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ABSTRACT. In this paper, we address the stability of transport systems and
wave propagation on networks with time-varying parameters. We do so by
reformulating these systems as non-autonomous difference equations and by
providing a suitable representation of their solutions in terms of their initial
conditions and some time-dependent matrix coefficients. This enables us to
characterize the asymptotic behavior of solutions in terms of such coefficients.
In the case of difference equations with arbitrary switching, we obtain a delay-
independent generalization of the well-known criterion for autonomous systems
due to Hale and Silkowski. As a consequence, we show that exponential sta-
bility of transport systems and wave propagation on networks is robust with
respect to variations of the lengths of the edges of the network preserving their
rational dependence structure. This leads to our main result: the wave equa-
tion on a network with arbitrarily switching damping at external vertices is
exponentially stable if and only if the network is a tree and the damping is
bounded away from zero at all external vertices but at most one.
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1. Introduction. Dynamics on networks has generated in the past decades an
intense research activity within the PDE control community [2,7,11,14,17]. In par-
ticular, stability and stabilization of transport and wave propagation on networks
raise challenging questions on the relationships between the asymptotic-in-time be-
havior of solutions on the one hand and, on the other hand, the topology of the
network, its interconnection and damping laws at the vertices, and the rational
dependence of the transit times on the network edges [1,5,8,10,29,30]. A case
of special interest is when some coeflicients of the system are time-dependent and
switch arbitrarily within a given set [3,15,24].

In this paper, we address stability issues first for transport systems with time-
dependent transmission conditions and then for wave propagation on networks with
time-dependent damping terms. When the time-dependent coefficients switch ar-
bitrarily in a given bounded set, we prove that the stability is robust with respect
to variations of the lengths of the edges of the network preserving their rational
dependence structure (see Corollary 4.11 for transport and Corollary 5.15 for wave
propagation). Such robustness enables us to get the main result of the paper, namely
a necessary and sufficient criterion for exponential stability of wave propagation on
networks: exponential stability holds for a network if and only if it is a tree and
the damping is bounded away from zero at all external vertices but at most one
(Theorem 5.16).

We address these issues by formulating them within the framework of non-
autonomous linear difference equations

N
u(t) =Y A;j(t)ult — Aj),  u(t) €CY (A,...,Ax) € (RN, (1)

This standard approach relies on the d’Alembert decomposition and classical trans-
formations of hyperbolic systems of PDEs into delay differential-difference equa-
tions [6,9,12,19,22,27]. Here, stability is meant uniformly with respect to the
matrix-valued function A(-) = (A1(:),..., An(+)) belonging to a given class A.

In the autonomous case, Equation (1) has a long history and its stability is com-
pletely characterized using Laplace transform techniques by the celebrated Hale—
Silkowski criterion (see e.g. [4, Theorem 5.2], [16, Chapter 9, Theorem 6.1]). The
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latter can be formulated as follows: if Aq,..., Ay are rationally independent, then
all solutions of u(t) = Z;\f:l Aju(t — Aj) tend exponentially to zero as t tends to
infinity if and only if pgs(A4) < 1, where

N
_ i0;
pus(A) Y o TP ;Aﬂ (2)
and p(-) denotes the spectral radius. Notice that the latter condition does not
depend on Ay, ..., Ay. The Hale-Silkowski criterion actually says more, namely the
striking fact that exponential stability for some Ay, ..., Ay rationally independent
is equivalent to exponential stability for any choice of positive delays Lq,..., Ly.
This criterion can be used to evaluate the maximal Lyapunov exponent associated
with u(t) = Z;\;l Aju(t — Aj), ie., the infimum over the exponential bounds for
the corresponding semigroup. A remarkable feature of the Hale—Silkowski criterion
is that, contrarily to the maximal Lyapunov exponent, it does not involve taking
limits as time tends to infinity. An extension of these results has been obtained
in [21] for the case where Ay, ..., Ay are not assumed to be rationally independent.

The non-autonomous case turns out to be more difficult since one does not have
a general characterization of the exponential stability of (1) not involving limits
as time tends to infinity. To illustrate that, consider the simple case N = 1 of
a single delay and A = L*°(R,®B) where B is a bounded set of d x d matrices.
Then the stability of (1) is equivalent to that of the discrete-time switched system
Up+1 = Apuy, where A, € B, and it is characterized by the joint spectral radius of
B (see for instance [18, Section 2.2] and references therein) for which there is not
yet a general characterization not involving limits as n tends to infinity.

Up to our knowledge, the only results regarding the stability of non-autonomous
difference equations were obtained in [23], where sufficient conditions for stability
are deduced from Perron-Frobenius Theorem. Our approach is rather based on a
trajectory analysis relying on a suitable representation for solutions of (1), which
expresses the solution u(t) at time ¢ as a linear combination of the initial condition
ug evaluated at finitely many points identified explicitly. The matrix coefficients,
denoted by O, are obtained in terms of the functions A;(-),...,An(:) and take
into account the rational dependence structure of Aj,..., Ay (Proposition 3.14).
This representation provides a correspondence between the asymptotic behavior of
solutions of (1), uniformly with respect to the initial condition uy and A(-) € A,
and that of the matrix coefficients © uniformly with respect to A(-) € A (Theorem
3.21). In the case where A = L (R, B) for some bounded set B of N-tuples of d x d
matrices, we extend the results of [21], replacing pyg in the Hale-Silkowski criterion
by a generalization p of the joint spectral radius. As a consequence of our analysis,
and despite the lack of a closed and delay-independent formula for p analogous
to (2), we are able to show that stability for some N-tuple A = (Aq,...,AN)
is equivalent to stability for any choice of N-tuple (Ly,...,Ly) having the same
rational dependence structure as A (Corollaries 3.29 and 3.35).

The structure of the paper goes as follows. Section 2 provides the main nota-
tions and definitions used in this paper. Difference equations of the form (1) are
discussed in Section 3. We start by establishing the well-posedness of the Cauchy
problem and a representation formula for solutions in Sections 3.1 and 3.2. Stability
criteria are given in Section 3.3 in terms of convergence of the coefficients and spec-
ified to the cases of shift-invariant classes A and arbitrary switching. In the latter
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case, we provide the above discussed generalization of the Hale-Silkowski criterion.
Applications to transport equations are developed in Section 4 by exhibiting a cor-
respondence with difference equations of the type (1). Thanks to the d’Alembert
decomposition, results for transport equations are transposed to wave propagation
on networks in Section 5. The topological characterization of exponential stability
is given in Section 5.3.

2. Notations and definitions. In this paper, we denote by N and N* the set of
nonnegative and positive integers respectively, R, = [0, 4+00) and R% = (0, 4+00).
For a,b € R, let [a,b] = [a,b] NZ, with the convention that [a,b] = @ if a > b. The
closure of a set F is denoted by F. If x € R and F C R, we use z + F to denote
the set {x +y |y € F}.

We use #F and §;; to denote, respectively, the cardinality of a set F' and the
Kronecker symbol of 4,j. For x € R, we use z1 to denote max(+x,0) and we
extend this notation componentwise to vectors. For x € ]Rd, We UuSe Tmin and Tmax
to denote the smallest and the largest components of x, respectively.

If K is a subset of C and d, m € N, the set of d x m matrices with coefficients in
K is denoted by Mg, (K), or simply by My(K) when d = m. The identity matrix
in Mg4(C) is denoted by Idg. We use ey, ...,eq to denote the canonical basis of C?,
Le., e; = (i) eq.a) for i € [1,d]. For p € [1,+00], ||, indicates both the £P-norm
in C? and the induced matrix norm in My4(C). We use p(A) to denote the spectral
radius of a matrix A € My(C), i.e., the maximum of |A| with A eigenvalue of A.
The range and kernel of a matrix A are denoted by Ran A and Ker A respectively,
and rk(A) denotes the dimension of Ran A. Given Ay, ..., Ay € M4(C), we denote
by Hfil A; the ordered product Ap--- Ap.

All Banach and Hilbert spaces are supposed to be complex. For p € [1,4+00], we
use L to denote the usual Lebesgue spaces of p-integrable functions and W*? the
Sobolev spaces of k-times weakly differentiable functions with derivatives in LP.

A subset A of L2 (R, M4(C)Y) is said to be uniformly locally bounded if, for
every compact time interval I, sup se 4 [[All o (7, m,(c)v) I8 finite. We say that A is
shift-invariant if A(-+1t) € A for every A € Aand t € R.

Throughout the paper, we will use the indices §, 7 and w in the notations of
systems and functional spaces when dealing, respectively, with difference equations,
transport systems and wave propagation.

3. Difference equations. Let N,d € N*, A = (Aq,...,An) € (Ri)N, and con-
sider the system of time-dependent difference equations

Ys(A, A) u(t) = Z Aj(Hu(t — A;). (3)

Here, u(t) € C? and A = (Ay,...,Ay) : R — My(C)N.

3.1. Well-posedness of the Cauchy problem. In this section, we show existence
and uniqueness of solutions of the Cauchy problem associated with (3). We also
consider the regularity of these solutions in terms of the initial condition and A(-).

Definition 3.1. Let ug : [~Apax,0) = C% and A = (Ay,..., Ax) : R — M4(C)V.
We say that u : [—Apax, +00) — C? is a solution of ¥5(A, A) with initial condition
ug if it satisfies (3) for every ¢ € Ry and wu(t) = ug(t) for ¢ € [—Amax,0). In this
case, we set, for t > 0, uy = u(- +t)|[—a,,...0)-
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We have the following result.

Proposition 3.2. Let up : [~Anax,0) — C? and A = (Ay,...,Ay) : R —
Mg(C)N. Then S5(A, A) admits a unique solution u : [—Amax, +00) — C? with
initial condition ug.

Proof. Tt suffices to build the solution w on [—Amax, Amin) and then complete its
construction on [Apin, +00) by a standard inductive argument.

Suppose that u : [~Amax, Amin) — C? is a solution of ¥s(A, A) with initial
condition ug. Then, by (3), we have

u(t) =

N
> Aot — Ay), i 0 <t < Apin,
= (4)

Uo(t), if — Amax <t<O.

Since the right-hand side is uniquely defined in terms of ug and A, we obtain the
uniqueness of the solution. Conversely, if % : [~Amax, Amin) — C? is defined by (4),
then (3) clearly holds for ¢ € [—Amax, Amin) and thus u is a solution of X5(A, A). O

Definition 3.3. For p € [1,+o0], we use Xg to denote the Banach space Xg =
LP([~Amax, 0], C%) endowed with the usual LP-norm denoted by (R

Remark 3.4. If ugp, v : [~Amax, 0) = C¢ are such that ug = vy almost everywhere
on [—Amax,0) and A, B : R — M4(C)¥ are such that A = B almost everywhere on
R, then it follows from (4) that the solutions u,v : [~Amax, +00) — C? associated
respectively with A, ug and B, vy satisfy u = v almost everywhere on [—Anax, +00).
In particular, for initial conditions in Xg, p € [1,400], we still have existence and
uniqueness of solutions, now in the sense of functions defined almost everywhere. If
moreover A € L (R, M4(C)Y), it easily follows from (4) that the corresponding

loc

solution u of ¥5(A, A) satisfies u € LY ([~ Amax, +00), C).

loc

Proposition 3.5. Let p € [1,+00), ug € Xg, A€ L2 (R, Mg(C)N), and u be the
solution of ¥s(A, A) with initial condition ug. Then the Xg-valued mapping t — us

defined on Ry is continuous.

Proof. By Remark 3.4, u; € Xg for every t € Ry. Since wui(s) = u(s + t) for
$ € [=Amax, 0), the continuity of ¢ — wu; follows from the continuity of translations
in LP (see, for instance, [25, Theorem 9.5]). O

Remark 3.6. The conclusion of Proposition 3.5 does not hold for p = +o0o since
translations in L°° are not continuous.

3.2. Representation formula for the solution. When ¢ € [0, Ain), Equation
(4) yields u(t) in terms of the initial condition wg. If ¢ > Apin, we use (3) to express
the solution u at time ¢ in terms of its values on previous times t — A;, and, for each
Jj such that ¢ > A;, we can reapply (3) at the time ¢ — A; to obtain the expression
of u(t — A;) in terms of u evaluated at previous times. By proceeding inductively,
we can obtain an explicit expression for u in terms of ug. For that purpose, let us
introduce some notations.

Definition 3.7. i. An increasing path (in NV) is a finite sequence of points
(qx)?_, in NV such that, for k € [1,n—1], qx1 is obtained from q; by adding
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1 to exactly one of the coordinates of qi. For n € N* and v = (vy,...,v,) €
[1, N]", we use (p,(k))7t] to denote the increasing path defined by

k—1
pv(k) = Z €y, -
j=1
For n € NV \ {0}, we use V}, to denote the set

Vo= { @1, 0p,) € [LN]™ | py(n]; +1) = n},
i.e., Vi can be seen as the set of all increasing paths from 0 to n.
For A = (A1,...,An) : R = M4(C)N, A = (A1,...,Ax) € RN, nezZVN
and t € R, we define the matrix Eﬁf‘ € My4(C) inductively by
0, if n e ZN \ NV,
Idd, ifn= 0,
= N (5)
> ABEN, s, HfneNV\ {0}
k=1

We omit A, A or both from the notation EﬁtA when they are clear from the

context.

The following result provides a way to write =, ; as a sum over V;, and as an
alternative recursion formula.

Proposition 3.8. For every n € NV \ {0} and t € R, we have

and

‘n‘l
S8 = ST [ A (t— A+ pulk)) (6)
vEVH k=1
N
St =D S, Akt — A ntAy). Q)

Proof. We prove (6) by induction over |n|;. If n = e; for some ¢ € [1, N], we have

1
S TT Aw® = Ait) = Zc,

veVe, k=1

Let R € N* be such that (6) holds for every n € NV with |n|, = Rand t € R. If
n € NV is such that |n|, = R+ 1 and t € R, we have, by (5) and the induction
hypothesis, that

=
—n,t

[nf,—1

N N
=Y ADEncine = Y > A [ Av (= Ax— A py(r))
k=1 r=1

k=1 UGVn,ek

nE>1 nE>1
[n|;
= Z H Ay, (t—=A-py(r)),
veEV, r=1

where we use that V, = {(k,v) |k € [I,N], np. > 1, v € Vh_,} and that
ek + Pu(7) = P(k,v)(r + 1). This establishes (6).
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We now turn to the proof of (7). Since =, ; = A;(t), (7) is satisfied for n = e;,
j € [1,N]. For n € NV with |n|; > 2, the set V}, can be written as

Va = {(U7 k) Ik € [[17N]]7 ng>1,ve anek}7
and thus, by (6), we have

N _\n|171
Zai= >0 3 | II Au (= A-pu() | Ax(t—A-py(l,)
k:ll VEVhn_e,, r=1
N = - -

Inf,—1

I A4v, (t—A-pu(r) | Ax(t— A -n+Ay)

I
] =
]

np>1 kL .
N
= En_etAr(t— A n+ Ay). O
k=1
In order to take into account the relations of rational dependence of Ay, ..., Ay €

R in the representation formula for the solution of ¥5(A, A), we set
ZA)={necZ" |A-n=0}
V) ={LeRY | Z(A) Cc Z(L)},  Vi(A)=V(A)nRYY,
W(A)={L e RY | Z(A) = Z(L)}, Wi(A) = W(A)n (R,

Notice that W(A) C V(A) and W(A) ={L e V(A) | V(L) =V (A)}.

The point of view of this paper is to prescribe A = (Aq,...,Ax) € (R%)Y and
to describe the rational dependence structure of its components through the sets
Z(A), V(A), and W(A). Another possible viewpoint, which is the one used for
instance in [21], is to fix B € My ,(N) and consider the delays A = (Ay,...,An) €
Ran BN (Rj_)N . We show in the next proposition that the two points of view are
equivalent.

Proposition 3.9. Let A = (Ay,...,Ay) € (R})N. There exist h € [1,N], { =
(b1,...,0) € (Rj)h with rationally independent components, and B € My ;(N)
with tk(B) = h such that A = BL. Moreover, for every B as before, one has
V(A) =Ran B,
W(A) ={B(ly,...,0;,) | ¢\,..., 0, are rationally independent}.
In particular, W(A) is dense and of full measure in V(A).

Proof. Let V. = Spang{A1,...,An}, h = dimgV, and {A;,...,\n} be a basis of
V with positive elements, so that A = Au for some A = (a;;) € My x(Q) and
u = (A,...,\n) € (R7)". For v € R"\ {0}, we denote by P, the orthogonal
projection in the direction of v, i.e., P, = UUT/|U|§.

Since Q" is dense in R", there exists a sequence of vectors u, = (r1,..-,7hn)
in (Q7%)" converging to u as n — 400, and we can further assume that the sequence
is chosen in such a way that |P,, — P,|, < 1/n? for every n € N*.

For n € N*, we define T}, = P,, + 1 (Id;, —P,,). This operator is invertible,
with inverse T, ! = P, + n(Id, —P,,). Furthermore, both T}, and T}, ! belong to
Mp(Q). For i € [1, k], we have

(Tn_lei)Tu = eiTPu”u + ne;r(Idh —P,)u= e;FPu"u + neiT(Pu — P, )u

n

(8)
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and thus (T, 'e;)™u — efu = \; as n — +o0. Since Ay,..., A\, > 0, there exists
ng € N* such that

(T 'e)™u >0,  Vie[l,h], ¥n > no. (9)

For i € [1,N], let a; = (ai;)jeq,n) € Q. For each i € [1, N], we construct the

sequence (@i p), oy i Q" by setting «;,, = T,,c;. It follows from the definition of
’IJ,TOLi

T, that o, converges to P,a; = u|u§ as n — +oo. Since uToy = Z?Zl aij\j =
A; > 0 and the components of u are positive, we conclude that there exists ny > ng

such that a; ,, € (Q4)" for every i € [1, N].

Let £ = (T,;")"u. By (9), £; = (T;;,'e;)"u > 0 for every i € [1,h]. Since the
components of u are rationally independent, ¢1,..., ¥, are also rationally indepen-
dent. Let b;; € Qy, i € [1,N], j € [1,h], be such that a; n, = (bij);eqi,n)- Hence,
for i € [1, N,

h h
T T—1 § Trp—1 2
Ai =U 0; =U :Zjn1 Qny = bl-ju Tn1 €; = bij£j~
j=1 j=1

We then get the required result up to multiplying B = (b;;) by a large integer and
modifying ¢ in accordance.

We next prove that (8) holds for every B as before. (Our proof actually holds
for every B € My ,(Q) with rk(B) = h such that A = B/ for some ¢ € (R})"
with rationally independent components.) First notice that Z(A) = {n € Z" |n €
Ker BT}. Indeed, n € Z(A) if and only if n is perpendicular in RY to B¢, which
is equivalent to n™ B = 0 since /1, ..., /), are rationally independent. Moreover, re-
mark that Ker BT = (Ran B)* admits a basis with integer coefficients since Ran B
admits such a basis. To see that, it is enough to complete any basis of Ran B in QV
by N — h vectors in Q" and find a basis of (Ran B)* by Gram-Schmidt orthogo-
nalization. We finally deduce that Spang(Z(A)) = (Ran B)*. Since by definition
V(A) = Z(A)*, we conclude that V(A) = Ran B. As regards the characteriza-
tion of W(A), an argument goes as follows. Let L € V(A), so that L = B¢ for
a certain #/ € R”. The components of ¢ are rationally dependent if and only if
dimg Spang{L1,..., Ly} < h, ie., dimg V(L) < dimg V(A), which holds if and
only if L ¢ W(A). O

We introduce the following additional definitions.

Definition 3.10. Let A = (Ay,...,Ayx) € (R%)N. We partition [1, N] and ZV
according to the equivalence relations ~ and ~ defined as follows: i ~ j if A; = A;
and n~n’if A-n=A-n’. We use [] to denote equivalence classes of both ~ and
~ and we set J = [1,N]/ ~ and Z = Z" / ~.
For A: R — My(C)N, LeVi(A), [n] € Z, [i] € J, and t € R, we define
o

=L,AA —L,A <
St =0 =R AR = A, (10)
JE[i]

n’€[n]
and
L.AA SLAA 7
Omi = > :[n—ej],tAf}](t_L'n+Lj)- (11)
lileg
Ln—L;<t

LA,
[n],t
to (5), all terms in the sum are equal to zero except finitely many. The expression

Remark 3.11. The expression for sLaa given in (10) is well-defined since, thanks
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for @L ]At given in (11) is also well-defined since, for every L € V, (A), if i ~ j and
n~n', one has L; = L; and L -n = L -n’. In addition, notice that "Ln]AtA # 0
only if [n] N N¥ is nonempty, and, similarly, I;I]A tA # 0 only if [n] N (NV\ {0})

is nonempty. Another consequence of the above fact and (11) is that @L A A #0
only if ¢ > 0, since [n — ;] NNV = () whenever [n] € Z and [j] € J are such that
L-n— Lj < 0.

Notice, moreover, that the matrices E, Aand © depend on A only through Z(A).
Hence, if A’ € W, (A) (ie., Z(A') = Z(A)), then

SLAA _ SLA LA A LAA _ AQLALA
S =St AN =AR0,  epyt =6
From now on, we fix A = (Aq,...,Ax) € (R%)"Y and our goal consists of deriving

a suitable representation for the solutions of X5(L, A) for every L € V. (A). Even

though the above definitions depend on A, L € V,(A) and A, we will sometimes

omit (part of) this dependence from the notations when there is no risk of confusion.
Let us now provide further expressions for E[LH]A t’A.

Proposition 3.12. For every L € Vi (A), A: R — M4(C)V, n € NV \ {0}, and

t € R, we have

SLAA _ HLAA SLAA _ SLAA  FA ) '

Sup Z AGOEREN, Eat = D0 SRS AR - Lont L),

liles
and

’
=],

S S S ] A - Lopulk)). (12)

n’€m]NNN veV,, k=1
Proof. We have, by Definition 3.10 and Equation (5), that

E m],t = E \—*n’ gt = § § A Hn’fej,th § A § '—'n/fe7 t—L;

nE[n] n’€[n] j=1 ne[n]
N ~
= ZA Z Em,t—Lj = ZAJ(t)E[n ejl,t—L;
me[n—e;] j=1

= Z ZAi(t)E[n—ei],t—L,; = Z ZA’L(t) g[n—ej],t—Lj
lF1eT i€l4] l11eT \i€lil

= > Agt)Emc;i-L;-
lileg

The second expression is obtained similarly from Definition 3.10 and Equation (7)
and the last one follows immediately from (6) and (10). O

Let us give a first representation for solutions of X5(L, A).
Lemma 3.13. Let L € (R)N, A = (Ay,...,Ax) : R = Mu(C)Y, and vy :
[~ Liax, 0) — C%. The corresponding solution u : [—Luyax, +00) — C% of ¥5(L, A)
is given fort > 0 by
u(t) = > LA At —L-n+ Lj)u(t — L-n). (13)

—n— (’J
(n,§)ENN x[1,N]
—L;<t—L-n<0
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Proof. Let u : [—Lyax, +00) — C% be given for t > 0 by (13) and u(t) = ug(t) for
t € [~ Lmax,0). Fix t > 0 and notice that

Aj(ult — Ly)

M-

<
Il
—

I
] =

> AR, o, At = Lj = L-n+ Li)ug(t — Ly — L - m)
1 (n,k)eNV x[1,N]

<.
Il

t2Lj _L,<t—L;—L-n<0
’I’Lkzl
N
+ 3 Aj(uo(t — Ly). (14)
j=1
tj<Lj

Consider the sets

By(t) = {(n,k,j) e NV x [1, N]* |t > L;, —Ly <t—L; — L-n <0, n; > 1},
Bg(t) = {] S [[1,N]] |t < Lj},
Cl(t) = {(n7k7j) € NNX[[LN]]Q ‘_Lk: <t-Ln< 07 ng 2 1a n; > 1+5jka n 7& ek};

Co(t) ={(n,k) e NV x[I,N] | —Lp <t—L-n<0, n=e},

and the functions ¢; : B;(t) — C;(t), i € {1,2}, given by

wl(nvk’j):(n+ej7k’j)’ 902(.]'):(61'7.].)'

One can check that ¢; and @9 are well-defined and injective. We claim that they
are also bijective. For the surjectivity of o1, we take (n,k,j) € Ci(t) and set
m =n —e;. Since n; > 1, one has m € N¥. Since ns > 1, n; > 1+ 0k, one has
t>L-n— Ly >L;+ Ly — Lp = L;. The inequalities —Ly <t—L; —L-m <0
and ny > 1 are trivially satisfied, and thus (m,k,j) € Bi(t), which shows the
surjectivity of ¢, since one clearly has ¢1(m, k, j) = (n,k, 7). For the surjectivity
of @2, we take (n, k) € Ca(t), which then satisfies n = e and ¢ < L -n = Lj. This
shows that k € Bz () and, since p2(k) = (n, k), we obtain that o9 is surjective.
Thanks to the bijections ¢1, 2, and (5), (14) becomes

N

> Aj(tu(t— Ly)

j=1

N
—L,A
= > > AMEN e, At = Lon+ Ly)ug(t — L - n)
Jk)eNY x[1,N j=1
(IiLiegt—z-[[rKO]] nj =146,k
nE>1, n#fek

+ > Ap(t — L-n+ Ly)ug(t — L - n)

(n,k)eN x[1,N]
—L,<t—L-n<o,
n=eyg
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= > =LA At — L-n+ Ly)ug(t — L-n)
(n,k)eNY x[1,N]

“Ly<t—L-n<0
nip>1, n#tey

+ > =g Ar(t — L-n+ L)ug(t — L - n)
(n,k)eN” x[1,N]

— L, <t—L-n<O0,
n=eg

= > =LA (At — Lon+ Ly)ug(t — L-n) = u(t),

(n,k)eNY x[1,N]
—Lp<t—L-n<0

which shows that u satisfies (3). O

We can now give the main result of this section.

Proposition 3.14. Let A € (R})Y, L € Vi(A), A: R = My(C)N, and uo :
[~ Liax, 0) — C¢. The corresponding solution u : [—Lyax, +00) — C% of ¥5(L, A)
is given fort > 0 by

uty= > g u(t—L-n), (15)
[njeZ
t<L-n<t+Lpax

where the coefficients © are defined in (11).

Proof. Equation (15) follows immediately from (13) and from the fact that the
function ¢ : NV x [1, N] = Z x NV x J x [1, N] given by ¢(n, j) = ([n],n, [j], ) is
a bijective map from {(n, j) € NV x [1, N] | —=L; <t—L-n < 0} to {([m],n, [i], j) €
ZxNVNx Ix[I,N]|n€m], je[i], t<L-n<t+ Lyax, L-n—L; <t} for
every t € R. 0

3.3. Asymptotic behavior of solutions in terms of the coefficients. Let us
fix a matrix norm |-| on M4(C) in the whole section. Let C1,Cs > 0 be such that

Ci|Al, <Al < G |4, VA € M4(C), Vp € [1,+o0]. (16)
Let A be a uniformly locally bounded subset of L (R, M4(C)"). The family of

all systems X5(L, A) for A € A is denoted by X5(L,.A). We wish to characterize the
asymptotic behavior of ¥5(L,.A) (i.e., uniformly with respect to A € A) in terms

of the behavior of the coefficients =, ; and Oy, ;. For that purpose, we introduce
the following definitions.

Definition 3.15. Let L € (R%})V.
i. For p € [1,400], we say that ¥s5(L,.A) is of exponential type v € R in Xg if,
for every € > 0, there exists K > 0 such that, for every A € A and ug € Xg7
the corresponding solution u of ¥5(L, A) satisfies, for every ¢ > 0,

luell, < KeO* [Jug]], -

We say that Xs(L, A) is ezponentially stable in Xg if it is of negative exponen-
tial type.

ii. Let A € (R%)" be such that L € V4 (A). We say that 35(L, A) is of (©,A)-
exponential type v € R if, for every € > 0, there exists K > 0 such that, for
every A € A, n € NV and almost every t € (L -n — Lyax, L - 1), we have

|
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iii. Let A € (R%)N be such that L € Vi (A). We say that 3s(L,.A) is of (£, A)-
exponential type v € R if, for every € > 0, there exists K > 0 such that, for
every A € A, n € NV, and almost every ¢t € R, we have

SLAA

S| < Kelrtotm,

iv. For p € [1,400], the mazimal Lyapunov exponent of Xs(L, A) in Xg is defined
as
. In Hut”p
Ap(L, A) = limsup sup sup ,
t—=+oo AeA quxi t

llwoll,,=1

where u denotes the solution of ¥5(L, A) with initial condition ug.

Remark 3.16. Let L € (R%)" and p € R. For every A : R — My4(C)" and u
solution of ¥5(L, A), it follows from (3) that ¢ — e**u(t) is a solution of the system
Y5(L, (etFr Ay, ... et EN Ay)). As a consequence, if A C L (R, My(C)V) and

loc
'AM = {(6#L1A1, .. .,E'U‘LNAN) | A= (Al, - 714]\/') [S A},
one has \,(L, A,) = A\ (L, A) + p.

The link between exponential type and maximal Lyapunov exponent of ¥5(L, .A4)
is provided by the following proposition.

Proposition 3.17. Let L € (R%)YN, A be uniformly locally bounded, and p €
[1,+00]. Then

Ap(L, A) = inf{y € R | 3s5(L, A) is of exponential type v in Xz}.
In particular, ¥5(L, A) is exponentially stable if and only if \,(L, A) < 0.

Proof. Let v € R be such that ¥s5(L,.A) is of exponential type ~ in Xg. It is clear
from the definition that A\,(L, A) < . We are left to prove that 3s(L,.A) is of
exponential type A\,(L,.A) when the latter is finite. Let ¢ > 0. From the definition
of A\,(L, A), there exists tg > 0 such that, for every t > ¢y, A € A, and ug € Xg7
one has

gl < ePrtDF )| .

Since A is uniformly locally bounded, by using (13) and (6), one deduces that
there exists K > 0 such that, for every t € [0,tg], A € A, and uy € Xg, one has
[uell, < K [luoll,,- Hence the conclusion. O

Remark 3.18. Similarly, one proves that, for A € (R})" and L € V4 (A),

. In ’@[LI;]/},;A‘
limsup sup esssup -+
Ln—+o00 A€AtE(L-n—Lyax,L-n) t

=inf{y € R | X5(L,.A) is of (6, A)-exponential type v}

and
I |BLAA
. 0 =m],e
limsup sup esssup
L-n—+oo Ac A teR L-n

— inf{y € R | £5(L, A) is of (E, A)-exponential type ~}.
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3.3.1. General case. The following result, which is a generalization of [8, Proposition
4.1], uses the representation formula (15) for the solutions of 35(L, A) in order to
provide upper bounds on their growth.

Proposition 3.19. Let L € V. (A). Suppose that there exists a continuous func-
tion f : R — R such that, for every A € A, n € NV, and almost every
t € (L -n— Lyax, L-n), one has
LA A
oL < 1. (17)
Then there exists C' > 0 such that, for every A € A, p € [1,+00], and ug € X‘S the
corresponding solution u of Xs5(L, A) satisfies, for every t >0,

luell, < CE+DY  max 7(s) [l (18)

max;t]

Proof. Let A € A, p € [1,4), ug € Xg, and u be the solution of Xs5(L,A)
with initial condition ug. For ¢t € Ry, we write J; = {[n] € Z |t < L-n <
t 4+ Liax, 0] NNV # 0} and Y; = #);. Thanks to Proposition 3.14, Remark 3.11,
and (17), we have, for ¢t > Lpax,

P
t
[l =[S Omauols—Low)| ds
t=Lmax |mley, »
t
S/ yr—! Z |@[n]7suo(st~n)|st
b= Fmax ()€Y,
i
ng”/ YPUf(s)? > ug(s — L-n)[Pds
t_Lmax [n]e:);9
t
—p -1 P
S Cl SG[trjlgi(aXat] f(S)p /t—Lmax }/Sp [n]ze;) ‘uO(S B L | n)lp ds

We clearly have V; < #{n € NV |t < L-n < t+ Lyay}. For n € NV, we denote
={x € RN |n; < z; < n; +1foreveryi € [1,N]}. This defines a family of
pairwise disjoint open hypercubes of unit volume. Thus

i< ). Vol€, = Vol U ¢
neNV neNV
t<L-n<t+Lmax t<L-n<t+Lmax

<Vol{z € RN |t < L-z<t+|L|, + Lmax}-

Then there exists C5 > 0 only depending on L and N such that Y; < Cs(t+ 1)V -1
Thus,

luell? < CTPCEH(E+ )N D@D

max / Z |lug(s — L - n)\pds

S€[t~Lmat] P =t
:
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_ —pop—1 N-1)(p—1
=CyPOr Mt 4 1)W1

0
max f(s)p/ Z luo(s)[, ds.

Sl Lt ~Lmas )€V, Lyan—s
L—Lmax —¢

Similarly, there exists Cy > 0 only depending on L and N such that, for every
t € Ry and s € [~Luax, 0], Yio1,..—s < Ca(t + 1)V 71 yielding (18) for ¢ > Lyax-
One can easily show that, for 0 < ¢ < Ly, we have |luf|, < C” [lugl|, for some
constant C’ independent of p and ug, and so (18) holds for every t > 0. The case
p = +00 is treated by similar arguments. O

When L € W, (A), we also have the following lower bound for solutions of
Ys(L, A).

Proposition 3.20. Let L € W, (A) and f : R — R% be a continuous function.
Suppose that there exist A € A, ng € NV, and a set of positive measure S C
(L ng — Lyax, L - ng) such that, for every s € S,

> f(s). (19)

Then there exist a constant C' > 0 independent of f, an initial condition uy €
L ([~ Luax,0],C%), and t > 0, such that, for every p € [1,400|, the solution u of
Ys5(L, A) with initial condition ug satisfies

L.AA
‘O[no]as

U >C min s) ||luoll.. -
Jucl, > € _minf(s) luol,

[t—Limaxt]

Proof. According to Remark 3.11, one has G[Ln’i\s’A = @ﬁj’fg’A for every [n] € Z and
s € R, and therefore we assume for the rest of the argument that A = L and we
drop the upper index L, L, A.

For s € S, one has ‘@[UOLS’oo > Cy ' f(s), where Cy is defined in (16). Using (19)
and Remark 3.11, one derives that S C [0, +00).

For every s € S, one has

VR

Cy ' f(5) < |Bpmols o <

Omol.€5 . »

j=1

and thus there exist jo € [1,d] and a subset ScSof positive measure such that,
for every s € S and p € [1,400], one has

Cgld_lf(s) < |®[no],sejo‘oo < ’@[no],sejo’p' (20)

In order to simplify the notations in the sequel, we write .S instead of S,
Let tg € S\ {0} be such that, for every € > 0, (to — €,%o + €) N .S has positive
measure. Let 6 > 0 be such that

26 < min 2tg, L -ng —tg,to — L - ng + Lax, min |L~(n7n0)|

neNY
L-(n—ng)#0

Such a choice is possible since tg € (L - 19 — Liax, L - ng), to € S\ {0} C R%, and
{L -n | n € NV} is locally finite.

Let S1 = (S —to) N (—0d,d), which is, by construction, of positive measure, and
1R — R be any non-zero bounded measurable function which is zero outside ;.
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Define g : [~ Lmax, 0) — C¢ by
ug(s) = pu(s — to + L - mg)ej,

and let u be the solution of ¥5(L, A) with initial condition ug. For s € (—4,4), we
have tg + s > 0 since ty > §. By Proposition 3.14, one has

u(to +s) = > O] to+sH(s + L - (ng — m))ej,. (21)
[njez
to+s<L-n<to+s+Lmax
If L-n#L-ng, wehave |L-(n—mng)| > 20, and so |s+ L - (ng — n)| > 4, which
shows that u(s 4+ L - (ng —n)) = 0. Hence, Equation (21) reduces to u(to + s) =
Olno) to+sH(5)ej,- We finally obtain, using (20) and letting ¢ = to + J, that, for
pe [L +00),

e P /S fulto + s)[2 ds = /S (Omolo-sseo | lu(s)[” ds
1

1

> Cy7a [ flto+ s o) ds = €57 min () .
S1 s€[t—Lmax,
(22)

A similar estimate holds in the case p = 400, which concludes the proof of the
proposition. 0

As a corollary of Propositions 3.19 and 3.20, by taking f of the type f(t) =
Ket9)t one obtains the following theorem. The last equality follows from Propo-
sition 3.17 and Remark 3.18.

Theorem 3.21. Let A € (R%)Y and A be uniformly locally bounded. For every
L eVi(A), if B5(L,A) is of (©,A)-exponential type v then, for every p € [1,400],
it is of exponential type v in Xg. Conversely, for every L € Wi (A), if there exists
p € [1,400] such that ¥5(L,A) is of exponential type v in Xg, then it is of (©,A)-
exponential type y. Finally, for every L € W, (A) and p € [1,+0o0],

L,AA
InjOp|
Ap(L, A) = limsup sup ess sup —_ (23)
L-n—+4o00 AcAte(L-n—Lyax,Ln) t

Remark 3.22. It also follows from Proposition 3.19 that, in the first part of the
theorem, the constant K > 0 in the definition of exponential type of ¥5(L,.4) can
be chosen independently of p € [1,40c]. Moreover, the left-hand side of (23) does
not depend on p and its right-hand side does not depend on A.

3.3.2. Shift-invariant classes. We start this section by the following technical result.
Lemma 3.23. For every A € (R1)N, Le Vi (A), A: R — My(C)Y, neZV, and

t,7 € R, we have

=LA _ —=LA(+7) SLAA _ SLAA(+T)

Snjtr = Sngt and Snlt+r — Zn),t :
Proof. The first part holds trivially if n € Z¥ \ NV or if n = 0, for, in these cases,
it follows from (5) that Eﬁf does not depend on t and A. If n € NV \ {0}, the
conclusion follows as a consequence of the explicit formula (6) for EIL]f‘ . The second
part is a consequence of the first and (10). O
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We next provide a proposition establishing a relation between the behavior of
H[n] ¢+ and O, ¢ Notice that, if a subset A of L2 (R, M4(C)N) is shift-invariant,
then A is uniformly locally bounded if and only if it is bounded.

Proposition 3.24. Let A be a bounded shift-invariant subset of L™= (R, M4(C)N),
LeVi(A), and f : R — R be a continuous function. Then the following assertions
hold.

i If ‘G[Ln]AtA‘ < f(t) holds for every A € A, n € NV, and almost every t €

(L-n — Lyax, L -n), then, for every A € A, n € NV \ {0}, and almost every

SLAA
t € R, one has ’H[ N ‘ < MaXye(L.n—Lum,Ln] f(s).

ii. If ‘E[Ln]AtA‘ < f(L -n) holds for every A € A, n € NV, and almost ev-
ery t € R, then there exists a constant C > 0 such that, for every A € A,

n € NV, and almost every t € (L-n — Lyax, L-n), one has ‘@LAA’ <
Cmaxse[t,Lmax’Hme] f(S)
Proof. We start by showing (i). Let A € A and n € NV \ {0}. For every k € Z,

there exists a set N C [L-n — Lyin, L - n) of measure zero such that, for every
€ [L-n— Luyn, L-n)\ Ng,

SL,AA(-—kLmin) _ Z SL,AA(-—kLmin) AA (t . k‘me L. n—i—Lj)

=l Zfneslt
l1les
A, A(-—kLmin
:’G)Ln]t (=hlmin) < f(®),

where we use Proposition 3.12, the fact that L-n —L; < L-n — Ly, <t for every
[7] € J, and Equation (11).

Let N = Upez(Nk — kLwin), which is of measure zero. For ¢ € R\ N, let
k € Z be such that t € [L-n— (k+ 1)Lyin, L -1 — kLpip), so that t + kL, €
[L-n— Ly, L-n). Since t ¢ N, we have t + kLnyin ¢ Ng, and so, using Lemma
3.23, we obtain that

< t kLmin S .
< f(t+ ) se[L.nIflLafm,L.n]f(s)

SLAA| _ |SLAA(—kLmin)
B ‘_‘[n]vt""k‘Lmin

Let us now show (ii). Without loss of generality, the norm || is sub-multiplicative.
Since A is bounded, there exists M > 0 such that, for every A € A, j € [1, N], and
t € R, we have |A;(t)] < M. Let A € A. For every n € NV, let Np, be a set of

E[Ln’]A{A‘ < f(L - n) holds for every t € R\ Npyj. Let N =
Unenn N, which is of measure zero. If n € NV and t € (L -0 — Lyax, L-n) \ N,

then
s $ [ e tone
lileg
Ln~-L;<t
< NM L-n—L)<C max S);
- [j]ze:Jf( 2 Se[t*Lmax’Hme]f( :

where C = N2 M. O
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As an immediate consequence of the previous proposition and Theorem 3.21,
we have the following theorem, which improves Theorem 3.21 by replacing (0, A)-

exponential type by (é, A)-exponential type.

Theorem 3.25. Let A € (R*_,_)N and A be a bounded shift-invariant subset of
L>®(R, M4(C)N). For every L € Vi (A), Xs(L, A) is of (E,A)-exponential type v if
and only if it is of (0, A)-exponential type .

As a consequence, for every L € Vi (A), if S5(L, A) is of (2, A)-exponential type
v then, for every p € [1,400|, it is of exponential type v in Xg. Conversely, for
every L € Wi (A), if there exists p € [1,400] such that 3s(L,.A) is of exponential
type v in Xg, then it is of (é,A)—emponentz'al type v. Finally, for every L € Wi (A)
and p € [1,400],
In ’E[Ln]/\tA‘

Ap(L, A) = limsup sup esssup (24)

L'n—+oo A€A teR L-n

3.3.3. Arbitrary switching. We consider in this section A of the type A = L (R, B)
with %8 a nonempty bounded subset of My(C)Y. In this case, ¥(L, .A) corresponds
to a switched system under arbitrary B-valued switching signals (for a general
discussion on switched systems and their stability, see e.g. [20, 28] and references
therein).

Motivated by formula (12) for é[n],t» we define below a new measure of the
asymptotic behavior of ¥5(L,A). For this, we introduce, for A € (R%)N and
e Ry,

LA ={A-n|neN"} and L,(A)=LA)N0,z). (25)
Definition 3.26. We define

8=

In|,

w(A,B) =limsup  sup Z Z H B{)\lép”(’“)

T—+00 B"eB

TEL(A) for €L (A) XEIIV_IL vE€Vn k=1

Note that u(A,B) is independent of the choice of the norm |-| and p(A,B) =
p(A,B). The main result of this section is the following.

Theorem 3.27. Let A € (R’;)N, L e Vi(A), B be a nonempty bounded subset of
My(C)N, A= L®[R,B), and p € [1,+00]. Set m; = min;eqr, v IL\—j and moe =
max;ec[1,nN] %j if u(A,B) < 1, and m; = max;eq N %j and mz = Min ey, N| 2—; if
w(A,B) > 1. Then the following assertions hold:
i. Ap(L, A) < mqlnp(A,B);
ii. if L € Wi (A), then ma, (A, A) < Ap(L, A) < mad, (A, A);
iii. Ap(A,A) =1np(A,DB).
Proof. Notice that (ii) follows from (i) and (iii) by exchanging the role of L and A,
since A € V(L) for every L € W (A).
Let us prove (i). Since minjecpi nj f; < 4n < max;c[i,N] % for every n €
NV \ {0}, it suffices to show that, for every e > 0, there exists C' > 0 such that, for
every A € A, n € NV \ {0}, and t € R, we have

‘é[ﬁff“ < O (u(A,B) + )™, (26)
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By definition of (A, B), there exists Xo € L(A) such that, for every z € L(A)
with x > X, we have

In|,

sup Z ZHBAP B < (u(A,B) + )"

B"eB
for reLq (A) XEHN’L“EV k=1

Since B is bounded, the quantity

In|,
C' = max sup E E HBf};pv(k)
€L x, (A
TE Xo( ) B"eB NN vEV, k=1

for reLy,(A) n€ p

is finite. Setting C' = max{1,C’,C’(u(A,B) +e)~ ¥}, we have, for every z € L(A),

In|;

sup ST TIBaP W <C(un,B)+2)". (27)

B"e®B
for reL, (A) nENN vEVn k=1
An=

Define ¢, : L(A) — L(L) by ¢(A-n) = L-n. This is a well-defined function
since L € V, (A). Let A € A, n € NV \ {0}, and t € R. By Proposition 3.12,

=,
St = > D [T Aw@-L-puthy. (28)
n’e[n]NNN veV,, k=1
For 7 € Lan(A), we set B” = A(t — ¢r(r)) € B. Thus, for every n’ € [n] NNV,
v € Vi, and k € [1, |n’|,], we have, by definition of ¢y,
By ®) = Ay, (8= pr (A pu(R) = Au, (t = L-pu(k). (29)
We thus obtain (26) by combining (27), (28) and (29).

In order to prove (iii), we are left to show the inequality In u(A,B) < A, (A, A).
Let # € L(A) and A° € B. For r € L, (M), let B” € B. We define

(= min |y — y2| > 0.

1
2 y1,Y2€L, (A)
Y17£Y2

Let A= (A;,...,An) € A be defined for t € R by
N if m € NV is such that A - m <
BA™,
A(t) = andt€ (—A - m—(,—A-m+ (),
A, otherwise.

The function A is well-defined since the sets (—A - m — {, —A - m + () are disjoint
for m € NV with A-m < z. For every n € NV with A -n = x, every v € Vj,
€ (—¢,¢), and k € [1,|nl|,], we have

Ay (£ = A-py(k)) = BYP®),

and then, for every n’ € NV with A -n’ = z, we have

[nl, [n|;
Z Z HBApu Z Z HAUJC (t—A- pv(kj)):Ef},//iA-
neNN vEVL k=1 neNN veVL k=1

An=zx An=zx
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Hence, for every n’ € NV with A -n’ = x, we have

1
z

[nly 1
Z Z HB{)\I;I’“(}“) < sup ess sup :f\/]\A e
N 0V ket A€A  teR
An=zx
Since this holds for every choice of B" € B, r € L;(A), and z € L(A), we deduce
from (24) that In u(A,B) < A, (A, A). O

Remark 3.28. Since u(A,B) = u(A, B), one has A\, (A, A) = A\, (A, L=(R,B)).

As regards exponential stability of X5(L, A), we deduce from the previous theo-
rem and Remark 3.16 the following corollary.

Corollary 3.29. Let A € (R%)N, B be a nonempty bounded subset of Mq(C)V,
and A = L*(R,B). The following statements are equivalent:
w(A,B) <1
ii. Xs5(A,A) is exponentially stable in Xg for some p € [1,4+00];
iii. 35(L,A) is exponentially stable in X for every L € Vi (A) and p € [1,+oc].

Moreover, for every p € [1,400],
Ap(AA) =inf{r e R | p(A,B_,) <1},
where B_, = {(e7"MBy,...,e "* ¥ By) | (By,...,By) € B}.

Corollary 3.29 is reminiscent of the well-known characterization of stability in the
autonomous case proved by Hale and Silkowski when A has rationally independent
components (see [4, Theorem 5.2]) and in a more general setting by Michiels et al.
in [21]. In such a characterization, (1,...,1) is assumed to be in V(A) and u(A,B)
is replaced in the statement of Corollary 3.29 by

N
pus(A,A) = max _ p (> A |,
(01,...,0N)EV(A)

where V(A) is the image of V(A) by the canonical projection from RY onto the
torus (R/27Z)N. (Notice that V(A) is compact since the matrix B characterizing
V(A) in Proposition 3.9 has integer coefficients.)

We propose below a generalization of pps(A, A) to the non-autonomous case
defined as follows.

Definition 3.30. For A € (R%)", B a nonempty bounded subset of M4(C)", and
L(A) given by (25), we set

3=

pnus(A,B) = limsup sup sup Z H BA Po (k) ,i0.,,
n—=+00 (g, ... 0n)EV(A) for TEBL’e/;B‘ ) ve[LN]" k=1

Let us check in the next proposition that upg actually extends pys.

Proposition 3.31. Let A = (Ay,...,Ay) € M4(C)N and B = {A}. Then one
has pus(A, B) = pus(A, A).



20 Y. CHITOUR, G. MAZANTI, AND M. SIGALOTTI

Proof. One has

N N &
max _ p g Azt | = max _ lim E Ajeti
(917~~-»‘9N)€V(A) j=1 (917---19N)€V(A)n*>+00 j=1
1
N e
= lim sup E Ajeiaf
"R o) ev () | \ T2
1
" w
= lirf sup E HAvkew”k ,
n—-+0oo s
(01,--,0N)EV(A) |ye[1,N]™ k=1

where the second equality is obtained as consequence of the uniformity of the
Gelfand limit on bounded subsets of M4(C) (see, for instance, [13, Proposition
3.3.5]). O

In the sequel, we relate ugs(A,B) to a modified version of the expression (24)
of A\, (L, A).

Definition 3.32. For L € V, (A) and A a set of functions A : R — M4(C)V, we
define

SL,AA
. In =
Aus(L, A) = limsup sup esssup
In|, »+co AEA  teR |,
neNY

Remark 3.33. Since Lpinn|; < L-n < Lyax|n|; for every L € Vi (A) and

n € NV it follows immediately from (24) that, for every p € [1, 400,
LminAp(LaA) S )\HS(L7A) S LlnaxAp(La'A)a if Ap(LavA) Z Oa
LmaxAp(Ly, A) < Aus(L, A) < LininAp(L, A), if Ap(L, A) <O.

In particular, the signs of Auys(L,.A) and A,(L,.A) being equal, they both charac-

terize the exponential stability of 34(L,.A).

Theorem 3.34. Let A € (R})N, B be a nonempty bounded subset of Mq(C)V,

and A = L=®(R,B). Set m = inf{l E23h zeZ(A)\{O}} if pus(A,B) < 1

(EEH

z € Z(A)\ {0}} if pas(A,B) > 1. Then the following

|Z+|1
ESN

and m = sup{l

assertions hold:

i. for every L € Vi (A), Aus(L, A) < mlnpungs(A, B);
ii. if (1,...,1) € V(A) and L € W4 (A), one has Aus(L, A) = In pups (A, B).

Proof. We start by proving (i). It is enough to show that, for every £ > 0 small
enough, there exists C' > 0 such that, for every A € A, n € NV \ {0}, and ¢ € R,
we have

L] < 00+ Inl) (uus(8, B) + )

T[n],t

Let L € V. (A) and € > 0 be such that uns(A,B) +¢ < 1if ups(A,B) < 1. We
can proceed as in the proof of Theorem 3.27 to obtain a finite constant Cjy > 0 such
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that, for every n € N*,

sup sup Z H By P W] < Co (uus(A, B) +¢)"

01,....,0N)EV (A B"e®B n
(61 NIEV(A) . r€Lnap . (A) [VEILN]™ k=1

(30)

Let A € A, t € R, and ¢y, be as in the proof of Theorem 3.27. For r € Ly, (A),

we set B" = A(t — goL( )), and similarly to the proof of Theorem 3.27, (29) holds

for every v € [1, N]™ and k € [1,n]. Thus (30) implies that, for every n € N* and
0 eV(A),

S T v (6= Lo pal) | < Co (us(h, 3) )"

ve[1,N]" k=1

Since
n [,
o ITAw(-L-puk = 3 Y T A = L-puli) ™
ve[1,N]" k=1 neNN veEVh k=1
[n|;=n
In|,
= 2 ) [T An (- Lopu(k)
neNY vEVh k=1
[n|;=n
in-§—=L,A
> E
F?NN
we obtain that, for every n € N* and 6 € V(A),
> emIELA < Co (pns(A,B) +2)". (31)
neNY
In|;=n

Following Proposition 3.9, fix h € [1,N] and B € My x(Z) with rk(B) = h
such that A = B{, for ¢y € (Ri)h with rationally independent components. Let
M € Mp(R) be an invertible matrix such that £o = Mey, where e; is the first
vector of the canonical basis of R”, in such a way that A = BMe;. For n € N, we
define the function f, : R* — /\/ld((C) by

E ezn BMyr—\L A.

¢fNN
We claim that, for every ny € NV,
1 .
li - —ing-BMv g, _ EL,A. 2
R—l}}‘loo (2R)h ~/[—R R]h f (V)e v Z n,t (3 )
’ neng]NNY
In[;=n

Indeed, we have

1 / —ing-BM —ra 1 i(n—no)-BM
—_— fa(v)e Mo dy = Eni e ehtnTno Yd.
2R)" Ji- g neZNN QR i p oy

In|;=n
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If n € NV is such that A-n = A - ng, then A- (n —ng) = 0, and therefore
n—ny € Z(A) C V(A)t = (RanB)t. One gets (n — ng) - BMv = 0 for every
v € R, implying that

1 .
z(n7n0)~BMud —1.
(2R)" /[R,R]h ‘ Y

If now A-n # A -ng, set £ = A - (n —ng), which is nonzero. Then
_ B 1 L
(Z.R)}L/[R_’R]h gin=no) BMv g, | < 3R ‘/R eigyldz/l‘ =
which gives (32).

We can now combine (31) and (32) to obtain that, for every n € N* and ng €
N\ {0},

1 sin(¢R)

ER

R—+oc0

Z EIL:,’Zq < Co(pus(A,B) +¢)".

n€[ng]NNY
[n|,=n

Set mg = sup{l7 :zft z € Z(A)\ {O}} and notice that, since Z(A) = —Z(A),

one has m%) = inf{l,% z € Z(A)\{O}} We claim that, if n,ny € NV and
— i1

A-n=A-ng, then m%) Ing|; < |n|; < mg|ngl;. Indeed, let z =n—ng € Z(A) and

n; =ny — z_ € NV, Then one has

n z + n 1
||1_|+‘1 |1|1€{ ]

= —. T, .
mol, — [zl + mif,  [mo’ C

Hence, for every ng € NV \ {0},

—+o0
SLAA _ =LA _ =L,A
“[nol,t T —n,t —n,t
7=0ne[no]nNY ne[ 5L, mo|nol, | nERolNY
Inf,=n ° Inf;=n

and we conclude that

= > Co(pms (A, B)+e)" < C(1+[mol,) (pms (A, B)+e)™mols,

ﬂe[[lflo‘l 5 m0|n0|1ﬂ

SLAA
“[no],t

mq

for some C' > 0. This concludes the proof of (i).

Suppose now that (1,...,1) € V(A). Then |zy|, = |2_|, for every z € Z(A), and
hence (i) yields Ags(L,A) < In ups(A,B) for every L € V4 (A). We claim that it is
enough to prove (ii) only for L = A. Indeed, assume that Ags(A, A) = In ugs(A, B).
In particular,

Ans (L, A) < Aus(A, A) (33)

for every L € Vo (A). Since A € V(L) if L € W, (A), by exchanging the role of L
and A in (33), we deduce that Aus(L,A) = Aus(A, A) for every L € W, (A), and
hence (ii).

Let n € N* and B" € 9B for r € Ly, (A). As in the argument for (iii) in
Theorem 3.27, there exist ¢ > 0 and a function 4 : R — My(C)¥ such that, for
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every v € [1,N]", t € (=(, (), and k € [1,n], we have

Ay, (t—=A-py(k)) = Bf)\k'p“(k) and Z H Bé\k'p“(k)eka = Z et 9”2;‘.

ve[1,N]" k=1 neNY
In|,=n
Denote Z+ ={[n] € Z | [n] NNV #£ (}. Since (1,...,1) € V(A), one deduces
that, if n,n’ € NV are such that n ~ n’, then ™% = e“‘ v for every 6 € V(A) and
In|, = |n’|;. We set |[n]|; = |n|; for every n € NV, Then
in-0—A,A in’ - 0=AA n- Gr—\A AA
DR S SUCTE B LT v
neNY [n]€Z4 n’€[n]NNN [njezy
[n|,=n |[n]|;=n I[n]ly=n

We clearly have #{[n] € 2, | |[n]|, =n} < #{n e NV | |n|, =n} = (") <
(n+1)N=1 and we get that, for every # € V(A) and n € NV with In|, =n,

1
n

n
Z H B&'p’”(k)ew“k <(n+1) = sup esssup

ve[l,N]™ k=1 A€A  teR

SAAN A

St

Since the above inequality holds for every choice of B" € B, r € L., (A), n € N*,
we deduce that Inpus(A,B) < Aus(A,.A). This concludes the proof of Theorem
3.34. O

The next corollary, which follows directly from the above theorem and Remarks
3.16 and 3.33, generalizes the stability criterion in [4,21] to the nonautonomous case
(see Proposition 3.31).

Corollary 3.35. Let A € (R%)N, B be a nonempty bounded subset of Mq(C)V,
and A = L*(R,B). Consider the following statements:

i pus(A,B) < 1;

ii. Xs5(A,A) is exponentially stable in Xg for some p € [1,+00];

iii. X5(L,.A) is exponentially stable in Xg for every L € Vi (A) and p € [1,4+0].
Then (i) = (ii) = (ii). If moreover (1,...,1) € V(A), we also have (ii) =
(i) and, for every p € [1, 4],

Ap(A,A) =inf{r e R | pus(A,B_,) < 1},
where B_, = {(e7"MBy,...,e VA By) | (By,...,Byn) € B}.

4. Transport system. For L = (L1,...,Ly) € (Ri)N and M = (myj); jeq,nNg
R — My (C), we consider the system of transport equations

t t
ot t Ox t

x) + z) =0, i €[1,N], t€[0,400), z €]0,L;],

S, (L, M) : N
= mi(thu;(t, L), i€ [1,N], t€[0,+00),

(34)
where, for i € 1, N], u;(+,-) takes values in C.

The time-varying matrix M represents transmission conditions and in particular
it may encode an underlying network for (34), where the graph structure is deter-
mined by the non-zero coefficients of M. When no regularity assumptions are made
on the function M, we may not have solutions for (34) in the classical sense in
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CY(R, x [0, L;]) nor in CO(R, WhP([0, L;],C)) N C(R,, LP([0, L;],C)). We thus
consider the following weaker definition of solution.

Definition 4.1. Let M : R - My (C) and w; 0 : [0,L;] — C for i € [1,N]. We
say that (u;)icqi,ny is a solution of X (L, M) with initial condition (u;0)iep1,ny if
w; : Ry x [0,L;] = C, i € [1, N], satisfy the second equation of (34), and, for every
i€ [1,N],t >0,z €0,L;], s € [-min(z,t), L;—x], one has u; (t+s, x+s) = u; (¢, z)
and u;(0, z) = u; o(z).

4.1. Equivalent difference equation. For i € [I,N] and M : R — My (C),
define the orthogonal projection P; = e;el and set A;(-) = M(-)P;. Consider the
system of difference equations

N
v(t) =Y A;(t)o(t - Ly). (35)
j=1

This system is equivalent to (34) in the following sense.
Proposition 4.2. Suppose that (u;);e[1,n] 95 @ solution of (34) with initial condi-
tion (ui0)ieq1,n] and let v : [—Lmax, +00) = CV be given for i € [1, N] by
07 th S [_LmaX7 _Lz) )
Ui(t) = Ui70(—t), ’Lft € [_Lia 0) ) (36)
u;(t,0), if t > 0.
Then v is a solution of (35).

Conversely, suppose that v : [—Lpax, +00) — C¥ is a solution of (35) and let
(ui)ieq,ny be given for i € [1,N], t > 0 and x € [0, L;] by u;(t,x) = v;(t — ).
Then (ui)icpi,n] 15 @ solution of (34).

Proof. Let (u;);eq1,n] be a solution of (34) with initial condition (u;0)sci,n] and
let v : [~ Lax, +00) = C¥ be given by (36). Then, for ¢ > 0,

N
vi(t) = u;(t,0) = Zmij(t)uj(t, Lj),

and, by Definition 41, Uj(t, LJ) = vy (t*LJ) since Uj (t, LJ) = Uy (t - Lj, 0) if ¢ Z Lj
and u;(t,L;) = u;o(L; —t)if 0 <t < L;. Hence v;(t) = Z;vzl m;;(t)v;(t— Lj;) and
thus v(t) = Y0, A;(t)o(t — Lj).

Conversely, suppose that v : [~Lpax, +00) — CV is a solution of (35) with
initial condition vy and let (u;);eq1,n7 be given for i € [1,N], ¢t > 0 and z € [0, L;]
by u;(t,x) = v;(t —x). It is then clear that w;(t + s,x + s) = u,(t,z) for s €
[~ min(z, t), L; — z], and, since v;(t) = Y7, m; (t)v; (t — Ly),

N

N
wi(t,0) = vi(t) =Y mij(t)v;(t — Lj) = > ma;(tus(t, L),
j=1 j=1
and 80 (u;)ie[1,n7] 18 @ solution of (34). O

The following result follows immediately from Proposition 3.2.

Proposition 4.3. Let u; o : [0,L;] — C fori € [1,N] and M : R - My (C). Then
Y- (L, M) admits a unique solution (u;);cp1,nN], i : Ry x [0, L] = C fori € [1, N],
with initial condition (u;0)icp,N]-
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4.2. Invariant subspaces. For p € [1, +00], consider (34) in the Banach space

N
X; = H Lp([ov Ll]v C)
i=1

endowed with the norm

N 1/p
(Z ||ui|1£p([o7[,i]7(c)> , ifpe[l,+o0),

i=1

lull,

7 oo f - .
g[[lg]]llu Il Lo (0, L.41,0) if p=+oo

It follows from Proposition 4.2 and Remark 3.4 that, if M € LS (R, My (C)) and
ug € X}, then the solution ¢ — u(t) of X, (L, M) with initial condition ug takes
values in X; for every t > 0.

In Section 5, we study wave propagation on networks using transport equations
via the d’Alembert decomposition. For that purpose, we need to study transport
equations in the range of the d’Alembert decomposition operator, which happens
to take the following form (see Proposition 5.3). For r € N and R € M, n(C) with
coefficients p;;, ¢ € [1,7], j € [1, N], let

N L;
Yp(R) = qu=(u,...,uy) € X7 | Vi € [1,7], Zpij/ uj(z)de =0
j=1 0
This is a closed subspace of X}, which is thus itself a Banach space.
Remark 4.4. Let r ¢ N, R € M, x(C), and M € L° (R, My (C)). Note that, if
1<p<qg< o0, Yq(R) is a dense subset of Yp(R) since XZ is a dense subset of X;.
As a consequence, by a density argument, Propositions 3.14 and 4.2, one obtains

that, if Y,(R) is invariant under the flow of X, (L, M) for some p € [1,+0o0], then
Y4(R) is invariant for every ¢ € [1,+00].

The following proposition provides a necessary and sufficient condition for Y, (R)
to be invariant under the flow of (34).

Proposition 4.5. Let r € N, R € M, n(C), (uio0)ien,ny € Yp(R), and M €
L5, (R, Mn(C)). Then the solution u = (u;)ieq,ny of X7 (L, M) with initial condi-
tion (ui0)ieq,ny belongs to Y,(R) for every t > 0 if and only if

R(M(t) —Idy)w(t) =0
for almost every t > 0, where w = (w;)ieq,ny and w;(t) = u;(t, L;).

Proof. Let v : [~Lpax, +00) — C¥ be the solution of (35) corresponding to u,
given by (36), and let w = (w;);c1,n] be defined by w;(t) = vi(t — L;) = u;(t, L;).
Let A = (\i)ie1,,) be given for i € [1,7] by A\i(t) = Z;\Ll Pij fOLj u;(t, x)dz. Since

A:(0) = 0, we have
[/ i(t, x)dz 7/0 uj70(x)dx‘|

[/ ‘ i(t — x)dx — /OLj vj(—x)dxl
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j=1
N t
= pij / (ijk s)o(s — Li) — v (s LJ)> ds
j=1 0 \x=1
N t N
:Z / Z ka Jk)’l}k(S—Lk)d
J=1 0 k=1
so that A(¢ fo —Idx)w(s)ds. The conclusion of the proposition follows
1mmedlately O

Definition 4.6. Let L € (R%})" and M be a subset of LS (R, My (C)). We denote
by Inv(M) the set

Inv(M) = {R € M, n(C) | r € N, Y,(R) is invariant under
the flow of X, (L, M), VM € M, Vp € [1,+0o0]}.

4.3. Stability of solutions on invariant subspaces. We next provide a defini-
tion for exponential stability of (34).

Definition 4.7. Let p € [1,400], L € (R%)Y, M be a uniformly locally bounded
subset of LS (R, Mn(C)), and R € Inv(./\/l). Let ¥, (L, M) denote the family of
systems X, (L, M) for M € M. We say that X (L, M) is of exponential type v in
Y, (R) if, for every € > 0, there exists K > 0 such that, for every M € M and

up € Yp(R), the corresponding solution u of ¥, (L, M) satisfies, for every t > 0,
lu()ll, < KeO* ) flug], -

We say that ¥, (L, M) is ezponentially stable in Y, (R) if it is of negative exponential
type.

The next corollaries translate Propositions 3.19 and 3.20 into the framework of
transport equations.

Corollary 4.8. Let A € (R})Y, L € Vi (A), and M be a uniformly locally bounded
subset of LS (R, Mn(C)). Suppose that there exists a continuous function f : R —
R such that, for every M € M, n € NV, and almost everyt € (L-n— Lyay, L-n),
(17) holds with A = (Ay,...,AN) given by A; = M P;. Then there exists a constant
C > 0 such that, for every M € M, p € [1,+00], and uo € X7, the corresponding
solution u of ¥ (L, M) satisfies

lu@)ll, < CE+DY"  max  f(s) uoll,, V=0
S€[t—Lmaxt]
Proof. Let C > 0 be as in the Proposition 3.19. Let M € M, p € [1,+o0],
ug € X, and u be the solution of ¥, (L, M) with initial condition ug. Let v be
the corresponding solution of (35), given by (36), with initial condition vy. Notice
that [[uol|, = [lvoll, and, for every t >0, [lu(?)[[, < [|v¢]l,- By Proposition 3.19, we
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have, for every t > 0,
lu@®)ll, < o, < CE+ DN e f(s) l[voll,

— Limax ]

= Cl+ )N max 1) ol

which is the desired result. O

Corollary 4.9. Let A € (R})Y, L € Wi (A), M be a uniformly locally bounded
subset of Lis (R, Mn(C)), and f : R — R% be a continuous function. Sup-
pose that there exist M € M, ng € NV, and a set of positive measure S C
(L-ng — Liyax, L - no) such that, for everyt € S, (19) is satisfied with A = (A4, ...,
Ap) given by A; = MP,. Then there exist a constant C > 0 independent of
f, an initial condition uy € X7, and t > 0 such that, for every p € [1,+o0]
and R € Inv(M), the solution w of X.(L, M) with initial condition ug satisfies
u(s) € Yp(R) for every s >0 and

u®l,>C _min | £(5) o,
Proof. As in Proposition 3.20, since L € W (A), we can assume for the rest of the
argument that A = L.

Let C' > 0 be as in Proposition 3.20. We construct an initial condition vg € Xg
as follows: choose ty and jg as in Proposition 3.20 and verifying in addition tq #
L -ny — Lj,. Then pick 6 > 0 as in Proposition 3.20 and satisfying in addition
0 <|to—L-ng+ Lj,| and § < Lyin/2. Next, take p € L°°(R,R) as in Proposition
3.20 and satisfying in addition ff s 1(s)ds = 0. Finally, consider the initial condition
vo(s) = (s —to+ L -ngp)ej,. Asin (22), we still obtain that the solution v of (35)
with initial condition vy satisfies, for p € [1, +0o0],

vio+oll, 2 1vtoll Lo ((—s,61,0v) > Cse[to+5£nLl,I,l,ax7to+5] f(8) llvoll, - (37)

Let u be the solution of (34) corresponding to v, in the sense of Proposition 4.2,
and denote by ug = (uj0)ieq1,n] its initial condition. Since w;o(7) = vi(—x), we
have uy € Hf\il L>([0, L;],C). Furthermore, u;o = 0 for i # jo and uj,o(x) =
vjo(—z) = p(L -ng — tg — x). By definition of §, we must have either (L -ng —tg —
0, L-ng—to+0) C [0,Lj,] or (L-ng—to—0, L-ng—to+0)N[0, L;,] = 0, but the latter
case is impossible since we would then have u;, o = 0, and thus v(s) = 0 for every
§ > —Lmax, which contradicts (37). Hence (L-ng—ty—9,L-ng—1to+9) C [0, Lj,]

and
/ Ujy0(x)dr = / w(x)dx = 0.
0

-5
We thus have clearly uy € Yoo(R), and in particular u(s

) € Yp(R) for every s > 0
and p € [1, +oc]. Furthermore, [lvo|, = [luoll, and, for p € [

1, 400),

H’Ut0||ll)lp([_575]7czv) :[ ‘ (to —|-8 |pd8 _/ Z|ul to + s, O)| ds

25 N L;
/ Z‘Ui(t0+5, s)|pd3 < Z/ |U1(t0+(s, s)lpds
i=170

= [Ju( to + 0l
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with a similar estimate for p = +o00. Hence, it follows from (37) that, for every
p € [1,+00],

[u(®)l, >C _ min £l

with t = to + 0. O
As a consequence of the previous analysis, we have the following result.

Theorem 4.10. Let M be a uniformly locally bounded subset of LS. (R, My (C)),
Ae RN, and A = {A = (A1,...,Ay) : R = My(C)VN | 4; = MP,,M €
M}. For every L € Vi (A), if Zs(L, A) is of (©,A)-exponential type v then, for
every p € [1,+00] and R € Inv(M), £.(L, M) is of exponential type v in Y,(R).
Conversely, for every L € Wi (A), if there exist p € [1,400] and R € Inv(M)
such that X (L, M) is of exponential type v in Y,(R), then Xs5(L,.A) is of (©,A)-
exponential type .

It follows from Theorem 4.10 that the exponential type «y for ¥.(L, M) in Y,(R)
is independent of p € [1,+o0] and R € Inv(M). When M is shift-invariant, thanks
to Theorem 3.25, one can replace (O, A)-exponential type by (=, A)-exponential
type for ¥5(L,.A) in Theorem 4.10.

Assume now that M = L*(R,B), where B is a bounded subset of My (C).
Let A = {A = (Al,...7AN) R — MN((C)N |A, = MP,, M € M}, ie, A=
L>®(R,2A) where A = {A = (Ay,...,Ax) € MN(C)N | 4; = MP;, M € B}. We
can thus transpose the results from Section 3.3.3, and in particular Corollary 3.29,
to the transport framework.

Corollary 4.11. Let A € (R})N, B be a nonempty bounded subset of My(C),
M = L*®(R,B). The following statements are equivalent.
i. (A, M) is exponentially stable in Y,(R) for some p € [1,4+00] and R €
Inv(M).
ii. ¥.(L, M) is exponentially stable in Y,(R) for every L € Vi (A), p € [1,+00],
and R € Inv(M).

Remark 4.12. In accordance with Remark 3.28, the exponential stability of the
system (A, M) is equivalent to that of ¥, (A, L>(R,*B)).

5. Wave propagation on networks. We consider here the problem of wave prop-
agation on a finite network of elastic strings. The notations we use here come
from [11].

A graph G is a pair (V,£), where V is a set, whose elements are called vertices,
and

Ec{{artlapeV, ¢#p}.

The elements of € are called edges, and, for e = {q,p} € &, the vertices ¢,p are
called the endpoints of £. An orientation on G is defined by two maps a,w : &€ — V
such that, for every e € £, e = {a(e),w(e)}. Given q,p € V, a path from ¢ to p is
a n-tuple (¢ = q1,...,q, = p) € V" where, for every j € [1,n — 1], {g;,q;41} € €.
The positive integer n is called the length of the path. A path of length n in G
is said to be closed if g1 = ¢n; simple if all the edges {¢;,qj+1}, 7 € [1,n — 1],
are different; and elementary if the vertices q1, ..., g, are pairwise different, except
possibly for the pair (g1, ¢,). An elementary closed path is called a cycle. A graph
which does not admit cycles is called a tree. We say that a graph G is connected
if, for every ¢q,p € V, there exists a path from ¢ to p. We say that G is finite if V
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is a finite set. For every ¢ € V, we denote by &, the set of edges for which ¢ is an
endpoint, that is,

E,={e€f|qgece}.

The cardinality of &; is denoted by n,. We say that ¢ € V is exterior if £, contains
at most one element and interior otherwise. We denote by Vexs and Vint the set
of exterior and interior vertices, respectively. We suppose in the sequel that Ve
contains at least two elements, and we fix a nonempty subset V4 of V.y such that
Vi = Vext \Va is nonempty. The vertices of V, are said to be damped, and the vertices
of V, are said to be undamped. Note that V is the disjoint union ¥V = Vi UV, UVy.

A network is a pair (G, L) where G = (V, £) is an oriented graph and L = (L¢)cee
is a vector of positive real numbers, where each L. is called the length of the edge
e. We say that a network is finite (respectively, connected) if its underlying graph
G is finite (respectively, connected). If e € £ and w : [0, L] — C is a function, we
write u(a(e)) = u(0) and u(w(e)) = u(L.). For every elementary path (q1,...,qn),
we define its signature s : &€ — {—1,0,1} by

1, if e = {qi,qi+1} for some i € [1,n — 1] and «a(e) = ¢,
s(e) =< —1, ife={q,q+1} for some i € [1,n — 1] and a(e) = g;11,
0, otherwise.
The normal derivatives of u at a(e) and w(e) are defined by j—ri(a(e)) = —du(0)
and jT“E(w(e)) = %(Le).

In what follows, we consider only finite connected networks. In order to sim-
plify the notations, we identify £ with the finite set [1, N], where N = #£. We
model wave propagation along the edges of a finite connected network (G, L) by N
displacement functions u; : [0, +00) x [0, L;] — C, j € [1, N], satisfying

Ew(g7L>77) :
02 02 )
at; (t,x) = 8362] (t,x), J€[L,N], t€[0,+00), x €[0,L;],
u;(t,q) = u(t, q), qeV, j k€&, t€0,+00),
an
Z ainj(tv Q) = 07 qc Vintv t e [07 +OO)7 (38)
JEE,
auj - 6uj .
E(taq) = nq(t)%(taq)a q€Va, jE&, t€0,+00),
ui(t,q) =0, qEV, jEE, tE€[0,+00).

Each function 7, is assumed to be nonnegative and determines the damping at the
vertex ¢ € V4. We denote by 7 the vector-valued function n = (14)gev, -

Remark 5.1. Let (G,L) be a finite connected network with & = [1,N] and
(a1,w1), (a2,w2) be two orientations of G. If (u;);eq, Ny satisfies (38) with ori-
entation (a1,w:i) and (v5);eq,ny is given by v; = u; if a1(j) = ao(j) and v;(z) =
u;(L; — x) otherwise, we can easily verify that (v;);cpi,ny satisfies (38) with ori-
entation (ag,ws). Hence the dynamical properties of (38) do not depend on the
orientation of G.
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For p € [1,400], consider the Banach spaces LP(G, L) = vazl L?([0, L;],C) and
N
WoP(G,L) =< (u,...,un) € [JW"?([0, L;], C)
j=1
ui(q) = ur(q), Vg €V, Vi, k € E;5u5(q) =0, Vg € Vyy, Vj € &},

endowed with the usual norms

1
N v
(Z ||Uiip([07Li]’C)> , ifpell,4+o00),
Hu||Lp(g7L) = X
ie[LN] il oo 0,000y 0 1 P = +00,
1
(Z”U HLP(OL ) ) ifp€[17+oo)7
el ooz =
iéf[lfﬁ]] il Lo oLy » 1 p =00

We will omit (G, L) from the notations when it is clear from the context.
Let X3 = Wy? x LP, endowed with the norm ||-| , defined by

1
(lallysogry + I0Mng.0)) s i€ [L400),
I, 0)l, = ©.0)

max (|[ullyp= .0y 1Vl g,y )+ i P = +o0,

and, for every t € R, define the operator A(t) b

N
D(A(t)) =1 (w,0) € [ WP n [T W?P([0, L;],C) | x Wy”

j=1
du; duj

Uj(q) = _nq(t) dn. ( ) Vq € Vda v.] € gqv Z - O Vq S VlIlt 5

J Jj€E,

u v
A(t) (’U) = <U//> .
One can then write (38) as an evolution equation in X} as

U(t) = AU (t) (39)

where U = (u, %).

5.1. Equivalence with a system of transport equations. In order to make a
connection with transport systems, we consider, for p € [1, +00], the Banach space

2N
— HLP([O,L;},C
j=1
where L3, ; = L3; = L; for j € [1, N].

Definition 5.2 (D’Alembert decomposition operator). Let 7' : X&' — X7 be the
operator given by T'(u,v) = f, where, for j € [1, N], z € [0, L],

foj1(@) = uf(Ly —x) +vi(Ly —x),  fos(z) = uj(x) — v;(x). (40)
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In order to describe the range of T', we introduce the following notations. Let
r € N be the number of elementary paths (¢1,...,¢,) in G with ¢ = ¢, or ¢1, ¢, €
V. The set of such paths will be indexed by [1,r]. We denote by s; the signature
of the path corresponding to the index ¢ € [1,7]. We define R € M, on(C) by its
coefficients p;; given by

pi2j—1 = pi2j = si(j) for i € [1,7], j € [1,N].
We then have the following proposition.

Proposition 5.3. The operator T' is a bijection from Xy to Y,(R). Moreover, T
and T~ are continuous.

Proof. Let (u,v) € Xy and let f = T(u,v) € X7. Let (q1,...,qx) be an elementary
path in G with ¢; = g, or ¢1,¢, € V, and let s be its signature. For i € [1,n — 1],
let j; be the index corresponding to the edge {q;, ¢;+1}. We have

N L,
S 5) [ (faieal) + oyl o
J—N y
—23"s(5) / d(@)de =23 () (us(Ly) — u3(0))
n—1

=2 (ug, (qi1) — s, (gi) = 2 (uj,_, (gn) — uj, (q1)) =0,

1=

1
and thus f € Y,(R).
Conversely, take f € Y,(R). For j € [1, N], define v; : [0, L;] — C by

_ foia(Ly — @) = fo;(x)

vj(z) 5 . (41)

One clearly has v; € LP([0, L;],C). We define u; as follows: let e € £ be the edge
corresponding to the index j. Let (¢1,...,¢,) be any elementary path with ¢; € V,
and ¢, = a(e). Let s : &€ = {—1,0,1} be the signature of that path and, for
i € [1,n—1], let j; be the index associated with the edge {g;, gi+1}. For = € [0, L;],
set

_ = P g1 (8) + f2.(6) * Jaia(Ly = &) + f5(6)
wiw) = 3500 s+ [ &. (42

2 2

This definition does not depend on the choice of the path (qi,...,q,) with ¢; €
V, and ¢, = a(e) thanks to the definition of the matrix R. It is an immediate
consequence of (42) that (u,v) € X4. The map f + (u,v) defines an operator
S Yp(R) = X We clearly have T'0 S = Idy, (g) and S o T = Idxs, and thus T
is bijective. The continuity of T and S follows immediately from (40), (41), and
(42). O

Remark 5.4. When p = 2, one easily checks that %T : X§ — Y2(R) is unitary.

Remark 5.5. The operator T' corresponds to the d’Alembert decomposition of the
solutions of the one-dimensional wave equation into a pair of traveling waves moving
in opposite directions. For every j € [1, N], foj—1 and fa; correspond to the waves
moving from w(j) to a(j) and from a(j) to w(j), respectively (see Figure 1).
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faj—1

a(j)e ou(j)

~_, —

f2j

FIGURE 1. D’Alembert decomposition of the wave equation on the
edge j € [1, N].

Let us consider the operator B(t) in Y,(R) defined by conjugation as
D(B(t)) ={f € Y,(R) | T~'f € D(A(1))}, B(t)f =TAMT'f.

In order to give a more explicit formula for B(t), we introduce the following nota-
tions.

Definition 5.6 (Inward and outward decompositions). The inward and outward
decompositions of C*N are defined respectively as the direct sums

cN=Pwi.  CV=PW

qeV gqeV

where, for every g € V, we set
Wi = Span ({e2; | w(j) = g} U{eaj—1 [ a(j) = q}),
Wi = Span ({e2; | a(j) = ¢} U {ezj—1 |w(j) = q}) .

For every q € V, we denote by II? and IIZ , the canonical projections of C* onto
Wil and W, respectively, which we identify with matrices in M,,_ 2n(C).

For n € N, let J, denote the n x n matrix with all elements equal to 1. Set
D = diag((—1)?)ep,2n)- For ¢ €V and ¢ € R, we set

T 2 .
(ngt) (Id’ﬂq _nq‘]nq> quna if qc Vinta

M(t) = { (g

out

)y e if g € Vy,

P E— Hq Hfl s if g € Vy.
1 nq(t) ( out) in q d

We define the time-dependent matrix M = (my;); jeq1,2n7 by

M=-D > M?|D. (43)
qeV

Remark 5.7. If the components of n are nonnegative measurable functions, then
M is measurable and its components take values in [—1,1].

Remark 5.8. Notice that W' and W.* are orthogonal whenever ¢; # ¢o, and

in in
similarly for the outward decomposition. Moreover, for each ¢ € V, the spaces
Wi and W2, are invariant under D. We finally notice that the image of MY(t) is

in
contained in W2 ,. From these observations, we deduce that, for every ¢ € V and

t eR,
114

out

DM (t) = —II¢

out

MA(t)D.
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We finally obtain the following expression for B(t).

Proposition 5.9. Fort € R and p € [1,+00|, the operator B(t) is given by

2N
D(B(t)) = {f € Yp(R)N _HW“’([O,LZ],C)
) 2N
0) = Zmij(t)fj(L;)a Vie [L,2N] ¢, (44)
B(t)f =—f". (45)

Proof. Let f € Y,(R) and (u,v) = T~'f € X% and notice that

foj—1(Lj — ) + foj(x) f2j—1(L; —x) — fa;(®)
2 ’ 2 '

uj(z) = vj(x) = (46)
It follows from (40) and (46) that f; € W'P([0, LT],C) for every i € [1,2N] if and
only if u; € W2P([0, L;],C) and v; € WLP([0, L;],C) for every i € [1, N].

We suppose from now on that f; € W?([0,L7],C) for every i € [1,2N]. Let

Fo = (fi(0))ieq,2ng and Fr = (fi(L]))iep,2n]- The condition
0)=>_ my(t)f;(L}), Vi€ [1,2N] (47)

can be written as Fy = M(¢t)F,. Thanks to the outward decomposition of C2V,
this is equivalent to ITL DFy = 11 DM (t)F, for every ¢ € V. By Remark 5.8, we
have T . DM (t) = —1IIZ . M%(t)D, and thus (47) is equivalent to

DFy + 1% MY(t)DF, =0, Vg€ V. (48)

out out

If ¢ € V4, let j be the index corresponding to the unique edge in &;. To simplify
the notations, we consider here the case a(j) = ¢, the other case being analogous.
Then

ngtDFo + Houth( )DFL = HoutDFO + LZZEQH?HDFL
_r 1 —1g(t) o v, _l_nq(t) . v
=f2;(0) — T ()f2] 1(Lj) = u}(0) — v;(0) T (u}(0) 4+ v;(0))
2 /
ErO) (g (H)u(0) — v;(0)),

which shows that the left-hand side is equal to zero if and only if one has v,(q) =
nq(t) ( ). If ¢ € Vy, the same argument shows that the left-hand side is equal

to zero 1f and only if v;(q) = 0.
Finally, if ¢ € Vint, one easily obtains that

W,DF = (§(@) —vi(a) . DR = (=520~ (o))

JEE, JEE,q
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Since ITZ , (112

out
e, DFy + 114, M9(t)DFy,

~ (@ =)+ (10—, ) () - )
= (200 = & e, (4250 —u(a)) )

The right-hand side is equal to zero if and only if v;(g) = vi(q) for every j, k € &,
and Zkefq g%’;(q) =0.

Collecting all the equivalences corresponding to the identities in (48), we conclude
that (44) holds.

Let now f € D(B(t)) and denote (u,v) =T~'f € D(A(t)), g= B(t)f. Then

g =TA@®T 1 f = TA(®)(u,v) = T(v,u"),
and so, by (40), for every j € [1,2N],
g2j-1(x) = v(Lj — x) + uj(L; — x)

T
). =Idwa , one has

je&,

J€Eq

d
=0 (vj(Ly —x) +uj(Ly — x)) = = f3;_1 (),
d
92 (%) = vj() — wf(z) = — (v5(2) = wj(2)) = —f3; (=),
which shows that (45) holds. O

The operator T': X5 — Y, (R) transforms (39) into
E(t) = B(t)F(t).

This evolution equation corresponds to the system of transport equations

a@? (t,x) + gj;l (t,x) =0, i € [1,2N], t € [0,400), z € [0, L]],

. (49)
fi(t70) = Zmij(t)fj(tﬂ LJT')v i€ [[172N]]’ te [0’ +OO),

j=1

where F(t) = (fi(t))iepr,2n]. The following property of the matrix M (t) will be
useful in the sequel.

Lemma 5.10. For everyt € R,

T _ _ 477q(t) 7 \T79
M@®)TM(t) =1day q;d 7(”%@)2(1“) e .

Proof. Notice that, for every ¢ € V, M9(t) can be written as

2
M) = (1057 (o)1, ~ 26,7, ) 1,
q

where A\, (t) = ;2223 if ¢ € Vq and A\, (t) = 1 otherwise, while 6, = 1 if ¢ € Viy; and
04 = 0 otherwise. By a straightforward computation, one verifies that, for every

qeEV,

T
()\q(t) Id,,, —25qan> ()\q(t) Id,, —25qan> =X (t)%1d,, .
Nq Nq
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Noticing furthermore that, for every qi,q2 € V, & (112 )T

out = 5(11!12 Iqul , one
deduces that

out

M@OTM(E) = D |37 A, (02118 1L, | D.
q€V
Since the term between brackets in the above equation is diagonal and A\, (t)* =

1— 4ng (t)

T2 for g € V4, the conclusion follows. O

5.2. Existence of solutions. Thanks to the operator 7" : Xi — Y,(R), one can
give the following definition for solutions of (38).

Definition 5.11. Let Uy € X} and 7 = (1y)4ev, be a measurable function with
nonnegative components. We say that U : Ry — X&' is a solution of ¥,(G, L,n)
with initial condition Uy if 771U : Ry — Y,(R) is a solution of (49) with initial
condition Uy € Y,(R).

For every Fy € Y,(R), it follows from Proposition 4.3 that (49) admits a unique
solution F': Ry — XJ. In order to show that this solution remains in Y,(R) for
every ¢t > 0, one needs to show that Y,(R) is invariant under the flow of (49).

Proposition 5.12. For every t € R, RM(t) = R.
Proof. Thanks to the inward decomposition of C*V, we prove the proposition by
showing that for every ¢ € V and t € R,

— RD(11!

out

2
)T A1) Id,,, —nﬂsanq = RD(IL)T, (50)
q

where Ay(t) and 0, are defined as in the proof of Lemma 5.10. Without loss of
generality, it is enough to consider the case where R is a line matrix, i.e., we consider
a single elementary path (qi,...,q,) in G with ¢g; = g, or q1, g, € Vy, with signature
s. Then R = (p;)jeq.2ny is given by paj 1 = pa; = s(j) for j € [1,N]. For
i € [1,n — 1], denote by j; the edge corresponding to {g;,q;+1}. Let us write
R = Z?:_ll S(ji)(egji_1 + eri)T and notice that

n—1

RD =Y s(ji)(—ezj, 1 +€2;,)"

i=1

By definition of the signature s, one has, for i € [1,n — 1],

—s(ji)egj, 1 = egj,—y [(IE") IR — (IEE) I

m

s(ji)ez;, = ez, (M) I — () TTIE

and
~s(i)ed 1 = ey [0 T, — (TG,
s(ji)es;, = eay, [(Ta) T, — (TG T ]
One deduces that
n—1
RD =) (egj,—1 + e2;,) " [(T) "I — (T1) I |
i=1

n—1
= > (eaji—1 + ez () Ty, — (0 T
i=1
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By using the above relations, Equation (50) can be rewritten as

2
)‘q (t) Idnq _ndq‘]nq] out Z qqi+1 — q%‘) (eri—l + 62ji)
q

n—1
=I5 > (Bagier = Gaas) (e2ji—1 +e5,)- (51)
i=1
Such an identity is trivially satisfied if ¢ ¢ {q1,...,¢n}. Assume now that either
q = g; for some i € [2,n — 1] or ¢ = q1 = ¢, (and in the latter case set i = n and
define j,41 = j1). In particular, ¢ € Vine and Aj(t) = d; = 1. We therefore must
prove that

2

qi . . _ . _ .
71’L ani Hout(62]i71—1 + €25, — €251 62]i)
qi

o,
=TI (e2j,_, —1 +e2j,_, —e25,—1 — ea5,).  (52)

By definition of IT¥ and II%i,. one has that

out’
g (€25, —1 + €25,y — €251 — e25,) = Iif (€25, —1 + €25,y — €251 — €25,) = w,
where w € C™ has all its coordinates equal to zero, except two of them, one equal
to 1 and the other one equal to —1. Hence J,, w = 0 and (52) holds true.

It remains to treat the case q € {q1,qn} C Vu In this case, A\¢(t) =1 and 6, =0,
and we furthermore assume, with no loss of generality, that ¢ = ¢;. We can rewrite
(51) as

II5e (e2j,—1 + e2j,) =TI, (e2j, -1 + €2;,),
which holds true by definition of IT{! and IIZ,. This concludes the proof of the
proposition. O

The main result of the section, given next, follows immediately from Propositions
4.5 and 5.12

Proposition 5.13. Let (G, L) be a network, p € [1,400], and n = (ng)qev, be a
measurable function with nonnegative components. Then, for every Uy € X, the
system X, (G, L,m) defined in (38) admits a unique solution U : Ry — X}

5.3. Stability of solutions. We next provide an appropriate definition of expo-
nential type for (38).

Definition 5.14. Let (G, L) be a network, p € [1,400], and D be a subset of the
space of measurable functions 7 = (14)4ey, with nonnegative components. Denote
by X.,(G, L, D) the family of systems %, (G, L,n) for n € D. We say that 3,,(G, L, D)
is of exponential type v in X} if, for every £ > 0, there exists K > 0 such that, for
every 11 € D and ug € X}, the corresponding solution u of ¥,(G, L, n) satisfies, for
every t > 0,

[u()ll, < KeO+ Jlugl,

We say that ¥, (G, L, D) is exponentially stable in X if it is of negative exponential
type.

Given D as in the above definition, we define

M={M: R — Man(R) | M is given by (43) for some n € D}.
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Thanks to the continuity of 7' and T~! established in Proposition 5.3, we remark
that ¥,(G, L, D) is of exponential type v in X2 if and only if ¥, (L, M) is of expo-
nential type v in Y,(R). As a consequence of Corollary 4.11, we have the following
result in the case of arbitrarily switching dampings 74, ¢ € V4.

Corollary 5.15. Let (G,A) be a network, d = #Vq, ® a subset of (Ry)?, and
D = L>(R,®). The following statements are equivalent.

Yu(G, A, D) is exponentially stable in X for some p € [1,+0c].

¥u(G, L, D) is exponentially stable in Xy for every L € Vi (A) and p € [1,+o0].

We can now provide a necessary and sufficient condition on G and ® for the
exponential stability of X,(G, A, L*(R,D)).

Theorem 5.16. Let (G, A) be a network, d = #V,4, ® a bounded subset of (R )%,
and D = L*(R,D). Then ¥,(G,A,D) is exponentially stable in Xy for some

p € [1,400] if and only if G is a tree, V, contains only one vertez, and ® C (R%)%.

Proof. Similarly to Remark 4.12, the exponential stability of X, (G, A, D) is equiva-
lent to that of ¥,(G, A, L(R,D)). We therefore assume with no loss of generality
that ® is compact.

Suppose that either G is not a tree, V), contains more than one vertex, or ©
contains a point 7 with 77> = 0 for some g € V4. Let (q1,...,¢,) be an elementary
path in G with ¢1 = qn, q1,qn € V4, Or ¢1 € Vy, and ¢, = . Let s be its signature
and, for ¢ € [1,n—1], let j; be the index corresponding to the edge {g;, ¢;+1}. Take
L € V,(A) NNV which is possible thanks to Proposition 3.9. For j € [1, N], we
define

s(j:) sin(2nt) sin(2nx), if j = j; for a certain ¢ € [1,n — 1],
U (t7 ) = {0

, otherwise.

One easily checks that (uj);ecpi,ny is @ solution of X,(G, L,n) for every n € D.
Since it is periodic and nonzero, (G, L, D) is not exponentially stable in Xy for
any p € [1,400], and so, by Corollary 5.15, ¥,,(G, A, D) is not exponentially stable
in X¢ for any p € [1, +oo].

Suppose now that G is a tree, V), contains only one vertex, and ® =D C (Ri)d.
Up to changing the orientation of G, we assume that a(j) = ¢ for every g € V,
and j € &. Let Nmin = min,ecp mingey, 7y > 0. Let U = (u,v) be a solution
of ¥,(G,A,D) in X4 and f = %TU. Notice that ||f(t)lly,r) = IU(?)], thanks
to Remark 5.4. For ¢t > 0, denote Fy(t) = (fi(£,0))icpi,2ny and Fa(0) = (fi(t,
A7))ieq, 2N, so that Fy(t) = M(t)Fa(t). For t > 0 and s € [0, Apin], we have, by
Lemma 5.10,

HUHstz/ filt +5,2) do
_Z/ |fit x—s| dx—i—/ | Fo(t s—x)|2d$
_Z/ \filt, = — s)|? da:—l—/ |Fa(t + s — )| da

Ang(t + s — ) 4 o
/ Z Z 1+77q t—l—s ))2 |f21—1(t+$ $,Az)| dx

qEVq i€E,
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t+s
W= Y [ s e (n A,

q€Va 165

and, since

a“7'(7' 0) +v;i(7,0) 1+ n,(7) Ouy
71— 7Ai - Ox ‘ KA = d ¢
f2 1(T ) ﬁ \/§ oz

we conclude that

(7,0), Vg € Va, Vi€ &y,

2
dr. (53)

t+s

e+l = 0= > [ 20

qEVq i€E,

8ui
ox (7,0)

Since (53) holds for every t > 0 and every s € [0, Amin|, one can easily obtain by an
inductive argument that it holds for every ¢ > 0 and s > 0. Hence, for every t > 0
and s > 0,

t+s
0+ I = IO < 200 3 3 |

q€Vq ’LES

2

3 Ous
Ui dr.

7,0)

We can thus proceed as in [11, Chapter 4, Section 4.1] (see also [26]) to obtain the
following observability inequality: there exist ¢ > 0 and ¢ > 0 such that, for every

t >0,
t+¢ a
D3 / u o)) dr e+ 0.
q€Vq ’LGE
This yields the desired exponential convergence in X3, and hence in X} for every
p € [1,400] thanks to Corollary 5.15. O
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