spatially extended systems can be described by a reaction-diffusion equation coupled
to an ordinary differential equation, of the form

Ou = DA u+ F(u,v) ,
o = G(u,v) , (1.1)

where u = u(t,z) and v = v(t, ) are functions of time ¢ > 0 and space z € R% and take
values in R™ and R™ respectively, A, denotes the usual Laplacian, ® € R™*™ is a positive
definite matrix of diffusion coefficients, and F': R™ x R" — R™ and G : R™ x R" — R"
are given sufficiently smooth functions. A well-studied situation of this kind arises in
neuroscience, where x € R measures the position along a neuron’s axon, u(t,z) € R is the
membrane potential at time ¢ and position x, and the so-called gating variables v € R"
describe the number of open ion channels of n different types. Classical examples are the
Hodgkin-Huxley model [24] and its simplifications such as the Morris-Lecar model [32] and
the FitzHugh—Nagumo model [15, 33]. However, there are many more interesting situations
outside neuroscience that can be described by coupled systems of the form (1.1), for
instance in chemical kinetics [40], in population dynamics [8], and in pattern formation [2].
Furthermore, many other classical reaction-diffusion equations from mathematical biology,
such as the Keller-Segel [25] or the Gray-Scott model [16] are of the form (1.1) if one regards
the model parameters v not as constants via ;v = 0 but as (slowly-)changing parameters
via 9,0 = £G(u,v) for some small parameter 0 < & < 1 [28] and some smooth vector field



G. In fact, the number of applications of systems of the form (1.1) goes far beyond the
areas we mentioned here.

However, in some cases, a deterministic model of the form (1.1) is not sufficient to
describe the dynamics, and one has to add a stochastic term to capture the effect of thermal
fluctuations and other unresolved dynamical processes affecting the system. In the case
of neuron dynamics, see for instance the book and recent survey by Tuckwell [38, 37] and
the recent reviews by Bressloff [6, 7]. In particular, stochastic versions of the FitzHugh-
Nagumo PDE have attracted considerable recent attention [36, 39, 34] as well as related
models of stochastic neural fields [29, 27]. In the derivation of these models and in related
numerical studies, one frequently uses correlated [31] as well as space-time white noise [1]
stochastic forcing.

Before studying properties of solutions to a stochastic partial differential equation
(SPDE) with space-time white noise, one has to ensure that such an equation is well-
defined, i.e., one has to attach a meaning of “solution” to a given SPDE. Depending on
the space dimension d, this problem may in fact be extremely hard. Consider the case of
a one-component system (m =1, n =0, D = 1) of the form

ou = Agu+ F(u)+ €, (1.2)

where £ denotes space-time white noise (precise mathematical definitions will be given
below). If d = 1, it is possible to define a notion of mild solution via the Duhamel
principle in a quite general setting (see for instance [11]). In higher space dimension, the
problem is much more difficult, owing to the fact that space-time white noise is extremely
singular.

Consider for instance the case of the Allen—Cahn equation given by (1.2) with F'(u) =
au — u3 (if @ = 0 this is also known in quantum field theory as the dynamical @fl model,
cf [13]). In the case d = 1, the proof of existence of a unique solution goes back to Faris
and Jona-Lasinio [12], and many quantitative properties of this solution are known (see
for instance [9, 4, 3]). The two-dimensional case was solved by Da Prato and Debussche
using a particular class of Besov spaces [10]. The case d = 3, however, was only solved very
recently by Hairer, using his theory of regularity structures [19]. One of the difficulties
is that a renormalisation procedure has to be used to properly define solutions. This
is achieved by replacing space-time white noise & by a mollified version &%, solving the
resulting regularised equation, and passing to the limit of vanishing regularisation (for an
alternative approach, see [30]).

The theory of regularity structures provides a framework to study SPDEs with very
singular noise, including but not limited to parabolic equations of the form (1.2). The
basic idea is to construct an abstract space in which one can define algebraic operations
on distributions (in the sense of generalised functions), such as multiplication, composition
with a smooth function, and convolution with a kernel. The fixed-point equation obtained
by applying Duhamel’s principle to the SPDE with mollified noise is then lifted to the ab-
stract space, solved in that space, and finally projected down to a distribution in “physical”
space. In addition, the theory allows to incorporate the renormalisation procedure that
is needed in most cases; see for instance [18] for an introduction. Furthermore, there are
already several recent applications of regularity structures, e.g., to large deviation theory
of the Allen-Cahn equation [23], to the dynamical sine-Gordon model [22], to Wong-Zakai
approximation of nonlinear parabolic SPDEs [21], to the parabolic Anderson model on
bounded [19] as well as unbounded [20] domains, and to the KPZ equation [19, 17].



The purpose of the present work is to extend the theory of regularity structures to
multicomponent systems of the form

Oru = Agu+ F(u,v) + &,
O = G(u,v) . (1.3)

The main result is the proof of existence, in space dimensions d = 2 and 3, of local
solutions to the system (1.3) when F' is a cubic polynomial and G is linear. This includes
the case of the standard FitzHugh—Nagumo model, but also other equations such as the
Koper model [26] with diffusion in the fast component, which features vectorial variables
v. We will mostly focus on the case d = 3, first because this is the physically relevant
case in many applications, but also because it is the technically more challenging case (the
Allen—Cahn equation is known not to be renormalisable for d > 4, so the same will hold
a fortiori for multicomponent systems with cubic nonlinearities).

The main technical difficulty that has to be overcome to obtain these results comes
from the fact that the semigroup associated with the second equation in (1.3) is not at
all regularising in space. Though one expects that this loss of regularisation is somehow
compensated by the fact that no singular noise term acts on the equation for v, the
general theory in [19] cannot be applied directly, because it uses in an essential way the
assumption that the heat kernel is smooth everywhere except at the origin. Therefore,
we have to extend the regularity structure constructed for the Allen—Cahn equation with
new abstract symbols representing integration with respect to a singular kernel, and to
prove suitable bounds involving these symbols. Furthermore, one has to analyse which
role new symbols play in the renormalisation. We find that certain terms involving the
singular kernel do not have to be renormalised, while on the other hand, general cubic
nonlinearities yield renormalisation terms which do not appear in the Allen—Cahn case.

The remainder of this work is organised as follows. Section 2 contains all main local
existence results. Section 3 gives a summary of the most important aspects of the theory of
regularity structures contained in [19], illustrated in the case of the Allen—Cahn equation.
In Section 4, we present our results allowing to represent the operation of integration with
respect to a singular kernel. Section 5 contains the fixed-point argument proving local
existence and uniqueness of solutions for the SPDE with mollified noise, and Section 6
deals with the renormalisation procedure which is necessary to pass to the limit of vanishing
mollification. Finally, in Section 7 we complete the proofs of the main results.

Notations: We write |z| to denote either the absolute value of # € R or the £!-norm of
x € R", while ||z|| denotes the Euclidean norm of x € R™. If a,b € R we use a A b :=
min{a, b} and a Vb := max{a, b}. If f, g are two real-valued functions depending on small
parameters €, 6, ... (which will be clear from the context), we write f < ¢ to indicate that
there exists a constant C' > 0 such that f < Cg holds uniformly in the small parameters.
We use the notation f =< g to indicate that we have both f < g and g < f.

Acknowledgements: N.B. would like to thank the Institute for Analysis and Scien-
tific Computing at the Technical University in Vienna for kind hospitality and financial
support. CK would like to thank the Austrian Academy of Sciences (OAW) for support
via an APART fellowship. CK also acknowledges support of the European Commission
(EC/REA) via a Marie-Curie International Re-integration Grant.



2 Results

2.1 The standard FitzHugh—Nagumo equation

We start by considering the particular case of the standard FitzZHugh—Nagumo SPDE,
given by

ou = Agu+u—ud+¢,
O = aqu + agv . (2.1)

Here A, = Z;l:l &%j is the usual Laplacian, v and v are functions of time ¢ > 0 and space

x € T? (the torus in dimension d = 2 or d = 3), ¢ stands for space-time white noise on
R x T¢, and ay,as a real parameters. As such, the system (2.1) is not well-posed, and a
renormalisation procedure is required to define a notion of solution. To do this, we first
choose a rescaled mollifier

€2’ ¢

or(ta) = iz 5.7). (2:2)

where ¢ : R™! — R is a smooth compactly supported function of integral 1. We set
&8 = p. *x £, where the star stands for space-time convolution, and consider the sequence
of equations

O’ = Ajuf + [1 + C(e)]ug — (u€)3 + £
Ov® = a1u® + agv® (2.3)

where C(e) € R. Then our first result is the following, which is close in spirit to [19,
Thm. 1.15].

Theorem 2.1 (Standard FitzHugh-Nagumo SPDE). Assume ug belongs to the Hélder
space C" for some n > —%, and vg belongs to the Holder space CV for some v > 0. Then
there exists a choice of the constant C(e) such that the system (2.3) with initial condition
(uo,v0) admits a sequence of local solutions (u®,v®), converging in probability to a limit

(u,v) as € — 0. This limit is independent of the choice of mollifier .

The proof of this theorem and the two next ones is given in Section 7. For the precise
definition of Holder spaces C with negative index, we refer to Definition 3.3 below. By
local solution we mean that for any cut-off L > 0, the solution is defined up to the random
time when the C"-norm of (uf,v®) first reaches L. In other words, we cannot exclude the
possibility of finite-time blow-up.

The constant C(¢) admits an explicit expression in terms of the heat kernel!

— —lz[?/4t
v G

GOt 2) (2.4)

In dimension d = 3, C(e) is the same as for the dynamical ®3 model considered in [19].

Namely, setting ng) =G x ., one has

Cle)=3 [ GP(2)?dz—-18 | G¥(2)Q5(2)%dz, (2.5)
R4 R4

!Below, the renormalisation constants will rather be defined in terms of a truncated version of the heat
kernel. This does however not affect their singular parts (terms of order e~* and log(¢™1)).



where Q5(z) = [ Gé?’)(zl)Ggg)(zl —z)dz;. In particular, it has been known since the works
of Feldman and Osterwalder [13, 14] that

c
Cle) = ?1 + Cylog(e™) + Cs (2.6)

for some constants C7,C9,C3 € R. The constants C7; and C3 depend on the choice of
mollifier o, while C5 is independent of p (cf [18, Rem. 6.2]).

In dimension d = 2, one can show (cf [23, Rem. 2.14]) that the renormalisation con-
stants are given by

C(e) = 3/ G (2)%dz = ilog(s_l) +Cs (2.7)
R3 47

for some constant C3 € R, depending again on the choice of p.
The proof of Theorem 2.1 will also provide some information on the structure of the
solutions. Indeed, we always have

ut(t, ) = xe(t,z) + ¢° (L, 2) | (2.8)

where y. = G(@ £ is the stochastic convolution of heat kernel and noise, and ¢ converges
to a function (as opposed to a distribution). In other words, the only singular term in the
limit ¢ — 0 is given by x., which is independent of the nonlinear term in the equation.
The function v®(¢, ) has the same structure, as it can be represented in terms of u® by
solving a linear inhomogeneous equation.

2.2 General cubic nonlinearities

We can now extend the above results to a more general class of systems, of the form

Ou = Azu+ Flu,v) + €&,
O = a1u + asgv (2.9)

where F' is a general cubic polynomial of the form
F(u,v) = aju + av + pru? + fouv + B3v? + yiud + youlv 4+ y3uv? + y40° . (2.10)
In that case, the renormalised equations take the form

dut = Agu® + [F(uf,v%) + Co(e) + Cu(e)u’ + Cale)v?] + €,
Opv° = aru® + agv® (2.11)

where Cy(e),Ci(e),Ca(e) € R, and we have the following result:

Theorem 2.2 (General cubic nonlinearities). Assume ug and vg satisfy the same assump-
tions as in Theorem 2.1. Then there exists a choice of constants Cy(e), Ci(e), Ca(e) such
that the system (2.11) with initial condition (up,vg) admits a sequence of local solutions
(u®,v%), converging in probability to a limit (u,v) as e — 0. This limit is independent of
the choice of mollifier o.



The renormalisation constants can again be computed explicitly to leading order. They
are given by

Cole) = 3510()
Ci(e) =mCl(e), (2.12)
Cale) = 5CE)

where C(e) is the constant defined in (2.5) for d = 3 and in (2.7) for d = 2. Note in
particular that these constants depend only on the coefficients of 2, u® and w?v in F.

2.3 Vectorial gating variables

Another generalisation of interest is to systems with vectorial variables v, of the form

Ou = Azu+ Flu,v) + €&,
O = uAq + Asv (2.13)

where v(t, x) takes values in R”. Here A; € R" is a constant vector, and Ay € R™™" is a
square matrix, while F' is again a cubic polynomial in u and the v;. This allows for instance
to consider the Koper model [26] with spatial diffusion and space-time white noise in the
fast variable; for the stochastic Koper model without the Laplacian representing spatial
diffusion see [5]. The reaction terms of the Koper model can be written in the form (2.13)
with

F(u, U) =3u—+v — U3 R Al = <]8> s A2 = <;22 612> s (214)

where k, e € R are model parameters.
The natural candidate for the renormalised system associated to (2.13) is given by

ou® = Agu® + | F(u®,0%) + Cole) + Cr(e)u” + Z ngi(a)vf] + &5,
=1
Ov® = ut Ay + Axv® (2.15)

for constants Cy(e), C1(¢), Ca,i(e) € R. Indeed, we have the following result.

Theorem 2.3 (Vectorial variables v). Assume ug and the components of vy satisfy the
same assumptions as ug and vy in Theorem 2.1. Then there exists a choice of constants
Co(e), Ci(e), Coi(e) such that the system (2.15) with initial condition (ug,vo) admits a
sequence of local solutions (uf,v®), converging in probability to a limit (u,v) as e — 0.
This limit is independent of the choice of mollifier o.

The renormalisation constants can again be expressed in terms of the coefficients of

the initial equation (2.13). Writing

n
F(u,v) = onu + Bu® +11u® + ) [agiv; + Bajuvi + y2,uv;] + R(u,v) (2.16)
i=1



with |R(u,v)| < C|[v||?, we have

Ci(e) =mCle), (2.17)

where C(¢) is again the constant defined in (2.5) for d = 3 and in (2.7) for d = 2. Note that
in the particular case of the Koper model, C(¢) is equal to the constant C(e) obtained for
the FitzHugh—Nagumo equation, while all other constants vanish. This is not surprising,
since both models have the same nonlinearity.

Remark 2.4. The notion of local subcriticality given in [19, Assumption 8.3] suggests that
the class of renormalisable SPDE-ODE models of the form (1.3) is larger than the one
considered here. More precisely, in dimension d = 3, one would expect models with quartic
F' and linear GG to be renormalisable, as well as models with F' quartic in v and quadratic
in v and G quadratic in v and linear in v. The reason we did not include them in our
analysis is a technical one: quartic /' would produce solutions whose singular component
is not homogeneous in space and time, as in (2.8). The way in which we lift the singular
kernel to the regularity structure is not able to deal with such situations (see Section 4.2
below). We plan to further investigate this issue in future work. ¢

3 Regularity structure for the Allen—Cahn equation

This section serves the double purpose of giving a very brief account of the theory of
regularity structures contained in [19], and of describing a regularity structure for the
Allen—Cahn equation

ou = Agu+u—ud+¢, (3.1)

where A, = Z;l:l
on R x T% where T? denotes the d-dimensional torus with d = 2 or d = 3, and we seck a
solution u : [0,T] x T — R for a given initial condition 1y = (0, z) in a suitable function
space. The regularity structure for (3.1) will serve as our starting point to build a larger
structure allowing to represent the FitzHugh—Nagumo equation.

By Duhamel’s principle, one possible solution concept for (3.1) is to consider the fol-

lowing integral equation

a,%ﬂ, is the usual Laplacian, £ = £(¢,x) denotes space-time white noise

ut:/OtS(t—s)[us—ug’—i—fs] ds+ S(t)uo , (3.2)

where S(t) = e!®+ denotes the semigroup of the heat equation compatible with the bound-
ary conditions and us := u(s,-), & := (s,-). The purpose of a regularity structure is to
provide an abstract space in which one can construct a fixed point of (3.2) when ¢ is
replaced by a mollified version £°. Then the idea is to take the limit ¢ — 0, and to project
the solution to a distribution on [0, 7] x T¢, where “distribution” is understood in the
sense of a “generalized function” representing a sample path.



3.1 Regularity structures

Definition 3.1 ([19, Def. 2.1]). A regularity structure is a triple (A, T, G) consisting of
(R1) an index set A C R, containing 0, which is bounded from below and locally finite;

(R2) a model space T', which is a graded vector space T = @ ¢ 4 T, where each T, is a
Banach space; the space Ty is isomorphic to R and its unit is denoted 1;

(R3) a structure group G of linear operators acting on T, such that

Ir—re @I =T, (3.3)
B<a

holds for every I' € G, every o € A and every T € Ty; furthermore, I'l = 1 for
every ' € G.

Example 3.2. A simple but important example of regularity structure is the polynomial
regularity structure for d variables. In that case, A = Ny is the set of non-negative integers.
For ¢ € Ny, Ty is the space of homogeneous polynomials in d variables of degree £. It is
spanned by the monomials X* = Xfl ...ng for which |k| = k1 + - -+ + kg = ¢. Finally,
the structure group G is defined by

DX =(X-n*, heR?. (3.4)

This group is isomorphic to R, and one easily sees that I';, satisfies the requirement (3.3).
The interpretation of G is that it allows to convert a Taylor expansion around a point
z € R? into the expansion around another point = + h. ¢

We will henceforth denote by T the polynomial regularity structure with d+ 1 variables
Xo, ..., X4, where X represents the time variable. Since the linear part of the Allen—Cahn
equation is given by a parabolic operator, it turns out to be useful to make the time variable
“count double”. This is done by defining the parabolic scaling

s=(2,1,...,1) e N¢FL (3.5)

acting on RT! and declaring that a monomial X* has homogeneity |X*| = |k|s where the
scaled degree is defined by |k|s = 2ko + 2% ki.

The regularity structure of the Allen-Cahn equation (3.3) in R? is built by enlarging
T, i.e., by adding new symbols other than the polynomial symbols X* to T (see [23]). The
noise is represented by a symbol =. In order to account for the fact that space-time white
noise has Holder regularity a for any o < —(d + 2)/2, we set

ap=——5— — K (3.6)
where k > 0 will be chosen sufficiently small in the sequel, and declare that = has homo-
geneity |Z| = ayp.

The set of symbols is equipped by a product, which by definition is commutative
and associative with unit 1. The product of two elements 7,0 € T has homogeneity
|To| := || 4+ |o|. Furthermore, integration against the heat kernel is represented by a
map Z : T — T, which by definition satisfies |Z(7)| := |7| + 2, in order to account for the
regularizing effect of the heat kernel.

Let F be the set containing all possible products of symbols 1, =, X; and their images
by Z, and denote by ‘H = span(F) the vector space spanned by all these symbols. This is



T Symb | |7] d= d= A(T)

= = o —%—/@ —2—-kKk|E2®1

Z(z)? T | 3a0+6 | —2-3k|0-3k| V®1

Z(2)? Vo 2a+4 | -1-26 |0-2k | V®1

IZEHIE? | L | sap+12 | -t —bk | 2-5k | Lo1+Vv o I(V)

(=) ! ap + 2 —3-k |0-k |T®1

IZEHZE) | P |da0+10[0-4x |24k | L1+t T(W)

ZZEI(E)? | & |4ag+10 | 0—4k | 2—4k | @1+ V 0 T(V)

I(2)%X; VX | 200+5 | 0-2k 1-26 | VRX;+VX;®1

1 1 |0 0 0 101

I(Z(2)?) Vol3a+8 [L1-3s [2-3x| Te1+107(V)

ZZEHIE) | 5 |3a0+8 |1-38 |2-3k| Yeo1+T0T(V)

TEZENIE)? | b |3a0+8 |L-3c |[2-3k| L o1+veit)+
VX TN+ Vo Xigi(h)

Z(Z(2)?) Yol 2046 |1-26 |[2-26| YV @14+107T(V)

I(Z(E)Z(Z) Lo 120046 |1-26 |2-2¢| be@1+t@d()+
X0 (1) + 1@ X, Ji(1)

X; X; |1 1 1 Xiol1+10X;

Z(Z(Z)) Nolag+d |2k |2-k [N@1+10I(N)+
X;i@Ji(N)+1@ X;Ji(1)

TABLE 1. Elements of Fr of lowest homogeneity for the Allen—Cahn equation. They have
been ordered in increasing order of homogeneity for the case d = 3. The expressions for
A(T1) are shown for the case d = 3. We have written J instead of Jy and J; instead of
Je,, where the e; are canonical basis vectors of Zi“. Summation over the index i is

understood.

an infinite-dimensional space but in practice only a finite-dimensional subspace of H will
be needed. Let U be the smallest set containing 1, X; and Z(Z), and such that

T, T2, T3 €U = 1(7'17'27'3) eu. (3.7)

We then set
.FF:{E}U{’HTQT;;:T,‘GU}, (3.8)

and define the model space as being the vector space T' = span(Fr) spanned by Fr. The
index set is then defined as

A={|r]: 7€ Fr}. (3.9)
The model space T" admits a natural grading
T=pr, (3.10)
vEA

obtained by letting 7', be the vector space spanned by elements of homogeneity v. We
equip each T, with a norm ||-||,; the choice of norm is irrelevant since [19, Lemma 8.10]
shows the (nontrivial) fact that all 7', are finite-dimensional.



Table 1 shows the elements in Fp of lowest homogeneity, using a graphical represen-
tation introduced by Hairer. Each symbol = is denoted by a dot, and integration with
respect to Z is denoted by a vertical line pointing downwards. For instance, Z(Z) = .
Multiplication of symbols is represented by joining them at the base, so for instance
I(E)? = V.

Finally, we have to extend the definition of the structure group G, which is the most
involved part of the construction. The first step is to introduce a set F C JF, which
contains all formal expressions of the type

bl (3.11)
J

where 7; € F and the multiindices k; are such that |7;| + 2 — |k;| > 0. By definition, an
expression of the form (3.11) has homogeneity [k| + >_;(|7;| + 2 — |k;[), which is always
strictly positive, except for the element 1, which has homogeneity 0. The set ]-"; C Fyis
defined similarly, but with 7; € Fr. We set H4 = span(F;) and T = span(F;).

The last ingredient is given by a bilinear map A : H — H ® H defined by setting

Al=1®1, AX; =X;®1+1®X;, AE=E2®1, (3.12)
and extended inductively to all of H by the rules
A(ro) = (AT)(Ao) ,

Xt xm
A(Z7) = (ZT®Id)A() + Z o ® W\%er’i' , (3.13)
Lm ’

where Id denotes the identity map and we impose that
JeT =0 if |k|s > |7]s + 2, (3.14)

while Jy7 is a new formal symbol otherwise. Table 1 also shows A(7) for the first few
elements of Fp.

Denote by H* the dual of H,, that is, the set of linear maps h : Hy — R, that we will
write as 7 — (h, 7). Let G be the set of grouplike elements g € H? , that is, those satisfying
(9,70) = (g,7){(g,0) for all 7,0 € Hy. Then Gp is obtained by identifying elements of G
acting the same way on 7. The action of Gr on T is defined by

g Ty = (Id®g)AT . (3.15)
The fact that (A, T,Gr) constructed in this way is indeed a regularity structure is proved
in [19, Thm. 8.24].
3.2 Models and reconstruction theorem

A regularity structure can be used to represent an SPDE as a fixed-point problem in an
abstract space. One also has to provide a connection between the abstract space and
the “physical” space the solution lives in. First, we need to introduce a version of the
classical Holder spaces C* on R%1. In order to take the parabolic scaling into account,
the Euclidean norm is replaced by

d
It 2)ls = 12+ ] - (3.16)
=1

10



Denote by (1,-) the element of the dual of T" defined by (1,1) =1 and (1,7) = 0 for all
T E @WAO T,. If a > 0, the space Cg is defined as the set of all functions ¢ : R+ 5 R

such that there exists a function ¢ : R4*! — T such that (1,%(2)) = o(z) for every
z = (t,z) € R and such that for every compact set £ C R*! the estimate

|@(z + h) = Tugp(2)lp S [AS° (3.17)

holds uniformly over § < «, ||h|ls < 1 and z € & (cf [19, Def. 2.14]). Lemma 2.12 in [19]
shows that in the case of the Euclidean scaling s = (1, ..., 1), this definition coincides with
the usual definition of Holder spaces.

If « < 0, C can be defined in a natural way as a subset of Schwarz distributions
S'(R4*1) as follows. Given r € N, denote by By ) the space of functions of class C" which

are supported in the set {z € R¥1: |z|, < 1}.

Definition 3.3 ([19, Def. 3.7]). Assume a < 0 and let r = —|a|. A Schwarz distribution
v € S'(R¥*Y) belongs to C& if it belongs to the dual of Cy and for every compact set
8 C R there exists a constant C such that

(v,82.m) < Co° (3.18)

holds for all n € Bf o with |nlle- <1, all § € (0,1] and all z € K. Here
(S ) (B 2) := 6~y (672(E—1),67 (z — ) . (3.19)
Next we introduce the notion of a model associated with a regularity structure (A, T, G).

Definition 3.4 ([19, Def. 2.17]). A model for a regularity structure (A, T,G) with scaling s
is a pair (ILT), defined by a collection {11, : T — S’ (R 1)}, cpar1 of continuous linear
maps and a map T’ : R x R — G with the following properties.

(M1) T, =1d is the identity of G and T, Ty =T for all 2,2, 2" € R,
(M2) T, =T1.T., for all z, 2" € R4,
(M3) For any v € R and any compact set & C R, one has

(T, 82 .n))|

T[4, :=sup sup sup sup sup —————— < 0O. (3.20)
:eR a<y rel, neBr, o<o<t  O0%[|7||

(M4) For any v € R and any compact set & C R¥1 one has

..
48 1= Sup sup sup 1=l (3.21)

I -
z,2/€ER a<ly B<a TET, HTHHZ — Z/Hs

In the case of the Allen—Cahn equation with mollified noise £° := £ * g, where o(t, z) is
a mollifier and o, (t, z) = e~ (42 g(t/e2 x/¢), a canonical way of building a model proceeds
as follows. First, we can just define

(ILE)(2) = &(2) ,
(.X*)(2) = (2 - 2)*,
(I1,77)(2) = (IL,7)(2)(I1,7)(2) vr,7eT. (3.22)

11



To also include the integration map in the fixed point problem let G = G(t,x) be the heat
kernel defined as the fundamental solution associated to dyu = A, u. We split the heat
kernel G as

G=R+K, (3.23)

where K : (R41\ {0}) — R is a singular part satisfying specific algebraic properties, while
R :R%1 — R is a smooth part. The properties of K are:

e K is supported in {|z|? + |t| < 1} where |z| = Z;.l:l\a:j\;

o K(t,z) =0fort <0 and K(t,—z) = K(t,z) for all (¢, x);
e we have . .
—|=[? /4t 2 -
K(t,x) = At e @ for |z|* + |t| < 5 (3.24)
and K(t,z) is smooth for [z|? + |t| > 3;
e furthermore, one has vanishing moments
K(t,z)P(t,x)dxdt =0 (3.25)

Rd+1

for all polynomials P of parabolic degree less or equal some fixed ¢ > 2

Lemma 5.5 in [19] shows that such a splitting indeed exists and also the vanishing
moments condition holds for K; both parts K, R then satisfy a number of derivative
bounds. Furthermore, it follows from Lemma 5.5 in [19] that there exists a decomposition

K(z—2) ZK z—2) (3.26)

n=0

where n € Ny and suitable derivative bounds and vanishing moment conditions hold for
each of the kernels K,,. With this construction, the abstract integration map is represented
by the Taylor-series-like expression

(ILZ7)( /Kz—z )(I,7)(dZ’ +Z fz,jm, (3.27)

where the linear forms f, € G C 7—[1 are constructed as follows:

= %,

TT :<fza7><f277i> vr,7eT,
— / D'K(z — z)(I,7)(dz) , (3.28)

where in the more general kernel case K = K(z, Z) one has to replace D by Df and the
subscript indicates derivative with respect to the first argument. The second term in the
definition (3.27) of II,Z7 may seem somewhat strange, and will be motivated in the next
section. Note that it should really be interpreted by applying both sides to test functions,
i.e., for all smooth compactly supported functions v and all 7 € T, one requires

(ILZ7)( Z /R " )KL 4 (3.29)
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where K g; . 18 defined via
« " / " ('Z, — Z)k k "
|k|s<a+2 ’

The group elements I',; are then simply defined by
I.;=(F,) 'F;  where F, =T, (3.31)

(recall that F, is invertible because f, is grouplike). In this way, the algebraic property
(M1) of Definition 3.4 is automatically satisfied. Regarding the algebraic property (M2),
we can note the following relations. Using Sweedler’s notation [35], we write A7 = 7() @
7@ although At is usually a sum of such terms. Let further +,> denote the element of
the structure group such that I'.; =T',__. Then we have by (3.15)

ILT.:7 = IL(Id ®7.:) A1 = L7 W (7,5, 7)) | (3.32)
Property (M2) thus amounts to the relation
7 = L7 W (s, 7)) | (3.33)

which provides some intuition for the meaning of A. It is easy to check that this relation
holds for elements 7 of the polynomial regularity structure. In the general case, the fact
that (IL,T") is indeed a model is a nontrivial fact, proved in [19, Prop. 8.27].

We can now introduce the spaces D7, which play an analogous role as the C¢* on the
level of the regularity structure.

Definition 3.5 ([19, Def. 3.1]). Let v € R. The space DY consists of all function f :
R T such that for every compact set & C R one has

z)—T.:f(Z
e o= sup supllf(o)ls + sup sup LLEL =Ll Blls
zER By | z,ZﬁR B<y llz — 2|7
z—Z||s<1

(3.34)

In the particular case of the polynomial regularity structure, it is again quite straight-
forward to check that the requirement (3.34) is equivalent to f being the Taylor expansion
of an element of the Holder space C;. The spaces D7 depend on the model via I', but not
on II, cf [19, Remark 3.4]. In order to compare elements of D7 for different models, it is
useful to introduce

1f(2) = F(2) = Tuzf(2) + Tazf(2) 15

Ifs fllyie = Ilf = fllye + sup  sup ~ =3 (3.35)
2,ZER  B<y Iz — z||e
llz—zlls<1
(which is in general not a function of f — f), where
If = fllyzg = sup sup [[f(z) = F(2)5 - (3.36)
ZER Py

The central result allowing to link elements in D7 and in C¢ is the reconstruction
theorem [19, Thm 3.10]. It states that if o, = min A and given r > |ay| there exists, for
any v € R, a unique continuous linear map R : D7 — C&* such that

[(Rf —ILf(2).82.m)] < O8I, &1/ 1 (3.37)
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holds uniformly over all test functions n € B, all § € (0,1], all f € DY and all z € K. The
constant C' > 0 depends only on 7 and on the regularity structure, and the set £ is the 1-
fattening of 8 (i.e., the points at distance at most 1 from £). The reconstruction theorem
also provides bounds on the dependence of R on the model (I, T"). Heuristically, (3.37)
states that Rf locally looks like TI, f(z) near any point z € R4! up to terms of order ~.

3.3 Lifting the convolution maps

We can now lift the operation of convolution with the heat kernel to the space DY. The
requirement (3.25) is for compatibility with the condition that Z should define an abstract
integration map of order 2 in the sense of [19, Def. 5.7], namely

o T:T, — Tyyo for every a € A;

e I7 =0 for every 7 in T}

e II't —T'Z7 €T for every 7 € T and every I € G.

The central result is given by the so-called multilevel Schauder estimates [19, Thm 5.12],
which state in particular that for all v € R such that v + 2 ¢ N, there exists a map
K. : D7 — D'*2 such that

RELf =K =*Rf (3.38)

holds for all f € D?. In other words, the following diagram commutes:

IC'Y
D D2

o o
Co C

K

The map K, has the following expression. For any f € D7,

(Kyf)(2) =Zf(2) + T(2)f(2) + Ny f)(2) , (3.39)
where for each 7 € T,
k
o= Y % /R DMK(z - 2)(ILr)(d2) (3.40)
|kls<a+2
k
WinE = Y 37 [ DRE-ARI-TLAE)@) . @A)
|kls<y+2

Note that the last two operators have values in T, the polynomial part of the regularity
structure, and that the only nonlocal operator is M.

The role of the operators J and N, is to ensure that K. f has the properties required
to belong to D72, which would not be the case if one simply sets K, f = Zf. The maps
J are related to the coefficients Jj, appearing in (3.11); in fact, the J,;7; play the role
of placeholders for the J(z)7.

As for the smooth part R of the heat kernel, it can be lifted as in [19, (7.7)]. Namely,
with a smooth kernel R we associate maps R, : Cg'* — D7 given by

Xk Xk
(R)(z) = Y ol DFR(z - 2)v(2)dz = ) _ F@,DkR(z—-)) (3.42)

Rd+1
|k]s <y [k|s <y
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It follows from [19, Prop 3.28] that for v € C* one has
(RRy0)(2) = (v, R(z =) ,

and thus
RR\Rf=R=*Rf. (3.43)
In other words, the following diagram commutes:
R,R
D D
R
G* Rx G

Assume that for an appropriate choice of 7, one can find an element U € D7 satisfying
the fixed-point equation

U=(Ky+RR)RT(E+U-U?) + Guy , (3.44)

for some 5 > v — 2, where Rt (t,z) = lit>0y and Gug denotes a suitable lift of the
convolution in space of heat kernel and initial condition. Applying the reconstruction
operator R to both sides of this equation, one can show that u = RU satisfies

u= (K + R) * (R [u —u® + £]) 4+ Guy , (3.45)

which is equivalent to (3.2); in (3.45) we also use Gug as a notation for the usual convolu-
tion in space of heat kernel and initial condition. This is basically the strategy implemented
in Theorem 7.8 and Section 9.4 of [19], except that one has to deal with two additional
technical difficulties. The first one is that due to the singular behaviour of the heat kernel
as time goes to 0, the definition of the space D7 has to be modified. We will apply this
modification to our case in Section 4.3. The second difficulty is that although a fixed point
exists for every mollification parameter € > 0, it cannot converge as ¢ — 0. This is why a
renormalisation procedure is needed, which we will adapt to our case in Section 6.

4 Extension of the regularity structure

Our aim is now to extend the regularity structure built for the Allen—Cahn equation, in
order to allow to represent a family of coupled SPDEs-ODEs of the form

Oou = Agu + Fu,v) + £,
O = uAy + Asv (4.1)

where F'(u,v) is a cubic polynomial, and A; € R"™, Ay € R™*" are either scalars as for the
classical FitzHugh—Nagumo case with n = 1, or a vector and a matrix if v has multiple
components. Duhamel’s formula allows us to represent (mild) solutions of (4.1) as

up = /OtS(t— $)[&5 + F(us, vs)] ds + S(t)uo ,

t
v = / usQ(t — s)ds + et2 v | (4.2)
0
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where Q(t) := e!42 A;. We thus have to lift to the regularity structure the operation of
time-integration with respect to (), which has no smoothing effect in space.

In the case where v has values in R™ with n > 1, the kernel Q(t) is in fact a vector
of dimension n. In what follows, we will mainly deal with the case of scalar @), since the
generalisation to the vectorial case is rather straightforward.

4.1 Extension theorem

Let us fix a finite time horizon T'. Then we can always assume that the kernel () satisfies
the following properties:

e ((t) is supported on [0,27] and smooth for ¢ > 0;

o Q(t) =e!2 A for all t € [0,T7;

e one has

/ T Q) dt =0 (4.3)
0

forn=0,1,2.

The reason why this is allowed is that we will be interested in showing existence of solutions
on a sufficiently small interval [0,77], so that the behaviour of @ outside this interval is
not going to matter. In particular, it will not be necessary to decompose ) as a sum of
Q@ concentrated in sets of radius 27", as in the case of the heat kernel in [19, Section 5],
of (3.26).

In order to be able to represent the time-integration map, we will have to extend our
regularity structure and the associated model. We do this by adding to T new symbols
denoted &(7), 7 € T\ T, which we represent by an open blue dot. Thus for instance we
write Z(E(Z)) = ?. In practice, we will only apply £ to elements 7 of homogeneity |7| < 2.
We thus set V =T, ={r € T: |r| <2} (V is called a sector of T'). If 7 € V. NT, where
T is the polynomial part of the regularity structure, we simply set £(7) = 0 (the value of
E(7) on other elements of T does not matter). We also postulate that for 7 € T\ T, ()
has the same homogeneity as 7, and we choose the norm on the vector space generated
by the new symbols in such a way that

[ET)la =lITlla  VaeA. (4.4)
The operator £ defined in this way is an abstract integration map of order 0 on V' in the
sense of [19, Def. 5.7], i.e.,
o £:VNT, — T, for every a € A;
o E7=0forevery T € VNT;
o EI'T —TET €T for every 7 € V and every I' € G.

The first two properties are obvious by definition of £7. Regarding the third property, we
first extend the structure group by setting

A(€T) = (E®1d)AT. (4.5)
In this way, we have in fact EI'r — I'é7 = 0 for all T because
T,67 = (Id®g)AET) = (E® g)AT = E7W (g, 7)) = €T,7 . (4.6)

Since £ is not regularity-increasing, there can be in principle infinitely many symbols of
given homogeneity. The trick, however, will be to build the fixed-point map in such a way
that only finitely many new symbols are needed.
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The concrete extension procedure is an inductive one. Given a subset W C T, on
which the model Z = (II,T") is defined, we want to extend the model to a larger set
W=Wwu {€(7): 7 € W}. We can then apply the usual extension theorem [19, Thm 5.14]
to extend the model to W U {Z(r): 7 € W} and so on as often as needed.

The inductive step from W to W goes as follows. Assume that Definition 3.4 already
holds on a regularity structure (A, W, G). To extend the model, we set, for any test function
Y and any T € W

<Ht,mg7_a ¢> = <Ht,w7—7 ¢> (47)
where for all (£,y) € RI*!
t+2T
= [ QDo = [ Qs =Dt ds. (48)
T
Note that in case the model is a continuous function, this is equivalent to
t
(IL.ET)(t, T) = Q(t — s)(IL,7)(s,Z) ds . (4.9)
t—2T

Relation (4.5) allows us to extend the definition of the structure group to W, setting
F.(67) =Ty (1) = IAQf)AET) = (E® f.)A(T) = EF.(T) (4.10)
and thus using (4.10) and (4.6) yields
Lo (E7) = (F.) " Fa(E7) (4.11)
for all z, 2/ € R4+,

Remark 4.1. In cases where v(t,z) takes values in R"” and Q(¢t) € R", we can in fact

introduce n commuting symbols &1, ..., &,, and define the extended model by the relations
(Mo &im, ) = (Meo7, 5) (4.12)
fori=1,...,n, where
o T
Yi(t,y) = / Qi(s —t)(s,y)ds . (4.13)
T

The results that follow remain true when £ and @ are replaced by & and Q;. ¢

Remark 4.2. In the case of the heat kernel, when defining IT; ,(Z7), one has to subtract
a suitable Taylor approximation from the kernel, cf (3.27). The reason for this is that the
model for Z7 should “vanish at the right order”, in cases where |7| < 0 < |Z7|. In the
present case, this would amount to replacing Q(s — ) in the integral (4.8) by

G =qe-n- Y E gm0 gy,

ko!
k‘()<0¢/2 0*

where Qo) is the ko-th derivative of Q. One would then also have to introduce additional
symbols JV to represent elements of the Taylor series, and to modify accordingly the
definition of A(€1). However, since the kernel is singular in space, there is no obvious way
of defining these symbols. We will thus avoid the introduction of such modifications by
setting up the fixed-point map in such a way that the only symbols 7 for which II; ,(ET)
occurs have negative homogeneity. ¢
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The following result is an adaptation of the extension theorem [19, Thm. 5.14] to our
degenerate situation.

Proposition 4.3 (Extension theorem for £). Let Z = (II,T") be a model for the regularity
structure (A, W,G), where W C T, and let W = W U{Er: 7 € W}. Then Z = (II,T)
obtained by extending Z in the above way is a model for (A,W,G). In particular, we have

Ml < L5 [0+ LIT1Lg] I lye =Tl (4.14)

where R is the 1-fattening of K, and

2T 2T(—,8)/2
h=[Clewia, =sw Y [T o). (4.15)

a<y
B<a
a€cA BeA

Furthermore, if Z = (II,T) is a second model and (I, T) is its extension, then

i ST =T g [0+ BT g] + BIT) g0 - Tl g, (416)

7,8 = ||F _TH'WE . (417)

Proor: We first show that the definition of II; ,£7 is compatible with the requirement
that &7 = 0 for 7 € V N T. Indeed, since for k = (ko, k) € Nd*! one has TI; , X*(s,y) =
(s — t)*o(y — x)k, we obtain by (4.7) that

2T

(e EXF)(5,y) = i QE)(s—t—t)fodi(y —x)k,

which vanishes for all ky < 2 as a consequence of the assumption (4.3) on Q.
Next we prove that II satisfies property (M3) of Definition 3.4. Writing n,‘ix = Sg (ta)'
we have for any 7 € W, with oo < 7y

<Ht,$g7—, n?,ac> = <Ht7CCT’ ﬁ?,x> )

where

This implies
) T )
(T, ,) = /0 Q) Iyar, i) ds

T
=/ Q(8)(My—s.0Ti—s500T, 15,4 d5 .
0
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By property (M3) for the original model,
|<Ht—§,mrt—§,z;t,:c'rv 77?—5,z>‘ < HHH'y;ﬁ ‘Ft—é,w;t,mTH(Sa :
By property (M4) and the fact that I'r — 7 € T we further have

ITe—saitall < 17l + D ITe-saia7ls

[B<a

<Nrlla+ STl — 5,2) — (8, 2) |28
[B<a

T, [1 s s“””/?] |

B<a

This proves property (M3) for the new model, as well as the first bound in (4.14).

Property (M1) is automatically satisfied by the new model thanks to (4.11). Regarding
property (M2), it is known [19, Sec. 8.3] that there exists a linear map IT: T — S’ (R4*1)
such that It = I, F, '7 for 7 € T is independent of z. Property (M2) holds if we can
find for any 7 € W a distribution II(£7), independent of (¢, x), such that

. (E7) = F, .(7) V2= (t,x) € R¥.
To achieve this, we simply define Il on the extended structure by

(IIET, ¥) = (M7, 4)

where 1) is defined by (4.8), and check that it has the required property. Indeed, by (4.10),
we have

<HFt,z (57_) > (Ft,mT)a ¢>
IIF, ,7,1))
I, o7, )

(I
=
=
= (. E7,9)

which is precisely what we needed to show.
Regarding Property (M4), we note that (4.6) and (4.4) imply that for all 7 € W,

IT2z€7ll5 = 1€ 227 lp = IT227llp < ITllall |z = 2l8™7

which also proves the second relation in (4.14).
It remains to prove the bounds involving two different models. For this we note that

<H257— - ﬁng? 772> = 0 Q( )<[ ’(s Z'(s)z — ﬁz’(s)fz’(s)z]Tv ﬁi/(s)> ds

where we have used the notation 2'(s) = (¢t — s,z). We add and subtract the term
Hz/(s)fz/(s)z inside the bracket and note that for 7 € Ty,

‘(Hz’(s) [Fz’(s)z - fz’(S)z]T? ng’(s)” < HHH’y;EéanTHa Z 5(0[76)/2”1_‘ - f”q;ﬁ

B<a

‘<[Hz’(s) - ﬁz’(s)]fz"(s)z’R 77;5/(3)” < HH - ﬁ”»y;ﬁ(saHTHQ |:1 + Z 3(04—5)/2”?”7;5} )
B<a

from which (4.16) follows easily. Finally, (4.17) is a direct consequence of the fact that £
and I',,» commute. ]
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4.2 Multilevel Schauder estimates

We now would like to construct an operator KJ : D7 — D7 which lifts the integration
against ) to the regularity structure. Formally, this means that we should have

RKYf = Ky« Rf,  K,(t,2,5,7) = Q(t — ))d(z — z) (4.18)

for all f € D7. In fact, this should really be interpreted as

(RESf)(t, z) = Qit —t)(Rf)(t,z)dt, (4.19)

t—2T

or in terms of test functions

(RKSf, ) = (Rf, D), (4.20)

where 1 is defined in (4.8).

The problem with such a plan is that the kernel K, being singular in space, we cannot
apply an expansion as in (3.41). However, for the class of equations we are interested in,
we do not actually need to define XY on all of D7. It will be quite sufficient to define
it on a subset of D7, which is given by the functions whose components with negative
homogeneity do not depend on (t,x). There we can simply set Y = £. We thus make
the following definition.

Definition 4.4. The space DJ(T') is the space of functions f € D~(T) of the form

= S art Y REr=fo+ i), (4.21)

T€T: |7|<0 T€T: |70
where the ¢, do not depend on z.

Remark 4.5. Not all constant functions belong to D7, as they still have to satisfy the
analytical bound (3.34), which includes the requirement || f(2)~T.zf(2) s = O(||z—2|"~#)
as z — z for all f < . In fact, since I',z7 = (Id ®7,z) A7, we see that a sufficient condition
for having I',z7 = 7 is

Ar=7®1.

Thus the sum defining f_ should involve only terms ¢, 7 such that At =7® 1. §

The following result shows that the multilevel Schauder estimates contained in [19,
Thm. 5.12] also hold in the case of £, in a similar form.

Proposition 4.6 (Mutlilevel Schauder estimates on &). The operator & maps D] into
Dy, and satisfies

€]

vi& = I fllis - (4.22)
The identity .
(REf ) = (Rf, ) (4.23)

holds for all f € DJ and all test functions ¢, where KZJ is defined in (4.8). Furthermore, if
(II,T) is a second model compatible with €% then

I€f5EFllis = I£5 fl
for all f € DJ(T) and f € DJ(T).

7R (4.24)

2The extended models are different, but £ does not depend on the model. The situation is thus much
simpler as in [19, Thm 5.12], where the K, associated with the two models are different.
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PROOF: We start by showing that relation (4.23) holds, assuming f,Ef € DJ. It follows
from the reconstruction theorem and its corollary [19, Prop. 3.28] that?

Rfe(2) = (1, f+(2)) = . f1(2)

for all z € R4, Since I, f_ = ZIT\ <0 & 12(7), by the uniqueness part of the reconstruc-
tion theorem, we also have
Z c. 11 =1 f_.

|T|<0

Thus in fact Rf(z) = IL, f(z) holds for all z € R, Tt follows that for any test function
n‘zs localised around z,

(REf,m2) = (REF = TLEf(2),nl) + (ILES,n2)

ILE f,12)
0. f,42)
i) .
We have used the fact that £f € Dg , (4.7), and finally the fact that f € DJ. This
proves (4.23).
Next we check that £ indeed maps Dj into itself. Since £ preserves the homogeneity,

it is in fact sufficient to show that & maps Dy into D7. Since & is norm-preserving, we
obviously have for any compact R,

{
=
=
= (Rf

sup sup [[Ef(2)]s =sup sup [f(z)ls-
ZER By ZER By

Furthermore, since £ and I',5 commute,

I€£(2) ~ T:EF @l = IE(F() ~ T=21 ()5
= 1£(=) -~ Doz f ()5
< U Mol — 2077

This shows that indeed £f € D7, and that the bound (4.4) holds.

It remains to prove the relations (4.24) involving the quantity ||-; ||, & defined in (3.35).
Since £ is norm-preserving in each Tj, we see that [|-; ||,  is actually invariant under the
map (f, f) — (£f,€f) by using that £ commutes with T',; for all z,z € R*1, O

4.3 Extension to the space D"

As already mentioned at the end of Section 3.3, the definition of the spaces D7 has to be
modified in order to be able to deal with the time-zero singularity of the heat kernel. In
particular, we have to check that the estimates on &£ established in Proposition 4.6 still
hold in these modified spaces.

We recall a few notations from [19, Section 6]. Let P = {(¢t,7) € R*!: ¢t = 0} denote
the time-zero hyperplane, and introduce the scaled norms

lzlle = TALY2 lz2lle = llzlle AllZ]e - (4.25)

3See also the fact that IL,7(y) < C|lz — y||}”!, which vanishes in # = y if |7| > 0, cf. [19, Paragraph
after (8.28)].
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For a compact & C R4, let
fp={(2,2) € R\ P)?: 2 # 2|z — 2|ls < |2, 2l p} - (4.26)

Definition 4.7 ([19, Def. 6.2]). Given a model (II,T') and constants v > 0 and n € R, set

f(z f(z
|| fllym: := sup sup % , 1flyms = sup sup % . (4.27)
2€R\P B<y |z||p zef\P B<y 2|}

The space DV consists of all functions f : R\ P — T such that

1/ (2) = T2z f(2)ls

Iy := W flly s+ sup  sup - - (4.28)
o T oenp <y ||z 2370z A
Given a second model (II,T) and f € DV(T), we also set
_ _ _F —T..f(z f (s
mf : fm'y,n;ﬁ — Hf - f”’y,r];ﬁ + sup sup ”f(z) f(z) sz(z) + zzf(Z)Hﬁ ) (429)

(2.2)E8p A< |z = 2|77P||2, 25

Finally, similarly to Definition 4.4, we define D} to be the set of f € DV whose com-
ponents with negative homogeneity do not depend on z.

Most of the results in [19, Section 6] are directly applicable to the present setting. The
only result that has to be adapted is Proposition 6.16. Fortunately, this turns out to be
very easy.

Proposition 4.8. Let f € D} with n < v, and assume that n A\ a > —2, where « is the
lowest homogeneity of components of f. Then Ef € D", and one has

1€ s = 1F s
€75 EFlyma = U5 Fllyms (4.30)

for any f € DJ"(T), where (II,T) is any other model for the regularity structure.

PROOF: The proof is straightforward, using the facts that & commutes with I',; and
preserves the norm in each T3. In particular, we have || f||yn.5 = || fll5n:5- O

5 The fixed-point equation

In this section, we construct a fixed-point equation lifting (4.2) to an appropriate space
DY and prove that it admits a unique fixed point, depending Lipschitz-continuously on
the initial data and the noise. The procedure is very similar to the one for the Allen—
Cahn equation or the ®§ model carried out in [19, Section 9], with only a few adjustments
required by the additional variable v.

5.1 The set-up

From now on, we assume that the space dimension is d = 3, since this is the most difficult
case which is still renormalisable. Before lifting the fixed-point equation (4.2) to the space
DV, we will reformulate it somewhat. Although the resulting equation is seemingly more
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complicated, it will turn out to be easier to analyse, because I1,(£7) will only have to be
evaluated for 7 of negative homogeneity (cf Remark 4.2). We introduce the notation

t t
Q(t,s):/ Q(tr)S(rs)dr:/ S(t—r)Q(r—s)dr. (5.1)

Inserting the first equation in (4.2) into the second one and interchanging the integrals,
we obtain

= t — 5 ’ s—r)|& Uy, U r s)ug | ds + et2 v
w= [ Q=9 [ s n[e + Fluro] ar+ S| as+ e
= / S9Ut, s)[€5 + F(us,vs)] ds + S9(t, 0)ug + "2 vy
0
:/0 S(t—s){ OSQ(s—r)[ﬁ,’f—i—F(ur,vr)] dr] ds + S9(t,0)up + e“2 vy . (5.2)

Consider now the fixed-point equation on DV given by
U= (Ksy+RR)RY[E+FUV)| + Guy ,
V = (Ks + RyR)ERT[E+ F(U,V)] + G + Quy (5.3)

where Rt (t,z) = lit>0y and 7 = v — 2 as before, and by definition, RRTZ is given by
the distribution {°14;~). Furthermore,

(Gug)(t,x) = (S(t)up)(x / G(t,z —y)uo(y)dy ,

(GPug)(t,z) = (S9(t,0)ug)(x /Qt—s/Gsa:— Jup(y) dy ds ,

(Quo)(t,x) = 2 vy () L1y - (5.4)

In fact, these distributions have to be lifted to D", which is always possible by con-
struction, cf [19, Def. 2.14]. In order to understand the structure of the solution of the
fixed-point equation (5.3), let us rewrite it in the form

U=IRT[E+FU, V)] + R,(U,V)+ Gug ,
V =ZERT[E+ F(U,V)] + Ry(U,V) + G%yp + Qug , (5.5)
where R,(U,V) contains the polynomial part of K52+ F(U,V)] as well as the term

R R[E + F(U,V)] (which always belongs to T), and R,(U,V) is defined analogously.
Assume F' is a cubic polynomial of the form

F(u,v) = aju + agv + Bru? 4 Bouv + B3v? + y1ud + youv + yzuv? 4+ 403 | (5.6)

Further assume for simplicity that the initial conditions ug and vy belong to some C* with
a > 0. Iterating the map (5.5), starting for instance with identically zero functions, it is
not difficult to see that any fixed point of (5.3) must have the form

U=t+ol+[m T +aV +a3® +as P ]+ [0 +0Y +b3%] + (Vo, X) +ovr

Vettyl+[a Y +a¥ +as¥ +a¥ ]+ Y +0Y +03%] + (Ve, X) + ov
(5.7)

23



where the coefficients satisfy a; = ; for ¢ = 1,2,3,4 and

= f1+ 371 + Y2,
by = Ba + 2p72 + 213, (5.8)
bz = B3+ @3+ 3Py .

In (5.7), ou, ov denote terms of homogeneity at least %— k, and ¢(2), ¥(2), Ve(z), Vi(2)
are independent functions — the notation is not supposed to suggest that ¢ and v are
differentiable. The scalar product notation (V¢, X) is a shorthand for Z?ZO(ch)iX

Proposition 5.1 (Equivalence of fixed-point equations). Assume thate > 0 and that (5.3)
admits a fized point (U, V') where U,V € D" for some v,n € R. Then (u,v) = (RU,RV)
satisfies the fived-point equations (4.2) and (5.2).

PRrROOF: The first step is to note that (3.27) implies

MENE) = [ K- 26 da = ()
(28 (= / K9z — 2)e% () dzy = x@(2)

independently of z, where we have used the notation

2T
KC(t,x) = ; K(t—s,2)Q(s)ds .

Applying the reconstruction operator R to (5.7), since all functions are smooth for € > 0,
we obtain

u(z) = x=(2) + ¢(2) ,
v(z) = X2 (2) +9(2) .

Here we have used the fact that if fi € D7" has only components of strictly positive
homogeneity, one has R f(z) = IIS f1 (z) = 0. On the other hand, using (3.38) and (3.43),
we obtain for all f € D"

(R(K5 4+ RyR)f)(2) = (G« Rf)(2) .
In a similar way, using (4.9) we see that

(R(K5 + RyR)ES) (t, ) = (G + RES)(t, z)

//Gt_”— /QS—st y) dsdsdy
//[/G 51,2 —y (t—s—sl)dsl]Rf(s,y)dsdy

= (GY«Rf)(t,z) .
Applying R to the equations (5.3), we thus have

u=G*RRT[E+ F(U, V)| + Guy,
v=GY*RRY[E+ F(U,V)] +G%q + Qug .
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It is not difficult to check that R and Rt commute. Thus the result follows if we are able
to show that
RF(U,V)=F(RURV).

Computing the part of nonpositive homogeneity of the difference RF (U, V) = F(RU, RV),
we see that it is a linear combination of terms of the form

(M), (MEP)(2), (ET)(2) and (ET)(2)%(Vep, (EX)(2))

and all possible terms obtained from these by substitutions of the form ' — %. It follows
directly from (3.22) that (II5X)(z) = 0. It thus remains to show that all terms of the
three other types vanish as well. Applying (3.27), (3.28), and recalling (3.14) we obtain

(H;Y)(z) = /[K(z —2z1)— K(z— zl)] (M5 (21) d21

which vanishes in z = z. It follows that (II€ <+ )(2) = (II£ V") (2)(IIE/)(2) = 0. Similarly,
noting £ = Y, we have

(H‘;Y)(z) = /[K(z —2z1)— K(z— zl)] (TI2%)(21) dz1

which also vanishes in z = z. It follows that (II£<*)(z) = (II£ ¥ )(2)(IIE)(2) = 0. All
other terms can be treated similarly, and the result follows. O

The expansion (5.7) shows in particular that both U and V have regularity —% — K,
and that their components of negative homogeneity do not depend on (¢, z). We will thus
look for a fixed point of (5.7) in a space D" for appropriate values of v and 7.

5.2 Local existence and uniqueness of the fixed point

In order to describe the effect of F', it will be useful to introduce the following slight
generalisation of Definition 4.4. Given a model (II,I"), the space DgZ(F) is the space of
functions f € D?(I") of the form

f= > er+ D> f2)r, (5.9)

T€T: a<|T|<B TET: |T|>8

where the ¢; do not depend on z.
The following result establishes the strong local Lipschitz continuity of F' in the sense
of [19, Section 7.3].

Proposition 5.2 (Strong local Lipschitz continuity). Fiz o < 0 < 7 and set 7 = v + 2«
and 7 = 3n A (n + 2a). Let & C R be compact, and assume U,V € Dy a(T') are such
that

IOy s + WVl s < R (5.10)
Then F(U,V) € D;c’j?)a(r)? and there exists a constant C(R) such that
IEWU, V)l ms < C(R) - (5.11)

Furthermore, if (IL,T) is a possibly different model and U,V € D&’z(f) satisfy the bound
IUNy s + 1V Iy s < R, then

IF(U.V); F(U,V)lsgs < C(R) [’”U?UM%W;R +IV: Viyms + 0 = Tll2ysass| - (5.12)
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PRrOOF: Writing U(z) = U_+U4(z) where U_ contains all terms of negative homogeneity
and applying [19, Prop. 6.12], we see that

U(z)? = U2 +2U_U4(2) + Up(2)? c Dlgzﬁn/\(nm) 7
U(2)* = U? + 3U2U4 (2) + 3U_U(2)? + Uy (2)* € Dyl 5?2

where the multiplication of elements in D:" is well-defined due to the results in [19, Sec. 4].
Similar relations hold for powers of V' and cross-terms, proving (5.11). The proof of (5.12)
is similar, using the bound on | f; ¢|| given in [19, Prop. 6.12]. O

Remark 5.3. In cases where the two models (II,T') and (II,T) are identical, (5.12) auto-
matically provides the bound

IF(U, V) = F(U, V)52 < C(R) |IU = U

vk T |||V - V’”%n;ﬁ : (5-13)

In order to proceed, it is convenient to rewrite the fixed-point equation (5.3) in a
slightly different form. First we set

Wy = (Ky+ R,R)RTZ,
Wy = (K5 + R,R)ERTE . (5.14)

For the time being, let us assume that Wi, Wy € D&’20+2 for some v € R and all n < ap+2

(recall that o = —g — k in dimension d = 3); we come back to this point in Remark 5.5
below. Then we define the maps

My (U, V) = (K5 + RyR)RTF(U, V) + Wi + Gug ,
Ma: (U, V) = (K5 + Ry,R)ERTF(U,V) + Wa + GPug + Qup . (5.15)
If (U,V) is a fixed point of M = (M1, M3) then it is a fixed point of (5.3).
Following [19, Section 7.1], we write O = [~1,2] x R? and Oy = (—o0,T] x R3, and

introduce the shorthand | - ||y7 for || - ||yp:07, and define || - ; - ||, similarly. The
following result is an adaptation of [19, Thm. 7.8].

Proposition 5.4 (Existence and uniqueness of the fixed point). Assume —% <n< —%
and o > —1 are such that n + 2a > —2, and assume v > —2«. For any ug, vg, W1, Wa
such that Wi + Gug, Wa + GQug + @vo € D&’Z, there exists a time T > 0 such that M
admits a unique fized point (U*,V*) € DV x DV on (0,T). Furthermore, the solution
map St : (ug, vy, W1, Wa, Z) — (U*,V*) is jointly Lipschitz continuous in the sense that
if Z and Z are two models and (ug, vo, W1, Wa) and (g, vo, W1, W) are two sets of initial
conditions and forcing terms such that

IGuo ; Guiolly s + Qo s QUolly i + Z IWi; Wi Iy + 1125 Zw2v+a;0 <4, (5.16)
i=1,2

then one has

10" T Wz + IV 3V i < Cod (5.17)

for some constant Cy > 0.
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PROOF: Given R > 0 let B(R) = {f € Dyl: |fllr < R} and pick U,V € B(R).
Applying Proposition 5.2, we see that F(U,V) € D;Yg:,,a and satisfies

17U, V)l5ar < C(2R) -

The assumptions on 7,7 and « guarantee that ¥ > 0 and 7 > —2. We can thus apply
Theorem 7.1 and Lemma 7.3 in [19] to obtain the existence of constants C1,x > 0 such
that

|||M1 (U) ”|w7;T
|||M2(U) ”|W7;T

ClT”/QC(QR) + IWillymr + 1Guolly.pr
CLT*2C (2R) + [Wally it + 1G%uolly i + 1Qvolly it

<
<

for every T € (0, 1]. Choosing

R=1+ “”Wl |||%17;T + [|Guo |||%77§T] \4 [|||W2 m'm;T + |||GQ“0 |||%77§T + [|Quo |||%77;T}

and T sufficiently small, we see that M maps the set B(R) x B(R) into itself.
Next we show that M is a contraction in B(R) x B(R). For U,U,V,V € B(R), we
have

M (U, V) = M(U,V) = (K5 + RyR)RT[F(U, V) — F(U,V)] .

Using again Theorem 7.1 and Lemma 7.3 in [19] and applying (5.13) to bound the term
[F(U, V)= F(U,V)], we get

IML(U, V) = My (U, V) e < CLT2C(2R) [IU = Ullyz + IV = Vil ]

as well as an analogous bound for M. Taking again T" small enough, we obtain that M
is indeed a contraction, and the existence of a unique fixed point in a ball in D" x D71
follows from Banach’s fixed-point theorem.

Finally, in order to prove the bound (5.17), we set Uy = (K5 + RyR)RTF(U,V) and
Uy = (Ky+ RyR)RTF(U,V). Using the inequality

I +9:F + glyma < IUF s Fllyamer + Mg dllyn

we obtain

M1 (U, V) ; My(U, V)

yn® < UL Uslly e + W13 W

T+ [|Guo s Glao||y e -

where the first term on the right-hand side can be estimated with the help of (5.12). As
before, an analogous estimate holds for My. The required bound thus follows from [19,
Thm. 7.1 and Lemma 7.3]. O

Remark 5.5.

1. The conditions on 7 and « in fact impose a > —% A possibility is to further impose
that a > 7, in which case the only remaining conditions are those on n and ~.

2. Lemma 7.5 in [19] shows that if ug € C" (with the Euclidean scaling and we recall we
tak —% <n< —%) then Gug € D" for any v > (n Vv 0).

3. As discussed in Section 9.4 of [19] (see Equation (9.18) and below), the assumption
Wy € D&’ZO 4o is indeed satisfied for v,n as in Proposition 5.4, provided we define

RRTE as the distribution & 1lyz0y- ©
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Let Z¢ = W(£°) denote the canonical model for mollified noise £° constructed in Sec-
tions 3.2 and 4.1. In exactly the same way as in [19, Prop. 9.8 and 9.10], we can now
extend the solution map Sy to a maximal solution map S, defined until the first time
|(RU)(E,)|ln + [|(RV)(2, )]l reaches a (large) cut-off value L. This map satisfies

RSL(UQ, Vo, ZE) = SL('LL(),'U(),fs) s (5.18)

where S is the solution map of the original SPDE-ODE system (4.1) with mollified noise
&°. In other words, the following diagram commutes:

SL
(’LL(],’U(], Z‘E) B (U*, V*)

6 Renormalisation of the equation

6.1 The renormalisation group

Consider a general model Z = (II,T") for our regularity structure, which is admissible in
the sense that is satisfies (3.27), the last identity in (3.28) and (4.7). The model may also
be specified by the pair (IT, f) such that for all z,Z € R, one has

I, =TTy, and T=Tp) 'Tp=T,.. (6.1)
To build a renormalisation transformation, one first needs to define sets F, C Fo C Fp

such that

e Fy contains all 7 € Fr of strictly negative homogeneity;
e for all 7 € Fo, one has Ar € span(Fy) ® span(Fy ), where F C Fj contains all
symbols of the form (3.11) with 7; € Fs and |Jk;7;| > 0 (including the empty product).

For the Allen—Cahn model, a possible choice is
Fo={V 1},
Fo={z, v, v, 1L vx, V10 Y L Xy (6.2)
For FitzHugh—Nagumo type equations, we choose the same sets, enriched by all symbols
obtained by substitutions ' — 8.
Let Ho = span(Fy) and Ho = span(F; ). By definition, a renormalisation transfor-
mation is a linear map M : Ho — Ho such that MX* = X*¥ and MZr = ZMr for all

T € Fo such that Zr € Fy (we impose a similar condition involving &).
With M, we would like to associate another admissible model (ITM, fM) by setting

Y =IMr VreF. (6.3)

As shown in [19, Section 8.3], this is indeed possible provided one is able to find linear
maps AM : Hy — Ho @ Har, and M : 'HBL — HBL such that

mMr = (1L ® f.)AM 7,
(fM7) = (f., M7) (6.4)

z
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holds for all7 € Foandall T € ]_—gr , where ITM and fM satisfy relations analogous to (6.1).
The map M should also be a multiplicative morphism leaving the X* invariant, that is,

M(mim) = (M7)(Mm),  M(X*) =Xx*". (6.5)
In addition, the elements I'M can be built using a map AM . H(T — Hg ® ’;‘-[0+ such that
v = (e ® f2)AM (6.6)

It is shown in [1:9’ Prop. 8.36] that given a linear map M, there is a unique choice of maps
AMAM and M such that (6.4) and (6.6) hold, making (TI™, f™) an admissible model.

Definition 6.1 ([19, Def. 8.41]). The renormalisation group R is the set of linear maps
M : Ho — Ho satisfying MT = TM, ME = EM, M(X*) = X*, and such that for all
T€E€ Fygand all T € ]-"ar one has

AMr_r®1e @(Tgﬂf0)®T+ ,
B>a
AMr—7e1e PHInFHTT, (6.7)

B>a
forallT € T, and all T € Ty, QFJ.

It is shown in [19, Lemma 8.43] that R is indeed a group. The main result [19,
Thm. 8.44] states that given M € 2R, and an admissible model (TI, f), the model (ITM | M)
constructed as above is indeed an admissible model. In particular, it satisfies the required
analytic bounds and behaves well under the extension theorem [19, Thm. 5.14].

Let us now introduce a particular subgroup of fR suited to our problem. In the case
of the Allen—Cahn equation (cf [19, Sections 9.2 and 10.5]), a two-parameter group of
transformations M = exp{—C1L; — C2Ls} is sufficient, where the generators L; and Lo
are defined by the substitution rules

Li:V =1, Ly:es1. (6.8)

Each substitution rule is applied as often as possible, so for instance L1 (V") = 31, because
there are 3 ways of picking % in .

In our case, we may a priori have to apply similar substitutions for all elements ob-
tained from % and ~U» by replacing one or several Z by ZE. We thus introduce the sets
of symbols

Fi={V,V¥, ¥},
Fo =A{Z(11)12, EL(T1)T2: T1, T2 € Fi} . (6.9)

Note that F2 has 18 elements. This yields a 21-parameter subgroup of R given by

M= exp{— Y oL - Y CQ(T)LT} , (6.10)

TEF1 TEF2

where L. denotes the substitution 7 — 1. In practice, however, we will see that only 2 of
these parameters are really needed to renormalise the model.
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We introduce the shorthands C1 = C1(V), Cf = C1(V¥) and Cf = C1(%*). The
action of M on a few elements that will occur in the computations below is given in the
following list:

M(h)=",
M(V) =% —(Ci1,
M(0) = —30,7,
M) = — LY — (o)1 . (6.11)

The action of M on elements such as % is obtained by obvious substitutions, e.g. we have
M%) =% — O/t —2C}%. Asin [19, Section 9.2], one can determine the map AM and
thus, via (6.4), the renormalised model IIM . Again, we just list a few expressions that will
play a role in the computations below:

Y (1) =11.(1) ,
() =11.(1)? - ¢y,
Y (W) =TL.(1)* = 3C1I0.(1)
() =1.(Y),
M () = L (Y)Y (V) — Oy () . (6.12)

Similar relations with obvious substitutions hold for the elements obtained by having some
7 act on £.

6.2 Convergence of the renormalised models

From now on, we assume that the driving noise ¢ is Gaussian white noise on D = R x T¢,
where T¢ = R?/7Z4 is the d-dimensional torus . This means that we are given a probability
space (2, F,P), the Hilbert space H = L?(D), and a collection of centred Gaussian random
variables {W}, }repm such that

E{W,W;,} = (h, h) (6.13)
for all h,h € H. Then £ is the distribution defined by (£, p) = Wi, for every test function
¢, where 7 is the canonical projection from L?(R4*1) to L?(D).

Let Z¢ = (II°,I'°) be the canonical model built for mollified noise £°. Our aim is now
to find a specific sequence of renormalisation maps M. in R such that the sequence of
models Z¢ = M_Z¢ defined by

I = (1s)™ (6.14)

converges in a suitable sense to a limiting model 7.
The relevant result to achieve this is Theorem 10.7 in [19]. It states that if for all
localised scaled test functions 7} = Sézn and all 7 € F_ = {7 € Fp: |7]s} < 0, one can

find random variables ﬁZT such that
E[(ML7,m)|" S At
E|(IL7 — T, n)|? < 2 2ls+n (6.15)

holds for some k,60 > 0, then there exists a unique admissible model Z such that for all
compact £ C R¥1! and all p > 1 one has

E|ZIf,S1,  EIZ;Z°8 . S (6.16)
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Here | Z]|.& = ||II|l.5 + |T|ly.5, and | Z; Z]|g is defined similarly in terms of the associ-
ated “distances”. In (6.15), each random variable ﬁz’l’ should in addition belong to the
inhomogeneous Wiener chaos of order ||7]|, where ||7]| is the number of occurrences of =
in 7 (cf [19, Section 10.1]). More precisely, one has for every test function ¢

i) = 3 ([ o7 as) (6.17)

k<]l

for some functions (W(E;k))(z) € H®F and a similar expression for the bare model I,
with functions W), The map I, : H®* — L? is constructed from Wiener’s isometry
as explained in [19, Section 10.1]. As usual, we will express (6.17) by the slightly more
informal notation

MO () = 3 L((WEP)(2)) . (6.18)

k<[l

Proposition 10.11 in [19] provides conditions on the WER) from which the required con-
ditions (6.15) follow. Namely, for each 7 € F_, one should find functions W®*) such
that

‘ —~

(WH7)(2), (W) \<cz Izl + 12lls) 12 = 2+

(VD7) (2), (SWERI7) \<oe292 lzls + 11211s) 1 = 2157277 (6.19)

for some &, 6 > 0, where SWER) = WER) — WE and the sums run over finitely many
exponents ¢ € [0,2|7]s + k + |s|), where |s| = d +2 = 5.

In order to obtain such bounds for our system, we can to a large extent adapt the
proof of [19, Thm. 10.22]. As a matter of fact, it is immediate to see that this theorem
can be extended to our case, because the involved kernels have singularities which are not
worse than in the Allen—Cahn case. The aim of the discussion that follows is thus only
to determine which parameters of the renormalisation group introduced above are really
needed to ensure convergence.

The first step is to observe that if g. is the mollifyer, i.e., if £€& = p. * £, noting
K. = K % 9. we have

MEN)(E) = (K <)) = [ Kels = a)elen) doa =5 (o). (6:20)
which is independent of z and belongs to the first Wiener chaos with
(WEDN)(2))(21) = Koz — 21) - (6.21)

As a consequence, we simply set

OO () = xe(2),  ([1)(2) = xo0(2) == (K *€)(2) . (6.22)

Due to translation invariance, it will henceforth be sufficient to evaluate models in z = 0.
As already seen in the proof of Proposition 5.1, we have

(I53)(2) = (K9 #£) (s / Kz — 21)€5(21) day = x2(2) . (6.23)
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This can be rewritten in the form
2(z) = (K2 % €)(= /KQ 2= 2)E(z) da (6.24)

where we have set o

KQ(t,x) = ; Q(s)K (t —s,z)ds . (6.25)

It follows that we can set

([ 4)(2) =x2),  ([o?)(2) = xF(2) == (K2 ) (2) . (6.26)

The second step is to consider products of terms 1 and . To this end, we observe that
by definition of the canonical model (see (3.22)),

(I5 V) (2) / K (z — 21)K:(2 — 22)€(21)&(22) dz1 d2a (6.27)

which belongs to the second inhomogeneous Wiener chaos. Renormalisation is needed
because the right-hand side is known to diverge in the limit ¢ — 0. However, if one
introduces the Wick product

§(21) 0 &(22) = §(21)€(22) — 6(21 — 22) (6.28)

then one obtains
(II§V)(2) = / K. (z — 21) Ko (2 — 22)&(21) © £(22) dz1 d2zo + /Kg(z — 21)2 dz; . (6.29)
The first term on the right-hand side belongs to the second homogeneous Wiener chaos,

with
((W(sﬂ)v)(z))(%@) = K.(z — 21)K.(2 — 22) , (6.30)

and is known to converge as ¢ — 0. We can thus define
[ (2 / K.(z — 21)Ko(2 — 22)€(21) © €(22) dzy dzg =1 X22(2) (6.31)

which is indeed compatible with the second equation in (6.12), provided we set
= /Kg(z —21)%dz . (6.32)

The limiting model (IIo % )(z) is then naturally defined by the same expression as in (6.31),
but with K. replaced by K.
In order to deal with the term %, the relevant Wick product formula is

§(21) 0 &(22) 0 &(23) = £(21)€(22)€(23)
— &(21)0(22 — 23) — £(22)0(23 — 21) — §(23)6(21 — 22) . (6.33)

In view of the third equation in (6.12), this is indeed compatible with the definition
(T ¥)(2) = // Ko (2—21)Ke(2—22) Kc (2 — 23)(21) 06 (22) 06 (23) dz1 dzo dzg , (6.34)
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without the need to introduce a further renormalisation constant.

Before being able to deal with terms such as Qﬁ', we have to compute the model
associated with Y . Applying (3.27) (in which the sum only contains the term ¢ = 0) and
the last relation in (3.28), we obtain

5Y)() = [ (K= ) - K] @3 (a) d

— /[K(z —z1) — K(—zl)]xg2(zl) dz;
— (K xP)(2) — (K 5 x2)(0) (6.3)

where we have used the fact that the integrals of K(z — ) and K are equal to cancel out
the term C;. It thus follows from the last equation in (6.12) that

(5 ) (2) = [ x2)(2) = (K * X O0)]xE(2) - cz@&) . (630)
Recall the notation % = £%. Using (4.9) and the fact that f s)ds = 0, we obtain
(5N )(t, ) = o Q(t — s)(IGV')(s, ) ds
= Q(t — )X (s, 2) + Ca(e)] ds
t—2T
= Q(t — s)x2(s, ) ds =: X2(t, ) . (6.37)
t—2T

Note that this term does not need to be renormalised. It follows that
G (t0) = [ 1Kz = 20) = K(=2)]F2(0) d
= (K *X2%)(2) — (K * X2%)(0)
= (K95 xP)(2) = (K9 = x2*)(0) (6.38)
and thus
(T ) (2) = [(K9 5 x2)(2) = (K2 x2) (0)]xE2(2) — Co(¥) . (6.39)

In order to compute the Wiener chaos decomposition of expressions such as (6.36) and
(6.39), we will need the identity

(€(21) 0 &(22)) (£(23) 0 &(24)) = &(21) 0 &(22) 0 &(23) 0 &4
+&(21) ©&(23)0(22 — 24) + &(21) © €(24)0(22 — 23)
§(22) ©&(23)0(21 — 24) + &(22) © §(24)0(21 — 23)

+0(z1 — 23)0(22 — 24) + (21 — 24)0(22 — 23) ,  (6.40)

which follows from [19, Lemma 10.3] and the Wick rule Ij(f)oI;(g) = Ip+¢(f®g). It turns
out that the important term regarding renormalisation is the contribution to the zeroth
Wiener chaos, resulting from the last line in (6.40), which is given in the case 7 = e by

WED ) (2) = 2 // K(z—2)K.(z — 21)K.(2 — 22) Ko (2 — 21) Ko (2 — 22) dz dz1 dzg

+ 2///K (z2—21)K (2 — 29) Ko (2 — 21) K (2 — 29) dz dz d2zo
— (< (6.41)
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As shown in [19, Thm. 10.22], only the first integral on the right-hand side (which is
independent of z by translation invariance) diverges as ¢ — 0, which imposes a choice
for C’g(&'). In order to represent this quantity and related ones appearing when dealing
with the other terms, we introduce the notations

Qi(2) = [ Kela)eler = 2)dn
0i(2) = [ Kule) k(e — 2) a1
05(2) = / KQ(21)K9 (21 — 2) 2 . (6.42)
In particular, we have
Co(%V) =2 [ K (@527 d.
Co(Nr) = 2/KQ(z)Qg<z)2dz . (6.43)

Before proceeding to the convergence result, we collect a number of bounds on integrals
involving the kernels K. and KgQ . In what follows we will sometimes write K in place
of K as well as ng in place of K@, while |x| = |z1| + |z2| + |23| denotes the ¢'-norm of
x € R3, so that ||(t,z)||s = [t|"/? + |z|, cf (3.16). Note however that |z| and the Euclidean
norm ||z|| are equivalent.

Lemma 6.2. The following bounds hold for all z = (t,z) € R* and all ¢ € [0,1]:

1 1
< - Q| <
and
/Kg(z)2 dz < é , /Ke(z)KEQ(z) dz<1, /KEQ(Z)2 dz<1. (6.45)
Furthermore, one has
I 1 I 15
\Qo(Z)\SW, Qi(x)IS 1, ()51, (6.46)
Finally, fori,j € {0,1,2} let
Lij(e) = /K(z)Qf(z)Qj(z) dz , Ig(e) = /KQ(Z)Qf(z)Qj(z) dz . (6.47)

Then Ioo(e) < |loge|, while all other I;;(e) and all Ig(&) are bounded uniformly in €.

The proof is given in Appendix A. We can now state the main result of this section,
which is an adaptation of [19, Thm. 10.22].

Proposition 6.3 (Convergence of the renormalised models). There exists a random model
Z, independent of the choice of mollifier o, and a family of renormalisation transforma-
tions Mg € R such that for any 0 < —g — ag, any compact set R and any v < (, one
has

E|M.Z%; Z]l 0 S &° (6.48)

uniformly over e € (0,1]. Here ( is such that (3.26) holds for all polynomials P of parabolic
degree less or equal (.
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PROOF: As already stated, the proof follows along the lines of [19, Thm. 10.22], with some
changes due to the presence of the additional integration operator £. Thus we will only
comment on those parts of the proof that need to be adapted.

The result will follow if we are able to choose the constants C;(7) and Ca(7) in (6.10)
for each £ € (0,1] in such a way that the bounds (6.15) hold for all 7 € F_; equivalently,
the bounds (6.19) should hold for all these 7. The limiting model Z will be constructed
step by step during this process.

The first step is to set R

(=) (2) = &(2)
and the fact that the required bounds are satisfied is a consequence of Proposition 9.5
n [19] (see also Lemma 10.2).
In the case of 7 = T, the limiting model is defined by (6.22), and the conclusion follows

as shown in [19, Thm. 10.22] by applying the bounds on convolutions in [19, Lemmas 10.14
and 10.17]. We thus turn to the case 7 = ¥. By (6.26), we have

(WED)(2)) (1) = K2z — 21)
(WI)(2))(21) = K9z — 1) .

The first bound in (6.19) then follows from the fact that

o~

(WW1)(2), WD )(z /KQ (2 — 21)K9(Z — 1) dzy = QY= — 3)

(via the change of variables z; — z — z1). The right-hand side being bounded as shown in
Lemma 6.2, the bound (6.19) is satisfied for ¢ = 0 provided & is small enough. In order
to prove the second bound in (6.19), we use the fact that K@ is singular of order —1 in
the sense of [19, Def. 10.12]. It thus follows from Lemma 10.17 in [19] that

gt

[K9(2) - K2(2)| < 2]

for any 6 > 0. As a consequence, we have the bound

((EWED3)(2), (IWED S dz

20/
||21H5+6”2 —z— 2zt

The integral is bounded by a constant tlmes |z —Zs < for any ¢ > 0 provided 6 < 3 . This

can be seen by noting that z — ||z H S0 g singular of order —1 — 6, and thus a fortzom
singular of order —3, so that the claimed bound follows from [19, Lemma 10.14]. The
second bound in (6.19) is thus fulfilled with ¢ = 0 provided % and @ are small enough.

Next we consider the term . Then a decomposition analogous to the one given
n (6.29) shows that we have

(()7\/\(5;2) '\p’)(z))(zl, 29) (z — Z1)KQ(Z — ),

( /K —21)KZ(—21)dz — Ci(e) .

Note that the second line is independent of z, as a consequence of translation invariance,
so that we can drop the argument z from the notation. The integral in the second line
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is equal to Q5(0), which is bounded uniformly in ¢ by Lemma 6.2. We may thus simply
choose C](g) = 0, which amounts to setting

(ﬁ(()e) V)(2) = / K.(z — Z1)KEQ(Z — 29)&(21) ¢ €(22) dzy d2g + W(ED) 4

= x(2)x2(2) .

Of course, another possibility would be to set Cf(e) = W(550)\p', which would result
in ﬁo'\p' belonging to the second homogeneous Wiener chaos. Since Q5(0) is bounded,
however, the choice of C}(g) does not really matter, since it only results in a shift of the
random variable defining Z. Whatever the choice, the bounds (6.19) can be checked by
similar arguments as in the previous case.

The symbols %, %, ¥, ¥ as well as ¥ X; and % X; can be treated in pretty much
the same way. It thus remains to consider the symbols in the families of \\ﬁ-, Ve and -
As shown in the proof of [19, Thm. 10.22], the symbol 7. already fulfils the bounds (6.19)
as a consequence of the choice of Cy(e). Since the kernel K@ is less singular than K, the
same conclusion holds for all symbols of the same family.

The symbol «» requires the introduction of a further renormalisation constant Cy( X )
which has order |loge|. We thus have to check what happens to the other symbols in the
same family. Consider for instance the case of . A computation similar to the one
made in (6.35) and (6.36) yields the expression

(TI5 %) (2) = [(K * (xe 0 x2))(2) = (K # (x= o x@)(0)]xE*(2) — Ca(+¥+) .

Writing out the integrals and applying (6.40), we can decompose this expression into a
sum of terms in the Wiener chaoses of order 0,2 and 4. In particular, the term in the Oth
Wiener chaos is given by

WED &) (2) = 2 // K(z—2)K.(2 — 21)KQ(2 — 20) K. (2 — 21) Ko (2 — 22) dZ d21 d2y

+2 ///K (2—21)K@(Z — 2)K.(2 — 21)K.(z — 29) dZdz; dzo
— Cy(

The first integral on the right-hand side does not depend on z, as can be seen by the
change of variables (Z,z1,292) — (2 4+ 2,21 + 2,22 + 2). As a consequence, it is equal to
2Ip1(e), and is thus uniformly bounded in € as shown in Lemma 6.2. The second integral
is also bounded, so that we may choose Co(«¥*) = 0 (or any other finite value). The
terms in the other two Wiener chaoses are already bounded in the case of &, so they
remain bounded in the present case. It is now quite obvious that the other symbols of the
family do not need to be renormalised either, as the relevant integrals are obtained form
the above ones by substituting the appropriate kernels K by K?.

Finally, we have to deal with symbols in the family of Ny However, it is shown in the
proof of [19, Thm. 10.22] that the constant Co(<L) suffices to renormalise L. as well, so
the situation is completely analogous for the other symbols of the family. O

6.3 Computation of the renormalised equations

In order to complete the proof of the main results, it remains to derive the classical equation
with mollified noise that corresponds to the renormalised models. In other words, for a
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given M = M, € R, we have to characterise the solution map SJ@ satisfying
RM Sy (uo, vo, M Z%) = Sy (uo, vo, € , (6.49)

where RM is the reconstruction operator of the model IT" (= ﬁ(e)) and 8L is the map
giving the fixed point of the renormalised equation in terms of initial data and forcing
term. Relation (6.49) can also be represented as the following commutative diagram:

Sir
(UO, o, MZE) B (U]TW V]\Z)

o |

~ A~

(’U,(), Vo, fs) }7—L> (us, UE)
Shr
In order to determine the classical equation, we will need the following algebraic result.

Lemma 6.4. For all T € Fy, one has
(M'7)(2) = (M. M7)(2) - (6.50)

PRrROOF: The claim can be checked directly by comparing the expressions given in (6.11)
and (6.12). More generally, the first relation in (6.4) shows that (6.50) holds for all 7 such
that AM(7) = M7 ® 1, which happens to be the case for all symbols excepts those of

the families Qﬁ', Ve and F». In the exceptional cases, the relation has to be checked by
an explicit computation; in general it holds only when the model is evaluated at the base
point, i.e. we may have (ITM7)(2) # (II,M7)(2) if z # Z. O

As a consequence of (6.50), when f is a function, as is the case for € > 0, we have
(RMf)(2) = (' £)(2) = (.M f)(2) = (RM f)(2) . (6.51)

This directly implies the following result, which is the equivalent of Proposition 5.1 for
the renormalised equation.

Proposition 6.5 (Renormalised equation). Assume that ¢ > 0 and that (5.3) admits a
fized point (U, V) where U,V € DV for some v,n € R. Then (0,0) = (RMU,RMV)
satisfies the classical SPDE
Ovte = A+ F(a,0) + £,
00 = Ayt + Agv (6.52)
provided F is such that
F(MU,MV)=MF(U,V)+ o(U,V), (6.53)

with o having only components of strictly positive homogeneity.
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PROOF: Applying M to the expansions of U and V given in (5.7), we see that MU differs
from U and MV differs from V only by components of homogeneity %—FL at least. Applying
R to MU and MV and using (6.51), we obtain that as in the proof of Proposition 5.1

W(z) = xe(2) + ¢(2) ,
0(z) = x2(2) +¥(2) .

On the other hand, applying M to the right-hand side of (5.5) and using the fact that M
commutes with Z and £ and leaves polynomials invariant, we get

MU =ZIR*Y[E+ MF(U,V)] + R,(MU,MV) + Guy ,
and a similar equation for MV. Applying the reconstruction operator, we thus obtain
a(z) = Gx RY[€(2) + (RMF(U,V))(2)] + Guo(z) ,
and a similar expression for 0(z). The claim then follows from the fact that (6.53) implies
(RMF(U,V))(2) = (RE(MU, MV))(z) = F(a(2), 5(2))

where the last equality follows from the same argument as the one used in the proof of
Proposition 5.1. 0

Finally, we compute the expression of F. Even though we have seen that only two
parameters are needed to renormalise the equation, we give here the result for an arbitrary
value of the constants C1(7) and Cy(7) in (6.10). Indeed, the computation is not really
more difficult in the general case, and the result can be used to determine the constant
C3 in (2.6) and (2.7).

Proposition 6.6 (Expression for the renormalised F'). Let F be the cubic polynomial
given in (5.6) and let M be the renormalisation transformation defined in (6.10). Then

~

F(u,v) = F(u,v) — co(e) — c1(e)u — ca(e)v (6.54)

where the coefficients are given by

co(e) Br P2 B3 Ci(g) + Ca(e)
aE@) ]| =131 2y 93 /(&?) + C2(€) : (6.55)
ca(e) Y2 273 374 CY(g) + Cy(e)

with 01(6)201(V), Ci(E):Cl(V), Ci’(é‘) (W) and

Ca(e) = 371Ca(Tn) + 272Co(=r) + 72Co (<€) + 293Co (&) + 73Co (e ) + 374 Co (=) .

(6.56)
The constant Ch(e) has a similar definition with N replaced by & and so on, while
CY(e) has a similar definition with e replaced by <E» and so on.

PRrOOF: The fact that (U, V) differs from (MU, MV) only by terms of order 3 — x implies
F(U,V) = MF(U,V) +(U,V),

where all components of ¢/ (U, V') have strictly positive homogeneity. Thus we only have to
compute the difference M F(U,V) — F(U,V'), which reduces to determining the terms of
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F(U,V) which are modified by the renormalisation map, or, more precisely, which terms
of homogeneity less or equal 0 appear when applying M.

The computation is straightforward, though somewhat lengthy. In practice, it suffices
to expand the quadratic terms up to order % — K, and cubic terms up to order 0 — 2k. The
quadratic terms yield the additional contribution

—[B1C1(e) + 5201 () + B3C7 ()] 1 .

It remains to treat terms of homogeneity —% — x and 0 — 2k in the cubic parts. Consider
first those of homogeneity 0 — 2x. Only 18 such terms need to be considered, which all
belong to the family of ». Their renormalisation yields a term

— [6102(8) + szé(E) + 5305(8)] 1.

There are 24 terms of homogeneity —% — k that are affected by the renormalisation map,

which are all in the family of Y. Their renormalisation yields
— [3’}/102(5) + 2’)/205(5) + ’}/30%/(6)] T — [7202(5) + 2’)’30&(5) + 3’}/305/(6)] : .

Replacing the b; by their expressions (5.8), and adding the last two expressions, we see
that we can always factor out the expressions ¢1 + T and 1 + ?. The result follows. [J

7 Proof of the main results

Since Theorem 2.1 is a particular case of Theorem 2.2, we proceed directly to proving the
latter result.

Proof of Theorem 2.2. Consider first the situation on a fixed, sufficiently small time in-
terval [0,7]. Fix € > 0 and let

(Uev Va) = ST(u(bUOa MEZa) )
(Ua V) = ST(UO,'UO, 2) )

where St is the solution map given in Proposition 5.4 (we have suppressed the dependence
on the W;, which are the same for both fixed points). For any § > 0, the bound (5.17),
Markov’s inequality and Proposition 6.3 imply

&0

1 ~
st > Cod | < SEIM.Z Zlaysa0 S

P{IU* s Ullypir + IVE3V 2y

It follows that (U<, V¢) converges to (U, V') in probability as ¢ — 0.

Next, let (u,v) = (RU,RV) and (u®,v*) = (RU®, RV®) (where we do not indicate the
model-dependence of the reconstruction operators R). The fact that (u,v®) converges to
(u,v) in probability as e — 0 is a consequence of the bound [19, (3.4)] in the reconstruction
theorem, combined with the definitions (3.20) of ||II||,.x and (4.28) of || - ||,:-

The convergence result can be extended from a fixed time interval [0, 7] to the random
time interval up to the first exit from a ball of radius L in exactly the same way as in [19,
Section 7.3]. In particular, the required continuous dependence on the model is proved
in [19, Cor. 7.12].

Proposition 6.5 shows that (u®,v®) satisfies the system (2.11), where the explicit ex-
pression of F' is a consequence of Proposition 6.6. The expressions (2.5) and (2.12) for the
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renormalisation constants in dimension d = 3 follow from (6.55), where the only nonzero
terms are C'(¢), defined in (6.32), and Cs(¢), defined in (6.43).

In the case d = 2, Table 1 shows that only the terms T, & and ¥ need to be
renormalised, to that the expression (2.7) for the renormalisation constant follows by
taking Ca(e) = 0 in (6.55). O

Proof of Theorem 2.3. The only difference with the previous case is that we have to take
into account the presence of the n different operators &, ¢ = 1,...,n, introduced in
Remark 4.1. This means that the fixed-point equation for V in (5.3) is replaced by n
different equations of the form

V; = ZERY[E+ F(U,V)] + Ry i (U, V) + G%ug + Quuvy i=1,....n.

Since n is finite, it is straightforward to check that the proofs of Proposition 5.1 and
Proposition 5.4 carry over to this situation.

It remains to check the expressions (2.17) for the renormalisation constants. To com-
pute the diverging part of F (U,V) — F(U,V), it is in fact sufficient to determine the
coefficients of 4/, e and Vs in F (U, V), since these are the only ones that need to be
renormalised. These can only result from the terms B1U? + 4 U? in F(U,V), since all
other terms will contain at least one of the &;. It is now sufficient to check that U has the
same expansion as in (5.7), except that the first relation in (5.8) becomes

n
=Br+3en + D> ivai

i=1

where v; is the coefficient of 1 in V;. The result then follows as in the proof of Proposi-
tion 6.6, taking into account the modified value of b;. O

A  Proof of Lemma 6.2

It follows from the definition of K that it satisfies |K(z)| < ||z[s3. Computing the
derivatives of K, one sees that it is singular of order —3 in the sense of [19, Def. 10.12].
Thus the first bound in (6.44) follows from [19, Lemma 10.17].

To show the second bound in (6.44), we use the facts that Q(¢,z) is bounded and
supported on {t > 0}, K.(t,) is supported on {t > —¢2?}, and thus

t t 1 1
K®(t,z) = K.(s,x ds</ ds <
Sy = | BSOS | T e ep S el e

(recall the notation f < g indicating that we have both f < g and g < f). The first bound
n (6.45) follows from

2dr 1
K.(2)%2dz < " o
/ (2) zw/(”zlusJr€ / / t1/2+r+€) = -

To obtain the second bound in (6.45), we note that

/K(t VK9t 2)d </1 rdr !
7’:U 7x ’:Ur\/ x b
c € o (P2 4e3(r4e) V2 +¢
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so that

1
1
- <
/ K.(t,2)KQ(t, z) dz dt < /_zltll/Q—i—sdtNl

The third bound in (6.46) follows from the fact that

1 2
d
/Kﬂu@%mg/r'gx1.
0 (T+5)

To obtain the bound on Qg, we distinguish the regimes ||z||s < € and ||z]| > e. If ||z]|s < €,
the same computation as the one made for the integral of K.(z)? shows that |Q(2)| < 1/e,
while for ||z||s > €, we can use [19, Lemma 10.14] to obtain

1
|Q0 |N/ dZ1,§7.
wwau—aw [1]ls

Using spherical coordinates, one can show that for all a,b > 0 and all n > 1, one has

1 1 1 r=dr
I, = dr; =< .
(Jz1| +a)™ |z — z1[ + b o (r+a)™(r+|z[+0)
From this we easily get that whenever a > b > 0,

< 1+ logal

n <1+ 2| +d?, I3 <
! =1 3 lz| + a

i

and thus

1 1/2
1+ |log(t'/* +¢)|
$(t,x </ dt <1,
o5t z) <1+ z|+2<1.
2 ~Y ~Y

It remains to bound the terms ;;(¢) and Ig (¢). It is in fact sufficient to check that

I rdr dt < |loge|

00 t1/2+7" t1/2+’l"+ ) = |logel,
r2dr

I dt <1,

ol /l/ (24732 +r4e)

rdr
dt <1,
/(/ 24 4e)2 ™

since the other terms can be bounded above by either Iy;(¢) or Ié% (¢). Elementary com-
putations show that these bounds indeed hold true. O
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