On compact bicrossed products

PIERRE FiMA!, KUNAL MUKHERJEE AND ISSAN PATRI

Abstract

We study compact bicrossed product arising from a matched pair of a discrete group I' and a compact
group G. We exhibit an automatic regularity property of the matched pair and describe the representation
theory and the fusion rules of such bicrossed product. We characterize the relative Kazhdan property (T")
and the relative Haagerup property of the pair given by G and the bicrossed product in terms of the action
of I' on G. We also provide an explicit example of a non-trivial discrete quantum group with the Kazhdan
property (7'). Finally, we study all the properties mentioned above for the crossed product quantum group
given by an action by quantum automorphisms of a discrete group on a compact quantum group, and also
estbalish the permanence of rapid decay and weak amenability and some several explicit examples.

1 Introduction

In the eighties, Woronowicz [Wo87, Wo88, Wo95| introduced the notion of compact quantum groups and
generalized the classical Peter-Weyl representation theory. However, the theory of quantum groups goes back
to Kac [Ka63, Ka65] in the early sixties, and his notion of ring groups in modern terms are known as finite
dimensional Kac algebras. In the fundamental work [Ka68] on extensions of finite groups, Kac introduced
the notion of matched pair of finite groups and developed the bicrossed product construction giving the
first examples of semisimple Hopf algebras that are neither commutative nor cocommutative. It was later
generalized by Baaj and Skandalis [BS93] in the context of Kac algebras and then by Vaes and Vainerman
[VV03] in the framework of locally compact 2 (l.c. in the sequel) quantum groups; the latter was introduced
by Kustermans and Vaes in [KV00]. In the classical case, i.e., in the ambience of groups, Baaj and Skandalis
concentrated only on the case of reqular matched pairs of l.c. groups. In [VV03], the authors extended the
study to semi-regular matched pair of l.c. groups. The case of a general matched pair of locally compact
groups was settled by Baaj, Skandalis and Vaes in [BSV03].

As a standing assumption, all throughout the paper, all Hilbert spaces and all C*-algebras are separable, all
von Neumann algebras have separable preduals and all discrete groups are countable.

The theory of quantum groups is fathomless. In order to have a deeper insight, it is necessary to generate
and study many explicit examples. The bicrossed product construction is a way to get abundant non-trivial
examples of quantum groups which are very far from groups [Fi07]. A compact bicrossed product is one,
in which the resulting quantum group is compact. Without being bogged technically, the bicrossed product
construction in the classical case associates a l.c. quantum group to a matched pair of l.c. groups (G1, G2).
The associated l.c. quantum group (in the bicrossed product construction) has a Haar state, i.e., is a compact
quantum group, if and only if Gy is discrete and G5 is compact [VVO03]. In this paper, such a pair will be called
as a compact matched pair. Moving to the quantum case, one can introduce the notion of matched pair of l.c.
quantum groups, and perform an analogous bicrossed product construction to manufacture a l.c. quantum
group that generalizes the classical bicrossed product construction. This construction is technical and we
refer the interested reader to [VV03] for details. It is to be noted that, in the same vein, the crossed product
of a compact quantum group G by a discrete group I' acting on G by quantum automorphisms (see Section
2.2 for precise definition), as considered by Wang [Wa95b], is subsumed in the quantum bicrossed product
construction and hence is a simple case of compact bicrossed product. Needless to say, that the aforesaid class
of bicrossed products in the quantum setup, does not exhaust the entire class of compact bicrossed products.
We point out though, that the ‘compactness’ of the matched pair in the classical case (for groups) alleviates
technical obstacles which we highlight in this paper.

This paper investigates compact bicrossed products in both classical and quantum setting and their ap-
proximation and permanence properties, namely, (co)-amenability, K-amenability, (relative) (co)-Haagerup
property, (relative) (co)-property (T) and rapid decay, which enables one to manufacture examples. This
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paper has two major parts: one dealing with the classical case and one dealing with the quantum case. In
the quantum case, we only concentrate on compact crossed products.

We provide a totally self contained and direct approach dedicated towards the construction of a compact
bicrossed product arising from matched pair of groups (', G), where I' is discrete and G is compact. An
advantage with this construction is that it avoids technical intricacies that are indispensable when dealing
with l.c. (quantum) groups. In the process, we observe that the compactness of G constrains the matched pair
to automatically satisfy a regularity property, notably, G, T" are subgroups of a l.c. group H such that I'G = H
and the canonical action of either group on its complementary pair is continuous. Moreover, the action of '
on G happens via measure preserving homeomorphisms. This regularity is not automatic in the l.c. setting
and one has to compensate with ‘almost everywhere statements’. The aforesaid regularity galvanizes one to
directly perform the bicrossed construction; the bicrossed product is of course known to be a Kac algebra.
The continuous action of the group G on the countable set I' yield magic unitaries, which along with the
irreducible unitary representations of G' and the action of I' on G by measure preserving homeomorphisms
assist us in gazetting the entire representation theory and fusion rules of the bicrossed product in an elegant
fashion (Theorems 3.4 and 3.8). Some easy consequences on co-amenability (which is known from [DQV02]),
K-amenability, Haagerup property is also presented.

We characterize the relative co-property (T') for the pair (G,G), where G is the bicrossed product of the
compact matched pair (I', G) in terms of the action of T" on G. More precisely, the relative co-property (T')
for the pair (G,G) amounts to the existence of an asymptotically T-invariant sequence of Borel probability
measures on GG each of which assign zero weight to the identity e of the group but yet converge to the Dirac
measure 0. in the weak* topology (Theorem 4.2). In the event of existence of such a sequence measures on
G, by a standard result in measure theory (due to Parthasarathy and Steernman [PS85]), the measures in the
sequence versus their push forwards with respect to the group action implemented by I' have large common
support. Thus, along the way, we show that such a sequence of measures can be replaced by a one for which
the I'-action on G is nonsingular. This result generalizes the classical characterization of the relative property
(T) for the pair (H,I' x H) (originally defined in [Ma82]), where I is a discrete group acting on the discrete
abelian group H [CT11].

We show that if the dual of the bicrossed product has the property (T), then I' necessarily has Kazhdan
property (T') and the converse holds when G is finite. This allows us to give concrete examples of non-
commutative and non-cocommutative infinite dimensional compact quantum group whose dual has property
(T'). We mention that, as far as we are aware, this is the first explicit non-trivial example of such compact
quantum groups, since the twisting example of [Fil0] is based on [Fil0, Theorem 3] and the proof of this
theorem breaks down.

Proceeding further, we characterize the relative co-Haagerup property for the pair (G,G), where G is the
bicrossed product of the compact matched pair (I',G) in terms of the action of I' on G. Like before, we
prove that this property is equivalent to the existence of an approximately I'-invaraint sequence of probability
measures on G which converge in weak® topology to d. and whose Fourier transform (regarded as an element
of the multiplier algebra of C}(G)) fall in C}(G) (Theorem 5.3), and, like before, we show that measures
can be chosen such that the action of I' on G is nonsingular. Again, our results generalize the classical
characterization of the relative Haagerup property for the pair (H,I' x H), where I" is a discrete group acting
on the discrete abelian group H [CT11].

In the quantum setting, a very simple and easy case of a matched pair of a classical discrete group with
a compact quantum group is the pair arising in a crossed product in which the discrete group acts on the
quantum group by quantum automorphisms [Wa95b]. We provide a self contained and very short approach
to this construction and study all the properties mentioned above for the associated crossed product quantum
group. Let (', G) be a matched pair of a compact quantum group G with a discrete group I" appearing as a
crossed product pair by quantum automorphisms. Let G denote the crossed product. Our characterization of
the relative co-property (T') for the pair (G, G) is analogous to the classical case: the approximating measures
and J. in the characterization of the classical case are replaced in the quantum setting respectively by states
on Cp, (@) and the counit of G. This proof is technically more involved than the classical case (Theorem
6.11). We also prove that property (T') of G forces T to be a property (T') group and if both G and T’
has property (T), then so does G. Analogous statements (in the quantum setting) hold for the relative co-
Haagerup property of the pair (G, G) as well, but in this case the approximating states in C,,(G) are required
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to be such that their Fourier transform is in ¢o(G) (Theorem 6.15). Using dialated Chebychev polynomials
of second kind, we provide examples of matched pairs of compact quantum groups and discrete groups with
relative co-Haagerup property. Moreover, we generalize a result of Jolissaint regarding Haagerup property to
the setup of non tracial von Neumann algebras [Jo07], which by itself is a result of independent interest. For a
compact, state preserving action of a discrete group with Haagerup property on a von Neumann algebra with
the same property, the crossed product has Haagerup property (Theorem 6.17). In the same vein, we show
that if G and T’ both have Haagerup property and the action of I' on G is compact, then G has Haagerup
property.

In the quantum, setting we study weak amenablity of G. In [KR99], it was proved that when G is Kac,
then Agy(G) = Aep(C(G)) = Aep(L®(G)). Likewise, in our setup we estimate (in Theorem 6.5) the Cowling-
Haagerup constants as: max(Acqp(T'), Ap(C(G)) < Awp(C(G)). Moreover, if the action is compact, then
Aey(C(G)) < Aey(T)As(G). We also present some explicit non-trivial examples of G such that A (G) = 1.
Rapidly decreasing functions on group C*-algebras were first studied by Jolissaint in [Jo90]. Generalizing this
notion, rapid decay (RD in the sequel) for quantum groups was studied in [Ve07]. Following [Ve07], we show
the permanence of RD in the setup of crossed products. To be precise, we show that in the event G is a Kac
algebra, I' acts on G' via quantum automorphisms, there is a central length function on G' which is invaraint
with respect to the action so that the pair (G,[) has RD, and I has RD, then G has RD (Theorem 6.9).

The lay out of the paper is as follows. In Section 2, we jot down all the notations, recall preliminary facts
and basics of compact quantum groups that is used all throughout this paper. Section 3 concentrates on
the bicrossed product construction from compact matched pairs of groups and studies the representation
theory of classical compact bicrossed products. In Section 4 and Section 5, we respectively study (relative)
Kazhdan property and (relative) Haagerup property for classical matched pairs. Section 6 is divided into
many subsections, and in this section, we study the properties of crossed products of a compact quantum
groups by discrete groups.
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2 Preliminaries

Notations. Throughout the paper, B(H) denotes the von Neumann algebra of all bounded operators on the
Hilbert space H. The inner products of Hilbert spaces are assumed to be linear in the first variable. The
same symbol ® will denote the tensor product of Hilbert spaces, the minimal tensor product of C*-algebras
and as well as the tensor product of von Neumann algebras.

2.1 Compact group action on countable set

We first record some facts regarding actions of compact groups on countable sets. This will be necessary in
studying the bicrossed product construction for compact matched pairs of groups.

Let X be an infinite countable set and let S(X) be the group of bijections of X. It is a Polish group for the
topology of pointwise convergence and the topology is generated by the sets S, , = {a € S(X) : a(z) =y}
for z,y € X. Since S7 , = U.ex\{y}Ss,2, this sets are clopen in S(X). Moreover, for any compact subset
K C S(X) and for any z € X, the orbit K - C X is finite. Indeed, from the open cover K C Uyecx Sy, we
find y1,...,yn € X such that K C U}_,S; ,,, which implies that K - = C {y1, - ,yn}-

Let 8 : G — S(X) be a continuous right action of G on X. To simplify the notations, we write z - g = B4(z)
for g e G and z € X.
Observe that, since [ is continuous and G is compact, every S-orbit in X is finite. Fix r,s € X and denote
by A, s the set

Ars={g€G :r-g=s}=B"(S5).
Note that, since 3 is continuous, A, s is open and closed in G for all r, s € X. Hence, 14, , € C(G). Moreover,
1a,. # 0 if and only if r and s are in the same orbit and we have the following relations:



1. 1a,,14,, =0tsla,, forallr,st e X.

2. 1a,,14,, =0r4la,, forallrste X.

3. Y serla,. = sercla,, =1forallreX.

4> erla,. =2 cagla,, =1foralreX.

5. If r-G=s-G, then Ag(la,,) = Zth.G 1a,, ®1a,,.

Where Ag is the usual comultiplication on C'(G). In other words, for every orbit -G, the matrix (14, ,)rsce-c €
Mz.¢)(C) ® C(G) is a magic unitary and a unitary representation of G.

2.2 Compact and discrete quantum groups

In this section, we recall well known and basic facts about compact quantum groups that will be indispensable.
For the general theory of compact quantum groups, we refer to [Wo87, Wo95].

For a compact quantum group G with comultiplication A (or Ag), we denote by h (or hg) the Haar state on G
and by C(G) (resp. L>°(G)) the C*-algebra (resp. von Neumann algebra) generated by the GNS construction
of h. We denote by Irr(G) the equivalence classes of irreducible representations of G. For z € Irr(G), we
choose a representative u® € B(H,) ® C(G) and we denote by Pol(G) the linear span of the coefficients of
{v* : x € Irr(G)}, which is a unital dense *-subalgebra of C(G). We also denote by C,,(G) the enveloping
C*-algebra of Pol(G), by A (or Ag) the canonical surjection from C),(G) to C(G) and by ¢ (or £¢) the counit
on Cp, (G).

We will denote by Aut(G) the set of quantum automorphisms of G. More precisely,

Aut(G) = {a € Awt(C,(G)) : Aoca=(a®a)oA}.

Hence, Aut(G) as a closed subgroup of the Polish® group Aut(C,,(G)), is itself a Polish group.

Observe that each @ € Aut(G) induces a bijection o € S(Irr(G)). Indeed, for z € Irr(G), afx) is the
equivalence class of the irreducible unitary representation (id ® «)(u”). By construction, the map Aut(G) —
S(Irr(G)) is a group homomorphism.

We will need the following result which is certainly well known to specialists. We include the proof since we
could not find any reference in the literature.

Proposition 2.1. The map Aut(G) — S(Irr(G)) is continuous.

Proof. We shall need the following well known lemma which is of independent interest. We include a proof
for the convenience of the reader.

Lemma 2.2. Let u,v € B(H) ® C,,(GQ) be two unitary representations of G on the same finite dimensional
Hilbert space H. If ||u — v|| < 1, then u and v are equivalent.

Proof. Define z = (id ® h)(v*u) € B(H). Since u and v are unitary representations and by the property of
the Haar state we get(x ® 1)u = v(z ® 1). We have v*(z*z ® 1)u = z*z ® 1. Hence, u*|z| ® lu = |z| ® 1.
Now observe that |1 —z| = [[(id®h)(1 — v*u)|| < ||1 —v*u|| = |Jv —u|| < 1. Hence, z is invertible and, in the
polar decomposition x = w|x|, the element w is unitary. Consequently, v*(w|z|® 1)u = v*(w @ Du(|lz|®1) =
(w® 1)(Jx] ® 1). By uniqueness of the polar decomposition of  ® 1, we deduce that v*(w ® 1)u = w® 1.
Hence, u and v are equivalent. O

3for the topology of poinwise norm convergence



We can now prove the proposition. Let (ay,), be a sequence in Aut(G) which converges to o € Aut(G). Let
F C Irr(G) be a finite subset and let N € N be such that, for all n > N we have

[[(d ® a)(u®) — (id ® ) (u®)|| < % for all x € F.

It follows from Lemma 2.2 that (id ® ;) (u®) and (id ® «)(u”) are equivalent for all n > N and all z € F.
This means that a,(z) = a(z) for all © € F whenever n > N. This establishes the continuity. O

Remark 2.3. We can also define Aut,(G) = {a € Aut(C(G)) : Aoa = (o ® o) o A} which is again a
Polish group as a closed subgroup of the Polish group Aut(C(G)). Since any « € Aut(G) preserves the Haar
measure, it defines a unique element in Aut,(G). Hence we have a map Aut(G) — Aut,(G) which is actually
bijective. The inverse bijection is constructed in the following way. Since any a € Aut,(G) restrict to an
automorphism of Pol(G) it extends uniquely, by the universal property, to an automorphism in Aut(G). It is
easy to check that the map Aut(G) — Aut,(G) is continuous.

Also, since any A-intertwining automorphism of C(G) has a unique normal extension to L>°(G), this gives a
map Aut,(G) = Aute(G), where Autoo(G) = {a € Aut(L>®(G)) : Aoca = (a® ) o A}. As before, this
map is a bijection and is continuous (the topology on Aut(L°°(G)) is the pointwise || - ||2,, convergence).

For a discrete group I' and a compact quantum group G, a group homomorphism « : I' = Aut(G) is called
an action by quantum automorphisms and is denoted by o : T' ~ G, see [Pal3, Section 6]. We call such an
action compact if the closure of the image of I' in Aut(G) is compact. By remark 2.3, it implies that the
actions of I' on the C*-algebra C(G) (and C,,(G)) and the von Neumann algebra L>°(G) are compact. By
Proposition 2.1, it implies that the action of I on Irr(G) has all orbits finite. It is shown in [MP15] that the
converse is actually true: I' ~ G is compact if and only if the induced action of T' on Irr(G) has all orbits
finite.

The associated operator algebras of the discrete dual G of G are denoted by

£>° co
=G = P BH,) and o(G)= P BH,).

zelrr(G) zelrr(G)

~

We denote by V = €D, cr(q) u* € M(co(G) ® Crn(G)) to be the maximal multiplicative unitary. Let p, be

the minimal central projection of £>°(G) corresponding to the block B(H,). We say that a € ¢°°(G) has finite
support if ap, = 0 for all but finitely many 2 € Irr(G). The set of finitely supported elements of £>°(G) is

~ ~

dense in ¢.(G) and the latter is equal to the algebraic direct sum ¢.(G) = @ilegm(a) B(H,).

When G is Kac, the Haar weight on G is the ns.f. weight on (> (G) defined by ha(a) =3, eter() dm(z) Trz (aps),
whenever this formula makes sense, where Tr, is the unique trace on B(H,) such that Tr, (1) = dim(x).

3 Representation theory of bicrossed product

This section has two parts. In the first part, we discuss on matched pair of groups of which one is compact.
We describe regularity of such matched pairs in terms of continuity of actions. In the second part, we
study bicrossed products of compact matched pair of groups, and study the representation theory of classical
bicrossed products.

3.1 Matched pairs

Definition 3.1 ([BSV03]). We say that a pair of l.c. groups (G1,G2) is matched if both Gy, G2 are closed
subgroups of a l.c. group H satisfying G; N G2 = {e} and such that the complement of G1G2 in H has Haar
measure Zero.



From a matched pair (G1,G2), one can construct a l.c. quantum group called the bicrossed product and it
follows from [VVO03] that the bicrossed product is compact if and only if G is discrete and G is compact. In
the next proposition, we show some regularity properties of matched pairs (G1, G2) with G compact.

Proposition 3.2. Let (G1,G2) be a matched pair and suppose that Go is compact. Then G1G2 = H, and,
for all v € G and all g € Ga, there exist unique ay(g) € G2 and By(y) € Gi such that vg = a,(g9)Bqe(7).
Moreover,

1. For g,h € Gy and r,s € Gy, we have
ar(gh) = ar(g)aﬂg(r)(h)v ﬂg(TS) = ﬂozs(g) (T)ﬂg(s) and ar(e) =€, ﬂg(e) = €.

2. «a is a continuous left action of G1 on the topological space Go. Moreover, the Haar measure on G2 is
a-invariant whenever G1 is discrete.

3. B is a continuous right action of Go on the topological space Gy.

Proof. First observe that, since Gy is compact, H is Hausdorff and G5 is closed, the set G1G5 is closed.
Hence, the complement of G1G> is open and has Haar measure zero. It follows that G1Gy = H = H™! =
G5 'GT!' = GyG). Since Gy NGy = {e}, the existence and uniqueness of a.,(g) and B,(v) for all v € G; and
g € Gy is obvious. Then, the relations in (1) and the facts that « (resp. J) is a left (resp. right) action as in
the statement easily follow from the aforementioned uniqueness.

Let us now check the continuity of these actions. Since the subgroup G is closed in the l.c. group H, so H/G;
is a l.e. Hausdorff space with the quotient topology and the projection map = : H — H/G; is continuous.
Hence, ), : G2 — H/G; is continuous and bijective since G; N Gy = {e} and G1G2 = H. Since Gs is
compact, Tg, is an homeomorphism. Let p : H/G1 — G2 be the inverse of 7|, and observe that the map
a : G1 x Gg — Go prescribed by (v, g) — a4(g) is given by a = pom o), where ¢ : G; x Go — H is the
continuous map given by (v, g) = vg. Consequently, the action « is continuous. Now, since for all v € G;
and g € G, we have B,4(7) = a,(g) 1vg, we deduce the continuity of 8 : G1 x Gy — G; prescribed by
(v,9) > Bg(7) from the continuity of o and the continuity of product and inverse operations in H.

Now suppose that G is moreover discrete. Then G is a co-compact lattice in H and it follows from the
general theory that H is unimodular and there exists a unique H-invariant Borel probability measure v on
H/G1. Consider the homeomorphism 7, : G2 — H/G1 and the Borel probability measure p = (7., )«(v)
on Gs. Since, for all v € Gy, the map 7, intertwines the homeomorphism a, of G with the left translation
by v on H/G; and since v is invariant under the left translation by =, it follows that p is invariant under
a. Also, Mg, intertwines, for all h € G2, the left translation by h on Ga with the left translation by h on
H/G:. Hence, p is invariant under the left translation by h € G for all h € Go. It follows that u is the Haar
measure. o

Example 3.3. Let a be an action of a discrete group I' on the compact group G by group homeomorphisms.
Consider the l.c. group H =T x G. Then, (T',G) form a matched pair in the obvious way. For this matched
pair the action 3 is trivial.

3.2 Representation theory

We first construct the bicrossed product and then study its representation theory. Along the way we prove
some straight forward consequences e.g., co-amenability, K-amenability and Haagerup property of the bi-
crossed product.

Let (I',G) be a matched pair of a discrete countable group I' and a compact group G. Associated to the
continuous action 8 of the compact group G on the infinite countable set I', we have for every v-G € T'/G, a
magic unitary v7'% = (vrs)rsey.¢ € Mjy.q(C) ® C(G), where vps = 14, , and A, = {g € G : By(r) = s}.

We define the C*-algebra A,, =T 4, 5 X C(G) to be the full crossed product and the C*-algebra A =Ty, x C(G)
to be the reduced crossed product. We still denote by « the canonical injective maps from C(G) to A,, and



from C(G) to A. We also denote by u., v € T, the canonical unitaries viewed in either A,, or A. Observe
that A,, is the enveloping C*-algebra of the unital *-algebra

A = Span{u,a(uj;) : v € T, o € Ir(G), 1 <4, j < dim(z)}.

Let A : A, — A be the canonical surjection. Since the action « on (G, i) is probability measure preserving,
so there exists a unique faithful trace 7 on A such that

T(uya(F)) =0y | Fdu, v €T.

Theorem 3.4. There exists a unique unital x-homomorphism Ay, @ Ap — Ay @ Ay such that

Apoca=(a®a)oAg and Ap(uy) = Z Uya(vy,r) @ up, ¥y €T

rey-G

Moreover, G = (A, Ap) is a compact quantum group and we have:

1. The Haar state of G is h =7 o A, hence G is Kac.

2. The set of unitary representations of G of the form V"¢ @ v® for some -G € T/G and = € Trr(G),
where V& =3 ser.G Ers @ Ura(vrs) € Mpy.q)(C) ® A and v* = (id ® a)(u®) is a complete set of
irreducible unitary representations of G.

3. We have Cp,(G) = A, C(G) = A, Pol(G) = A, X is the canonical surjection and L>°(G) is the von

Neumann algebraic crossed product.

Proof. The uniqueness of A,, is obvious. To show the existence, it suffices to check that A,, satisfies the
universal property of A,,

Let us check that v — A, (u,) is a unitary representation of I'.
Let v € I'. We first check that A,,(u,) is unitary. Observe that, for all g € G, we have

1= By(v™') = Ba, ) (¥ )By (7).

Hence, ( Ba(1)) ™" = Ba(¢)(v™"). From this relation it is easy to check that ™' -G = {r~' : r € v- G} and
Qy(Vy p-1) = vy-1, for all r € T'. It follows that

Ay (uy)* = Z (V) Uy—1 QUp—1 = Z U100ty (V1)) OU—1 = Z Uy —10(Vy-1 ) DUy = Ay (Un-1).

rev-G rey-G rey— LG

Let 71,72 € I'. We have

A (Uy, ) A (uq,) = Z Uy, OV ) Uy (V) @ Ups = Z Uyyyy @ (0472*1 (”'h,r)v'yz,S) Q@ Ups
revy1-G,s€v2-G TS
Observe that 0472—1(071,7«)072,5 =1p,, ,,.,., Where

Byiars ={9€G : Bar, (g )(71) =1 and By(12) = s} C Ayipsrs = {9 € G & By(n172) =rs},

since B, (¢)(71)B8¢(72) = By(1172). In particular, B,, 4, s = 0 whenever rs ¢ 7172 - G; hence

A (Uy, ) A (uq,) = Z Uy & (1BW1,72,m71t) ®up = Z Unymp @ (Fy) @ ug,
tEv1vya-G,rev1-G tEv1ya-G
where Fy = " 1me21m71t = 1uTme2mrlt = 1la,,,,.,, where A, ., = {9 € G : yy2-g =t} Conse-
quently, 1o, = 0y, 9,6 and Apy (U, ) A (Uyy) = A (U, )-



Since A, (ue) =1 it follows that v — A, (u,) is a unitary representation of T'.
Let us now check that the relations of the crossed product are satisfied. For v € I" and F € Pol(G) we have:

A (uy) A ((F) A (u) = Y (uy ®ur)(@ ® @) (03,0 @ DAG(F)) (uy-10(vy-1,6) @ us)

T8

= Z(uv @ up) (@ ® @) ((vy,ray-1(vy-14) @ D)AG(F)) (ty-1 ® ug)

7,8

= Z(a ® ) ((av(vv r)Uy-15 @ 1)(ay @ ar)(AG(F))) (1 ®urs)

7,8

= D (@®a) ((ay(03,)05-1 01, @ 1) (0 © a,)(Ag(F))) (1 © uy)

r,t

- Z(a ® a)(Hy)(1 @ uy),

t
where Hy = Y (ay (vy,7)vy-1 -1, ® 1) (g ® ) (Ag(F)). Observe that o (vy,r)vy-1,-1, = 15 ,, where
B’y,r,t = {g eG: ﬂa771(g)(7> =r and 59(771) = rilt}'

Since /Bawil(g)(’y)ﬁg(/yil) = By(y7v™) = By(e) = e, we deduce that B, ,: = () whenever ¢t # e, and
Urery.gBy,re = G. Hence, H; = 0 for t # e, and for g € B, , . and h € G,

He(g,h) = F(ay-1(g)ar-1(h)) = Flay-1(g)ag,y-1)(h)) = Flay-1(gh)).

It follows that H. = Ag(ay (F')). Since Ay, (uy)Ap ((F)) A (u}) = (o ® a)(H,). This completes the proof
of the existence of A,,

It is clear that v is unitary and since (a ® a)Ag = Ay, o o, we have Ay, (vf;) = 35 vfi, ® vf;. Observe that
V7 =D, (id®a)(v"%) € M},.¢(C) ® A, where D, is the diagonal matrix W1th entries u,, r € v-G. Hence,
V7% is unitary. Moreover,
An(VE9) = Ap(ua(vs) = > (walv) @u)(a@a)(Ac(vr)) = D ura(vpvr:) @ wa(vss)
ter-G=~-G t,z€y-G
= Y walve) @uwalu) = Y Ve VI
tey-G tey-G

It follows from [Wa95a, Definition 2.1°] that G is a compact quantum group and V7% v® are unitary repre-
sentations of G for all v € I'/G and z € Irr(G).

(1) Since Y, V;X'Y = u,, the linear span of the coefficients of the representations V7'¢ @ v is equal to A.
Hence, it suffices to check the invariance of h on the coefficients of V"¢ @ v®. We have

BV G0E)) = h(ura(vrst)) = 8 /G VeVt = b0 /G oy = By oBe e,
since ves = d5,c1 and v” is irreducible. Hence, if x # 1, we have
(id @ W) Am (VY “uf) = DV “vih(V “of) ,O,Zh (Vi) Vi oy = (h @ 1d) A (VT O0)).
t,k
And, if x = 1, we have

(id ® B)Am (V9 =Y VY h(V]) = 0y.0l = (h @ id) A (VL 9).
t
It follows that A is the Haar state.

(2). Since we showed that, whenever v # e and = # 1, (id ® h)(V7'¢ ® v®) = 0, it follows that such
representations are irreducible. To simplify the notations, we write v- G ® x = V7' ® v* during this proof.



Since the linear span of the coefficients of v-G ®z is equal to A and hence dense, it follows that any irreducible
representation of G is equivalent to some - G ® x. For a unitary representation u (of G or G), we denote by
x(u) = Y, ui; its character. Observe that x(v-G®@x) = x (V79 a(x(z)) = > reqy.g Ura(ver)a(x(z)). Hence,
we have, for all 7,7 € T and all z,y € Irr(G),

XV Gayey-Ger) = x(v-Gey)'x(v-Gor)= Y ax@vs)us1a(v,x(x))
sevy'-G,rey-G

= Z usfua(arlS(X@)%s)“rr)((x))-

sevy’-G,revy-G

Hence,

Mx(Y - Goyey-Ger))=dyayra D /Gvssx@)x(z)du =0y.67-G /G X @ x)dp = by.cy.c0T, Y.
selG

It follows that v-z ~~'-yif and only if v- G =+'- G and = = y.

(3) We have already shown that Pol(G) = A. Tt follows that C,,,(G) = A,,. Since X is surjective and 7 is
faithful on A it follows that C(G) = A and L°°(G) is the bicommutant of A in B(¢*(T') ® L%(G)) i.e., it is the
von Neumann algebraic crossed product. Finally, since A is the identity on A = Pol(G), it follows that it is
the canonical surjection. O

Remark 3.5. Let G be the bicrossed product coming from a compact matched pair (I',G). From the
definition, it is easy to check that C),(G) is commutative if and only if the action « is trivial and T" is abelian.
Moreover, G is co-commutative if and only if the action S is trivial and G is abelian.

Hence, if G comes from the matched pair in Example 3.3, then C,,(G) is not commutative if and only if « is
non-trivial or I is non-abelian, and, since g is trivial, G is non-cocommutative if and only if G is non-abelian.
So we get many non-trivial compact quantum groups in this way.

Remark 3.6. The following observation is well known. Let o : I' ~ A be an action of the countable group I
on the unital C*-algebra A and let C be the full crossed product which is generated by the unitaries u., v € T,
and by the copy a(A) of the C*-algebra A. If A has a character € € A* such that e(a(a)) = e(a) for alla € A
and v € T', then the C*-subalgebra B C C generated by {u, : v € I'} is canonically isomorphic to C*(T').
Indeed, it suffices to check that B satisfies the universal property of C*(I"). Let v : ' — U(H) be a unitary
representation of I' on H. Consider the unital *-homomorphism 7 : A — B(H) given by p(a) = &(a)idy,
a € A. We have v,m(a)v,-1 = €(a)id = e(ay(a))id = 7(a(a)). Hence, we obtain a representation of C' that
we can restrict to B to get the universal property.

Let (I, G) be a matched pair. Since the map ¢ : C(G) — C by F — F(e) is an a-invariant character, it
follows from the preceding observation that the C*-subalgebra of A, generated by the u., v € T', is canonically
isomorphic to C*(T).

The first assertion of the following corollary is already known [DQV02] but we give here a different proof. We
refer to [DFSW13] for the Haagerup property of quantum groups and we refer to [Ve04] for the K-amenability
of quantum groups.

Corollary 3.7. The following holds:

1. G is co-amenable if and only if T is amenable.
2. If " is K-amenable, then G is K-amenable.
3. If@ has the Haagerup property, then I' has the Haagerup property.

4. If the action of T' on L>°(G) is compact and T has the Haagerup property, then G has the Haagerup
property.



Proof. (1). If T is amenable, then we trivially have that A is an isomorphism; hence, G is co-amenable. If G
is co-amenable, then the Haar state h = 70 A is faithful on A,,. Since h(u,) = 0, we conclude from Remark
3.6, that the canonical trace on C*(I") has to be faithful. Hence, I" is amenable.

(2). Tt is an immediate consequence of [Cu83, Theorem 2.1 (c)].
(3). Tt follows from [DFSW13, Theorem 6.7], since L(T") is a von Neumann subalgebra of L>°(G).
(4). This is a direct consequence of [Jo07, Corollary 3.4] and [DFSW13, Theorem 6.7]. O

Let us now describe the fusion rules. For r,s € I, we denote by B,.s C G the clopen set

Br,s = {g eG: ﬂas(g)(r> =7 and ﬂg(s> = S}'

We also simply write v - G' € Irr(G) for the equivalence class of V7' for v- G € I'/G, and we view Irr(G) C
Irr(G).

The following result provides the formulas to decompose any tensor product of irreducible representations as
a direct sum of irreducible representations.

Theorem 3.8. The following holds:

1. The set of unitary representation of G of the form v® @ VG for some -G € T/G and x € Trr(G) is
a complete set of irreducible unitary representations of G. In particular, for all v- G € T'/G and all
x € Irr(Q), there exists a unique a..q(x) € Irr(G) and a unique By (v - G) € T'/G such that

v GRx >~ ay.g(r) @ Bi(7-G).
Moreover, for all v-G € T'/G and all x € Irr(G), the maps
ayg : Ir(G) - Irr(G) and B, : T/G—-T/G
are bijections.
2. For allr,s,y €T, x € Irr(G) we have
dim(Mor(y-G®@z,r - G®s-G)) = Z Htevy-G: t:r’s’}|/ X(T)dp.
s’es-G,r'er-G vl s!

Proof. (1). The proof of (1) is exactly as the proof of assertion 2 in Theorem 3.4. The second assertion is
trivial, since the representations V"¢ @ v® are irreducible. Finally, the fact that the maps are bijective follows
from uniqueness.

(2). For all v,r,s € T, we have

Xy Gexer-Ges-G)

Z a(X(f)’Uv’w’)u('y’)*lr’a(vr’r’)us’a(vs’s’)
y'ev-G,r'er-G,s'e€s-G

= Z U(,Y/)—IT/S/OA(O[(T/S/)fl,Y/ (X(f)v'}//’y’)a(s’)*l(UT’W)US/S/)-
vy ev-G,r'er-G,s’€s-G

It follows that

dim(Mor(y-G,r-G®s-G)) = hix(v - Gor-Ges-Q))

57',7“/5’ / X(E)UT/S’,T’S/O&(s’)*l (UT/T/)US’S’ d,LL
G

y'evy-G,r'er-G,s’e€s-G

Z |{t S G:t= T/SIH/ X(f)vr’s’,ws’a(s’)71(UT’T’)Us’s’dM-
G

s'es-G,r'er-G

Observe that vr/s’,r’s/a(s’)*l (’UT/T/)’US/S/ = 1D7" o where Dr’,s/ = {g e G : ﬂg(T/S/) = T/S/} n Br/,s" Since
By(r's") = Ba_ (g)(1") By (8"), it follows that B, o C {g € G : By(r's"). Hence, D,s g = By o O
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4 Property (T) and bicrossed product

This section is dedicated to relative property (T') of the pair (G, G) and Kazhdan property of the bicrossed
product G constructed in Section 3. The results in this section generalize classical results on relative property
(T) for inclusion of groups of the form (H,I' x H), where H is discrete abelian [CT11]. In this setion, we
provide the first explicit example of a non-commutative and non-cocommutative infinite dimensional compact
quantum group with property (7).

4.1 Relative property (7') for compact bicrossed product

Definition 4.1. Let G and G be two compact quantum groups with an injective unital *-homomorphism
a : Cn(G) = Cnh(G) such that Agoa = (o ® a) o Ag. We say that the pair (G,G) has the relative
co-property (7T, if every for every representation 7 : C,,(G) — B(H) we have eg <7 = g C moa.

Observe that, by [Kyl1, Proposition 2.3], G has the property (T') in the sense of [Fil0] if and only if the pair
(G, G) has the relative co-property (T') (with @ = id). Also, if A,T" are countable discrete groups and A < T,
then the pair (/A\, f) has the relative co-property (T') if and only if the pair (A,T) has the relative property
(T) in the classical sense.

Let (T', G) be a matched pair of a countable discrete group I" and a compact group G. Let G be the bicrossed-
product. In the following result, we characterize the relative co-property (T') of the pair (G,G) in terms of
the action « of I on C'(G). This is a non-commutative version of [CT11, Theorem 1] and the proof is similar.
We will use freely the notations and results of Section 3.

Theorem 4.2. The following are equivalent:

1. The pair (G,G) does not have the relative co-property (T).

2. There exists a sequence (fn)nen of Borel probability measures on G such that

(a) un({e}) =0 for all n € N;
(b) pin — b weak*;

(¢) [loy(pin) = pinl| = 0 for all y € T'.

Proof. For a representation m : Cy,(G) — B(H), we have e¢ C 7o« if and only if K, # {0}, where

K,={§€H : noa(F)¢=F()foral FeC(G)}.

Let p=moa : C(G) — B(H), and for all {,n € H, let p¢ be the unique complex Borel measure on G
such that [, Fdue, = (p(F)&,n) for all F € C(G). Let B(G) be the collection of Borel subsets of G and
E : B(G) — B(H) be the projection-valued measure associated to p i.e., for all B € B(G), the projection
E(B) € B(H) is the unique operator such that (E(B)&,n) = pe n(B) for all {,n € H.

Observe that a vector ¢ € H satisfies p(F)& = F(e)¢ for all F' € C(G), if and only if pe, = (§,n)d. for all
n € H, which in turn is true if and only if (E({e}¢,n) = (£,n) for all n € H. Hence, E({e}) is the orthogonal
projection onto K.

(1) = (2). Suppose that the pair (G, G) does not have the relative co-property (T). Let 7 : Cp,(G) — B(H)
be a representation such that eg < 7 and K, = {0}. Hence, pe,({e}) = (E({e}){,n) =0 for all {,n € H.

Since ¢ < 7, let (§,)nen be a sequence of unit vectors in H such that ||7(z)&, — eg(z)&,|] — 0 for all
x € Cn(G). Define p,, = ¢, ¢,. Then, we have p,({e}) = 0 for all n € N. Since w,, is a probability measure,
SO |pn(F) = 0c(F)| = | [o(F = F(e))dpn| < ||F = F(e)||lp1 (o) < |1F—F(€)|l2(u,.), for all F € C(G). Moreover,

IF = F(e)lZ2(u,) = llo(F = F(e)1)éul® = [Im(a(F))én — ec(alF)&nll* — 0.
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Hence, pi, — 6. weak*. Finally, for all v € T and all F € C(G), we have:

/Fda’y(,“n):/O"y*l(F)dﬂn:<P(O"y*1(F))§nv§n>:<7T(u’7)*p(F>7T(u’Y)§n7§n>:<p(F>7T(u’Y>§nv7T(u’y)§n>-
G G

It follows that

‘/ Fdoz,y(,un)f/ Fdu,
G G

= p(E)m(uy)&n, m(ury)én) = (P(F)Sn; &n)l

{p(F) (7 (uy )en = &n)s 7 (g )En) | + [(p(F)En, 7 (ty)En — &n)l
2| F|| |7 (ury)&n — &nll, for all F € C(G) and v € T.

[VARVAN

Hence, [lay(pn) = pnll < 2{7(u)én = &nll = 2(7(uq)én — €6 (uy)énll — 0.
(2) = (1). We first prove the following claim.

Claim. If (2) holds, then there exists a sequence (vn)nen of Borel probability measures on G satifying (a),
(b) and (c) and such that oy (vy) ~ vy, for ally €T, n € N.

Proof of the claim. Denote by ¢*(T"); 1 the set of positive ¢! functions on ' with || f||; = 1. For p a Borel
probability measure on G and f € ¢}(I'); 4, define the Borel probability measure f x u on G by the convex

combination
Frm=Y" f(y)ory(p)
yel’

Observe that for all v € ', we have d, * = () and . (f * u) = fo * p, where f., € ¢1(I')1 4 is defined by
fy(r) = f(y~lr), r el

Moreover, if f € ¢}(T); 4 is such that f(vy) > 0 for all v € T, then since (f * u)(A) = > () play-1(4)),
so we have that (f % p)(A) = 0 if and only if p(ay(A)) = 0 for all ¥ € I'. This last condition does not
depend of f. Hence, if f € £*(T); 4 is such that f > 0, then since f,(r) > 0 for all 7,7 € T, it follows that
frp~a,(f*xp) = fyxupforall vy € I as they have the same null sets: the Borel subsets A of G such that
pu(as(A)) =0 for all s € T.

Finally, since cy(e) = e for all v € T, so

(f *p){e}) = Zf S(fe}) =D fufe}) = u({e}), forall f € ()14

Let (un)nen be a sequence of Borel probability on G satisfying (a), (b) and (c). For all f € ¢}(I'); 4 with
finite support we have,

1f # = pall <D FONG * o — MH—Zf Mlewy () = pinl = 0. (4.1)
”

Since such functions are dense in ¢! (I'); 1 (in the £!-norm), it follows that || f* s, — | — 0 for all f € £(I')q 4.

Let £ € /1(')1 4+ be any function such that ¢ > 0 and define v, = £ * p,,. By the preceding discussion, we
know that a(vn) ~ vy, for all v € I and v, ({e}) = pn({e}) = 0 for all n € N. Moreover, by Eq. (4.1),

lloy (Vn) = vnll = €y * pin — & * pnll < NEy * ptn — pnll + [[1tn — & * pn|| — 0, for all y € T'.

Finally, since u, — J. weak* and a,(e) = e, one has |u,(F o ay) — F(e)] — 0 for all ¥ € T" and for all
F € C(G). Hence, for all F' € C(G), the dominated convergence Theorem implies that

va(F) I*Zf (ha(Foa,) - <Zf Jia(F o a) — F(e)| 0.

It follows that v,, — 0. weak* and this finishes the proof of the claim. O
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We now finish the proof of the Theorem. Let (i )nen be a sequence of Borel probability measures on G as

prescribed in the Claim. For n € N and v € T, let h,(y) = M then 0 < h,(v) <1 u, a.e., and by
uniqueness of the Radon-Nikodym derivative and since « is an actlon we have for all n € N,

hn(%g)hn(vfl,awfl(g)) =1, pun(g) a.e., and for all y € T', g € G.

Define H,, = L?(G, u1,) and let 7, : I' — U(H,) be the unitary representation defined by

(un(7)€)(9) = E(ay-1(9))hn(v,9)2 v €T, g€ G, €€ Hy.

Consider also the representations p, : C(G) — B(H,), pn(F)&(9) = F(9)&(g), for £ € Hy, g € G and
F € C(G). Observe that the projection valued measure associated to py, is given by (E,(B)¢)(g9) = 15(9)¢(9)
for all B € B(G), £ € Hy, and g € G.

Using the identity A, (v, )hn (v, ay-1(-)) = 1, we find wn () pn (F)un(v™1) = pn(ay(F)) forall y € T, F €
C(G), g € G. By the universal property of A,,, there exist unique unital *-homomorphisms

Tn ¢ Am — B(H,) such that m,(v) =un,(y) and 7, 0a=p, for alln € N.

Since un({e}) = 0, we have E,,({e}) = 0 for all n € N. Hence, K, = {0} for all n € N. Consequently, on
defining H = @, H,, and 7 = ®,7, : Cpn(G) — B(H), it follows that K, = {0} as well. Hence, it suffices to
show that eg < 7.

Define the unit vectors &, = 1 € L*(G, ) C H, n € N. Observe that (1, — vy (pn)) = Jo F( (¥)dpin
for all F € C(G). Hence, ||pn — ay(in)l| = 1 = hn(¥) | 21 (Gpn) — O for all v € T Moreover as 0 S 1 —Vt <
V1 —tforall 0 <t <1, it follows that

l(y)en — Enllly = lun(n)1 — 13, = /

(1~ ha(7)})2dp _/<1—hnw»dun — 11— b)) 2t (Ggey =+ O
G G

for all v € I'. Since p, — 6. weak*, for all F' € C(G), we also have that,
(@ (P&, = )l = lou(F)1L = P, = [ 1F(6) = F(e)Pdu, 0.

Consequently, for all z = u,a(F) € Cp,(G), we have

[m(@)én —ec(@)énll = lm(uy)m(a(F))én — F(e)énll
< lm(uq) (m(a(F)en — Fe)én) | + [F(e)] 7 (uy)n — &nll
< m((F)én — Fe)énll + [F(e)] 7 (uy)€n = &nll = 0.

By linearity and the triangle inequality, we have ||7(x)&, — eg(x)&n| — 0 for all z € A. We conclude the
proof using the density of A in Cy,(G). O

4.2 Property (T)
Theorem 4.3. The following holds:

1. If G has property (T), then T has property (T).

2. If T has the property (T) and G is finite, then G has property (T).

Proof. (1). Let p : C(G) — C*(T") be the unital x-homomorphism defined by p(F') = F(e)1 and consider the
canonical unitary representation of I' given by I' 3 v — A, € C*(I"). For all y € I and F' € C(G), we have

pla(F)) = ay (F)(e)1 = Fla,1(e)1 = F(e)l = A, p(F)A-
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Hence, there exists a unique unital *-homomorphism 7 : C,,(G) — C*(T") such that
moa=p and 7(uy)=A, forallyel.
Observe that 7 is surjective and, for all F' € C(G),
(n 9 1) As(a(F)) = (p® p)(Ac(F)) = Aa(F)(e, )1 @ 1 = F(e)1 ® 1 = An(n(a(F)))

Moreover, since for all 7,7 € T' one has 14, (e) = d,,, we find, for all y € T,

(@ m)Ag(uy) = Z m(uya(v] ) @ m(u,) Z Mla, (e) @A = Ay ®@ Ay = Ap((uy)).
rel-G rel-G

Hence, 7 intertwines the comultiplications. Now the proof of (1) follows from [Fil0, Proposition 6].

(2). Let m : Crn(G) =T, x C(G) — B(H) be a unital *-homomorphism. Consider the closed subspace given
by H of C(G)-invariant vectors K = {£ € H : wo a(F)£ = F(e)¢ for all F € C(G)}. Then P = m(a(d,)) is
the orthogonal projection on K. Since

() Pm(uy)* = m(a(0a, () = T(a(de)) = P forall €T,

K is an invariant subspace of the unitary representation v + m(u,). Let v +— v, be the unitary representation
of I' on K obtained by restriction. Suppose that eg < 7 and let §, € H be a sequence of unit vectors such
that ||7(z)&, — eg(x)én|| — 0 for all x € C,,(G). Since G is finite (hence G has property (7)), so K # {0}.
Moreover, since | ||P&,|| — 1] < || P&y — &nll, we have ||PE,|| — 1 and hence we may and will assume that
P¢g, # 0 for all n. Let n, = HPg T € K. We have

|7 (uy)&n — &l
I\Pé [ [ P&nll
Hence, v — v, has almost invariant vectors. Since I' has property (T), let £ € K be a non-zero invariant

vector. Then, for all x € C,,,(G) of the form z = u,a(F), we have w(z)¢ = F(e)m(uy)é = F(e) = ¢(z)§. By
linearity, continuity and density of A in C,,(G) we have 7(z)¢ = e(x)¢ for all x € Cy, (G). O

— 0.

H'Uvnn - 77nH H ('Uvgn - gn)H >

Example 4.4. Let G be the bicrossed product coming from the matched pair associated to a group action
a : I' ~ G by group homeomorphisms as in Example 3.3. Assume that G is finite. By Theorem 4.3, G has
property (T) if and only if T has property (T'). Considering any group action SL,(Z) ~ G on a finite non-
abelian group G for n > 3, we obtain by Remark 3.5 examples of non-commutative and non-cocommutative
discrete compact quantum group G with property (7).

For an explicit example, consider, for p prime, the canonical quotient SL,(Z) — SL,,(Z/pZ) = G. Observe
that G is non abelian, hence the action by conjugation of SL,(Z) on G is non-trivial.

5 Relative Haagerup property and bicrossed product

In this section, we study the relative Haagerup property of the pair (G,G). The main result in this section
also generalizes the characterization of relative Haagerup property of the pair (H,T' x H), where H is discrete
abelian [CT11].

Let G be a compact quantum group. For w € C,,(G)*, define its Fourier transform @ = (id ® w)(V) €
M(co(G)), where V = @, cpp(q) u” € M(CO(G) ® Cp(G)) is the maximal multiplicative unitary. Observe
that w +— @ is linear and ||&||zr2(q)) < l|wlle,. @)~ for all w € Cp (G)*.

When G is a classical compact group with Haar measure i and v is a Borel complex measure on GG, then the
Fourier transform o € M(C;(G)) is the operator U = [, A\gdv(g) € M(C;(G)) C B(L*(G)).

Definition 5.1. Let G and G be two CQG with an injective unital *-homomorphism « : C,,(G) = Cp,(G)
such that Agoa = (a® a) o Ag. We say that the pair (G, G) has the relative co-Haagerup property, if there
such that w, — g weak™ and w,, o & € co(G) for all n € N.

*

exists a sequence of states w, € Cp, (G)
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Observe that, for any compact quantum group G, the dual G has the Haagerup property in the sense of
[DFSW13] if and only if the pair (G, G) has the co-Haagerup property. Moreover, it is clear that if A, T are
discrete groups with A < T'; then the pair (C*(A),C*(T")) has the relative co-Haagerup property if and only
if the pair (A, T") has the relative Haagerup property in the classical sense.

Let (T', G) be a matched pair of a discrete countable group I" and a compact group G. Let G be the bicrossed-
product. In the following theorem, we characterize the relative co-Haagerup property of the pair (G,G) in
terms of the action « of I" on C(G). This is a non commutative version of [CT11, Theorem 4] and the proof
is similar in spirit.

However, one of the argument of the classical case does not work in our context since c. is not a group
homomorphism and new ideas are required. Actually it is not true for a general automorphism 7 € Aut(C(G))

that v € C}(G) = 7r/(;) € C}(G). However, in the specific case of automorphisms coming from the action «
given by a matched pair the previous result is true.

We provide details of this idea in the next lemma. We will use freely the notations and results of Section 3.

Lemma 5.2. Let v be a complex Borel measure on G. If U € C*(G), then m € Ci(G) for all v €T.

Proof. Observe that for all v € T and all z € Irr(G) by choosing ¥ such that ulyj = (u;)* for all 4, j, we have

Jt g oandn = Mol afu;Ju,) = s a(ufu, o)

= D hlwalvpuf)usra(e, )
rey-G,sey—1.G
= 0, whenever y # a,-1.¢(z).

Indeed, since each term of the above sum is the Haar state of a coefficient of (y- G ®7) ® (y7!- G @ z)
the aforesaid coefficient being 0 whenever v-G ®7 # v~ ! - G ® z. Again, since -G ®7 ~ y® 7 -G and
T GRr~a,-1.g(z) @ Be(y! - G), we have

V- GRY#7 - GRr ey £ ag(@) ory-G# By G).

Since the set {ﬁ : x € Irr(G),1 <4, j < dim(z)} is an Hilbertian basis of L*(G), we can write u; o a,

as a finite sum by uf; o a, = 35, ;AN juy;, where y = a,-1.g(x) and A, € C. Now observe that for any
complex Borel measure on G, we have

v e Cr(G) if and only if the function z — / ug;dv € co(Irr(G)) for all 1 <4, j < dim(z).
G
Let v be a Borel complex measure on G and v € I'. We have
/ ug;don, (V) = / ug; o aydv = Z )‘Z,l/ uy,dv, where y = a,—1.¢().
G G ™ G
Suppose that 7 € C;(G). We will show that a,(v) € C(G). It suffices to check that

(m|—> /Gu?j”l'c(m)du) € ¢o(Irr(Q)).

/Guzwl'c(z)dy‘ > e} = (ay-1.¢)7" ({z € Irr(G) : /Gufjdl/ > e}) .

The right hand side is a finite set since a., 1. is injective and by the assumptions {z € Irr(G) : UG ug; dz/‘ > e}
is finite. O

Let € > 0. We have

{:c € Irr(G) :
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Theorem 5.3. The following are equivalent:

1. The pair (G,G) has the relative co-Haagerup (T).
2. There exists a sequence (fin)nen of Borel probability measures on G such that
(a) [in, € C5(G) for alln € N;
(b) pn — 6 weak™;
(¢) llowy(pn) = pinll = 0 for all v € T.
Proof. (1) = (2). Let w, € C,,(G) be a sequence of states such that w, — eg weak* and @, oa € C}(G).
View wy, o € C(G)* as a Borel probability measure u,, on G. By hypothesis, i, € C;(G) for all n € N and

tn, — 0 weak®. Writing (H,,, 7, &,) the GNS construction of w,, and doing the same computation as in the
proof of (1) = (2) of Theorem 4.2, we find

/Fda.y(un)—/qun
G G

Hence, [loy (pn) — pin |l < /2(1 — Re(wy(uq)) = /2(1 — Re(eg(uy)) = 0.
(2) = (1). We first prove the following claim.

< EHI7n(uy)én = &nll = ||F||\/2(1 — Re(wn(uy)).

Claim. If (2) holds, then there exists a sequence (Vn)nen of Borel probability measures on G satifying (a),
(b) and (c) and such that o (vy) ~ vy, for ally €T, n € N.

Proof of the claim. By the proof of the claim in Theorem 4.2, it suffices to check that whenever v is a complex
Borel measure on G and f € (}(G), we have 7 € C*(Q) = fxv € CG).

Suppose that 7 € C*(G) and f € ¢.(T'), then f+xv =" f(v)ay(p) is a finite sum and by Lemma 5.2 we find
that T+ 7 = X f(1)an (1) € C3(G).

Suppose that 7 € C#(G) and f € (1(T). Let f, € c.(') be such that ||f — f.|l1 — 0. Since for all g € £}(T)
and all v € C(G)* the estimate ||f * v|| < || f]l1 ||| hold, we find

[f*v—faxviese = (f = fa) xVlcze) S II(f = fa) * Ve < vlle@)-Ilf = falli = 0.
Consequently, as f, * v € C*(G) for all n, it follows that f * v € C*(G). O

We can now finish the proof of the Theorem. Let (u,)nen be a sequence of Borel probability measures on
G as in the Claim. As in the proof of Theorem 4.2, we construct a representation 7 : Cp,(G) — B(H)
with a sequence of unit vector &, € H such that |7 (2)&, — eg(z)&, | — 0 for all z € C,,(G) and [ Fdp,, =
we, omoa(F), for all F € C(G). It follows that the sequence of states w, = we, o7 € Cp,(G)* satisfies
Wy, — £¢ weak* and @, o a = [i,, € C*(G) for all n € N. O

6 Crossed product quantum group

This section deals with a matched pair of a discrete group and a compact quantum group that arises in a
crossed product, where the discrete group acts via quantum automorphisms. This section is longer and has
four subsections. In this section, we analyze the quantum group structure, representation theory of such
crossed products which was initially studied by Wang in [Wa95b], but unlike Wang we do not rely on free
products. We also prove some consequences of the crossed products on co-amenability and K-amenability.
The subsections deal with weak amenability, rapid decay, relative property (T') and relative Haagerup property
for the aforesaid crossed products. The setup of this section will remain valid all thoughout the subsections.

Let G be a compact quantum group, I' a discrete group acting and o : I' ~ G be an action by quantum
automorphisms. Then, as was shown by Wang in [Wa95a], a compact quantum group structure can be given
on the associated crossed product. In this section, we recall this construction and study some of its properties.
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One should note that this construction is a special case of compact bicrossed product of a matched pair of a
discrete group and a compact quantum group.

We will denote by the same « the action of I on Cy, (G) or C(G). Let Ay = T'gm X Cpy (G) be the full crossed
product and A = T',, X C(G) be the reduced crossed product. By abuse of notation, we still denote by «
the canonical injective map from C,,(G) to A,, and from C(G) to A. We also denote by u,, for v € T' the
canonical unitaries viewed in either A,, or A. This will be clear from the context and cause no confusion.

By the universal property of the full crossed product, we have a unique surjective unital *-homomorphism
A A, — A such that A(u,) = uy and Ma(a)) = a(Ag(a)) for all v € T and for all a € G, (G).

Finally, we denote by w € A* the dual state of hg i.e., w is the unique (faithful) state such that

w(uya(a)) = deyha(a) foralla e C(G),yeT.

Again by the universal property of the full crossed product, there exists a unique unital *-homomorphism
Ay Ay — Ay @ Ay, such that Ay (uy) = uy @ uy and Ay o = (@ ® @) o Ag.

The following theorem is due to Wang [Wa95b]. We include a short proof for the convenience of the reader.

Theorem 6.1. G = (A, A,,) is a compact quantum group and the following holds.

1. The Haar state of G is h = w o A, hence, G is Kac if and only if G is Kac.

2. Forally €' and all z € Irr(G), uf = (1Quy)(id®a)(u®) € B(Hy)® Ay, is an irreducible representation
of G and the set {u3 : v € I';z € Irr(G)} is a complete set of irreducible representations of G.

3. One has Cr,(G) = Ay, C(G) = A, Pol(G) = Span{u,a(a) : v € I',a € Pol(G)}, X is the canonical
surjection from Cp,(G) to C(G) and L>°(G) is the von Neumann algebraic crossed product.

Proof. (1). Write A = Span{u,a(a) : v € I',a € Pol(G)}. Since, by definition of A,,, A is dense in A, it
suffices to show the invariance of h on A and one has

(id @ h)(Am (uya(ui;)) = Z uya(uy ) h(uyo(ui;)) = 0y,e02
k

= huya(ui;)) = (h @id)(Am(uya(ui;)), v € Tz € Irr(G).
(2). By the definition of A,,, it is obvious that u (as above) are unitary representations of G. They are
moreover irreducible since we observed in (1) that (id ® h)(u) = 0 whenever v # e,  # 1. They are pairwise
non-equivalent since

h(x(u7) " x(uf)) = h(a(x(@)ur—1s0(x () = h(u-1s0(am-15(x(T))x(¥))) = Orsha(X@)X(Y)) = 6r,50z.y-

Finally, we get a complete set of irreducibles since the linear span of the coefficients of the uf is A, which is
dense in Cy, (G).

(3). We established in (2) that A = Pol(G). Since, by definition, A,, is the enveloping C*-algebra of A, we
have Cy,(G) = Ay,. Since A : A,, — A is surjective and w is faithful on A, we have C(G) = A. Moreover,
since A is identity on A = Pol(G), it follows that A is the canonical surjection. Finally, L°°(G) is, by definition,
the bicommutant of C(G) = A which is also the von Neumann algebraic crossed product. (]

Remark 6.2. From section 2.2, we have a group homomorphism I' — S(Irr(G)), v — ., where a,(z), for
r € Trr(G), is the class of the irreducible representation (id ® a,)(u®). Let v -z € Irr(G) be the class of u?.
Observe that, we have vy ® 2 ® v~ = ay(z) and v -2 = v ® z, by viewing I' C Irr(G) and Irr(G) C Irr(G).
Hence, the fusion rules of G are described as follows:
rrs-y=rs-a;1(r)Qy = @ rs-t, forallr,sel, z,y € Irr(Q).
telrr(Q)

tCa _ (2)Qy

Moreover we have 7~ =y~ ! - a,(Z) for all v € I" and z € Irr(G).
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The following corollary is then immediate.

Corollary 6.3. The following hold.

1. G is co-amenable if and only if G is co-amenable and I" is amenable.

2. If G is co-amenable and T is K-amenable, then G is K-amenable.

Proof. (1). Let G be co-amenable and T' be amenable. Then as C,,,(G) = C(G) and since the full and
the reduced crossed products are the same for actions of amenable groups, it follows from the previous
theorem that G is co-amenable. Now, if G,, is co-amenable, its Haar state is faithful on A,,. In particular
hoXoa = hg o Ag must be be faithful on C,,(G) which implies that G is co-amenable. Since h(uy) = 6.,
v € T, we conclude, from Remark 3.6 (since the counit e¢ is an « invariant character on C,,(G)), that the
canonical trace on C*(T") has to be faithful. Hence, I' is amenable.

(2). Follows from [Cu83, Theorem 2.1 (¢)] since Cy,(G) = C(G). O

6.1 Weak amenability

This subsection deals with weak amenability of G constructed in Section 6. We first prove an intermediate
technical result to construct finite rank u.c.p. maps from C(G) to itself using compactness of the action and
elements of (> (é) of finite support. Using this construction, we provide estimates on the Cowling-Haagerup
constant of G and show that C(G) is weakly amenable when both T and G are weakly amenable and when

the action is compact. This enables us to compute Cowling-Haagerup constants in some explicit examples.

For a € £°° (@) with finite support we define a linear map with finite dimensional rank m, : C(G) — C(G) by
(id®@mqa)(u®) = u®(ap, ®1). We say that a net a; € £°°(G) converges pointwise to 1, if ||a;ps — pzllg(a,) — 0
for all € Irr(G). For finitely supported a; this is equivalent to saying that the net of linear maps (my;)

converges pointwise in norm to identity.

Recall that G is said to be weakly amenable if there exists a net of finitely supported a; € £°° (é) converging

~

pointwise to 1 and such that C' = sup||mg, ||y < co. The infimum of those C' is denoted by A (G) (and is,

by definition, infinite if G is not weakly amenable). It was proved in [KR99] that, when G is Kac, we have

~

Ab(G) = A (C(Q)) = A (L=(@)).

Lemma 6.4. Suppose that the action o : T' ~ G is compact. Denote by H < Aut(G) the compact group
obtained by taking the closure of the image of T in Aut(G). If a € £>°(G) has finite support, then the linear
map ¥ : C(G) — C(G), by ¥(x) = [,;(h~ omg o h)(x)dh has finite dimensional rank and |9 || < ||mal|cs,

where dh denotes integration with respect to the normalized Haar measure on H.

Proof. First observe that W is well defined since, for all z € C(G), the map H 3 h — (h™om,oh)(z) € C(G)
is continuous. Moreover, the linearity of ¥ is obvious. Since a has finite support, the map m, is of the form
me(-) = wi()y1 + -+ + wn(-)yn, where w; € C(G)* and y; € Pol(G). Hence, to show the finite dimensional
rank assertion, it suffices to show that the map ¥(z) = [,;(h~' opoh)(z)dh has finite dimensional rank when
¢(-) = w(-)y, with w € C(G)* and y € Pol(G). In this case, we have ¥(x) = [, w(h(x))h~'(y)dh. Write y as
a finite sum y = Zivzl D kg Nikiug; - Let F'={z1,--- ,an} C Irr(G). Since H is compact, the action of H on
Irr(G) has finite orbits. Writing h -z for the action of h € H on z € Irr(G), theset H-F ={h-ax : h € H,x €
F} C Trr(Q) is finite and, for all h € H, h=Y(y) € F, where F is the finite dimensional subspace of C(G)
generated by the coefficients of the irreducible representations € H - F. Hence, the map h — w(h(x))h=1(y)
takes values in F, for all z € C(G). It follows that W(z) = [, w(h(x))h ™ (y)dh € F for all z € C(G). Hence,
U has finite dimensional rank.

Now we proceed to show that || ¥/ < ||[mg||ep. For n € N, denote by ¥,, the map

U, =id®@ ¥ : M,(C) ® C(G) = M (C) ® C(G).
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Observe that W, (X) = [, (id® (b~ o mg o h))(X)dh for all X € M, (C) @ C(G). Hence, for n € N, one has
T (X)] < /H IGd ® (A~ omq o h))(X)|ldh < || X]| /H I(h" 0 ma o h)||cpdh < | X ]| [lmallcb.

It follows that || U]|cs < ||mallch- O

Theorem 6.5. We have max(Aq(T), A (C(G)) < A (C(G)). Moreover, if the action T' ~ G is compact,
then Acp(C(G)) < Aep(T)Acr(G).

Proof. The first inequality is obvious by the existence of conditional expectations from C(G) to C}(T") and
from C(G) to C(G). Let us prove the second inequality. We may assume that I' and G are weakly amenable
(in contrary to which the inequality is trivial). Fix e > 0.

~ ~

Let a; € £°(G) be a net of finitely supported elements such that sup||mg,||cs < Acp(G) + € and my,, converges
i

pointwise in norm to identity. Consider the maps ¥; associated to a; as in Lemma 6.4. Observe that the net
U, converge pointwise in norm to identity. Indeed, for z € C(G),

1%i(x) — 2 = | /H (WY 01, 0 h)(x) — 2)dh]| = | /H (™ (ma, (h(x)) — h(z))dh]] < /H 120, (h(2)) — h(a) |dh.

Now the right hand side of the above expression is converging to 0 for all x € C(G) by the dominated
convergence theorem, since ||mg, (h(z)) — h(z)|| —; 0 for all z € C(G) and all h € H and

Ima, (h(z)) = h(x)|| < (lma, e + Dlz]| < (Act(G) + ¢+ 1)[|2]|  for all i and all = € C(Q).

By deﬁnitign, the maps ¥; are F—equivariant ie., ¥; 00, = ayoV,;. Hence, for all 7, there is a unique linear
extension ¥; : C(G) — C(G) such that ¥;(uya(x)) = uya(¥;(z)) for all z € C(G) and all v € T'. Moreover,
[illen < 1Willer < ma,ller < Aen(G) + .

Consider a sequence of finitely supported maps 9; : I' = C going pointwise to 1 and such that sup ||y, || <
(Aep(T") + €) and denote by % : C(G) — C(G) the unique linear extension such that %(uwa(z)) =
¥ (y)uya(z). Then, we have H{/;j”cb <y, lleb < Aep(T) + €.

Define the maps ¢; ; = Jj oW; : C(G) — C(G). Then for all 4, j we have loijller < (Aep(T) + ) (A (G) +€).
Since @; j(uya(z)) = ¥;(v)uya(¥;(x)), it is clear that ¢; ; has finite dimensional rank, and (¢, ;); ; is going
pointwise in norm to identity. Since € was arbitrary, the proof is complete. O

Example 6.6. We explain here the example described in [Wa95b]. Let G be a compact quantum group
and denote by x(G) the set of unital *-homomorphisms from C,,(G) to C. It is a group with the product
defined by gh = (g ® h) o A, for g,h € x(G). The unit of x(G) is the counit e¢ € C,,(G)* and the inverse
of g € x(G) is given by g o S, where S is the antipode on C,,(G). Viewing x(G) as a closed subset of
the unit ball of C,,(G)*, one can consider the weak* topology on x(G) which make x(G) a compact group.
Define, for all g € x(G), the map o, = (97 ® id ® g) o A®) It defines a continuous group homomorphism
X(G) 3 g — ay € Aut(G) = Aut(G). Since x(G) is compact, it follows that the action of I' ~ G is always
compact. Actually, it is shown in [Pal3, Section 4] that the action of x(G) on Irr(G) is trivial. Indeed, for
g € x(G) and z € Irr(G) a straightforward computation gives (id ® ay)(u®) = (V* @ 1)u®(V ® 1), where
V = (id ® g)(u®).

We denote by Gr the crossed product.

Let us now give some explicit examples. Since the Cowling-Haagerup constant for Oﬁ and U; are both 1
[Fr13], for any subgroup I' < U(N) (resp. I' < O(N)), one has A, ((U)r) = Aep(T) (resp. Aap((Of)r) =
Ap(T')). Thus if, T' is any subgroup of SLy(Z) < O(N) < U(N) for N > 2 (for example I' = F,, or I =

SLa(2)), then Aa(U)r) = Aa((Of)r) = 1.
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6.2 Rapid Decay

To any length function L on a discrete group I', Jolissaint in [Jo90] associated a space H°(T") of rapidly
decreasing functions on I' wih respect to L. He defined RD for discrete groups as: I' has RD, when there
exists a length function L on I" such that H°(T') C C(T"). Verginoux in [Ve07] pursued the notion of RD and
extended it to the context of discrete quantum groups. Following [Ve07], in this section, we limit ourselves to
Kac algebras and prove permanence of RD for G (in crossed products).

We follow the definitions of [Ve07] and we assume in this subsection that G is a compact Kac algebra.

For a € (>°(G) with finite support, define its Fourier transform as:

Fa(a) = (hg @ 1)(V Zdlm )(Tr, ® id) (u”(ap, ® 1)) € Pol(G),

where Tr, is the unique trace on B(H,) such that Tr,(1) = dim(z).

Let a : I' ~ G be an action by quantum automorphisms and denote by G the crossed product. Recall that
Irr(G) ={y-2 : vy €T and = € Irr(G)}, where 7 - x is the equivalence class of

ul = (1 ®u,)(id ® a)(u”) € B(H,) @ C(G).
Let V,.; : H,., — H; be the unique unitary such that u”* = (V, ® 1ug(V,., ® 1).

Lemma 6.7. Let a € (>(G) = D, cr () Hyw and write a = 37 g crapy.. where S C T and T C
Irr(G) are finite subsets. For~y € S, consider the finitely supported a, € £>° (é) byay =3 cr VyzapyaVy Da-

Then:
a) = Z uya(Fe(ay))
YES

Proof. Observe that, since V. is unitary, Tr, (V' AV,..B) = Try o (AV, . BV,) for all y € ', all z € Irr(G)
and all A € B(H,.,), B € B(H,). Hence,

Fola) = Y dim(y-2)(Try.e ®id)(w " (apy. @ 1))

yeS,xe€T

=Y dim()(Trye @A)V @ Dl (Vyw @ 1)(apya ©1))
yeS,xeT

= Z dim(z)(Tr, @ id)(ul(Vy.zapy.2 V., @ 1))
yeS,xeT

= Y ua (Zdlm (Tra @ d)(u2 (Vy aapsaV. fml)))Zw(&:(am
YES zeT y€ES

O
A function [ : Irr(G) — [0,00) is called a length function on Irr(G) if I(e) = 0, I(T) = Il(z) and that
I(xz) <I(y) +1(z) whenever x C y ® z.
Lemma 6.8. Let o : I' ~ G is an action of I on G by quantum automorphisms and let I be a length function
on Irr(G) which is a-invariant, i.e., l(z) = l(ay(x)) for all v € T and © € Irr(G). Let G be the crossed
product. The function ly : Irr(G) — [0,00), defined by lo(7y - x) = Ir(y) + l(x) is a length function on Irr(G).
Proof. We have lo(eg) = Ir(e) + l(eg) = 0 and, by remark 6.2,
(77) =lo(v™" - ay(T) = Ir(v™") + U (@) = Ir(7) +1(T) = lo( - ).
From remark 6.2, vy-2 C7-y®s- z if and only if y = rs and # C a,-1(y) ® 2. Hence,
lo(v-2) = Ir(v) +U(z) < Ip(r) +Ir(s) + Hay-1(y) +1(z) = Io(r) + 1(y) +Ir(s) +1(2) = lo(r - y) +lo(s - 2).
O
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Given a length function [ : Irr(G) — [0, 00), consider the element L = }° y, () !(z)p, which is affilated to
¢o(G). Let g, denote the spectral projections of L associated to the interval [n,n + 1). We say that A(G, l)
has property (RD), if there exists a polyni)mial P € R[X] such that for every k € N and a € gxc.(G) we
have [|F(a)l|c(a) < P(k)l|all2,n,- Finally, G is said to have property (RD) if there exists a length function on
Irr(G) such that (G, 1) has property (RD).

In the following theorem, we obtain permanence of property (RD) for crossed product. In case the action of

the group is trivial, i.e., when the crossed product reduces to a tensor product, this result is demonstrated in
[CF14, Lemma 4.5].

Theorem 6.9. Let a : I' ~ G be an action by quantum automorphisms and suppose G is Kac. Let | be an
a-invariant length function on Irr(G). If (G,1) has property (RD) and T has property (RD), then (G,ly) has
property (RD), where G is the crossed product and ly is as in Lemma 6.8.

Proof. Let Ir be any length function on T for which (T, i) has property (RD) and let Iy be the length function

on Irr(G) defined by lo(y-x) = Ir(v) +1(x). Let Lo = 3" cr senm(a) 07 %) = 2 er setm(a) (0 (V) +1(2))py -2
and L =" €l (G l( )p.. Finally, let p,, and ¢,, be the spectral projections of respectively Ly and L associated

to the interval [n,n +1). Let a € c.(G) and write a = = > eSwer Wy-a, where S C I' and T' C Irr(G) are

finite subsets. Now suppose that a € pkcc(@). Since pi = Zver,mem(@’kglr(7)+l(m)<k+1 Dz, We must have
Sc{yel :ilr(yv)<k+1}and T C {z € Irr(G) : I(x) < k + 1}. It follows that, for all v € S, the element
a~ defined in Lemma 6.7 is in gxc.(G), where gx = Z?:o qj-

Let P; and P, be polynomials witnessing (RD) respectively for (é, 1) and (T,Ip). Let, for i = 1,2, C; € Ry
and N; € N such that P;(k) < C;(k + 1)"i for all k € N. Then, for all a € qxc.(G) we have

IFa@ll < Y 1Felag)l <Y Pr)lagsllzng <Y CilG+ DN [lagjll2.n,
<k i<k i<k
< Cik+ D)™ lagillzng = Ci(k + 1) |lall2ng-
i<k

Similarly, [|¢ * ¢Hg2(r) < Co(k + 1)N2||1/}H62(F)H¢”22(F) for all ¢ in ¢2(T") and all function ¢ on T (finitely)
supported on words on Ip-length less than k.

Let y be a finite sum y = Y- usa(bs) € Pol(G). We have [[y[|5,. = >, [|bs]13 1, and, by Lemma 6.7 and the
preceding discussion,

IFe@ylin = IS upsalagy: (Fala)b)l3 =11 Y walap1y(Folar))by-1)lI3
YES,s YES,t
2
= YUY ey (Fola)byul3 < 303 a1y (Falan))by1illz
t ~yES t ~yES
2
< c2<k:+1”12 3 llasllallby-sillz | = O3k + 12N |5 62

yES

where 1, ¢ € ¢*(T) are defined by ¥(y) = |la,||2 and ¢(s) = ||bs||2. We note that Hw||§2(r) = esllasll3 =
Haﬂg,hé and [|¢[172 ) = 22, 1bs[I3 = [lyl|3- But since 3 is supported on S i.e., on elements of I' of length less
than k, we have

1Fe(@)yl3 s < (C1C2)*(k + 1PN ) g3 oy 0l3 ) = P(k)?[lall3, Y13,

where P(x) = C1Co(x + 1)™M N2, Ag g is arbitrary, the proof is complete. O
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Example 6.10. There may not exist an a-invariant length function on Irr(G). However, if I' ~ G is compact,
then the action a : T' ~ Irr(G) has finite orbits. Hence, for any length function I on Irr(G), the length function
lo defined by lo(x) = sup.cr l(ay(x)), for x € Trr(G), is a-invariant. Hence, G has (RD) whenever I' and G
have (RD). In particular, this happens when I' < x(G) (see Example 6.6). It was shown in [Ve07] that OF; and
O%; have (RD). It follows that for any subgroup I' < U(N) (resp. I' < O(N)) the semi-direct products (U )r

—

(resp. (OF;)r) has (RD) whenever T' has (RD) (for example when I' = F,, < Fo < SLy(Z) < O(N) < U(N)
for all N > 2).

6.3 Property (T)

In the quantum setup (as in Section 6), here we characterize relative property (T') of the pair (G,G). Our
results in this section generalize similar result in [CT11] concerned with inclusion of groups of the form
H c T x H. We also study the scenario in which G has property (7).

Let eg (resp. €g) be the counit on C,, (G) (resp. on Cp,(G)). Since the map a : Cp, (G) — Ci (G) intertwines
the comultiplication, we have eg o @ = €¢.

When 7 : A — B(H) is a unital #-homomorphism from a unital C*-algebra A, we denote by 7 : A** — B(H)
its unique normal extension. Also, we view any state w € A* as a normal state on A**. Observe that if
(H, 7, &) is the GNS construction for the state w on A, then (H,7, &) is the GNS construction for the normal
state w on A**.

Let M = Cp,(G)** and po € M be the unique central projection such that poxpg = €¢(x)po for all x € M.
In the following theorem, we characterize the relative co-property (T') of the pair (G, G) in terms of the action

a of I' on G. The proof is similar to the proof of Theorem 4.2 but technically more is involved.

Theorem 6.11. The following are equivalent:

1. The pair (G,G) does not have the relative co-property (T).
2. There exists a sequence (wp)nen of states on Cp(G) such that

(a) wn(po) =0 for all n € N;
(b) wn — e weak™;
(¢) llay(wn) —wnll — 0 for all vy € T.

Proof. For a representation m : Cy,(G) — B(H), we have € C w o «¢ if and only if K, # {0}, where
K.={¢€ H : noala)f =ecg(a)f for all a € C,,,(G)}.

Let p=moa : Cpn(G) = B(H) and observe that the orthogonal projection onto K is the projection p(pg).
Indeed, for all £ € H, a € Cp,(G), we have 7 o a(a)p(po) = plapo) = ec(a)p(po)é, which implies that
Im(p(po)) C Kr. Moreover, if £ € K., we have p(a){ = Eg(a) for all a € Cp,(G). Since Cp,(G) is o-weakly
dense in M and the representations p and £g are normal, it follows that the equation p(a)é = €g(a)¢ is valid
for all @ € M. Hence, for a = pg we get p(po)& = €a(po)€ = &, which in turn implies that K, C Im(p(po)).
(1) = (2). Suppose that the pair (G, G) does not have the relative co-property (T). Let 7 : Cp,(G) — B(H)
be a representation such that eg < 7 and K, = {0}. Denote by we, € Cn(G)* the functional given by
we n(a) = (moafa)€,n). Hence, we ,(po) = (p(po)é,n) =0 for all &,n € H.

Since eg < 7, let (§,)nen be a sequence of unit vectors in H such that ||7(2)&, — eg(x)&,|] — 0 for all
z € Cp(G). Define wy, = we, ¢,. Then, we have wy,(pg) = 0 for all n € N. For all a € C,,,(G) we have,
lwn(a) —eg(a)] = [{(m(a(a))én — eq(a)én, &n)| < |Im(ala))én — eg(ala))én|| — 0. Moreover, exactly as in the
proof of Theorem 4.2, we find ||y (wn) — wrl| < 2||7(uy)én — &nll = [|T(uy)én — ec(uy)énll — 0.

(2) = (1). We first prove the following claim. Let s(w) € M be the support of a state w € Cp,,(G)* = M,.
Recall that s(w) € M is the unique projection in M such that N, = M (1 — s(w)), where N,, is the left ideal
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defined by N, = {x € M : w(z*z) = 0}. Moreover, w is faithful on s(w)Ms(w). In the sequel, we still denote
by c, the unique *-isomorphism of M which extends ay, € Aut(C,(G)).

Claim. If (2) holds, then there exists a sequence (wp)nen of states on Cy,(G) satifying (a), (b) and (¢) and
such that ay(s(wy)) = s(wn) for ally €T, n € N.

Proof of the claim. Denote by ¢1(I'); 4 the set of positive ¢! functions on I' with || f|l; = 1. For a state
w € Cp(G)* = M, and f € ¢}(T)1 4 define the state f *w € C,,,(G)* by the convex combination

frp= Z f()ay(w)

yel’

Observe that, for all v € T' we have 0, * 1 = a,(u) and o, (f * p) = fy * pu, where f,, € £1(I'); 1 is defined by
fyr)=f(y7tr), r el

Moreover, if f € £*(T')1 4 is such that f(y) > 0 for all v € T, then since (f *xw)(z*z) = >° f(7)w(ay-1(z*x)),
we have that (f *w)(z*2) = 0 if and only if w(o,-1(2*x)) = 0 for all v € I". It follows that

Nisw = Nyeray(Ny) = M (Ayer(l — ay(s(w))) -

Hence, s(f *w) =1 — Ayer(1 — ay(s(w))) = Vyera, (s(w)). Hence, we have a(s(f *w)) = s(f *w) for all
v € I'. Finally, since a, is a quantum automorphism for all v € I', we have e¢ o oy = €. Hence, a(pg) is a

central projection in M satisfying ac,(po) = (-1 (a)po) = ea(ay-1(a))oy (po) = eala)ay(po), v € T. By
uniqueness of such a projection, we find «.,(pg) = po for all v € I'. Hence, for all f € £1(I'); 4,

(f *w)(po) Zf a1 (po) Zf 0) = w(po).

Let (wn)nen be a sequence of states on Cy, (G) satisfying (a), (b) and (c¢). We have, for all f € ¢}(T"); 4 with
finite support

[ wn = wall < Zf( ISy % wn —wn | = Zf )ley (wn) — wnll = 0. (6.1)
gl

Since such functions f are dense in ¢}(T'); 4 (in the El—norm), it follows that ||f * w, — wy| — 0 for all
fet (D)4

Let £ € ¢1('); 1 be any function such that £ > 0 and define v, = £ * w,. By the preceding discussion, we
know that a~(s(v,)) = s(vp) for all v € T and v, (pg) = wn(po) = 0 for all n € N. Moreover, by Eq. (6.1) we
have |lay(Vn) — vn|| = [|€y * wn — E xwy|| < ||&y * wn — wyl| + |lwn — & *wy|| — 0 for all v € T.

Since wy, — g weak* and eg 0 ay = e, we have, |w,(ay(a)) —eg(a)] — 0 for all a € C,,,(G) and all y € T
Hence, the Lebesgue dominated convergence theorem implies that, for all a € C,,(G),

va(a) - 6la I—Zf (a)) — eala <Zf Jwa(ay -1 (@) — ec(a))] = 0.

It follows that v, — g weak* and this completes the proof of the claim. O

We can now finish the proof of the Theorem. Let (wy,)nen be a sequence of states on C, (G) as in the Claim.
Let M, = s(wn)Ms(w,) and, since w,, is faithful on M, view M,, C B(H,) where (H,,¢&,) is the GNS
construction of the fn.s. w, on M,. Define p, : C,(G) C M — M,, C B(H,) by a — s(wp)as(w,). By
definition, the unique normal extension of p, is pp, : M — M, z — s(wn)zs(wy). Since o, (s(wn)) = s(wn),
the action « restricts to an action, still denoted by « of T" on M,,. Since M,, C B(H,) is in standard form,
we may consider the standard implementation (see [TakII Def 1.6]) of the action I' on M, to get a unitary
representation u,, : I' = U(H,,) such that a. (x) = u,(y)zu,(y~1) for all z € M,.

By the universal property of A,,, for n € N there exists a unique unital *-homomorphism

T @ Apm — B(Hy,) such that m,(v) = un(y) and 7, 0a = py,.
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Since wy, (po) = 0, we have s(wy)pos(w,) = 0. Hence, p,(po) = 0 and K, = {0} Vn € N. It follows that, if we
define H = &, H,, and 7 = @, 7, : Crn(G) — B(H), then K, = {0} as well. Hence it suffices to show that
eg < m. Since &, is in the self-dual cone of w, and wu, () is the standard implementation of a., it follows
from [Ta00, Theorem 1.14] that u,(7)&, is also in the self-dual cone of w, for all n € N. Hence, we may
apply [Ta00, Theorem 1.2] to get [|[un(7)&n — &nll? < |wu, ()6, — we, || for all n € N, 5 € I'. Observe that
W, ()€, (1) = ay(wn)(x) and we, (z) = wy(x) for all x € M. Hence,

[l (7)En — EG(UW)‘EHH = [un(7)&n — &all < Hav(wn) - wnH% — 0.

Since w,, — £¢ weak*, it follows that for all 2 = uya(a) € Cp, (G), we have

[7(2)én —ec(@)énll = lIm(uy)m(a(a))én —ec(a)énll
< m(uy)(m(a(a))én — e (a)én)ll + lea (@)l | (uy)En — &nll
< lm(a(a))én — ecla)énll + lea (@)l [[un(V)€n — &nll = 0.

By linearity and the triangle inequality, we have ||7(2)&, — eg(2)&,|| — 0 for all z € A. We conclude the
proof using the density of A in Cy,(G). O

We now turn to Property (T).
Theorem 6.12. The following holds:

1. If@ has Property (T), then T' has property T.

2. If G has Property (T) and T' has Property (T), then G has property (T).

Proof. (1). This is the same proof of assertion 1 of Theorem 4.3: we use the counit on C,,(G) and the
universal property of C,,(G) to construct a surjective *-homomorphism C,,(G) — C*(I") which intertwines
the comultiplications. We conclude by [Fil0, Proposition 6.

(2). We use the notations introduced at the beginning of this section and in the proof of Theorem 6.11.
Let 7 : C(G) — B(H) and consider the representation p = moa : C,,(G) — B(H) and the unitary
representation v, = m(uy) of I' on H. Let K, = {{ € H : p(a)é = eg(a)é for all a € C,,(G)} and
recall that the orthogonal projection onto K, is P = p(po) and that o (po) = po for all v € T'. Hence,
vy Pvy—1 = p(ay(po)) = P for all v € I, and it follows that K is invariant subspace of v.

Suppose that eg < 7. By property (T') of é, the space K is non-zero and we can argue exactly as in the
proof of Theorem 4.3 to conclude. O

Remark 6.13. Tt follows from the proof of the first assertion of the previous theorem that C*(T') is a quantum
subgroup of the compact quantum group G. Now, an irreducible representation of G of the form uf (with
dimension say m), when restricted to the subgroup C*(I"), decomposes as a direct sum of m copies of . It now
follows from [Pal3, Theorem 6.3] that C*(T") is a central subgroup (see [Pal3, Definition 6.1]). Furthermore,
I" induces an action on the chain group ¢(G) (see definition 7.4 [Pal3, Definition 7.4]) of G and it follows from
Remark 6.2 that the chain group (and hence the center, see [Pal3, section 7]) of G is the semidirect product
group ¢(G) x T.

Remark 6.14. (Kazhdan Pair for G) Let (E1,6;) be a Kazhdan pair for G and (F2,d2) be a Kazhdan
Pair for T. Then it is not hard to show that E = (E; U E2) C Irr(G) and § = min(dy,d2) is a Kazhdan
pair for G. Indeed, let 7 : C,,,(G) — B(H) be a x-representation having a (E,d)-invariant (unit) vector &.
Then restricting to the subalgebra C,,(G) (and denoting the corresponding representation by 7 ), we get an
(E1,61) invariant vector and hence, there is an invariant vector n € H. We may assume || — || < 1 (this
follows from a quantum group version of Proposition 1.1.9 of [BDVO08], which can be proved in an exactly
similar fashion). Now, restricting 7 to I', denoting the corresponding representation by u, we have that the
closed linear u-invariant subspace generated by ugn, g € I' (which we denote by H,)), is a subspace of the space
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of mg-invariant vectors (as ugma(a)u, ' = ma(ag(a))). Let Py, denote the orthogonal projection onto H,.

Now, the vector Py, &, which is non-zero, as [|{ —n|| < 1, is an (E», d2)-invariant vector for the representation
u, restricted to H,,. So, there exists an u-invariant vector 19 € H,. This vector is, of course then, m-invariant
and hence, we are done.

6.4 Haagerup property

In this section, we study the (relative) Haagerup property. We provide natural conditions that characterize
the relative co-Haagerup property of the pair (G, G). We exhibit that the pair (OF;, (O%)r) has the relative
co-Haagerup property for any discrete subgroup I' of X(Oﬁ). We extend a result of Jolissaint on Haagerup
property of crossed product of a finite von Neumann algebra by a discrete group to the context of arbitrary
von Neumann algebras. Thus, we can decide whether L°°(G) has the Haagerup property. Finally, we also

provide sufficient conditions for G to posses the Haagerup property.
For the relative Haagerup property for crossed-product we obtain the following result, similar to theorem 5.3.
The proof is even simpler in the crossed-product case, since « is an action by quantum automorphisms.

Theorem 6.15. The following are equivalent:

1. The pair (G,G) has the relative co-Haagerup property.

2. There exists a sequence (wn)nen of states on Cp,(G) such that

(a) @y, € co(G) for alln € N;
(b) wn — eq weak™;
(¢) llay(wn) —wnll — 0 for all vy € T.

Proof. (1) = (2). The argument is exactly the same as the proof of (1) = (2) of Theorem 5.3.

(2) = (1). We first prove the following claim

Claim. If (2) holds, then there exists a sequence (Vn)nen of states on Cp,(G) satifying (a), (b) and (c) and
such that ay(s(vy)) = s(vp) for ally €T, n € N.

Proof of the claim. By the proof of the claiin in ylg)rem 6.A117 it suffices to check that, whenever v is a state
on Cy,(G) and f € (1(G), we have U € ¢o(G) = f * v € co(G).

~ —_— ~

We first show that U € ¢o(G) = a4 (v) € ¢o(G). Note that we still denote by « the action of I' on Irr(G) (see

Remark 6.2). Now let v be a state on Cy, (@) such that ¥ € ¢o(G) and let ¢ > 0. By assumptions, the set
F={reTr(G) : ||(id ®w)(u®)| B,y > €} is finite. Hence, the set

{z e Irr(@) : [|(id @ w) (™), > €} = {2 € Irr(G) : ay-a() € F} = ay (F)

is also finite. Since m = ((id ® w)(uaw*l(m))) )’ it follows that cm € co(Q).

xclrr
From this we can now conclude that for all f € £1(G), we have ¥ € ¢o(G) = f/*\u € ¢o(G) as in the proof of
the Claim in Theorem 5.3. U

We can now finish the proof of the Theorem. Let (v, )nen be a sequence of states on Cy, (G)* as in the Claim.
As in the proof of Theorem 6.11, we construct a representation 7 : Cp,(G) — B(H) with a sequence of unit
vector &, € H such that ||m(x)&, — ec(x)én| — O for all z € Cp,(G) and v, = we,, o mo . It follows that the
sequence of states w,, = wg, o € C,,(G)* satisfies w,, — e¢ weak* and &, oo = D, € co(é) forallneN. O

Example 6.16. Recall from Example 6.6 that the action of x(G) on C,,(G) is given by (id ® ay)(u*) =
(V*@ 1Du®(V ®1), where V = (id ® g)(u®). Consequently,

ag(w)(uf;) = Y gluf)w(uf,)g((uf,)"), for all w € Cpu(G)". (6.2)
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Define the sequence of dilated Chebyshev polynomials of the second kind by the initial conditions Py(X) =1,
Pi(X) = X and the recursion relation X Py(X) = Py1(X) + Py—1(X), k > 1. It is proved in [Brl2] (see

also [FV14]) that the net of states w; € Cy,(O%)* defined by w(u Z]) = If’“((;\? 8;.j, for k € Irr(O%) = N and

t € (0,1) realize the co-Haagerup property for Of; i.e., &, € cO(OJr) for t close to 1 and w; — ot weak*
when t — 1. Now let g € x(O%;). By Eq. (6.2), we have

g () () = PP:((J@) 2 gtub ol )) = Iﬁ:k(“N))éi,j = wi(uy).

Hence, ay(wt) = wy for all g € x(G) and all ¢t € (0,1). It follows that for any subgroup I' < x(OF;) = O(N)
the pair (OF;, (Of)r) has the relative co-Haagerup property.

We now turn to the Haagerup property. We will need the following result which is of independent interest.
This is the non-tracial version of [Jo07, Corollary 3.4] and the proof is similar. We include a slightly different
proof for the convenience of the reader. We refer to [CS13, OT13] for the Haagerup property for arbitrary
von Neumann algebra.

Proposition 6.17. Let (M,v) be a von Neumann algebra with a fn.s. v and let a : T ~ M be an action
which leaves v invariant. If a is compact, I' and M has the Haagerup property, then I' x M has the Haagerup

property.

Proof. Let H < Aut(M) be the closure of the image of " in Aut(M). By assumption H is compact. Let
L2(M) denote the GNS space of v.

We first make an easy observation. Whenever ¢ : M — M is a ucp, normal and w-preserving map, then
for all z € M, the map H > h + h™ ' o4 o h(z) € M is o-weakly continuous. Hence, we can define

= [,y h=! o4 o h(z)dh, where dh is the normalized Haar measure on H. By construction, the map
U : M — M is ucp, v-preserving, I-equivariant and normal. Moreover, for all ¢ € L?(M), the map
H > h s Tp-1 0Ty o Tyé € L2(M), where T), and Ty, are respectively the L?-extensions of h and 1, is norm
continuous. Consequently, the element [, Tj,-1 o Ty o Tydh € B(L2(M)) and by definition of ¥ we have that
the L2-extension of W is given by Ty = [}, Tj—1 0 Ty o Trdh € B(L2(M)). Let B be the unit ball of L?(M).
Consider the set A = {h+> T-1 0Ty oTp{ : § € B} C C(H,B). It is easy to check that A is equicontinuous
and, since T, is compact, the set A(h) = {f(h) : f € A} is precompact for all h € H. By Ascoli’s Theorem,
A is precompact in C(H, B). Since the map H x C(H,B) — B, by (h, f) — f(h) is continuous, the image of
H x A is compact and contains By, = {T},-1 0 Ty, o Ty,(B),h € H}. Since the image of B under Ty is contained
in the closed convex hull of B_¢, it follows that Ty is compact.

We use the standard notations N =T'x M = {u,z : y €,z € M} C B(*(T)®@L*(M)). We write v for the
dual state of v on N. Let ¢; be a net of normal, ucp, v-preserving and L2-compact maps on M which converge
pointwise in || - ||2,, to identity Consider the net of v-preserving, ucp, normal, L2-compact and I'-equivariant
maps U; given by ¥ fH Lo oh(z)dh for all z € M. Note that the (¥;); is still converging pointwise
in |2, to 1dent1ty since, by the dominated convergence Theorem we have,

||\1u<x>—x||2,u=H [ 7 nthte) - hwan < [ 1ihte) = 1@ ot 0.

By the I'-equivariance, we can consider the ucp normal v-preserving maps on N given by @;(uvx) = u,U;(x).

Observe that the net (¥;) is still converging pointwise in ||.l2,7 to identity and the L?-extension of ¥; is given
by Ty, = 1® Ty, € B((*(T) @ L*(M)).

Let ¢; be a net of positive definite and co functions on I' converging to 1 pointwise and consider the ucp
normal v-preserving maps on N given by ¢;(uyx) = ¢;(y)uyxz. Observe that the net (¢;) is converging
pointwise in || - |25 to identity and the L2-extension of ¢; is given by T; =Ty, ® 1 € B(*(I) ® L2(M)),
where Ty, (6,) = ¢i()dy is a compact operator on ¢%(T).

Hence, if we define the net of ucp, v-preserving map on N by ¢; ; = a;o U;, we have (uyz) = o (V)uyTi(x);
the net (p; ;) is converging pointwise in || - |27 to identity and the L%-extension of ¢; ; is given by TS(J =
Ty, ® Ty, € B((*(T") ® L*(M)) is compact. O
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Corollary 6.18. The following holds.

1. If L>°(G) has the Haagerup property, then L°°(G) and T have the Haagerup property.

2. If L*°(QG) has the Haagerup property, o : I' ~ L°(G) is compact and T' has the Haagerup property,
then L°°(G) has the Haagerup property. .

Proof. (1). Follows from the fact that there exists normal (faithful), Haar-state preserving conditional expec-
tations from L(G) to L(I") and to L°°(G). The former is given by u,a — hag(a)u, and the latter is given by
Uy G > Oy 0.

(2). It is an immediate consequence of Proposition 6.17. O

Remark 6.19. It is shown in [DFSW13] that for any compact quantum group G, if G has the Haagerup
property then L°°(G) has the Haagerup property. The converse is true when G is Kac. In general, as shown
in [OOT15], one needs to assume that G is strongly inner amenable to get the converse.

Example 6.20. il I' = SLx(Z) < O(N) < U(N), then the duals of (U;)r and (OF;)r do not have Haagerup
property whenever N > 3.

Theorem 6.21. Suppose G has the Haagerup property and I' has the Haagerup property, and further, suppose
the action of I on G is compact. Then G has the Haagerup property.

Proof. Since G has the Haagerup property, this assures the existence of states (fn)nen on Cp,(G) such that

~

1. fn € ¢o(G) for all n € N;

2. pn — g weak™.

Our first task is to construct a sequence of a-invariant states on C,, (G) satisfying (1) and (2) above. This is
similar to our arguments before (while dealing with property (T) and Haagerup property). Since the action
of T" is compact, the closure of I" in Aut(G) is compact, and we denote this subgroup by H. Letting dh denote
the normalized Haar measure on H, we define the state on C,,(G):

vn(a) = /Hun(h_l(a))dh, a € Cn(G).

It is easily seen that the v, are invariant under the action of I". Now, since the action is compact, all orbits
of the induced action on Irr(G) are finite. We need this to show that w, satisfy (1) above. So, let € > 0. As
i satisfied (1), the set L = {z € Irr(G) : ||(id ® pn)(u®)|| > §} is finite and the set K = H - L C Irr(G) is
also finite, as all orbits are finite. For h € H C Aut(G) and z € Irr(G) write Vi, , € B(H) the unique unitary
such that (id® h~")(u”) = (V, @ 1)(id® uhil(m))(Vh,z ®1).

If o ¢ K then, for all h € H, h™'(z) ¢ L. Hence, ||(id @ p,)(u" ®))|| < £ for all h € H and it follows that

/ (id @ ) (u @) ||dh < % <e forallz ¢ K.
H

[1(id & v ) (")

/h(id ® i) ((id ® h‘l)(uz))th = /H Vi o (id @ ) (" @)W, o [|dh

IN

Hence, {z € Irr(G) : ||(id ® v,,)(u”)|| > €} C K is a finite set and (1) holds for v,.

To show that (2) holds, we first note that given any a € C,,(G), one has u,(h~'(a)) = eg(h™!(a)) = eg(a)
for all h € H (since the h € H are quantum automorphisms). By the dominated convergence Theorem, we
see that (2) holds for v,.

Now, since T" has the Haagerup property, we can construct states 7, on C*(I") satisfying (1) and (2) above.
And since the states u, on Cy,(G) are a-invariant, we can construct the crossed product states ¢,, = 7, X
on Cp,(G) (see [Wa95b, Proposition and Definition 3.4] and also [BO08, Exercise 4.1.4] for the case of c.c.p.
maps). The straightforward computations that need to be done to see that the sequence of states (¢ )nen
satisfy (1) and (2) above, are left to the reader. This then shows that G has the Haagerup property. O
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Example 6.22. If ' is any subgroup of SLy(Z) < O(N) < U(N) for N > 2 (for example I' = F,, or I' =
SLy(Z)), then the duals of (U )r and (O%)r have Haagerup property since, has shown in [Br12], the duals
of UJJ(, and OJ"{, have the Haagerup property.

References

[AD02] C. Anantharaman-Delaroche, Amenability and exactness for dynamical systems and their C*-algebras,
Trans. Amer. Math. Soc. 354 (2002), 4153-4178.

[BS93] S. Baaj and G. Skandalis, Unitaires multiplicatifs et dualité pour les produits croisés de C*-algebres,
Ann. Sci. Ecole Norm. Supér. 26 (1993), 425-488.

[BSV03] S. Baaj, G. Skandalis and S. Vaes, Non-semi-regular quantum groups coming from number theory,
Comm. Math. Phys. 235 (2003), 139-167.

[BDV08] B. Bekka, P. de la Harpe and A. Valette, Kazhdan’s property (T), New Mathematical Monographs
11 Cambridge University Press, Cambridge (2008).

[Br12] M. Brannan, Approximation properties for free orthogonal and free unitary quantum groups, J. Reine
Angew. Math. 672 (2012), 223-251.

[BO08] N.P. Brown and N. Ozawa, C*-algebras and finite-dimensional approximations, Graduate Studies in
Mathematics 88 (2008).

[CS13] M. Caspers, A. Skalski, The Haagerup property for arbitrary von Neuman algebras, To appear in
IMRN, preprint arXiw:1312.1491

[CT11] Y. de Cornulier and R. Tessera, A characterization of relative Kazhdan Property T for semi direct
products with abelian groups, Ergodic Theory Dynam. Systems. 31 (2011), 793-805.

[Cu83] J. Cuntz, K-theoretic amenability for discrete groups, J. Reine Angew. Math. 344 (1983), 180-195.

[DFSW13] M. Daws, P. Fima, A. Skalski and S. White, The Haagerup property for locally compact quantum
groups, To appear in Crelle’s Journal, preprint arXiv:1303.3261.

[DQV02] P.Desmedt, J. Quaegebeur and S. Vaes, Amenability and the bicrossed product construction, Illinois
J. Math. 46 (2003), 1259-1277.

[CF14] M. Caspers and P. Fima, Graph products of operator algebras, preprint arXiv:1411.2799.

[Fi07] P. Fima, On locally compact quantum groups whose algebras are factors, J. Funct. Anal. 244 (2007),
78-94.

[Fi10] P. Fima, Kazhdan’s property T for discrete quantum groups, Internat. J. Math. 21 (2010), 47-65.

FV14] P. Fima and R. Vergnioux, A cocyle in the adjoint representation of the orthogonal free quantum
g g
groups, To appear in IMRN, preprint arXiv:1402.4798.

[Fr13] A. Freslon, Examples of weakly amenable discrete quantum groups, J. Funct. Anal. 265 (2013), 2164—
2187.

[Jo07] P. Jolissaint, Actions of dense subgroups of compact groups and IT;-factors with the Haagerup property,
Ergodic Theory Dynam. Systems. 27 (2007), 813-826.

[Jo90] P. Jolissaint, Rapidly decreasing functions in reduced C*-algebras of groups, Trans. Amer. Math. Soc.
317(1990), 167196.

[Ka63] G.I. Kac, Ring groups and the principle of duality I, Trans. Moscow Math. Soc. (1963), 291-339.
[Ka65] G.I. Kac, Ring groups and the principle of duality II, Trans. Moscow Math. Soc. (1965), 94-126.

28



[Ka68] G.I. Kac, Extensions of groups to ring groups, Math. USSR Sbornik 5 (1968), 451-474.

[KR99] J. Kraus and Z-J. Ruan, Approximation properties for Kac algebras, Indiana Univ. Math. J. 48
(1999), 469-535.

[Kyll] D. Kyed, A cohomological description of property (T') for quantum groups, J. Funct. Anal. 6 (2011),
1469-1493.

[KV00] J. Kustermans and S. Vaes, Locally compact quantum groups, Ann. Sci. Ec. Norm. Sup. 33 (2000),
837-934.

[Ma82] G. A. Margulis, Finitely-additive invariant measures on Euclidean spaces, Ergodic Theory Dynam.
Systems, 2(3-4) (1982), 383-396.

[MP15] K. Mukherjee and I. Patri, Automorphisms of Compact Quantum Groups, in preparation.

[OOT15] R. Okayasu, N. Ozawa and R. Tomatsu, Haagerup approximation property via bimodules, preprint
arXiv:1501.06293.

[OT13] R. Okayasu and R. Tomatsu, Haagerup approximation property for arbitrary von Neumann algebras,
preprint arXiw:1312.1033.

[PS85] K. R. Parthasarathy and T. Steerneman , A tool in establishing total variation convergence, Proc.
Amer. Math. Soc. 95(4) (1985), 626-630.

[Pal3] I. Patri, Normal subgroups, center and inner automorphisms of compact quantum groups, Internat.
J. Math. 24 (2013).

[Ta00] M. Takesaki, Theory of Operator Algerbas II, EMS 125. Springer-Verlag, Berlin, Heidelberg, New-
York (2000).

[VV03] S. Vaes and L. Vainerman, Extensions of locally compact quantum groups and the bicrossed product
construction, Adv. Math. 175 (2003), 1-101.

[Ve04] R. Vergnioux, K-amenability for amalgamated free products of amenable discrete quantum groups, J.
Funct. Anal. 212 (2004), 206-221.

[Ve07] R. Vergnioux, The property of rapid decay for discrete quantum groups, J. Operator Theory 57 (2007),
303-324.

[Wa95b] S. Wang, Tensor products and crossed products of compact quantum groups, Proc. London Math.
Soc. 71 (1995), 695-720.

[Wa95a] S. Wang, Free products of compact quantum groups, Comm. Math. Phys. 167 (1995), 671-692.
[Wo87] S.L. Woronowicz, Compact matrix pseudogroup, Comm. Math. Phys. 111 (1987), 613-665.

[Wo88] S.L. Woronowicz, Tannaka-Krein duality for compact matrix pseudogroups. Twisted SU(N) groups,
Invent. Math. 93 (1988), 35-76.

[Wo95] S.L. Woronowicz, Compact quantum groups, Symétries quantiques, Les Houches (1995), 845-884,
North-Holland, Amsterdam (1998).

PI1ERRE FIMA

UN1v PARIS DIDEROT, SORBONNE PARIs CiTE, IMJ-PRG, UMR 7586, F-75013, PARIS, FRANCE
SORBONNE UNIVERSITES, UPMC PARIs 06, UMR 7586, IMJ-PRG, F-75005, PARIS, FRANCE
CNRS, UMR 7586, IMJ-PRG, F-75005, PARIS, FRANCE

DEPARTMENT OF MATHEMATICS, IIT MADRAS, CHENNAI 600036, INDIA

E-mail address: pierre.fima@imj-prg.fr

KunaL MUKHERJEE
DEPARTMENT OF MATHEMATICS, IIT MADRAS

29



CHENNAI 600036, INDIA
E-mail address: kunal@iitm.ac.in

IssaN PATRI

INSTITUTE OF MATHEMATICAL SCIENCES
CHENNAI 600113, INDIA

E-mail address: issanp@imsc.res.in

30



