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Erratum to
“Nonparametric estimation of the stationary density and the transition

density of a Markov chain” Stochastic Process. Appl. 118 (2008)

Claire Lacour

New proof of Proposition 1

The result of Proposition 1 is true but the proof must be modified in the following way.
We replace Lemma 10 by

Lemma 10 Under the assumptions of Proposition 1, and if (X,) has an atom A,

> EISi(@a)]” < rgBa(r?) D

AEA"L

Proof of Lemma ?7: Using a convex inequality, we can write

7(2) 7(2)
STEIS; )P < D E D X)) < Y E (@2 -1) ) bR(x)
ANEAM, AEA, =741 AEAm i=7+1

Assumption M2 entails | 7, s @xlloe < 7§Dp. Then

7(2)
YO EISi @) < Eu| (r(2)=7) Y 16D | <73E, ((7(2) = 7)*) D

ANEAm, i=7+1

To conclude, recall that by the Markov property,

E, ((r(2) — 7)%) = Z > (1= k)Pu(r = k,7(2) =1)

k I>k
=3 Y (k) P(Xp ¢ A, .. X ¢ A X € AXp € APL(X1 ¢ A, X € A)
k I>k
- ZZ (I—k)PA(X1 ¢ A,..., Xip1 & A, X € AP, (T =k)
>k
= ZZ]Z]P’A T =j)Pu(T = k) = E4(7?).
k  3>0



We can then give the bound

r2Ea(7%)D,,
—

Z E(v{)(02)?) <

AEA,

Finally E||f,, — fnll?> < CDy/n with C = 4[873(E,(7%) + u(A)EA(TY)) + r2E 4 (72)].

New proof of Theorem 3

The result of Theorem 3 is true but the proof must be modified in the following way.
Proposition 12 must be replaced by:

Proposition 12 Let (X,,) be a Markov chain which satisfies A1-A5 and (Sp)mem, be
a collection of models satisfying M1-M3. We suppose that (X)) has an atom A. Let
B(m,m') = {t € Sy, + S, ||t]] = 1} and

p(m, m') = K u(A)E(r)r2 32 1 Sw)

n

(where K is a numerical constant). Then

E| sup v2(t)—p(m,m)| =O0(n™").

/
m'eM,, teB(m,m’) n

Remark 1 This gives a penalty in Theorem 3 of the form
Dy,
pen(m) = Ku(A)EA(r3)rg—=, for some K > K
n

with Ko a numerical constant. Note that this penalty is simpler than in the previous
version of this theorem. In particular, it does not depend on || f||s-

Remark 2 As it can be seen in the proof, Assumption M1 can be relazed, it is now
sufficient to assume that each S, is a linear subspace of (L*° N L?)(]0, 1]) with dimension
D,, < n. This entails an improvement on the smoothness assumption for Corollary 5 :
a > 0 is sufficient. In the same way, M1’ can be relaxed and the condition for Corollary
8 1s only a > 0.

Proof of Proposition ??: The heart of the proof is to use Theorem 7 in ? which
is a concentration inequality for Markov chains. In our case T} = 7(1) = 7 and Ty =
7(2) — 7(1). Let us check that our assumptions allow us to use this theorem.
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e We can easily prove that our assumption A4 implies the Minorization Condition
with m = 1 in ?. Indeed, since [ hdp > 0, there exists C' with measure p(C') > 0
and 0 > 0 such that h is larger than 6 on C. Then for all z in C and all event
B, P(z,B) > h(z)v(B) > év(B). Moreover, fixing z € R, for n large enough, the
ergodicity of the chain gives

n (<)
1P(2,0) - ul0)] < 25,
which implies P™(z,C) > u(C)/2 > 0.
e As noticed at the very beginning of his Section 3.5, the assumption of finitness of
Orlicz norm of T} and T, which is required to apply the theorem, is equivalent to
existence of a number s > 1 such that

E,(s") < o0, E,(s7) < 0. (1)

Now, we use condition A5 of geometric ergodicity. Theorem 15.4.2 in ? shows
that there exists a full absorbing set S such that S is geometrically regular, i.e.
sup,cg Es(s7) < oo for some s > 1 (depending on A). Since S is full absorbing, and
i is the limit distribution of the chain u(S) = 1. Moreover u(C' N.S) > 0, where C
is the set introduced in the Minorization Condition. So we can find an x € C' N S
and ov(S¢) < P(z,5¢) = 0. Thus v(S) = 1 too. This implies condition (?7).

Now we write an integrated version of the concentration inequality. We denote v,(t) =

n~t T [H(XG) — (¢, f)] where f is the stationary density of the chain and we consider a

countable class B of measurable functions t. Let a and H such that

sup [t = (£, f)lloe < a, E@mm@ogﬂ
teB teB

Let the variance term

0 =Ea(7) 'supEy (Z HX5) — (¢, f>>

teB p

Then we prove the existence of a numerical constant ¢ > 0 such that

]- 2 n 2 2 l 2 n
Efsup |v, (t)]* — cH?]; < K, <—2 + L et o Me‘“aw@n) 2)
teB n n n

where K, Ky, K3 are depending on the chain. Indeed we compute, for ¢ = 8K?2,

E {sup v (1) — cHQ} = / P (sup lvn(O)]? > cH? +x) dx
0

tesB + teB

IN

/Omp(ig};'”n(t)’z \/c/_2H+M) dxg/ooop<zz \/c/_Q]EZ+n\/§) dz

o0

< P(ZEKEZ+KEZ+n\/§) dz
0
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where Z = nsup,cg [vn(t)]. If 2 > 2n72 t = KEZ + ny/x/2 > 1 so that we can apply
Theorem 7. Moreover

on—2
/ P <Z > KEZ+KEZ+n\/§> dr < 2n =2
0

Thus
2 2 2
E {sup lvn()|* — cH ] <
teB + n
KEZ \/ 2 K]EZ A/ T
/ K exp ——mln [ /2] n
no? alogn
< 1 &y Ez)? /°° KQan 1 K3EZ /OO K3nfd
< _+_€ no2 e .'L'_f—_@ alogn e alogn (dr
n? K, 0 K3 0
2 nH2 2 n
S 32 —+ K4U_€ K20_2H + K5Me_ i(l%)gl;l]
n n n

This gives inequality (??7). This result can be extended to a non-countable class B with
classical density arguments. So we apply it with B = B(m,m’). Moreover, the result of
? is also true when replacing EZ = nE(sup,cp |vn(t)|) by nE(sup,cp |V, (t)]) with

[3n/Ea(T)]

V;z<t>:ﬁ Z S;(

(see in the proof of Theorem 7, p 1020). Thus (??) is also valid with H > E (sup,cz |V/,()]).
It remains to compute a, H and o*. We denote D(m,m’) = max(D,,, D) the dimension
of the space Sy, + Sy, (recall that the models are nested) and (¢x)xea(m,m’) an orthonormal
basis of .S, + S, .

e Computation of a. If t € S, +Sy, ||t < 1o/ D(m, m)||t||. Then a = 2ryg\/D(m,m’).

e Computation of H?. Since any ¢t € B(m,m’) can be written ¢t = Z)\eA(m ) AP

[3n/Ea(r 2
E( sup )V;z(t)z)ﬁ Y O Eme))< ), E % Z S (1)

teB(m,m’ AeA(m,m/) AeA(m,m/)

Recall that the S;(t) are independent identically distributed and centered. Then,
using (new) Lemma 10,

E( sup )W) < BT g 2 Do, ).

2
teB(m,m’ n

Finally, since u(A) = Ea(7)7!, we set H? = CD(m,m’)/n with C = 3u(A)E4(7?)r3



e Computation of 02.We use the following inequality, given in ?, subsection 17.4.3:

T

WA)E4 (Zt(&-)—(t,ﬁ) =2 / (t = {t, f))idu — / (t =t f))du

=1

where

i(x) =E, (Zt(Xi) — (t, f>>

i=0
and o4 = inf{n > 0, X,, € A}. Then, since u(A) =E(7)7?,

0? < sup 2/(t— (t, f)tdp < sup )2 (/(t—(t,f>)2du/fzdu)l/2.

teB(m,m’) teB(m,m’
But [(t = (t, f))*du < [#2f < || flloollt]* and

A

t*(z) < E, (Zt(Xi) - (t,f>) < [t ((oa +1)%).

=0

with E,((04 +1)?) < E,((7 + 1)?). Then

0 SAE((T+D)VIIfllo sup  [t]uol[t]

te B(m,m’)

0® < AJE((7 + 1))V fllero/D(m,m).

Now, we can use inequality (?7): it implies existence of positive constants K1, K}, K}
such that

so that

Elsup [v(t)[* — cC'D(m,m’) /n] <
teB

V 2
K (i + —D(ZL’ m,)e*Kév D(mm’) 4 D(m,m’)(logn) oK ) .

3logn
n? n?

Using that D(m, m’) = max(D,, D,,) < n, we obtain that >, /D(m, m')e~ Ksv/Dlm.m’)
and D e, D(m,m/)(logn)anle_Ké% are bounded. Moreover |M,|n"? = O(n™!).
Thus

Efsup v, (t)]* — cCD(m,m’) /n]+ = O(n™")

meM,, teB



New proof of Theorem 9

The result of Theorem 9 is true but the proof must be modified in the following way.
Recall that we denote E,, = {||f — flloo < x/2} and E¢ its complementary. We have

~ 8 ~ r3 c
Bl — 77 < 5 (Bl = 31P + IwLENS — FI7) + (an + ) P(ED)

so that it is sufficient to bound (a, + ||7]|ec)*P(ES). We have proven that, for n large
enough,

c f X , v
P(ES)< P (Hfm — firlloo > Z) <P (“ff" = Jull> m) '

But

Vo — fall = sup / (o= fa) = sup w(t).

tE€ S, It <1 €S, ||t <1

Let S,,, the largest model with dimension D,,, < n'/%.

2 2
c X 2 X
P(E,) <P sup v, (t)? > <P sup  Un(t) > —5——| .
(Er) <t€Sm,t||§1 Q 167’8Dm> <tesmo,||t||§1 ) 1615 Dy,

As shown in the (new) proof of Proposition 12, our assumptions allow us to use Theorem
7 in 7. Then, reasoning as in the proof of Proposition 12, we can show the existence of a
numerical constant ¢ > 0 and constants depending on the chain K, Ky, K3 > 0 such that

P sup  vp(t)? > ‘2 < K, (e—K2\/ Dmg e*Ks\/ﬁ/log(n))
t€SimoJt]<1 2

where H? = 31(A)E4(7%)r Dy /1. Now, for n large enough, since D2, = o(n),

¢ 3l AEA(r)rE Dy
16r2D,ny — 2 n

Then

P(E;)<P ( sup  vp(t)? > §H2> < K; (e*KZV Dmo 4. e’K3‘/ﬁ/1°g(”)>

t€Sm,IItI<1

so that (a, + ||7]|ee)2P(ES) = o(n™1). Note that it is sufficient to have D,,, = [n/?7¢| to
obtain the result.
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