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Abstract

In this paper, we consider a linear meromorphic differential system
at the origin. For any of its levels p, we prove with the factorization
theorem that the Borel transforms of its p-reduced formal solutions are
resurgent and we give a complete description of all their singularities.
Then, restricting ourselves to some special geometric configurations of
the singular points of these Borel transforms, we make explicit formulse
relating the Stokes multipliers of level p of the given system to some
connection constants in the Borel plane. So, we generalize the results
already obtained by M. Loday-Richaud and the author for systems
with a unique level and for the lowest and highest levels of systems
with multi-levels. As an illustration, we develop one example.

Keywords. Linear differential system, multisummability, Stokes phe-
nomenon, Stokes multipliers, resurgence, singularities, connection constants
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1 Introduction

All along the article, we consider a linear meromorphic differential system
(in short, a differential system or a system) of dimension n > 2 at the origin

0 € C of the form

ay
R ) 4 A
S~ A) (4)

where r > 1 is a positive integer and where A(x) € M, (C{z}) is a n X n-
analytic matrix at 0 such that A(0) # 0. Using a finite algebraic extension
x —— x¥ with v € N* and a meromorphic gauge transformation Y —— T'(x)Y
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with a suitable polynomial matrix 7'(x) in z and 1/z if needed, we can always
assume (see [5]) that system (A) admits as formal fundamental solution at 0

a matrix of the form Y (z) = F(z)2e?/?) with

(Ny) F(z) € M,(C[[z]]) a formal power series in z satisfying F(z) = I, +
O(z"), where I,, denotes the identity matrix of size n,
J
(N2) L = @(Aj]nj + Jn,), where J is an integer > 2, the eigenvalues \;

7j=1
satisfy 0 < Re();) < 1 and where

0 1 0

oy =
: o1
L0 -~~~ - 0

is an irreductible Jordan block of size n;,

(N3) Q(1/z) a diagonal matrix of the form

°(2) =@ (1)

where the ¢;(1/z) are polynomials in 1/z of degree < r and without
constant terms.

Recall that normalizations (NV;) and (N,) guarantee the unicity of F(z) as

formal series solution of the homological system (Ap) associated with system
(A) (see [5]).

Under the hypothesis that system (A) has the unique level r > 1 (see
definition 2.1 below for the exact definition of levels), M. Loday—Richaud
and the author investigated in [12] (case r = 1) and [23] (case r > 2) the
resurgence of the Borel transforms of the r-reduced series (= sub-series of
terms r by ) of F(x) and displayed a complete description of all their sin-
gularities. Then, as an application, they stated some Stokes-to-connection
formule making explicit the Stokes multipliers of system (A) in terms of
some connection constants in the Borel plane, providing thus an efficient
tool for the effective calculation of the Stokes-Ramis matrices of system (A).



When system (A) has multi-levels y < ... < r,, these results were general-
ized later to the lowest [22] and highest [21] levels by respectively considering,
on one hand, the ri-reduced series and 7,-reduced series of f(z) and, on the
other hand, the lowest and highest levels’ Stokes-Ramis matrices.

In the present paper, we propose to extend the results above to any level
i, of system (A). To do that, we shall proceed similarly as the approach
developed in [22] for the lowest level by first showing that the study of level
rr can always be reduced to the study of the highest level of a convenient
system. This point, which is central in our present approach, is based on
the factorization theorem of F(z) [9,19,20] (see section 2, theorem 2.7 be-
low) and on a block-diagonalisation theorem allowing to write system (A)
on a convenient block-diagonal form (section 3.2, theorem 3.6). Using that
and the results of [21], we then prove that the Borel transforms F ki (7,
u=0,...,r, — 1, of the ri-reduced series of ﬁ(az) are resurgent (section 3.3,
theorem 3.10) and we give a complete description of all their singularities
(section 3.4, theorem 3.15). In next section 4, we restrict our study to some
special geometric configurations of singular points of the Flksul ’s; then, for
such configurations, we display connection-to-Stokes formulae of level 1y, re-
lating the Stokes multipliers of level ry of F(z) to the connection constants
of the FI*s in the Borel plane (theorem 4.11). As an illustration of these
formulae, we develop one example (section 4.3).

2 Preliminaries

Split the matrix F(z) into J column-blocks fitting to the Jordan block-
structure of matrix L (for £ = 1,...,J, the matrix F**(z) has n, columns):

Fla) = [F*'(x) F*2(x) - F(2)].

The aim of this section is to briefly recall some basic definitions/results
about the summation theory and to introduce some notations we are needed
in the sequel.

2.1 Some definitions and notations

Given a pair (g, q¢) such that ¢; # ¢, we denote

1 Qo 1
(a5 — q0) <;> I +o0 (xTM> , e # 0.




Definition 2.1 (Levels, Stokes values and anti-Stokes directions of F*(z))
Let j, ¢ € {1, ..., J} such that ¢; # q.

e The degree 7, is called a level of F(z).
e The coefficient v is called a Stokes value of level r;, of F*(x).

e The directions of maximal decay of e(%~%)(1/%) j ¢ the rj¢ directions
arg(a,¢)/rje mod (2m/r;,) along which —a;,/x"7* is real negative,
are called anti-Stokes directions of level rj, of F**(x).

Note that a Stokes value (resp. an anti-Stokes direction) of F *‘(x) may be
with several levels. Note also that the denomination “anti-Stokes directions”
is not universal: sometimes, one calls such directions “Stokes directions”.

Notation 2.2 The set R\ := {r§‘) <. < rfoi)} with py > 1 denotes the set
of all levels of F*¢(z).

Note that, according to normalization (NNV3), all the levels rff)
one refers sometimes this case as the unramified case.

Note also that, for all /, we have r]()i) < r the rank of system (A). Actually,
if there exists ¢ such that 7“1(,? < r, then 7’,(3? < rforall £ € {1,..,J} and
polynomials ¢; have the same degree r and the same terms of highest degree.
One then reduces to the case 7‘](3? = r by means of a change of unknown vector
of the form Y = Ze?1/*) with a convenient polynomial ¢(1/x) € 7 'Clz™!].
Recall that such a change does not affect levels or Stokes-Ramis matrices of
system (A).

are integer;

Definition 2.3 (Levels, Stokes values and anti-Stokes directions of F(z))
We call

o level of F(x) (or of system (A)) any level of the F*(z)’s,
e Stokes value of F(z) (or of system (A)) any Stokes value of the F*(z)’s,

e anti-Stokes direction of F(z) (or of system (A)) any anti-Stokes direc-
tion of the F**(z)’s.

Notation 2.4 The set R := {r; < ... < r,} with p > 1 denotes the set of
all levels of F'(x) (or of system (A)).



J

We clearly have R = UR“) and 7, = .

=1

When p = 1, system (A) is said to be with the unique level r. Recall
that such a system was already investigated in great details in [12] (case
r = 1) and [23] (case r > 2). Henceforth, we suppose from now on p > 2,
i.e., system (A) has at least two levels. Note however that some column-
blocks F*(z) may have the unique level r, i.e., p, = 1 and R = {r}.

2.2 Multisummability

< Multisummability of F(z). The multisummability of formal power
series in C|[x]] was investigated by many authors and several multisummation
process based on various methods such as asymptotic, cohomology, integral
operators, etc... were built [2-4, 6,9, 16, 18]. Of course, all these process
provide a same and unique multisum (see [11] for instance). In this article,
we shall use either of these process depending on our needs.

Notation 2.5 Given a direction § € R/27Z and k := (k; < ... < kg) a
s-tuple of positive numbers, we denote by

o C{x}yp the set of k-summable formal series in direction 6,

o sp0(h)(x) the k-sum of h(z) € C{z}e in direction 6.

Recall that sj.¢(h)(z) defines an analytic function 1/k;-Gevrey asymptotic to
h(z) on a germ of sector with vertex 0, bisected by ¢ and opening larger than
7/ks '. In particular, h(x) is a 1/k;-Gevrey formal series (denoted below

by h(z) € C[lx]]i/,), i.e., its formal Borel transform By, (h) of level k; is
analytic at the origin 0 € C. Recall also that, for k := (k), the set C{z}0
coincides with the set C{z}4, of classical k-Borel-Laplace-summable formal
series in direction 6 [17]. We also denote by

o C{x}) the set of k-summable formal series, i.e., the set of k-summable
formal series in all directions but finitely many.

Note that C{z} C C{z} for any k.

Back to F(x), one has the following classical theorem:

"'When opening is < 27, the sector can be seen as a sector of C\{0}; otherwise, it must

be considered as a sector of the Riemann surface C := C\{0} of the logarithm.



Theorem 2.6 ([4,6,9,16,18])

1. Multisummability of F(z).
Let § € R/277 be a non anti-Stokes direction of F(z).
Let r := (r; < ... <) be the p-tuple of all the levels of ﬁ(x)
Then, F(z) € C{z}.

2. Multisummability of F*(z).
Let 0 € R/2n7Z a non anti Stokes direction of F%(z).
Let r® = (r\9 < .. < {9} the po-tuple of all the levels of F*(z).
Then, F*!(z) € (C{:c}£ 0).9(0) -

< Factorization theorem. The factorization theorem 2.7 below tells us
that F'(z) can be written essentially uniquely as a product of r;-summable
formal series F, () for the different levels 7y, of F(z). It was first proved by
J—P. Ramis in [19,20] by using a technical way based on Gevrey estimates. A
quite different proof based on Stokes cocycles and mainly algebraic was given
later by M. Loday—Richaud in [9]. Both proofs are nonconstructive. However,
as we shall see in section 3, this theorem provides sufficient informations
to allow us to investigate the resurgence and the singularities of the Borel
transforms of the ry-reduced series of F'(x).

Theorem 2.7 (Factorization theorem, [9,19,20])

Let R ={r; <ry < .. <r,=r} denote the set of levels of F(z) 2

Then, F(z) can be factored in F(z) = ﬁrp(x)...ﬁm (2)F,,(z) where, for all
k=1,...p, F.,(z) € M,(C[[z]]) is a r-summable formal series with singular
directions the anti-Stokes directions of level vy, of F(x).

This factorization is essentially unique: let ﬁ(w) = érp (2)...G,, (2)G,, (2) be
another decomposition of F (x); then, there exist p — 1 invertible matrices
P, (:U) : Prp 1(x) € GLn((C{x}[ _1]) with meromorphic entries at 0 such
that Gy, = P, F,,, Gy, = P, F, P;' fork=2,...p—1andG,, = F, P! .
In particular, we can always choose F,, so that FTk( ) =1, + O( ") for all
k=1,..,p3

k’r‘kl

Notation 2.8 Given a level p € R of f(w), we denote by

2Recall that we suppose p > 2 in this paper.

3 Actually, such conditions, like the initial condition F'(z) = I,, +O(z"), allow us to have
“good” normalizations for the 7i-reduced series and thus to simplify future calculations
(see sections 3.3 and 3.4 below).



e p~ = (r; < ... < p) the tuple of levels of R which are < p,
e pt! the level of R immediately greater than p when p < r,

e p7:= (p™ < ... < r) the tuple of levels of R which are > p, with the
convention p* = +oo when p =r,

o ﬁpf(x) the sub-product of F'(z) defined by ﬁp, (z) := F,(x)...F, (),

3 ﬁp+ (z) the sub-product of F(z) defined by ﬁp+ (x) = ﬁr(x)..ﬁpﬂ(x)
with the convention F,+(z) = Fi(x) = I,, when p =r.

Note that, following [18, Lem. 7], ﬁpf(:v) € C{z},-,p and ﬁer () € C{z},+4
for any non anti-Stokes direction 6 of F(z).

Let us now consider the matrix

2 )
of the system obtained from system (A) by the formal gauge transformation
Y — ﬁ,ﬁ (x)Y. Then [9], A,(z) is analytic at 0 and the matrix }N/p— (x) ==
F ' (z)2LeR1/?) is a formal fundamental solution of system

dY
M = A @)Y, (4,)

Ay(x) i= Fou (z) Y A(x) i (2) — 2 F 4 ()

p

Note that system (A,) and matrix )A}p— () coincide with system (A) and
matrix Y (z) when p = r. Note also that all systems (A,) have same levels
rp < ry < .. <1, as system (A) and that all matrices )N/p— (z) have same
normalizations as Y ().

When p < r, the structure of A,(x) will be precised in theorem 3.6
below. In particular, we shall show that A,(z) (and, consequently, F ()
can always be chosen with a convenient “block-diagonal form”.

3 Main results

Since any of the J column-blocks F *‘(x) can be positionned at the first
place by means of a convenient permutation P on the columns of 37(:70) and
since this same permutation acting on the rows of }7(33) allows to keep initial
normalizations of ?(:c) 4 we can restrict ourselves, without loss of generality,

1The new formal fundamental solution reads PY (z)P = PF(z)PzP LFeP 'Q(1/2)P
with PF(z)P = I, + O(z").



to the study of the first column-block F*(z)) which we denote below by f(z).
Note that the size of f(z) is n x ny. Note also that f(z) = I,,,, + O(z"),
where I,, ,, denotes the first n; columns of the identity matrix /,,.

3.1 Setting the problem
In addition to normalizations (N;) — (N3) of Y (), we suppose that

(Ny) My =0and ¢; =0,

conditions that can always be fulfilled by means of the chan e of unknown
vector Y = zMe®(1/%) 7 Doing that, the levels 7“ < Tpl of f (see
definition 2.1 and notation 2.2) are the degrees of nonzero polynomlals q; of
(. To simplify notations, we denote them below by p; < ... < p,,. Recall

that p,, = r the highest level of F(x).

Notation 3.1 To simplify calculations below, we suppose from now on that
matrix () reads on the form

Q:Ql@---@Qm

where

e (), is a diagonal matrix whose entries are all the polynomials ¢; of
degree < py, i.e., all the polynomials ¢; = 0 (in particular, ¢;) and all
the polynomials g; of degree p;,

o for all £ > 2, ), is a diagonal matrix whose entries are all the polyno-
mials g; of degree p; and whose the leading term Qj := x”*(Q)y|,—o has
a block-decomposition of the form

@kaf[mkaf ; Qe € C\{0} and Qp¢ # Qre if L # L.
=1

Note that decomposition of () can always be fulfilled by means of a
convenient permutation acting both on the rows and columns with indices
> ny+1 of Y(z). In particular, such a permutation does not affect normaliz-
ations (N;) — (Ny) of Y(z) or the first place of f(z). Note also that Q = Q;
when p; = 1.

Notation 3.2 Following decomposition of @),

e we denote by Ny the size of the square matrix Q, k =1, ..., p1,



e we split matrix L of exponents of formal monodromy like Q:
L=L&..®L, withL;e My, (C).
For k € {1,...,p1}, we denote by f[k;“}(t), with u = 0,..., p, — 1, the p-

reduced series of f(m), i.e., the sub-series of terms py by px of f(x). Recall
that these series are uniquely determined by relation

Fz) = FWO(grn) 4 o f W0 gy 4 L flo—1 (gony,

Following proposition 3.3 glves us a first property of the formal Borel
transforms f % (7) := By (f ) (7) of level 1.

Proposition 3.3 Let 0 € R/2xZ be a non anti-Stokes direction of f(z).
Let k € {1,....,p1} and o .= p,0.

o Case k = 1. Then, (1) is analytic at O:

Ful(r) e c{r}.

e Case k > 2. Then, f*u(7) is summable in direction 0"

flsul(r) € C{r o1, where pl¥] ::< ad - Pi1 >
FRE) € Cirhguon . pr = o= P

We denote by felk (1) the sum thus defined by ]?[’““] (1) in direction 0™ and
by Vo(fg[k] ) the domain of definition offe[k] (1) 5.

Proof. Since f(z) is (p1,..., Ppy )-summable in direction 6 with p; > 1 (see
theorem 2.6), [1] tells us that f(x) can be split into the form

fx) =g1(x) + ... + gp, () with g;(x) € C{w},,;p forall j=1,...,p1.

Thereby, denoting by :(}g-k;u] (t), u =0, ..., pr — 1, the py-reduced series of g;(z),

the formal series f *(¢) reads as

FE () = g0 + o+ gl with g5 () € C{t}, 0 0m-

5Prec1sely, Vo( f ) is a disc centered at 0 if £k = 1 and a sector with vertex 0, bisected

by 6 M and opening larger than 7(pr — pr—1)/pr—1 if k > 2 [18].
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Hence, [3, pp. 81 and 101] implies identity
) = g0 + o+ )

where _
/\[k:,U,] (,7_) c C{T}pj/(pkfpj);e[k] lf p]/pk < 1
! C{r} if pj/pr > 1

In particular, we have g\°" (7)+...+ g (7) € C{r} and [18, Lem. 7] implies

g[lk;“] (7) 4 ... + /g‘gfj](f) € C{7} .- This ends the proof. m

__ The aim of section 3 is to investigate the resurgent character of functions
fgc[jjf} (1) and to give a complete description of all their singularities. Note

that, since p,, = r is the highest level of }N?(x), the case k = p; was already
treated in [21]. For other cases k € {1, ..., p1 — 1}, we shall see in sections 3.3
and 3.4 that their study can actually be reduced to this case of “highest level”.
To do that, we shall use an approach based on factorization theorem 2.7 and
on block-diagonalisation theorem 3.6 below which will allow us, on one hand,
to isolate levels < py of f(z) by means of the relation F(z) = Fi (x)Fp; (x)
and, on the other hand, to write the corresponding matrix A, () into a
convenient block-diagonal form. Recall that such an approach was already
used in [22] for lowest level p;.

3.2 Block-diagonalisation theorem

In this section, we fix k € {1,...,p; — 1}. Our aim is to prove that system
(A,,) can be written as a convenient direct sum of sub-systems allowing to

isolate the levels < py of f(x).

Notation 3.4 Using notations 3.1 and 3.2, we denote by

¢ Qua=Q1 D ... ®Qy-1, Q<a = Qe ® Qg and Qsqg = Qa1 D ... B Qyp,,

L] N<d = N1 + ...+ Nd—h Ngd = N<d + Nd and N>d = Nd+1 + ...+ Np17
[ ] L<d = L1 D...D Ldfl, Lgd = L<d D Ld and L>d = Ld+1 D...PD Lpl

when sums make sense.

According to notation 3.4 above, matrix () reads as

Q= Q< ® Qi (3.1)
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with Q<i (resp. @Qsi) of size N<j (resp. N-j). Block-diagonalisation the-
orem 3.6 below, which is an improved version of the one stated in [22, Thm.
3.3], tells us that, up to analytic gauge transformation, system (A,, ) can be
split into a direct sum of two sub-systems fitting to the block-decomposition
(3.1) of @. In particular, it shows that matrix A, (x) can be reduced into a
block-diagonal form A, (v) = A), (z) ® A} (z).

Theorem 3.6 stems from following technical lemma 3.5 which is based
on the results of B. Malgrange proved in [13] and on Tauberian theorems due
to J. Martinet and J.-P. Ramis [18].

Before stating this lemma, let us recall that a (formal) meromorphic gauge
transformation Z = T'(x)W transforms any system

dw
r+1277 %74
T — A(z)

into the system

az dT

o™= = TA(2)Z  where A(x) = TA(2)T™' + 2™ —T71.

dx dx

Lemma 3.5 Letd € {k+1,....,p1}. Let a system
AW
xPd o A()W , A(x) € My_,(C{z}) (3.2)

together with a formal fundamental solution at O of the form

W(:c) = ﬁ[(az)xLSdeQSd(l/x)
where H(z) € My_,(C[[x]]) satisfies H(z) = In_, +0O(2").
Suppose that ﬁ(x) s summable of levels < py.

Then, there exists an invertible matriz T'(x) € GLn_,(C{z}) with analytic
entries at 0 such that

1. T(x) = In_, + O(a7),
2. the gauge transformation Z = T(x)W transforms system (3.2) into a
system

xpd+l% _ [A’(x) 0 (3.3)

dx 0 All(x)] “
with A'(x) € Mn_,(C{z}) and A"(x) € My,(C{z}),
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3. the formal fundamental solution Z(x) = T(x)W (z) of system (5.3) has

a block-diagonal decomposition

Z(x) = f]/(x)queQ@(l/w) @ ﬁ”(x)deeQd(1/$)
where

(a) H'(z) and H"(z) satisfy H'(x) = H"(z) = I, + O(z"),

(b) H'(z)xl<te@<a/2) is g formal fundamental solution of system

az
.rpd—“q% =A(2)Z, (3.4)

(c) f]”(x)deeQd(l/m) is a formal fundamental solution of system

:Ede% = A"(z)Z.

Moreover, both formal series H'(z) and H"(z) are summable of levels < py.

Proof. < Since H(0) = In_,, the matrix A(x) of system (3.2) reads

d
A(x) — ppatl Q<a + xﬂdB(x)
dx
with B(z) analytic at 0. Hence, according to the block-decomposition of
matrix () (see notation 3.1), the heading term A(0) = On_, ® (—p4Qq) of

A(z) reads
A(0) =0n_, @ (@ _ded,ZImdl)
=1

with Qa¢ # 0 and Quy # Qae if ¢ # ¢'. Thereby, applying [13, Thm. 1.5],
there exists an invertible matrix Ti(z) € GLy_,(C[[x]]1/,,[z7"]) with mero-
morphic 1/ps-Gevrey entries at 0 such that the matrix "'A(x) has a block-
decomposition like .A(0). Note that the entries of 7!4(z) are generally mero-
morphic 1/ps-Gevrey and not convergent. Denote by A®)(x), £ =0, ..., s4,
the blocks of T!A(x). By construction, all the sub-systems

aw
gPitt—— = AO ()W £=0,..., 54
dx
have levels < pg. Then, [13, Thm. 1.4] applies and, consequently, there

exists, for all ¢ = 0,...,s4, an invertible matrix TQ(E) (x) with meromorphic



13

1/p4-Gevrey entries at 0 such that the matrix 4O (z) has meromorphic
entries at 0. Finally, normalizing the formal fundamental solutions of these
last systems by means of convenient polynomial gauge transformations in
x and 1/x if needed, calculations above tell us that there exists a matrix
T(x) € GLn_,(C[[z]]1/,,[x7"]) satisfying points 2 — 3. of lemma 3.5. Note
that point 1 results from equalities

T(z)H(x) = H'(z) ® H'(z) = Iy_, + O(a") (3.5)

and from assumption H(z) = In_, +O(a").

a4 We are left to prove that T'(z) is analytic at 0 and that formal series
H'(z) and H"(x) are both summable of levels < p;,. According to construc-
tion above, we already known that H'(z) and H”(z) are both summable of
levels < pg. Then, the first equality of (3.5) and hypothesis “H (z) summable
of levels < p;” tell us that T'(x) is actually both 1/ps-Gevrey and summable
of levels < py (indeed, pp < pq for all d = k + 1,...,p1). Hence, applying
Tauberian theorem [18, Prop. 7, p. 349], T'(x) is analytic at 0. As a res-
ult, T(z)H(z) is still summable of levels < p, and, consequently, H'(z) and

H"(x) are both summable of levels < pj, too. This ends the proof of lemma
3.5. m

Note that the hypothesis “H (x) is summable of levels < pi” is crucial
in the proof of lemma 3.5: without it, we can not prove the analyticity of
T'(x). Note also that lemma 3.5 can be again applied to sub-system (3.4)
when d > k 4 2... and so on as long as d # k + 1.

In the case of system (A,, ), an iterative application of lemma 3.5 starting
with d = p, allows us to state the following result:

Theorem 3.6 (Block-diagonalisation theorem) There exists an invert-
ible matrixz Ty(z) € GL,(C{x}) with analytic entries at 0 such that

1. Ty(x) =1, + O(x"),

2. the gauge transformation Z = Tj,(z)Y transforms system (A,,) into a

system
az
xr-ﬁ-l

dx

where the matriz A, (z) € M, (C{z}) has a block-diagonal decompos-
ition like block-decomposition (3.1) of Q:

A, (1) = A, (2) ® A7 (2)

= TkAPk ()2 ( TkAPk )
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with A’ () € My_, (C{x}) and A} (x) € My, (C{z}),

3. the formal fundamental solution Z o (x) = Tk(x)?p; (z) of system (T+A,,)
has a block-diagonal decomposition

7, (x) = F'_(z)a=reQ@=r0/7) g B (7)o @or(1/7)
k Pk Py

where
(a) F'_(x) and F" (z) satisfy F'_(x) = F"_(z) = I, + O(2"),
Pk P Pk Pk

(b) the matriz }7;, (x):= ﬁ;, (z)zl<reQ<k(/2) s q formal fundamental
k
solution of system

dz
.y

(c) the matrix XN/Z, (x):= ﬁ;’, (z)zP>re@>k(1/2) s q formal fundamental
k
solution of system
r+1% — A"

X di_ Pk

(2)Z. (45,)

In particular, the matriz Ty(z)F p;(x) has the block-decomposition

Py

(x) = F;;(x) ® F:E (x)
where ﬁ;, () and ﬁ;’, (x) are both p, -summable.
k k

Remark 3.7 According to the analyticity of Ti(x) and the “unicity” of fac-
torization theorem 2.7, block-diagonalisation theorem 3.6 tells us that we can
always choose as matrix F, (z) the matrix Ty (z)F, (z) and as system (4,, )
the system (7+4,,). This we do from now on.

Note that one of the interests of the choice of system (7*4,,) for system

(A,,) is that its sub-system (A}, ) “contains” all the levels < p, of f(z) and
has py as highest level.
Note also that block-diagonalisation theorem 3.6 and remark 3.7 above

can be extended to the highest level p,, = r of f(z) by setting N-,, = 0 and

T, (x) = I,,. Doing that, we clearly have

F(z) = F-(2) = Ty, (2) B (2) = F[- ()

T

and systems (4), (A,), (TmA4,) and (A’) coincide.
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3.3 Resurgence

In this section, we shall investigate the resurgent character of functions
f[:[z]d(T) given in proposition 3.3. In particular, we shall prove a resurgence
theorem which generalizes resurgence theorems stated by M. Loday-Richaud
and the author in [12, 23] for systems with single-level and in [21,22] for
lowest and highest levels of systems with multi-levels.

3.3.1 Resurgence theorem

Recall that a resurgent function is an analytic function near the origin which
can be analytically continued on all a convenient Riemann surface. More
precisely, one has the following.

Definition 3.8 (Resurgent function) Let 2 C C be a finite subset of C
containing 0. A function defined and analytic near 0 is said to be

o resurgent with singular support 2,0 when it can be analytically con-
tinued on all the Riemann surface Ry, defined as (the terminal end of)
all homotopy classes in C\2 of paths issuing from 0 and bypassing all
points of 2 (only homotopically trivial paths are allowed to turn back
to 0); in particular, such a function is analytic at 0 in the first sheet,

e resurgent with singular support Q~,5 when it can be analytically contin-
ued on all the Riemann surface R, := the universal cover of C\2.

We denote by Resq and Resg, g the sets of resurgent functions with singular

support 2,0 and of resurgent functions with singular support Q,a.

Recall that the difference between Rq and 7%9 just lies in the fact that Rq
has no branch point at 0 in the first sheet. In particular, we have a natural
injection Resqo — Resﬂﬁ. Recall also that the choice of the Riemann

surface 7%9 or Rq only depends on the fact that the function we consider has
a singular point at 0 or not.

Definition 3.9 (Resurgent function with exponential growth) Given
Kk > 0, a resurgent function of Resqp (resp. Resg ) is said to be with expo-
nential growth of order < r if it grows at most exponentially with an order
< k on any bounded sector of infinity of Rq (resp. Rq).

We denote by Resgy (resp. Resé’%) the set of resurgent functions of Resq

(resp. Resq ) with exponential growth of order < k. As before, we have a

« . . <K <K
natural injection Resq, — Resgﬁ.
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When x = 1, any function of Resé’fo (resp. Resé’%) is said to be summable-

resurgent with singular support 2,0 (resp. 9,6) Following notations of

[12,21-23], we denote Resg" (resp. Resg') for Resgl (resp. Reséla).

We are now able to state the main result of this section.

Theorem 3.10 (Resurgence theorem) Let k € {1,...,p1}.

Let § € R/277 be a non anti-Stokes direction of f(z) and 8% = p,6.

Let Q2 be the set of Stokes values of level py, of f(x) (see definition 2.1) and
Q,, =Q, U {0}.

Let K1, ..., kp, > 0 be the positive numbers defined by

+
P .
Kj = +i Aforjzl,...,pl—l and Ky, = 1.
Pi — Pj

e Case k =1. Then, for allu=0,...,p; — 1,

7Lyl <
fon' (1) € Resg,: o-

e Case k > 2. Then, for allu=20,....,p; — 1,

2 [k;u] <K
It (T) € Resnp’;ﬁ.

Remark 3.11 When f(z) has the unique level r (i.e., py = 1 and so p; =
pp, = 1), we find again, of course, the resurgence theorem already stated by
M. Loday-Richaud and the author in [12] and [23], namely

f‘[;[;f]‘] (1) € Resg,'o forallu=0,...p —1.

The proof of theorem 3.10 is developed in section 3.3.2 below. It is based
on factorization theorem 2.7, block-diagonalisation theorem 3.6 and on the
results of [21].

3.3.2 Proof of theorem 3.10

<4 A fundamental identity. Let k € {1,...,p;}. According to factorization
theorem 2.7, block-diagonalisation theorem 3.6 and remark 3.7, the formal
series f(x) can be written on the form

(3.6)

N>k Xni

flz) = E,r(2)f, (x) with f, (x) = [fék (3“")]

where
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o ﬁp: (z) € M,(C[[x]]) is a p; -summable formal series satisfying F ot () =

I, + O(2") when k < p; and ]*Nj@ (x) = I,, when k = py,

) fé,; (x) denotes the first n; columns of ]5;_ (z) € Mn_, (C[[z]]),

k
® On.,xn, denotes the null-matrix of size Nsj x n.
Note that f;;(x) = f;, (x) when k = p;.
k

As before, we denote by f‘iﬁ“} (t) and f;[’f;u] (t) with u € {0,...,pp — 1}
— k - k
the py-reduced series of F+ () and of f o (z). We also denote by

£ =01 (¢)

o FH(t) = ; € M,y (C[[1]]) the matrix formed by the p-

}‘v ksox =11 (1)
reduced series of f(z),

_— £

o 7y = T D) and 7 1) = : .

& N>pxni i Flkioe—1]
Fln

Then, relation (3.6) above implies relation f (t) = f’[p@ (t)f;k,] (t) where
k k

7 [k:0] Talksp—1] . o olks1] i
sz (t) tFp;r (1) tsz (t)
I [k;1 k50 .
i FL;: J) FLZ J() :
FH ) = : :
Pk
T~ [k;0 T [k;pr—1
: FLz 0] tFL%”’“ )
Flkipe—1] (t) o . F[k+;1] (t) Flk:0l (t)

24 Py Pr

pk Y *) pk -
when k& < p; and where F

+1 B
is a (pL . L)—summable formal series satisfying Fgﬂ(t) = Ipn + O(1)
k
(K]
e R
[3, p. 81], its formal Borel transform F[p]ﬂ (1) reads as
k

(t) = I, when k = p;. In particular, applying

Y

SN B P Gk(r) when k < p;
Fim) { ol,, when k£ = p;

P
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where ak(T) defines an entire function on all C with exponential growth of
order < ki, = p'/(pi' — pi) at infinity. Indeed, p}'/py > 1. This brings
then us to the following lemma:

Lemma 3.12 Letk € {1,...,p1}. Then, the formal Borel transforms f[k;“] (1)
of f*ul(t) and the formal Borel transforms f glf;u] (1) of f /p[]f;u] (t) are related,

k k
forallu=0,...,pr — 1, by relation

N k) 7 /[k;ul
]\/v>)C XNy N>k><”1

where Ey,, is a convenient entire function on all C with exponential growth
of order < Ky, at infinity when k < p; and where Ey,, =0 when k = p;.

< Resurgence of f;[’f;u](r). By construction (see block-diagonalisation
k

theorem 3.6 and remark 3.7), the matrix ﬁé,(x)a:LSkeQSk(l/x) is a formal

fundamental solution of a system of the form

Y
:Ep”l(fi—x = A;k (2)Y (A7)

with a convenient matrix A}, (z) € My_, (C{z}) satisfying A/ (0) # 0. In
particular, one can easily check the following points:

e system (A ) has p; as highest level,

e the levels of }Z, (z) are the levels < p; of f(z), namely p; < ... < pi,
k

e the Stokes values (hence, the anti-Stokes directions) of level £ € {p1, ..., pi.}
of f;,(x) and f(z) coincide.
k

Thereby, choosing a direction § € R/277Z as in theorem 3.10, it is clear that
1. 0 is not an anti-Stokes direction of Z/f (),
k
2. the ]?;['f;“](T)’s are, as the fk (7)’s, analytic at 0 if k& = 1 and pl*-
- P
summable in direction 8%/ = p.0 if k > 2 (see proposition 3.3).

Hence, denoting as before by fﬁ?:ﬁm (7) the sum thus defined and applying
[21], we have the following.
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Proposition 3.13 ([21, Thm. 4.9]) Let k € {1,....p1}.
Let 0 € R/27Z and 2, as in theorem 3.10.

e Case p; = 1. Then, for allu=0,...,py — 1:

7' [1u] R sum
fp;;gm (1) € Resg.o-

e Case p; > 2. Then, for allu=0,...,p; — 1:

We are now able to end the proof of theorem 3.10.

< Conclusion. According to lemma 3.12, functions f[:[,:f] and /%

_ are
Py QG[k]

defined on the same domain Vo(f[:[jff]) (see proposition 3.3) and are related
by relation
/[k;u]
]?[k;u] _ [fpg;gm

gl = + Ep *

7 /k;5u]
P 61 ] : (3.8)

N> xnq N> g xna

Theorem 3.10 follows then from proposition 3.13 and from the fact that the
exponential growth x; of E, at infinity is greater than 1 when k& < p;. This
ends the proof.

3.4 Singularities

Resurgence theorem 3.10 above tells us in particular that the only possible
singular points of fg“[ff} (1) are 0 and the Stokes values w € ) of level py

of f(x). In this section, we propose to give a complete description of all
the singularities of the fg“[;f}(r) at the various Stokes values of Q) . Before
starting the calculations, let us recall some definitions and notations about
singularities. For more precise details, we refer to [7,14,24].

3.4.1 Some spaces of singularities

Denote by O the space of holomorphic germs at 0 € C and by O the space
of holomorphic germs at 0 on the Riemann surface C of the logarithm. One
calls any element of the quotient space C := O/O a singularity at 0. Recall
that C is also denoted by SING, by J. Ecalle and al. (cf. [24] for instance).
Recall also that the elements of C are called micro-functions by B. Malgrange
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[14,15] by analogy with hyper- and micro-functions defined by Sato, Kawai
and Kashiwara in higher dimensions.

The elements of C are usually denoted with a nabla, like 977, for a singu-
larity of the function . A representative of gvp in O is often denoted by ¢
and is called a major of .

It is worth to consider the two natural maps

can: O — C = O/O the canonical map and

var: C — O the variation map,
action of a positive turn around 0 defined by varg = $(7) — p(re27)
where p(7e72™) is the analytic continuation of p(7) along a path turning
once clockwise around 0 and close enough to 0 for ¢ to be defined all along

Y

(the result is independent of the choice of the major #). The germ var ¢ is
called the minor of %

One can not multiply two elements of C, but an element of C and an
element of O: ap := can(ap) = alp for all v € O and ¢ € C.

On the other hand, one can defined a convolution product ® on C by
setting gvol ® %2 := can(pq *, P2), where p; %, P9 is the truncated convolution
product

(B1 %0 F2)(7) = / B — By € O

with u arbitrarily close to 0 satisfying 7 €]0, u[ and arg(7 —u) = arg(r) — 7.
Note that gvol ® gvoz makes sense since it does not depend on wu, nor on the
choice of the majors ¢; and ps. The convolution product ® is commutative
and associative on C with unit 6 := can ( 1 )

i

In the sequel of this article, we shall use especially the following sub-
spaces of C :

< The subspace C=' of singularities for which the variation defines an
entire function on all C with exponential growth of order < 1 on any bounded
sector of infinity. Recall that this space is isomorphic, via the Borel-Laplace
transformation, to the space of analytic functions with subexponential growth
at 0 € C [7, pp. 46-48]; in particular, any power t* with A € C and any
exponential ef’ ") with p > 2 and P(t) polynomial in t of degree < p define
singularities in C=1.

v v
4 The subspace N z'l?fjg$ (resp. Det;;%;g'{) of resurgent singularities of
Nilsson class (vesp. of finite determination) with singular support €, 0 (resp.
2,0) and exponential growth of order < k at infinity (x denotes a positive
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number and 2 a finite subset of C containing 0). Recall that these singular-
ities are the singularities of C for which the variation reads on the form

Z Pap(T)T(InT)P

finite

witha € C, p € Nand ¢, ,(7) € Reséfg (resp. @ap(T) € Resg% holomorphic
on a punctured disc at 0). When K, = 1, such Singularities are said summable-

resurgent and we simply denote N il o (resp. Dets ’”es) for N il 5=t (resp.
res;<1
’DetQ% ).

For any w € C*, we denote by Cy, the space of singularities at w, i.e., the
space C translated from 0 to w. A function @ is then a major of a singularity
at w if p(w + 7) is a major of a singularity at 0. In the same way, we define
the translated space C=! wy €te...

3.4.2 Description of singularities

Let k € {1,....,p1} and u € {0, ..., p — 1}. The behavior offgﬂ[ﬁ](r) at any of
its singular points w € 7 depends, of course, on the sheet of the Riemann
surface where we are, i.e., it depends on the “homotopic class” of the path
~ of analytic contlnuatlon followed from any point a # 0 of Vy(f : u]) 6 toa
neighborhood of w Note in particular that “homotopic class” implies that
the behavior of f g[k] ( ) does not depend on the choice of a.

We denote below by f[k[,ff] the singularity of f :[ku]( ) defined by the

analytic continuation of f E;W}( ) along the path v. Before starting the calcu-
lations, let us first introduce the key notion of front of a singularity [21-23].

< Front of a singularity. Let w € 27 . We call front of level py of w the
set of all the polynomials ¢;(1/x) of Q(1/x) with leading term —w/x"%. We
denote it by Fr,, (w) and we have

w 1
Frp (w) = {—% + Qu k.l (;) ; 0=1, ...,sk}

where sj, is an integer > 1 and where all the g, ;¢(1/x) are polynomials in
1/ with degree < p; and without constant term.

6See proposition 3.3 for the exact definition of Vo(jA"[Gk[:f]).
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[k;u]
0w,y
be with a good front when F'r,, (w) is a singleton (case s, = 1) and with a

bad front otherwise (case s, > 2). Note that w has always a good front when
pr is the smallest level of F'(z) (see [22]).
In the special case where w has a good front, we simply denote g, for

Quw,k,1- Then,
w 1
FT%(“) = {_ﬁ + Qu.k (E)}

and we more precisely say that w (and its corresponding singularity too) has a
good monomial front when ¢, = 0 and a good nonmonomial front otherwise.

v
Following [21], w (hence, its corresponding singularity f ) is said to

Let us now turn to the study of singularities.

< Description of singularities. We proceed similarly to the proof of re-
surgence theorem 3.10 by first studying the singularities of functions f lp[?:gm (1),

then by applying identity (3.8). The structure of these singularities (see pro-
position 3.14 below) stems straightaway from [21, Thm. 4.24] and from

properties of system (AJ, ) to which the f;’[?:;][k]

(see section 3.3.2). Note in particular that these properties show, on one
hand, that the nonzero singular points of f ;[?:;][k] (1) are the singular points

(17)’s are intimately related

w € Q) of fgg[,:f] (7) (see also proposition 3.13) and, on the other hand, that
the fronts of singularities of functions f;[?;;][k] (1) and f Lﬁff] (1) at any of these
points coincide.

Vi
Proposition 3.14 (Description of fp[:;’:g[k];wﬁ, [21, Thm. 4.24])
Let k€ {1,....p1} and u € {0, ..., pr. — 1}.
Let w € Q) and vy a path on C\Q,, starting from a point of %(fgﬁ[ff}) and
ending in a neighborhood of w.

1. Suppose that w has a good front. Let

1
Qw = {Qw,k <ka—t1/pk) ;v =0, vy PE— 1}

with py, = e~27/P Then,

vy

f (il € /\/YZ'ZS_TES ® et
Py 0w,y Q) —w,0 o
q€Quw
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In particular, if w has besides a monomial front, then

/sl
Fl e NET™, o

2. Suppose that w has a bad front. Let

1
Qu = {Qw,k,f (W) s l=1,....,8, andv =0, ..., pp — 1}
k

with u, == e~27/Px . Then,

ku] c Zpets res ~®Zq|w-

pk ) 7 W,y ka —w,0
q€Qu

Notation €7 stands for the singularity of C=' defines by e? (section 3.4.1).
The fundamental identity

2 lk;u]
2lku f —.
f[e[k]] = [ P ;0%

N>k><n1

+ Ek:,u *

1[k;u]
P 01 ] (3.8)

N>k><n1

leads then us to the result in view in this section:

v .
Theorem 3.15 (Description of fgg[}ﬂw V)

Letk € {1,...p1} andu € {0,....pp —1}.
Let w € Q) be a Stokes value of level py of f(r).

Let v a path on C\S,, starting from a point of %(_fg?:f}) and ending in a
neighborhood of w.

1. Suppose that w has a good front. Let

1
0.~ {u () 5 v =01

with py, = e~27/Px Then,

f[kuw c ZN lres <I€k0 ® eq\w

q€Quw

In particular, if w has besides a monomial front, then

v
[k;u] res; <k
fe[k];% € NZZ —w Olw
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2. Suppose that w has a bad front. Let

1
Qu = {Qw,k,f (m) s 0=1,...,s, andv =0, ..., p — 1}
k

with py, = e~27/Px . Then,

v v
sl resi<ik_ o Yq
¥, € ) :Detnpk—w,a ® € -
q€Qu

v .
Note that conditions < kj, which occur in singularities f Lﬁ}jﬂwv

to the exponential growth of entire functions Ej, at infinity (see lemma
3.12). Note also that a more precise description of singularities with good
monomial front will be given in next section 4 in the case of some special
geometric configurations of singular points of €27 .

are due

4 Effective calculation of Stokes multipliers

In this section, we are interested in the effective calculation of Stokes multi-
pliers of f(z). We shall prove in particular that, for some special geometric
configurations of Stokes values of f(:ﬁ), these calculations can be reduced,
by means of explicit and theoretical formulee, to the effective calculations of
some connection constants given by the singularities of f[:[,g](T) in the Borel
plane. These connection-to-Stokes formule, which we shall display in the-
orem 4.11 below, generalize thus to any level of system (A) those already
stated by M. Loday-Richaud and the author for systems with a single level
[12,23] and by the author for lowest and highest levels [21,22].

Before starting the calculations, let us recall some definitions and nota-
tions about the Stokes phenomenon and Stokes-Ramis matrices.

4.1 Stokes phenomenon and Stokes-Ramis matrices

Let § € R/277Z be an anti-Stokes direction of F(z) (see definition 2.3).

< Stokes phenomenon. For any 7 > 0 small enough, directions 6 £ 7 are
not anti-Stokes directions of F(x). Then, all the sums s,.94,(F) exist (see

theorem 2.7) and we define the lateral sums of F(z) in direction 0 as the
respective analytic continuations of the s,.g4,(F')’s to a sector with vertex 0,
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bisected by 6 and opening 7/r (recall that r is the highest level of F(z)). We

denote these sums by s,.g+ (F).
We also define the lateral sums of Y (x) in direction 0 by Y+ (x) =

St;gi(f)<l‘)%;9* (x), where Yp.«(x) is the actual analytic function Yy« (z) :=
x+eR(/7) defined by the choice arg(x) close to #* (denoted below by arg(z) ~
6*) with 0% an argument of 6, say its principal determination in | — 27, 0] 7.

The Stokes phenomenon of system (A) stems from the fact that the two
lateral sums smf(ﬁ ) and s£;9+(ﬁ ) are not analytic continuations from each
other in general. This defect of analyticity is quantified by the collection
of Stokes-Ramis automorphisms Ste« : Yo+ —— Y- for all the anti-Stokes

directions 0 € R/2x7Z of F(z).

< Stokes-Ramis matrices. The Stokes-Ramis matrices® are then defined
as the matrix representations of the Stp.’s in GL,,(C):

Definition 4.1 (Stokes-Ramis matrix) One calls Stokes-Ramis matriz as-
sociated with Y (z) in direction 6 the matrix of Sty« in the basis Yp+. We still
denote it by Stg«; it is uniquely determined by the relation

Yp-(x) = Yy+ () Ste- for arg(x) ~ 0*.

Let us now split Stg« = [StJ] into blocks fitting to the Jordan block-
structure of L (for j, ¢ = 1,...,J, the matrix Stgff has size n; x ng). Then,
S télj = I, and Stg,;f = ( if # is not a direction of maximal decay of polynomial
q¢; — qv; otherwise, the entries of Stg;f are called Stokes multipliers of F/‘;Z(a:)
wn direction 6.

< Factorization of Stokes-Ramis matrices. Like F (x), Stokes-Ramis
matrix Stg« can be factored by levels. This result was first proved by J.-P.
Ramis in [19,20] by using the factorization theorem of F'(z) (see theorem
2.7); a quite different proof based on Stokes cocycles and mainly algebraic
was given later by M. Loday-Richaud in [9].

" Any choice of the argument is convenient. However, to be compatible, on the Riemann
sphere, with the usual choice 0 < arg(z = 1/z) < 27 of the principal determination at
infinity, we suggest to choose —27 < arg(z) < 0 as principal determination about 0.

8In the literature, a Stokes matrix has a more general meaning where one allows to
compare any two asymptotic solutions whose domains of definition overlap. According to
the custom initiated by J.-P. Ramis [20] in the spirit of Stokes’ work, we exclude this case
here. We consider only matrices providing the transition between the sums on each side
of a same anti-Stokes direction.
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Recall that the levels of F/(z) are 7, < ... < r, = r and are given by the
degrees 7, of nonzero polynomials ¢; — ¢ (see section 2.1).

Theorem 4.2 (Factorization of Stg+, [9,19,20]) With notations as above,
the Stokes-Ramis matrix Stg« can be written as

Stge = Styygv..Strygr o Strer = [St4.] € GL,(C)
where, for all k =1,...,p,
° Sti;j;e* = In;,
° Stiﬁg* = 0 4f 0 is not a direction of maximal decay of q; —qe or 10 # T4

Moreover, for any p € {ri,...,rp}, the product St,— g« := St, ,«...St, 0+ is
the Stokes-Ramis matrixz of system (A,) associated with Y, (x) in direction
6 (see page 7).

Definition 4.3 (Stokes multipliers of level 7) Let k € {1, ..., p}.

1. The matrix St,, ¢+ is called Stokes-Ramis matriz of level ry, associated
with Y (x) in direction 0.

2. When 0 is a direction of maximal decay of ¢; — ¢, and r;, = 1y, the

entries of Stiﬁm are called Stokes multipliers of level ) of ﬁ'?z(a:) in
direction 0.

For some special geometric configurations of the Stokes values of highest
level p,, =1, =r of f(z), it was proved in [21] that the Stokes multipliers
stf;;* = Stiz(l,* of f(x) can be expressed in terms of connection constants
given by the principal singularities (see definition 4.6 below) of functions
fﬁ;ﬁl (1), uw = 0,...,7 — 1 (these functions are defined in the same way as
the lateral sum si;g—(ﬁ )). The highest level’s connection-to-Stokes formule
thus obtained provide then an efficient tool for the effective calculation of
the stff;;*’s.

_ In section 4.2 below, we propose to extend this result to any level p;, of
flz), ke {l,...m}.
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4.2 Connection-to-Stokes formulae of level p, in the
case of a SG-Configuration

In this section, we fix k € {1,...,p1} and, as before, we denote by Q7 the
set of all the Stokes values of level pj, of f(z). Recall (¢f. definition 2.1)
that the elements of 27 ~determine all the anti-Stokes directions of level py
of f(x), precisely, any w € €27 generates a collection (6¢)=o,... p, 1 of pi anti-
Stokes directions of level p; of f(az) regularly distribued around the origin
and defined by its pi-th roots. In the sequel, we choose such a collection (6;)
and we suppose, to fix ideas, that their principal determinations 67 €] —2m, 0]
(see note 7) satisfy —27 <05 | < ... <65 <0,

Let us now denote % := prbo and Q* » the set of all the Stokes values
of 7 with argument 6. Note that w 6 Q o if and only if w € 27 and
w generates the collection (). Note also that for any ¢ € {0, ..., pp — 1} the

Stokes multipliers of level py of f ( ) in direction 6, are all the entries of all
matrices stj e with j such that

1 aj:pk 1 *
qj (E) = __xplc 4+ 0 ﬁ and ajypk € ka;ﬂ[k]

< The SG-Configuration. The connection-to-Stokes formulee of level pj
strongly depend on the nature and the geometric configuration of the Stokes
values of Q PCE Henceforth, in the rest of the article, we restrict ourselves to
the followmg Special Geometric Configuration (in short, SG-Configuration):

Definition 4.4 (SG-Configuration) The set QU gu is said to have a SG-
Configuration when all its elements have a good front

Let us now consider w € ka w - According to the following technical
lemma due to M. Loday-Richaud, we can always suppose that w has a good
monomial front.

Lemma 4.5 (M. Loday-Richaud, [8]) Letw € Qg with a good front
and q,(1/x) the unique element of Fr,, (w).

1. There exists a change of the variable x of the form

Y

B 1+ay+ ... +a,_qy! ;a0 €C (4'1)

such that the polar part of q.,(1/x(y)) reads —w/y".
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2. The Stokes-Ramis matrices of system (A) are preserved by the change
of variable (4.1).

Note that, although lemma 4.5 be proved in [8] in the case of systems of
dimension 2 (hence, with a single level), it can be extended to any system
of dimension > 3. Indeed, since the change of variable (4.1) is tangent to
identity, it “preserves” levels, Stokes values and summation operators.

Under the hypotheses above, we shall now prove (see theorem 4.11) that
the Stokes multipliers (s tfo’ 0:)t=0,...pp—1 for j such that ¢;(1/z) € Fr,, (w)
are expressed in terms of the connection constants given by the principal
singularities of functions Il o[k (7') at w. To do that, let us first give some
precisions about the structure of these singularities.

< Principal singularities with good monomial front, principal ma-
jors and connection constants. As we said at the beginning of section

v .
3.4.2, the singularities f [k[}cu] depend on the chosen path v for the analytic

continuations f o of functlons fo f ksu [k], and meanwhile, on the chosen de-
termination of the argument around w. Recall that such a path v starts
from a point of Vg( f ‘[gksz]_) and ends in a neighborhood of w. Here below, we

consider a path 7}  defined as follows:

® 79 is a point of Vo(f Zﬁ?ﬁ)ﬂ]O, OOem[k][ lied in the first sheet of Riemann
surface Re,, or ﬁgpk (see definition 3.8)?,
e 77, is a path starting from 7y, going along the straight line [0, w] to a

point 7 close to w and avoiding all singular points of €7 N[0, w] to the
right as shown on figure 4.1 below,

e we choose the principal determination of the variable 7 around w, say
arg(7) €] — 2w, 0] as in section 4.1 (¢f. note 7).

9Note that this last condition is, of course, always fulfilled when V;(f 0[’»1] ) is a disc or
a sector with opening < 27 (¢f. note 5).
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7

\
O V)

Figure 4.1 — A path ~;} . in the case of a sector
Vo(fgg[;f]_ ) with opening < 27

PR

rlk U] _f[k?u

olkl= W,V

at w. Note that it does not depend on the choice of

The analytic continuation f is called right analytic

continuation of f[ o

To. The principal singularity of f at w is then defined as follows:

e[k

Definition 4.6 (Principal singularity) Given u E {O s pr — 1}, we call
elk deﬁned by the

right analytic continuation }:‘[9[’61*;0)# off[o[k], at w. A major f{;ff},;w# is then

principal singularity of f‘[:[ﬁ] at w the singularity f

called a principal major.

Under our two hypotheses “Q ; has a SG-Configuration” and “‘w €
Q* ot h1as a good monomial front” the structure of the principal singularity

f [k” g1ven in theorem 3.15 can be improved and a much more precise
descrlptlon can be displayed. As in section 3.4.2, this descrlptlon stems from
the study of the associated principal singularity of f - [k] at w. The latter
(see proposition 4.8 below) is obtained by applying once again the results of
[21] to system (A, ).

Before stating it, let us introduce some notations. According to the block-
structures

1 N (1 ;
Q (E) = ]G:?Qj (E) I,, and L= @()\]Jnj + Jn;)

Jj=1
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of matrices Q(1/x) and L (section 1) and the definition of matrices Q)< and
L« (see notation 3.4), we can write

Ji

Q<k( ) EB(J]( ) n, and Loy = @I, + T.,)

j=1

with a convenient J, € {1,...,J}. Note that J,, = J. Note also that n; +
.. +ny, = N<j the dimension of Q)< and L<y.

Notation 4.7 With notations as above, we split below

o f [k[,:f}, into .J row-blocks f i; Flk "J * fitting to the Jordan block-structure of
L (for j =1,...,J, the rnatrlx f[ek[,:ff’ has size n; x ny),

° f;[if;:g[ x_ into Jj, row-blocks f 'lks q;][]k fitting to the Jordan block-structure
of Ley, (for j =1,..., Ji, the matrlx f ku]j’ " has size n; X ny).

In the same way, any matrix of size n X p (resp. N<g x p) with p > 1 is split
lik 7'k
1K€ fo[k (resp. fp;;e[k]—)‘

Proposition 4.8 (Description of f [_ Ok o y? [

Letk € {1,...p1} andu € {0, ..., pp — 1}
Let w € Q;kﬂ[k] with good monomial front. Then, the principal singularity

21, Prop. 5.4])

]Z/[k;u] admits a major f of the form
i 105w+ Py 10 5w+
Ai—u JIn ; Jn
7' [kulse _ = Ly 1lksuljie _——1 1k;ulj;e
fp;;e[kl—;w,+(w tr) =T e KT vk e remg o (T)

forall j =1, ..., J, with a remainder

pr—1

Tem'[k i}]’ (1) := Z ZT v ;Efg]i’*&(ln )

Aesqe(1/2)E€F T, (w) v=0

where

1k; “]L

o K . 'Ik; u]] " denotes a nj X ni-constant matriz such that K . =0 as

soom, as q;(1/x) & Fr,, (w),
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3 R’/\[’Zf ]il' (X)) denotes an;xny-polynomial matriz with summable-resurgent

sum
coeﬂiczents n Resg e whose the columns are of log-degree

[(ne—1) (ng—=1)+1 -+ (ng—=1)+(n1—1)] fN#0
N[l] =
[ng ne—i-l ng—i—(nl—l)] if)\g:O.

11k; “137

The entmes of nontrivial matrices K are called the connection con-

stants off ’u]k, at w.

V .
The structure of the principal singularities f [Ok[}jf]_er stems then from

proposition 4.8 and from the fundamental identity (3.8) stated in section
3.3.2. More precisely, we have the following.

V .
Theorem 4.9 (Description of f [:[}ff]_w +)

Let k€ {1,....p1} and u € {0, ..., pr — 1}.
Let w € sz-e[’v] with good monomial front. Then, the principal singularity

M ;U . . lk:u
[k;}_ admits a major [k;]_ of the form
o1k + JOT T gii=0, +

Ai—u
f[e[kl]l],;w7+(w + 7') =T Pk

n, JIn
o I ksulsie_— [ksulj;e
o KT e +rem .7 (T)

forall j =1,...,J with a remainder

pr—1

kulj; 2= Tkulj;
remlit(r) =Y Zr T RY (In7)

Aesqe(1/2)€F Ty (W) V=
where
° Kﬁﬁﬂj” denotes a n; X ni-constant matriz such that

kiulj;e .
K[k*u]L — Kg*,jj Zf QJ(l/x) € Frpk(w)
Wit On; xny otherwise

o RE\]%]LU* (X) denotes a n; x ny-polynomial matriz with resurgent coef-

ficients in Resé'::_%o whose the columns are of log-degree N[{] (cf.

notation just above).
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Note that the nontrivial constant matrices K .. '1k; “]J * and K [k U]J * coincide.
/[k u]

gl at w can

This shows in particular that the connection Constants of f

actually be directly calculated by considering the pr1nc1pal singularity of
[ku
J g~ at w. Hence, the following definition:

Definition 4.10 (Connection constants of f[k;"]_ at w) Givenk € {1,...,p1}

and u € {0, ..., pr — 1}, we call connection constants off at w the entries

of the nontrivial constant matrices K ff.‘i

e[k

Note that, in practice, the matrices K ]j * for j € {1,..., J} such that
q;(1/x) € Fr, (w) can be determlned as the coefficients of the monomial

7Ai=w/pe=1 ip the principal major £ (w + 7).

olk

We are now able to state the connection-to-Stokes formulae of level py.

< Connection-to-Stokes formula of level p,. As said in factorization
theorem 4.2, the matrix St ,. is the Stokes-Ramis matrix of system (A,)

associated with ?p; (x) in direction ;. According to block- diagonalisation
theorem 3.6, this matrix has a block-decomposition St - S = St’

—0x
St”, P where StD, 5 is the Stokes-Ramis matrix of system (A2.) assocuated
w1th YD (x) in dlrectlon 6,. Moreover, St’ “t and St”, gy €A be factored

like St —0; DY levels < py:

St — 9* - St?“1 9* St and St” St'f‘l 9* St

Pr;0; 5 30% PK30;

(recall that r, is the lowest level) and we have St,g: = 51,5, @ St74. for any
level p < pg. In particular, the Stokes multipliers St;;j,i;.eg of level p;, of f’(x)

coincide with the Stokes multipliers sti;zog of level py of f(x).

Besides, since p, is the highest level of system (A ), [21, Thm. 5.7]
applies and tells us that, for any w € Q;k; o1 With good monomial front and
any j such that ¢;(1/x) € Fr, (w), the Stgj:e;’S are expressed in terms of

the connection constants K :ﬂ’f%““ * of f/[]fiu] % at w. On the other hand, we

1[k; u]J,

proved in theorem 4.9 above that the connection constants K . are also

the connection constants K ) [k 5 of f i u], at w.

Thereby, the connectlon—to Stokes formulae between st] 0 and K 'lks u]j ’

already stated in [21, Thm. 5.7] coincide with the connectlon—to Stokes for—
mulze between st] vor and K ([fiqff;' in view in this section. Hence the following.
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Theorem 4.11 (Connection-to-Stokes fomulze of level py)
Let ke {1,...p1} and w € Q;k-e[’“] with a good monomial front.

Let j € {1,...,J} such that q;(1/x) € Fr,, (w).

Then, the data of the Stokes multipliers (st;:;gz)g‘:ompk,l of levelApk of f(x)
and the data of the connection constants (Kgfiﬂ_j;.)UZU,...,pk—l of ff;;ﬁ(T) at
w are equivalent and are related, for all £ =0, ..., pr, — 1, by relations

pr—1
.o uln;—Lj) L [kulje £In
Stifk;eg = Zﬂk T IL* s O (4.2)
u=0

where i, := e~ 27/P% and where

[kuljie N g g [k;uljse _Jn
I ::/T e KT o e Tdr (4.3)
0

with v a Hankel type path around the nonnegative real axis R™ with argument
from =27 to 0.

Note that relation (4.2) is similar to the ones obtained by M. Loday-
Richaud and the author in [12,21-23] for systems with a unique level and for
the lowest and highest levels of systems with multi-levels. In particular, an
expanded form providing each entry of formula (4.2) can be found in [23, Cor.
4.6]. This can be useful for effective numerical calculations.

Here below, we recall this expanded form in the special case where the
matrix L of exponents of formal monodromy is diagonal: L = diag(Ay, ..., A,).

In this case, the matrices stjp‘:,a; and K fiqﬂg;' are reduced to just one entry

which we respectively denote Sti)k;@z and K L[f*u]f Then, identity (4.3) becomes

)\j—u

Aj—u L T .
/T o _le[f;ﬂ_je_TdT L — Kb[f*uf
0 r (1 - Aj*u)

Pk

and the connection-to-Stokes formulae (4.2) become

)\jfu

pk—l —m

j . L(u—A; € Pk ku)j
Stjpknez( — 27/7]’2”’: ])—1-<-£‘)*7_]'l7 5 E — O, ceey pk - 1- (4.4)

)\j—u
=0 r(i-2)
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< Effective calculation. When Q* ) has the SG-Configuration, theorem
4.11 tells us that the effective calculatlon of the Stokes multipliers of level py
associated with w € Qp oiv 18 reduced, after applying lemma 4.5 if needed,
to the effective Calculatlon of the connection constants at w.

In section 4.3 below, we treat in detail one typical example to illustrate
the connection-to-Stokes formulee (4.2).

For the convenience of the reader, we briefly recall here below how to
characterize the formal series f[k'“]( t)’s and their Borel transforms f[;[;ﬂ (1)’s.

e Case p = p1 = 1. In this case, the f ksl (t)’s are reduced to just one
series f9(¢) = f(z) and we keep denoting the variable z for t. According
to normalizations (N;) — (Ny) of the formal fundamental solution Y (z) of
system (A), the formal series F'(z) is uniquely determined by the homological
System

dF d
x”l% =A(x)F — FAp(x) , Ao(z) = x”lg

associated with system (A) jointly with the initial condition F(0) = I,, [5].

Hence, by considering its first n; columns, we deduce that f(z) is uniquely
determined by the system
2 df

T = o A f —xf T, (AEI])

jointly with the initial condition f(0) = I, n, (first ny columns of the identity
matrix of size n). Recall that ¢; = 0 and A\; = 0 (¢f. normalization (Ny)).

e (Case p, > 2. In this case, a system characterizing the formal series
FlEul(t)ys, u = 0,..., pr — 1, is provided by the classical method of rank re-
duction [10] by considering the homological system of the pi-reduced system
associated with system (A). More precisely, writing system (A) in the form
dy

dx

one can prove, similarly as in the case p, = 1, that the formal series
Fie)
f[k] (t> = B : S Mpkn,nl(c[[t”)
f (k3 —1] (t)
is uniquely determined by the system

df
dt

xkarl

=A(z)Y , Az):= 2" "A(z) € M,(C{z}[z™1))

pkt2 A[k]( )f - t.f Jm (AB]‘CI])
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jointly with the initial condition f*(0) = I, nn, (first ny columns of the

identity matrix of size pyn); the matrix A¥(¢t) € M, ,,(C{t}[t™"]) is defined

by

[ AlR:0] (t) tA[k;pk—l}(t) e e t Ak t) 7

AR AR S

A[k](t): : : —@ut[n
: A1)t Alker=1] (1) u=0

AlFsee=11(t) e s AR AROL(3)

where the A¥%(t)’s denote, as in section 3.3.2, the pj-reduced series of A(z).
e Then, applying a formal Borel transform to systems (A[é]) and (Ayfl]),

we obtain convolution systems (A%]*) and (Ayf,]*) satisfied by the functions
fgg[,:f}, (1), u =0, ..., pr — 1. In the special case where py = p; = 1, we simply
denote fA(f) for fgc[,:f}, (7) (in this case, the formal Borel transform of f(z)
defines an analytic function at 0 (see proposition 3.3)).

Recall that the formal Borel transformation is an isomorphism from the
C-differential algebra (C[[t]],+,",t*4) to the C-differential algebra (6C &
Cl[r]], +, *,7-) that changes ordinary product - into convolution product
and changes derivation tQ% into multiplication by 7. It also changes mul-
tiplication by % into derivation % allowing thus to extend the isomorphism
from the meromorphic series C[[t]][t™!] to C[6*), k € N] @ C][7]].

Recall also that, in the special case where matrix A(z) of initial sys-
tem (A) has rational coefficients, convolution systems (A[Iy*) and (A[I]j,]*) can

actually be always replaced by a convenient linear differential system.

4.3 Example

In this section, we consider the system

0 O 0
dy 20° 22 0 0
4— =
o |t 0 w2 o |V (45)
2 2 =223 6+ %

of dimension n = 4 and rank r = 3 together with its formal fundamental
solution Y (z) = F(x)z*e?(/*) at 0 where

1 1 1 2 11
[ ] Q <J}> 1ag (0, J}’ ZL‘Q’ ZL‘3>, l1ag (0’07 27 4>7
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1 0 00
o F(z)= ;zg (1) (1) 8 satisfies F'(z) = Iy + O(z3). More precisely,
fz) * = 1
F(x) = — 62 — 2425 — 1202% + O(2") € 23C|[x]]
Fix) = §a + 2 +O( ") € 2°C[l2?]] . (4.6)
fA(z) = —s2® + 2ha® + O(27) € 23C|[z]]

As before, we denote by f(z ) the first column of F(x). According to calcula-
tions above, f(z ) has, like F(z), three levels: p; =1, py = 2 and py = r = 3
the rank of system (4.5).

The aim of this example is to illustrate the connection-to-Stokes formulse
given in theorem 4.11 by making explicit all the Stokes multipliers of f(z).

Note that, although system (4.5) may seem a little bit involved, it is
actually simple enough to allow ezxact calculations. This “simplicity” is due to
the fact that its matrix is triangular. Of course, such a case is anecdotal and,
in a more general situation, i.e., for systems for which the matrices are not
triangular, such exact calculations are not possible anymore. Nevertheless,
it is worth to be treated since it allows to easily illustrate formulee (4.2).

< Stokes multipliers of level p;, = 1. According to calculations above,
the direction ¢ = 0 of maximal decay of exponential e~/ is the unique anti-
Stokes direction of level 1 of f(x) and its corresponding Stokes-Ramis matrix
Sty of level 1 reads as

1 000
_lst2, 1.0 0
St1?0*001o
0 00 1

Furthermore, using notations of section 4.2, we have 8 = § = 0, Qo =1{1}
and Fri(1) = {—1/z}. Thereby, Q] has a SG-Configuration, w = 1 has a
good monomial front and, consequently, the connection-to-Stokes formulae of
level 1 allow us to express the Stokes multiplier stio in terms of the connection

constant K7 , of f(f) = fo- (&) at & = 1 (recall indeed that, since 1 is the
lowest level of f(x), the Borel transform f(f' ) defines an analytic function at

0 —see proposition 3.3). More precisely, since matrix L is diagonal, identity
(4.4) applies and implies relation

st2o = 2imK? . (4.7)
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We are left to calculate the connection constant K 12 +- Todo that, we proceed

as follows: according to relation (A[I_llj), the formal series f(m) is solution of
system

0 O 0 0
df 2x3 1 0 0
2—:
Tdr T -2 0 242 0 /
r oz 2z S+%

Thereby, its components J}VJ(SL’), J €{2,3,4}, satisfy identities

(

5
xZ% — f2 =223
xzd_fg _ gf:a _ f]”c“s 2
dr x 2
dft ~ ~ ~ ~
x2i—£f4—£f4:x+:vf2—2:cf3
N de 22 4

and, consequently, the Borel transforms fj(g ) are the unique analytic solu-
tions at 0 of the differential system

[(c-np=¢
273 dF3 N N A3
e P=1 PO=0 L0 -0
B dft 35 w5 df* 2 f* 1
IR P 2P PO -0 =0 k0 -

In particular, fA3(£) is entire on all C. Moreover, choosing a determination
of the logarithm such that In(¢) > 0 for £ > 0 and integrating system above
with Lagrange method (variation of constants), we have, for all |¢] < 1,

2 ~,
PO= -1 ad PO =ml©)+ b1 -
with hi(€) and hoe(§) analytic at 0 (in fact, on all C). Then (see definition
4.10), the connection constant K7 , is equal to

K2, =1

and, applying identity (4.7), we finally obtain

2 . .
sty = 2.
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< Stokes multipliers of level p, = 2. Let us now turn to the calculation
of the Stokes multipliers of level 2. According to the form of Y (z), the anti-
Stokes directions of level 2 of f(z) are the two directions 6 = 0 and 6 = —7
of maximal decay of exponential e~/ =*  Moreover, the corresponding Stokes-

Ramis matrices Sts,g and Sty._, of level 2 read as

1 000 1 000
0 100 0 1 00
Stao = sthy * 10 and - Sty = sty . % 1.0
0 001 0 0 01
Then, since 8% = 26, = 0, o = {1} and Fry(1) = {—1/2?}, the

connection-to-Stokes formulee of level 2 apply (indeed, 25,4 has a SG-Configuration
and the Stokes value w = 1 has a good monomial front) and tell us that the
Stokes multipliers st%;o and stg;_Tr are expressed in terms of the connection
constants K [127;9}3 and K [12i]3 of _ﬂfjo} (1) and f([)%;l] (1) at 7 = 1. More precisely,
since matrix L is diagonal, formulae (4.4) give us

( .
1 2 3 |

st = %K[ffp’ (A 4T (Z) K@

([ -

)
(4.8)

1+ D)TV2 /3 .

st = L+ imy2 Z>7“[K[f£]3 + (4 +4i)0 <—> K

)

To calculate the connection constants K [1272?}3 and K [12;&13,

as the previous case p; = 1: using relation (AEI]), the formal series f2(t)

(see page 34 for notation) is solution of system

4

we proceed similarly

oo o0 0 0 0 0 O
220 0 0 0O t 0 0
0 024+%5 0 —* 0 0 0
df t t -2t L 0 0 0 -6
27J 4
S o0 0o o -t o o ol
01 0 0 22 —t 0 0
-t 0 0 0 0 0 2-%£ 0
o0 o =% ¢t t -2 %]

Thereby, since f1(z) = 1 implies £291(t) = 1 and F&U(¢) = 0, its com-
ponents fZWi(¢t), u € {0,1} and j € {2,3,4}, are uniquely determined by
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relations
p . -
df 2012 ~ df %112 ~ ~
942 — 2 1 4f (2102 942 tf 212 — £[2:002
FRos_o o2 dfc[;lb ~ (2 ) FR =
£[2;0]4 - ~ ~
2t2 dfd . E‘f [2;0]4 + 6f [2;1]4 =t+ tf [2;0]2
t 4
942 daf 21 ﬁN[2;1]4 §~[2;0]4 — pFI212 oy F2113
+ —fEt 4+ —f f f
\ dt 4 t

jointly with initial conditions f2%(0) = 0. In particular,

}V[z;o}z(t) = —682+ O(3), f[%lp(t) = —2t — 241> + O(#3)

FEB@) =0,  fEB@E) =1t+ 424+ 0

FEOE) = —Ft+0(8),  FEU(E) = O(F)
This leads then us, after a Borel transformation, to the following properties.

e The formal Borel transforms f 292 and f 212 satisfy relations

Flz _ Qdi (Tf[z;mz) _9
T

d2’\[2;0}2 dA[2;o]2 .
272 + (147 — 1) ! +6fE02 =6 (x)

472

Therefore, due to the Newton polygon at 0 of (%), f 292 (hence, f [%112)

is 1-summable in any direction 6 # 0. In particular, functions f([)ziu]z’s
are given, for instance, by the 1-sums sy, (f 212) in direction —% (see

notation 2.5). Moreover, since 0 is the only singular point of (x), these

functions can be analytically continued on all the Riemann surface C
of the logarithm.

o FI203 = _ﬂ)zio]?’ = 0 and fZ13 defines an analytic function at 0 which
is the unique solution of the differential equation
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In particular, we have %13 = ﬂ)zil}g and, for all |7| < 1,

Fets(r) = 21— 7)o

7204 ~
e The function ¢ := [;?2:1]4] is an analytic solution at 0 € C of the
o
differential system
[2 2 57213
—2f¢-
6 0] d®¢ 0 2]de [0 &
-r - 22002
[27 6} i " {145 0] a Tlooo]® df o
dr

In particular, since all the solutions of the homogeneous system are
entire on all C, we have, for all |7] < 1 and u € {0, 1},

o (r) = hyu(r) + hau(r)(1 = 7)1

with hy,(7) analytic at 0 € C (in fact, on all @) and ho,(7) analytic
at 0 € C (in fact, on all C).

Hence, applying definition 4.10, the connection constants K [12’32}3 and K [lzi]g
are given by

V24 iV2

2:0]3 2:1]3
K[1,+] =0, K[1,+] = 4

and identities (4.8) then imply

3 3
Stg;o = —22\/§F (Z) s Stg;iﬂ. = —2\/§F (Z) .

< Stokes multipliers of level p; = 3. We are left to calculate the Stokes
multipliers of level 3 of f(z f(z). According to the form of Y (z ) the anti-Stokes

directions of level 3 of f(x) are the directions 6y = 0, 6; = —? and 0y = —
—2/x3

4
3
of maximal decay of exponential e and the corresponding Stokes-Ramis

matrices read as

Sts.p, = for ¢ =0,1,2

S O =
* O = O
* = O O
_ o O O

4
St3;9e
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As before, the calculation of the Stokes multipliers st%m ’s can be reduced to a
calculation of connection constants in the Borel plane by means of connection-
to-Stokes formulze of level 3 (indeed, we have 8% = 36, = 0, Q30 = {2} and
Fr3(2) = {—2/2%}; hence, Q34 has once more a SG-Configuration and the
Stokes value w = 2 has a good monomial front). More precisely, applying
(4.4) since matrix L is diagonal, we have relations

4 i1 Tim
4 _ 2ime 12 [3;0]4 . 3 [3;1]4 244 12 [3;2]4
stho = sz(e%) Ky + (—4+4)r (3) K5 "+ 7;“(61%) Kyy
im Tim
im(V34i)e” 12 . [3;0]4 . 3 3;1]4 | 12im(—v3B4i)e 12 [3;2]4
stg;_%r — in( F(%)) K"+ (4+4)0 (5) Ky + %KH (4.9)
i Tim
4 _ im(1+ivB)e” 12 o [30]4 N (3 R34 12im(1-ivB)e T2 o [3;2]4
st3;_%r = ?%)KZ,+ +@-4)r(3) Ky 'y + ?%)KQHr

where the K [2?:1‘}4’5 denote the connection constants of the ]?gj’i“} (T)sat T = 2.
To evaluate these constants, we proceed in the same way as the two previous
cases p;1 = 1 and p; = 2: using relation (AE}]) page 34, the formal series
FBl(¢) is solution of system

0 0 0 0 0 0 0 0 0o 0 0 0
0 0 0 0 22 t 0 0 0 0 0
0o 0 & 0 0 0 0 0o -t 0 2 0
t t =2t 64+4% 0 0 0 0 0o 0 0 0
0 0 0 0 -t 0 0 0 0o 0 0 0
g2 _ | 0 0 0 0 0 -t 0 0 22 t 0 0 |
dt —t 0 2 o 0 0 -f 0 0o 0 0 0 '
0 0 0 0 t ot -2t 6-3 0 0 0 0
0 0 0 0 0 0 0 0 -2 0 0 0
2t 1 0 0 0 0 0 0 0 -2t 0 0
0 0 0 0 -t 0 2 0 0o o -3 0
L 00 0 0o 0 0 0 0 t ot =2t 6-7Tt

Thereby, since f1(z) = 1 implies fB(t) = 1 and FBUY(¢) = FB2AL() =
0, its components f3"(t), u € {0,1,2} and j € {2,3,4}, are uniquely
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determined by relations

(

d}‘[s;o}z . df[3;1]2 i i
2 —fB2 g2 (FIBU2 (35212
7 70 u T f
L df 133212 [3;2]2 [3;0]2
32— + 2tf =2t + f!
713;0]3 _ - F[3;1]3 - ~
342 dfc[lt : _ %f [B:013 — o f3:213 342 df;t ] + %f[?);l]?) = —t 4 2f B0
df B3 Bp— e =
{3t DS = gl (4.10)
dF 0l - - -
42 fdt B (6 n 4) FEOU g FB02 _ o) F (03

F[3:1]4 _ ~ ~
2 dfc[lt ] B (6 B i’f) FiBla 112 _ g Fl313

F13;2]4 _ ~ ~
42 dfc[lt ] B <6 B Y) f[3;2]4 —tf [3;2]2 2+tf [3;2]3
\

jointly with initial conditions £%"(0) = 0. In particular,
FBO2) = —op 4 O(t2), FBU2(t) = —6t + O(t?), FB22(t) = —24t + O(t?)
Foany = Lo, 7 =0, 70 = s o
Foe) = 2t 406, FAN@H = 0(), FH) = o)

As before, a Borel transformation of relations (4.10) above provides us some

propertles about the formal Borel transforms f £ Bl , hence about the func-
tions f o “ More precisely, we have the following considerations.

e According to the first six identities of (4.10), one easily checks that the
FBui’s with u € {0,1,2} and j € {2,3} satisfy relations

( [3;1]2 df[3;0]2 [3;0]2 [3;2]2 de[S;O]Q df[g;O]Q [3;0]2
f =37 +3f 7, f T =972 + 307 +12f
dr dr2
~[3;0)2 ~[3;0]2 ~[3;0]
&3f d’f f ~[3;0]2
2773 18972 2767 — 1 60 =0
) T S T =) S )
13 2]3 3T df[g ol 5f[3;0]3 (313 972 df[g; ] +3 f[3 03 3 *f[S;O]S
2 il - _ 2
2 dr 4 ’ 4 dr 16
~[3;0]3 ~[3;0]3 ~[3;0]3
a3 f d’f af ~[3;0]
3 _
[ 267" (162072 — 64) — 75— + 25507 ——— + 585f =0 (%)
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Then, due to the Newton polygons at 0 of (x) and (xx), the f[?’?“p’s
(vesp. fB3s) is I-summable in any direction 6 # 0 (resp. 2-summable
in any direction # ¢ {—m,0}). In particular, functions f B2,

o
[[)3:“]3,8 are respectively given, for instance, by the sums s1,_x (f [35u]2)

s and

and 52;,%(}\[3‘“]3) in direction —Z (see notation 2.5). Besides, since

0 is the only singular point of (%) and (), these functions can be
analytically continued on all the Riemann surface C of the logarithm.

Let us now consider the last three identities of (4.10). Then, according

to calculations just above, the functions f[[)?’_;uM are uniquely determined
by the differential equations

¢

d 7[3;0/4 e 1
3(r — 2) fd n f[3 O _ g, F0g) = -
df[3 i 3;1]4 2[3;1]4
3(r—2) =0 LD 1 DFE _y FlEg) =g
JF 1324 o
| 3(r-2)—— To- >+ f[32]4 L FoP0) =0

(recall indeed that the f;* FBuhg are continuous at 0 with f[3 “H0) =
FB4(0)), where the g,’s denote, for all u € {0,1,2}, the functions

Gu = fég,u 2f o £33 Which are integrable at 0. In particular, Lagrange
method (= variation of constants) tells us that, for all |7| < 2,

( -1
/\[370]4(7_) _ _2 112

i se-nh-ge-nt [eon ket




Then, applying definition 4.10, the connection constants K E’f
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where the integrals can be written on the form

([ e tain = o+ 2= ) ko(r)

/O "2 = igum)dn = a1 + (2 = ) ()

| /OT<2 - 77)%92(77)0%] = a9y + (2 o T)%hQ(T)

with «, € C and h,(7) analytic on the disc D(2,2) with center 2 and
radius 2 for all .

" are given by

1
3;0]4 12
K[2,+] — —oot2 13,

_ 1lix [31]4 oy _5im 3214 g loir
2 9 K2’+ = — =€ 4 9 K27+ —_?6 12

and, consequently, identities (4.9) give us

y
st3.0 = im <3 21 200 AVIT (3) o 8arz ))

12
Ty "sr(dy " sl

12

o (z\/§—1)2¥+(z\/§—1)a0+4\/§r(g)a1_4(i\/§+1)a2
ST () () 3 (%)
i (i—\/g)Q%Jr(i—\/g)ozo74i\/§F(%)a1+4(i+\/§)a2
| T 6r" (13) 3T (13) am T (33)
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