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Abstract

We study the existence of a minimal supersolution for backward stochastic differen-
tial equations when the terminal data can take the value 400 with positive probability.
We deal with equations on a general filtered probability space and with generators sat-
isfying a general monotonicity assumption. With this minimal supersolution we then
solve an optimal stochastic control problem related to portfolio liquidation problems.
We generalize the existing results in three directions: firstly there is no assumption on
the underlying filtration (except completeness and quasi-left continuity), secondly we
relax the terminal liquidation constraint and finally the time horizon can be random.

Introduction

This paper is devoted to the study of backward stochastic differential equations (BSDEs)
with singular terminal condition. We adopt from [22] and [23] the notion of a weak (su-
per)solution (Y, v, M) to a BSDE of the following form

4y, = —J(t, Vi, vu)dt + /Z (=) (dz, dt) + dMy, 1)

where 7 is a compensated Poisson random measure on a filtered probability (Q, F,P,F =
(Ft)e>0). The filtration F is supposed to be complete, right continuous and quasi-left con-
tinuous. In particular, it can support a Brownian motion orthogonal to 7. The solu-
tion component M is required to be a local martingale orthogonal to . The function
f: QO xRy xR xR? = R is called the driver (or generator) of the BSDE. The particularity
here is that we allow the terminal condition £ to be singular. More precisely, for a stop-
ping time 7 and a F,-measurable random variable £ that takes the value +o0o with positive
probability, we impose that liminf; ,,Y; > &.
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In our first main result (Theorem 1) we establish existence of a minimal weak super-
solution to (1). This supersolution is constructed via approximation from below. For each
L > 0 we consider a truncated version of (1) with terminal condition { A L. We impose that
the driver f satisfies a monotonicity assumption in the y-variable and is Lipschitz contin-
uous with respect to 1. Then existence, uniqueness and comparison results for a solution
(YL 9t ML) to the truncated BSDE can be deduced from [17], where the theory of BSDEs
with a monotone driver in a general filtration has been developed. We obtain the minimal
supersolution (Y,, M) with singular terminal condition by passing to the limit L — oc.
The crucial task is to establish suitable a priori estimates for Y* guaranteeing that when
passing to the limit the solution Y does not explode before time 7. To this end, we impose
that f decreases at least polynomially with random coefficient in the y-variable. In the case
where 7 is deterministic this condition suffices to ensure boundedness of Y*. When 7 is
random, we restrict attention to first exit of diffusions from a regular set.

Our findings generalize some results from [3], [22] and [23] (see also [10] for a treatise
on BSPDESs) to the case of a general driver f Indeed, in the previously mentioned papers
fis assumed to be a polynomial function of y plus possibly a particular function of 1. We
note that our results can be extended to the case where the driver is additionally a Lips-
chitz continuous function of a variable Z, which represents the integrand in the martingale
representation w.r.t. a Brownian motion (c.f. Remark 5).

Since the seminal paper by Pardoux and Peng [19] BSDEs have proved to be a powerful
tool to solve stochastic optimal control problems (see e.g. the survey article [6] or the book
[20]). In the second part of the paper we use the notion of weak supersolutions to provide a
purely probabilistic solution of a stochastic control problem with a terminal constraint on
the controlled process. More precisely, we consider the problem of minimizing the functional

J(X)zE[ /O <ns|as|p+%|xs|p+ / As<z>|ﬂs<z>|pu<dz>> ds + Elgone | Xr]?

Al @

over all progressively measurable processes X that satisfy the dynamics

Xs:aH—/Osaudu%—/os/zﬁu(z)w(dz,du)

and the terminal state constraint
X le—oo = 0.

Here p > 1 and the processes 7,y and A are non negative progressively measurable. In the
cases where 7 is deterministic or a first exit time, we characterize optimal strategies and
the value function of this control problem with the BSDE

Y4 ~
dY; = (p—1) qt_1 dt + O(t, Yy, ¥y)dt — ydt + / Y (2)7(dz, dt) + dM, (3)
Un z

with lim ij{lf Y7 > £, Here g > 1 is the Holder conjugate of p and © is a Lipschitz continuous
t—

function given by (22). We provide sufficient conditions on the coefficient processes 7,y and
A such that Theorem 1 ensures existence of a minimal weak supersolution to (3) and carry
out a verification that is based on a penalization argument.



The analysis of optimal control problems with state constraints on the terminal value
is motivated by models of optimal portfolio liquidation under stochastic price impact. The
traditional assumption that all trades can be settled without impact on market dynamics is
not always appropriate when investors need to close large positions over short time periods.
In recent years models of optimal portfolio liquidation have been widely developed, see, e.g.
(1], [2], [7], [8], [12], or [16], among many others.

Variants of the position targeting problem (2) have been studied in [3], [4], [25], [10] or
[11]. In this framework the state process X denotes the agent’s position in the financial
market. She has two means to control her position. At each point in time ¢ she can trade in
the primary venue at a rate a; which generates costs 1;|ay|P incurred by the stochastic price
impact parameter 7. Moreover, she can submit passive orders to a secondary venue ("dark
pool"). These orders get executed at the jump times of the Poisson random measure m and
generate so called slippage costs [z A\¢(2)|B¢(2)[P1u(dz). We refer to [16] for a more detailed
discussion. The term 7;|X¢|P can be understood as a measure of risk associated to the open
position. J(X) thus represents the overall expected costs for closing an initial position x
over the time period [0, 7] using strategy X.

Our approach allows to incorporate some novel features into optimal liquidation models.
First, we do not impose any assumption on the filtration (except quasi-left continuity). For
the financial model, this means that the noise is not necessarily generated by a Brownian
motion. Moreover, the liquidation constraint is relaxed in the following way. Instead of
enforcing the condition X, = 0 a.s., that is the position has to be closed imperatively, our
model is flexible enough to allow for a specification of a set of market scenarios S C F, where
liquidation is mandatory: X,;1s = 0. On the complement S¢ a penalization depending on
the remaining position size can be implemented. This terminal constraint is described by
the Fr-measurable non negative random variable & such that S = {{ = +o00}. Thus for a
binding liquidation X, = 0, we take £ = 400 a.s. For excepted scenarios, we can consider
§ = ools with for example S = {max;cjo 7 < H} or § = {fOT mdt < H} for a given
threshold H > 0. This means that liquidation is only mandatory if the maximal price
impact (or the average price impact) is small enough throughout the liquidation period. If
the illiquidity of the market is too high, the trader has not obligatorily to close his position.
Finally, our model allows for a random time horizon 7. For example, one can consider
price-sensitive liquidation periods where the position has to be closed before the first time
when the unaffected market price S (a diffusion) falls below some threshold level K > 0,
ie. 7 =inf{t > 0|S; < K'}.

The paper is decomposed as follows. In the first section, we give the mathematical
setting and present the main results concerning the BSDE (1) and the control problem (2).
The set of assumptions will differ in the two cases 7 deterministic and 7 random. In the
next section, we construct a supersolution of the BSDE (1) using truncation arguments as
in [22] or [3| and we prove that this solution is minimal. As mentioned before the main
difficulty is to control the sequence of solutions for the truncated BSDE (see Propositions
2 and 5). In Section 3 we use the previous results to obtain a minimal supersolution for
BSDE (3) and we verify that this solution gives the value function and an optimal control
for the optimal position targeting problem.



1 Problem formulation and main results

We consider a filtered probability space (2, F,P,F = (F;)i>0). The filtration is assumed
to be complete and right continuous. Moreover, we assume that F is quasi-left continuous,
which means that for every sequence (7,) of I stopping times such that 7,, /7 for some
stopping time 7 we have \/, .y F7, = Fz. We assume that (Q, F,P,F = (F;);>0) supports a
Poisson random measure 7 with intensity z(dz)dt on the space Z C R?\ {0}. The measure
p is o-finite on Z such that

/ (1A [2P)uldz) < +oo.
Z

By P we denote the predictable o-field on Q x Ry. We set P = P @ B(Z) where B(Z)
is the Borelian o-field on Z. On Q = Q x [0,T] x Z, a function that is P-measurable, is
called predictable. Gj,.() is the set of P-measurable functions ¥ on 2 such that for any
t >0 a.s.

/ /(’1/}8(2)’2 A s (2)])p(dz)ds < 4o0.
0 Jz

For any stopping time 7 and m > 1, the set L7*(0,7) contains all processes ¥ € Gioc(ft)

such that -
E[ I/ rws<z>\mu<dz>ds} < too.

By L)} = L™(Z, 1;R%) we denote the set of measurable functions v : Z — R? such that

ol = [ I ulds) < +x.

By M we denote the set of cadlag local martingales orthogonal to 7. If M € M=+
then E(AM x 77]75) = 0, where the product * denotes the integral process (see II.1.5 in
[13]). For any stopping time 7 the set M™ (0, 7) is the subset of all martingales such that
E {(M >ZI/ 2} < +00. Finally, for m > 1, D™(0,7) is the set of all progressively measurable

cadlag processes F' such that E [supte[oﬂ \Fﬂm] < +o0. The set H™(0,7) contains all

progressively measurable cadlag processes F' such that E { fg \Fﬂmdt} < 400.

Minimal supersolutions to singular BSDEs

Let us 7 denote a F-stopping time and let £ be a Fr-measurable random variable. We
explicitly allow £ to take the value +o0o with positive probability. We denote by S the set
{¢ = 400} and we assume that £~ € L%(Q). Our first aim is to establish existence of a
solution to BSDE (1) with singular terminal condition {. We will distinguish two cases.

In the first case we assume that 7 is deterministic, i.e. 7 = T a.s. for some constant
T > 0. In this case we set 7. =T — ¢ for ¢ > 0.

In the second case we assume that 7 is given as a first exit time of a diffusion. More
precisely, we assume that the filtration F supports a d-dimensional Brownian motion W
which is orthogonal to 7 and we introduce a forward process I' in R, that is a solution to
the stochastic differential equation

Ty = b(Ty)dt + o(Ty)dW, (4)



with some initial value Ty € R%. The functions b : R? = R? and o : R? — R? x R? satisfy
a global Lipschitz condition: there exists some K > 0 such that

o,y €R? lo(z) — o(y)l + b(z) — b(y)l| < Kllz — yll.

Under this assumption there exists a unique strong solution I' to (4). Let D be an open
bounded subset of R? whose boundary is at least of class C? (see for example [9], section
6.2, for the definition of a regular boundary). From now on Iy is fixed and supposed to be
in D. We define the stopping time 7 as the first exit time of D, i.e.

r=7p=inf{t >0, T,¢ D} (5)

Moreover, we impose the following integrability condition on 7p. There exists 8 > 0 such
that
Eef™ < +o0. (6)

Notice that these assumptions hold if for example o is uniformly elliptic, i.e. there exists a
constant a > 0 such that (oc0*)(z) > aId for all z € R? (see [5], Corollary 111.3.2 and [21],
Theorem 11.2.1). In this second case we set

7. = inf{t > 0,dist(I}) < &},

where dist(I'y) denotes the distance between the position of I' at time ¢ and the boundary
of D.

Since we possibly have P[{ = oco] > 0 we need to specify a weak notion of solutions to
(1) (and (3)). We relax the usual definition of a solution to a BSDE by only requiring that
(1) holds up to time 7. for all € > 0.

Definition 1 (Weak supersolution) We say that a triple of processes (Y,1, M) is a su-
persolution to the BSDE (1) with singular terminal condition Y; = £ if it satisfies:

1. M € M*, 9 € Gioo(m) and there exists some £ > 1 such that for all t > 0 and £ > 0:

tAT:
E ( sup Vil + [ [ n(a)utdzpas + [M]féi) < +o0;
0

s€[0,t]

2. Y~ belongs to D?(0, 7).

3. forall0<s<tande>0:

tATe
Y:S‘/\TE = Y;f/\TE + / f(ua Yu,wu)du
S

NTe

tAT: tAT:
- / / ()7 (dz, du) — / dM,.
SATe JZ SA\Te

4. Ontheset{t>71}: Y, =&Y =M=0 as. and lignian}ATE >¢.
—00

We say that (Y,1, M) is a minimal supersolution to the BSDE (1) if for any other super-
solution (Y’ ¢!, M") we have Y; <Y/ a.s. for any t > 0.



To establish existence of a minimal supersolution to BSDE (1) we impose the following
conditions.

Assumption 1 (A and A’) If 7 = T is deterministic, we say that Conditions (A) are
satisfied if all seven hypotheses (A1) to (AT) hold.

If 7 is a stopping time given by (5), we say that Conditions (A’) are satisfied if all
hypotheses (A1), (A2), (A3), (A4’),(A5), (A6’) and (A7) hold.

The reader is referred to Sections 2.1 and 2.2 for the precise statement of the Assumptions
(A1) to (A7) and (A3’), (A4’), (A6’), respectively. Our first main result is the following.

Theorem 1 Under Assumptions (A) or (A’) there exists a minimal supersolution (Y, 1, M)
to (1) with singular terminal condition Yy = &.

Optimal position targeting

Let us now describe our stochastic control problem. We fix some p > 1 and denote by
q=1/(1 —1/p) its Hélder conjugate. For any ¢ < 7 and > 0, we denote by A (¢, x) the
set of progressively measurable processes X that satisfy the dynamics

Xs=x+ /ts aydu + /:/Zﬂu(z)w(dz,du) (7)

for any s € [t, 7] and for some o € L'(t,7) a.s. and B € Gjoe(m). Moreover, we impose that
every X € A§(t,x) satisfies almost surely the terminal state constraint

X;1s =0. (8)

We consider the stochastic control problem to minimize the functional

J<t,X>:E[ / (ns\as!er%le\”Jr / AS(Z)\BS(Z)V’M(dZ)> ds + E1e| Xq[?

Al o

over all X € .Ag(t, x). Here, the measure i is finite and ¢ is supposed to be non negative. The
coefficient processes (1:)i>0, (V)t>0 and (A);>0 are nonnegative progressively measurable
cadlag processes. The process A is P-measurable with values in [0, +00].
We introduce the random field v that represents for each initial condition (¢,z) the
minimal value of J
u(t,z) = essinf xe 4 (1.) J(t, X). (10)

We follow the convention that the infimum over the empty set is equal to oco. We will
characterize the value function v and the optimal control in terms of minimal supersolutions
to the BSDE (3) with singular terminal condition . Again we distinguish two cases. In the
first case we assume that 7 is deterministic and impose some nice integrability assumptions
on the coefficient processes (7:)¢>0 and (V¢)i>0.



Assumption 2 (B1) The stopping time T is a.s. equal to a deterministic constant T > 0.

T

/ —dt| < oo.
qg—1

(U

The process n s positive such that

T
E[/ nfdt]<oo and E
0

v is non negative and satisfies (A6).

To ensure existence of a minimal supersolution to (3) if 7 = 7p is given by (5) we need
to impose some stronger boundedness conditions on 7 and v compared to (B1).

Assumption 3 (B2) We have 7 = 7p and the processes 1 and ~ are bounded from above,
71 1s positive and satisfies the integrability conditions

n

E

1
0

for all n € N and for some m > 1

T 1
| [
0

The next result is a consequence of Theorem 1.

< +o0. (12)

Corollary 1 Under Assumptions (B1) or (B2), the singular BSDE (3) has a minimal
non negative weak supersolution (Y,v, M).

In our second main result we characterize the value function v and optimal strategies in

terms of the the minimal supersolution to (3).

Theorem 2 Let Assumption (B1) or (B2) hold and let (Y,v, M) denote the minimal su-
persolution to (3) with singular terminal condition Y. = £. Then we have v(t,x) = Y;zP.
Moreover, the process X satisfying the linear dynamics

XS:x—/ts <%>q1Xudu—/:Xu_/zgu(z)ﬂ(dz,du),

(Y= +¢u(2))?!
(Yo + Pu(2)771 + Au(2)71]

belongs to A5 (t,x) and is optimal in (10).

with
Cu(z) =

give explicit form of X

2 Existence of minimal supersolutions for the singular BSDE

In this section we establish existence of a minimal supersolution (Y, v, M) to the BSDE (1)
with singular terminal condition.



2.1 Deterministic terminal times

Let us specify the conditions on the driver f : Q x [0,7] x R x R — R. For notational

convenience we write f(t,y,v) = f(t,y,v) + v with v = f(¢,0,0). In particular, we have
£(£,0,0) = 0.

e The function y — f(¢,y,1) is continuous and monotone: there exists y € R such that
a.s. and for any ¢ € [0,T] and ¢ € Lz

(f(ty,v) = Fty )y —y) < x(y —y)*. (A1)
e There exists a progressively measurable process k = k¥%%® : Q x Ry x Z — R such
that
ﬂu%w—fm%¢waéwv»—mamwwwmw@ (A2)
with P ® Leb ® p-ae. for any (y,1,¢), —1 < ¥"?(2) and |s¥¥?(2)| < 9(z) where
¥ e L2
m

e For every n > 0 the function

sup |f(t,y,0)| € L'((0,7)), as.. (A3)

lyl<n
e The negative parts of £ and + are square integrable

¢ € L*(Q) and v~ € L*((0,T) x Q). (A4)

Conditions (A1)-(A4) will ensure existence and uniqueness of the solution for a version
of BSDE (1), where the terminal condition ¢ is replaced by £ A L for some L > 0. We obtain
the minimal supersolution from Theorem 1 with singular terminal condition £ by letting
the truncation L tend to oo. To ensure that in the limit . — co the solution component
Y attains the value co on S at time 7" but is finite before time 7', we have to impose some
further growth behavior on f. We assume that f decreases at least polynomially in the
y-variable. More precisely, we suppose that there exists a constant » > 1 and a positive
process a such that for any y > 0

£t ) < =yl + £(0.0,0). (45)

p is the Holder conjugate of r. Moreover, in order to derive the a priori estimate, the
following assumptions will hold.

e There exists ¢ > 1 such that

T
E/ [af™! + (T - s)p’yj]gds < +00. (A6)
0
e If , is the Holder conjugate of ¢, let k& > max(¢,2) and

/Z|19(z)|k,u(dz) < +00. (AT)



In the rest of this section, the generator f satisfies Conditions (A).

Remark 1 In (A1) we can suppose w.l.o.g. that x = 0. Indeed if (Y,1, M) is a solution of
(1) then (Y ,4, M) with

ﬁ = eXtY;fa T;Z_)t = 6Xt¢t) th = eXtht
satisfies an analogous BSDE with terminal condition &€ = eXT'¢, and generator
fty,y) = [extf(t, e Xy, exp) — Xy]

and f satisfies the same assumptions with x = 0. Hence in the rest of the paper, we will
suppose that x = 0.

Remark 2 The second condition (A2) implies that f is Lipschitz continuous w.r.t. 1 uni-

formly in w, t and y:

[F (s 9) = F(E s @) < 192 19 = oIz -

Remark 3 It follows from Condition (A3) and (A5) that the process 1/a must be in
LY(0,7T) a.s.

T
/ —dt < +oo0. (13)
0 Qt

To prove existence of a weak supersolution we proceed as in [3] by truncation. For any
L > 0 we consider the BSDE

dvE = — L, v/l wbyde + / YF(2)7(dz, dt) + dMF (14)

with bounded terminal condition Y% = £ A L and where

Ay, ) = fty,¥) + AL (15)

Proposition 1 Under Assumptions (A ), there exists for every L > 0 a solution (Y'*, ¥, MF)
o (14) with YL € D%(0,T), % € L2(0,T), MY € M?(0,T) N M. Moreover there exists
a process Y in D%(0,T), independent of L, such that a.s. for anyt € [0,T], Y; <Y},

Proof. From our hypotheses on f and ~, it follows that f’ is monotone w.r.t. v,
Lipschitz continuous w.r.t. 1, and f%(¢,0,0) = v AL € L*((0,T) x Q). Moreover for every
n >0 and |y| <n:

|5t y,0) = f1(¢,0,0)] = |f(t,y,0)| < sup |f(t,y,0)].

ly|<n

By Assumption (A3), the mapping ¢ = supy, <, | f(t,,0)] is in L'(0,T) a.s. From Theorem
1 in [17] there exists a unique solution (Y'©, 4% M') to (14) with terminal condition & A L.
This solution satisfies

E

sup |YiE|? + / / (Y (2)) u(dz)dt + [M )7 | < 4o0.
0<t<T



Next, we construct the lower bound Y. Let us take ( = —¢~ and g(¢,y,%) = f(t,y,%) —
(7¢)~. The solution (Y,¢, M) with Y € D?(0,T) of the BSDE with data (¢, g) does not
depend on L, and by comparison (Proposition 4 in [17]) we have Y; < Y;* a.s. for any
t € 0,7). In particular, if (74)~ = £~ =0, then Y; = 0, and Y;* is non negative.

]

Proposition 2 For every t € [0,T] the random variable Y* is bounded from above by
L(1+T) and fort € [0,T) the following estimate holds:

Ky

s A [ ([ e - o) a7 " (16)

where Ky is a constant depending only on ¥.

Proof. Let us first consider the triple (A, By, Cy) = (L(1 4+ (T' —t)),0,0). It is the
solution of the BSDE with terminal condition L > & A L and generator equal to L. Since
f is monotone from (A1), f(t, Ay, By) < £(¢,0,0) = 0, thus by the definition (15) of f¥ we
have fL(t, A;, B;) < L. By comparison principle we obtain Y;* < A; < L(T + 1) a.s. for
any t € [0,T7,

This upper bound depends on L. Next, we verify (16) which is an a priori estimate
independent of L. We consider the driver

h(tyd) = bF = py + f(1,0,0).

; L _ a”! + e, L e, L e,L 3
with by = =7 + (v, AL). Let € > 0 and denote by (Y=, =", N") the solution process

of the linear BSDE on [0, 7 — ¢] with driver A and terminal condition y;’fe = ijfg > 0.
Recall that

F(£,0,1) = /Z BRI () ().

Hence by the solution formula for linear BSDE we have

T—¢
Vil =E [Ft,ml@?j + / T by ds
t

7

where for t < s <T —¢

S P
p e,L T—s e,L
P = — d ‘/ T — ‘/ ’
t,s exp ( /t T —u u> t,s <T _ t) t,s

and s
Vil =1+ t /mefng’d’ ()7 (dz, du) (17)
Hence
yit = T )pE { VL YT / . VaEelds .7-}}
where

k= (T =)l =al ™ + (T —t)P(v; A L).

10



Now ¢ > 0 and therefore yf’L > 0 a.s. for every t € [0,7]. Hence from Condition (A5)

£ £ —1 e,L\r 5
FHEIPE 67 < = E S P+ £ 0,670).

It follows that
af_l

(yt&L)r - (T — t)p

FHYPR Y < b Yetget) - L

< Vol goh,

-1
t

14 e, L
a + T — tyt

where we used the inequality d” + (p — 1)y" — pdy > 0 which holds for all d,y > 0. The
comparison theorem implies Y;* < Vf Lforall t e [0, —¢] and € > 0.

Recall once again from Condition (A7) that V;f_’L belongs to HF(0,T — ¢) for k > 2.
From the upper bound Y, < A; < L(T + 1) and from the integrability property of Vt‘;:_’L,
with dominated convergence, by letting £ | 0 we obtain a.s.

p e, L L.+
E |:€ Vt,T—esYT—a

.7-}} — 0.
From Assumption (A7) and by the proof of Proposition A.1 in [24], there exists a constant

Ky such that a.s.
T—e¢ eIk
[ /t (Vis)

From Hypothesis (A6), the process (cf, 0 < ¢t < T) belongs to H(0,T"). Therefore by
Holder inequality we obtain

T—e
E [/ Wf;LcsLds
t

Hence we can pass to the limit as ¢ | 0

-Ft} < Ky.

T 1/¢
]—"t] < KyE [ / (ch)tds ]—"t] .
t

L Ky g L\¢ e
W os e | [ e

Assumption (A6) implies by monotone convergence for L — oo

T
o

Thus we obtain the upper bound in (16). O
Next, we show that by passing to the limit L — oo we obtain a supersolution of (1)

1/¢
vho< ft} < 40

with singular terminal condition &.

Theorem 3 Assume that Assumptions (A) hold. Let (YY" M) be the solution of
BSDE (14) obtained in Proposition 1. Then there exists a process (Y,1, M) such that for
every 0 <t < T, YL converges to Y in D¥(0,t), ¥ converges in LL([0,1]) to ¢ and MT
converges in M*(0,t) to M. Moreover, Y~ belongs to D?(0,T). The limit process (Y, v, M)
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is a weak supersolution for the BSDE (1) with singular terminal condition §. Moreover Y
satisfies the estimate (16)

1/¢
]—"t] .

Remark 4 Observe that the upper bound in (16) can be simplified if we assume that f(t,0,)
is bounded, i.e. that there exists a constant Ky such that a.s. for anyt and ),

Ky T l
S T WEU (a8 + (T = 5)7) " ds
- t

f(t,0,9) < Ky. (A7)
Under this condition once can show that

T
e ﬁE [ /t (™! + (T = 5)"y5) ds

Ky
J—}} + -, (18)

The constants Ky and ¢ > 1 in (16) come from the growth condition on f w.r.t. 1 and from
the lack of an estimate of Y* independent of L. Under (AT’) Estimate (18) is then also an
upper bound for'Y .

Proof. The comparison result (see Proposition 4 in [17]) yields that Y < YV if N > L.
Hence, for all + < T we can define Y; as the increasing limit of Y,” as L — co. Recall that
Y is bounded from below uniformly in L by some process Y € D?(0,7"). Thus immediately
Y~ € D?0,7).
By Equation (16) for fixed ¢t < T the family of random variables (Y;*, L > 0) is bounded
from above:
Lt Ky T - e 1/¢
Y, Si(T—t)PE[/t (a2 + (T =) ’ys)ds}"t] .

Once again by Assumption (A6), the random variable on the right hand side of (16) is in

LY(2). W.Lo.g. we suppose that £ < 2. By dominated convergence, Y, converges to Y; in
LYQ) fort < T.
Since the filtration is quasi-left continuous, we have: tli/rr% Y;L = ¢AL. Indeed, in Equation

(14), using Fubini’s theorem for conditional expectation, the only discontinuous term could
be the martingale term M. But the assumption on the filtration shows that M has no jump
at time T (see [14], Proposition 25.19). Now for any L > 0 we have

liminf ¥; > liminf Y;* = € A L,
T T

which gives the desired inequality liminf; -7 Y; > £. In particular, (liminf; ~7 Y;)1s = +oo0.
For the convergence of (%, M¥)let 0 <s <t < T. For L and N nonnegative, we put

Yo=YV YL gy(2) =N (2) — 9 (2), M;=MN - ML

12



Then [t6’s formula implies
A A AR R R L UR G
—E/ ¥, 1Y, dM, —E/ V1Y /% 7(dz, du)
- / LT + Bl = Tl = 07177 2] ()

= > Ve + AN = [V |f = Y- |71V, - A,

0<s<t
—elt) [ Falt 15, gl
Here & = |z|”1a1,40 and ¢(€) = £(¢—1)/2. For the term containing the generators we have

‘Yulg_lyu(fN(u7YuNaw1]LV) - fL(ua YuLanILl))
<YV L (Y (VY 00 = YY) = YT Y u(u AN = A L)
< Yul" U AN —yu AL

where we used monotonicity of f¥ w.r.t. y. We define
o~ t o~
=Y+ 5/ Yol v AN — 4 A L|du.
0
From Lemma 8 in [17] we obtain for every s € [0, t]:

Vol +e(0) 3 JAMP (1Yo [PV Ve + AMP) P 1y g

s<u<t

t
ce)/ / ()2 (1Y PV [Yar +9u(2)?) " 1y, om(dz, du)

relt) [ Tl =15, gl
<X - e/ ¥, |1y, dM, —e/ V.Y, /wu 7(dz, du).

Next we proceed as in Proposition 3 in [17] and we prove that there exists a constant
Cy depending only on ¢ such that E (supse[O,t] DA’S]Z) < CyE(X), and we apply Young’s
inequality to obtain that

~ 1 ~ _ t
CE(X) < C/E|Y;|* + B < sup |Ys|f> + CgE/ |vu AN — 4, A Lldu.
s€(0,t] 0

Now we follow the scheme of the first part of the proof of Proposition 3 in [17] which yields

t R £/2 - N _ t
B[ [10ePu@z)n)  + BN < CBITY + Gk [ b h N = Ll
0 JZ 0

13



Since v € H*(0,t) (see Condition (A6)), the right-hand side converges to zero as N and L
go to +0o. Then (/%) is a Cauchy sequence in L%(0,¢) and converges to ¢ € L(0,t) for
every t < T. The same holds for the sequence (M%) in M*(0,t). Moreover the previous

inequality yields that E ( sup |Ys|g> < +o0.
0<s<t

Finally, taking the limit as L goes to oo in (14) implies that (Y, M) satisfies (1) for
every 0 < s <t<T. O
To finish the proof of Theorem 1 let us prove minimality of the limit process.

Proposition 3 The solution obtained in Theorem 3 is minimal. If (Y',¢)', M') is another
weak supersolution of (1) with terminal condition &, then Y, > Yy a.s. for all t € [0,T].

Proof. Fix L > 0 and let (YX, X, M) denote the solution of (14) with terminal condition
Y =&AL Let (Y',4/, M) be a weak supersolution of (1) in the sense of Definition 1. Set

Yo=Y/ -YE, dy(2) = ¥l(z) —vE(z), My=M,—- ML

S S

We have
FEY ) — fYE ) = —b T+ /Z ol "V ()
with
Y f<t,w,w;>; fevhe),
t

Note that from Condition (A1) —b; > y = 0. For every ¢ < T the process (Y, 0, ]\/4\) solves
the linear BSDE

AW = [T =0 [ B )|
z
+ / Us(2)7(dz, ds) + dM,
Z
on [0,¢] with terminal condition ¥; = ¥/ — Y;*. From Lemma 9 in [17], we have

t
Y, = E |:Y;€Fs,t "’/ Fs,u('Yu - L)eru
s

}‘s]
where Ty, = exp (— fst budu) (s with (s =1 and
Lot L
ACoy = Cou- / Ry VY R (dz, dt).
z
Our assumptions ensure that ¢ is non negative and belongs to H¥(0, 7). From Proposition

2 we have Y} < (1+T)L and hence Y; > —((Y{)~ +(1+T)L). Thus ?FS,_ is bounded from
below by a process in D™ (0,T") for some m > 1. We can apply Fatou’s lemma to obtain

t
Y, = ligr}ijr}fE [Y;F&t—i—/s s u(yu — L)Tdu

fs} >E [li?} inf Vil

7| =0

Finally, Y/ > Y.' for any s € [0,7] and L > 0. Taking the limit as L goes to co yields the
claim. O
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Remark 5 Note that all these results can be extended immediately if we assume that the
filtration supports also a Brownian motion W and if our singular BSDE has form

dY;g = f(t, Y;g, Zt, ¢t)dt + thWt + / Q,Z)t(z)%(dz, dt) + th,
Z
where f satisfies Conditions (A) and is supposed to be Lipschitz in z.

2.2 Random terminal times

In this section we consider the case where the terminal time 7 is random. Again we proceed
via truncation of the terminal condition to obtain a family of solutions (Y*);~¢ to (14) with
bounded terminal condition Y; = & A L. The crucial difference to the case of a deterministic
terminal time is the derivation of a uniform upper bound for the family of processes (Y'*)
(cf. Inequality (16)). Example 1 below shows that in general such an upper bound does not
exist and that there exist stopping times 7 such that the sequence (Y;*) converges to oo as
L — oo for t < 7. Consequently one has to restrict the class of terminal times. Here we
draw inspiration from [23], where BSDEs with random terminal time and singular terminal
condition have been studied for the first time, and consider the case where 7 is given by a
first exit time 7 = 7p of a diffusion I" from a set D as described in Section 1. As in [23]
we derive a Keller-Osserman type inequality (c.f. (21) and see [15, 18]). Using analytical
properties of the diffusion near the boundary 9D, allows us to bound at each time t the
value of process Y;" against the distance of the diffusion I" to the boundary dD.

The terminal time 7 is given by (5) and again we decompose the generator f as
f(t,y,qb) = f(t,y,¥) + vy with y = f(t,O, 0). Conditions (A) hold but with the following
modifications (denoted by (A’) in the rest of the paper).

o f satisfies (A1), (A2), (A5) and (A7). K = W”L,ﬁ is the Lipschitz constant of f w.r.t.
0.

e Assumption (A3) becomes: for every j > 0 and n > 0, the process

Ut(]) = Sup |f(tay50)|
ly|<j

is in L'((0,n)) a.s. and there exists m > 1 such that
T
E/ U,() ™ dt < +oo. (A3)
0
e Condition (A4) on the negative part of £ and ~ is reinforced:

¢ and v~ are bounded. (A1)

e (AG) is replaced by:
a and v are bounded. (A6)

15



Recall that we have f(¢,0,0) = 0. Note that Hypotheses (A3’) and (A5) imply that
1
E/ —ds < +o0. (19)
0 ag’

Proposition 4 Assume that Assumptions (A’) hold. Then there exists for each L > 0 a
solution (Y P M*) € D?(0,7) x L2(0,7) x M?(0,7) to the BSDE (14) with terminal
condition ) = ¢ A L.

Proof. The driver f¥ (c.f. (15)) of the BSDE (14) satisfies the monotonicity condition

(FH(ty,0) = FH .y )y — o) <0

a.s. for any (t,y,y',v) € [0,T] x R? x Li. Moreover, f¥ is Lipschitz continuous w.r.t. .
By Condition (A3") fF satisfies

Vi >0, VneN, sup(\f (t,y,0) — fL(t,O,O)\) c Ll(Q x (0,n)).
ly|<j

Moreover & A L and f¥(t,0,0) = v A L are bounded (Condition (A6)). From Assumption
(6), we deduce that
B [ (€ AL + 740,017t <+ (20)
0

for any 6 > 0 and ¢ > 1 such that do < 8.
Next, let & = E[¢ A L|F;] and let (I',1, N) be given by the martingale representation of
ENL

5/\L:IE[£/\L]+/O FdW+/ / #(dz,ds) + N,.

Since £ A L is bounded (by L for L large enough), the process & is also bounded by L.
Using Conditions (A1) and (A2) we obtain for some constant C' (depending on o) which
will change from line to line:

EU e‘sat|fL(t,§t,lt)|“dt} < CE [/ e‘sat|f(t,§t,lt)|“dt}+CIE/ ety A L|°dt

0 0 0

CKXE U e‘sot||lt||22dt}+CE U e‘s"t|Ut(L)|"dt}
0 " 0

+ CE/ 2ty A L|°dt.
0

IN

Since v is bounded, with the same parameters § and o used for (20), the last term is finite.
By Hélder inequality, for any @ > 1 and b > 1 such that (a —1)(b—1) =1

T T 1/a T 1/b
E [/ eéatuztuggdt] < (E/ e‘s"“tdt> (E/ ||zt||g’;dt> .
0 " 0 0 "

But since £ A L is bounded, the process | coming from the martingale representation is in
any L7(0,7), m > 1. Hence choosing a close enough to 1, this term is also finite. We
proceed similarly for the remaining term using Hypothesis (A3’) with ob < m:

T T 1/& T 1/b
E [ / e‘sat|Ut(L)|”dt} < <IE / e&mtdt> <IE / |Ut(L)|”bdt> :
0 0 0
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Choosing § > 0 small enough, we can find ¢ > 1 and b > 1 such that b < m and doa < 5.

Hence all assumptions of Theorem 3 and Remark 1 in [17] are satisfied and there exists a
solution (Y'©, % M") to the BSDE (14) with terminal condition Y, = £ A L. More precisely
forany 0 <t <T

TAT
Vh = Yhe+ [ [HeYED + (A D) ds

TAT TAT
/ / VE(2)7(dz, ds) — / dME,
tAT

and Y,/ = ¢ A L on the set {t > 7}. O

Observe that the proof of Proposition 4 does not use the fact that 7 is a first hitting
time but works for every stopping time 7 that satisfies the integrability conditions (6) and
(A3’). The next example shows that further assumptions on 7 are necessary in order to
ensure that the family Y is uniformly bounded from above. Therefore we will assume the
particular form (5) of 7 in the sequel.

Example 1 Assume that f(t,y,w) = —|y|? and € = co. We assume that the filtration F
supports a stopping time T such that E [%] = oo and that satisfies the integrability conditions
(6) and (12). This holds for example for all stopping times that have a continuous density
function f on Ry with f(0) > 0. In particular, one can take T to be the first jump time of a
Poisson process, in which case T is exponentially distributed. For each L > 0 let YT denote
the solution to BSDE (14) constructed in Proposition 4. Next, we derive a lower bound for
Y. To this end let X; = exp(— fg Ylds). From Ito6’s formula we obtain

dv;EX? = —(ViEXy)2dt + ZEX 2w,

In particular, this implies YOL = F [fOT des—i—LX%] Next, fix a realization w € .

Consider the deterministic control problem of minimizing the functional foT(w) 2(s)ds +
La?(t(w)) over functions z : [0,7(w)] — R starting in x(0) = 1 and being absolutely con-

tinuous. Using Pontryagin’s mazimum principle one can show that the trajectory xz(s) =
7(w)—s+1/L

B is optimal in this deterministic problem. In particular, it follows that

1 T(w)

@) F1/L < XZ(w)ds + LXZ () (@)

7(w)
/0 i%(s)ds + La*(1(w)) =

Taking expectations yields YO >F { +1/L} and consequently we have by monotone conver-

gence liminfy YO > F [;] = Q.

The preceding example shows that we cannot expect to obtain a finite supersolution to
(1) with singular terminal condition and random terminal time if the terminal time occurs
too suddenly. Therefore we restrict here attention to the case where 7 is the first hitting
time of a diffusion. We introduce the signed distance function dist : R* — R of D, which
is defined by dist(z) = inf,gp || — y|| if 2 € D and dist(z) = —infyep ||z — y|| if = ¢ D.
Then we have the following result.
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Proposition 5 Under Assumptions (A’) the solution processes Y constructed in Propo-
sition 4 are bounded uniformly in L. There exists a process Y € D*(0,7) and a constant C
such that:

_ C
Y;f/\’r < YL <

- 21
T = diSt(Pt/\T)p_l ( )

Proof. First observe that the lower bound of Y follows as in Proposition 1 from a com-
parison theorem with a BSDE with terminal condition —¢~ and driver f(t,y,%) — v~ .

For the upper bound, let > 0 and introduce the set I'y, = {z € RY, |dist(z)| < u}.
Then it follows from Lemma 14.16 in [9] that there exists a positive constant p such that
dist € C?(T,). Since D is bounded there exists a constant R > 0 such that 0 < dist(z) < R
for all z € D. Let ¢ € C*°(R%,[0,1]) with ¢ = 1 on R\ T, and » = 0 on L,/ For
0 < ¢ <1 we define a function g € C?(R% R, ) such that g = (1 — ¢)dist + Ry + € on D.
Since g > € on D, there exists a function ® € C?(R% R, ) satisfying & = Cg=2=Y) on D
for any C' > 0. Observe that ® is bounded from above by Cdist=2(*~Y . Next we apply [td’s
formula to the process ®(I'yr;). For every ¢t < 7 this yields

o7 (I't)

a

do(Ty) =(p—1) dt + VO (Ty)o(Ty)dW,

" (V(I)(Ft)b(rt) - %Trace(m*(rt)Dz‘I’(Ft)) —(p—1) (I)T(Ft)> dt
(I)

a

+ [fyt £ VR(TNT) + 5 Trace(oo™ (T)D*®(TY)) — (p— 1) ‘VW} it

On D we have

P — Crg—27"(p—1) _ Crg—Zp

Ve = —2(p—1)Cg vy
9P 5, 0g Jg _ 0%g
= 20p—-1)(-2p+1)Cg L2 —2(p—1)Cg 21—
axiaxj (P )( p + ) g 83?@ 8:6]' (p ) g axzaxj
For t < 7 let

o (')

a

Gy = VO()u(Ty) + %Trace(aa*(Ft)qu)(Ft)) —(p—1)

r—1

— (- 10Ty (C

= —(p—1)Cg ?(T)=(Ty)

+2gVgb+ (—2p + 1)HanH2 + gTrace(aa*ng)> (Ty)

Since D is compact, the functions b and ¢ are bounded on D. Moreover, the functions g, Vg
and D2%g are bounded on D uniformly in e. By Assumption (A6’), the processes a and +y are
bounded from above. There exists C' > 0 which does not depend on € such that for every
t >0 and on D we have Z(T';) > 1 and

(p—1)Cg~ > .
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Hence, we obtain Gy + v < 0.
Next, choose € < (C/L)(4~1/2_ Since the process ®(I') satisfies

TAT

B(T) = @ra)+ [

tAT s

™)

TAT TAT
—i—/ Gsds — / O(T5)o(Ts)dWs
t t

AT AT
for all 0 < ¢ < T, with G5 > 0, and ®(I'pprr) = Eg(p% on {T > 7}, a comparison principle
(c.f. Remark 3 in [17]) and Condition (A5) imply: Y5 < ®(Ia,) < Cdist =201 (Ty,).
O

Now as in Section 2, we can define a process Y as the limit of the increasing sequence
Y to obtain the minimal supersolution of (1). The next proposition completes the proof

of Theorem 1 in the random terminal time case.

Proposition 6 Suppose that Assumptions (A’) are in force and let (Y ¥ M¥) denote
the solution of BSDE (14) obtained in Proposition 4. Then there exists a process (Y, 1p, M)
such that Y;* converges a.s. to Yy, ¥ converges in L2(0,7.) to ¢ and M* converges in
M?2(0,7.) to M. The limit process (Y1, M) is the minimal supersolution for the BSDE (1)
with terminal condition & such that Y~ € D?(0, 7).

Proof. We proceed as in the proof of Theorem 3. We outline the main steps. First
observe that Y;* converges a.s. to a limit process Y by a comparison principle (c.f. Remark
3in [17]). Recall the definition of the stopping times 7., € > 0, 7. = inf{t > 0, dist(I';) < e}.
We have dist(I'¢4ar. ) > ¢ for € small enough. Moreover 7. converges to 7 when € goes to zero.
Using this sequence of times 7., the whole sequence (Y, % M¥) converges to (Y, 1, M)
on D?(0,7.) x L2(0,7.) x M?(0,7.). The main argument is that by Proposition 5 on the
interval (0,7.), the process Y is uniformly bounded by C/e2P~1D . Moreover (Y, 1, M)
satisfies for any ¢ > 0 and any 0 <t < T

TNATe

Yinr. = Yran + / [f(S,Ysa¢3) + ’78] ds

tAT:

T AT T AT
—/ /ws(z)%(dz,ds)—/ dMs.
tATe zZ tAT:

Since the filtration is supposed be to left-continuous, we have a.s. lim; o Yk = & A L.
Therefore we obtain the following behaviour of Y at the terminal time lim inf;, o Yiar > €.
Finally, minimality of the solution follows by the same arguments as in Proposition 3. [J

3 Back to the control problem

In this section we first conclude from Theorem 1 that there exists a minimal supersolution
to (3). We then consider a variant of the minimization problem (10), where we omit the
constraint X;1s = 0 on the set Ay(t,x) of admissible controls but penalize any non zero
terminal state by L|X|P. We show that optimal controls for this unconstrained minimiza-
tion problem admit a representation in terms of the solutions Y* of a truncated version of
(3). We then use this result to derive an optimal control for (10).

19



3.1 Associated BSDE
We consider the singular BSDE (3)

dYy = (p — )Y

(t Y;gﬂﬁt)dt tdt —|—/ ¢t dZ dt) + th
n

where the function © is given by

)\t(Z)
-+ D)+ M) )7

Recall that here p is supposed to be a finite measure, thus © is well-defined. This BSDE is

O(t.y.0) = [ w+0) (1— >1y+¢(z>zo udz).  (22)

a special case of (1) with generator ]7 given by

~ 1
Fltst) = F(by ) + 71 = —(p — 1>y:”q SOy, +
t

For simplicity we denote by w the function

)\t(z)
((y + @)=t + Mi(2)271)

w(t,y,¢) = (y+ o) (1 - p1> 14650

such that

Oty /wtwb p(dz).

We have to prove that f satisfies Conditions (A) (respectively (A?)) if (B1) (or (B2)) holds.
A simple computation proves that for a fixed (t,1) € [0,T] x L7, and z € Z, the function
y +— w(t,y,1¥(2)) is non decreasing and of class C! on R with a derivative bounded by 1

ow _ Ar(2)?
dy — (v, 9(2)) = < ((y+9(z) 1+ )\t(z)q—l)p> Lytu(z)20

Since n > 0, the condition (A1) is satisfied.
From the same argument the function w is Lipschitz continuous w.r.t. ¥ (z) and hence

we obtain
Ot,,0) ~ Bt )| < [ 10) = ¥/ (2)n(de) < n(2) 20~ ¥l
Moreover for any (t,y,1,4/) € [0,T] x R x (L2)? we have
Flta) = Ft ) = —(t0) +0(t.08) = [ (65,0 (2) = (e, 6(:))n(d2)
= [ @)~ )

where

K%}ﬂﬂﬂﬂ'(z) _ w(t’ Y, TIZ)(Z)) — w(t’ Y, T;Z),(Z))
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Since w is non decreasing in ¢ with derivative bounded from above by 1, we obtain —1 <
ni”w’w/ < 0. Thus Conditions (A2) and (A7) hold for any £ > 1. We can even note that
(A7) (cf. Remark 4) is true with Ky = 0. For every r > 0 and |y| < r we have
_ \y! rlf
]f(t,y,O)—f(t,0,0)]—(p—l) (t Y, )‘S(p—l) q—1
n Y

By Assumption (B1), the mapping ¢ + Uy(r) is in L'(0,T) a.s. and Condition (A3) holds.
Finally since © > 0, Condition (A5) is satisfied with » = ¢ and a; = ntq*l and (A6) holds if
Assumption (B1) is assumed.

A similar computation shows that under (B2), Conditions (A3’), (A4’) and (A6’) hold.

Hence Corollary 1 is a direct consequence of Theorem 1. Moreover, by Proposition 1
(respectively Proposition 4) there exists a solution (Y'*, % M") of the truncated BSDE

+u(Z)|r| =: Ui(r).

ayi" = (p - 1)LL)M

0 dt + O(t, Y, o )dt—%dt+/ O (2)7(dz, dt) + dME (23)
t

with terminal condition Y,* = ¢ A L. The process (Y, 1, M) is the limit as L geos to +oo of
(YL L MF) and is the minimal (super-)solution of the BSDE (3).

3.2 Penalization

For some L > 0 we consider the unconstrained minimization problem:

vl(t,z) = Xei.,Ell(f;fx)JL(t’X)
_ Xe{?{t,x)Eu (nsrasru(wsAL)\Xs\u/g (B (Pl >)ds
LEADX, PP f} (24)

where A(t, z) is the set of all progressively measurable processes X of the form (7). Here
no terminal constraint is imposed on X.

Proposition 7 Let Assumption (B1) or (B2) hold and let (Y*, ", M*) be the solution to
(23) with terminal condition Y, = € NL. Then the process X satisfying the linear dynamics

s ry L9t t
Xkt :x—/ <L> X,,Ldr—/ / E2)r(dz, dr),
t r s

(V2 + e (2))7!
[(VE +¢k@) 7! + M (2)71]

is optimal in (10). Moreover, we have v'(t,z) = Y,/ |z[P.

with

G (z) =

To prove Proposition 7 we will make use of the two following auxiliary results. The
first lemma shows that we can without loss of generality restrict attention to monotone
strategies. To this end we introduce the set D(t,z), the subset of A(t,x) containing only
processes X that have nonincreasing sample paths (i.e. oy < 0 and £;(z) < 0), and that
remain nonnegative.
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Lemma 1 Let x > 0. Every control X € A(t,z) can be modified to a control X € D(t,x)
such that J=(t,X) > J*(t, X). In particular, v*(t,x) = inf yep(r ) J=(t, X).

Proof. We consider the solution of the following SDE

X—x—/adu—//ﬂs n(dz,ds),

where ™ denotes the negative part of 2. This process is nonincreasing and satisfies X s < X,
Then we define

By Tanaka’s formula we have

Xo=o- [ g gandu [ [ 1g o) A E) (e ds)

We define

Qs = _1)~(S>004;= Bs(z) = _15(57>0(58(Z)7 A (Xs*)+)-
Then X belongs to D(t,x). Moreover we have
Q| < o], ‘BS(Z)’ <Bs(2), 0< X, <[X

which implies that J= (¢, X) > JE(t, X). O
The second lemma provides the dynamics of two auxiliary processes.

Lemma 2 Let Assumptions (B1) or (B2) hold and let (Y'*, % ML) be the solution of (23).
Let X € A(t,x) be the strategy from Proposition 7. Then we have

d (o) = (XL 1aME = (A DIXEP s = [ 6.(:)7(dz.do)
Z
with ¢s(z) = YE| XL P=1 — Xy(2)|BE(2)|P~1. Moreover, we have

AVHEP) = = |nlakp ey + [ As(Z)!ﬁsL(z)\pu(dz)] ds
ek panty + (B [ (vE -0k e) (- he)” - 1] Fds,d)

Proof. To simplify notation we set v* = v, A L. Recall that X* and Y% satisfy the
following dynamics
YL
dxt = %XLds_ / XE¢E(2)m(dz, ds),
UL
(YL)"

s
n

avyl = [(p—l) +9(s, Y00 — Ws]ds+/¢s )7 (dz, ds) + dM

q—
S

Let

[1]

8 S
c= e [ = YR [t
¢ t
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Applying the integration by parts formula to Z results in

A=, = (XY + Y Ed(X0)P) +dlYE (XEP T+l | X P ds

= xkparb vk (<o- 8

qg—1
ket [
Z

ket [
zZ

(1= cEE)"™ 1) mdz)ds
((1 — k@) - 1) 7(dz, ds)
+(XsL* Pt /ZT/JSL(Z) ((1 - CsL(Z))pil — 1> n(dz,ds) + pyE| XEP~Lds

= (Xp)Pte(s, Yo ds + (X! / (V2 -+ (2) ((1 — k@) - 1) p(dz)ds

Z
Celptantf + el [ vE 4ok ) (- )" - 1) Fdads)
Z

= (xEytamE + (XL / (VE +0Ee) (1= cH)" ' = 1) 7(dz, ds)
Z
from the definition of ¢ and © (see Equation (22)). Moreover we have

(VE +9EE) [(1- ¢HE@)" ™ = 1] = MR = (VE + vk (),

which yields the first claim.
For the second equation we apply the integration by parts formula to the process
YL (XT)P to obtain

AVHXEY) = (XEPayE+yEa(XEP) +dy*, (X1,
= = [ty srocty s+ ok paset
HXE0(s, Y b )ds
(k[ 4ok [ ) 1] ude)is
+(xly [k k) [(1- )" 1] Rz o).

But note that

(Wt P (e
\aﬂp:'%&’? = o (X,
s s
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and from the very definition (22) of ©

O, Y wb) + [ (4 ulie [—cs ) 1] nldz)

(
(eeaffien)
(V2 +1/1L(Z))‘1 P ()]

= [0+t
zZ
_ As(2) .
(IVE + k()| + As(z)ql)p_ll )
_ . As(2) ) - z
) /Z(YSL e [(YE + 9L (z))7 1 4 Ag(2)0-1]" [(YSL + 9 (2)) } 1(dz)

:—/Z (26 (2)Pu(dz).

O
We close this section with the proof of Proposition 7.
Proof of Proposition 7. We omit the superscript L in the sequel. Take another
process X in D (t,x). Use the convexity of the function x + |z|P and o < 0 to obtain

T T
| s =@y ds < = [ o (o, - @) ds
t t

T T
= _p/t ns|as|p71(dXs - dys) +p/t /2773|as|p1 (ﬁs('z) - BS(Z)) 7T(dz, dS)
=TI} + I} (25)

By integration by parts on the first integral and using Lemma 2 and boundedness of X and
X (see Lemma 1), we obtain

T
EXT} = —pE” [nrlarP N (Xr — X7)] + pE” [ / (X, — X,)d (ns|as|p1)]
t

_pET [/ [ (6.) = Bue) 6. opmtaz.a0)

T
_ _pEF [YTXP Y X — X7) } — pETt [ / (s A L) XEP~1(x, — Ys)ds]
t

B [/ [ (6.6) = .0) otz

where ¢ is defined as in Lemma 2. Using again convexity of = +— |z|P yields

T
EFIl < —E7 [(¢ A L)X - X3))] - EX [ [ unmox - 7@’)@]

BT [/ [ (3:2) = 3.00)) onteutazras). (26)

T
ERT? = pE” / /Z nalaalPL (Ba(2) — By (2)) p(dz)ds (27)

Moreover we have
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Now, using (25), (26) and (27) we obtain

J(t,X) - J(1,X) < B [/ L () = F9) (0162) = oo™ ) s

wan | [ / M) (3P = B )]

Now recall that nsas/P~! = Y| XE[P~!. From the definition of ¢s and from convexity of
x +— |z|P we obtain:

J(t,X)—J(t,X) < E” [ / / pY (Bs(2) — By(2)) (!Xf\p‘l—\XsL\”‘l)Mdz)ds]

and therefore J(t, X) — J(t, X) <
It remains to verify the 1dent1ty vE(t,z) = Y,"|z|P. But from Lemma 2 we deduce that

YE el = {uraﬂpw 8P+ [ AP du+ 7 (v xEP)

3.3 Solving the constrained problem

This section is devoted to the proof of Theorem 2. For the convenience of the reader we
restate the result here.

Theorem 4 Let Assumptions (B1) or (B2) hold and let (Y, 1, M) be the minimal solution
to (3) with singular terminal condition Yp = & from Corollary 1. Then v(t,z) = Yi|z[P.
Moreover the control

X =xzexp [— /t (%)q_ldu exp [/:/Zln(l—Cu(Z))w(dz,du) (28)

(Y- + ¢u(2))"
(Y- + u(2))97 1 + Ae(2)2]
belongs to A§(t,z) and is optimal in (10).

with

G(z) =

Proof. Let us remark that

X;::U+/adu+//ﬁ m(du, dz)
- /t X;(Z)q ldu—/ /X* Cule)m(du, d2).

Observe that Y and Y satisfy the same dynamics before time 7. Hence, the results from
Lemma 2 remain to hold true if Y~ and X’ are replaced by Y and X*. In particular, it
follows that the process Y| X*[P~1 + [0 ~,[X [P~ du is a nonnegative local martingale on
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[0,7). Consequently, it is a nonnegative supermartingale and thus converges almost surely
in R as t goes to T'. Since Y satisfies the terminal condition liminf; -7 Y;1s = oo we have

that .
—_ t *x|p—1 q— —_ —1
= — XxP—d =\ !
OSXt*=< t Pfo’Yu’ ol u) S( t> 0

pY; pY;

a.s. on S when t goes T. It follows that X* € AS(t,z).
Appealing once more to Lemma 2 we observe that for 0 <t < T

AVi(XEP) = — [mlod P +v(X7)P] de — / ()65 () Puldz)dt
OGP+ (X [ (3 + 0 [0 - Ga)) = 17z

Since M € M?(0,t) and |X;| < x we can deduce for t < s < T
Yiz[? = EE/ [Uu|%| + (X, / Aa(2) 1B (2)1P 1 (dz)] du + E™ (Y| X, P)
t

> & [ [nu\a;:\pw(X;:)M [ ePu)] o (29)

Taking the limit as s goes to T" and appealing to monotone convergence theorem yields
Y|P > J(t, X*). Next, note that for every X € A§(t,z) we have J(t, X) > JE (¢, X). This
implies v(t,z) > vl (t,z) for every L > 0. By Proposition 7 we have Y,'|z[P = vE(t,x).
Minimality of Y implies

Yilal = lim Y el = lm v"(t,2) < v(t,2).

Consequently we obtain with Equation (29)
Yilz[P > J(t, X7) > v(t,z) = Yi|a]’

and thus optimality of X*. O
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