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Abstract

We consider a random map = — F(w,z) and a random variable ©(w), and we
denote by F'V(w,z) and ©"(w) their approximations: We establish a strong con-
vergence result, in L,-norms, of the compound approximation F(w, ©®" (w)) to the
compound variable F(w,O(w)), in terms of the approximations of F' and ©. Two
applications of this result are then developed: Firstly, composition of two Stochastic
Differential Equations through their initial conditions; secondly, approximation of
stochastic processes (possibly non semi-martingales) at random times (possibly non
stopping times).

Keywords: strong approximation, Garsia-Rodemich-Rumsey lemma, Euler schemes,
Iterated Brownian motion, local time, Fractional Brownian motion

MSC: 60Hxx, 60Gxx

1 Introduction

Since the seventies, the numerical analysis of stochastic systems is a research field
on its own and it has tremendous applications in engineering sciences. This work
enriches this vast area by addressing the following natural questions. Consider a con-
tinuous random map = — F'(w,x) and a random variable O(w), and their numerical
approximations F*N(w, z) and ©" (w) for some convergence parameter N — +o00:

- Under which assumptions does the compound approximation w — F (w, @V (w))
converge in Ly, to the compound map w — F'(w, O(w))?

- What is the convergence rate and how does it depend on those related to the
approximations FV to F' and O to ©7?
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It is easy to guess that the analysis would be straightforward if (F, FV) were in-
dependent of (©,0%), by using a conditioning argument. On the contrary, here
our aim is to allow arbitrary dependencies and study the strong convergence in this
general setting (convergence in Lj,-norms).

Among the applied probability community, there is an increasing interest for
strong convergence rates because they constitute the corner stone for designing effi-
cient Multi-Level Monte Carlo methods [Hei01, Gil08| (which significantly speeds-up
Crude Monte Carlo methods). In this work, we provide generic results which pave
the way for establishing strong convergence rates in complicated situations where
results were not available so far. Hopefully, it will open the door for many other
interesting issues.

The paper is organized as follows. In Section 2 we state a general convergence
result (Theorem 1) estimating the Ly-error [|[FY(©Y) — F(©) HL,,’ and then we prove

it. For this we assume locally uniform approximations on FN — F, and local-Hélder
continuity on F. These assumptions being possibly difficult to check in practice,
we then give much easier conditions that imply the first ones, using the Garsia-
Rodemich-Rumsey lemma with precise quantitative controls.

In Section 3, we study the error induced by compound Euler schemes related to
Stochastic Differential Equations (SDEs for short), through their initial conditions.
This question originates in the resolution of Stochastic PDEs using stochastic flows.
In Section 4, we analyse the error arising when stochastic processes are evaluated
at random times, both being approximated. Then, examples are developed, such as
Brownian local times at random points, Fractional Brownian motions or diffusion
processes at Brownian time.

2 Lj,-approximation of compound random maps

The section is devoted to stating and proving a general result (Theorem 1). Appli-
cations are postponed to subsequent sections.

2.1 Assumptions

Let (&,|.]) be a separable Banach space and (€2, F,P) be a probability space. We
are given

e a random field, i.e. a F ® B(R%)-measurable mapping (w,z) € (2,RY)
F(w,z) € &, continuous in x for a.e. w;

e a F-random variable © : Q — R?.
Let FV and ©F be respectively approximations of F' and ©, where N — +00 is a
asymptotic parameter; we aim at controlling in L, the random variable

we Qs FNw, 0N (w)) — F(w,0Ww)) € &

which will be denoted by FV(©Y) — F(0) for the sake of simplicity. For p > 0 and
for a random variable Z : Q + £ or R%, we set 1Z]ly, = (E |Z|p)1/p: We say that



Z € Ly if |Z]|, < +oo. Despite |||, is not a norm for p < 1, we refer to it as
L,-norm to simplify the discussion.

(H1) For any p > 0, there exist constants a}(,Hl) € [0, +00) and C;,()Hl) € [0,400)
such that

aéHl)

<CEDY T A > 1 (H1)
LP

sup [F(-, z)|
2| <A

(H2) There is a k € (0,1] such that for any p > 0, there exist constants aéHz) €

[0, 4+00) and C’I(DHz) € [0, +0o0) such that

F(-.y) — F(-
sup |F(-,y) H(,ﬂf)!
Ty 2] <yl <A ly — =

(H2)

<CHED) T YA > 1 (H2)
Ly

(H3) For any p > 0, there exist a constant a;S,HS) € [0,400) and a sequence

(CéV,(H3))N21 with CéV,(H3) € [0, +00) such that

sup |[FY () = F(, )]

< Cév,(Hs)AaéH‘”, VA>1,YN>1. (H3)
[z[<A

Ly

(H4) For any p > 0, there exist a constant C’I()H4'a) € [0,400) and a sequence
(C]ﬁv’(H‘l'b))Nzl with Cév’(Hél'b) € [0, +00) such that

1O1lL, v [0y, < G, vN > 1, (H4-a)
[oY - 6|y, < Y, YN > 1. (H4-b)

These conditions state that all random variables belong to any L, with some locally
uniform estimates w.r.t. the space dependance; the extension to belonging to some
L, only would be easy and is left to the reader.

2.2 Main results

Had the random variable © be bounded by a finite constant A, we would have directly
obtained HFN(@)) - F(@)HLP < C;];V’(H3)AO‘§’H3>. The extension to non bounded r.v.
© is non trivial and is being achieved in Theorem 1 and its proof. The following result
(inspired by [KS97, Lemma 2.1]) is instrumental in our analysis. In particular, it
enables to justify that the quantities of study are well defined as L, random variables.

Proposition 1. Let E be an FEuclidean space. Let G be a F ® B(E)-measurable
mapping taking values in € such that, for any p > 0 there exist constants a,(JG) €
[0,400) and CZ()G) € [0, +00) for which

(@)

<CON" YA 1L (1)
Ly

sup |G(-,z)|

|z|<A

Let £ be a random variable taking values in E, with finite L, norms for any p > 0.
Then for any p > 0, w — G(w,&{(w)) € Ly, and for any finite conjugate exponents r
and s (r~' + s~ 1 =1), we have the estimate
(@) (§)+1
(6(€)l, < O (clry ) 2o e (14 g0 )

s(abPpt1)
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where ((r) ==Y <, n"" is the Riemann zeta function.

The above result will be extended later in Proposition 8 (Subsection 4.4), when
the polynomial growth (1) is replaced by an exponential one and when the random
variable £ has exponential moments.

Proof. Using twice Holder inequalities, we obtain

ZE(SHP |G(-,2)[PL,— 1§|£|<n>

n>1 |z|<n
1/r

<Z( (sup |G(-, )\pr>) P(N—1§’§‘<n)l/s

n>1 |z|<n
<[COPS L @ rHp (n— 1 <[] < )/
— pr n -

n>1
1/r 1/s
1 (G)

< (G)1p L s(apy’p+1) <
< [Cp] nz>:1n7” ;n ’ Pn<lfl+1<n+1)

< [CEP ¢t (E ((|§\ + 1)s(a;?)p+1)>>1/8 .

(G)

Therefore, |6(€) 1y, < €7 (¢ (141l
s(apr p+

used the Minkowsky inequality. We complete our statement by using

Apr +1/p
) where we have

(a+b)7 < o(vy=1)+ (a7 4+07) <27 (a7 +b) (2)
for any non-negative a, b, 7. O

As a direct consequence of the above result, we deduce that F(©) is any L, (owing
o (H1) and (H4-a)). Moreover we can also apply it to G = FY and ¢ = OV in
view of (H4-a) and since (1) is satisfied (owing to (H1) and (H3)): Thus, FV (%)
also belongs to any L.
Our main result below states an error estimate on the approximation of F'(©) by
FN(©N), as a function of N, through the sequences (CN:H3)) y 1 and (CN-HAP)) o

Theorem 1. Assume (H1)-(H2)-(H3)-(H4-a)-(H4-b). Then for any p > 0 and
any p2 > p, there is a constant c(3) independent on N such that

|IFN(©) = F©)||y, < ey (o™ + [CHIED) N =1 (3)

2p Kp2

Quite intuitively, the global approximation error inherits from that on F' and
that on © modified by the local Holder regularity of = — F(w,x).

F(©)]. First, a

Proof. Write FN(ON) — F(©) = [FN(0N) — F(0N)] + [F(eY) —
d (H4-a) yields

direct application of Proposition 1 (for r = s = 2) with (H3) an

[F(©%) — POl < O3y (c(2)) /O 2ok <1+H@NH‘”‘2” oy )
)

(H3)

I, s
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(H3) N (H3)
< Cé\;(l'm) (C(Q))l/(zp) 903, +1/p [ + [C(H‘%Hg) ]%2p +1/p )
2(0‘2;; p+1)
Consider now the second term F(0V) — F(©): Set
F - F

w2 <Ny <A ly — x|
and write |F(OY) — F(0)| < H,(|6Y| Vv |6])|©" — ©|~. Then the Holder inequality
with p-conjugate numbers (p1,p2) (i.e. pfl —|—p§1 =p~ 1) gives

|F©") = F@O)|ly, < [lH (0" VIONly, oY o]y, .

The first factor is upper bound using Proposition 1 (for r = s = 2) with (H2) and
(H4-b), it readily leads to

|F©%) = FO),
< [H (0% VIOD|, (Y -elL,,,

(H2)
< 0\H2) (4(2))1/(2;01) 20‘;?12)4-1/1?1 (1 + H’@N‘ v ‘@‘H%pl +1/p1 ) [CN,(H4-b)]n
( 1)

— 2p1 L2 Qélz;llz)pl Kp2
(H2) 1/(2p1) oasi? 4+1/py (H4-a) oS 1 /p, N,(H4-b)1x
< 2 2 .
< O (C)MEm 2T (1 ol 1T ) (o)
We are done. O

2.3 Simplified assumptions

In some situations, checking the assumptions (H1-H2-H3) may be difficult since we
evaluate the Ly-norms of a maximum. When z is a time variable, we may rely on
Doob inequalities and other martingale estimates to achieve this. In other situations,
it becomes much more complicated. One can apply the general Kolmogorov conti-
nuity criterion for random fields [Kun97, Theorem 1.4.1 p.31], but it does not yield
the quantitative estimates we are looking for, in particular regarding the polynomial
growth factor in (H1-H2-H3). Alternatively, here we use the Garsia-Rodemich-
Rumsey lemma [GRR70] (see for instance [Nua06, p.353-354]) which gives refine-
ment compared to the Kolmogorov criterion. This approach has been extensively
developed in [BY82| for studying regularity of local times of continuous martingales
w.r.t. the space variable.

Lemma 1 (Garsia-Rodemich-Rumsey lemma, control of modulus of continuity).
Let p, U : Ry — Ry be continuous and strictly increasing functions vanishing at
zero and such that limg_, o ¥(t) = 4-00. Suppose that ¢ : R — & is a continuous
function with values on the separable Banach space (E,].|). Denote by B, the open
ball in RY centered at 0 with radius v. Then, provided

F:/T/T@(W>dxdy<+m (4)

it holds, for all x,y € By,

2|lz—y| d+1
oa) =0l <5 [ (g Jotau) (5)
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where A\g is a universal constant depending only on d.

We now aim at proving the following result, which allows to go from pointwise
estimates to locally uniform estimates, by assuming Holder regularity in L,,. It will
help to check (H2) using much easier conditions.

Theorem 2. Let p > d. Assume that G is F ®@ B(R?)-measurable mapping (w,z) €
(Q,RY) — G(w,x) € &, continuous in = for a.e. w. Assume that G(z) is in L,
for any x and that there exist constants C'&) € [0, 400), ) € (d/p,1] and 7(¢) €
[0,400) such that

(G

1G(z) = GW)lly,, < C Dl =y (1 + | + )™, V(w,y) eRI xR (6)
Then, for any B € (0,3 — d/p), we have

wp  160) - GE)

PEE < eqCON Iy =1, (1)
Ay, 2| <\ |y <A -

Ly

where c(7y is a constant depending only on d,p, B, BG) (G

A similar result is proved in [RY99, Theorem 2.1, p.26] using the Kolmogorov

(@)

criterion, with  and y in a compact set, i.e. with 7\~ = 0; the quoted result is not

sufficient for our study.

Proof. Since x — G(z) is a.s. continuous, we can apply Lemma 1 by taking W(t) :=
tP and p(u) := u? with v, := 8 + 2d/p: Defining ' as in (4) with G instead of ¢,

we obtain
- | | (S

<COP@ 2 [ yp? o s ay
r JBp

= [CDP(1 + 2p|)P7" Y ppB' D —pr2t2dy,

= [CDP(L + 2Jr | B =By, ®)

where V1 =[5 [ |z — y|pﬁ(c)_p72 dz dy is a finite integral since pB(&) — pyy =
(B —B) —2d > —d = B < B —d/p. This proves that E(T') < +oc thus T is
finite a.s.

Moreover, a direct computation shows that

r 44HIT T 44N 1p 491N 1/p B + 2d/p
U —— ) p(du) = — 7271y = s > 0.
o G ot = [ () e tau = (55) M5, ez

Therefore, from the above and (5) we derive

4‘”1)1/?25([3 +2d/p)
Ad B

for any x,y with |z| <r and |y| < r. Owing to (8) this implies
p

6

G() ~ Gy)| < 8( 7]y — off (9)

wp 100) = G@)

wy,|z|<r|y|<r ly — |’




< [8<4d+1)1/p2ﬁ(6+2d/p> B ()

Ad B

441\1/p28 (B + 2d P
< [8( ) (B 24/p) (@)1 1 o)y 15 -0)] 11,
Ad g
The proof is complete. Observe that in the proof (see inequality (9)) we more
precisely show the a.s. Holder estimate on sup,, |z\<r|y|<r %: This is in-
teresting on its own. [

As a consequence, we obtain the following result that may serve to easily check

(H1).

Corollary 1. Let consider the assumptions and notations of Theorem 2. Then we
have

sup |G(z)]|| < c(lo)/\T<G)+f3(G>, YA >1, (10)

jl<A

Lp
where c10) = [|G(0)ly,, + 6(7)C(G) where c(7) is defined in Theorem 2 with § =
(B —d/p)/2. In particular, the constant c(7y depends only on d,p, B(G), (&)

Proof. Using easy inequalities and applying (7) with y = 0 and 3 as announced, it
readily follows

- G(0
sup [G@)| < 16Oy, +|| sup D= FOL s
2| <A L P lo<lz|<A || L
< HG(O)”LP + c(7)C(G))\7'(G)+,B<G>
Since A > 1 and 7(%) + (&) > 0, the proof is complete. O

3 Application to compound Euler schemes

In this section, let T be a positive and finite time horizon and let us consider a
standard filtered probability space (€2, F,P) supporting two g-dimensional standard
Brownian motions W = (W1 ... , W) and B = (B',..., B9) on [0, T]. We consider
two R%valued stochastic processes X and Y, solutions of the following stochastic
differential equations (SDE for short)

SDE(u, 0, W): dXy(z) = p(t, X¢(2))dt + Zai(t,Xt(a:))thi, Xo(z) ==z, (11)
i=1

q
SDE(b, v, B): dYi(y) = b(t, Yi(y))dt + Y _~%i(t,Yi(y)dBi, Yo(y) =y,  (12)

i=1

where p, b, 0;,7; are functions from [0, 7] x R? into R, globally Lipschitz in space
to ensure the existence of a unique strong solution. Depending on the potential
applications, we may require that B and W are the same, or different. Denote
by XN (z) (vesp. Y (y)) the Euler scheme with time step 7/N of Xp(z) (resp.
Yr(y)): Using previous results, we aim at establishing a new convergence result of
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the compound scheme XV (Y,V(y)) to the compound SDE X;(Y;(y)) as N goes to
infinity, under the form

HXtN(YtN(y)) - Xt(Yt(y))HLp = O(N~/?)

for any p > 0. For a rigorous statement under precise assumptions, see Theorem
3. This approximation issue, interesting on its own, is actually motivated by other
potential applications we briefly expose and that will be subject of future and deeper

investigations.

Relation with approximation of stochastic partial differential equa-
tions (SPDEs). This work constitutes a first step in a subject that until now
has not been addressed to our knowledge, that is to approach solutions of SPDEs
by approximating compound SDEs. Relating compound SDEs to SPDEs is, in a
sense, obvious since it is sufficient to apply the Ito-Ventzel formula [Kun97, Sec-
tion 3.3| (under good regularity assumptions on (i, o)) to the compound process
U(t,y) = X(Yi(y)) to show that (¢,y) — X;(Yi(y)) solves the second order SPDE,
with stochastic coefficients, given by (to simplify we take d = ¢ =1 and W = B)

b(t, Ye(y))
ayY(ta y)

GZYt(y)) Y2(t, Yi(y)
)

1
= (agU(t, y) — ,U(t,y) 8,Y:(y)/ (9,Yi(y))2

av(t,y) :(ayw,y)

(.Ut ) +azou,U(t,w)v(t,my)))dt

v(t, Yi(y))

* (ayU“’ Y 8, (t.)

+o(t,U(t, y))) dW;.

In the reverse direction, i.e. starting from a SPDE, it is more delicate to establish
a link with SDEs. But in the recent work [EM13| based on the theory of stochastic
flows, El Karoui and Mrad have established a direct connection between a certain
utility SPDE and two SDEs. Indeed, being concerned with progressive stochastic
utilities (U(t,z) : t > 0,2 € R?) (a.k.a. Forward Utilities or performance processes,
see [MZ10]), the authors show that U (under some regularity assumptions) are in-
evitably solution of a second order fully nonlinear SPDE. Moreover the marginal
utility 9, U is characterized by two SDEs X and Y under the form U, = X (Y 1).
Here Y~ ! is the inverse flow of Y and can be interpreted as another SDE, see the
above reference for details. The current work paves the way to the derivation of
convergent approximation of SPDEs of this form.

3.1 Hypotheses

We first study approximations on X and for this, we state related assumptions on
the R-valued drift coefficient p = {u(t,x);t € [0, 7],z € R?} and the R% x R%-valued
diffusion coefficient o = {o;(t,z);1 < i < ¢,t € [0,T],2 € R?} which we suppose
to be regular enough in time and space. When we will discuss on approximation
of X(Y), similar assumptions will be made on the coefficients b and ~; of Equation
(12) for Y.



(HP1) The coefficients u and o are Lipschitz continuous in space uniformly in time.
More precisely, there exists a finite constant C* such that for any ¢ € [0, T

and z,y € R?
o(t,z) — o(t,y)| < CX|z —yl, |o(t,0]] < CX.

(HP2) p and o are continuously space-differentiable functions such that their deriva-
tives Vopu = {Veu(t,z);t € [0,T),z € R} and V,o = {V.0i(t, z);
1 <i<gqtel0,T],rc R are §-Holder for a certain exponent & € (0, 1].
Namely, there exists a finite constant CXV such that for any ¢ € [0, 7] and
z,y € RY

HP2
Vaolt,2) - Vaolt,y)| < CXFfe — g, [Vaolt,a)] < 0X¥. P

{ Vaplt,z) = Vopu(t,y)| < CXV|z—y’,  |[Vap(t, )] < CYY,
(HP3) pu and o are Holder continuous in time, locally in space, i.e. there exists an
exponent a € (0,1] and a finite constant CX, such that for any z € R% and

s,t €10,

n(t,2) — u(s,a)| + lo(t,2) - o(s,2)| < CX(L+[a)|t — s/ (HP3)

(HP4) p and o are continuously space-differentiable functions such that their deriva-
tives are Holder continuous in time, locally in space, i.e. there exists an ex-
ponent a € (0,1] and a finite constant C*>V, such that for any z € R? and
s,t €10,T]

(Vatalt, @)~ Vapa(s,2) [ 4|V oo (t, )~ Voo (s,a)] < XV (1+]a])|t—s[*. (HP4)

Denoting in the same way the constants of (HP1) and (HP3) (resp. (HP2) and
(HP4)) by C¥ (resp. C%V) is made for the sake of simplicity.

Assumption (HP1) ensures the existence of a strong continuous solution to the
SDE(u, o, W), which is adapted to the natural filtration of W completed by the
P-null sets: (HP1) plays a crucial role to establish a Lj,-estimates. It is also well-
known [Kun97, Theorem 4.5.1] that the map (¢,2) — X;(w,z) has a modification
which is continuous a.s., we shall systematically work with this modification from
now on. Assumption (HP2) is a sufficient condition (see [Kun97, Theorem 3.3.3|)
under which the above map is C! in z. Assumptions (HP3) and (HP4) enable us,
essentially, to establish convergence results of the Euler discretization scheme within

the paper setting.

3.2 Compound Euler schemes: Main result

Under (HP1), let us consider the strong solution to (11): its Euler scheme with
N > 1 discretization times and step-size % is defined as usually as follows.

e Set XV (x) = .



e For k=0,...,N—1landte (k%, (k+1)%], set

X (@) = X (@)l X () (-0 ) +Zaz (@) (Wi ).

It can be equivalently written as a continuous It6 process: Denoting by 7 :=
(7]

T % the last discretization-time before ¢, we have

XN (z) :x+/0t u(Ts, X ds+Z/ oi(7e, XN (2))dWE, (13)

Similarly, assume that b and ~ fulfills (HP1), so that the strong solution Y to (12)
is well defined, together with its Euler scheme Y.

The section is devoted to establish the following main result.

Theorem 3. Assume that p and o satisfy Assumptions (HP1), (HP2), (HP3) and
(HP4) (which a-parameter is denoted by o) and that b and v satisfy Assumptions
(HP1) and (HP3) (which a-parameter is denoted by oY ).
Then the compound Euler scheme XN (Y™N) converges to X (Y.) in any Ly-norm,
X Y 1

at the order 8 := min(a™, o, 5) w.r.t. N: For any p > 0, there is a finite constant

Cy such that for any s,t € [0,T]

IXN(YN) = X, (V)| <CoN~P, YN >1.

I,

The rest of this section is devoted to its long proof, which requires intermediate

estimates on the SDE and its Euler scheme, some of them being completely new
(Theorems 4 and 7).

3.3 Proof of Theorem 3

In this subsection, we will make use of different constants that may depend on the
integer p of L,-norm, on the dimensions d and ¢, on the time horizon 7T and on
the constants from the assumptions: These constants will be called generic constant
and will be denoted by the same notation C), even if their values change from line
to line. They will not depend on N.

We denote by CI];D’DG the constant of the upper Burkholder-Davis-Gundy inequal-
ity with L,-norm (see the right-hand side of [RY99, Theorem 4.1, p.160]).

3.3.1 SDE: differentiability, local and uniform estimates

To analyze the approximation of the compound SDE X (Y'), precise estimates on
the maps x — X;(w, ) are needed: Such random fields are also called stochastic
flows and are the main subject of Kunita’s book [Kun97]. As aforementioned, under
(HP1), the map (¢t,z) — X(w,z) has a continuous modification we are working
with. The additional space regularity is connected to the regularity of the coefficients
(1, 0), owing to (HP2), which can be described as follows.
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Proposition 2 (|[Kun97, Theorem 4.6.5|). Under Assumptions (HP1) and (HP2),
the strong solution X;(x) to (11) is continuously differentiable in space and its deriva-
tive denoted by VXy(x) is locally e-Hélder' for any e < 6. Furthermore, it is a
semimartingale solution of a linear equation, with bounded stochastic parameters

(Vaou(t, X¢(x)), Vio(t, X¢(x))) given by
VXo(z) =1d,

dVXi(z) = Vau(t, X¢(z)) VX (x)dt + zq: Veoi(t, Xi(x)) VX (2)dW;.  (14)
i=1

We now proceed to Ly-estimates of X;(z) and its sensitivity w.r.t. z. We collect
several useful results in the following Proposition.

Proposition 3. Assume (HP1). For anyp > 0, there exist generic constants Cy,(15)
and C, (1) such that

1Xe(@)lL, < Cpas(1+ [2]), (15)
1Xe(2) = Xi (W), < Cpae)lz =yl (16)

for any (t,z,y) € [0,T] x R x RY. In addition under (HP2), for any p > 0 there
exist generic constants C), 17y and C), (1g) such that

IVXe(z)l, < Cpar), (17)
IVXi(2) = VX (W), < Cpas)le — y|° (18)
for any (t,x,y) € [0,T] x R x R%.

Proof. The proofs of inequalities (15) and (16) are standard, see [Kun97, Lemmas
4.5.3 and 4.5.5|. The uniform estimate (17) is also easy to obtain, in view of (14)
and owing to the boundedness of V,u and V,o0;, we leave the details to the reader.

It remains to show (18) under (HP2). To alleviate the notation, we provide the
proof when d = ¢ = 1, the general case being similar. Also, we can focus on the
case p > 2 since we can deduce the result for p < 2 using the stability of Ljp-norm
combined with the result for p = 2. First, from (14) write

VX, (z) - VXi(y) = /0 t Vapu(s, Xo(z)) (VXs(fU) - VXs(y))dS
[ (Tanlo Xu06)) = Vo, X)) VX,
+ /Ot V.o(s, Xs(x)) (VXs(ZE) - VXS(y))dWS

[ (Tt X))~ T, X)) VX W

!That is for any compact K of R? there exists a finite positive random variable C'(K) such that for
any x,y € K we have |VX;(z,w) — VXi(y,w)| < C(K,w)|z — y|¢ a.s., see [Kun97, Chapters 3 and 4] for
details .
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Take the power p and the expectation, then apply the Burkholder-Davis-Gundy
inequality, the Jensen equality (p > 2) and the Cauchy-Schwarz inequality; it leads
to

E([VXi(x) = VXi(y)")

< gp=1gp-1 /0 E (|Vap(s, Xo(2)) (VX (2) — VX () P) ds

Ham /0 VE ([Vap(s, Xs(s)) = Vau(s, Xs(y)PP)VE (IVX(y)[2)ds

+ PO PC 2 /Ot E([Vzo(s, Xs(2))(VXs(2) = VXs(y))[P) ds

+4”1[C§DG]ptp/21/0 VE ([Va0(s, Xs(s)) = Vao (s, Xs(y) PP)VE (VX (y) ) ds.

Now, take advantage of the Assumptions (HP1) and (HP2), together with the
estimates (16) and (17): it readily follows that ¢(t) := E (|VX¢(z) — VX (y)|P) solves

L p—1r~X,Vip p—1 BDG1ppp/2—1 tL $)ds
(0 <@ e (71 - (eoprt) [

11X,V s BDG 2 s
+ATHCXTPCE, (0O gy (TP + [CPPCPTPR) o — %,
The estimate (18) is then a direct consequence of Gronwall’s lemma.

O

Thanks to the results of Section 2, we are now in a position to generalize Propo-
sition 3 by putting the sup over the space variable inside the expectation. This is
the following assertion, which is a new result to our knowledge.

Theorem 4. Assume Assumption (HP1). For any p > 0 and any B € (0,1), there
exist generic constants Cp, (19 and Cy, 20y such that, for any t € [0, 7],

sup | Xi(x)| <CpagA, VA>T, (19)
|z| <A L,
X, - X
sup ’ t(w) ﬂt(y)’ < Cp,(QO)Al_ﬁ)? YA > 1. (20)
AW ES W Ak L

Assume furthermore Assumption (HP2). For any p > 0 and any B € (0,0), there
exist generic constants Cy, 21, Cp, (22) and Cp, 93y such that, for any t € [0,T7,

sup |[VXy(2)|| < Cpanr?, VAL, (21)
2| <A L,
Xi(z) — VX
sup VX, (x) VB t(y)| <oV P, VAL, (22)
w1, 2| <A g < ly — = L
Xi(z) — X
sup | X¢(x) +(y)] < Cp7(23))\5, VA > 1. (23)
I ESNE N A B |
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Proof. Let 8 € (0,1): We first show (19) and (20) for any p > d/(1— ) > d. Owing
to (16), we can apply Theorem 2 to G(z) := X;(x) with 3(&) =1 € (d/p,1] and
(&) = 0, to conclude that (20) holds with the given index [ since f < 1—d/p < p >
d/(1 — B). Moreover the application of Corollary 1 provides (19). Now it remains
to relax the constraint on p: for p < d/(1 — ), set p = 2d/(1 — ) for which (20)
holds and take advantage of the stability property of L,-norm to write

X = X))

Xi(x) — X,
3 sup | t( ) t(y)|
x#y, || <A |y <A \y - JU\

= 5
syl A< [y — 7]

Ly

Lj

The same arguments apply to prove that (19) holds for any p > 0.

The justification of (21) and (22) follows the same arguments as above, using (18)
instead of (16): then Theorem 2 and Corollary 1 can be applied to G(z) := VX (x)
with (¢ = § and 7(&) = 0. We leave the details to the reader.

Last, observe that for any x,y such that || < X and |y| < A, we have | X;(z) —
Xe(y)| < suppyj<xn [VXi(2)] [y — 2|: thus, (23) readily follows from (21). O

Observe that the additional smoothness in (HP2) enables us to improve (20)
(for 8 < 1) to (23) (i.e. B =1): this improvement will play an important role in the
derivation of Theorem 3.

3.3.2 Euler scheme: local and uniform estimates

Still as intermediate steps to prove Theorem 3, we partly generalize the previous
results about the SDE to its Euler approximation. Some derivations are more subtle
and require details at some places. Recall the definition of Euler scheme in (13).

First, as for the solution of the SDE(u, o), some estimates for its approximation
scheme are needed. This is the analogue of Proposition 3.

Proposition 4. Under (HP1), for any p > 0 there exist generic constants Cy, (a4
and Cy, (25) such that

HXtN(x)HLp < Cp o0y (1 + |z), (24)
HXtN(l’) - XtN(y)HLP < Cp,(25)’1’ —yl (25)
for any (t,z,y) € [0,T] x R% x RY,

We omit the proof which is quite standard. Following the same arguments than
for the SDE case (Theorem 4), we can put the sup over the space variable inside the
L,-norm, it gives the following.

Proposition 5. Under (HP1), the estimates (19) and (20) where we replace X by
XN hold true, up to changing the generic constants.

Let us now show the following estimates on local increments, it will be needed
for the sequel.

13



Lemma 2. Assume Assumption (HP1) and let p > 0. Then there exist generic
constants C), 26) and Cy, 97y such that, for any x,y € R? and any t € [0,T),

1+ Ja)
XV (z) - x¥ < o D (g
Ttsguupgt| u (‘T) Tu (‘T)’ Lp — p,(26) N1/2 9 ( )
r—Yy
sup (XN )~ XY ) - XX @)+ XNl < Cuen )
Tt<u<t L,

Proof. Here again, it is enough to prove the estimates for p > 2, which we assume
from now on. Also we take d = ¢ = 1 to simplify the exposure. Similarly to the
proof of Proposition 3, Burkholder-Davis-Gundy’s inequality combined with Jensen’s
inequality readily leads to

B (s XY@ - XX@P) <27 (- m [ Bt XN ) as

Tt <u<t Tt

t

(=P HEEOP [ (jo(r X @) ds).
Tt

Finally, from Assumption (HP1), we have |u(t,z)|+ |o(t, )| < CX(1 4+ |z|) for any

t € [0,T]; combined with (24), we deduce

E ( sup X2 () - X2 <:c>|p> < (NP (6= 7P (1 O oy (14 [a])?)

T <u<t
+ [CEPSPP(t = )220 (14 CF o (1 -+ [a)))

which readily leads to the announced estimate (26).
Let us now turn to the second inequality: The same arguments combined with
Assumption (HP1) and (25) lead to

E( sup X0 (@) = X, () = X (@) + X2, ()I7)
TtSUS

<=t [ B (i X3 0) — s XY )P s

Tt

+ 227N OPPOP(t — m)* / E (|o(rs, X2 (2)) = (s, X3 () F) ds

Tt

< PO gy (=7 + (OPPOP (= 7)) o —

which completes the proof. O

Strong convergence (classical result). Since in the Euler scheme dynamics
the coefficients p and o are computed at the left of each time interval, we need to
account for their time regularity in order to derive a sharp convergence result: This
is stated through Assumption (HP3). The proof of the following result can be found
in [BL93, Theorem B.1.4 p. 276].

Theorem 5. Assume Assumptions (HP1) and (HP3) and set # = min(a, 3).

Then, for any p > 0 there exists a generic constant C), 95y such that for any x € R4

(1+|z])

sup X () — X} (2)] —

<C
i< = “p,(28)

(28)

Ly
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Furthermore, for any v < f3, the random variables (N7 sup;<p | X; — XN N1 con-
verge almost surely to 0 as N tends to +oo.

Unfortunately, the classical estimate of Theorem 5 is not sufficient to analyze
the error of compound Euler schemes: in view of Theorem 1 and its assumptions (in
particular (H3)), one should have a sup over |z| < X inside the Ly-norm. This is

the purpose of the next derivations.

Strong convergence (new results). To obtain locally uniform in space con-
vergence results, the supplementary assumptions of regularity in space and time for
Vau and Vo, (see (HP2) and (HP4)) are seemingly important. Thus Theorem 5
can be generalized to the following crucial one.

Theorem 6. Assume (HP1), (HP2), (HP3), (HP4) and let 8 = min(a, 3). For

any p > 0, there exists a generic constant Cy, a9y such that

|l —y| + |z —y|°

sup ‘Xu(x) - Xl]LV(x) - Xu(y) + Xiv(y” NB

u<t

< Cp,20) (14 |z[+y])
Lp
(29)
for all z,y € R% and t € [0, 7).

Similarly to Theorem 4, we can now derive estimates locally uniformly in space.

Theorem 7. Under Assumptions of Theorem 6, for any p > 0 there exists a finite
generic constant C, 30y such that, for anyt € [0,T],

C
< 2BY N2 gy >, (30)

sup [X,(2) - XN (@) < 22

jl<A

Ly

Proof. We aim at applying Corollary 1 by checking the assumptions of Theorem 2
applied to G(z) := X;(x) — XV (x). From (29) we have

|z —y|+ |z —y|°
NP
2—5\37 — ZUP

< 20y a0y (1 + ol + Iy)* P2

1G(2) = G(Y)ll,, < Cp,29)(1 + |2 +[yl)

using |z —y|+ |z —y[° = [z —y|°(1+]z —y|" %) < 2[z—y|°(1+|z[+]y[)' 7. Thus, we
can take C(G) = 20p7(29)/]\75, 7(@) =2 —§ and (@) = § provided that § € (d/p, 1],
which is true for p large enough. Therefore for such p, the estimate (10) holds true,
which is the announced inequality of Theorem 7. The estimate for smaller values
of p are automatically satisfied invoking once again the stability of L, norms as p
decreases. O

Proof of Theorem 6. As in the previous proofs, we argue that it is enough to assume
p > 2. To alleviate the presentation, we additionally assume d = ¢ = 1, the
derivation in the general case being similar. From the dynamics of X and XV, we
write

Xe(x) — XN (2) = Xeoly) + X ()

15



= [ (s 20a) = e X2 (@) = sl X)) + e X2 0) ) s
+ /0 (U(s, Xo(2)) — o(re, XN (@) — 0(s, Xa(y)) + o (7, ij(y)))dws.

Then, as in the proof of Proposition 3, we obtain

E (sup Xu(w) — X2 (@) — Xuly) + X <y>|p) (31)

u<t

<yt [ ' ([(s, Xo(a) — i X2 @) — o, Xalo) + e X)) s

+ 27O [ (Joto, X)) — o X2 0) — ol X)) + ot X2 D) s

Actually, both terms of the right side of above inequality can be treated in the same
way, thus we only detail the computations for the second integral. First write that

o (s, Xs(2)) = 0 (7s, X7\ (7)) — 0 (s, Xs(y)) + 0 (7, X7 (1))
= 0(s, Xs(@)) — o5, XY () — (s, Xs(y)) + (s, X (1))
+ U(S7X£V(x)) - U(TS7X7]'Z(x)) - O'(S,X;V(y)) + 0(7—87X7]-:[(y)>' (32>

Now, we treat the two lines above separately.
Step 1. Denoting by X2 := X, () + A(XN () — X(z)) for X € [0,1], we have

o (s, Xs(2)) = o(s, X (2)) — o (s, Xs(y)) + o (s, X,V ()

1
= (Xao(z) = XN (@) — Xo(y) + XV (1) /0 Vo (s, X3\
1
+ () _Xév(y))/o (Vao(s, XXM) = Vyo (s, XNAMY))dA.

Now we use the definition of the process XV®  the fact that |V o(t,z)| < CXV
and |V o (t,z) — Vzo(t,y)| < CXV]z — y|%; we then deduce (for a generic constant
C), which values may change from line to line)

o5, X)) — (s, X2 (2)) = o5, X)) + o5, X ()P
(\X() XN (@) = Xo) + XV ()

F1Xa() - XN ()P / [ — X)) + AKX (@) - XN ()P r)
<G, [rxsm - XN (@) - Xoy) + X;V Ol
+1Xo(y) = XN )P (1K, () = X, ()| + | X2 (@) = XV ()7 |

where we have invoked the Minkowsky inequality to handle the dA-integral and
also used (2). From this, integrating over (s,w) and applying the Cauchy-Schwarz
inequality, we obtain (with a larger constant Cp)

E / 05, Xa(2)) — (5, XN (1)) — 05, Xa(w)) + (5, X (3))Pds
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<G| [ E(Xute) - X2 @) - X) + X)) ds
0

+/0 \/E (1Xs(y) = Xév(y)Pp)\/E (1 Xs(x) — Xs(y)[2P + | XN (z) — XN (y)[20P)ds
which rewrites, owing to (16)-(25) and (28),

/ o (s, Xs(@)) — o5, X' () — (s, Xs(y)) + (s, X ())[Pds

<¢ (/0 (1Xs(2) = XV () — Xs(y) + XV (y)|) ds + (1 ;!i”pu_m&p) (33)

for a new generic constant C),.
Step 2. Now we are concerned by the second line of Identity (32). Similarly to

before, we can write

) — (s, X () + o (7, X7 (1)
= 0(s, XY (2)) — o(s, X[ () — (0(s, X} () — o (s, X7 (1))
(@) = o (s, X2 (1) = (0(7s, X (2)) = 075, X7 (1))

= | Veo(s, XV (@) + MXY (2) — XN (2)))d) (XY (2) — X2 ()

- Voo (s, XX () + MXN () = XN () dX (XN (y) — XN ()

/ Vao (s, XN (@) + MXY () — XV (@)))dr (XY (z) — XV (1)
/ Va0 (s XX (@) + AMXY () — X2 (@) dr (XX (@) - XN (1))

x (X (2) Xif(fﬂ))

Now, by taking advantage of the boundedness and regularity assumptions on Vo,
it readily follows

o, X2 (@) = (7, X2 (@) = o5, XX () + 0 (s X2 (1)
1

<[ [ =M @) = X2 ) + A ) = X2 ) O X (@) - X o)
+ X8 (@) - X (@) - XV () + X )|

T

o=l [ (14 X2 0) A )~ XX @))ar X3 - x|
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By taking the power p and integrating w.r.t. (s,w), we get, after standard compu-
tations,

/0 E (|o(s, XN (1)) — o(ra X (2)) — 05, X¥ () + o(ra: XN (0))I7) ds

< | (VEIXY @) = XF @) + /B (X5 (@) - X2 ) P))

% JE (|XN (2) — XY (x)[2r)ds

" / E (IXY (@) - XN(@) - XN () + XV (y)]") ds

Nlap /Ot (1 + \/E (1XH (x)[%) + \/E (IXii(y)lzp)) \/E (yx;g(x) - X;g(y)fp)ds] .

+

for some new generic constant C,. Finally, by plugging into the above the results of
Proposition 4 and Lemma 2, we obtain (for a new constant C))

E/O o (s, X3 (2) — 075, X72 (2) — 05, X' () + o (75, X7 () Pds

|z —y|”
NP/2

u—mp+u—yv
NP/2 Nop
|z — yP + |z — y|°P

NBp
We then obtain, by combining (32), (33) and (34),

<o (14| + (1+ [2l? + [y"))

< Cp(L+ [z] + [y])”

E/O (s, Xs(2)) = (75, X7\ (2)) = 0 (s, Xs(y)) + o (7, X7 (1)) Pds

<G| [ E(Xute) - X @) - X.) + X)) ds
0

W—yw+w—y®]

p
(14 Jal +y)) s

for some new constant C,. The same estimates hold for p instead of o. Hence,
plugging the above into (31), we obtain the existence of generic constants C), such
that

B (sup Xu(2) = XN () = Xu(y) + XV <y>|p)

u<t

<0 [ B (suplx(o) - X ) - X) + XX P ) s

u<s

M—yP+M—yW}
NBp

|z — ylP + |z — y|°P
NBp

+ (L [z + [y])?

< Cp(1+ [2| + ly])”

where the last inequality follows from Gronwall’s Lemma; the proof is complete. [J
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3.3.3 Completion of the proof of Theorem 3

We now aim at applying Theorem 1 with F(w,z) := Xy(w, ), FN (w,z) :== XN (w, z),
0 = Y,(w,y) and OV := YV (w,y).

Assumption (H1) is satisfied with C}(,Hl) = O, (19) and ozéHl) := 1 in view of
Theorem 4.

Thanks to the inequality (23) of Theorem 4, Assumption (H1) holds true with
k=1, CI()H2) = Cp,(23) and aéHm = 4.

Moreover (H3) is valid owing to Theorem 7 where we take Cév (H3) . %
(with A% := min(a®, })) and al(,Hs) =2
Last, (H4) is clearly true using
e Propositions 3 and 4 applied to Y instead of X, which yields CI()HLL_a) =
max(Cp (15), Cp,24)) (1 + [y]),
e Theorem 5, applied to Y and YV, which gives Cév’(H4'b) = %(1 +|y|) with
BY :=min(aY, %)
We are done. ]

4 Application to stochastic processes at random

times

Considering stochastic processes at random times is interesting on its own, and be-
sides it has also many applications: among others, we mention the Dambis-Dubins-
Schwarz representation of martingale as time-changed Brownian motion [RY99,
Chapter V], the Skorokhod Embedding Problem to represent any distribution using
Brownian motion stopped at a suitable stopping time [Obt04], and the Brownian
motion at Brownian time to derive Feynman-Kac formulas for bi-Laplacian PDEs
[Fun79].

We illustrate our general result (Theorem 1) in non trivial applications. To be
pedagogical, we start with martingale models at stopping times: here, the usual
stochastic calculus tools enable to derive error bounds when only the stopping time
O is approximated (Proposition 7). Passing to arbitrary random times is not possible
with the same tools and this is where the results of this work come into play (Theorem
8, Corollaries 2 and 3). Second we deal with non-semimartingale models (Theorems
10 and 11): Fractional Brownian motion and Iterated Brownian motion.

4.1 Martingale at random times

On a filtered probability space which filtration satisfies the usual condition, let
(M;)i>0 be a Ri-valued continuous martingale, which component-wise bracket is
of the form (M (i))t = fg mgi)ds for a progressively measurable process m® bounded
by a finite constant C'M).

Proposition 6. The measurable mapping (w,t) — M(w) satisfies (H1) and (H2)
for any K € (0,1).
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Proof. Assumption (H1) is easily checked with az()Hl) = 1/2 owing to Burkholder-

Davis-Gundy inequalities [RY99, Theorem 4.1, p.160]. Let us now turn to the verifi-
cation of (H2) for any € (0, 3); let s be such a parameter. First, observe that it is
enough to prove the Lj-estimates in (H2) for p large enough since they are automat-
ically satisfied for smaller p with the same constants, using the immediate inequality
1Z]ly,, < [IZ]ly,, for ¢ < p. Therefore, we now consider p large enough such that
k < 1/2—1/p (in particular p > 2). A direct application of Burkholder-Davis-Gundy
inequalities gives

1M, — My, < CSMJt— 82, Vst e R,

for some finite constant C’IEM) depending on d, C’I];D’DG and CM) . Thus, (6) is fulfilled
with (@) = 1/2 and 7(¢) = 0: from Theorem 2 we deduce (7) with 8 = & €
(0,8 — 1/p): thus, (H2) holds for F = M with o\72 = 1/2 — k. We are
done. O

Theorem 8. Let 0V and 0 be random times with finite moments at any order,
uniformly bounded w.r.t. N. For anyp >0, any k € (0,1/2) and q > kp, there is a
constant cp x4 such that

My — Molly, < cpra 0% — 65 5
Proof. Let k € (0, %) In view of Proposition 6, we can apply Theorem 1 which
reads in the current setting (F' = F¥ = M and Cév’(H& =0,0 =0 and 6N =o")

K
[M(0%) = MOy, < e [l07 =0, -

for any parameter po > p. This allows the choice py = ¢/k which leads to the
advertised estimate. O

As a comparison, we state a similar result available when 8V and 6 are stopping
times. The proof is based on the Burkholder-Davis-Gundy inequalities applied to
the martingale Ny = Mynygps — Myn agps, We leave details to the reader.

Proposition 7. Let OV and 6 be stopping times with finite moments at any order,
uniformly bounded w.r.t. N. For any p > 0, there is a constant c, such that

1/2

[ Mo~ — M9||Lp <o HGN - HHLP/Q :

Observe that the exponent of the L,-norms of 6N — 6 is slightly better in Propo-
sition 7 than in Theorem 8 but the scope of applicability is narrower because of the
restriction to stopping times in Proposition 7.

With a result like Theorem 8 at hand, we can study quite efficiently some non
trivial approximation problems. Consider the approximation of the mazimum of a
scalar continuous martingale M (d = 1) on the time interval [0,7] (with 0 < T' <
+00) upon discrete time monitoring. Set 7% := inf{t € [0,7] : M; = maxs<p M}
for the first time at which M reaches its maximum on [0,77]; clearly this is not a
stopping time for the underlying filtration. It may happen that the maximum is
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achieved several times (although it is a.s. unique for the Brownian motion), which
justifies why we choose the first time.

Generally speaking, computing exactly 7 is challenging: in practice, it can be
approximated on a grid (¢; := iT/N)o<i<ny (with N > 1) by the discrete time
N = inf{t; € [0,T] : My, = maxy; <7 My, }. In the Brownian case for M, we know
that the error M« — M ..~ converges to 0 at rate /N, see [AGP95, Theorem 1,
Lemma 6] for details. Owing to Theorem 8, we can prove that in the current more
general case the strong error is of order N~* for any k < 1/2.

Corollary 2. For any k € (0,1/2) and any p > 0, we have
IMy- = Moy, = O(N™).

Proof. Set 6 := 7* and define 6V as the closest point to @ on the discrete grid.
Observe that it may be different from 7%, but anyhow we have

0< Mrw — Moon < My — Myn,
|6 —oN| <T/N.

The proof is finished in view of (35). O

4.2 Local times at random time and random level

In this paragraph, Theorem 1 is applied to the case where the random map F'(.)
is the local time {L(t,x); © € R, t > 0} of a scalar Brownian motion W, and
where © = (7,€) is a random pair (time, level). Recall that L is defined by the
occupation-time formula

[ s = [ v

for any ¢ > 0 and any measurable function f : R — R*. By [RY99, Theorem 1.7
p.225], L has a bi-continuous modification that we consider from now.

Approximating Brownian local times at deterministic or random point © = (7,§)
is interesting on its own and it has nice applications: for instance, we refer to the
Ray-Knight theorems [RY99, Chapter XI|, where local times at some random time 7
are related to Bessel processes. A second example is the toy model of [FP11]| where
W and W + aL(.,a) respectively model the value of a stock in absence or presence
of a proportion « of investors buying as soon as the price falls below a.

There exists several approximation schemes for the Brownian local time, see
[Kho94] and references therein; in [Kho94|, using the number of up-crossings to
approximate the local time, sharp almost sure convergence rates in sup-norm are
established. We prefer to take advantage of the recent work [OS14]|, deriving L,-
estimates which fit well our setting. Let us recall their result by following closely
their presentation. For a fixed positive integer N, we define T(fv =0 a.s. and

TY o= inf{t > TN, W, = Wyn [ =277}, i> 1
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Let W denote the symmetric random walk (with non-equidistant jump times)
defined by

oo
WN@) =Y 27V vy, 20,
=1

where 7V 1= Sign(Wy~n — WT_JXI), for i > 1. Now, for a given z € R, let jy(z) be
the unique integer such that (jn(z) —1)27" <z < jy(2)27" and define

u(jn()2~N, N, t) := the number of up-crossings of W from
(jn(z) — 1)2*N to jn ()27 before time t.

Finally, for (¢,2) € [0, +00) x R set
LN(t,x) := 2 27 Nu(in(2)27N, N, t).
This gives the candidate for strongly approximating L, this is the next statement.

Theorem 9 (|OS14, Theorem 2.2|). For any fixzed T > 0 and any p > 0, we have

LN (t,x) — L(t
s || sup sup N E2) = Lt 2)]

T < +00.
N>0 ||0<t<T z€R (2—N10g(2N))2

Ly

In the following, we restrict to bounded time (say by T'), or equivalently we
consider FN(t,x) = LN(t AT,z) and F(t,z) = L(t AT, z) for any t > 0. Theorem
9 ensures that (H3) (with ozl(gHg') = 0) holds true for such FV and F.

We now investigate the validity of (H2). We start with a standard result.

Lemma 3. For any p > 0, there is a finite constant C), 7 such that

1 1
|L(@ AT @) = L(s ATyl < Coar (1t = sf3 + o — )
for any x,y € R and any t,s € RT.

The above estimation w.r.t. time follows easily from the Tanaka formula, the one
w.r.t. space is stated in [RY99, Exercise 1.33 p.238]. We mention that similar con-
trols in the more general case of continuous local martingales are proved in [BY82].
Then, as a consequence of Theorem 2, (t,z) r—>( P%()t AT, x) is locally k-Holder, for

2 1

any x €]0, %[, and (H2) holds for such & and o~ = § — k. Similarly Corollary 1

implies (H1). Therefore, we can apply Theorem 1 and it gives the following result.

Corollary 3. Let T > 0 be fized. Let (t™V,7) be finite random times and let (€N, €)
be two scalar random variables with finite Ly-norms (for any p > 0 and uniformly
in N ). Then for any p > 0, p2 > p and k € (0,1/2), there is a finite constant ¢ such
that

|ZN (7N AT, EN) = L A T,f)HLp

< 0[2_%(log(2N))% + AT =7 A TH;WQ +lle" - 5“;,@ }
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4.3 Fractional Brownian motion at random times

Models based on fractional fields are now popular in physics, natural sciences, econ-
omy and finance among other fields, see [CI13]. As an application of our approxima-
tion results, we consider the model of fractional Brownian motion (fBM in short),
introduced in [MV68|, which we denote by (Bt(H))teR. It is parametrized by its
Hurst exponent H € (0, 1), it is a R-valued Gaussian process, centered with covari-
ance function )

(B BM) = 3 (P + s — [t — o).

s

Remarkably, this is not a semimartingale, which contrasts with previous diffusion or
martingale models we have considered so far. It is also used in financial modeling,
see [CR98|. Our aim is to study the strong approximation of Bgi)T where © > 0 is
a random time and T is fixed.

There are multiple possible approximations of BH) (see [Sza01], [HIMBL14] and
references therein), we do not enter into details. For the sake of conciseness, assume
directly that BH) is approximated on [0,7] by a scheme BU):N depending on an
algorithm parameter N — +00. Assume the existence of a non-negative sequence

(en)n>1 converging to 0 such that for any p > 1,

H),N H
sup. BN _ i)
0<t<T

= O(EN).
Ly

For instance, in [HMBL14| we have ey = Wiﬂfgi\;), which readily follows from

their Theorem 6.1 (with a restriction to rational numbers ¢ in the above sup). The
log N
NHAS

scheme described in [Sza01] converges? at rate ey =
from [Sza01, Theorem 3.
Now, remind that for any p > 0,

: this can be easily derived

Bt(H) — BgH)“L = ¢p|t — 8| (for any s,t > 0)

for some constant c,: therefore, Theorem 2 yields that (H1)-(H2) are fulfilled for

t— BILFH) for any x < H. If © is additionally approximated by ©, we obtain the

global error estimates as a consequence of Theorem 1.

Theorem 10. With the above notation, for any k € (0, H) and any p > 0 we have

(H),N (H)
HBGN/\T - B@/\T

]LP <O(en+[0¥AT-0AT[; ).

4.4 Diffusion process in Brownian time

During the two last decades, there has been an increasing interest for studying
Diffusion processes in Brownian time. It dates back to the work by Funaki [Fun79],
and it is furthermore studied in [Bur93| under the name Iterated Brownian Motion
(IBM in short) as

Z; = Bp, (36)

where (Bt)teR is a two-sided R?-valued Brownian motion and (B;);>o is a scalar
Brownian motion independent of B. It serves, for instance, for modeling the Brow-
nian motion in a Brownian crack [BK98| (limit of a Brownian motion reflected in a

2to be precise, their scheme converges towards some fBM and not necessarily B4,
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Wiener sausage of width shrinking to 0). This process has nice properties like self-
similarity, stationary increments and a-Holder continuous paths (with o < 1/4), it is
not a semimartingale. As variants of this model, let us mention the n-times iteration
of Brownian motion, studied in [CK14] (with n — 400), and the case where B is
replaced by a fractional Brownian motion with Hurst index H € (0,1) [NZ14]. More-
over, the IBM (36) allows to represent Feynman-Kac solutions of fourth-order PDEs
(see [FunT79|, [All02] and references therein): indeed, under appropriate conditions
on f, u(t,x) =E(f(x + Z;)) solves the Bi-Laplacian equation

dpult,x) = L 4+ LA%u(t,z), >0,z € R
u(0,z) = f(z), x<cR%
Replacing B in (36) by a diffusion process leads to more general fourth-order PDEs

[AZ01]|. To account even for greater generality, we now consider diffusion process in
diffusion time and study its strong approximation. This writes:

Zy = Xy,
where
¢
Xt:er/ d.s:Jr/z:UZ sz
0
Yi=y+ / Ys)ds + / Y,)dW¢E.
Here, W = (W1, ..., W?9) is g-dimensional Brownian motion, X takes values in R?

and Y in R?. Up to the R¥-norm term |.| which permits to avoid the use of two-
sided process, observe that it includes the model (36) by choosing appropriately the
coefficients u, b, o,y and by setting W = (B, B). Here the coefficients pu, b, o,y do
not depend in time, this is only for the sake of simplification of the statement.
Now consider the continuous-time Euler scheme X9 and Y?, with time step
5 € (0,1], associated to X and Y: they are both deﬁned similarly to (13) by setting
=46 for i6 < t < (i +1)5. We define Z{ :=

the strong convergence order is almost i

lYé Our main result states that

Theorem 11. Assume that b, pi, o, are bounded Lipschitz functions. Let k € (0, i)
then, for any p > 0 and any T > 0, we have

0(6%).

o R
t€[0,T] Ly

Before proving the above result, observe that the effective simulation of Zf can
be easily performed. First, sample the Brownian increments (Wjs — W(j,l)(;) j>1 up
to the index ¢ := 7;/9, as well as Wy — W5 this is sufficient to obtain the Fuler
scheme time ' := |Y,?|. Then to simulate X7, two cases have to be considered. Set
i’ :== 14 /§ and denote by G the sigma-field generated by the (i + 1) previous random
variables.

24



L If ¢ > t, sample additionally W 11)s — Wi, Wiigays — Wignys, - Wars —
Wiir—1)s, Wy —Wirs, which are (conditionally to G) independent centered Gaus-
sian random variables, with independent components having variance equal to
the time-increments. Their simulation is thus straightforward and yields Xf,.

2. Ift’ < t, it is enough to simulate Wy —W;/s conditionally on G, i.e. the marginal

distribution of a Brownian bridge. Namely, if ¢ < id, then it is Gaussian

distributed, with mean (W;r41)5 — Wild)w and variance (t,_ilé)((gurl)é_t,)

(component by component). Otherwise, if id < ¢ < ¢, the mean and variance

are adjusted to (W, — W) ((5—_1'?)) and (t,_ié_)g_t,). The simulation of Xf, readily

follows.

Proof. Tt is enough to prove the result for p > 2. One knows [BGG14, Lemma A.2]
that there exists a constant cl(;X) > 0 (depending on d, ¢, on the bounds of o and

their Lipschitz constants) such that for any 7" > 0

< Met Toa. (37)

Lp

sup | X7 — X
t€[0,T]

As the reader may guess, the exponential term w.r.t. time comes from an application
of Gronwall’s lemma in the derivation of error estimates. Note that this exponential
factor does not enable us to deduce that (X? — Xs)|s=|v;| belongs to any L, with
good L,-estimates, by applying Proposition 1 since the latter requires a polynomial
growth in the stochastic argument (here T'). But actually, we can modify Proposition
1 by taking advantage of the finite exponential moments of |Y;| (because b and ~ are
bounded). This is the next statement which we will prove at the end.

Proposition 8. Let E be an Euclidean space and G be a F @ B(E)-measurable
mapping taking values in € such that, for any p > 0, there exist constants al()G) €
[0,400) and CZ()G) € [0, +00) for which

sup |G(-, )|

< O exp(af@N), VA= 0.
jal <A

Ly

Then, for any E-valued random variable & with exponential moments, w — G(w,{(w)) €
L, for any p, and for any p > 0 and any finite conjugate exponents r and s, we have

- 1/ (wr WO 4y 1/(ps)
1G]y, < (jz(n?) (e — 1)~/ ) (E (e(p (D 1) \5|>) '

Combine (37) with the above (for p = 1, r = s = 2): this proves that

1 —~1/(2p) C(X) 1/(2p)
L <52 (e —1) b (E <e2(p 2p H)'Yt‘)) .

o
HX\m — Xy 2

Since exponential moments of Y; are bounded locally uniformly in time, we get

L =00%) (38)

d
sup me| ~ Xy,
t€[0,T]

We now handle the difference X IJY‘S\ - X ‘(i/t B As in the proof of Proposition 6 (since
t
u and o are bounded), we can easily prove that HXq‘Js — XSHL2 < C§§)|u - v|%(1 +
P
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lu| + ]v])% for any u,v > 0 for a constant C’é;() depending only on p, p and o.
Let 8 € (0,1/2 —1/(2p)): then an application of Theorem 2 gives the existence of
another constant C‘é;() such that

X5 o X6
Hs(\) == sup 7’ u B”|
u#v,0<u,v<A ‘u - U’
satisfies

~(X _
| HsW)lg,,, < C5ON2, wa>1.

Now, note that supse(o.1]tefo,7] |[v2] v |Y}|HLQ < +oo for any ¢ > 0 (see (15) and
(24) for Y'), so that Proposition 1 yields

sup || Ha(1Y| v 13i)|
5€(0,1),t€[0,T) L

< +o00.
3p/2

As a consequence, and using (37) (available for Y and any p), we deduce

< coB/?

) )
HXmﬂ ~ Xy
3p/2

< || 2| - |v; ﬁ‘
o< =

H Y5VY‘
o s v v

where the constant ¢ is uniform in ¢ € [0,7] and 0 € (0,1]. Gathering the above
with (38), we obtain

= 0(5°/?).
p, =007

sup HX|§Y6| — X|Yr|
t€[0,T] ¢

So far, 5 isin (0,1/2 — 1/(2p)): hence, it is true for any 8 < 1/2 provided that p is
large enough. It remains valid for smaller p by stability of L,-norms. Theorem 11
is proved. O

Proof of Proposition 8. We adjust the proof of Proposition 1 to the current expo-
nential controls. Briefly, we have

E(IG(,OP) < [COP S e eror mem p(n —1 < |¢] < n)"/?

n>1
1/r 1/s
<[E@p (S| | S e (1 < jg <)
n>1 n>1

<[CP (1::_,)) " (E (e<aé§>+p)ssl))” s
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