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Holomorphic curves into algebraic varieties
intersecting moving hypersurface targets

William Cherry, Gerd Dethloff and Tran Van Tan

Abstract

In [Ann. of Math.169 (2009)], Min Ru proved a second main the-
orem for algebraically nondegenerate holomorphic curves in complex
projective varieties intersecting fixed hypersurface targets. In this pa-
per, by using a different proof method, we generalize this result to
moving hypersurface targets.

1 Introduction

During the last century, several Second Main Theorems have been established
for linearly nondegenerate holomorphic curves in complex projective spaces
intersecting (fixed or moving) hyperplanes, and we now have a satisfactory
knowledge about it. Motivated by a paper of Corvaja-Zannier [5] in Dio-
phantine approximation, in 2004 Ru [15] proved a Second Main Theorem for
algebraically nondegenerate holomorphic curves in the complex projective
space CPn intersecting (fixed) hypersurface targets, which settled a long-
standing conjecture of Shiffman [17]. In 2011, Dethloff-Tan [6] generalized
this result of Ru to moving hypersurface targets (this means where the coef-
ficients of the hypersurfaces are meromorphic functions) in CPn. In 2009, Ru
[16] generalized his Second Main Theorem to the case of holomorphic curves
in smooth complex varieties of dimension n. The main idea in the approach
of all the papers mentioned above is to estimate systems of n hypersurfaces
in general position by systems of hyperplanes, and then to reduce to the case
of hyperplanes. To prove the Second Main Theorem for the case of curves in
smooth complex varieties intersecting (fixed) hypersufaces, in [16], Ru uses
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the finite morphism φ : V → CPq−1, φ(x) := [Q1(x) : · · · : Qq(x)], where the
Qj’s are homogeneous polynomials (with common degree) defining the given
hypersurfaces. Thanks to this finite morphism, he can use a generalization
of Mumford’s identity (the version with explicit estimates obtained by Ev-
ertse and Ferretti [9, 10]) for the variety Imφ ⊂ CPq−1. However, for the case
of moving hypersurfaces, we do not have such a morphism. So in order to
carry out the idea to estimate systems of n hypersurfaces in general position
by systems of hyperplanes, and then to reduce to the case of hyperplanes,
we have to go back to the filtration method used for the case of curves in
the complex projective space by Corvaja-Zannier [5], Ru [15] and Dethloff-
Tan [6]. In order to compute the dimensions of the various vector subspaces
produced by this filtration method, the following property was used: If homo-
geneous polynomials Q0, . . . , Qn in C[x0, . . . , xn] have no non-trivial common
solutions, then {Q0, . . . , Qn} is a regular sequence (see [6] for the extension
to the case of moving hypersurface targets). However, this property is not
true for the general case of varieties V ⊂ CPM , and is related to whether or
not the homogenous coordinate ring of V is Cohen-Macauley. So by drop-
ping this restriction on the variety V and thereby losing regular sequences,
we can no longer exactly calculate the dimensions of these vector subspaces.
What we do instead is first to show that by specializing the coefficients of
the polynomials corresponding to the moving hypersufaces in generic points
we do not change the dimensions of these vector spaces, then to observe that
the Hilbert sequence asymptotics imply that most of the subspaces have the
expected dimensions, and finally to prove that we can neglect those rare
subspaces where the dimension is not as expected. Another difficulty in the
case of moving hypersurface targets is that they are in general position only
for generic points. In order to overcome this difficulty, in Dethloff-Tan [6]
we used resultants in order to control the locus where the divisors are not
in general position. For the more general case of varieties V this technics
becomes more complicated since the ideal of the resultants is not a principal
ideal in general (unless V is a complete intersection variety). But we will
observe (see section 2) that using any nonzero element of this ideal will still
be enough for our purpose.

Let f be a holomorphic mapping of C into CPM , with a reduced represen-
tation f := (f0 : · · · : fM). The characteristic function Tf (r) of f is defined

2



by

Tf (r) :=
1

2π

2π∫
0

log ‖f(reiθ)‖dθ, r > 1,

where ‖f‖ := max{|f0|, . . . , |fM |}.
Let ν be a divisor on C. The counting function of ν is defined by

Nν(r) :=

r∫
1

log

∑
|z|<t ν(z)

t
dt, r > 1.

For a non-zero meromorphic function ϕ, denote by νϕ the zero divisor of
ϕ, and set Nϕ(r) := Nνϕ(r). Let Q be a homogeneous polynomial in the
variables x0, . . . , xM with coefficients which are meromorphic functions. If
Q(f) := Q(f0, . . . , fM) 6≡ 0, we define Nf (r,Q) := NQ(f)(r). Denote by Q(z)
the homogeneous polynomial over C obtained by evaluating the coefficients
of Q at a specific point z ∈ C in which all coefficient functions of Q are
holomorphic (in particular Q(z) can be the zero polynomial).

We say that a meromorphic function ϕ on C is “small” with respect to f
if Tϕ(r) = o(Tf (r)) as r →∞ (outside a set of finite Lebesgue measure).

Denote by Kf the set of all “small” (with respect to f) meromorphic
functions on C. Then Kf is a field.

For a positive integer d, we set

Td :=
{

(i0, . . . , iM) ∈ NM+1
0 : i0 + · · ·+ iM = d

}
.

Let Q = {Q1, . . . , Qq} be a set of q ≥ n + 1 homogeneous polynomials in
Kf [x0, . . . , xM ], degQj = dj ≥ 1. We write

Qj =
∑
I∈Tdj

ajIx
I (j = 1, . . . , q)

where xI = xi00 · · ·x
iM
M for x = (x0, . . . , xM) and I = (i0, . . . , iM). Denote

by KQ the field over C of all meromorphic functions on C generated by{
ajI : I ∈ Tdj , j ∈ {1, . . . , q}

}
. It is clearly a subfield of Kf .

Let V ⊂ CPM be an arbitrary projective variety of dimension n, generated
by the homogeneous polynomials in its ideal I(V ). Assume that f is non-
constant and Imf ⊂ V. Denote by IKQ(V ) the ideal in KQ[x0, . . . , xM ] gen-
erated by I(V ). Equivalently IKQ(V ) is the (infinite-dimensional) KQ-sub-
vector space of KQ[x0, . . . , xM ] generated by I(V ). We note that Q(f) ≡ 0
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for every homogeneous polynomial Q ∈ IKQ(V ). We say that f is alge-
braically nondegenerate over KQ if there is no homogeneous polynomial
Q ∈ KQ[x0, . . . , xM ] \ IKQ(V ) such that Q(f) ≡ 0.

The set Q is said to be V− admissible (or in (weakly) general position
(with respect to V )) if there exists z ∈ C in which all coefficient functions
of all Qj, j = 1, ..., q are holomorphic and such that for any 1 6 j0 < · · · <
jn 6 q the system of equations{

Qji(z)(x0, . . . , xM) = 0
0 6 i 6 n

(1.1)

has no solution (x0, . . . , xM) satisfying (x0 : · · · : xM) ∈ V. As we will show
in section 2, in this case this is true for all z ∈ C excluding a discrete subset
of C.

As usual, by the notation “‖P” we mean that the assertion P holds for

all r ∈ [1,+∞) excluding a Borel subset E of (1,+∞) with

∫
E

dr < +∞.

Our main result is stated as follows:
Main Theorem. Let V ⊂ CPM be an irreducible (possibly singular) variety
of dimension n, and let f be a non-constant holomorphic map of C into V.
Let Q = {Q1, . . . , Qq} be a V− admissible set of homogeneous polynomials
in Kf [x0, . . . , xM ] with degQj = dj ≥ 1. Assume that f is algebraically
nondegenerate over KQ. Then for any ε > 0,

‖(q − n− 1− ε)Tf (r) 6
q∑
j=1

1

dj
Nf (r,Qj).

In the special case where the coefficients of the polynomials Qj’s are constant
and the variety V is smooth, the above theorem is the Second Main Theorem
of Ru in [16]. According to Vojta ([19], p. 183) generalizing this theorem of
Ru to singular varieties can be done already by his proof methods without
essential changes of the proof (see also Chen-Ru-Yan [3], [4]), so the essential
generalization in our main result is the one to moving targets.

We define the defect of f with respect to a homogenous polynomial Q ∈
Kf [x0, . . . , xM ] of degree d with Q(f) 6≡ 0 by

δf (Q) := lim
r→+∞

inf
(

1− Nf (r,Q)

d · Tf (r)

)
.

As a corollary of the Main Theorem we get the following defect relation.
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Corollary 1.1. Under the assumptions of the Main theorem, we have

q∑
j=1

δf (Qj) 6 n+ 1.
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The third named author was partially supported by the Institut des Hautes
Études Scientifiques (France), by the Vietnam National Foundation for Sci-
ence and Technology Development (NAFOSTED) and by a travel grant from
the Simons Foundation. He also would like to thank Professor Christophe
Soulé, Professor Ofer Gabber and Professor Laurent Buse for valuable discus-
sions. The first named author would like to thank Ha Huy Tai for a helpful
discussion/tutorial on commutative algebra and Hal Schenk for a helpful
comment.

2 Lemmas

Let K be an arbitrary field over C generated by a set of meromorphic func-
tions on C. Let V be a sub-variety in CPM of dimension n defined by the
homogeneous ideal I(V ) ⊂ C[x0, . . . , xM ]. Denote by IK(V ) the ideal in
K[x0, . . . , xM ] generated by I(V ).

For each positive integer k and for any (finite or infinite dimensional)
C-vector sub-space W in C[x0, . . . , xM ] or for any K-vector sub-space W
in K[x0, . . . , xM ], we denote by Wk the vector sub-space consisting of all
homogeneous polynomials in W of degree k (and of the zero polynomial; we
remark that Wk is necessarily of finite dimension).
The Hilbert polynomial HV of V is defined by

HV (N) := dimC
C[x0, . . . , xM ]N
I(V )N

, N ∈ N.

By the usual theory of Hilbert polynomials (see e.g. [11]), for N >> 0, we
have

HV (N) = deg V · N
n

n!
+O(Nn−1).
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Definition 2.1. Let W be a K-vector sub-space in K[x0, . . . , xM ]. For each
z ∈ C, we denote

W (z) := {P (z) : P ∈ W, all coefficients of P are holomorphic at z}.

It is clear that W (z) is a C-vector sub-space of C[x0, . . . , xM ].

Lemma 2.2. Let W be a K-vector sub-space in K[x0, . . . , xM ]N . Assume
that {hj}Kj=1 is a basis of W . Then {hj(a)}Kj=1 is a basis of W (a) (and in
particular dimKW = dimCW (a)) for all a ∈ C excluding a discrete subset.

Proof. Let (cij) be the matrix of coefficients of {hj}Kj=1. Since {hj}Kj=1 are
linearly independent over K, there exists a square submatrix A of (cij) of
order K and such that detA 6≡ 0. Let a be an arbitrary point in C such
that detA(a) 6= 0 and such that all coefficients of {hj}Kj=1 are holomorphic
at a. For each P ∈ W whose coefficients are all holomorphic at a, we write
P =

∑K
j=1 tjhj with tj ∈ K. In fact, there are coefficients bj (j = 1, . . . , K) of

P such that (t1, . . . , tK) is the unique solution in KK of the following system
of linear equations:

A ·


t1
·
·
·
tK

 =


b1

·
·
·
bK

 .

By our choice of a, so in particular we have detA(a) 6= 0, and since {bj}Kj=1

are holomorphic at a, we get that the {tj}Kj=1 are holomorphic at a. Therefore,

P (a) =
∑K

j=1 tj(a)hj(a), tj(a) ∈ C. On the other hand, still by our choice

of a, we have hj(a) ∈ W (a) for all j ∈ {1, . . . , K}. Hence, {hj(a)}Kj=1 is
a generating system of W (a). Since detA(a) 6= 0, the matrix (cij(a)) has
maximum rank. Therefore, {hj(a)}Kj=1 are also linearly independent over
C.

Throughout of this section, we consider a V− admissible set of (n + 1)
homogeneous polynomials Q0, . . . , Qn in K[x0, . . . , xM ] of common degree d.
We write

Qj =
∑
I∈Td

ajIx
I , (j = 0, . . . , n),
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where ajI ∈ K and Td is again the set of all I := (i0, . . . , iM) ∈ NM+1
0 with

i0 + · · ·+ iM = d.
Let t = (. . . , tjI , . . . ) be a family of variables. Set

Q̃j =
∑
I∈Td

tjIx
I ∈ C[t, x], (j = 0, . . . , n).

We have

Q̃j(. . . , ajI(z), . . . , x0, . . . , xM) = Qj(z)(x0, . . . , xM).

Assume that the ideal I(V ) is generated by homogeneous polynomials P1, . . . , Pm.
Since {Q0, . . . , Qn} is a V− admissible set, there exists z0 ∈ C such that the
homogeneous polynomials P1, . . . , Pm, Q0(z0), . . . , Qn(z0) in C[x0, . . . , xM ] have

no common non-trivial solutions. Denote by C[t](P1, . . . , Pm, Q̃0, . . . , Q̃n) the
ideal in the ring of polynomials in x0, . . . , xM with coefficients in C[t] gener-

ated by P1, . . . , Pm, Q̃0, . . . , Q̃n. A polynomial R̃ in C[t] is called an inertia

form of the polynomials P1, . . . , Pm, Q̃0, . . . , Q̃n if it has the following prop-
erty (see e.g. [20]):

xsi · R̃ ∈ C[t](P1, . . . , Pm, Q̃0, . . . , Q̃n)

for i = 0, . . . ,M and for some non-negative integer s.
It is well known that (m+n+1) homogeneous polynomials Pi(x0, . . . , xM),

Q̃j(. . . , tjI , . . . , x0, . . . , xM), i ∈ {1, . . . ,m}, j ∈ {0, . . . , n} have no common
non-trivial solutions in x0, . . . , xM for special values t0jI of tjI if and only if

there exists an inertia form R̃ (depending on t0jI) such that R̃(. . . , t0jI , . . . ) 6= 0

(see e.g. [20], page 254). Choose such a R̃ for the special values t0jI = ajI(z0),

and put R(z) := R̃(. . . , akI(z), . . . ) ∈ K. Then by construction, R(z0) 6= 0,
hence R ∈ K \ {0}, so in particular R only vanishes on a discrete subset of

C, and, by the above property of the inertia form R̃, outside this discrete
subset, Q0(z), . . . , Qn(z) have no common solutions in V . Furthermore, by
the definition of the inertia forms, there exists a non-negative integer s such
that

xsi ·R ∈ K(P1, . . . , Pm, Q0, . . . , Qn), for i = 0, . . . ,M, (2.1)

where K(P1, . . . , Pm, Q0, . . . , Qn) is the ideal in K[x0, . . . , xM ] generated by
P1, . . . , Pm, Q0, . . . , Qn.
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Let f be a nonconstant meromorphic map of C into CPM . Denote by Cf
the set of all non-negative functions h : C −→ [0,+∞] ⊂ R, which are of the
form

|u1|+ · · ·+ |uk|
|v1|+ · · ·+ |v`|

, (2.2)

where k, ` ∈ N, ui, vj ∈ Kf \ {0}.
By the First Main Theorem we have

1

2π

2π∫
0

log+|φ(reiθ)|dθ = o(Tf (r)), as r →∞

for φ ∈ Kf . Hence, for any h ∈ Cf , we have

1

2π

2π∫
0

log+h(reiθ)dθ = o(Tf (r)), as r →∞.

It is easy to see that sums, products and quotients of functions in Cf are
again in Cf .

By the result on the inertia forms mentioned above, similarly to Lemma
2.2 in [6], we have

Lemma 2.3. Let
{
Qj

}n
j=0

be a V− admissible set of homogeneous polyno-

mials of degree d in K[x0, . . . , xM ]. If K ⊂ Kf , then there exist functions
h1, h2 ∈ Cf \ {0} such that,

h2 · ‖f‖d 6 max
j∈{0,...,n}

|Qj(f0, . . . , fM)| 6 h1 · ‖f‖d.

In fact, the second inequality is elementary. In order to obtain the first
inequality, we use equation (2.1) in the same way as the corresponding equa-
tion in Lemma 2.1 in [6], and we observe that we have Pi(f0, ..., fM) ≡ 0 for
i = 1, ...,m since f(C) ⊂ V , so the maximum only needs to be taken over
the Qj(f0, ..., fM), j = 0, ..., n. The rest of the proof is identically to the one
of Lemma 2.2 in [6].

Let N be a positive integer divisible by d. Denote by τN the set of all
I := (i1, . . . , in) ∈ Nn0 with ‖I‖ := i1 + · · ·+ in 6 N

d
. We use the lexicographic

order in τN .
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Definition 2.4. For each I = (i1, · · · , in) ∈ τN , denote by LIN the set of
all γ ∈ K[x0, . . . , xM ]N−d·‖I‖ such that for each E > I there exists γE ∈
K[x0, . . . , xM ]N−d‖E‖ satisfying

Qi1
1 · · ·Qin

n γ −
∑

E=(e1,...,en)>I

Qe1
1 · · ·Qen

n γE ∈ IK(V )N .

Remark 2.5. It is easy to see that LIN is a K-vector sub-space of K[x0, . . . , xM ]N−d‖I‖,
and (I(V ), Q1, . . . , Qn)N−d·‖I‖ ⊂ LIN for all I ∈ τN , where (I(V ), Q1, . . . , Qn)
is the ideal in K[x0, . . . , xM ] generated by I(V ) ∪ {Q1, . . . , Qn}.

Set

mI
N := dimK

K[x0, . . . , xM ]N−d‖I‖
LIN

. (2.3)

Let γI1, . . . , γImI
N
∈ K[x0, . . . , xM ]N−d‖I‖ such that they form a basis of the

K-vector space
K[x0,...,xM ]N−d‖I‖

LIN
.

Lemma 2.6. {[Qi1
1 · · ·Qin

n ·γI1], . . . , [Qi1
1 · · ·Qin

n ·γImI
N

], I = (i1, . . . , in) ∈ τN}
is a basis of the K-vector space K[x0,...,xM ]N

IK(V )N
.

Proof. Firstly, we prove that:

{[Qi1
1 · · ·Qin

n · γI1], . . . , [Qi1
1 · · ·Qin

n · γImI
N

], I = (i1, . . . , in) ∈ τN} (2.4)

are linearly independent.
Indeed, let tI` ∈ K, (I = (i1, . . . , in) ∈ τN , ` ∈ {1, . . . ,mI

N}) such that∑
I∈τN

(
tI1[Qi1

1 · · ·Qin
n · γI1] + · · ·+ tImI

N
[Qi1

1 · · ·Qin
n · γImI

N
]
)

= 0.

Then ∑
I∈τN

Qi1
1 · · ·Qin

n

(
tI1γI1 + · · ·+ tImI

N
γImI

N

)
∈ IK(V )N . (2.5)

By the definition of LIN , and by (2.5), we get

tI∗1γI∗1 + · · ·+ tI∗mI∗
N
γI∗mI∗

N
∈ LI∗N ,
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where I∗ is the smallest elements of τN .

On the other hand, {γI∗1, . . . , γI∗mI∗
N
} form a basis of

K[x0,...,xM ]N−d‖I∗‖
LI∗N

.

Hence,

tI∗1 = · · · = tI∗mI∗
N

= 0. (2.6)

Then, by (2.5), we have∑
I∈τN\{I∗}

Qi1
1 · · ·Qin

n

(
tI1γI1 + · · ·+ tImI

N
γImI

N

)
∈ IK(V )N .

Then, similarly to (2.6), we have

tĨ1 = · · · = t
ĨmĨ

N
= 0,

where Ĩ is the smallest element of τN \ {I∗}.
Continuing the above process, we get that tI` = 0 for all I ∈ τN and ` ∈
{1, . . . ,mI

N}, and hence, we get (2.4).
Denote by L the K-vector sub-space in K[x0, . . . , xM ]N generated by

{Qi1
1 · · ·Qin

n · γI1, . . . , Q
i1
1 · · ·Qin

n · γImI
N
, I = (i1, . . . , in) ∈ τN}.

Now we prove that: For any I = (i1, . . . , in) ∈ τN , we have

Qi1
1 · · ·Qin

n · γI ∈ L+ IK(V )N (2.7)

for all γI ∈ K[x0, . . . , xM ]N−d‖I‖.
Set I ′ = (i′1, . . . , i

′
n) := max{I : I ∈ τN}. Since γI′1, . . . , γI′mI′

N
form a

basis of
K[x0,...,xM ]N−d‖I′‖

LI′N
, for any γI′ ∈ K[x0, . . . , xM ]N−d‖I′‖, we have

γI′ =

mI′
N∑

`=1

tI′` · γI′` + hI′`, where hI′` ∈ LI
′

N , and tI′` ∈ K. (2.8)

On the other hand, by the definition of LI′N , we have Q
i′1
1 · · ·Q

i′n
n · hI′` ∈

IK(V )N (note that I ′ = max{I : I ∈ τN}). Hence,

Q
i′1
1 · · ·Qi′n

n · γI′ =

mI′
N∑

`=1

tI′`Q
i′1
1 · · ·Qi′n

n · γI′` +Q
i′1
1 · · ·Qi′n

n · hI′` ∈ L+ IK(V )N .
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We get (2.7) for the case where I = I ′.
Assume that (2.7) holds for all I > I∗ = (i∗1, . . . , i

∗
n). We prove that (2.7)

holds also for I = I∗.
Indeed, similarly to (2.8), for any γI∗ ∈ K[x0, . . . , xM ]N−d‖I∗‖, we have

γI∗ =

mI∗
N∑

`=1

tI∗` · γI∗` + hI∗`, where hI∗` ∈ LI
∗

N , and tI∗` ∈ K.

Then,

Q
i∗1
1 · · ·Qi∗n

n · γI∗ =

mI∗
N∑

`=1

tI∗`Q
i∗1
1 · · ·Qi∗n

n · γI∗` +Q
i∗1
1 · · ·Qi∗n

n · hI∗`. (2.9)

Since hI∗` ∈ LI
∗
N , we have

Q
i∗1
1 · · ·Qi∗n

n · hI∗` −
∑

E=(e1,...,en)>I∗

Qe1
1 · · ·Qen

n · gE ∈ IK(V )N ,

for some gE ∈ K[x0, . . . , xM ]N−d·‖E‖.
Therefore, by the induction hypothesis,

Q
i∗1
1 · · ·Qi∗n

n · hI∗` ∈ L+ IK(V )N .

Then, by (2.9), we have

Q
i∗1
1 · · ·Qi∗n

n · γI∗ ∈ L+ IK(V )N .

This means that (2.7) holds for I = I∗. Hence, by (descending) induction we
get (2.7).

For any Q ∈ K[x0, . . . , xM ]N , we write Q = Q0
1 · · ·Q0

n ·Q. Then by (2.7),
we have

Q ∈ L+ IK(V )N .

Hence,

{[Qi1
1 · · ·Qin

n · γI1], . . . , [Qi1
1 · · ·Qin

n · γImI
N

], I = (i1, . . . , in) ∈ τN}

is a generating system of K[x0,...,xM ]N
IK(V )N

. Combining with (2.4), we get the con-
clusion of Lemma 2.6.

11



Lemma 2.7. For each positive integer N divisible by d, denote by N the set
of all integers k ∈ {0, d, 2d, . . . , N} such that there exists I ∈ τN , satisfying
N − d‖I‖ = k, and mI

N 6= deg V · dn. Then, #N = O(1) as N →∞.

Proof. Denote by (I(V ), Q1, . . . , Qn) the ideal in K[x0, . . . , xM ] generated by
I(V ) ∪ {Q1, . . . , Qn}. For each z in C such that all coefficients of Qj (j =
1, . . . , n} are holomorphic at z, we denote by (I(V ), Q(z), . . . , Q(z)) the ideal
in C[x0, . . . , xM ] generated by I(V ) ∪ {Q1(z), . . . , Qn(z)}.

We have

(I(V ), Q1(z), . . . , Qn(z)) ⊂ (I(V ), Q1, . . . , Qn)(z). (2.10)

Indeed, for any P ∈ (I(V ), Q1(z), . . . , Qn(z)), we write P = G + Q1(z) ·
P1 + · · · + Qn(z) · Pn, where G ∈ I(V ), and Pi ∈ C[x0, . . . , xM ]. Take P̃ :=

G + Q1 · P1 + · · · + Qn · Pn ∈ (I(V ), Q1, . . . , Qn), then all coefficients of P̃

are holomorphic at z. It is clear that P̃ (z) = P. Hence, we get (2.10).
Let I be an arbitrary element in τN . Let {hk :=

∑n
j=1Qj · Rjk +

∑mk

j=1 γjk ·
gjk}Kk=1 be a basic system of (I(V ), Q1, . . . , Qn)N−d·‖I‖, where gjk ∈ I(V ), and
Rjk, γjk,∈ K[x0, . . . , xM ] satisfying deg(Qj ·Rjk) = deg(γjk ·gjk) = N−d·‖I‖.
By Lemma 2.2, and since {Q0, . . . , Qn} is a V− admissible set, there exists
a ∈ C such that:

i) {hk(a)}Kk=1 is a basic system of (I(V ), Q1, . . . , Qn)N−d·‖I‖(a),
ii) all coefficients of Qj, Rjk, γjk, gjk are holomorphic at a, and
iii) the homogeneous polynomials Q0(a), . . . , Qn(a) ∈ C[x0, . . . , xM ] have

no common zero points in V.
On the other hand, it is clear that hk(a) ∈ (I(V ), Q1(a), . . . , Qn(a)), for all
k = 1, . . . , K. Hence, by (2.10), and by i), we have

(I(V ), Q1(a), . . . , Qn(a))N−d·‖I‖ = (I(V ), Q1, . . . , Qn)N−d·‖I‖(a).

Hence, by Remark 2.5, and by Lemma 2.2, for each I ∈ τN , we have (we
recall that a ∈ C was chosen to satisfy Lemma 2.2)

dimK LIN ≥ dimK(I(V ), Q1, . . . , Qn)N−d·‖I‖

= dimC(I(V ), Q1, . . . , Qn)N−d·‖I‖(a)

= dimC(I(V ), Q1(a), . . . , Qn(a))N−d·‖I‖.

This implies that

mI
N = dimK

K[x0, . . . , xM ]N−d‖I‖
LIN

6 dimC
C[x0, . . . , xM ]N−d‖I‖

(I(V ), Q1(a), . . . , Qn(a))N−d‖I‖
.

(2.11)
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By (2.11), and by the usual result of intersection theory (see [11], Theorem
7.7, page 53), there exists a positive integer n0 such that

mI
N 6 dimC

C[x0, . . . , xM ]N−d‖I‖
(I(V ), Q1(a), . . . , Qn(a))N−d·‖I‖

= deg V · dn (2.12)

for all N, I ∈ τN satisfying N − d · ‖I‖ ≥ n0.
Moreover, by Remark 2.5, and by the argument above, for N, I ∈ τN satis-
fying N − d · ‖I‖ ≥ n0, we have that

mI
N 6= deg V · dn (2.13)

if and only if (I(V ), Q1, . . . , Qn)N−d·‖I‖ is a proper subspace of LIN .
Claim 1: For any positive integer N, we have dimK IK(V )N = dimC I(V )N .

Indeed, let {P1, . . . , Ps} be a basis of the C− vector space I(V )N . It is
clear that IK(V )N is a vector space over K generated by I(V )N , therefore
{P1, . . . , Ps} is also a generating system of IK(V )N . Then, for the claim, it
suffices to prove that if t1, . . . , ts ∈ K satisfy

t1 · P1 + · · ·+ ts · Ps ≡ 0, (2.14)

then t1 = · · · = ts ≡ 0. We rewrite (2.14) in the following form

A ·


t1
·
·
·
ts

 =


0
·
·
·
0

 ,

where A ∈Mat(
(
M+N
N

)
× s,K).

If the above system of linear equations has non-trivial solutions, then rankKA <
s. Then rankCA(z) < s for all z ∈ C excluding a discrete set. Take a ∈ C
such that rankCA(a) < s. Then the following system of linear equations

A(a) ·


t1
·
·
·
ts

 =


0
·
·
·
0

 ,

13



has some non-trivial solution (t1, . . . , ts) = (α1, . . . , αs) ∈ Cs \ {0}. Then
α1 · P1 + · · ·+ αs · Ps ≡ 0, this is a contradiction. Hence, we get Claim 1.

By Lemma 2.6 and by Claim 1, we have∑
I∈τN

mI
N = dimK

K[x0, . . . , xM ]N
IK(V )N

= dimC
C[x0, . . . , xM ]N
I(V )N

= deg V · N
n

n!
+O(Nn−1), (2.15)

for all N large enough.
On the other hand

#τN =

(
N
d

+ n

n

)
=

1

dn
· N

n

n!
+O(Nn−1), and

#{I ∈ τN : N − d · ‖I‖ 6 n0} = O(Nn−1).

Therefore, by (2.12) and (2.15), for N >> 0, divisible by d, we have:

#{I ∈ τN : dimK
K[x0, . . . , xM ]N−d‖I‖

LIN
= deg V · dn} =

1

dn
· N

n

n!
+O(Nn−1)

(2.16)

and

#{I ∈ τN : dimK
K[x0, . . . , xM ]N−d‖I‖

LIN
6= deg V · dn} = O(Nn−1) . (2.17)

Denote by η(N) the number of integers k ∈ {0, d, 2d, . . . , N} such that
there exists I ∈ τN , N − d · ‖I‖ = k satisfying

mI
N 6= deg V · dn. (2.18)

For any I = (i1, . . . , in) ∈ τN , with N − d · ‖I‖ = k ≥ n0, by (2.13),
we have that (2.18) is equivalent to the existence of a polynomial γ0 ∈
KN−d‖I‖[x0, . . . , xM ] such that{

Qi1
1 · · ·Qin

n γ0 =
∑

Es=(e1s,...,ens)>I

Qe1s
1 · · ·Qins

n γs, for some γs ∈ KN−d‖Es‖

γ0 6∈ (I(V ), Q1, . . . , Qn)N−d‖I‖.

(2.19)
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For any I and γ0 satisfying the condition above, we will construct a sequence

of
(N

d
+n−1
n−1

)
elements T ∈ τ2N such that 2N − d · ‖T‖ = N − d · ‖I‖ ≥ n0 and

γ0 ∈ LT2N \ (I(V ), Q1, . . . , Qn)2N−d‖T‖. (2.20)

In order to do this, for each J = (`1, . . . , `n) with ‖J‖ = N
d

(there are
(N

d
+n−1
n−1

)
elements J ), we take T := I +J. Then 2N − d · ‖T‖ = N − d · ‖I‖, and from
(2.19) we get

Qi1+`1
1 · · ·Qin+`n

n γ0 =
∑

Es=(e1s,...,ens)>I

Qe1s+`n
1 · · ·Qins+`n

n γs.

On the other hand since (e1s, . . . , ens) > I, we have (e1s + `1, · · · , ens + `n) >
(i1 + `1, · · · , in + `n). Hence, γ0 ∈ LT2N . However,

γ0 6∈ (I(V ), Q1, . . . , Qn)N−d‖I‖ = (I(V ), Q1, . . . , Qn)2N−d‖T‖.

Therefore, we get (2.20).
From the argument above we get that for each I ∈ τN satisfying N−d ·‖I‖ =
k ≥ n0, and

(I(V ), Q1, . . . , Qn)N−d‖I‖  LIN ,

there is a set AI of
(N

d
+n−1
n−1

)
elements T ∈ τ2N such that 2N − d‖T‖ =

N − d‖I‖ = k ≥ n0, and (I(V ), Q1, . . . , Qn)2N−d‖T‖  LT2N . It is clear that
AI ∩ AI′ = ∅, if ‖I‖ 6= ‖I ′‖. So by this fact, if, for each positive integer t,
we still denote β(t) the number of I ∈ τt satisfying mI

t 6= deg V · dn, we get

β(2N) ≥
(
N
d

+ n− 1

n− 1

)
·
(
η(N)−O(1)

)
= O(Nn−1) ·

(
η(N)−O(1)

)
.

On the other hand, by (2.17), we have

β(2N) 6 O(Nn−1).

Hence, η(N) = O(1). This completes the proof of Lemma 2.7.

Lemma 2.8. For each s ∈ {1, . . . , n}, and for N >> 0, divisible by d, we
have: ∑

I=(i1,...,in)∈τN

mI
N · is ≥

deg V

d · (n+ 1)!
Nn+1 −O(Nn).

15



Proof. By Lemma 2.7, for each k ∈ N ∗ := {0, d, 2d, . . . , N}\N , and for each
I := (i1, . . . , in) ∈ τN with N − d · ‖I‖ = k, then mI′

N = deg V · dn, for all
symmetry I ′ = (iσ(1), . . . , iσ(n)) of (i1, . . . , in). Hence,∑
I=(i1,...,in):N−d‖I‖∈N ∗

mI
N · i1 = · · · =

∑
I=(i1,...,in):N−d‖I‖∈N ∗

mI
N · in

= deg V · dn ·
∑

I=(i1,...,in):N−d‖I‖∈N ∗

‖I‖
n

= deg V · dn ·
( ∑
I=(i1,...,in)∈τN

‖I‖
n
−

∑
I=(i1,...,in):N−d‖I‖∈N

‖I‖
n

)

≥ deg V · dn
( N

d∑
k=0

k

n
·
(
k + n− 1

n− 1

)
−O(1)

(
N
d

+ n− 1

n− 1

)
· N
nd

)

= deg V · dn
N
d∑

k=1

(
k + n− 1

n

)
−O(Nn)

= deg V · dn
(
N
d

+ n

n+ 1

)
−O(Nn)

≥ deg V

d · (n+ 1)!
Nn+1 −O(Nn).

Hence, for each i ∈ {1, . . . , n}∑
I=(i1,...,in)∈τN

mI
N · is ≥

∑
I=(i1,...,in):N−d‖I‖∈N ∗

mI
N · is

≥ deg V

d · (n+ 1)!
Nn+1 −O(Nn).

We recall that by (2.15), for N >> 0, we have

dimK
K[x0, . . . , xM ]N
IK(V )N

= HV (N) = deg V · N
n

n!
+O(Nn−1).

Therefore, from Lemmas 2.6, 2.8 we get immediately the following result.
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Lemma 2.9. For all N >> 0 divisible by d, there are homogeneous poly-
nomials φ1, . . . , φHV (N) in K[x0, . . . , xM ]N such that they form a basis of the

K− vector space
K[x0,...,xM ]N
IK(V )N

, and

HV (N)∏
j=1

φj −
(
Q1 · · ·Qn

)deg V ·Nn+1

d·(n+1)!
−u(N) · P ∈ IK(V )N ·HV (N) ,

where u(N) is a function in N satisfying u(N) 6 O(Nn), P is a homogeneous
polynomial of degree

N ·HV (N)− n · deg V ·Nn+1

(n+ 1)!
+ u(N) =

deg V ·Nn+1

(n+ 1)!
+O(Nn).

Lemma 2.10 (see [14]). Let f be a non-constant holomorphic map of C into
CPM . Let Hj = aj0x0 + · · ·+ ajMxM , j ∈ {1, . . . , q} be q linear homogeneous
polynomials in Kf [x0, . . . , xM ]. Denote by K{Hj}qj=1

the field over C of all

meromorphic functions on C generated by {aji, i = 0, . . . ,M ; j = 1, . . . , q}.
Assume that f is linearly non-degenerate over K{Hj}qj=1

. Then for each ε > 0,

we have

∥∥∥ 1

2π

∫ 2π

0

max
K

log
∏
k∈K

(‖f‖ · max
i=0,...,M

|aki|

|Hk(f)|
(reiθ)

)
dθ 6 (n+ 1 + ε)Tf (r),

(2.21)

where maxK is taken over all subsets K ⊂ {1, . . . , q} such that the polyno-
mials Hj, j ∈ K are linearly independent over K{Hj}qj=1

.

Remark 2.11. Since the coefficients of H ′js are small functions (with respect
to f), by the First Main Theorem, and by (2.21), for each ε > 0, we have∥∥∥ 1

2π

∫ 2π

0

max
K

log
∏
k∈K

( ‖f‖
|Hk(f)|

(reiθ)
)
dθ 6 (n+ 1 + ε)Tf (r).

3 Proof of the Main Theorem

Replacing Qj by Q
d
dj , where d is the l.c.m of the Qj’s, we may assume that

the polynomials Q1, . . . , Qq have the same degree d. Let N >> 0 be an
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integer divisible by d. For each J := {j1, . . . , jn} ⊂ {1, . . . , q}, by Lemma
2.9 (for K := KQ), there are homogeneous polynomials φJ1 , . . . , φ

J
HV (N) (de-

pending on J) in KQ[x0, . . . , xM ] and there are functions (common for all J)
u(N), v(N) 6 O(Nn) such that they form a basis of the KQ− vector space
KQ[x0,...,xM ]
IKQ (V )N

, and

HV (N)∏
`=1

φJ` −
(
Qj1 · · ·Qjn

)deg V ·Nn+1

d·(n+1)!
−u(N) · PJ ∈ IKQ(V )N ·HV (N) ,

where PJ is a homogeneous polynomial of degree deg V ·Nn+1

(n+1)!
+ v(N).

On the other hand, for any Q ∈ IKQ(V )N ·HV (N), we have Q(f) ≡ 0.
Therefore

HV (N)∏
`=1

φJ` (f) =
(
Qj1(f) · · ·Qjn(f)

)deg V ·Nn+1

d·(n+1)!
−u(N) · PJ(f).

On the other hand, since the coefficients of PJ are small functions (with
respect to f), it is easy to see that there exist hJ ∈ Cf such that

|PJ(f)| 6 ‖f‖degPJ · hJ = ‖f‖
deg V ·Nn+1

(n+1)!
+v(N) · hJ .

Hence,

log
(HV (N)∏

`=1

|φJ` (f)|
)
6
(deg V ·Nn+1

d · (n+ 1)!
− u(N)

)
· log

∣∣Qj1(f) · · ·Qjn(f)
∣∣+ log+ hJ

+
(deg V ·Nn+1

(n+ 1)!
+ v(N)

)
· log ‖f‖.

This implies that there are functions ω1(N), ω2(N) 6 O( 1
N

) such that

log
(
|Qj1(f)| · · · |Qjn(f)|

)
≥
( d · (n+ 1)!

deg V ·Nn+1
− ω1(N)

Nn+1

)
· log

(HV (N)∏
`=1

|φJ` (f)|
)

− 1

Nn+1
log+ h̃J − (d+ ω2(N)

)
· log ‖f‖, (3.1)

for some h̃J ∈ Cf .
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We fix homogeneous polynomials Φ1, . . . ,ΦHV (N) ∈ KQ[x0, . . . , xM ]N such

that they form a basis of the KQ− vector space KQ[x0,...,xM ]N
IKQ (V )N

. Then for each

subset J := {j1, . . . , jn} ∈ {1, . . . , q}, there exist homogeneous linear poly-
nomials LJ1 , . . . L

J
HV (N) ∈ KQ[y1, . . . , yHV (N)] such that they are linearly inde-

pendent over KQ and

φJ` − LJ` (Φ1, . . . ,ΦHV (N)) ∈ IKQ(V )N , for all ` ∈ {1, . . . , HV (N)}. (3.2)

It is easy to see that there exists a meromorphic function ϕ such that

Nϕ(r) = o(Tf (r)), N 1
ϕ

(r) = o(Tf (r)) and Φ1(f)
ϕ
, . . . ,

ΦHV (N)(f)

ϕ
are holomorphic

and have no common zeros (note that all coefficients of Φ` are in KQ ⊂ Kf ).
Let F : C → CPHV (N)−1 be the holomorphic map with the reduced rep-

resentation F :=
(Φ1(f)

ϕ
: · · · :

ΦHV (N)(f)

ϕ

)
. Since f is algebraically nonde-

generate over KQ, and since the polynomials Φ1, . . . ,ΦHV (N) form a basis of
KQ[x0,...,xM ]N
IKQ (V )N

, we get that F is linearly non-degenerate over KQ. As a corollary,

F is linearly non-degenerate over the field over C generated by all coefficients
of L`’s.

It is easy to see that

TF (r) 6 N · Tf (r) + o(Tf (r)). (3.3)

In order to simplify the writing of the following series of inequalities, put

A(N) :=
(

d·(n+1)!
deg V ·Nn+1 − ω1(N)

Nn+1

)
. By (3.2), for all ` ∈ {1, . . . , HV (N)} we have

log |φJ` (f)| = log |LJ` (F )|+ log |ϕ|.

Hence, by (3.1), and by taking h̃ ∈ Cf such that log+ h̃J 6 log+ h̃ for all J ,
we get

log
(
|Qj1(f)| · · · |Qjn(f)|

)
≥ A(N) ·

(
HV (N) · log |ϕ|+ log

(HV (N)∏
`=1

|LJ` (F )|
))

− 1

Nn+1
log+ h̃J −

(
d+ ω2(N)

)
log ‖f‖

≥ A(N) · log
(HV (N)∏

`=1

|LJ` (F )|
)

+ A(N) ·HV (N) · log |ϕ|

− log+ h̃−
(
d+ ω2(N)

)
log ‖f‖ . (3.4)
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Then, by Lemma 2.3, and by increasing h̃ ∈ Cf if necessary, we get

log

q∏
j=1

|Qj(f)| = max
{β1,...,βq−n}⊂{1,...,q}

log|Qβ1(f) · · ·Qβq−n(f)|

+ min
J={j1,...,jn}⊂{1,...,q}

log|Qj1(f) · · ·Qjn(f)|

≥ (q − n)d · log‖f‖+ min
J⊂{1,...,q},#J=n

A(N) · log
(HV (N)∏

`=1

|LJ` (F )|
)

−
(
d+ ω2(N)

)
log ‖f‖+ A(N) ·HV (N) · log |ϕ| − log+h̃

= (q − n− 1)d · log‖f‖+ min
J⊂{1,...,q},#J=n

A(N) · log
(HV (N)∏

`=1

|LJ` (F )|
)

− ω2(N) · log‖f‖+ A(N) ·HV (N) · log |ϕ| − log+h̃
(3.5)

Now for given ε > 0 we fix N = N(ε) big enough such that

ω2(N) 6
ε

3
and A(N) < 1 . (3.6)

By using Remark 2.11 to the holomorphic map F : C → CPHV (N)−1, the
error constant ε

2N
> 0 and the system of linear polynomials LJ1 , . . . L

J
HV (N) ∈

KQ[y1, . . . , yHV (N)], where J runs over all subsets J := {j1, . . . , jn} ∈ {1, . . . , q},
we get:

∥∥∥ 1

2π

∫ 2π

0

max
J⊂{1,...,q},#J=n

log
(HV (N)∏

`=1

‖F‖
|LJ` (F )|

(reiθ)
)
dθ

6
1

2π

∫ 2π

0

max
K

log
∏
k∈K

( ‖F‖
|LJ` (F )|

(reiθ)
)
dθ 6 (HV (N) +

ε

2N
)TF (r) , (3.7)

where maxK is taken over all subsets of the system of linear polynomials
LJ1 , . . . L

J
HV (N) ∈ KQ[y1, . . . , yHV (N)], where J runs over all subsets J :=

{j1, . . . , jn} ∈ {1, . . . , q}, such that these linear polynomials are linearly in-
dependent over KQ.

So, by integrating (3.5) and combining with (3.6) and (3.7) we have (using
that Nϕ(r) = o(Tf (r)), N 1

ϕ
(r) = o(Tf (r)), that A(N) ·HV (N) 6 O( 1

N
) and
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that h̃ ∈ Cf )∥∥∥ q∑
j=1

Nf (r,Qj) ≥d(q − n− 1)Tf (r)−
ε

3
Tf (r) + A(N) ·HV (N) ·

(
Nϕ(r)−N 1

ϕ
(r)
)
− ε

12
Tf (r)

+ A(N) · 1

2π

∫ 2π

0

min
J⊂{1,...,q},#J=n

log
(HV (N)∏

`=1

|LJ` (F )|(reiθ)
)
dθ

≥d(q − n− 1)Tf (r)−
ε

3
Tf (r)−

ε

12
Tf (r)−

ε

12
Tf (r)

+ A(N) · 1

2π

∫ 2π

0

min
J⊂{1,...,q},#J=n

log
(HV (N)∏

`=1

|LJ` (F )|(reiθ)
)
dθ

=d(q − n− 1)Tf (r)−
ε

2
Tf (r)

− A(N) · 1

2π

∫ 2π

0

max
J⊂{1,...,q},#J=n

log
(HV (N)∏

`=1

‖F‖
|LJ` (F )|

(reiθ)
)
dθ

+ A(N) ·HV (N) · TF (r)

≥d(q − n− 1)Tf (r)− A(N)
(
HV (N) +

ε

2N

)
TF (r)

+ A(N) ·HV (N) · TF (r)− ε

2
Tf (r)

≥d(q − n− 1)Tf (r)−
ε

2N
TF (r)− ε

2
Tf (r)

≥d(q − n− 1− ε)Tf (r).

This completes the proof of the Main Theorem. �
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