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Stability of non-autonomous difference equations with
applications to transport and wave propagation on
networks”

Yacine Chitour' ¥, Guilherme Mazanti® ¥, Mario Sigalotti*$

April 15, 2015

Abstract

In this paper, we address the stability of non-autonomous difference equations by provid-
ing an explicit formula expressing the solution at time ¢ in terms of the initial condition and
time-dependent matrix coefficients. We then relate the asymptotic behavior of such coefficients
to that of solutions. As a consequence, we obtain necessary and sufficient stability criteria for
non-autonomous linear difference equations. In the case of difference equations with arbitrary
switching, we obtain a generalization of the well-known criterion for autonomous systems due
to Hale and Silkowski. These results are applied to transport and wave propagation on networks.
In particular, we show that the wave equation on a network with arbitrarily switching damping
at external vertices is exponentially stable if and only if the network is a tree and the damping is
bounded away from zero at all external vertices but one.

Keywords: difference equations, switching systems, transport equation, wave propagation, networks,
exponential stability.

1 Introduction

Dynamics on networks has generated in the past decades an intense research activity within the PDE
control community [2,7, 11, 13, 16]. In particular, stability and stabilization of transport and wave
propagation on networks raise challenging questions on the relationships between the asymptotic-in-
time behavior of solutions on the one hand and, on the other hand, the topology of the network, its
interconnection and damping laws at the vertices, and the rational dependence of the transit times on
the network edges [1,5,8,10,28,29]. A case of special interest is when some coefficients of the system
are time-dependent and switch arbitrarily within a given set [3, 14,23]. In this paper, we address these
issues by formulating them within the framework of non-autonomous linear difference equations

u(t) = iV:Aj(t)u(t—Aj), u(t) € CY, (Ay,...,Ay) € (RD)V. (1.1)
j=1
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This standard approach relies on d’ Alembert decomposition and classical transformations of hyper-
bolic systems of PDEs into delay differential-difference equations [6,9, 18,21,26]. Here, stability is
meant uniformly with respect to the matrix-valued function A(-) = (A;(-),...,An(+)) belonging to a
given class A.

In the autonomous case, Equation (1.1) has a long history and its stability is completely character-
ized using Laplace transform techniques by the celebrated Hale—Silkowski criterion (see e.g. [4, The-
orem 5.2], [15, Chapter 9, Theorem 6.1]). The latter can be formulated as follows: if Ay,..., Ay are
rationally independent, then all solutions of u(t) = IJYZIA ju(t —A;) tend exponentially to zero as ¢
tends to infinity if and only if pys(A) < 1, where pys(A) is the maximum for (6y,..., 8y) € [0,27]" of
the spectral radius of Zlle A jeief . Since the latter condition does not depend on Ay, ..., Ay, exponen-
tial stability for a particular choice of rationally independent Ay,...,Ay implies exponential stability
for any rationally independent L1,...,Ly. Hale-Silkowski criterion actually says more, namely that
the previous conclusion holds true for any positive Ly,...,Ly. This criterion can be used to evaluate
the maximal Lyapunov exponent associated with u(t) = Zl}lzl Aju(t — A;), i.e., the infimum over the
exponential bounds for the corresponding semigroup. A nice feature of Hale—Silkowski criterion is
that, contrarily to the maximal Lyapunov exponent, it does not involve taking limits as time tends to
infinity. An extension of these results has been obtained in [20] for the case where Ay,...,Ay are not
assumed to be rationally independent.

The non-autonomous case turns out to be more difficult since one does not have a general charac-
terization of the exponential stability of (1.1) not involving limits as time tends to infinity. To illustrate
that, consider the simple case N = 1 of a single delay and A = L*(R,*8) where B is a bounded set
of d x d matrices. Then the stability of (1.1) is equivalent to that of the discrete-time switched sys-
tem u,,1 = A,u, where A, € ‘B, and it is characterized by the joint spectral radius of B (see for
instance [17, Section 2.2] and references therein) for which there is not yet a general characterization
not involving limits as n tends to infinity.

In this paper, we address the issue of stability in the non-autonomous case. Up to our knowledge,
the only results in this direction in the literature were obtained in [22], where sufficient conditions for
stability are deduced from Perron—Frobenius Theorem. Our approach is rather based on a trajectory
analysis relying on a new formula for solutions of (1.1), which expresses the solution u(z) at time ¢ as
a linear combination of the initial condition ug evaluated at finitely many points identified explicitly.
The matrix coefficients, denoted by @, are obtained in terms of the functions A|(-),...,Ay(-) and take
into account the rational dependence structure of Ay, ..., Ay. This formula provides a correspondence
between the asymptotic behavior of solutions of (1.1), uniformly with respect to the initial condition
uo and A(-) € A, and that of the matrix coefficients ® uniformly with respect to A(-) € A. As a
byproduct we obtain that the asymptotic behavior of solutions of (1.1) does not depend on the L”-
space where the equation (1.1) evolves for p € [1,+e|. In the case where A = L”(R,*B) for some
bounded set ‘B of N-tuples of d x d matrices, we extend the results of [20], replacing pys in the
Hale—Silkowski criterion by a generalization of the joint spectral radius. In particular, we prove that
stability for a certain N-tuple A = (Ay,...,Ay) is equivalent to stability for any N-tuple (Ly,...,Ly)
having the same rational dependence structure as A.

For transport and wave propagation on networks with unitary speed and time-dependent coeffi-
cients switching arbitrarily in a given bounded set, we deduce that the stability is robust with respect
to variations of the lengths of the edges of the network which preserve their rational dependence
structure. In the case of wave propagation on networks with arbitrarily switching damping at external
vertices, we obtain a necessary and sufficient stability criterion in terms of the topology of the net-
work, namely that stability holds if and only if the network is a tree and the damping is bounded away
from zero at all external vertices but at most one.

The structure of the paper goes as follows. Section 2 provides the main notations and definitions
used in this paper. Difference equations of the form (1.1) are discussed in Section 3. We start by



establishing the well-posedness of the Cauchy problem and an explicit formula for solutions in Sec-
tions 3.1 and 3.2. Stability criteria are given in Section 3.3 in terms of convergence of the coefficients
and specified to the cases of shift-invariant classes A and arbitrary switching. In the latter case, we
provide the above discussed generalization of Hale—Silkowski criterion. Applications to transport
equations are developed in Section 4 by exhibiting a correspondence with difference equations of the
type (1.1). Thanks to d’Alembert decomposition, results for transport equations are transposed to
wave propagation on networks in Section 5. The topological characterization of exponential stability
is given in Section 5.3.

2 Notations and definitions

In this paper, we denote by N and N* the set of nonnegative and positive integers respectively, Ry =
[0,4+0c0) and R* = (0,+oc0). For a,b € R, let [a,b] = [a,b] NZ, with the convention that [a,b] = 0 if
a > b. The closure of a set F is denoted by F.IfxeRand F C R, we use x+ F to denote the set
{x+ylyeF}

For x € R, [x] denotes the smallest integer k € Z such that k > x. We use #F and §; ; to denote,
respectively, the cardinality of a set F' and the Kronecker symbol of i, j. For x € R, we use x4 to
denote max(4x,0) and we extend this notation componentwise to vectors. For x € R4, we use Xpin
and xmax to denote the smallest and the largest components of x, respectively.

If K is a subset of C and d,m € N, the set of d x m matrices with coefficients in K is denoted by
Mg,m(K), or simply by M;(K) when d = m. The identity matrix in M,;(C) is denoted by Id;. We
use e, ..., ey to denote the canonical basis of C%, i.e., e; = (6if) jeq,a) fori € [1,d]. For p € [1,+o0],
||, indicates both the £7-norm in C“ and the induced matrix norm in My(C). We use p(A) to denote
the spectral radius of a matrix A € My(C), i.e., the maximum of |A| with A eigenvalue of A. The
range and kernel of a matrix A are denoted by RanA and KerA respectively, and rk(A) denotes the
dimension of RanA. Given Ay,...,Ay € My(C), we denote by Hﬁvzl A; the ordered product Ay ---Ap.

All Banach and Hilbert spaces are supposed to be complex. The norm of an element u in a
Banach space X is denoted by ||u||yx. For p € [1, 40|, we use L? to denote the usual Lebesgue spaces
of p-integrable functions and W*? the Sobolev spaces of k-times weakly differentiable functions with
derivatives in L”.

A subset A of L? (R, M, (C)) is said to be uniformly locally bounded if, for every compact time
interval 7, supsc 4 [|All 17 a, (c)vy i finite. We say that A is shift-invariant if A(- +1) € A for every
AcAandreR.

Throughout the paper, we will use the indices J, T and @ in the notations of systems and functional
spaces when dealing, respectively, with difference equations, transport systems and wave propagation.

3 Difference equations

Let N,d € N*, A = (Ay,...,Ay) € (R%)", and consider the system of time-dependent difference
equations

Ts(AA): u(r) =

M=

Aj(Du(t —A;). 3.1)

j=1

Here, u(t) € C? and A = (A1,...,Ay) : R — My(C)V.



3.1 Well-posedness of the Cauchy problem

In this section, we show existence and uniqueness of solutions of the Cauchy problem associated with
(3.1). We also consider the regularity of these solutions in terms of the initial condition and A(-).

Definition 3.1. Let ug : [~Amax,0) = C? and A = (Aq,...,Ay) : R — My(C)N. We say that u :
[—Amax, +0) — C? is a solution of L5(A,A) with initial condition uy if it satisfies (3.1) for every
t € Ry and u(t) = uo(t) for t € [~Amax,0). In this case, we set, for # > 0, ur = u(- +1)|[— A ,0)-

We have the following result.

Theorem 3.2. Let ug : [—Amax,0) — C? and A = (Aq,...,Ay) : R — My(C)N. Then X5(A,A) admits
a unique solution u : [—Amax, +0) — C¢ with initial condition uy.

Proof. It suffices to build the solution u on [—Amax, Amin) and then complete its construction on
[Amin, +o°) by a standard inductive argument.

Suppose that i : [—Amax, Amin) — C? is a solution of £5(A,A) with initial condition ug. Then, by
(3.1), we have

N

Ai(t)ug(t —Aj), if0<t < Anin,
- | Eaouen) - .
MO(I), if _Amax S < O.

Since the right-hand side is uniquely defined in terms of uy and A, we obtain the uniqueness of the
solution. Conversely, if u : [—Amax, Amin) — C? is defined by (3.2), then (3.1) clearly holds for
t € [—Amax,Amin) and thus u is a solution of L5(A,A). [ |

Definition 3.3. For p € [1, 40|, we use XS to denote the Banach space Xg = LP([~Amax,0],C%)
endowed with the usual LP-norm denoted by ||-||xs.
4

Remark 3.4. If ug, v : [~Amax,0) — C¢ are such that ug = vy almost everywhere on [—Ampax,0)
and A, B : R — My(C)N are such that A = B almost everywhere on R, then it follows from (3.2)
that the solutions u,v : [—Amax, +9) — C¢ associated respectively with A, ug and B, v satisfy u = v
almost everywhere on [—Ampax, +o0). In particular, for initial conditions in X5, p € [1,4o0], we still
have existence and uniqueness of solutions, now in the sense of functions defined almost everywhere.
If moreover A € L (R, M, (C)V), it easily follows from (3.2) that the corresponding solution u of
T5(A,A) satisfies u € L ([~ Amax, +0),C9).

loc

Theorem 3.5. Let p € [1,+o0), up € Xg, AcL? (R,My(C)N), and u be the solution of L5(A,A) with

loc
initial condition ug. Then the Xg—valued mapping t — u; defined on R is continuous.

Proof. By Remark 3.4, u, € Xg for every r € Ry. Since u;(s) = u(s+1) for s € [—~Amax,0), the
continuity of ¢ — u; follows from the continuity of translations in L? (see, for instance, [24, Theorem
9.5]). [ |

Remark 3.6. The conclusion of Theorem 3.5 does not hold for p = 4o since translations in L™ are
not continuous.



3.2 Explicit formula for the solution

When ¢ € [0, Apin ), Equation (3.2) yields u(¢) in terms of the initial condition ug. If # > Ap;n, We use
(3.1) to express the solution u at time 7 in terms of its values on previous times r — A, and, for each j
such that# > A, we can reapply (3.1) at the time r — A to obtain the expression of u(t — A ;) in terms
of u evaluated at previous times. By proceeding mductwely, we can obtain an explicit expression for
u in terms of ug. For that purpose, let us introduce some notations.

Definition 3.7.  i. Forn € NV \ {0}, we denote by V}, the set

In|,
Vo = {(vl,...,v|n|l) e [LN]"h |y &, =n; forevery i€ [[I,N]]} .
j=1

ii. Forn € N*andv= (vi,...,v,) € [1,N]", we define the function p, : [1,n+ 1] — NV by
k=1
k)= Z ey;.
=1

iii. ForA=(A1,...,Ay) :R—=M,(C)¥, A= (Ay,...,Ay) € (R%)N,n € Z" and t € R, we define
the matrix EQ,A € M;(C) inductively by

0, ifneZV\ NV,
“AA Id,, ifn=0, (33)
-n,t N .
~AA .
) A&, 1—a,» 1TME NV {0}.

We omit A, A or both from the notation EQ,A when they are clear from the context.

The following result provides a way to write =y, ; as a sum over V,, and as an alternative recursion
formula.

Proposition 3.8. For everyn € NV\ {0} and t € R, we have

I

Enf = Y HAvk —A-py(k)) (3.4)
veWh k=
and
—~AA N —~AA
Enr = Y Enle Ac(t —An+Ayp). 3.5)
k=1

Proof. We prove (3.4) by induction over |n|,. If n = ¢; for some i € [[1,N], we have
Z IIA\//< = i = Eei,b
vGVe

Let R € N* be such that (3.4) holds for every n € N with [n|; = Rand ¢ € R. If n € NV is such that
In|; =R+ 1 and € R, we have, by (3.3) and the induction hypothesis, that

N N |n|1 1

Eny = Z Ar(t)En—ep1—n, = Z Z Ay, (t = A —A-py(r))
k=1 k=1 v€Vae, r=1
I’lkZI nk>l



1

ZH (= A-py(r)),

€Vnr=1

where we use that Vy = {(k,v) [k € [1,N], nx > 1, v € Vy_, } and that e +py(r) = P (r+1). This
establishes (3.4).

We now turn to the proof of (3.5). Since E., ; = A;(t), (3.5) is satisfied for n = ¢;, j € [1,N]. For
n € NV with |n|; > 2, the set V;, can be written as

Vo= {(V,k) ‘ke [[lvN]]v ng > 17 S Vn—ek}7

and thus, by (3.4), we have

N ;-1
Engs = Z Y | IT A, —=A-pu(r) | Akt = A-py(|n]}))
=1 ve€Va—e [ r=1 J
n>1
N [n|;—1 ]
-y Y Ay, (t—A-pu(r) | Aelt — A n+Ap)
k: veVn—¢, | r=1 i

N
ZE et At — A+ Ay). [ |

In order to take into account the relations of rational dependence of Ay, ..., Ay € R} in the explicit
formula for the solution of £5(A,A), we set

Z(A)={neZ'|A-n=0},

VA ={LERY |Z(A) CZ(L)},  V4(A) =V(A)N(RL)Y,
W(A)={LeRY |Z(A)=Z(L)},  Wi(A)=W(A)N(RY)".
Notice that W(A) C V(A) and W(A) ={L € V(A) |V(L)=V(A)}.
The point of view of this paper is to prescribe A = (Aj,...,Ay) € (R%)" and to describe the
rational dependence structure of its components through the sets Z(A), V(A), and W(A). Another
possible viewpoint, which is the one used for instance in [20], is to fix B € My ,(N) and consider the

delays A = (Aj,...,Ay) € RanBN (R%)N. We show in the next proposition that the two points of
view are equivalent.

Proposition 3.9. Let A= (Ay,...,Ay) € (R*.)V. There exist h € [1,N], £ = ({1,...,¢,) € (R*)" with
rationally independent components, and B € My ;(N) with tk(B) = h such that A = B(. Moreover,
for every B as before, one has

V(A) =RanB,

3.6
W(A)={B({},...,0,) | t},..., L, are rationally independent}. (36)

In particular, W (A) is dense and of full measure in V (A).

Proof. Let V = Spang{Aj,...,An}, h = dimgV, and {4;,...,4;} be a basis of V with positive
elements, so that A = Au for some A = (a;;) € My 4(Q) and u = (Ay,...,A4) € (R%)". Forv e
R\ {0}, we denote by P, the orthogonal projection in the direction of v, i.e., P, = v/ |v|§

Since Q" is dense in R”, there exists a sequence of vectors u, = (7 ey Thp)in (Qj)h converging
to u as n — oo, and we can further assume that the sequence is chosen in such a way that |P,, — P, \2 <
1/n? for every n € N*.



For n € N*, we define 7, = P,, + (Idh un) This operator is invertible, with inverse 7,1 =
P,, +n(1d, —P,, ). Furthermore, both T,, and T, ! belong to M (Q). For i € [1,4], we have

(T,

Ye)Tu=elP, u+nel (1d,—P, )u=e; P, u+ne} (P,— P, )u
and thus (7, 'e;)Tu — eiTu = A; as n — +oo. Since Aq,..., A, > 0, there exists ny € N* such that
(T, 'e)Tu>0,  Vie[l,h], Yn > no. (3.7)

Fori e [1,N], let o = (aij) jeqi ) € Q™. For each i € [1,N], we construct the sequence (¢ ,,)neN*

uu’ a, as

in Q" by setting ¢; , = T, ;. It follows from the definition of 7, that ¢; , converges to P, ¢; = ME
2

n — +oo. Since ul o = 21}21 a;jAj = A; > 0 and the components of u are positive, we conclude that
there exists n; > ng such that @; ,, € (Q,)" for every i € [1,N].

Let £ = (T, ") u. By (3.7), ; = (T, 'e;)"u > 0 for every i € [1,h]. Since the components of u are
rationally 1ndependent ly,..., 0 are also rationally independent. Let b;; € Q, i € [1,N], j € [1,A],
be such that ¢; ,, = (b,-j)je[[17h]]. Hence, for i € [1,N],

h
T
ANi=u (X,‘—u OC,n1 Zblju ej:Zbijﬁj.
j=1

We then get the required result up to multiplying B = (b;;) by a large integer and modifying ¢ in
accordance.

We next prove that (3.6) holds for every B as before. (Our proof actually holds for every B €
My .4(Q) with rk(B) = h such that A = B¢ for some ¢ € (R* )" with rationally independent com-
ponents.) First notice that Z(A) = {n € Z" |n € KerB"}. Indeed, n € Z(A) if and only if n
is perpendicular in RV to B¢, which is equivalent to n'B = 0 since /1,...,¢, are rationally inde-
pendent. Moreover, remark that Ker BT = (RanB)! admits a basis with integer coefficients since
RanB admits such a basis. To see that, it is enough to complete any basis of RanB in QV by
N — h vectors in Q" and find a basis of (RanB)* by Gram-Schmidt orthogonalization. We fi-
nally deduce that Spang(Z(A)) = (RanB)=*. Since by definition V(A) = Z(A)*, we conclude that
V(A) = RanB. As regards the characterization of W(A), an argument goes as follows. Let L € V(A),
so that L = B¢ for a certain // € R". The components of ¢ are rationally dependent if and only if
dimg Spang{Ly,...,Ly} <h,i.e., dimg V(L) < dimg V(A), which holds if and only if L ¢ W(A). B

We introduce the following additional definitions.

Definition 3.10. Let A = (Ay,...,Ay) € (R* ). We partition [1,N] and Z" according to the equiv-
alence relations ~ and ~ defined as follows: i ~ jif A;=Ajandn~n"if A-n=A-n’. Weuse [-] to
denote equivalence classes of both ~ and ~ and we set J = [I,N]/ ~ and Z = ZV / ~.

ForA:R — My (C)N, L€V, (A),[n] €2, [i] €J,andt € R, we define

=LAA =LA

Wl T L Fwe =) Aj(1) (3.8)
n’en| jeli]

and " Y
34 Ay = A
®[nLt - Z “n—e], tAH( —L-n+Lj). (3.9)
[i]€d

Ln—L;<t

Remark 3.11. The expression for = [L}A given in (3.8) is well-defined since, thanks to (3.3), all terms

in the sum are equal to zero except finitely many. The expression for eLAA
],z

defined since, for every L € V. (A), if i ~ j and n ~ n’,onehas L; =L jand L-n=L- n’. In addition,

given in (3.9) is also well-

7



.—.LAA

notice that & E # 0 only if [n) "N" is nonempty, and, similarly, ®L’A’A # 0 only if [n] N (NV\ {0})

[n],
is nonempty. Another consequence of the above fact and (3.9) is that @L AA = 0 only if # > 0, since

[n—e;]NNY = @ whenever [n] € 2 and [] € J are such that L-n—L; <0

Notice, moreover, that the matrices Z, A and ® depend on A only through Z(A). Hence, if
N e Wi (A) (i.e., Z(N) = Z(A)), then

SLAA _ SLA A TA (AN LAA _ LA A
Sl T o)t A[i] (1) _A[i] () ®[nLt o ®[nLt
From now on, we fix A = (Ay,...,Ay) € (R*)Y and our goal consists of writing an explicit

formula for the solutions of X5(L,A) for every L € V. (A). Even though the above definitions depend
on A, L € V. (A) and A, we will sometimes omit (part of) this dependence from the notations when
there is no risk of confusion.

Let us now provide further expressions for :[L ]AtA.

Proposition 3.12. For every L €V (A), A: R — My(C)Y, n € NN\ {0}, and t € R, we have

.-.LAA .—LAA =LAA =~LAA TA
ZAM m—ejli-L;7  Fnls —HZ e Al —Lom+Ly),
LS
and ul
~ '),
Zi= Y X HAvk —L-py(k)). (3.10)

n’€[n]NNN veVy k=
Proof. We have, by Definition 3.10 and Equation (3.3), that

~ N N
S = Y Ewa= Y YA, = ZAj(r) Y Ewoeit,

n’€[n] n’en] j=1 n’€[n|
N N R
=L A0 N Emen= BAOZ = LY A0,

j=1 me[n—e;] j=1 [/ledi€lj]

Z(ZA ): ZA DE e i—L;-

ljled \ielj] Jled
The second expression is obtained similarly from Definition 3.10 and Equation (3.5) and the last one
follows immediately from (3.4) and (3.8). n

Let us give a first formula for solutions of X5(L,A).

Lemma 3.13. Let L € (R* )V, A = (Ay,...,Ay) : R = My(C)N, and up : [~Lmax,0) — C%. The
corresponding solution u : [—Lmax, +o0) — C? of L5(L,A) is given fort > 0 by

ut)= Y ElA(t—L-n+Ljug(t—L-m). (3.11)
(n,j)eNN x[1,N]
—L;j<t—L-n<0

Proof. Let u : [—Lyay, +o0) — C? be given for ¢ > 0 by (3.11) and u(t) = ug(t) for t € [~Lmax,0). Fix
t > 0 and notice that
N N
Y Aj(t)u(t—Lj) = Y Aj()ER s 1Akt —Lj—L-m+Ly)ug(t —Lj—L-m)
=1 = |

J=1 " (nk)eNNx[1,N]
12Lj —[;<t—L;j—Ln<0

nkZI
N
+ Y Aj(t)uo(t —Lj). (3.12)
=1
l‘J<Lj



Consider the sets
Bi() ={(m,k,j) eENV X [I,N]* |t > Lj, Ly <t —Lj—L-n<0, n; > 1},
By(t) ={j e [L,N] | <Ly},
Ci(t) = {(nk,j) eENV < [I,N]? | =Ly <t—L-n<0,m>1,n;> 148, n#el,
G () ={(mk) e NV x [I,N] | —Ly <t —L-n<0, n=e¢},
and the functions ¢; : B;(t) — Ci(t), i € {1,2}, given by

(Pl(n>k7j):(n+ej>k7j)> (PZ(J):(eﬁJ)
One can check that ¢ and ¢, are well-defined and injective. We claim that they are also bijective. For
the surjectivity of ¢y, we take (n,k, j) € Ci(¢) and setm =n—e;. Sincen; > 1, one hasm € NV, Since
ne > 1, n;j > 1—|—6]’k, onchast>L-n—1L; ZLj—{-Lk—Lk :Lj. The inequalities —L; < t—Lj—L-m <
0 and ny, > 1 are trivially satisfied, and thus (m,k, j) € B;(¢), which shows the surjectivity of ¢; since
one clearly has ¢@;(m,k, j) = (n,k, j). For the surjectivity of ¢,, we take (n,k) € C,(¢), which then
satisfies n = ¢ and 1 < L-n = L. This shows that k € B,(¢) and, since ¢, (k) = (n, k), we obtain that
¢ 1s surjective.
Thanks to the bijections @y, ¢, and (3.3), (3.12) becomes

N N
~L,A
Y AjOut-L)= Y Y, AOE Akt —L-n+ L)uo(r —L-m)
Jj=1 (nk)eNVx[1,N] =1
—L;<t—L-n<0 n;j>14+0
n>1, n#ey
+ ) Ar(t —L-n+L)ug(t —L-n)
(n,k)eNN X [1,N]
—L;<t—L-n<O0,
n—ey

—~L.A
= Z dnLek’tAk(l—L-H+Lk)u0(t—L-n)

(n,k)ENN x[1,N]
—L<t—Ln<0
m>1, n#e;

+ Y EGPA—Lon+Lug(t—L )
(n,k)eNN x[1,N]

—L;<t—L-n<0,
n=ej

= Z Eﬁf‘ek’tAk(t—L-n+Lk)uo(t—L-n) = u(t),

(n,k)eNN x[1,N]
—L;<t—L-n<0

which shows that u satisfies (3.1). n
We can now give the main result of this section.

Theorem 3.14. Let A € (R* )Y, L€ Vi(A), A: R — M,y (C)N, and ug : [—Lmax,0) — C%. The corre-
sponding solution u : [—Liax, +o0) — C? of L5(L,A) is given for t > 0 by

uy=" Y, O uot—L-m), (3.13)
[n]eZ /
t<L-n<t+Lmax

where the coefficients ® are defined in (3.9).

Proof. Equation (3.13) follows immediately from (3.11) and from the fact that the function ¢ :
NV x [1,N] — 2 x NV x g x [1,N] given by ¢(n, j) = ([n],n, [}], j) is a bijective map from {(n, j) €
NVx[1,N]| —Lj<t—L-n<0}to{(m],n,[i],j)) EZxNVxJx[I,N][n€[m], je[i],t<L-n<
t+Lmax, L-m—L; <t} foreveryt € R. [ |



3.3 Asymptotic behavior of solutions in terms of the coefficients

Let us fix a matrix norm |-| on My (C) in the whole section. Let Cy,C, > 0 be such that
CilAl, <|A[< G Al,,  VAEM(C), Vp € [1,+e]. (3.14)

Let A be a uniformly locally bounded subset of L7 (R, My(C)"). The family of all systems
Ys(L,A) for A € A is denoted by X5(L,A). We wish to characterize the asymptotic behavior of
Ys(L,A) (i.e., uniformly with respect to A € A) in terms of the behavior of the coefficients E[HL, and
Oy ;- For that purpose, we introduce the following definitions.

Definition 3.15. Let L € (R% )V,

i. For p € [1,+4o0], we say that X5(L,A) is of exponential type ¥ € R in Xg if, for every € > 0,
there exists K > 0 such that, for every A € A and uy € X, the corresponding solution u of
Ys(L,A) satisfies, for every t > 0,

lulixy < KelH " uollxs

We say that X5(L,.A) is exponentially stable in Xg if it is of negative exponential type.

ii. Let A € (R%)" be such that L € V (A). We say that £5(L,.A) is of (®,A)-exponential type
Y € R if, for every € > 0, there exists K > 0 such that, for every A € A, n € NV, and almost
every t € (L-n— Lp,x,L-n), we have

< Kel1te),

LAA
‘G[n} P

iii. Let A € (R*)N be such that L € V; (A). We say that X5(L,A) is of (2, A)-exponential type
Y € R if, for every € > 0, there exists K > 0 such that, for every A € A, n € NV, and almost
every t € R, we have

< Ke(}’-l—s)L-n‘

iv. For p € [1, 40|, the maximal Lyapunov exponent of £5(L,A) in Xg is defined as

| In g
Ap(L,A) =limsupsup sup ——,
t=Fo0 ACA yyexs !

=1
Huong
where u denotes the solution of X5(L,A) with initial condition uy.

Remark 3.16. Let L € (R% )" and u € R. For every A : R — M, (C)" and u solution of £5(L,A), it
follows from (3.1) that 7 +— e#/u(t) is a solution of £5(L, (e*!1A1,...,e""™NAy)). As a consequence,
if A C L (R,M4(C)Y) and

Ay = {(e"1A;,... " VAN) |A = (A,...  Ax) € A},
one has A, (L, Ay) = A,(L,A)+ .

The link between exponential type and maximal Lyapunov exponent of X5(L,.A) is provided by
the following proposition.
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Proposition 3.17. Let L € (R%)N, A be uniformly locally bounded, and p € [1,+0|. Then
Ap(L,A) =inf{y e R |EZs5(L,.A) is of exponential type y in Xg}
In particular, ¥5(L, A) is exponentially stable if and only if A,(L,A) < 0.

Proof. Let v € R be such that £5(L,.A) is of exponential type ¥ in Xg. It is clear from the definition
that A,(L,A) < 7y. We are left to prove that X5(L,A) is of exponential type A,(L,.A) when the latter
is finite. Let € > 0. From the definition of A,(L,A), there exists o > 0 such that, for every r > t,

A€ A, and uy € X5, one has

(Ap(L.A)+e

||”t||xg <e )t||”0||xg-

Since A is uniformly locally bounded, by using the explicit formulas (3.11) and (3.4), one deduces
that there exists K > 0 such that, for every ¢ € [0,], A € A, and ug € X3, one has ||u;||xs < K ||o]|xs-
P 4

Hence the conclusion. [ |

Remark 3.18. Similarly, one proves that, for A € (R%)Y and L € V. (A),

In ‘ ®L,A,A‘
limsupsup  esssup i L L inf{y e R|Zs(L,A) is of (®,A)-exponential type v}
Ln—+eAcAre(L-n—Lyax,L-n) t
and
:L,A,A‘
In|Z
: [n].¢ . : = :
limsup sup esssup ——— = inf{y € R |X5(L,A) is of (E,A)-exponential type y}.
Ln—+eoAcA teR L-n

3.3.1 General case

The following result, which is a generalization of [8, Proposition 4.1], uses the explicit formula (3.13)
for the solutions of £5(L,A) in order to provide upper bounds on their growth.

Proposition 3.19. Let L € V.. (A). Suppose that there exists a continuous function f : R — R such
that, for every A € A, n € NV, and almost every t € (L-n— Lpax,L-n), one has

LAA
’@’[nl,z

< f(1). (3.15)

Then there exists C > 0 such that, for every A € A, p € [1,+o], and uy € X8 the corresponding
solution u of L5(L,A) satisfies, for every t > 0,

a3 SC(Hrl)N_lSE max  f(s) [[uollxs - (3.16)

—Lmax

Proof. Let A € A, p € [1,400), up € X3 and u be the solution of 5(L,A) with initial condition uo.
Fort € Ry, we write Y, = {[n] € Z |t < L-n <+ Lpax, m]NNY £ 0} and ¥; = #Y,. Thanks to
Theorem 3.14, Remark 3.11, and (3.15), we have, for t > Lyax,

p

t
llfs = [ | ¥ Opattols—L-m)| ds
14 max [H]EHX )
<Jt Y/ Y O suo(s—L-m)|’ds
o P 2 [n],s%0 »
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<C;? Y2l f(s) )7 Y Juo(s—L- n)|’ds

e In/€Ys
t
<C7P max s)P ypP-1 s — L-m) P ds.
- sE[t—Lmax,z}f() J;_Lmax s Z ’ 0( )’p

[n]€Y;

We clearly have ¥, <#{n € NV [t < L-n <+ Ly }. Forn € NV, we denote ¢, = {x € RN |n; <
x; < n;j+ 1 forevery i € [1,N]}. This defines a family of pairwise disjoint open hypercubes of unit
volume. Thus

< Y Volg, = Vol U €| sVol{xe (RN |t <L-x<t+|L|; + Linax}-
neNV neny
t<L-n<t+Lmax t<L-n<t+Lmax

Then there exists C3 > 0 only depending on L and N such that ¥; < C3(¢ + 1)V~!. Thus,

p<CpCp1H_1( D(p=1) r( —L-n)Pd
o5 (1+1) IR IOL N L lwls—Lmfas

0
=P e+ )W) max fs) [ Y luols)Dds.

SG[I_LmaXJ] é [n]eylfLmax*S

Similarly, there exists C4 > 0 only depending on L and N such that, for every t € R, and s €
[~Lmax,0], Y1, —s < Ca(t + 1)V ~1, yielding (3.16) for ¢t > L. One can easily show that, for
0 <t < Lmax, we have H”tng < C|uo| X3 for some constant C’ independent of p and ug, and so
(3.16) holds for every t > 0. The case p = 4o is treated by similar arguments. |

When L € W, (A), we also have the following lower bound for solutions of X5(L,.A).

Proposition 3.20. Ler L € W, (A) and f : R — R be a continuous function. Suppose that there exist
AcA,nye NV, and a set of positive measure S C (L-ng — Liax, L -ng) such that, for every s € S,

> £(s). (3.17)

LAA
’G[no

Then there exist a constant C > 0 independent of f, an initial condition uy € L ([—Lax,0],C%), and
t > 0, such that, for every p € [1,+o0|, the solution u of L5(L,A) with initial condition uq satisfies

max

lurllxg > € min f(s) [luollxs -
P K P

Proof. According to Remark 3.11, one has ®[L ]A A= ®[L ]LA for every [n] € Z and s € R, and therefore

we assume for the rest of the argument that A = L and we drop the upper index L,L,A.

For 5 € S, one has |®py,| ;|- > C; ' f(s), where C; is defined in (3.14). Using (3.17) and Remark
3.11, one derives that S C [0, 4-oo).

For every s € S, one has

d
Cy ' f(5) < @yl < Zl |Opng) €.
&

and thus there exist jo € [1,d] and a subset S C S of positive measure such that, for every s € § and
p € [1,+o0], one has
Cyld™ ! f(5) < |Opng) €., < [Opng] €], (3.18)

12



In order to simplify the notations in the sequel, we write S instead of S.
Let o € S\ {0} be such that, for every € > 0, (o — €,f)+ €) NS has positive measure. Let 6 > 0
be such that

20 < min 2tg,L-ng —1g,tg — L-ng + Liax, mn}v ]L-(n—n0)|

ne
L-(n—np)#0

Such a choice is possible since tg € (L-Ng — Lyax,L-Ng), to € S\ {0} C R*, and {L-n|n € NV} is
locally finite.

Let S} = (S—1))N(—6,8), which is, by construction, of positive measure, and u : R — R be any
non-zero bounded measurable function which is zero outside S;. Define ug : [—Lmyax,0) — cd by

uo(s) = u(s—to+L-mo)ej,

and let u be the solution of X5(L,A) with initial condition uy. For s € (—8,8), we have to+s > 0
since fg > 0. By Theorem 3.14, one has

u(to—l-s) = Z ®[n},t0+s.u(s+L' (no—n))ejo. (3.19)
[n]eZ
to+s<L-n<fy+s+Lmax

If L-n# L-ng, we have |L-(n—ngp)| > 28, and so |s+L- (ng —n)| > &, which shows that u(s+
L-(ng—n)) = 0. Hence, Equation (3.19) reduces to u(fo +5) = O[p ) ;s (5)ej,- We finally obtain,
using (3.18) and letting r =y + 8, that, for p € [1,+),

i > 2y g1 > o+ 5) s = [ [@mjsgsseinl? IR ds

3 B (3.20)
>C2pd_pj flto+5)7|u(s)|Pds > C,7d™"  min  f(s)” [|uolls -
S SE[t—Lmax,! P
A similar estimate holds in the case p = oo, which concludes the proof of the theorem. [ |

As a corollary of Propositions 3.19 and 3.20, by taking f of the type f(r) = Ke(Y€)_ one obtains
the following theorem. The last equality follows from Proposition 3.17 and Remark 3.18.

Theorem 3.21. Let A € (R%)" and A be uniformly locally bounded. For every L € Vo (A), if £5(L,A)
is of (®, A)-exponential type Y then, for every p € [1,+e|, it is of exponential type Y in Xg. Conversely,
for every L € W, (A), if there exists p € [1,4oo] such that £5(L,.A) is of exponential type 7y in X3, then
it is of (®, A)-exponential type . Finally, for every L € W, (A) and p € [1,+o9],

Ap(L,A) =limsupsup  esssup ————. (3.21)
Ln—+ooAcAre(L-n—Lyay,L-n) t

Remark 3.22. It also follows from Proposition 3.19 that, in the first part of the theorem, the constant
K > 0 in the definition of exponential type of X5(L,A) can be chosen independently of p € [1,+oo].
Moreover, the left-hand side of (3.21) does not depend on p and its right-hand side does not depend
on A.
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3.3.2 Shift-invariant classes
We start this section by the following technical result.
Lemma 3.23. Forevery A€ (R:)N, Le Vi (A), A: R — My(C)N, ne ZVN, andt,t € R, we have

=LA =LA(+7)

Snrtt = Sngt and =LAA _ ZLAA(+T)

]+t T[n]s

Proof. The first part holds trivially if n € ZN \ NV or if n = 0, for, in these cases, it follows from (3.3)
that Eﬁ? does not depend on 7 and A. If n € NV \ {0}, the conclusion follows as a consequence of the

explicit formula (3.4) for & :ﬁ‘;‘ The second part is a consequence of the first and (3.8). |

We next provide a proposition establishing a relation between the behavior of E[n}  and Op ;.

Notice that, if a subset A of Li> (R, M, (C)") is shift-invariant, then A is uniformly locally bounded
if and only if it is bounded.

Proposition 3.24. Let A be a bounded shift-invariant subset of L (R,My(C)V), L € V..(A), and

f R —=R% be a continuous function. Then the following assertions hold.

i. If‘@)LAA < f(t) holds for every A € A, n € NV, and almost everyt € (L-n — Lyax,L-n), then,

=L
=L 7
"]
_4

for every A € A, n € NN\ {0}, and almost every t € R, one has
f(s).

ii. If ‘”LAA‘ < f(L-n) holds for every A € A, n € NV, and almost every t € R, then there exists

’< MAX e ([ 0Ly, L0

a constant C > 0 such that, for every A € A, n € NV, and almost every t € (L-n— Liax,L-n),
one has ‘@[ al < Cmaxse[,,Lm%,“maX}f(s).

Proof. We start by showing (i). Let A € A and n € NV \ {0}. For every k € Z, there exists a set
Ny C [L-n— Lyjn, L -n) of measure zero such that, for every ¢ € [L-n — Ly, L-n) \ Ny,

/’:\L7A7A ( : _kLmin)
“n]t

Z FLAA(—KLmin) 7A m( —kLmin—L-n+Lj)

n—e;]t

[j]€d

. ‘®L AA(—kLpin)

A < f(0).

where we use Proposition 3.12, the fact that L-m—L; < L-n— Ly, <t for every [j] € J, and Equation
(3.9).

Let N = Upez(Nk — kLpin), which is of measure zero. For r € R\ N, let k € Z be such that
t € [L-n— (k+1)Lyin,L-n—kLyy), so that # 4+ kLyin € [L-m— Ly, L-n). Since 1 ¢ N, we have
t + kLpin ¢ Ni, and so, using Lemma 3.23, we obtain that

SLAA
[n].t

_ /:‘\L7A7A('_kLmin) .
N ‘H[nLH‘kLmin = f(t + kme) = SE[L.nIE%X ,L-n] f<s>

Let us now show (ii). Without loss of generality, the norm |-| is sub-multiplicative. Since A is
bounded, there exists M > 0 such that, forevery A € A, j € [1,N], and € R, we have |AJ- (1) ‘ <M. Let

A € A. Foreveryn € NV Jet Npy) be a set of measure zero such that EL’A’A‘ < f(L-n) holds for every

“[n]
t € R\ Npy|. Let N = Upenv Npnj» Which is of measure zero. If n € N¥ and # € (L-n— Liax, L-n) \ N,
then

LAA
’@’[n} P

SLAA
“n—ejlt

AN (L. n+L))

[l€d
Ln—L;<t
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< NM f(L-m—L;)<C max f(s),
[j]ZEH ( ]) se[z*LmaXJ*‘Lmax} ( )

where C = N2M. [ |

As an immediate consequence of the previous proposition and Theorem 3.21, we have the fol-
lowing theorem, which improves Theorem 3.21 by replacing (®,A)-exponential type by (E,A)-
exponential type.

Theorem 3.25. Let A € (R%)"N and A be a bounded shift-invariant subset of L™(R,My4(C)N). For

every L € Vi (A), Ls(L,A) is of (@,A)-exponential type v if and only if it is of (®,A)-exponential
ey.

w A}; a consequence, for every L € Vi (A), if X5(L,A) is of (i,/\)-exponential type Y then, for

every p € [1,+e), it is of exponential type Y in Xg. Conversely, for every L € W (A), if there exists

p € [1,+oo] such that £5(L,A) is of exponential type v in X, then it is of (i,A)—exponential type v.

Finally, for every L € W, (A) and p € [1,+<9),

In
Ap(L, A) = limsup sup esssup
Ln—+eoAcA t€R ‘n

(3.22)

3.3.3 Arbitrary switching

We consider in this section A of the type A = L*(R,*B) with B a nonempty bounded subset of
My(C)N. In this case, X5(L,.A) corresponds to a switched system under arbitrary B-valued switch-
ing signals (for a general discussion on switched systems and their stability, see e.g. [19,27] and
references therein). R

Motivated by formula (3.10) for &y ;, we define below a new measure of the asymptotic behavior

of (L, A). For this, we introduce, for A € (R* )V and x € Ry,
L(A)={A-nneN"} and L (A)=L(A)N[0,x). (3.23)

Definition 3.26. We define

(A, B) =limsup  sup Y ZHBAP‘

X—+o0 B B N yeVa k
x€L(A) for reL,(A) Renl\ix "

Note that u(A,B) is independent of the choice of the norm |-| and (A, B) = u(A,B). The main
result of this section is the following.

Theorem 3.27. Let A € (RN, L € Vi (A), B be a nonempty bounded subset of My(C)N, A =
L*(R,*B), and p € [1,4o0]. Set my = rninjeﬂl N % and my = max e[ y] % if W(AB) <1, and
m| = max [ n] L L and my = min e v 7 zf/.L(A B) > 1. Then the following assertions hold:
i. Ap(L,A) <milnp(A,B);
ii. if L € Wi (A), then mpAy(A,A) < Ay(L,A) <mjAy(AA);
iii. A,(A,A) =Inp(A,B).

15



Proof. Notice that (ii) follows from (i) and (iii) by exchanging the role of L and A, since A € V(L)
for every L € W, (A).

Aj A, .
Let us prove (i). Since min ey v L— < ’L\;‘ < max e[ ] L—j’ for every n € NV \ {0}, it suffices to

show that, for every € > 0, there exists C > 0 such that, for every A € A,n € NV\ {0}, and r € R, we
have
A <o(ua,s)+e)t. (3.24)

TL7A7
o]t

By definition of u(A,*B), there exists Xo € £(A) such that, for every x € £L(A) with x > Xp, we
have

sup ) ZHBAp‘k < (u(A,B)+e)".

B"eB N yeVy k=
for reLy(A) RenI\lx "

Since B is bounded, the quantity

In|,

C'= max sup Z Z HBé\k'pV(k)
k=1

XELXO( ) B'SB N veV.
for reLy(A) [I{GHRLXV "

is finite. Setting C = max{1,C’,C’(u(A,B) + &) X0}, we have, for every x € £L(A),

sip | Y Y HBCk‘PV“‘) <C(u(A,B) +¢)". (3.25)

B"eB N yeV, k=
for re Ly(A) RenNr "

Define ¢y, : L(A) — L(L) by ¢r(A-n) = L-n. This is a well-defined function since L € V. (A).
LetA € A,nc NV\ {0}, and r € R. By Proposition 3.12,

|n’\1

e VD ) HAVk —L-py(k)). (3.26)

W€ ] N VEVy k=

For r € Lan(A), we set B = A(t — @(r)) € B. Thus, for every n’ € [n] NNV, v € Vjy, and k €
[1,[n’[,], we have, by definition of ¢p,
A-py(k
B = A (1= gL (A-pu(K)) = Ay, (1 = Lopu(K)). (3.27)

We thus obtain (3.24) by combining (3.25), (3.26) and (3.27).
In order to prove (iii), we are left to show the inequality Inpt(A,B) < 4,(A, A). Letx € L(A) and

0 c 8. For r € L,(A), let B" € B. We define
1
= — min 1—y2| >0.
C 2)’17)’26LX(A) ‘y Y ‘
VIFY2

LetA = (Ay,...,An) € A be defined for r € R by

A() {BA"“, ifme NVissuchthat A-m<xandt€ (—-A-m—{,—A-m+ ),
) =

AY, otherwise.

The function A is well-defined since the sets (—A-m — {,—A-m+ {) are disjoint for m € NV with
A-m < x. Foreveryn € N¥ with A-n=x, every v € Vg, t € (—{, (), and k € [1,|n|,], we have

Ay, (1 _A-pu(k) = BA'Pv(k)7

Vk
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and then, for every n’ € NV with A-n’ = x, we have

Z Z HBAPV = Z Z HAvk(t_A'pv(k)):iﬁl’//}\’;A~

ncNN veVh k= neNy vEVn k=1
An=x An=x

Hence, for every n’ € NV with A-n’ = x, we have

1

1
An/

Y Y HBA PO < qupesssup iﬁ{f]\ﬁ
neNN veVp k= AeA teR ’
A-n=x
Since this holds for every choice of B € B, r € L,(A), and x € L(A), we deduce from (3.22) that
Inu(A,B) < Ay(AA). [ |

Remark 3.28. Since i(A,B) = u(A,B), it follows that 1,(A,A) = 4,(A,L(R,B)).

As regards exponential stability of X5(L,A), we deduce from the previous theorem and Remark
3.16 the following corollary.

Corollary 3.29. Let A € (R%.)N, B be a nonempty bounded subset of My4(C)N, and A = L= (R,*B).
The following statements are equivalent:

i u(ADB) <1
ii. X5(A,A) is exponentially stable in Xg for some p € [1,+o0];
iii. X5(L,A) is exponentially stable in Xg forevery Le Vi(A) and p € [1,4o0].
Moreover, for every p € [1,4-o0],
Ap(AA) =inf{v e R|u(A,B_y) <1},
where B_, = {(e”"™MBy,...,e VAVBy) | (B1,...,By) € B}.

Corollary 3.29 is reminiscent of the well-known characterization of stability in the autonomous
case proved by Hale and Silkowski when A has rationally independent components (see [4, Theorem
5.2]) and in a more general setting by Michiels ez al. in [20]. In such a characterization, (1,...,1) is
assumed to be in V(A) and p(A,*B) is replaced in the statement of Corollary 3.29 by

N
pHS(AvA) = max  p (ZAjei9j> ’
A \y=1

(61,...,68)EV (A

where V(A) is the image of V(A) by the canonical projection from R" onto the torus (R/27Z)".
(Notice that V(A) is compact since the matrix B characterizing V (A) in Proposition 3.9 has integer
coefficients.)

We propose below a generalization of pgs(A,A) to the non-autonomous case defined as follows.

Definition 3.30. For A € (R%)", B a nonempty bounded subset of M,(C)", and £L(A) given by
(3.23), we set

S=

Uus(A,B) = limsup sup sup Z H BA po(k) i,

n—s+-oo v Be®B " e
(91,...,6]\/)6‘/(/\) for rEL,,AmaX(A) VE[[] N]]
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Let us check in the next proposition that uyg actually extends pys.
Proposition 3.31. Let A = (Ay,...,Ay) € My(C)N and B = {A}. Then uus(A,B) = pus(A,A).
Proof. One has

S

max  p Aje’ i = max _ lim
(61,---,6n)EV(A) J; (01,....0y)EV (A) W ;
N n " 1
=1 ,i0; g i,
_ngr}}w sup (ZA]e 1> _nLHEoo sup Z HAVke ol
(61,....6v)EV(A) | \j=1 (61O T (A) |vel TN A=

where the second equality is obtained as consequence of the uniformity of the Gelfand limit on
bounded subsets of M,(C) (see, for instance, [12, Proposition 3.3.5]). [

In the sequel, we relate tys(A,B) to a modified version of the expression (3.22) of A,(L, A).
Definition 3.32. For L € V., (A) and A a set of functions A : R — My (C)", we define

SLAA
L)
~[n]t

In
Aus (L, A) = limsup sup esssup
In|;,—+o0AcA r€R n|,
ncNV

Remark 3.33. Since Ly, |n|; <L-n < Ly, |n|; forevery L€ Vy(A)andn € NV, it follows imme-
diately from (3.22) that, for every p € [1,+oo],

Lminlp(La*A) < )LHS (L,.A) < Lmaxlp (L,.A), if A17(147-/4) > 07
LinaxAp (L, A) < As (L, A) < LininAp(L,A),  if Ay(L,A) < 0.

In particular, the signs of Ays(L,.A) and A,(L, A) being equal, they both characterize the exponential
stability of X5(L,A).

Theorem 3.34. Let A € (R* )N, B be a nonempty bounded subset of My(C), and A = L™(R,B).
Set m = inf{l,% E eZ(A)\{O}} if ts(A,B) < 1 and m = sup{l,% E ez(A)\{O}} if
Uus (A, B) > 1. Then the following assertions hold:

i. forevery Le V. (A), Ags(L,A) < mlnugs(A,B);
ii. if (1,...,1) € V(A) and L € Wi (A), one has Ags(L, A) = In ugs(A,B).

Proof. We start by proving (i). It is enough to show that, for every € > 0 small enough, there exists
C > 0 such that, for every A € A,n € NV \ {0}, and t € R, we have

(1+[n],) (uns(A, B) +&)"".

LA,
=LA,
~[n].t

Let L € Vi (A) and € > 0 be such that ugs(A,B)+¢€ < 1 if ugs(A,B) < 1. We can proceed as in
the proof of Theorem 3.27 to obtain a finite constant Cyp > 0 such that, for every n € N*,

)3 HBAPV O] < Co (mus(A,B)+e)". (3.28)
ve[LN]" k=1

sup sup

0;,....68)EV (A B'e®B
(6 W)EV( )forrELnAmaX(

18



Let A€ A, t € R, and ¢ be as in the proof of Theorem 3.27. For r € Ly, (A), we set B” =
A(t — @L(r)), and similarly to the proof of Theorem 3.27, (3.27) holds for every v € [1,N]" and
k € [[1,n]. Thus (3.28) implies that, for every n € N* and 6 € V(A),

HAVk —L-py(k))e'%| < Co(uus(A,B)+¢€)".

ve[l,N]" k=1
Since
n nl, 0
[TA ¢ —L -pu(k =Y ) HAvk —L-py(k)) e
ve[ LN k=1 neNN VEVn k=
In|,=n
n[; . LA

Z eznG Z HAVk L-pv(k)) — Z eln-GEnzt,
neNV veVn k= neNV
nf=n nf;=n

we obtain that, for every n € N* and 6 € V(A),

Y. ™0En | < Coluns(A.B) +e)". (3.29)
neNV
nf;=n
Following Proposition 3.9, fix & € [1,N] and B € My ;,(Z) with tk(B) = h such that A = B/ for
ly € (R*Jr)h with rationally independent components. Let M € M;,(R) be an invertible matrix such

that ¢y = Me,, where e is the first vector of the canonical basis of R”, in such a way that A = BMe;.
For n € N, we define the function f,, : R" — M,(C) by

fn(v) — Z lnBMV:ﬁIZ4

neNN
In|,=n
We claim that, for every ng € NV,
lim LJ fa(v)e mBMVgy =y mhA (3.30)
R—+o0 (2R)" JI-RR]""" =n e :
ne[ng) NNV
|, =n

Indeed, we have

1
(2R)"

I[—R,R]h Fu(v)e moBMY gy — Z \:ﬁ:‘;‘ 2R) L*R,R]h (i(n—n0)-BMV g,

If n € NV is such that A-n = A -ng, then A- (n —ng) = 0, and therefore n —ny € Z(A) C V(A)*+ =
(RanB)=. One gets (n—ng) - BMv = 0 for every v € R”, implying that

1 i(n—ng)-BM
@Ry a1

If now A-n # A-ng, set &£ = A- (n—ng), which is nonzero. Then

1 R .
< i&vi —
S 5R ‘I—Re d\/l‘
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I ol(n—10)-BMV 4,
[_R>R]h
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which gives (3.30).
We can now combine (3.29) and (3.30) to obtain that, for every n € N* and nyp € NV \ {0},

Y Eht| < Coluns(A,B) +e)".
ne[ng) NV
In|,=n

Set mg = sup{l, % |z € Z(A)\{O}} and notice that m%) :inf{l,% |z € Z(A)\{O}} since Z(A)

= —Z(A). We claim that, if n,ng € NV and A-n = A-ny, then mio Ing|; < |n|; < mg|ngl;. Indeed, let
z=n—-ng € Z(A) and n] =ng—z_ € NV, Then one has

Inf;  fzq ]y 4+l c [ 1 ]

— —, mp| .
noly |z |; +[mq; my’

Hence, for every ng € NV \ {0},

SLAA ~LA =LA
=Y ¥ oski- Y i
"=Onelmor e [ 50 ol | Sl
nj=n

and we conclude that

Co(tps (A, B) +€)" < C(1+ |ng|, ) (Ups (A, B) + )"moh

ng
ne [[|’”JI ’ mO'“OllH

for some C > 0. This concludes the proof of (1).

Suppose now that (1,...,1) € V(A). Then |z4|; = |z—|, for every z € Z(A), and hence (i) yields
Aus(L,A) < Inugs(A,B) for every L € Vi (A). We claim that it is enough to prove (ii) only for
L = A. Indeed, assume that Ags(A,A) = In ugs(A,*B). In particular,

‘ SLAA
o] ¢

for every L € Vi (A). Since A € V(L) if L € W, (A), by exchanging the role of L and A in (3.31), we
deduce that Ags (L, A) = Ags(A,A) for every L € W (A), and hence (ii).

Letn € N*and B" € B forr € Lz, (A). As in the argument for (iii) in Theorem 3.27, there exist
¢ > 0 and a function A : R — My(C)" such that, for every v € [1,N]", t € (—{, ), and k € [1,n],
we have

Avk (l' —A- pv(k)) — B‘/}\k'pv(k) and Z HBA pv(k levk — Z ein~932’;‘\.
vel LN k=1 nen
In|;=n

Denote Z, = {[n] € Z | [n] QNN 7& 0}. Since (1,...,1) € V(A), one deduces that, if n,n’ € NV
are such that n ~ n’, then ¢™?% = ¢™9 for every 6 V(A) and |n|; = |n’|;. We set |[n]|; = |n|, for
every n € NV, Then

in~9';/\7A - in/-Q.:A.,A o in~66A,A,A

Z € Sng T Z Z ¢ “n'y T Z ¢ ] -
HGNN [n €Z+ n’e[ ]ﬂNN [H]EZ+
nf;=n |[n]|;=n ]|, =n
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We clearly have #{[n] € Z; | |[n]|, =n} <#{n€ NY | [n|; =n} = ("S7") < (n+ 1)V, and we
get that, for every 6 € V(A) and n € NV with |n|; =n,

1
n n
Apo(k) i6. N-1
HBVkp (k) ,i6y, <(n+1)"# supesssup
vel TV k=1 AcA ek

SAAA|R
~[n]

n| ¢

Since the above inequality holds for every choice of B" € B, r € £,z (A), n € N*, we deduce that
In ups(A,*B) < Aus(A,A). This concludes the proof of Theorem 3.34. [

The next corollary, which follows directly from the above theorem and Remarks 3.16 and 3.33,
generalizes the stability criterion in [4,20] to the nonautonomous case (see Proposition 3.31).

Corollary 3.35. Let A € (R*.)N, B be a nonempty bounded subset of M4(C)N, and A = L*(R,B).
Consider the following statements:

i. ‘uHs(A,‘B) <1;
ii. X5(A,A) is exponentially stable in Xg for some p € [1,+);
iii. X5(L,A) is exponentially stable in Xg forevery Le V. (A) and p € [1,+00].

Then (i) = (iii)) = (ii). If moreover (1,...,1) € V(A), we also have (ii) = (i) and, for every
p € [1,+),
Ap(A A) =inf{v € R | ups(A,B_y) < 1},

where B_y, = {(e"VMBy,...,e V"By) | (By,...,By) € B}.

4 'Transport system

For L= (Ly,...,Ly) € (R% )N and M = (m;j); jepi v7 : R = M (C), we consider the system of trans-
port equations

%(I,x)—k%(l,x) =0, i €[1,N], t€[0,40o0), x €[0,L;],
Xo(L,M): N 4.1)
ui(1,0) =Y mij(t)u;(t,Lj), i€ [1,N],1€[0,400),
j=1

where, for i € [1,N], u;(-,-) takes values in C.

When no regularity assumptions are made on the function M, we may not have solutions for (4.1)
in the classical sense in C!' (R, x [0,L;]) nor in CO(R,W'”(]0,L;],C))NC'(R,,LP([0,L;],C)). We
thus consider the following weaker definition of solution.

Definition 4.1. Let M : R — My(C) and u; o : [0,L;] — C for i € [1,N]. We say that (u;)ic v is @
solution of X(L, M) with initial condition (u;0);cqi vy if #i : Ry % [0,L;] — C, i € [1,N], satisfy the
second equation of (4.1), and, for every i € [1,N], ¢t >0, x € [0,L;], s € [~ min(x,?),L; — x], one has
ui(t +s,x+s) = u;(t,x) and u;(0,x) = u; o (x).
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4.1 Equivalent difference equation

Fori € [1,N] and M : R — My/(C), define the orthogonal projection P; = e;e; and set A;(-) = M(-)P,.
Consider the system of difference equations

v(t) = iV:Aj(t)V(t—Lj). 4.2)
j=1

This system is equivalent to (4.1) in the following sense.

Proposition 4.2. Suppose that (u;);c[1 n] is a solution of (4.1) with initial condition (u;p);c[1 n) and
let v : [~ Liax, +o°) — CN be given for i € [1,N] by
07 ift € [_LmaXa _Li>,
Vi(t) = I/li7()(—t), lft € [—Li,O), 4.3)
u;(t,0), ift>0.

Then v is a solution of (4.2).
Conversely, suppose that v : [—Lax, +o0) — CN is a solution of (4.2) and let (ui)ieqi Ny be given
fori€ [1,N], t > 0and x € [0,L] by u;(t,x) = vi(t — x). Then (u;);c[1 n] is @ solution of (4.1).

Proof. Let (u;);c[; n be a solution of (4.1) with initial condition (u;0)eq v and let v : [—Lmax, +°)
— CN be given by (4.3). Then, for r > 0,

N
vi(t) = u;(t,0) = Zlmij(f)”j(faLj),
o

and, by Definition 4.1, u;(t,L;) = vj(t —L;) since u;(t,L;) = uj(t —L;,0) if t > L; and u;(t,L;) =
uj70(Lj —t) if0<r< Lj. Hence v,-(t) = Z]]y:] mij(t)vj(t —Lj) and thus v(t) = ij:lAj(t)v(t —Lj).

Conversely, suppose that v : [—Lpax, +0) — CN is a solution of (4.2) with initial condition vy and
let (u;)je1 v7 be given for i € [1,N], # >0 and x € [0,L;] by u;(f,x) = v;(t —x). It is then clear that
ui(t +s,x+s) = u;(t,x) for s € [—min(x,7),L; — x], and, since v;(t) = Z]}[:l m;j(t)vj(t—L;),

N N
ui(t,()) = vi(t) = Z mij(t)vj(t—Lj) = Z mij(t)uj(t,Lj),
j=1 j=1

and so (u;);c[1,n] 1s @ solution of (4.1). [

The following result follows immediately from Theorem 3.2.
Theorem 4.3. Let u;( : [0,L;] — C for i € [1,N] and M : R — My(C). Then X(L,M) admits a

unique solution (u;)ic1 ny, 4i : Ry % [0,L;] — C for i € [1,N], with initial condition (u;);ci n]-

4.2 Invariant subspaces

For p € [1,+4o0], consider (4.1) in the Banach space

N
X7 = HL”([O,L,-],(C)

22



endowed with the norm

N 1/p
<Z H”iHIL?p([oyLi]’@)> , ifp el teo),

le‘fllfl]’f]ﬂ||quLm 0,L;],C) > if p = oo,
It follows from Proposition 4.2 and Remark 3.4 that, if ug € X}, and M € L (R,My(C)), then the
solution ¢ — u(t) of X(L, M) with initial condition ug takes values in X, for every ¢ > 0.
In view of the application of our results to wave propagation on networks in Section 5, we find it
useful to investigate the invariance under the flow of £;(L,M) of the following type of subspaces of
X}, For r € N and R € M, n(C) with coefficients p;j, i € [1,r], j € [1,N], we consider the space

H””X[T, =

Yp(R) = {u: (ul,...,uN) GX; ’ViE [[1,}’]], Zpijfojuj(x)dx:O}.
j=1

This is a closed subspace of X®, which is thus itself a Banach space.

Remark 4.4. Let r € N, R € M, x(C), and M € L7 (R, Mn(C)). Note that, if 1 < p < g < oo,
Y,4(R) is a dense subset of Y, (R) since X7 is a dense subset of X7. As a consequence, by a density
argument, Proposition 4.2 and Theorem 3.14, one obtains that, if Y ,(R) is invariant under the flow of
X:(L,M) for some p € [1,+oco], then Y, (R) is invariant for every g € [1,+oo].

The following theorem provides a necessary and sufficient condition for Y,(R) to be invariant
under the flow of (4.1).

Theorem 4.5. Let M € L (R,My(C)), r € N, R € M,n(C), and (u;0)icping € Yp(R). Then the
solution u = (u;)iei n] of (L, M) with initial condition (ujp);c[i ny belongs to Y,(R) for every
t > 0 if and only if

R(M(t) —Idn)w(t) =0
for almost every t > 0, where w = (w;)icpi N1 and wi(t) = u;(t, L;).
Proof. Let v : [—Lpax, +90) — CN be the solution of (4.2) corresponding to u, given by (4.3), and let
w = (wi)iep1,n] be defined by w;(t) = vi(t — Li) = u;i(t,L;). Let A = (A;);c1,, be given for i € [1,7]
by Ai(t) = Z}Jyzl Pij fOLj uj(t,x)dx. Since A;(0) = 0, we have

P UOL"uj(t,x)dx [ w0 dx]_zpl, U vt —x )dx—jOLjvj(—x)dx]

Pij |:J;tL'vj(S)ds_J‘0Lj Vj(S—Lj)dS:| = ipijj; (vj(s) —Vj(S—Lj)) ds

J

@-:.
S
~
~—
|

|
M= 1M1=

.
I
—_

N a
— Zpljjo ijk(s)vk(s—Lk)—vJ(s—LJ) ds
j=1 k=1
N ;N
=Y pij fo Y (mji(s) — &) vie(s — Li)d
j=1 k=1
so that A (¢ fO (M(s) —Idy)w(s)ds. The conclusion of the theorem follows immediately. |

Definition 4.6. Let L ¢

loc

Inv

A/\

R* )N and M be a subset of Li> (R, My(C)). We denote by Inv(M) the set
M) =

{Re M, n(C) |r €N, Y,(R) is invariant under
the flow of £¢(L,M), VM € M, Vp € [1,4o0|}.
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4.3 Stability of solutions on invariant subspaces

We next provide a definition for exponential stability of (4.1).

Definition 4.7. Let p € [1,+<0], L € (R%.)Y, M be a uniformly locally bounded subset of Lj. (R,
Mn(C)), and R € Inv(M). Let £;(L,M) denote the family of systems X (L, M) for M € M. We say
that X (L, M) is of exponential type v in Y ,(R) if, for every € > 0, there exists K > 0 such that, for

every M € M and ug € Y,(R), the corresponding solution u of £ (L, M) satisfies, for every t > 0,
Ju(r) s < KT =¥ gl

We say that £;(L, M) is exponentially stable in Y ,(R) if it is of negative exponential type.

The next corollaries translate Propositions 3.19 and 3.20 into the framework of transport equa-
tions.

Corollary 4.8. Let A € (R* )N, L € V.(A), and M be a uniformly locally bounded subset of Li" (R,
My(C)). Suppose that there exists a continuous function f : R — R* such that, for every M € M,
n € NV, and almost every t € (L-n — Liax,L-n), (3.15) holds with A = (Ay,...,Ay) given by A; =
MP,. Then there exists a constant C > 0 such that, for every M € M, p € [1, 400, and uy € X;, the

corresponding solution u of X:(L,M) satisfies

u(®)|lxe <CE+DN1 max  f(s) ||uollxe » Ve > 0.
4 SE[t—Lmax,t P

Proof. Let C > 0 be as in the Proposition 3.19. Let M € M, p € [1,+o0], up € X7, and u be the

solution of X;(L, M) with initial condition u. Let v be the corresponding solution of (4.2), given by

(4.3), with initial condition vo. Notice that ||”0HXIT, = HVOHXg and, for every t > 0, ||u(t)||X; < ||Vtng-

By Proposition 3.19, we have, for every ¢ > 0,

u(@)llxz < [Ivellxs <CE+DY" max f(s)[[vollxs = Ce+ DV max f(s) [luollx: ,
P P SG[I*LmaxJ} P se|f— maxvl} P

which is the desired result. [ |

Corollary 4.9. Let A € (R)N, L € W (A), M be a uniformly locally bounded subset of Ly (R,
My (C)), and f : R — R be a continuous function. Suppose that there exist M € M, ng € NV, and
a set of positive measure S C (L-ng — Lmax,L-1g) such that, for every t € S, (3.17) is satisfied with
A= (Ay,...,AN) given by A; = MP,. Then there exist a constant C > 0 independent of f, an initial
condition uy € X%, and t > 0 such that, for every p € [1,+| and R € Inv(M), the solution u of
Y:(L,M) with initial condition u satisfies u(s) € Y ,(R) for every s > 0 and

[u(®)llxs > € _min  f(s)[|uo|[xs -
sE 4

- max »

Proof. As in Proposition 3.20, since L € W, (A), we can assume for the rest of the argument that
A=L.

Let C > 0 be as in Proposition 3.20. We construct an initial condition vy € Xg as follows: choose
to and jo as in Proposition 3.20 and verifying in addition 7y # L-ng — Lj,. Then pick 6 > 0 as
in Proposition 3.20 and satisfying in addition é < |t0 —L-ng+L j0’ and 6 < Ly;n/2. Next, take
U € L7 (R,R) as in Proposition 3.20 and satisfying in addition ffa 1 (s)ds = 0. Finally, consider the
initial condition vy (s) = (s —t9+L-mg)ej,. Asin (3.20), we still obtain that the solution v of (4.2)
with initial condition vy satisfies, for p € [1, 4o,

ol = Wllog-s .00 > € gmin o £ ol 40
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Let u be the solution of (4.1) corresponding to v, in the sense of Proposition 4.2, and denote
by uo = (uip)ie1,v] its initial condition. Since u;o(x) = vi(—x), we have ug € 1Y, ([0, L], C).
Furthermore, u; o = 0 for i # jo and u;, o(x) = vj,(—x) = p(L-ng —to — x). By definition of &, we
must have either (L-ng—f—8,L-ng—19+68) C [0,Lj,] or (L-mg—19—&8,L-mg—19+6)N[0,L;)] =0,
but the latter case is impossible since we would then have uj, o = 0, and thus v(s) = 0 for every
§ > —Lmax, which contradicts (4.4). Hence (L-ng—1)—6,L-ng—1t9+9) C [0,L;,] and

jOLj Uj,0(x)dx = f_85 U(x)dx=0.

We thus have clearly up € Ye(R), and in particular u(s) € Y,(R) for every s > 0 and p € [1,+oo].
Furthermore, ||vg||ys = ||”0Hx; and, for p € [1,+e0),
p

8 § N 28 N
p — — . — .
Hv,o||Lp([_675LcN)—f8|v(to+s)|§ds—f5izzi|ul(to+s,0)|pds—fo l;|uz(to+5,s)|pds
N L,
<Y | luito +8,5)17 ds = llu(to + 8) 5
i=1 ’

with a similar estimate for p = +oc. Hence, it follows from (4.4) that, for every p € [1, 40|,

t >C min S
Jute)lxg >C_min £6) ol

witht =1y+ 6. [ |
As a consequence of the previous analysis, we have the following result.

Theorem 4.10. Let A € (R* )N, M be a uniformly locally bounded subset of Ly .(R,My(C)), and
A={A=(Ay,...,Ay) : R — My(C)N |A; = MP,,M € M}. For every L€ Vy(A), if £5(L,A) is of
(®,A)-exponential type y then, for every p € [1,4c0| and R € Inv(M), £;(L,M) is of exponential
type ¥ in Y ,(R). Conversely, for every L € W,.(A), if there exist p € [1,4o0| and R € Inv(M) such

that (L, M) is of exponential type Y in Y ,(R), then £5(L, A) is of (®,A)-exponential type .

It follows from Theorem 4.10 that the exponential type ¥ for X;(L, M) in Y ,(R) is independent
of p € [1,+e0] and R € Inv(M). When M is shift-invariant, thanks to Theorem 3.25, one can replace
(®, A)-exponential type by (i, A)-exponential type for £5(L,A) in Theorem 4.10.

Assume now that M = L*(IR,B), where ‘B is a bounded subset of My(C). Let A = {A =
(A,...,An) : R = My(C)N |A; =MP;, M € M}, ie., A=L7(R,2A) where A = {A = (Aq,...,Ay) €
My (C)N |A; = MP;, M € B}. We can thus transpose the results from Section 3.3.3, and in particular
Corollary 3.29, to the transport framework.

Theorem 4.11. Let A € (R%.)Y, B be a nonempty bounded subset of My (C), M = L™(R,B). The
following statements are equivalent.

i. X:(A,M) is exponentially stable in' Y ,(R) for some p € [1,+c0] and R € Inv(M).
ii. X:(L,M) is exponentially stable in'Y ,(R) for every L € V. (A), p € [1,+00], and R € Inv(M).

Remark 4.12. In accordance with Remark 3.28, the exponential stability of X (A, M) is equivalent
to that of Z¢(A,L*(R,B)).

25



5 Wave propagation on networks

We consider here the problem of wave propagation on a finite network of elastic strings. The notations
we use here come from [11].
A graph G is a pair (V, &), where V is a set, whose elements are called vertices, and

Ec{{qg,r}a,p eV, q#p}.

The elements of & are called edges, and, for e = {q, p} € &, the vertices g, p are called the endpoints
of €. An orientation on G is defined by two maps o, ® : € — 'V such that, for every e € €, e =
{a(e),w(e)}. Given g,p €V, a path from g to p is a n-tuple (¢ = q1,...,qn = p) € V" where, for
every j € [1,n—1], {gj,qj+1} € €. The positive integer n is called the length of the path. A path
of length n in G is said to be closed if q; = gy; simple if all the edges {g;,qj+1}, j € [1,n—1], are
different; and elementary if the vertices qy,...,q, are pairwise different, except possibly for the pair
(q1,49n)- An elementary closed path is called a cycle. A graph which does not admit cycles is called a
tree. We say that a graph G is connected if, for every g, p € 'V, there exists a path from g to p. We say
that G is finite if 'V is a finite set. For every g € V, we denote by &, the set of edges for which g is an
endpoint, that is,
Eg={ec&|gee}.

The cardinality of €, is denoted by n,. We say that g € V is exterior if , contains at most one
element and interior otherwise. We denote by V.4 and Vj,, the set of exterior and interior vertices,
respectively. We suppose in the sequel that Vex; contains at least two elements, and we fix a nonempty
subset Vg of Vex such that Vi, = Vex \ Vg is nonempty. The vertices of Vq4 are said to be damped, and
the vertices of 'V, are said to be undamped. Note that 'V is the disjoint union V = V;, UV, U V.

A network is a pair (G,L) where G = (V, &) is an oriented graph and L = (L, ).c¢ is a vector of
positive real numbers, where each L, is called the length of the edge e. We say that a network is finite
(respectively, connected) if its underlying graph G is finite (respectively, connected). If e € € and
u:|[0,L,] — C is a function, we write u(o(e)) = u(0) and u(w(e)) = u(L,). For every elementary
path (q1,...,qn), we define its signature s : € — {—1,0,1} by

1, ife={qi,qi+1} forsomeie€ [l,n—1]and a(e) = g;,

s(e) =< =1, ife={qi,qi+1} forsomei € [1,n— 1] and a(e) = gi11,
0, otherwise.
The normal derivatives of u at a(e) and w(e) are defined by %(a(e)) = —%(0) and ;—ri(a)(e)) =

i (Le).

“ In what follows, we consider only finite connected networks. In order to simplify the notations,
we identify & with the finite set [1,N], where N = #E. We model wave propagation along the edges of
a finite connected network (G, L) by N displacement functions u; : [0,4) x [0,L;] — C, j € [1,N],
satisfying

([ 0%u; 0%u; )

7 (1) = — (%), JELN], 1 €[0,4w), x€[0,L;],
uj(l:Q):uk(taQ)7 qevv j7k€8q7t€[07+°°)a
du;
To(GLm):{ L 5.0 ta) =0, q € Vint, t € [0,+0), 5.1)
jeEy T

8uj 8uj .
W(tacI)__nq(t)a_nj(t?q)a QEVd,]EEq,tE[O,+°°),

\ uj(t,q) =0, g€V, jEEy, t €1]0,+00).
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Each function 1, is assumed to be nonnegative and determines the damping at the vertex g € V4. We
denote by 7 the vector-valued function 1 = (1) 4ev,-

Remark 5.1. Let (G,L) be a finite connected network with & = [1,N] and (o, ), (0, @;) be
two orientations of §. If (u;)jc[i ny satisfies (5.1) with orientation (0, @;) and (v;) jeqi vy is given
by v; = u; if o1 (j) = a2(j) and v;(x) = u;(L; — x) otherwise, we can easily verify that (v;) je[1 v
satisfies (5.1) with orientation (05, @,). Hence the dynamical properties of (5.1) do not depend on the
orientation of G.

For p € [1,+oo], consider the Banach spaces L”(G,L) = HI}’ZILP([O,LJ'],(C) and

N
Wy "(S,L) = {(ul,-n,uN) e [TW"([0,L;],C) | uj(q) = ur(q), Yg € V. Vj.k € Eg;
=1

u](q) :07 vqevm VJE 86]}7

endowed with the usual norms

1

N
<Z |‘uiH€P([()7Li]7C)> , if pe[l,+eo),
i=1

max _||Ui||re(i07.1 0 s if p= oo,
\ie[[l,N]]H ill 1 ([0,L;],C) p

H”HLp(gL) -

1

(/N
<;Hu;HlL)P([O,Li],C)) , ifp el o),

\iéﬁlﬁl)\(l]] HMQHL""([QL,-];C) , if p=too

HuHWOl’p(S,L) = <

We will omit (G, L) from the notations when it is clear from the context.
Let X7 = WO1 P x LP and, for every t € R, define the operator A(¢) by

D(A(r)) = {(w) c (WJ’Pm INTWZ”%[O,LJLC)) x Wy |
=1

]J=

du; ) du;
vi(g) = —nq(l)d—n].(CI), VgeVa, Vi€ly Y d—].(cl) =0,vg € vint}a
j

jeg, i
0lt)-()

One can then write (5.1) as an evolution equation in Xg’ as
U(t)=A()U(r) (5.2)

_ d
where U = (u,a—’;>

5.1 Equivalence with a system of transport equations

In order to make a connection with transport systems, we consider, for p € [1,-eo|, the Banach space
2N
X =[1£7([0,L]],C),
j=1
where L], | =Lj; = L;for j € [1,N].
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Definition 5.2 (D’ Alembert decomposition operator). Let T : Xg’ — Xf, be the operator given by
T (u,v) = f, where, for j € [1,N], x € [0,L;],

frjo1(x) = u(Lj—x) 4+ v;(Lj —x), faj(x) = u(x) —v;(x). (5.3)

In order to describe the range of 7', we introduce the following notations. Let r € N be the number
of elementary paths (q1,...,q,) in G with g; = g, or q1,q, € V. The set of such paths will be indexed
by [1,r]. We denote by s; the signature of the path corresponding to the index i € [1,r]. We define
R € M,,5(C) by its coefficients p;; given by

Pi2j—1=Pi2j= Si(j) forie [[1,7‘]], AS Hl,N]].
We then have the following proposition.

Proposition 5.3. The operator T is a bijection from X to Y ,(R). Moreover, T and T~ are continu-
ous.

Proof. Let (u,v) € X7 and let f = T (u,v) € X}. Let (q1,...,9n) be an elementary path in § with
q1 = gn O1 q1,q, € Vy and let s be its signature. For i € [1,n— 1], let j; be the index corresponding to
the edge {¢i,qi+1}. We have

L N

N N i
Y50 [y (i) 4 7)) dx =2 L) [ w0 =2 L5() (158~ 110)

=1 i=1
=2 . (”J’i(%‘—kl) - ”ji(ql'>) =2 (”jnfl(qro —Uj (Cll)) =0,

and thus f € Y,(R).
Conversely, take f € Y,(R). For j € [1,N], define v; : [0,L;] — C by

vilx) = faj-1(L; —ZX) — L) (5.4)

One clearly has v; € LP([0,L;],C). We define u; as follows: let e € € be the edge corresponding to the
index j. Let (qy,...,qn) be any elementary path with ¢; € V, and g, = a(e). Lets: &€ — {—1,0,1} be
the signature of that path and, for i € [1,n— 1], let j; be the index associated with the edge {¢i,qi+1}-
For x € [0,L;], set

is ILh f2ji-1(8) + f2,(& d§ j frj—1(L 5)+f2j(§)d§_

5 > (5.5)

This definition does not depend on the choice of the path (gy,...,q,) with ¢; € V, and g, = o(e)
thanks to the definition of the matrix R. It is an immediate consequence of (5.5) that (u,v) € Xg’. The
map f '+ (u,v) defines an operator S: Y ,(R) — X77. We clearly have T oS =Idy, gy and SoT = Idxo,
and thus T is bijective. The continuity of 7" and S follows immediately from (5.3), (5.4), and (5.5). B

1
V2
Remark 5.5. The operator T corresponds to d’ Alembert decomposition of the solutions of the one-
dimensional wave equation into a pair of traveling waves moving in opposite directions. For every
j € [1,N], f2j—1 and f>; correspond to the waves moving from @( ) to a(j) and from () to @(}),
respectively (see Figure 5.1).

Remark 5.4. When p = 2, one easily checks that —=T : X§ — Y, (R) is unitary.
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Figure 5.1: D’ Alembert decomposition of the wave equation on the edge j € [1,N].

Let us consider the operator B(t) in Y ,(R) defined by conjugation as

D(B(t)) ={f €Y,(R) T~ f€D(A(t))}, B(t)f=TANT'f.
In order to give a more explicit formula for B(¢), we introduce the following notations.

Definition 5.6 (Inward and outward decompositions). The inward and outward decompositions of
C?N are defined respectively as the direct sums

2N _ q 2N _ q
CV=Pwi VN =DWan
qev qeVv
where, for every g € V, we set

Wi = Span ({e2; | 0(j) = g} U{ezj1 | a(j) = q}),

Wou = Span ({e2; | a(j) = q} U{ezj1 | 0(j) = q}).

For every ¢ € V, we denote by IT{ and IT{,, the canonical projections of C* onto W and W2,
respectively, which we identify with matrices in M, on(C).

For n € N, let J, denote the n x n matrix with all elements equal to 1. Set D = diag((—l)j)je[[l,mﬂ.
For g € V andr € R, we set

(e \T 2 q
(Hout) Idnq _n_‘]nq Hin’ lf q € vint,
q
T )
Mi(t) = (112,) 112, if g € V,,
1—1,(1) T .
\ 1+n;](t) (ngt) Hiqna ifg e V.

We define the time-dependent matrix M = (m;;); je1,23] bY

M=-D (Z M4> D. (5.6)

qev

Remark 5.7. If the components of 11 are nonnegative measurable functions, then M is measurable
and its components take values in [—1,1].

Remark 5.8. Notice that Wizl and Wizz are orthogonal whenever ¢; # ¢, and similarly for the outward
decomposition. Moreover, for each g € V, the spaces W.! and W, are invariant under D. We finally
notice that the image of M9(t) is contained in W, .. From these observations, we deduce that, for
every g € Vandt € R,

I DM (t) = —T1L M9 (t)D.

out out
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We finally obtain the following expression for B().
Proposition 5.9. Fort € R and p € [1,+-o0|, the operator B(t) is given by

D(B(t)) = {er mHWLP ([0,L}],C) | £:(0 ZZN,m” () f;(LF), Vie L, 2N]]} (5.7

i=1 j=1

B(t)f=—f. (5.8)

Proof. Let f € Y,(R) and (u,v) = T~' f € X? and notice that

() = frj-1(L; 2)+f21()’ vj(x):fzj'—l(Lj—ZX)—fzj(X). (59

It follows from (5.3) and (5.9) that f; € W!P([0,LF],C) for every i € [1,2N] if and only if u; €
W2»(]0,L;],C) and v; € W'P([0,L;],C) for every i € [1,N].

We suppose from now on that f; € W7([0,Lf],C) for every i € [1,2N]. Let Fy = (fi(0))icp1 23]
and FL, = (fi(LY))iep1,25]- The condition

0) = Zm,-j(t)fj(Lj.), Vi€ [1,2N] (5.10)

can be written as Fy = M(¢)F;. Thanks to the outward decomposition of C?V, this is equivalent to
¢, ,DFy =TI ,DM (¢ ) F, for every g € V. By Remark 5.8, we have I1Z,DM(t) = —I1¢, ;M4 (¢)D, and

out out out out

thus (5.10) is equivalent to

! DFy + 11! M4 (¢t)DFy, = 0, Vg ev. (5.11)

out out

If g € Vg, let j be the index corresponding to the unique edge in &,. To simplify the notations, we
consider here the case a(j) = g, the other case being analogous. Then

N, DF + Ty M(0)DF, = DR+ {04 HTDR = £3,(0) = 1140 i (L)
= u’](O) —v;(0) — ;—228 (u/](O) +vj(0)) = I—F#qu(t) (nq(t)u/j(O) —vj(O)) ,

which shows that the left-hand side is equal to zero if and only if v;(g) = —14 (t) an, L(g). If g € Vy,

the same argument shows that the left-hand side is equal to zero if and only if v;(g) = 0.
Finally, if g € Vi, one easily obtains that

du; d
4Dk = (Gia) —vi() . DDy = (=G (@) —vi(a)
q

Since ITZ , (ngt) = Idyq , one has
duj 2 duj
G DF + MY 0)DF, = (<) =(@)) |, + (1=, ) (f60) = v,(0)

- (—2v]( ) — Zkee <dnk(q)_vk(q)>>

j€g,
jeey

The right-hand side is equal to zero if and only if v;(g) = vi(g) for every j,k € €, and Zkegq s k(g)=
0.
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Collecting all the equivalences corresponding to the identities in (5.11), we conclude that (5.7)
holds.
Let now f € D(B(t)) and denote (u,v) = T~ f € D(A(t)), g = B(t)f. Then

g=TAWT ' f =TA(t)(u,v) =T (v,u"),
and so, by (5.3), for every j € [1,2N],

82j-1(x) =Vj(Lj —x) +uj(L; —x) = —% (vj(Lj—x) +uj(Lj —x)) = = ;-1 (x),

021(0) = V() () = - (1) (x) = — 3,0,

which shows that (5.8) holds. [ |

The operator 7' : X7 — Y ,(R) transforms (5.2) into

This evolution equation corresponds to the system of transport equations

dfi Adfi : T
E(tax)—i_g(t?x)_oa lG[[l,2N]],I€[O,+ ),XE[O,Li],

(5.12)
Zmu )fit,LE), i€[1,2N], t € [0, +oo),

where F(t) = (fi(t))ic1,2n7- The following property of the matrix M (t) will be useful in the sequel.

Lemma 5.10. Foreveryt € R,

T _ _ 4ny(1) 9 \T4
MM =00 B e ) e

Proof. Notice that, for every ¢ € V, M4(t) can be written as

M) = (I8, (M(r)ldnq —niqa ) )n?n,

where A, (1) = i +qu % if g € Vq and A,(r) = 1 otherwise, while §, = 1 if ¢ € Vi and 9, = 0 otherwise.

By a straightforward computation, one verifies that, for every g € 'V,

2 T 2
(lq(t)ldnq —n—qaanq) (lq(t)ldnq —aaqfnq> — Ay(1)*1d,, .

Noticing furthermore that, for every q1,¢, € V, TIZL (IT2 )T = 84,4, 1d,,1, one deduces that
out

M@)" D| Y A,(0)*(r1d)Tm | D.
qeV
Since the term between brackets in the above equation is diagonal and A,(¢)> = 1 — % for
q
q € Vg, the conclusion follows. [ |
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5.2 Existence of solutions
Thanks to the operator T : Xl‘ﬁ’ — Y, (R), one can give the following definition for solutions of (5.1).

Definition 5.11. Let Uy € Xg’ and ) = (Ny)4ecv, be a measurable function with nonnegative compo-
nents. We say that U : Ry — X7 is a solution of £, (5, L,n) with initial condition Up if T-'U:R, —
Y,(R) is a solution of (5.12) with initial condition 7~'Uy € Y ,(R).

For every Fy € Y,(R), it follows from Theorem 4.3 that (5.12) admits a unique solution F : Ry —
X7 In order to show that this solution remains in Y,,(R) for every ¢ > 0, one needs to show that Y ,(R)
is invariant under the flow of (5.12).

Proposition 5.12. For everyt € R, RM(t) =R.

Proof. Thanks to the inward decomposition of C?", we prove the proposition by showing that for
every g € Vandt € R,

2
—RD(T1 )T Ag()1dy, =8y )y, =RD(ITL )T, (5.13)
q

where A,(7) and 6, are defined as in the proof of Lemma 5.10. Without loss of generality, it is enough
to consider the case where R is a line matrix, i.e., we consider a single elementary path (gi,...,q,) in
§ with g1 = g or q1,qn € Vu, with signature 5. Then R = (p;) jc[1 2n] 18 given by paj—1 = p2; = s(j)
for j € ﬂl NJ]. For i€ [1,n— 1], denote by j; the edge corresponding to {g;,q;+1}. Let us write
R=Y"s(ji)(ezj—1 +e2j,)" and notice that

n—1
RD =Y s(ji)(—ezj1+e2j)".
i=1
By definition of the signature s, one has, fori € [1,n— 1],
-\ T T i+1\Ty74i T4
—s(Jji)ej,—1 = ezj—y [(T) T — (TT0) "I
S(ji)egj,- = egj,- [(H?ﬁl)TH?ﬁH - (Hiqri)TH?rﬂ )

and
—s(ji)ezj,—1 = e3j1 [(TM) "TE, — (M) "I ]
s(ji)e), = eqj, [(Tage) "G, — (Mg ) TTIEE ']
One deduces that
n—1
RD =Y (ezj—1 +ep;,) " [(I) I — (L) T
-
2:1 e2j—1 +ej;) [(tht)THg{H (HZ{KI)THZL?}
i=

By using the above relations, Equation (5.13) can be rewritten as
2
)Lq (t) Id"q _n_qd]‘]"q out Z q9i+1 — qql (ezji_l + eri)

- Z g — Oqq:) (€21t €2j,). (5.14)
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Such an identity is trivially satisfied if ¢ ¢ {g1,...,¢»}. Assume now that either ¢ = ¢; for some
i € [2,n—1] or ¢ = g1 = g, (and in the latter case set i = n and define j,; = j;). In particular,
g € Vine and A4(t) = 6, = 1. We therefore must prove that

2 A A
q — 1714 . . oA — pn
[Idnqi——n Ing, | Mour(€2j, -1 +e2j, —ezji1 —e2j) =TI ez, -1 + e, —e2j—1 —e2j,). (5.15)
qi

By definition of IT{ and I1%, one has that

out»
qi . . pn o) — 119 . . pn on ) —
Holut<62]i71—1 tezj, —eji—1 ezli) = Hir; (ezji—l_l Tt ez —eji—1 e2]i> =W,

where w € C" has all its coordinates equal to zero, except two of them, one equal to 1 and the other
one equal to —1. Hence J,, W= 0 and (5.15) holds true.

It remains to treat the case ¢ € {g1,9,} C Vy. In this case, A,() = 1 and &, = 0, and we further-
more assume, with no loss of generality, that ¢ = g;. We can rewrite (5.14) as

I (e2), -1 +e2j,) =TI (e2), -1+ €2jy),

which holds true by definition of IT{! and IT7!

out- This concludes the proof of the proposition. n

The main result of the section, given next, follows immediately from Proposition 5.12 and Theo-
rem 4.5.

Theorem 5.13. Let (G, L) be a network, p € [1,+4c0], and N = (Ny)4ev, be a measurable function with
nonnegative components. Then, for every Uy € X9, the system X4(G,L,n) defined in (5.1) admits a
unique solution U : Ry — X?.

5.3 Stability of solutions
We next provide an appropriate definition of exponential type for (5.1).

Definition 5.14. Let (G,L) be a network, p € [1,+o0], and D be a subset of the space of measurable
functions 1 = (1) 4ev, With nonnegative components. Denote by £4(5,L,D) the family of systems
Yu(G,L,n) for n € D. We say that (G, L, D) is of exponential type 'y in X} if, for every € > 0,
there exists K > 0 such that, for every n € D and ug € Xg’, the corresponding solution u of X4, (G, L, )
satisfies, for every t > 0,

Ja()llxp < Ke* gy

We say that £, (5, L, D) is exponentially stable in X7 if it is of negative exponential type.

Given D as in the above definition, we define
M={M :R — Myy(R) | M is given by (5.6) for some 11 € D}.

Thanks to the continuity of T and 7! established in Proposition 5.3, we remark that £4 (S, L, D) is of
exponential type ¥ in X7 if and only if (L, M) is of exponential type yin Y,(R). As a consequence
of Theorem 4.11, we have the following result in the case of arbitrarily switching dampings 1, g € Vg.

Theorem 5.15. Let (G,A) be a network, d = #Vg, ® a subset of (R.)%, and D = L*(R,D). The
following statements are equivalent.

i. o(G,A, D) is exponentially stable in X7 for some p € [1,+-0].

ii. X(9,L, D) is exponentially stable in X{) for every L € V,.(A) and p € [1,+o0].
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We can now provide a necessary and sufficient condition on § and ® for the exponential stability
of £o(G,A,L7(R,D)).

Theorem 5.16. Let (G, A) be a network, d = #Vg, © a bounded subset of (R1)¢, and D = L (R, D).
Then £4(SG,A, D) is exponentially stable in X3 for some p € [1,+<0| if and only if G is a tree, Vy
contains only one vertex, and ® C (R*Jr)d .

Proof. Similarly to Remark 4.12, the exponential stability of X4, (G,A,D) is equivalent to that of
Yo (G,A,L”(R,D)). We therefore assume with no loss of generality that ® is compact.

Suppose that either G is not a tree, V,, contains more than one vertex, or ® contains a point 1] with
Ng = 0 for some g € V4. Let (q1,---,qn) be an elementary path in § with ¢; = gy, q1,9, € Vy, Or
q1 € Vy and g, = q. Let s be its signature and, for i € [1,n— 1], let j; be the index corresponding to
the edge {gi,qi+1}. Take L € V. (A)NN", which is possible thanks to Proposition 3.9. For j € [1,N],
we define

(t.x) = s(ji)sin(2mt) sin(2zwx), if j = j; for acertaini € [1,n— 1],
A 0, otherwise.

One easily checks that (u;) je ] is a solution of X4 (G,L,n) for every n € D. Since it is periodic
and nonzero, £4(5, L, D) is not exponentially stable in X for any p € [1,+e0], and so, by Theorem
5.15, Z6(9,A, D) is not exponentially stable in X?? for any p € [1, +oo].

Suppose now that G is a tree, V,, contains only one vertex, and ® =D C (]Ri)d . Up to changing the
orientation of G, we assume that ( j) = ¢ for every g € Vy and j € €. Let Npip = minycp mingey, 0y
> 0. Let U = (u,v) be a solution of £4(G,A,D) in X$ and f = %TU. Notice that || £(1)ly, &) =
||U(t)||xg) thanks to Remark 5.4. For ¢ > 0, denote Fy(t) = (fi(t,0));cqion) @and FaA(0) = (fi(t,
Af))ie[1,2n]> S0 that Fo(t) = M(t)Fa(). Fort > 0 and s € [0, Apin], we have, by Lemma 5.10,

2N AT
UG +9)llxe = Y [ 1file+s.) dx
i=1
N AT s
=Y [ At x—s)Pdx+ [ Fo+s—x)hdx
i=1

o (M 2 s 2
=Y it x—s)Paxt [ IFAG+s—x)l3dx
i=1

N

4ny(t+s—x) ’
— i1t +s—x,A;)|"dx
b BB engrs e )

_ 2 s 4ny(7) . N
= lU®)[xe q;,?di;,qﬁ mlle_l(r,/\,)l dr,

and, since

Jui

()= EEVAEO) 110

V2 V2 ox

(7,0), Vg eVy, Vie &y,

we conclude that

t+s 2

10G+) e = 0O~ ¥ ¥ | 2nq<r>\%<r,o>

q<Vyq ieSq

dr. (5.16)
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Since (5.16) holds for every r > 0 and every s € [0, Apin], One can easily obtain by an inductive
argument that it holds for every t > 0 and s > 0. Hence, for every t > 0 and s > 0,

2
dar.

t+s

8u,~
UG +9)lxe ~ Uk < 21 ¥ X [ |5(2.0)

q€Vy ie&, !

We can thus proceed as in [11, Chapter 4, Section 4.1] (see also [25]) to obtain the following observ-
ability inequality: there exist ¢ > 0 and ¢ > 0O such that, for every ¢ > 0,

I}

q€Vyq iE(e,q

Y .
% 0)

2
2
S(2,0)| de 2 eUG+0)g-

This yields the desired exponential convergence in X2, and hence in X} for every p € [1, +oo] thanks
to Theorem 5.15. |
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