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Abstract

We consider a random map = — F(w,z) and a random variable ©(w), and we
denote by F'V(w,z) and ©"(w) their approximations: We establish a strong con-
vergence result, in L,-norms, of the compound approximation F(w, ©®" (w)) to the
compound variable F(w,O(w)), in terms of the approximations of F' and ©. We
then apply this result to the composition of two Stochastic Differential Equations
through their initial conditions, which can give a way to solve some Stochastic Par-
tial Differential Equations.

Keywords: strong approximation, Garsia-Rodemich-Rumsey lemma, Euler schemes,
stochastic flow.

MSC: 60Hxx, 60Gxx

1 Introduction

Since the seventies, the numerical analysis of stochastic systems is a research field
on its own and it has tremendous applications in engineering sciences. This work
enriches this vast area by addressing the following natural questions. Consider a con-
tinuous random map = — F'(w,x) and a random variable O(w), and their numerical

approximations FV (w,z) and ©" (w) for some convergence parameter N — +o00:

- Under which assumptions does the compound approximation w ~ F (w, OV (w))

converge in Ly, to the compound map w +— F'(w, O(w))?

- What is the convergence rate and how does it depend on those related to the
approximations FV to F' and @~ to ©7?

It is easy to guess that the analysis would be straightforward if (F, FV) were in-
dependent of (©,0%), by using a conditioning argument. On the contrary, here

*Centre de Mathématiques Appliquées, Ecole Polytechnique and CNRS, Route de Saclay, 91128
Palaiseau Cedex, France. Email: emmanuel.gobet@polytechnique.edu. Corresponding author.

TLaboratoire Analyse, Géométrie et Applications (UMR CNRS 7539), Institut Galilée, Université
Paris 13, France. Email: mrad@cmap.polytechnique.fr.



our aim is to allow arbitrary dependencies and study the strong convergence in this
general setting (convergence in Ly-norms).

Among the applied probability community, there is an increasing interest for
strong convergence rates because they constitute the corner stone for designing effi-
cient Multi-Level Monte Carlo methods [Hei01, Gil08| (which significantly speeds-up
Crude Monte Carlo methods). In this work, we provide generic results which pave
the way for establishing strong convergence rates in complicated situations where
results were not available so far. Hopefully, it will open the door for many other
interesting issues.

The paper is organized as follows. In Section 2 we state a general convergence re-
sult (Theorem 1) estimating the Ly-error ||[F(©Y) — F(©) HLP, and then we prove
it. For this we assume locally uniform approximations on FN — F, and local-Hélder
continuity on F. These assumptions being possibly difficult to check in practice,
we then give much easier conditions that imply the first ones, using the Garsia-
Rodemich-Rumsey lemma with precise quantitative controls. In Section 3, we study
the error induced by compound Euler schemes related to Stochastic Differential
Equations (SDEs for short), through their initial conditions. This question origi-
nates in the resolution of Stochastic PDEs using stochastic flows.

2 Lj-approximation of compound random maps

The section is devoted to stating and proving a general result (Theorem 1). Appli-
cations are postponed to Section 3.

2.1 Assumptions
Let (&,|.]) be a separable Banach space and (€2, F,P) be a probability space. We
are given
e a random field, i.e. a F ® B(R?)-measurable mapping (w,z) € (Q,RY)
F(w,z) € &, continuous in z for a.e. w;
e a F-random variable © : Q — R?,

Let FV and ©F be respectively approximations of F' and ©, where N — +oc0 is a
asymptotic parameter; we aim at controlling in L, the random variable

weQrm FNw, 0N (w)) — F(w,0Ww)) € &

which will be denoted by FV(©Y) — F(0) for the sake of simplicity. For p > 0 and
for a random variable Z : Q + £ or R%, we set 1Z]ly, = (E |Z|p)1/p: We say that
Z € Ly if || Z]|, < 4oc. Despite ||.[[, is not a norm for p < 1, we refer to it as
L,-norm to simplify the discussion.

(H1) For any p > 0, there exist constants a,()Hl) € [0,400) and C,(,Hl) € [0, +00)
such that
(1)
sup |[F(-,2)||| < CZ()Hl))\O‘PHl , VA>1. (H1)
lz|<A L,



(H2) There is a k € (0,1] such that for any p > 0, there exist constants a](,H2) €

[0, +00) and C’,gHz) € [0, +00) such that
<c@my™ yas1 (H2)
LP

F(.v) — F(
O S 0}
Ayl <0y <A ly —

H3) For any p > 0, there exist a constant o/H3) € [0,+00) and a sequence
P

(C’;J)V’(Hs))Nzl with CIJ)V’(H?’) € [0,400) such that

(H3)
sup [FN(z) — F( o)l < CN®E™ yys> 1 yN > 1. (H3)

ja]<A

Ly

(H4) For any p > 0, there exist a constant C'(H4 ) e [0,+00) and a sequence

(C’IJ,V (Ha- b))Nzl with Cp”’ IV, (HAD) € [0, 400) such that

[l v |6V, < G, VN > 1, (H4-a)
[oY - 6|, < Y, yN > 1. (H4-b)

These conditions state that all random variables belong to any L, with some locally
uniform estimates w.r.t. the space dependance; the extension to belonging to some
L, only would be easy and is left to the reader.

2.2 Main results

Had the random Varlable O be bounded by a ﬁmte constant A, we would have directly
obtained ||FN(©) — F(0)]|. (H3) p o™ The extension to non bounded r.v.
O is non trivial and is bemg achleved in Theorem 1 and its proof. The following result
(inspired by [KS97, Lemma 2.1]) is instrumental in our analysis. In particular, it
enables to justify that the quantities of study are well defined as L, random variables.

Proposition 1. Let E be an FEuclidean space. Let G be a F ® B(E)-measurable
mapping taking values in € such that, for any p > 0 there exist constants a,(JG) €
[0,400) and CZ(;G) € [0, +00) for which

< nga)/\a;G>7 VA > 1. (1)
LP

sup |G(-, )|
jal<A

Let £ be a random variable taking values in E, with finite L, norms for any p > 0.
Then for any p > 0, w — G(w,&(w)) € Ly and for any finite conjugate exponents r
and s (r~1 4+ s71 = 1), we have the estimate

T a(G) a - 41
166, < 42 (€l 270 (1 e 2 )
s(apr’p

where ((r) ==Y, >1 1" is the Riemann zeta function.

The above result will be extended later in Proposition 2, when the polynomial
growth (1) is replaced by an exponential one and when the random variable £ has
exponential moments.



Proof. Using twice Holder inequalities, we obtain

ZE (SUP |G(, 2)[P1, 1<|§|<n>

n>1  \lzl<n
1/r

<Z( (sup 6( >|W>) P(n—1< e <m)

n>1 |z|<n
< [CGhp Ll ptt _ 1/s
<ICEPY a1 < e < n)

n>1
1/r 1/s
1 (@)

< 10@p = slepr PP ( < 1 1
<[C] n;” ;n (n<|¢l+1<n+1)

< [C5P () (B (el + 1)S<a§f)p+1>))1/s .

apr +1/p
where we have
(G)

Therefore, |66y, < €7 (¢ (141l

used the Minkowsky inequality. We complete our statement by using
(a+ b)Y < 207D+ (a7 +b7) <27 (a” 4+ b) (2)
for any non-negative a, b, . O

As a direct consequence of the above result, we deduce that F'(©) is any L, (owing
o (H1) and (H4-a)). Moreover we can also apply it to G = FY and ¢ = OV in
view of (H4-a) and since (1) is satisfied (owing to (H1) and (H3)): Thus, FV (V)
also belongs to any L.
Our main result below states an error estimate on the approximation of F(0) by
FN(©N), as a function of N, through the sequences (CNH3)) y 1 and (CN-HAP)) s )

Theorem 1. Assume (H1)-(H2)-(H3)-(H4-a)-(H4-b). Then for any p > 0 and

any p2 > p, there is a constant c(3) independent on N such that

PN (©) = F©)||y, < ey (o™ + [CHHED) N =1 (3)

Kp2

Quite intuitively, the global approximation error inherits from that on F' and
that on © modified by the local Holder regularity of x — F(w, z).

Proof. Write FN(ON) — F(©) = [FN(0Y) — F(ON)] + [F(©N) — F(©)]. First, a
direct application of Proposition 1 (for r = s = 2) with (H3) and (H4-a) yields

)
(H3)
)

2(ag,,
< Cé\lf),(H3) (C(2))1/(2p 2a51:3)+1/p 1+ [C(H4 a) ] ;1:3>+1/p> )

HFN(GN) _F(@N)HLp < Cé\[f;(Hi‘l) (C( ))1/(21) 2a2p )+1/p <1+ H@NHOézp +1/P )
+1)

2(ady Vp+1)
Consider now the second term F(OY) — F(0): Set

F _F
HH(W, )\) = Sup | (w‘) y) H(w7 IE)‘
e <0y <A ly — |




and write |F(OY) — F(©)| < H,(|0"| v |6])|@" — ©|*. Then the Holder inequality
with p-conjugate numbers (p1,p2) (i.e. pl_1 —|—p2_1 =p 1) gives

1F@©%) = F©)]y, < [He(1O% VIO, [0 -6l -

The first factor is upper bound using Proposition 1 (for r = s = 2) with (H2) and
(H4-b), it readily leads to

TACHESAC] M
< [H (0" v IOD], (Y -elL,,,

H2 a2 1 O‘(HZ)Jrl/pl -b)1k
< Cépl ) (4(2))1/(2;01) 2%2p, +1/m (1 + H’@N‘ vV ‘@‘HL?(?;(HZ)PI [Cé\;éH4 b)]
2p1

H alH2) H4-a alH?) -b)1x
< Céplz) (€(2))/@P1) 922, +1/p1 (1 + [QCé(az‘;})plﬂ)] 2p1 +1/p1> [Cli\;;2(H4 b)jr.

We are done. O

A variant of the main result: Instead of (H3) above, in some situations,

especially when the variable x plays the role of time variable, computing the error
approximation (FN(.,z) — F(.,z)) leads to the following form of estimates.

(H3’) For any p > 0, there exist a constant aéH?”) € [0,4+00) and a sequence

(G ) sy with C)"®) € [0, 4+00) such that

< CéV,(H3’)ea§,H3,)>\7 VA>1,VN >1. (H3)
Ly

sup |FN(7:E) - F(,l‘)‘
lz]<X

As the reader may guess, the exponential term w.r.t. time comes from an application
of Gronwall’s lemma in the derivation of error estimates. Note that, under the
assumption that © admits finite exponential moments, this exponential factor does
not enable us to deduce that (F(.,x) — F(.,x))|z—e belongs to any L,, with good
L,-estimates, by applying Proposition 1 since the latter requires a polynomial growth
in the stochastic argument. But actually, we can modify Proposition 1 by taking
advantage of the finite exponential moments of ©. This is the next statement.

Proposition 2. Let E be an Euclidean space and G be a F @ B(E)-measurable

mapping taking values in £ such that, for any p > 0, there exist constants az(,G) €

[0, +00) and C’;(,G) € [0, 400) for which

sup |G(-, )|

< C’ISG) exp(az()G))\), YA > 0.
|| <A

LP
Then, for any E-valued random variable & with exponential moments, w — G(w,{(w)) €
L, for any p, and for any p > 0 and any finite conjugate exponents r and s, we have

G| < ngG) (err — 1)1/ @) (E (e(pa§§>+p)sg|>)1/(p5) .
p T



Combine (H3’) with the above (for p = 1, r = s = 2), this proves that
N,(H3’ —1/(2 o, (H3) N\ 1/ (2p)
1FN (L) = P oMy, < Cop T (2 = 1) 7 (I (2002 DIV ) T

Since we assume that © and ©V admit finite exponential moments, we can adapt
the arguments in the proof of Theorem 1, and finally, we demonstrate the following
result.

Theorem 2. Assume, in addition to (H1)-(H2)-(H3’)-(H4-a)-(H4-b), that the
random variables ©,0N admit finite exponential moments (uniformly in N ). Then
for any p >0 and any ps > p, there is a constant c(4) independent on N such that

Kp2

|PY(©) = F@©)|y, < ey (O™ +[CHEDF), wN =1 (@)

This result can be applied directly to diffusion process in diffusion time Z; = Xy;

(see for instance [AZ01]) and study its strong approximation.

Proof of Proposition 2. We adjust the proof of Proposition 1 to the current expo-
nential controls. Briefly, we have

E(IG(,OP) < [COP S e eror merm P (n -1 < |¢] < n)"/?

n>1
1/r 1/s
<[C@p (S| [ e e (1 < g < n)
n>1 n>1
@) e—Pr 1/r (a(G)—i- Jole] 1/s
< [Cor V’(w) (B (elerree))
O

2.3 Simplified assumptions

In some situations, checking the assumptions (H1-H2-H3) may be difficult since we
evaluate the Ly-norms of a maximum. When z is a time variable, we may rely on
Doob inequalities and other martingale estimates to achieve this. In other situations,
it becomes much more complicated. One can apply the general Kolmogorov conti-
nuity criterion for random fields [Kun97, Theorem 1.4.1 p.31], but it does not yield
the quantitative estimates we are looking for, in particular regarding the polynomial
growth factor in (H1-H2-H3). Alternatively, here we use the Garsia-Rodemich-
Rumsey lemma [GRR70] (see for instance [Nua06, p.353-354]) which gives refine-
ment compared to the Kolmogorov criterion. This approach has been extensively
developed in |[BY82| for studying regularity of local times of continuous martingales
w.r.t. the space variable.

Lemma 1 (Garsia-Rodemich-Rumsey lemma, control of modulus of continuity).
Let p, ¥ : Ry — Ry be continuous and strictly increasing functions vanishing at
zero and such that limy_, o W(t) = +00. Suppose that ¢ : RY — £ is a continuous



function with values on the separable Banach space (€,].]). Denote by B, the open
ball in R centered at 0 with radius r. Then, provided

_ [¢(@) — W)l
F—/T/T\IJ( oz —gl) )dxdy<+oo (5)
it holds, for all x,y € B,

2|z—y| d+1
o)~ <5 [ w7 (T ot (6)

where A\g is a universal constant depending only on d.

We now aim at proving the following result, which allows to go from pointwise
estimates to locally uniform estimates, by assuming Holder regularity in L,,. It will
help to check (H2) using much easier conditions.

Theorem 3. Let p > d. Assume that G is F @ B(R?)-measurable mapping (w,z) €
(Q,RY) — G(w,x) € &, continuous in = for a.e. w. Assume that G(z) is in L,
for any = and that there exist constants C(%) € [0, 4+00), B(F) € (d/p,1] and 7(C) €
[0, 4+00) such that

(6

IG(z) = GW)ll,, < C Oz —y*“ @ + 2l + y)™, V(z.y) e RI x RY
Then, for any B € (0, BG) — d/p), we have

wp 160 -C@)

: < c(7)C(G))\T(G)+ﬁ<G)*ﬁ’ VA > 1, (7)
sty <A<y 1Y — ]

Ly

where c(7y 1s a constant depending only on d, p, B3, BG&) (&)

A similar result is proved in [RY99, Theorem 2.1, p.26] using the Kolmogorov

(@)

criterion, with x and y in a compact set, i.e. with 7%/ = 0; the quoted result is not

sufficient for our study.

Proof. Since x — G(z) is a.s. continuous, we can apply Lemma 1 by taking W(¢) :=
tP and p(u) := u? with 72 := 8 + 2d/p: Defining I' as in (5) with G instead of ¢,

we obtain

<COP@ 2 [ yp? o o ay
™ B'r
= (OO (14 2|y ety

= [COP(1 + 2Jr| 7@ B =By (8)

where V1 =[5 [ |z — y[pﬁ(c)*m? dz dy is a finite integral since pB(&) — pyy =
p(BE) —B)—2d > —d = B < B — d/p. This proves that E(I') < 400 thus T is
finite a.s.



Moreover, a direct computation shows that

ro Ad+1T T 44+ 1/p B 4d+1p 1/pﬁ-|-2dp
/0 v 1()\du2d>p(du):/0 <)\du2d) You? 1du:( Ad ) B / orzo

Therefore, from the above and (6) we derive

T/Ply — af? (9)

4d+1 > 1/p28(B + 2d/p)
Ad B

for any z,y with |z| < r and |y| < r. Owing to (8) this implies
P
44+1\1/p28(B8 4 2d /p) 17
< E(T
< [s(5) " Eo

d+1 1/p98 p
< [8(4 ) PEEL2ID) @y 4 g 00| s,

G(a) - Gy) < 8(

G(y) — G
wp 160 -Cw)
ety lel<rlyl<r |y —

B Ad g
The proof is complete. Observe that in the proof (see inequality (9)) we more
precisely show the a.s. Holder estimate on sup,_, iu1<r|y/<r %: This is in-
teresting on its own. O

As a consequence, we obtain the following result that may serve to easily check
(H1).

Corollary 1. Let consider the assumptions and notations of Theorem 8. Then we
have

< capA I A=, (10)

Lp

sup [G(z)|
lz|<A

where cqg) = [[G(0)|g, + c(7)C(G) where c(7y is defined in Theorem 3 with =
(B —d/p)/2. In particular, the constant c(yy depends only on d,p, B, ()

Proof. Using easy inequalities and applying (7) with y = 0 and 8 as announced, it

readily follows

w16 = GLO)

AP
0<|z|<A |z|P

Ly

sup |G(z)|

< GO, +
2| <A

Ly

(e 1(e))
< |GO0)lly,, + eryC AT

Since A > 1 and 7@ + (G > 0, the proof is complete. O

3 Application to compound Euler schemes

In this section, let T' be a positive and finite time horizon and let us consider a
standard filtered probability space (€2, F,P) supporting two g-dimensional standard
Brownian motions W = (W1 ... , W9%) and B = (B',..., BY) on [0, T]. We consider



two R%valued stochastic processes X and Y, solutions of the following stochastic
differential equations (SDE for short)

SDE(u, 0, W): dX(z) = p(t, X¢(z))dt + Zai(t,Xt(x))thi, Xo(z) ==z, (11)

SDE(b, v, B): dYi(y) = b(t, Yi(y))dt + Y %(t, Vi(v))dBi,  Yo(y) = v, (12)
=1

where p, b, 0;,7; are functions from [0,7] x R? into R, globally Lipschitz in space
to ensure the existence of a unique strong solution. Depending on the potential
applications, we may require that B and W are the same, or different. Denote
by X&(z) (vesp. Y (y)) the Euler scheme with time step 7/N of Xr(z) (resp.
Yr(y)): Using previous results, we aim at establishing a new convergence result of
the compound scheme XN (Y,¥(y)) to the compound SDE X;(Y;(y)) as N goes to
infinity, under the form

1N (N () = X (Vi) = O(NY?)

for any p > 0. For a rigorous statement under precise assumptions, see Theorem
4. This approximation issue, interesting on its own, is actually motivated by other
potential applications we briefly expose and that will be subject of future and deeper
investigations.

Relation with approximation of stochastic partial differential equa-
tions (SPDEs). This work constitutes a first step in a subject that until now
has not been addressed to our knowledge, that is to approach solutions of SPDEs
by approximating compound SDEs. Relating compound SDEs to SPDEs is, in a
sense, obvious since it is sufficient to apply the It6-Ventzel formula [Kun97, Sec-
tion 3.3] (under good regularity assumptions on (u,0)) to the compound process
Ul(t,y) := X(Yi(y)) to show that (¢,y) — X;(Yi(y)) solves the second order SPDE,
with stochastic coefficients, given by (to simplify we take d = ¢ =1 and W = B)

b(t, Ye(y))
ayY(ta y)

GZYt(y)) Y2(t, Yi(y)
)

1
= (agU(t, y) — 0,U(t,y) 2,Y:(y) /) (9,Yi(y))2

av(t,y) =(ayU<t,y>

(.Ut ) +azou,U(t,y»v(t,mg)))dt

v(t, Yi(y))

* <‘9yU“’ Y 0¥t )

+o(t,U(t, y))) dw;.

In the reverse direction, i.e. starting from a SPDE, it is more delicate to establish
a link with SDEs. But in the recent work [EM13| based on the theory of stochastic
flows, El Karoui and Mrad have established a direct connection between a certain
utility SPDE and two SDEs. Indeed, being concerned with progressive stochastic
utilities (U(t,x) : t > 0,z € R?) (a.k.a. Forward Utilities or performance processes,
see [MZ10]), the authors show that U (under some regularity assumptions) are in-
evitably solution of a second order fully nonlinear SPDE. Moreover the marginal
utility 9,U is characterized by two SDEs X and Y under the form U, = X (Y 1).



Here Y ! is the inverse flow of Y and can be interpreted as another SDE, see the
above reference for details. The current work paves the way to the derivation of
convergent approximation of SPDEs of this form.

3.1 Hypotheses

We first study approximations on X and for this, we state related assumptions on
the R%valued drift coefficient = {u(t, );t € [0,T],z € R} and the RY x R%-valued
diffusion coefficient o = {o;(t,z);1 < i < ¢,t € [0,T],2 € R?} which we suppose
to be regular enough in time and space. When we will discuss on approximation
of X(Y), similar assumptions will be made on the coefficients b and ~; of Equation
(12) for Y.

(HP1) The coefficients p and o are Lipschitz continuous in space uniformly in time.
More precisely, there exists a finite constant CX such that for any ¢ € [0, T]

and z,y € R?
’N(tﬂf) - u(t,y)\ < CX|=T - y|7 ‘:U’(tvoﬂ < CX7 (HPl)
ot ) —o(t,y)| < CXlz —yl,  |o(t,0]] < C*.

(HP2) p and o are continuously space-differentiable functions such that their deriva-
tives Vou = {Veu(t,z);t € [0,T),z € R} and V,o = {V.0i(t,z);
1 <i<gqtel0,T],z € R} are 6-Holder for a certain exponent § € (0, 1].
Namely, there exists a finite constant CXV such that for any ¢ € [0,7] and
z,y € R?

HP2
Vaolt,o) - Vaoltuy) < CFfa— g, [Vaoltoa) < x5, HP?)

{ Vet z) = Vap(t,y)l < CXV |z —ylf,  |[Vap(t,z)] < CXV,
(HP3) p and o are Holder continuous in time, locally in space, i.e. there exists an
exponent o € (0,1] and a finite constant CX, such that for any = € R? and

s,t € [0,T]

p(t,x) — p(s, )| + ot ) — o(s,2)| < CF (L + |zt — 5| (HP3)

(HP4) p and o are continuously space-differentiable functions such that their deriva-
tives are Holder continuous in time, locally in space, i.e. there exists an ex-
ponent o € (0,1] and a finite constant CX'V, such that for any z € R% and
s,t € [0,T]

|Vaplt, £)=Vap(s, )|+ | Voo (t, )= Veo (s, z)| < COV(1+|z|)|t—s|*. (HP4)

Denoting in the same way the constants of (HP1) and (HP3) (resp. (HP2) and
(HP4)) by C¥ (resp. C%V) is made for the sake of simplicity.

Assumption (HP1) ensures the existence of a strong continuous solution to the
SDE(u, o, W), which is adapted to the natural filtration of W completed by the
P-null sets: (HP1) plays a crucial role to establish a Ly-estimates. It is also well-
known [Kun97, Theorem 4.5.1] that the map (¢,z) — X;(w,z) has a modification

10



which is continuous a.s., we shall systematically work with this modification from
now on. Assumption (HP2) is a sufficient condition (see [Kun97, Theorem 3.3.3|)
under which the above map is C* in z. Assumptions (HP3) and (HP4) enable us,
essentially, to establish convergence results of the Euler discretization scheme within
the paper setting.

3.2 Compound Euler schemes: Main result

Under (HP1), let us consider the strong solution to (11): its Euler scheme with
N > 1 discretization times and step-size % is defined as usually as follows.

e Set XV (x) = .

e For k=0,...,N—1landte (k%,(k+1)%], set

X () = X0 ()l XD () - +Zoz () (Wi~ TWi).

It can be equivalently written as a continuous It6 process: Denoting by 7 :=
[%]% the last discretization-time before ¢, we have

XtN(m):a:—i—/ pu(rs, XX () ds—i—Z/ i (1, XN ()W, (13)

Similarly, assume that b and ~ fulfills (HP1), so that the strong solution Y to (12)
is well defined, together with its Euler scheme Y.

The section is devoted to establish the following main result.

Theorem 4. Assume that i and o satisfy Assumptions (HP1), (HP2), (HP3) and
(HP4) (which a-parameter is denoted by o ) and that b and v satisfy Assumptions
(HP1) and (HP3) (which a-parameter is denoted by o ).

Then the compound Euler scheme XN (Y ™) converges to X (Y.) in any L,-norm,
at the order 3 := min(a™, oY, %
C)p such that for any s,t € [0,T]

) w.r.t. N: For any p > 0, there is a finite constant

XN N - Xu(Ys)|l, <C,N7F, WN>1.

s,

The rest of this section is devoted to its long proof, which requires intermediate
estimates on the SDE and its Euler scheme, some of them being completely new
(Theorems 5 and 8).

3.3 Proof of Theorem 4

In this subsection, we will make use of different constants that may depend on the
integer p of L,-norm, on the dimensions d and ¢, on the time horizon 7' and on
the constants from the assumptions: These constants will be called generic constant
and will be denoted by the same notation C), even if their values change from line
to line. They will not depend on N.

We denote by CE’DG the constant of the upper Burkholder-Davis-Gundy inequal-
ity with Ly-norm (see the right-hand side of [RY99, Theorem 4.1, p.160]).
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3.3.1 SDE: differentiability, local and uniform estimates

To analyze the approximation of the compound SDE X (Y'), precise estimates on
the maps x — X;(w, ) are needed: Such random fields are also called stochastic
flows and are the main subject of Kunita’s book [Kun97|. As aforementioned, under
(HP1), the map (¢t,2) — X;(w,z) has a continuous modification we are working
with. The additional space regularity is connected to the regularity of the coefficients
(1, 0), owing to (HP2), which can be described as follows.

Proposition 3 (|[Kun97, Theorem 4.6.5]). Under Assumptions (HP1) and (HP2),
the strong solution X¢(x) to (11) is continuously differentiable in space and its deriva-
tive denoted by VXy(x) is locally e-Hélder' for any e < 8. Furthermore, it is a
semimartingale solution of a linear equation, with bounded stochastic parameters
(Vapu(t, Xi(2)), Voo (t, Xi(z))) given by

VXo(z)=1d,
dVXi(x) = Veu(t, Xe(z)) VX (2)dt + i Veoi(t, X (z)) VX (2)dW;.  (14)
i=1

We now proceed to Ly-estimates of X;(z) and its sensitivity w.r.t. . We collect
several useful results in the following Proposition.

Proposition 4. Assume (HP1). For anyp > 0, there exist generic constants Cy,(15)
and C), (1) such that

[ X ()|, < Cp,as 1+ |2), (15)

[ X () — (y)HLp < Cpai6)lz =yl (16)

for any (t,z,y) € [0,T] x R x Re. In addition under (HPZ2), for any p > 0 there
exist generic constants C), 17y and C), (1g) such that

IVXi (@), < Cpa7)s (17)
IVXi(2) = VXi (), < Cpasglz —yl° (18)

for any (t,x,y) € [0,T] x R x R%.

Proof. The proofs of inequalities (15) and (16) are standard, see [Kun97, Lemmas
4.5.3 and 4.5.5|. The uniform estimate (17) is also easy to obtain, in view of (14)
and owing to the boundedness of V,u and V,o;, we leave the details to the reader.

It remains to show (18) under (HP2). To alleviate the notation, we provide the
proof when d = ¢ = 1, the general case being similar. Also, we can focus on the
case p > 2 since we can deduce the result for p < 2 using the stability of Lj,-norm
combined with the result for p = 2. First, from (14) write

VX, (2) — VXi(y / Vopu(s, Xs(z )(VXS(:U)—VXS(y)>dS

!That is for any compact K of R? there exists a finite positive random variable C'(K) such that for
any z,y € K we have |VXi(z,w) — VXi(y,w)| < C(K,w)|x — y|® a.s., see [Kun97, Chapters 3 and 4] for
details .
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+ /Ot (VJ;,U«(S, Xs(s)) — Vau(s, XS(Q)))VXs(y)ds
+ /Ot Vo (s, Xs(z)) (VXS(Q:) _ VXs(y))dWs

+/0 (VzU(S,Xs(S)) - vﬂca(S?XS(?/)DVXs(y)dWS.

Take the power p and the expectation, then apply the Burkholder-Davis-Gundy
inequality, the Jensen equality (p > 2) and the Cauchy-Schwarz inequality; it leads
to

E(VXi(z) = VXi(y)*)

< gp-1gp-1 /O E (|Vap(s, Xo(2)) (VX (2) — VX ())P) ds

e / VE(Vari(s, Xo(5)) = Vart(s, Xo ) PP)V/E (IV Xs () PP)ds

+ PO PC 2 /Ot E (Vo (s, Xs(2))(VXs(2) = VX(y))[") ds

+ 4P~ PP /0 VE (Va0 (s, Xs(s)) — Vao(s, Xs(1)[2P)VE (VX (y)|2)ds.

Now, take advantage of the Assumptions (HP1) and (HP2), together with the
estimates (16) and (17): it readily follows that ¢(¢) := E (|VX(z) — VX (y)|P) solves

L p—1r~X,Vip p—1 BDG1ppp/2—1 t[/ $)ds
(1) <@ e (771 (eoprt) [

+ N CNVPCE, (1) O 1y (17 + [CPPPT2) fo = .

2p,(17) " 2pd,(16)

The estimate (18) is then a direct consequence of Gronwall’s lemma.
O

Thanks to the results of Section 2, we are now in a position to generalize Propo-
sition 4 by putting the sup over the space variable inside the expectation. This is
the following assertion, which is a new result to our knowledge.

Theorem 5. Assume Assumption (HP1). For any p > 0 and any B € (0,1), there
exist generic constants Cy, (19 and C, a0y such that, for any t € [0,T],

sup | X¢(z)| < CpagA, VA>T, (19)
lz|<A L,
X, - X
sup | t(x) /;(y)’ < Cp7(20)A1_5, YA > 1. (20)
S WSS Ak L

Assume furthermore Assumption (HP2). For any p > 0 and any B € (0,0), there
exist generic constants Cy, 21, Cp, (22) and Cp, 93y such that, for any t € [0,T7,

sup |VX(z)]

sup < CpanA’, VA1, (21)

Ly
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X, (2) — VX
s VX, (x) Vﬁ (Wl CpomN 8, WA> 1, (22)
wy,|z| <Ayl <A ly — =] L,
Xy(z) — X
sup [Xe(@) W)l < Cp,(23))\6’ vazl (23)
IS A B M

Proof. Let 8 € (0,1): We first show (19) and (20) for any p > d/(1— ) > d. Owing
to (16), we can apply Theorem 3 to G(z) := X;(x) with 3(®) =1 € (d/p,1] and
7(@) =0, to conclude that (20) holds with the given index § since 8 < 1—d/p < p >
d/(1 — B). Moreover the application of Corollary 1 provides (19). Now it remains
to relax the constraint on p: for p < d/(1 — ), set p = 2d/(1 — ) for which (20)
holds and take advantage of the stability property of L,-norm to write

wp X - X))

X - X
. sup | Xi(z) t(y)|
2y, |z <A |y <A ‘y x‘

< 5
etylal<yl<x Y — 2

Ly

< Cp A 7.

Lp

The same arguments apply to prove that (19) holds for any p > 0.

The justification of (21) and (22) follows the same arguments as above, using (18)
instead of (16): then Theorem 3 and Corollary 1 can be applied to G(z) := VX ()
with 8(¢) = § and 7(¢) = 0. We leave the details to the reader.

Last, observe that for any x,y such that |z| < X and |y| < A, we have |X(z) —
Xe(y)] < suppyj<xn [VXi(2)] [y — 2|: thus, (23) readily follows from (21). O

Observe that the additional smoothness in (HP2) enables us to improve (20)
(for 8 < 1) to (23) (i.e. B =1): this improvement will play an important role in the
derivation of Theorem 4.

3.3.2 Euler scheme: local and uniform estimates

Still as intermediate steps to prove Theorem 4, we partly generalize the previous
results about the SDE to its Euler approximation. Some derivations are more subtle
and require details at some places. Recall the definition of Euler scheme in (13).

First, as for the solution of the SDE(u, o), some estimates for its approximation
scheme are needed. This is the analogue of Proposition 4.

Proposition 5. Under (HP1), for any p > 0 there exist generic constants Cp7(24)
and C), (25) such that

HXtN(‘T)HLp < C1;1),(24)(1 + ’l‘|), (24)
Hng(a:) - XtN(y)HLp < Cp,(25)’x - y| (25)
for any (t,x,y) € [0,T] x R x R%.

We omit the proof which is quite standard. Following the same arguments than
for the SDE case (Theorem 5), we can put the sup over the space variable inside the
L,-norm, it gives the following.

Proposition 6. Under (HP1), the estimates (19) and (20) where we replace X by
XN hold true, up to changing the generic constants.
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Let us now show the following estimates on local increments, it will be needed
for the sequel.

Lemma 2. Assume Assumption (HP1) and let p > 0. Then there exist generic
constants Cy, 26y and Cy, o7y such that, for any x,y € R? and any t € [0,T),

1+ z])
XN(z) - XN <C (A + =) 26
Ttsglg)gt‘ u (.’L‘) Tu (:L')’ L = “p,(26) N1/2 s ( )
lz —yl
sup | XV (2) — X0 (y) — XX (@) + XN (y)||| < Ch,27) N2 (27)
Tt<u<t L,

Proof. Here again, it is enough to prove the estimates for p > 2, which we assume
from now on. Also we take d = ¢ = 1 to simplify the exposure. Similarly to the
proof of Proposition 4, Burkholder-Davis-Gundy’s inequality combined with Jensen’s
inequality readily leads to

e (s XN@ - XX@P) <27 (- [ Bt XN G as

T <u<t .

t

+(t = HEEOP [ (jo(r, XX @) ds).
Tt

Finally, from Assumption (HP1), we have |u(t, z)| + |o(t,z)| < CX(1+ |z|) for any

t € [0,T]; combined with (24), we deduce

E ( sup | X () — XX <:c>|f’> < PN CXP (= )2 (14 CL (14 [a)P)

u
Tt <u<t

+ [CEPSPP(t = )220 7 (1 2 o (1 -+ o))

which readily leads to the announced estimate (26).
Let us now turn to the second inequality: The same arguments combined with
Assumption (HP1) and (25) lead to

E( sup |X) () — X (y) — XN (z) + XX ()"
Te<u<t
t

<t - n)”_l/ E (|(rs, X7 (2)) = pl7s, X7, () ) ds

Tt

I 2p71[CEDG]p(t _ Tt)p/Qil / E (|0’(TS, Xf.\s[(x)) — o(Ts, Xﬁf(y))\p) ds

Tt

< PTHCXYCE o (8= )" + [CEPSP(t = 7)2) | — P,

D,

which completes the proof. ]

Strong convergence (classical result). Since in the Euler scheme dynamics
the coefficients p and o are computed at the left of each time interval, we need to
account for their time regularity in order to derive a sharp convergence result: This
is stated through Assumption (HP3). The proof of the following result can be found
in [BL93, Theorem B.1.4 p. 276].
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Theorem 6. Assume Assumptions (HP1) and (HP3) and set # = min(a, 3).

Then, for any p > 0 there exists a generic constant C), 95y such that for any x € R¢

sup | X,(z) — XP (a) S

<C
i< = “p,(28)

Ly

(28)

Furthermore, for any v < 3, the random variables (N7 supy<p |X¢ — X{¥|)n>1 con-
verge almost surely to 0 as N tends to +oo.

Unfortunately, the classical estimate of Theorem 6 is not sufficient to analyze
the error of compound Euler schemes: in view of Theorem 1 and its assumptions (in
particular (H3)), one should have a sup over |z| < A inside the Ly-norm. This is
the purpose of the next derivations.

Strong convergence (new results). To obtain locally uniform in space con-
vergence results, the supplementary assumptions of regularity in space and time for
Vau and Vo5 (see (HP2) and (HP4)) are seemingly important. Thus Theorem 6
can be generalized to the following crucial one.

Theorem 7. Assume (HP1), (HP2), (HP3), (HP4) and let 8 = min(a, 3). For
any p > 0, there exists a generic constant Cy, a9y such that

|z —y|+ |z —y|°

sup ‘Xu(x) - Xziv(x) - Xu(y) + thtv(y)| NB

P < Cp (29 (1+|z[+y])

Lp
(29)
for all z,y € R% and t € [0,T).

Similarly to Theorem 5, we can now derive estimates locally uniformly in space.

Theorem 8. Under Assumptions of Theorem 7, for any p > 0 there exists a finite
generic constant Cy, 30y such that, for any t € [0,T7,

C
< 2BY N2 gy >, (30)

sup | X (a) — XY ()] =TNB

jl<A

Ly

Proof. We aim at applying Corollary 1 by checking the assumptions of Theorem 3
applied to G(x) := Xy(z) — X{¥(x). From (29) we have

|z —y|+ |z —y|°
NP
2-5@ — ?JP

< 20y a0y (1 + ol + Iy)* P2

1G(2) = G(Y)ll, < Cp,29)(1 + |2 +[yl)

using |z —y|+|z—y|° = [z —y[*(1+ |z —y['°) < 20z —y[*(1+|2[+]y[)' . Thus, we
can take C(¢) = ZCP’(gg)/N‘S, 7(@) =2 —§ and (@) = § provided that § € (d/p, 1],
which is true for p large enough. Therefore for such p, the estimate (10) holds true,
which is the announced inequality of Theorem 8. The estimate for smaller values
of p are automatically satisfied invoking once again the stability of L, norms as p
decreases. O
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Proof of Theorem 7. As in the previous proofs, we argue that it is enough to assume
p > 2. To alleviate the presentation, we additionally assume d = ¢ = 1, the
derivation in the general case being similar. From the dynamics of X and XV, we

write
Xi(a) = XN (@) = Xuly) + X (y)
= [ (s X)) = e X2 (@) = sl Xoli) + (e X2 (9) )
+ /0 (o5, Xul@)) = o (7, X2 (@) = (5, Xs(y)) + 07, X2 (9)) )W,

Then, as in the proof of Proposition 4, we obtain

E (sup Xu(w) - X (@) - Xuly) + X <y>|ﬂ) (31)

u<t

<y [ "B ([l X)) = il X2 (0) = s, X)) + i X)) s

T o [CBPGpp 2 /OtE (‘g(s’xs(x)) — o (15, XX (%)) — o(s, Xs(y)) + U(Ts,Xg(y))‘p> ds.

Actually, both terms of the right side of above inequality can be treated in the same
way, thus we only detail the computations for the second integral. First write that

o (s, Xs(2)) = 0 (7s, X7\ (7)) — 0 (s, Xs(y)) + 0 (75, X7\ (1))
= 0(s, Xs(@)) — o5, XV () — (s, Xs(y)) + (s, X (1))
+ U(S7X£V(x)) - U(TS7X7]'Z(x)) - U(SvXév(y)) + 0(7—87X7]-:[(y)>' (32>

Now, we treat the two lines above separately.
Step 1. Denoting by X2 1= X (z) + A(XN (z) — X(z)) for X € [0,1], we have

o(s, Xs(2)) = o(s, X7 (2) — o (s, Xs(y)) + o (s, X' (1))

1
= (Xs(x) - Xév(x) — Xs(y) + Xév(y)) /0 va(S’Xév,)\,x)d)\
1
+(Xs(y) - X' (v) /0 (Voo (s, XNA) — Vo (s, XVAY))dN.

Now we use the definition of the process XV the fact that |V,o(t,z)| < CXV
and |V,o(t, ) — Veo(t,y)| < CXV]z — y|%; we then deduce (for a generic constant
C), which values may change from line to line)

05, Xo(@)) = o5, X2 (@) = (5, X)) + o5, XN (9) P
< Gy (1X(@) - XV () = Xol) + XV ()P

1
+1Xs(y) = XV ()P /0 (1= N (X, (@) = X,(9) + AKX (@) = XN () ["ar)
< Gp|IXua) = X (@) — Xu(w) + X @)

+1Xu() = XY )P (1 (@) = Xo(0) 7 + |1X2N () = XN ()]
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where we have invoked the Minkowsky inequality to handle the dA-integral and
also used (2). From this, integrating over (s,w) and applying the Cauchy-Schwarz
inequality, we obtain (with a larger constant C),)

E/O o (s, Xs(2)) = (5, XY () — o (s, Xs(y)) + o (s, X (y))[Pds

<G| [ E(Xute) - X2 @) - X.) + X)) ds
0

+ /0 VE(Xu) - XY @E (1Xo(@) - Xa@)2? + XN (@) — XN (y)[27)ds

which rewrites, owing to (16)-(25) and (28),

t
E/O o (s, Xs(2)) = (s, XY () — o (s, Xs(y) + o (s, X (y))Pds

<6 [ B0 - X¥ (@) - Xul) + X)) ds+ S e ) (33)

for a new generic constant C,.
Step 2. Now we are concerned by the second line of Identity (32). Similarly to
before, we can write

o(s, X (@) — o (15, X7\ () — 0 (5, X,V (y)) + 0 (75, X7] (y))
=0(5, X () = o(s, X7 () = (o(s, X (9) — o5, X2 (1))
+0(5, X7 (2)) = o(s, X7 (1)) — (075, X7 (2)) — 0 (75, X7 (y)))

- /01 Voo (s, XN (@) + MXY (2) — XV (2)))dA (XN (2) — XN (2))
[ Vel KNG+ A W) - XF @) (KNG - XA G)
[ Va0 AL W) - X)) (K2 @) - X))
/ Voo (e, XN (1) + ACEN () — XN (@) dA (X2 (@) — XN ()
-/ (vxa(s X2 (@) + MK (o) = XD(@) = Vo (s, X2 () + AXE (1) = X2 (1) ) A

0
x (X () = X (2))

1
+/O Vao (s, X2 (y) + AMXZ (y) — X3 () dA (XY (2) — X7 (2) — XV (y) + X ()

1
+/0 (an(s,Xg(as)Jr)\(Xg(y)—Xg(q:))) Vo (76, XX (@) + MXX (y )fXg(x))))d)\
X (X7 (2) = X7 (v)-

Now, by taking advantage of the boundedness and regularity assumptions on Vo,
it readily follows

o (s, XY (2)) = o (75, X7 () — 0 (s, X () + o (7, X7\ ()]

() ~
1
< CX,V[/O ‘(1 _ )\)(XN(@“) —XsN(y)) +)\(Xg(x) —Xif(y)) 5d>\ |X£7(:n) —XN(x)’

S Ts
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+[XN(2) - XN (@) - XN (y) + XX ()

1
+ s — Ts|01/0 (14 X2 (@) + MXN () - X @) )ar [x2 (@) - XN (w)]].

By taking the power p and integrating w.r.t. (s,w), we get, after standard compu-
tations,

/0 E (Jo(s, X (2)) = (7, X7 (2)) — o (s, X (9)) + 0 (75, X7 (1))[7) ds

S (VXY (@)~ XF @) + \[E (X5 (@) - X2 () P))

x \/E (XY (2) - XN (2)|)ds

" /0 E(IXY (@) - XN(@) - XN () + XV (5)]") ds

Nlap /Ot (1 + \/E (IXN (2)%) + \/E (IXJ-Z(y)Pp))\/E (yx;g(m) - X;g(y)\?p)ds].

for some new generic constant Cj,. Finally, by plugging into the above the results of

_|_

Proposition 5 and Lemma 2, we obtain (for a new constant C)

E/O o (s, XY (2)) — (75, X7 (2)) — 0 (s, X2 () + o (7, X7\ (1)) Pds

j —y|” o —ylP o=yl
< = I P P P
< Gy (P (L + Il + b + St (1 + [l + yP))
|z —ylP + |z — y|*”
< Gyt + fa] + fy (34)

We then obtain, by combining (32), (33) and (34),
t
B [ [o(s X(@) - o(r X (&) — 0(5, X.l0)) + o(r X2 ()P
0

<G| /0 E (|X,(2) - XV (@) - Xy(y) + XX ()P ds

W—yw+m—y@]
NBp !

for some new constant C,. The same estimates hold for p instead of o. Hence,

+ (1 + [z + [y])?

plugging the above into (31), we obtain the existence of generic constants C), such
that

E (sup 1 Xu(z) — XN (2) — Xuly) + Xziv(y)‘p>

u<t

<0, [ (sup Xuo) - XX @) — Xul) + XV P )

u<s

+ (L[] + [y])?

|z —yP + |z — ylap}
NBp

|z — y[P + |z — y|P

NBp

where the last inequality follows from Gronwall’s Lemma; the proof is complete. [J

< Cp(L+ |2 + [P
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3.3.3 Completion of the proof of Theorem 4

We now aim at applying Theorem 1 with F(w,z) := Xy(w, ), FN (w,z) :== XN (w, z),
0 = Y,(w,y) and OV := YV (w,y).

Assumption (H1) is satisfied with C}(,Hl) = O, (19) and ozéHl) := 1 in view of
Theorem 5.

Thanks to the inequality (23) of Theorem 5, Assumption (H1) holds true with

k=1, CISH2) = Cp,(23) and aéHm = 4.
Moreover (H3) is valid owing to Theorem 8 where we take C[],V (H3) %
(with A% := min(a®, })) and al(,Hs) =2
Last, (H4) is clearly true using
e Propositions 4 and 5 applied to Y instead of X, which yields C,()H4'a) =
max(Cp (15), Cp,24)) (1 + [y]),
e Theorem 6, applied to Y and YV, which gives Cév’(H4'b) = %(1 +|y|) with
BY :=min(a¥, ).
We are done. O
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