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A FUNDAMENTAL THEOREM FOR SUBMANIFOLDS OF
MULTIPRODUCTS OF REAL SPACE FORMS

MARIE-AMELIE LAWN AND JULIEN ROTH

ABSTRACT. We prove a Bonnet theorem for isometric immersions of submanifolds into the
products of an arbitrary number of simply connected real space forms. Then, we prove the
existence of associated families of minimal surfaces in such products. Finally, in the case of
S? x S2, we give a complex version of the main theorem in terms of the two canonical complex
structures of S2 x S2.

1. INTRODUCTION

It is a classical problem of submanifold theory to determine when a Riemannian manifold (M™, g)
can be immersed into a fixed Riemannian manifold (M™*?,g). The well-known Gauss, Ricci and
Codazzi equations relate the intrinsic and extrinsic curvatures, and any submanifold of any Rie-
mannian manifold must satisfy them. Conversely, the classical Bonnet theorem [I] states that on
a surface, given first and second fundamental forms satisfying the Gauss and Codazzi equations,
this surface is locally embeddable into the Euclidean 3-space R3. This result can be generalized
to higher codimension [10], and the classical Fundamental Theorem of Submanifolds states that,
in fact, the Gauss, Codazzi and Ricci equations are necessary and sufficient conditions for a Rie-
mannian n-dimensional manifold to admit a (local) immersion into a space of constant sectional
curvature of dimension n + d.

If the ambient space is not of constant sectional curvature, proving fundamental theorems is tech-
nically difficult and there are few results known. Moreover, the Gauss, Codazzi and Ricci equa-
tions are in general not sufficient anymore and other conditions are required in order to produce
the immersion. In [3], Daniel gave such a characterization for surfaces in the three-dimensional
Thurston geometries with four-dimensional isometry groups, by computing the Christoffel sym-
bols explicitly and using the technique of Cartan moving frames. In higher dimensions, he also
stated in [2] necessary and sufficient conditions for an n-dimensional Riemannian manifold to
be isometrically immersible into the products S™ x R and H" x R, also using the moving frame
technique. This allowed him to study the existence of associated families in the case of minimal
surfaces. This result was later generalized by the second author [9] in the case where the ambient
space is a Lorentzian product. Very recently, Ortega and the first author [7] proved fundamental
theorems characterizing immersions of hypersurfaces into (quasi-)Einstein manifolds, specifically
Robertson-Walker warped products. These spaces play an important role in standard models
of cosmology, arising as solutions of the non-vacuum Einstein equations, and have therefore
a great importance in Lorentzian geometry. As an application, conditions were obtained for
3-dimensional hypersurfaces in Robertson-Walker spacetimes to be foliated by surfaces whose
mean curvature vector is either lightlike or zero (including maximal surfaces, marginally outer
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2 MARIE-AMELIE LAWN AND JULIEN ROTH

trapped surfaces (MOTS), and mixed cases), hence providing an helpful tool for the study of
horizons on Robertson-Walker spacetimes with spacelike or timelike causal character, including
marginally outer trapped tubes.

Extending the result of [2], Kowalczyk and Lira-Tojeiro-Vitério proved independently in [6] and
[8] the existence and uniqueness of isometric immersions in a product of two spaces forms of
constant sectional curvature. In this paper we generalize their result to immersions into multi-
products P =M x - x M, of real space form of arbitrary dimension and arbitrary sectional
curvature. The key idea is to use the projections m;, i € 1,...,m into each of the factors of the
product. Each projection induces then two operators on the tangent bundle and two operators
on the normal bundle of the submanifold satisfying some properties and some compatibility
equations which can be deduced from the Gauss and Weingarten formulas of the immersion. We
prove that, conversely, these conditions together with the Gauss, Codazzi and Ricci equations
are necessary and sufficient conditions to immerse a Riemannian manifold isometrically into such
an ambient space.

As an application we then prove the existence of a one-parameter associated family of isometric
immersions for minimal surfaces in multiproducts. Finally we consider the special case where
the ambient space is S? x S? and give a complex version of our fundamental theorem in terms
of the induced complex structures.

The authors want to thank F. Torralbo for helpful discussions.

2. MULTIPRODUCTS OF SPACE FORMS AND THEIR SUBMANIFOLDS

We consider the product space (16 =M X X My, g =919 D gm) where (M, g;) is the
simply connected real space form of dimension n; and constant sectional curvature ¢;. Moreover,
without loss of generality, we assume that ¢; # 0 for i € {1,--- ,m—1} and that ¢, may possibly
be zero. We denote by 7; the projection of any tangent vector X on T'Mj. These projections
satisfy the following relations

g(mX,Y)=g(X,mY) for any X,Y € I'(TP),
T3 O Ty = i,

T O Ty :Olf’t#j,

%7&‘ = 07

rank(m;) = n;,

Yty mi =ldpp.

Moreover, the curvature tensor of P is given by
(1) RX,Y)Z =) c[(mY,mZ)mX — (mX,mZ)mY].

=1

Now, we consider a Riemannian manifold (M™, g) isometrically immersed into P. We denote by
NM the normal bundle and by V+ the normal connection and by B : TM x TM — NM the
second fundamental form. For any £ € NM, A, is the Weingarten operator associated to £ and
defined by g(A:X,Y) = g(B(X,Y),§), with X, Y vectors tangent to M.

For any ¢ € {1,--- ,m}, the projection m; induces the existence of the following four operators
fi:TM —-TM,h; :TM —- NM,s;: NM — TM and t; : NM — N M, such that
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From the symmetry of the m;, we obtain that, for any i € {1,--- ,m}, f; and ¢; are symmetric
and for any X € I'(T'M) and £ € T(NM)
(3) g(hZX7 é-) = g(Xa 816)

In addition, from the fact that Zm =1Id
i=1

5, we get the following identities

m

(4) iflzldTM, itlildE, ZSZ:O and ihle
i=1 i=1

i=1 i=1

Moreover, we have the following relations between these operators coming from the fact that
J

T oMy = 0;m;

(5) fio fi+sioh;=4dlf,
6 tiot: +h;os; =06t

J 7 7Y
(7) inSj +Si0tj = 5{81',
(8) hio fj+t;oh; = & hy,

where 5g is the classical Kronecker symbol, that is, 1 if i = j and 0 if ¢ # j. Moreover, from the
fact that m; is parallel, we deduce easily that for any X, Y € TM and £ € NM, we have

9) Vx(fi ) = fi(VxY) = Ap,y X + 5i(B(X,Y)),
(10) Vx(hiY) — hi(VxY) =t;(B(X,Y)) — B(X, fiY),
(11) Vi (t:€) — ti(Vx€) = —=B(s:€, X) — hi(AeX),
(12) Vx(si€) = 5i(Vx&) = —fi(AcX) + Ape X

Finally, from the expression for the curvature tensor f%, we get the following Gauss, Codazzi and
Ricci equations

(G) Y)Z = ZCZ{ LY, Z) i X —(fiX,Z) fiY:| + Ay, /)X — Apx,2)Y,
=1
© (VxB)Y.2) - (VyB)(X.2) = 3 s (V.2 X = (5%, 2y |,
i1
(R) Y)e = i cl [ (Y, €) X — (hiX, &) hiY} + B(AY, X) — B(AX,Y).

i=1

3. MAIN RESULT

Now, conversely, consider (M", g) a Riemannian manifold and F a d-dimensional vector bundle
over M endowed with a metric § and a compatible connection V. Moreover, let B : TM x
TM — FE be a symmetric (2,1)-tensor and f; : TM — TM, h; : TM — E andt;: E — F
be some (1, 1)-tensors for i € {1,--- ,m}. We define s; as the dual of h; with respect to the
metrics g : =g ® g on TM @ E, that is, for any X € T, M and £ € E,,
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Finally, for any £ € I'(E), we define A¢ by

<AEX7 Y> = <B(Xa Y)7§>a
for any X,Y € I'(T'M). Following the discussions of Section [2| we introduce now the following
natural definition.
Definition 3.1. We say that (M, g, E,§,V, B, fi, hi, t;) satisfies the compatibility equations for
the multiproduct P = My X -+ X My, if

i) fi and t; are symmetric for any i € {1,--- ,m},

ii) for any i € {1,--- ,m}, Equations — are satisfied, that is,
m m m m
Zfi:IdTMv Zti:IdEa Zsi:O and th:()
i=1 i=1 i=1 i=1

fiofj+sioh; =4dlf;,
tiotj+hjos; = 5zjti,
fiosj+siot;=0ls;,
hio fj+tioh; = dlh,,
Vx(fiY) = fi(VxY) = Ap,y X + si(B(X,Y)),
Vx(hiY) = hi(VxY) = t;(B(X,Y)) - B(X, f;Y),
Vix(ti€) = ti(Vx§) = —=B(s:£, X) — hi(Ae X),
iii) the rank of m; is n; for any i € {1,--- ,m} and > ", n; =n+p,, and

iv) the Gauss, Ricci and Codazzi equations (G, (C) and @ are satisfied. Namely for any
XY, Z eT(TM) and any £ € T'(E),

R(X,Y)Z = ZQ{(fiY, Z) [iX —{fiX,Z) fiy] + Ay, )X — Apx,2)Y,
im1

(VxB)(Y,Z) — (VyB)(X,2) =) ¢ [ (fiY, Z) hX = (f: X, Z) b;Y |,

i=1

E(X7Y)§ = ici l: <th f) hiX — <hi)(7 f) h1Y} + B(AgY, X) — B(145)(,Y')7

i=1

where R is the curvature associated with the connection V.

We can now state the main result of the paper.

Theorem 3.2. Let (M",g) be a simply connected Riemannian manifold and E a d-dimensional
vector bundle over M endowed with a metric § and a compatible connection V+. Moreover, let
B:TM xTM — E be a symmetric (2,1)-tensor and f; : TM — TM, h; : TM — E and
ti : E — E be some (1,1)-tensors fori € {1,--- ,m}. If (M, g,E,q,V, B, fi, h,t;) satisfies the
compatibility equations for the multiproduct P=DMx-x M, then, there exists an isometric
immersion @ : M — P such that the normal bundle of M for this immersion is isomorphic
to E and such that the second fundamental form, the normal connection and the projections on
each factor of Tﬁ|M are given by B, V and (f;, hi,t;) respectively. Precisely, there exists a
vector bundle isometry @ : E — (o(M))* so that

Ti(pxX) = 0 (fiX) + ©(h; X),
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Ti(PE) = 0u(8iX) + (t:E),
Iy = GoB,
Vg =gV.

Moreover, this isometric immersion is unique up to an isometry of P.

Our approach to prove this theorem is not based on the moving frame technique, but is in the
spirit of [6] and uses techniques introduced in [4] and [5].

Proof: We give the proof for the case ¢,, # 0, the case ¢,, = 0 can be proved analo-
gously with minor changes. First, for any ¢ € {1,...,m}, let us denote by F; a trivial line
bundle over M equipped with the Euclidean metric, if ¢; > 0, and minus the Euclidean metric,
if ¢; < 0. We consider the vector bundle F' over M,

F=TM&FE & E,
i=1
defined by the orthogonal Withney sum of Riemannian vector bundles. We denote by g the
metric over F' obtained from g, § and the metrics on each E;. For any i € {1,...,m}, we
consider a section &; of E; such that g(&;, &) = Ci We introduce now the following connection
on F', denoted by D

DxY =VxY +B(X,Y) - ) cig(fiX,Y)&,

IF

=1

Dxl/ = v)%l/ — A,/X - Z Cig(hixa V)gia
i=1

Dx& = fiX + X,
for any vector fields X, Y tangent to M and any section v of E.

Lemma 3.3. The connection D is compatible with the metric g.

Proof: This comes easily from the definition. Let X,Y,Z € T'(TM), v,n € I'(E). We have
XgY,2) = Xg(Y,Z)
= 9(VxY,2)+g(Y,VxZ)
= g(DxY,2)+g(Y,DxZ2),

since the tangential parts of DxY and DxZ are VxY and VxZ respectively. Similarly, we
have

Xg(w,m) = Xg(v,n)
= 9(Vxv.) +3(v. V)
= 9(Dxv,n) +g(v,Dxn),
since the normal parts of Dxv and Dxn are V}(V and Vﬁgn respectively. Moreover, we have
Xg(&,&) =0
= g(fiX + hiX, &) +9(&, [;X + h; X)
= g(Dx&, &) +9(&, Dx&;j).
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Finally for mixed terms, we have

Xg(&,Y) =0
= g(iX)Y) —cig(&,&)g(fiX,Y)

= g(fiX+hiX,Y)+§<§z,VXY+BXY ZczgszYK)

=1
= 9(Dx&,&) +9(&, Dx&j),

and

Xg(é-ia V) =0
= g(hiX,v) —cig(&, &)g(hi X, v)

= g(sz + hi)(7 V) + 5 (&, V§V — AVX — Z Cig(hiX, Z/)€1>

i=1

= 9(Dx&,v) +g(&, Dxv).
By bilinearity, we get the property for any sections « and 3 of F. O

Now, we consider the curvature tensor associated with the connection D, denoted by
RP and defined by RP(X,Y) = DxDy — Dy Dx — Dix,y). We can prove the following

Lemma 3.4. The connection D is flat, that is, R” =0

Proof: Let X,Y,Z € I'(TM) and v € I'(E). We will prove that RP(X,Y)Z =0, RP(X,Y)v =
0 and RP(X,Y)¢& = 0 for any i € {1,--- ,m}. Then by linearity of the curvature R” in its
third argument, we will get that R? = 0. First, we have

DxDyZ = VxVyZ+B(X,VyZ)— Zcig(fiXy VyZ)éi + VxB(Y, Z) — Ay, )X
i=1

=Y ai[9(BUY 2). kXS + (X +hX) + g(Vx Y. 2)6 + g (fiY, Vx 2]

=1
Therefore, we get
RP(X,Y)Z = YV)Z = 3 il gV, 2) fiX = g(fiX, 2)fiY |~ Apviny X + Apix,z)Y
=1

+(VxB)(Y, Z) = (VyB)(X, Z) —

IF

& g(f:Y, D)hiX = g(fiX, Z)hsY

i=1

M

a[o((VxF)Y = Any X +5:B(X,Y), 7)]

.
Il

M

ci [g((Vyfi)X ~ ApxY +s:B(X,Y), Z)}

<.
Il
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by using the Gauss equation (first line), the Codazzi equation (second line) and equation (9]
(third and fourth lines). Similarly, we have

DxDyZv = VyVyv—VxAY - B(X,AY) - Ay, Y

+Zc2[ (f: X, AY)& + G(v, heY)(f: X + hs X)}

ch[ (Vi, hiX) — §(Viv, hiY)g(v, V)L(hiy)]
=1
And hence,

RP(X,Y)r = RMYX,Y)r- B(X,AY)+ B(Y,A,X) Zc[ (hiY, v)hi X — (hiX,z/)hiY}
=1

m

VY AX + Age, X — VxAY — Age,Y =Y ¢ { (hY, ) f: X — G(hi X, v) ;Y }
1=1
+zcz[ (f:X, A,Y) =50, (Vv hi) X) + 5t B(X, V), )]

+Zq[ (Y, Ay X) = 90, (Vxch)Y) + 5(LB(X, V), v) .

The first line in the right hand side vanishes due to Ricci equation. The second line vanishes by
Codazzi equation and the third and fourth lines vanish by using equation . Finally, for any
i€ {l,---,m}, we have

Ms

DxDy¢ = VxfiY+B(X, fY)—= ) cg(fiX, fiY)&

1

ng(h i X, hy Y)€

Mﬁn

+VxhY — Apy X —

=1

Hence,
RP(X,Y)E = (Vxf))Y —ApyX —s;B(X,Y) — (Vy f))X + Ap,xY + s;B(X,Y)
Vﬁgij +B(X, f;Y)—-t;B(X,Y) — V{;th - B(Y, f;X)—-t;B(X,)Y)
=0
by equations @ and . Thus, we get that the connection D is flat. [l

We define now for any ¢ € {1,--- ,m} the map m; : F — F by
X = fiX + hi X,
iV = SV + t;v,
mi&j = 81¢;,
for any X € I'(T'M) and any v € I'(E). We have the following properties

Lemma 3.5. For any i € {1,--- ,m}, the map m; is symmetric with respect to g, parallel with
respect to D and

(1) T; Oy = Ty,



8 MARIE-AMELIE LAWN AND JULIEN ROTH

(2) 32ty mi=Idp.

Proof: The symmetry is clear because of the symmetry of f;, ¢; and the fact that s; is the dual
of h;. The fact that m; is D-parallel comes from the definition of D and equations to ([12).
Indeed, we have for X, Y € T'(T M),

(Dx’/Ti)Y = DX(mY) — ’/TZ(DXy)

k=1

= Vx(fiY)+B(X, fiY) =D crg(fi X, £V )&
k=1

+Vx (hiY) = Apy X =) erg(ha X, hiY )&
k=1

By the use of equations @ and , we get

NE

(Dxm)Y = cig(fiX,Y)&— ) cx [g(ka, fiY) + g(hi X, hiY)ﬁk}

k=1

NE

= ag(fiX,Y)&% =) o {g(fi o fxX + ;0 h X, Y)}

= 0’

since, by , we have f; o fi + s; 0 hy, = 6F fi. The computations are analogous for a section v
of E or for one of the &;.

The relation m; o m; = m; is obvious from the definition of 7; and relations (5] to ( . Finally,
we get immediately that Y.~ m; = Idp from the definition and assumption (4. O

bl
Il
_

We consider the subsets F of I defined by
Fi = {aGF | ﬁjazéga for any j € {1,--- ,m}}.

Note that, since the m; are symmetric, then the subbundles F are orthogonal with respect to g.
We finally need a last lemma

Lemma 3.6. For any i € {1,---,m}, there exists orthonormal n; + 1 parallel sections
Ui?"' ) n+1 OfF
Proof: Let p be a point of M. For any i € {1,---,m}, let {vi,--- v} 1} be an orthonormal

basis of F, which is of dimension n; + 1 by the assumption on the rank of m;. Moreover, since
& clearly belongs to Fj, we can choose v} = \/|c;|&1(p). Thus, we have g(vi, vi) = sign(c;) and

g(vi,vi) =1 for k € {2,--+,n; + 1}. Since the F* are orthogonal, the set of all v* forms an
orthogonal basis of F,,. Now, since the connection D is flat and M is simply connected, then for
any i € {1,--- ,m} there exists a family of parallel sections o1, --- , 07}, 4, such that o} (p) = v},

Moreover, since D is compatible with the metric g, then the sections are orthonormal. Finally,
since the maps 7 are D-parallel, then, for any ¢ € {1,--- ,m} and any k& € {1,--- ,n; + 1},
m;i(0},) = o}, that is o}, is a section of F*. This concludes the proof of the lemma.
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We will construct now the isometric immersion from M into P. For this, we consider
the following functions. For i € {1,--- ,m} and k € {1,--- ,n; + 1}, let ¢} be defined by

ok = 9(0}, &)
The candidate for the isometric immersion is
p:M—E x---xEp,,

where E; is the Euclidean space R™%*! if ¢; > 0 and the Minkowski space L™*1 if ¢; < 0. We
will show that the map ¢ goes into PcC E; x --- x E,,, and satisfies all the properties stated in
Theorem 3.2

First, we have

—=g&&) = ) §(& 01’ glok. o)
¢ k=1
n;+1
= sign(e)g(&,00)* + Y (&, 01)’
k=2
n;+1
= sign(e) (@) + D (1)
k=2
Thus, we get that (¢f,--- ,cpi” 4+1) € M;, the n;-dimensional simply connected space form of

curvature ¢;, and so, ¢(M) lies in P.
Now, we will show that ¢ is an immersion. For this, let p € M and v € T, M so that ¢, (v) = 0.
From the definition of ¢, the fact that ¢.(v) = 0 implies

901 (p), miv) = glvi, mw) =0,

for any i € {1,--- ,m} and k € {1,--- ,n; + 1}. Since, for any i, {v}} is an orthonormal basis
of F}, we get that m;v = 0. Moreover, from Lemma > 7 = Idp, then v = 0. This holds
for any p and any v, so we get that ¢ is an immersion.

Moreover, for v,w € T, M, we have

m n;+1
<<)0* (U)7 Px (’UJ)> = Z (Sign(ci)g(aia ﬂ'iU)g(O'i, Triw) + Z g(aliw ﬂ-iv)g(a;m 7T7,’LU)>
=1 k=2

m

= Zﬁ(mv, W)
i=1

= g(v,w),

where (-, -) is the (pseudo)-Euclidean metric on E; x - - - X E,,,. Hence, ¢ is an isometric immersion
from M into P.
Now, we define the following bundle isomorphism

o F —)T(]El X oo X Em)|89(M)’
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by ®(o},) = e}, where {e{,--- ,el, ,,} is the canonical frame of TE; restricted to ¢(M). For
X e T(T'M), we have
m mn;+1 ) )
o(X) = Y > G(X,0h)e
i=1 k=1
m n;+1
= Z Z g(miX, o} )ey,
i=1 k=1
= pu(X).
Moreover, for any i € {1,--- ,m}, we have
n;+1 n;+1
(&)=Y & oh)eh- = > Oheh
k=1 k=1

Hence, ®(&;) is the normal direction of M; in E,. Since ® is an isometry of the fibers, we deduce
that ®(E) is the normal bundle To(M) of ¢(M) in P. We denote by @ the restriction of ® to
E. Tt is clear that ¢ is an isomorphism of vector bundles between E and T (M).

Since ® sends the orthonormal parallel sections {0}, } of F onto the orthonormal parallel sections
{ei} of By x - x E,,, we have

(13) ®(DxY) = Vg, xyp=(Y),

(14) ®(Dxv) = Vg*(x)@(l/)v

(15) ®(Dx&) = Vi, (x) (&),

where VO is the Levi-Civita connection of E; x - -- x E,,.

For any i € {1,---,m}, we define the map 7; = ® o m; o ®~!. From this definition, it is clear

that %i(ei) = 53 ei. Then, it follows that the maps 7; are symmetric, parallel along (M) and
satisfy m; o, = (55% and Y oo W = Id7(g, x...xE,,)- Thus, it is clear that these maps are the
restrictions on ¢(M) of the projections on each factor TE; of T(Eq X -+ X E,p,).

Moreover, from the definition of 7;, we deduce immediately that

Ti(pxX) = pu(fi X) + ©(hi X),
and
Ti(PE) = pu(8:X) + D(t:€).
Indeed, we have
Ti(pX) = ©(mi(X)) = ©(fiX + hi X) = 0. (fiX) + o(hi X),
and
Ti(p(v)) = (mi(v)) = P(siv + hiv) = s (siv) + @(tiv).

Finally, we will prove that the second fundamental form is given by B and the normal connection

is given by V. From Equation 7 we have
Ve.x)ps(Y) = @(DxY)
= O(VxY +B(X,Y) =Y cig(fiX,Y)&)
i=1

= e (VxY)+B(B(X,Y)) = Y cig(fiX,Y)(&).

i=1
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Then the normal part in TP is 3(B(X,Y)), which implies that the second fundamental form of
the immersion ¢ is @ o B. Moreover, from Equation , we have

V?o*(X)[ﬁ(V) = ®(Dxv)

= q)(vXV - AVX - Z Cig(hiXa V)El)

= ¢(Vxv) + ¢ (AX) - Zcig(hin v)®(&i)-
i=1

Thus, the normal part in TP is 3(Vxv) and we deduce that V%@(v) = ¢(Vxv). Then, we get
V1% = V. This concludes the proof of the existence in Theorem

Now, we will prove the uniqueness of this isometric immersion up to an isometry of P.
This follows directly from the following proposition.

Proposition 3.7. Let o, : M — P be two isometric immersions with respective normal
bundles E,E' and second fundamental forms B,B’. Let f;, h; and f], h} be the (1,1)-tensors
defined by for ¢ and ¢’ respectively. Assume that

i) iX=FfX foranyie{l,---,m} and X e T(TM),
i) there exists an isometry of vector bundles ¢ : E — E' so that
o(h:X) = h,X,
#»(B(X,Y)) = B'(X,Y),
6(Vxv) = Vyo(v),
foranyie{l,--- ,m}, X, Y €eT(TM) andv € E.
Then, there exists an isometry o of P such that ¢’ = a0 ¢ and a, g = ¢.

Proof: We give the complete proof for ¢,, # 0, the case ¢, can be proven with a minor
modification.

As previously, we denote by {ei}, fori € {1,--- ,m} and k € {1,--- ,n; +1} the canonical frame
of Eq x - -+ x E,,. Hence, we denote by @i and ()i the components of ¢ and ¢’ respectively in
the frame {e},}. We consider the map G : M — GL(E; x --- x E,,) defined by

Gp(p«(X)) = ¢L(X),

Gp(v) = o(v),
Gp(‘fi) = 5;
forany i € {1,---,m}, X, Y € I'(TM) and v € E, and where §; and & are defined by
n;+1
&= Z PRl
k=1
and
n;+1
&= (e
k=1

We will show that the map G is constant, that is, that it does not depend on the point p. First
of all, we remark that for any i and any X € T'(TM), we have V& = m;(p.(X)), where m;
is the projection on TE; and V° is the Levi-Civita connection of E; x - - x E,,. Now, we will
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show that V'G = 0, or equivalently that V& (G(V)) — G(V%V) = 0 for any X € I'(T'M) and
Ve F(T(El X oo X Em)\w(M))
First, for V € ¢, (T M), that is, V = ¢.(Y) with Y tangent to M, we have

V& (Glpu(Y))) = G(Vipu(Y)) = VXPL(Y) = G(pu(VxY) + B(X,Y))

3 g (fi(X), Y)E
=1

= QL(VxY)+B(X,)Y) = > cig(f{(X),Y)§
=1

m

~Gpu(VxY) + BX,Y) + 3 cig(fi(X), Y)E;
= 0,

since, by assumption, f;X = f/X and ¢(B(X,Y)) = B'(X,Y). Now, if v € E, we have

m

VE(GW) = G(Vyr) = —Ay,) X +Vxo) = cid(v), hi(X))E

i=1

-G <—A,,X +Vxv — Zciﬁ(fﬁ(”), hi(X))§>

= 07

since by assumption, ¢(B(X,Y)) = B'(X,Y), ¢(h;X) = .X and ¢(Vxv) = V().
Finally, we have

VX(G(€) = G(VXE) = m(pl(X)) - G(milp«(X)))
= @.(fiX) + X — G(o(fiX) + hiX)
= 0,

since f; X = f/X and ¢(h; X) = h;X.
Hence, we get that the map G is constant along M. (]

Uniqueness up to rigid motion is proved, which concludes the proof of Theorem
|

4. ASSOCIATED FAMILIES OF MINIMAL SURFACES AND PLURIMINIMAL KALHER HYPERSUFACES

In this section, we use Theorem to prove the existence of associated families of minimal
surfaces into the multiproduct P.

Let (X, g) be an oriented Riemannian surface. We denote by J its complex structure, that is,
the rotation of angle 5 on T'M. For any 6 € R, we set Ry = cos(0)I + sin(f).J. Remark, that
Ry is parallel. First, we have the following proposition.

Proposition 4.1. Assume that (3,9, E,q,V, B, fi, hi,t;) satisfies the compatibility equation for
P and that B is trace-free for any £ € E, then (£,9,E,G,V, B, fi0,hio,te) also satisfies the
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compatibility equations for P, where
B@(Xv Y) = B(RQXa Y)a
-1
fio =ReofioRy",
-1
hig =hioRy, ",

tig = t;.

Moreover, By is also trace-free for any £ € E.

Proof: First, from the definition of f; 9, h; ¢ and ¢; ¢ and the fact that

fiofj+sioh;=dlfi,
t; o tj + h;o Sj = (Sgti7
fiosj+siot;=0ls;,
we get immediately that f; 9 and ¢; ¢ are symmetric and
fioo fio+siaohjg =0l fio,
tigotie+higosje=0ltie,
finosje+sigotio=0dls9,
hio© fio+tigohje =6 hig.
It is also clear that with this definition, the rank of ; ¢ is the same that the rank of m; and that

m

m m
Zfi,e :IdTM7 Zti79 :IdE and Zhi,g =0.
=1 =1 =1

Now, ~we will show that analogues of Equations — are satisfied for
(3,9,FE,9,V, By, fio,hio,tp). First, we have for X,Y tangent to X

VxfioY — fio(VxY) = Vx(RefiR;'Y) - RefiR; (VxY)
= RoVx(fiR,'Y)—RofiRs (VxY),

since Ry is parallel. Moreover, using , we get

VxfioV = fio(VxY) = RoAy r-1v)X +Rosi (B(X,R,'Y))
+RofiRy (VxY) = Rofi(VxR;'Y)
= Al v X +si0(Bo(X,Y)),

which is the desired equation. The two other equations can be shown in a similar way.
Finally, we prove that Gauss, Codazzi and Ricci equations are also fulfilled.



14 MARIE-AMELIE LAWN AND JULIEN ROTH

First we consider the Gauss equation. We notice that, for a surface, we have

m

Zci {(fi,ex Z) fi0X — (fi,0X,Z) fi,@Y] + Ao, (v,2)X — Ao, (x,2)Y
i—1

.

¢ [RefiRelX A RgfiRle} Z + det Ag

i=1

cidet RofiRy " +det Ag =Y cidet f; + det A= R(X,Y)Z
=1

.

Il
—

3

since determinants are invariant under rotations. Hence Gauss equation is satisfied.
Let Vx Ay = Vx AyY —AyVxY — AZV§DY. Considering now Codazzi equation, we have, using
the property of h;,

(VxA)Y = (Vy D)X = Ry[(VxA)Y = (VyA")X]

= Ry ¢ [fiY<X7 siv) — [iX (Y, SiVﬁ
i1
= Ra Zcifi(X AN Y)Silj = ZCiROfi(X A Y)Re_leSil/
i=1 i=1
= Zci RgfiRe_lX A Y)Si)gll = Zci(fiﬂX A Y)Siygl/
=1 i=1
= ZC [fz oY (X, s50v) — fi,0 X (Y, 8i,0V) ] Zcz [fz oY (hi o X,v) — fi 0 X (hioY,v)

i=1 i=1

and Codazzi is satisfied.
Similarly we get for the Ricci equation, using the properties of the wedge product

RH(X,Y)E

e [hiRalX A hiRalY} € 4 By(ApeY, X) — By(Ape X, Y)
i=1

i {h X A hy Y]g + B(AcY, X) — B(A¢X,Y)

i=1
Since the surface is minimal, the shape operator anti-commutes with J and we have indeed
By (AoeY, X) — By(Apge X,Y) = ([Ag,, Apel X, Y) = (RoALRoAe — RopAcRpA,)X,Y)
= (AR, '"ReAs — AR, 'RoA)X,Y) = ([A,, A X, Y).
Finally, let (e1,e2 = Jep) be a local orthonromal frame of ¥. We have

tr(Bg) = Bo(er,e1) + Bo(ez,e2) = B(Roer,e1) + B(Roez, €2)
cosf[B(ey,er) + B(ez,e2)] =0,

since B is trace-free. (]

From this proposition, we can prove easily the following theorem about associated fami-
lies of minimal surfaces in multiproducts. Namely, we get the following statement.
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Theorem 4.2. Let X be a simply connected surface and v : M — P be a conformal minimal
immersion with normal bundle E, second fundamental form B and normal connection V*. Let
fis hi, s; and t; be the (1,1)-tensors induced by the projections m;. Let pg € ¥. Then, there
exists a unique family (zo)oer of conformal minimal immersions xg : ¥ — P so that

i) 20(po) = 2(po) and d(zg)py = (d)pn,
i) the metric induced by X and Xy are the same,
iii) the second fundamental form fo xy(X) in P is given by By(X,Y) = B(RoX, RyY), for any
X,Y € I(T3).
) for anyi € {1,---,m}, X e (TX) and £ € T'(E),

mi(dxgX) = dag(fi,o X) + hioX and m;(§) = dwe(si9X) +tieX,

Moreover, xg = x and the family (zq¢)ger is continuous with respect to 6.

Proof: We just proved that (3,9, E,q,V, By, fig, hig,tg) satisfies the compatibility equations
for each 6. The theorem is then a direct consequence of theorem [3:2] The continuity is ensured
by the construction of Theorem O

5. SURFACES IN S? x S?

Let .J be the complex structure on S?. We consider the following complex structures on S? x S?
le(Jv J), J2:(J7 *J)

Obviously J; and Jy commute with each other and the projection m; and 75 on each of the
factors are given by
_ Id+ J1Js

CId—Jid
5 - =z

1 9

2

From equation we get

(16) R(X,Y)Z = [(Y,Z)X — (X, Z)Y] + [(1Y, JoZ) J1 o X — (11 X, o Z) 1 JoY].

Let now X be a surface isometrically immersed into S? x S2. For i € {1,2}, we define four
operators j; : TX — TX, k; : TY — NX Jl; : N¥ — TY and m; : N¥ — NX such that
Ji = Ji + ki +1; +m;.

From J;Jo = JyJ; we get the following equations

(17) Jije + like = jaji + laka,
(18) kij2 +miks = kaj1 + maoks,
(19) Jile +lima = jaly + lamy,
(20) kily + mimo = kaly + mamg.

(21) ji 4 liki = — ldrs,
(22) kiji +mik; = 0,

(23) Jili +1ym; =0,

(24) kil +m? = —Idyx .
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Moreover the fact that the operators J; are antisymmetric implies the antisymmetry of the
operators j; as well as the property (k; X, v) = —(X,[;v).
The parallelity of J; gives

(25) Vx(7iY) = ji(VxY) = A,y X + Li(B(X,Y)),

(26) Vx(kY) = k(VxY) = mi(B(X,Y)) — B(X,j;Y),
(27) Vi (mi€) —mi(Vx€) = —B(lLi€, X) — ki(AeX),
(28) Vx (1) = 1i(Vx€) = —ji(AeX) + A X.

Finally, from , we get the Gauss equation

1

(29) K = 3 [1 + (<j1€1,j262> + (kieq, k‘2€2>) (<j1627j2€1> + (krea, k261>>

—(<j1€1,j2€1> + (kie1, k2€1>) (<j1€27j262> — (k1ea, k2€2>)}

|BI?

+2|H|? — 5

the Codazzi equation
(VXB)(Y7 Z) - (VyB)(X, Z) =

1
(30) 3 | (1 G+ 11k2)2) o+ ko) X = (X, G + b)) B + )Y

and the Ricci equation
(31) K+t = [Uﬁjz +mikz)es, v1) ((k1j2 + mika)er, va)

(k1j2 +maka)er, v1) ((k1j2 +mika)ez, V2>]
+<[AV27AV1]61762]>'

Remark 5.1. In [I1] the Gauss, Codazzi and Ricci equations are expressed with the help of the
two Kdhler functions C1 and Cy : ¥ — R defined by p*w; = Ciwy, © = 1,2, with wy the area
form on . A tidious but straightforward computation shows that those two formulations are
equivalent.

Now, we are able to reformulate the main theorem in the case of S? x S? in terms of complex
structures instead of projections on each factor.

Corollary 5.2. Let (X2, 9) be a Riemannian surface and (E, {(-,-)g, V) a rank 2 vector bundle
over ¥ endowed with a scalar product and a compatible connection. Suppose that there exists a
symmetric (2,1)-tensor field B : TE x TY. — E and eight operators j; : TS — TS, k; : TY — E,
li: E—=TY andm; : E— E,i=1,2 satisfying conditions to and the Gauss, Codazzi
and Ricci equations , and . Then, there exists a unique (up to isometries of S*>xS?)
isometric immersion from X into S? x S? with E as normal bundle, B as second fundamental
form and such that the restrictions of the complex structures J; over ¥ are given by j;, k;, l; and
m;.
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Proof: Define the following operators

J1 = ldrs+jije +lika,  fo=1Idrs —jij2 — l1k2
hi = kijo+miks,= —ho,

51 = Jila+limo = —s2

t1 = Idg+4kilo +mime, to=I1dg —kils — mims.

We can show easily that equations to imply that these operators satisfy the compati-
bility equations for S? x S? given by Definition The conclusion follows easily from Theorem
5.2 U

Remark 5.3. We remind (see for example [I1]) that an immersion ¢ : ¥ — S? x S? is called
complex if it is complex with respect to J1 or Jo. It is called Lagrangian, if it is Lagrangian with
respect to J1 or Js.

First Case: X is a complex surface with respect to one of the complex structures J;. Then it is
automatically minimal. Moreover k; = 1; = 0, j; and m; are parallel complex structures on T
and N respectively, and j1 commutes with ja, as well as my with my. Assume without loss
of generality that X is complex with respect to Ji, then the Gauss, Codazzi and Ricci equations
simplify to

1 o o o o B|?
K=g|1+ (jre1, j2e2)(jre2, jae1) — <J1€1aJ2€1><J1€2a12€2>] - %

1
(VxB>(K Z) — (VYB)<X, Z) = 5 <Y,]1]2Z>m1k:2X — <X,j1j2Z>m1k2Y],

Kt = | (miksea, 1) (mikaer, vo) — (mikaeq, v1) <m1k262,V2>} + ([A,, Av,Jer, e2]).

Notice that the only examples of complex surfaces with respect to both complex structures J; and
Jo are slices S* x p = {(z,p) € S? x S?|z € S?} and p x S* = {(p,z) € $* x $?|z € §?}.

Second Case: X is Lagrangian with respect to J;, then j; = m; = 0. Assuming again without loss
of generality that ¥ is Lagrangian with respect to Jy, the Gauss, Codazzi and Ricci equations
simplify in the following way

1 » IBP
K= 5 1-— <k’1€1,k262></€162,k261> + <k/’161, k2€1><k’1€2,k‘262> + 2|H‘ — T,

(VxB)(Y,Z) — (VyB)(X,Z) = % (Y, liko)Z)k1ja X — <X751/€22>k1j2Y}a

K+ = {<k1j262,1/1> (krjzer,v2) — (kijeer, v1) <k1j2€27’/2>] + ([Av,, Av,Jer, ea]).

Notice that ¥ is Lagrangian for both Jy and Ja if and only if it is the product ¢(s,t) = (a(s), 5(t))
of two curves o, B in S?. The Clifford torus is the only example of a minimal such surface.

Third Case: ¥ is Lagrangian with respect to Ji (hence j1 = my = 0) and complex with respect
to Jy (hence ko =15 =0).

(VxB)(Y,Z) - (VyB)(X, Z) = 0,

K+ = | (kijoea, 1) (k1joer, o) — (kijaer, v1) (kijaea, va) | + ([Au,, Au,Jer, €2]).
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The only example of such a surface is the diagonal D = {(x,z) € S? x §?|x € §?}.

(1]

(9
[10]

[11]
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