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Abstract We study the admissible growth at infinity of initial data of positive solutions of d;u —
Au+ f(u) =0in Ry x RY when f(u) is a continuous function, mildly superlinear at infinity, the
model case being f(u) = uIn®(1+u) with 1 < @ < 2. We prove in particular that if the growth of
the initial data at infinity is too strong, there is no more diffusion and the corresponding solution
satisfies the ODE problem 9;¢ + f(¢) = 0 on Ry with ¢(0) = oo.
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1 Introduction and formulation of the results

Let h be a continuous nondecreasing function defined on R, and vanishing only at O.
It is well known that for any continuous and bounded function g belonging to C,j (RM),



the cone of bounded nonnegative continuous functions on RY, there exists a unique weak
solution u := u, € Cyf (Ry x RY) of

0w — Au~+ uh(u) =0 in Qfy =Ry x RV,
1.1
limu(t,.) =g locally uniformly in RY. (1.1)
t—0
Furthermore, the solution u satisfies
0< u(:v,t) < (I)Hg”Loo (t) V(t,ZC) S Q%}N, (1.2)
where @, is the solution of the following Cauchy problem:
Oy + Ph(P) =0 on R, (1.3)

®(0) = a.
Since h(0) = 0 it follows easily that
Do(t) >0 V> 0,Ya > 0.

Moreover the family {®,(¢)} is monotonically increasing with respect to the parameter
a, and the condition:

> ds

< 00, ¢=const >0, (1.4)
¢ sh(s)

is equivalent to the existence of a solution ® () of equation in (1.3) such that ®(t) < oo,

Vvt > 0 and with infinite initial data, i. e.

%gr(l) D (t) = o0.

Now we come to our main subject, to study problem (1.1) with an initial data g(x)
unbounded and tending to infinity at infinity. It is clear that the character of growth
of h(s) at infinity defines the class of initial functions g of solvability of problem under
consideration. For example, if h(s) is bounded, then the corresponding class of solvability
is the Tikhonov class [7] {g : g(z) < cexp(e1]|z|?),¢,c1 = const < co}. When h(s) tends
to infinity at infinity, the class of admissible initial data is larger that the Tikhonov class.
If h(s) increases at infinity fast enough in the sense that condition (1.4) is satisfied, then
problem (1.1) is solvable for any nonnegative continuous function g in the sense that there
exists a prospective minimal solution u, which is the limit when n — oo of the solutions
Ug,, of

n

0w — Au~+ uh(u) =0 in Qv
1.5
limu(t,.) = gx, in L'(RN), (1)
t—0 "

where B,, denotes the open ball of radius n and x 4 is characteristic function of the set A,
and there holds
0 < uy < Bu. (1.6)



But the main question is to know whether the prospective minimal solution is truly a
solution with initial data g(.). If it is the case we say that the prospective minimal solution
is the minimal solution. Another assumption on A which plays a fundamental role in the
study is the so-called Keller-Osserman condition (see [1], [6]),

o0 d S
/ ° < o for some a > 0, where H(t) :/ th(t)dt. (1.7)

VH(s) 0
When this condition is satisfied, for any R > 0 there exist solutions of

—Au + uh(u) =0 in Bg

lim wu(z) = oo.
|| =R

(1.8)

This condition gives rise to a localization phenomenon thanks to which we prove an
existence and uniqueness result of the solution with initial data g.

Theorem A Assume r > rh(r) is convex and satisfies (1.7). Then for any g € CH(RYN),
ug s the minimal solution with initial data g. Furthermore it is the unique nonnegative
solution of problem (1.1).

In the class of functions h(s) of the form h(s) = sIn®(1+s), condition (1.4) is equivalent
to @ > 1, but condition (1.7) is equivalent to a > 2. In general it is easy to show that
condition (1.7) is stronger than condition (1.4) .

When h(s) is a power function, the class of existence and uniqueness is much larger
than the class of Th. A. A complete description of this existence and uniqueness class is
based upon the notion of initial trace which has been thoroughly investigated by Marcus

and Véron [3], [4] and Gkikas and Véron [2].

When

*  ds
/a ) =00 Va > 0, (1.9)

uniqueness may not hold in the class of unbounded solutions. If, for any b > 0, V} denotes
the maximal solution of the following Cauchy problem

N -1
Vir + TV} —Vh(V)=0  on (0,Ryp)
V(0)=b (1.10)
V:(0) =0,

then R, = co. Actually, multiplying (1.10) by V,., we get easily

4 d d N -1
2 1£|W|2=$H(V)

Since V;.(0) = 0, we derive

d
Vil < - H(V).

r

Vi(r) <V2VHV(r))  Vr>0.



Integrating this last inequality we obtain the a priori estimate
V(R) = Vy(R) < Vo(R)  VR>0,
where the function V;(R) is defined by the identity:

ds
H(s)

Fy(Vy(R)) =V2R YR >0, where Fy(v):= /U
b

(see e.g. [8] also). Moreover it is easy to see that for arbitrary a > b > 0, V,(r) > Vj(r)
Vr > 0. Actually, due to the monotonicity of h, there holds
Voo (0) = ~Va(0)h(Va(0)) = —ah(a) > =bh(b) = Vi, (0)
Qrr = N a a = Na a N = Vb 5
from (1.10). Since V. (0) = V;.(0) = 0 it follows from this last inequality that the function
r— W(r) = V,(r) — V4(r) is increasing near r = 0; it remains increasing on whole R,
since, if we assume that there exists 79 > 0 where W reaches a local maximum, then
Wy (ro) = 0, W,(19) < 0, but from equation (1.10) we have:

Wir(ro) = Va(ro)h(Va(ro)) — Vo(ro)h(Vi(ro)) > 0,

which is a contradiction. Furthermore, Nguyen Phuoc and Véron proved in [5] that if g
satisfies
Ve(l2]) < g(z) < Vi(lz]) Vo € RV, (1.11)

for some b > ¢ > 0, then there exists at least two different solutions of (1.1) defined in

Qg the minimal one u, which satisfies

ug(7,1) < Poo(t) V(z,t) € Qv (1.12)
and another one uy such that
Vallzl) < ug(a,t) < Villal)  Vla,t) € Q. (1.13)

It is not clear wether there exists a maximal solution or not. However, if g satisfies
(1.11), then there exists a minimal solution u, ., and a maximal one %, in the class
Ecp(g) of solutions of problem (1.1), satisfying inequalities (1.13). These two solutions
can be constructed by the following approximate scheme: we define the sequence {u,,} of
solutions of the Cauchy-Dirichlet problem

Ou — Au~+ uh(u) =0 in QF =Ry x By,
u(t,x) = Vo(n) in 0,Q% =Ry x 0B, (1.14)
’U,(O, ) =g in By;

then it is easy to check using comparison principle that the sequence {u,} is increasing
and converges to u, ;. Similarly, the sequence {u,} of solutions of the same equation in



(%, with the same initial data and boundary value Vp(n) is decreasing and converges to
Ug.c,b-

In this paper we consider the case where the initial data g grows at infinity faster than
any function V4 with arbitrary b < co. Our aim is to describe analogs of the ”maximal”
solution u, from (1.13) and prospective minimal solution {u,} from (1.5), (1.6). For any
a > 0 we denote by u := u,,, the solution of

Ou — Au~+ uh(u) =0 in QF =Ry x By,
u(t, z) = Vo(n) in 0,Q%, =Ry x 0B, (1.15)
u(0,.) = min{V,, g} in By,

Due to the comparison principle it is clear that ug, < V, in QF . The next result
highlights a phenomenon of instantaneous blow-up of the maximal solution if the initial
data grows too fast at infinity.

Theorem B Assume 7 +— rh(r) is conver and satisfies (1.4) and (1.9). If g € CH(RYN),
satisfies
o 9@
|z| =00 Va(|x])

=00 Va >0, (1.16)

then for arbitrary m € N the sequence {ugn}n>m decreases and converges in QEp, toa
function u, which is solution of (1.1) with initial data min{V,, g}. Furthermore uy(t,z) —
oo for any (t,xz) € Qg as a — oo. Thus, the function identically equal to oo in Q5 can
be considered as the "mazimal” solution of problem (1.1) in the case of (1.16).

Let us remark that in subsection 3.1 we find the asymptotic expression of the functions
V, for the model nonlinearities h, which makes the condition (1.16) more explicit.
A fundamental example of equations with nonlinearities satisfying (1.4) and (1.9) is
provided by
Ou — Au~+uln®(1+u) =0 in Qg (1.17)
with 1 < a < 2. With this specific type of nonlinearity we prove:

Theorem C Assume 1 < a < 2 and g € CH(RVN), satisfies condition (1.16), which due
to Proposition 3.1 has now the following form

. 2 2—a\7e
lim g(z)exp (—ca\az|2*a) =00, Coq= .

|z|—o0 2

Then the prospective minimal solution u, of (1.17) with initial data g is Puo.

Notice that the two types of generalized approximative solutions of problem (1.1),
obtained in Theorems B, C, "forget” the real initial condition from (1.1): in another
words, they realize infinite initial jump.



2 The maximal solution

2.1 Proof of Theorem A

The fact that u, is a solution of (1.1), and clearly the minimal one, is more or less stan-
dard, but we recall its proof for the sake of completeness since it contains the localization
principle. For m € N* let v,,, be the minimal solution of

—Av +vh(v) =0 in B,

lim v(z) = oo.
|z|—m

(2.1)

Such a solution exists by [1] or [6] because (1.7) holds. It is nonnegative and radial as limit
of the nonnegative radial functions vy, 1, & € N* which are the solutions of (2.1) with finite
boundary data vy, , = k on 0B,,. Moreover v, ;, and thus v,,, is an increasing function
of |z|. Clearly vy, > 0 and it is a stationary solution of (1.1) in QF . For n > m, let ug,
be the solution of (1.5) and v, = max{g(z) : |x| < m}. Then vy, + vy is a super solution
of (1.5) in Q% which dominates u, on 9QF U{0} x By, Thus vy + ym > up in QF .
The set of functions {u,} is bounded and uniformly continuous in ng_l, by standard
regularity theory for parabolic equations, thus it converges uniformly therein to u, and
Uy LBmx{o}: g. This implies that u, has g as initial data.

Assume now that u another solution with the same initial data g. We set w = u — u.
Since r = rh(r) is convex and u — u,, is positive,

uh(u) > u h(u,) + (v —uy)h(u —u,).
Therefore w is a subsolution of problem (1.1), and w(t,z) — 0 as t — 0, locally uniformly
in RY. By the comparison principle

w(t,r) <wva(z)  in QF,,

where v, satisfies (2.1) in B,,. Furthermore n — v, is decreasing with limit v, as n — oo.
The function v, verifies

—Av + vh(v) =0 in RY.
Furthermore it is nonnegative, radial and nondecreasing with respect to |z|. In order to

prove that v = 0, we return to v, which satisfies

Upp = rlN/Orlevn(s)h(vn(s))ds < Un(r)h(vn(r))TlN/OrSNldS = %Un(T)h(Un(T))-

Thus

—Unrr + Un(T)h<’Un(7’)) = Un r S (1 - ]]\-T> 'Un<7’)h(1)n(7'>)

which implies
1
—Unrr + an(r)h(vn(r)) <O0.



Integrating twice yields

(2.2)

where H has been defined in (1. 7) If we had vy (r) > 0 for some r > 0, it would imply
/OO ds
00 > —— > 00,
veo(r) v 2H (1)

a contradiction. Thus v (r) = 0 and w(t,z) = 0. O

2.2 Proof of Theorem B

We recall that (1.16) holds and that ug, denotes the solution of (1.15). Since Vy[ge is
the solution of the Cauchy-Dirichlet problem

ou — Au~+ uh(u) =0 in Qf =Ry x B,
u(t,x) = Vg(n) in 0,Q%, =Ry x 9B, (2.3)
U(O, .) == Va ln BTL?

it is larger than u, ,,. Thus ug n41 LaeQ%on < Ugp LaeQ%on = Vj. Since uq,(0,.) = ugn+1]B,(0,.)
it follows that wg 1 {QoBong Ugn. Then {uq,} is a decreasing sequence, and its limit u,
is a solution of (1.1), which the first claim. By the same argument, uqn < Uppi1 LQoBon in
QoBon for b > a. Hence u, < up. We introduce the sequence {r,} : r, — 00 as a — oo
defined by:

re = 1inf{r > 0:g(x) > Vo(z) Vlz|>r}, (2.4)

and, for n > rq, we set wq ., = Vy — Uqn. By convexity wg , satisfies

Orwa,n — AWg p + Wanh(wen) <0 in QF, =Ry x By,
Wan(t,x) =0 in 0,QF =Ry x By, (2.5)
wan(0.2) = (V —g)y  in By,
Therefore
Wan(t,x) < Poo(t) in Qf, (2.6)

where @ is defined in (1.3) with a = co. Actually,

> ds
/w(t) S =t (2.7)

Notice also that the sequence {w,,} is increasing and it converges, as n — 0o, to w, =
V. — uq, which is dominated by ®,, Thus

ua(t, ) > Vo(x) — oo (t) > a — Poo(t) in Qgv- (2.8)

Letting a — oo implies the claim. O




3 The prospective minimal solution

In this section we consider equation (1.17) with 1 < o < 2.

3.1 The stationary problem

Proposition 3.1 Assume 1 < a <2, a >0 and V, is the solution of

N-1
V(0) =0 (3.1)
V(0) =a.
Then ,
V(1) = efar? > +00) as r — oo, (32)

where ¢, = (Q_T"‘)ﬁ

Proof. We write W = In(V + 1). Since V is increasing W > 0, W, > 0 and

N -1
W,—(1—-—e"MYW*=0 inR,. (3.3)

r

W + W2+

Thus
Wy + W2 —(1—e"MYWe <0.

If we set p = W and p(p) = W,(r), then p € [a,00) and
pp +p*—(1—e?)p* <0.
This is a linear differential inequality in the unknown p?. Integrating yields
p(p) < 262”/p(e2S —e’)s%ds = p* + O(1). (3.4)
a
Thus W, (r) < W2 (r) + O(1) as r — oo which implies
W(r) < carﬁ +0(1) as r — 00. (3.5)
Due to (3.5) relation (3.4) yields also the following inequality
0< W, < c2rza(1+o(1)).
Since W (r) — oo as r — oo, it follows from (3.3) and (3.4) that for any € > 0 there exists

re > 0 such that
Wy + W2>(1—e)We on [re,00).



Integrating this ordinary differential inequality we get
W(r) > (1 - €)earma(1+0o(l))  as r— oo (3.6)
Since € is arbitrary, we derive
W(r) = carﬁ(l +0o(1)) as r — 00. (3.7)
From the above estimates, we can improve (3.6). Using (3.4) and (3.7) we deduce from
(3.3):

N-1
pp +pP=(1—eP)p* — ——W, > (1 —e P)p* —cp* !,
T

from which it follows easily
p
p(p) > 26_2"/ e*(s* — /s Nds = p* + 0(1), (3.8)
a
by I’'Hospital rule. Combined with (3.7) and (3.5), it implies

W(r) = carﬁ +0(1) as r — 00. (3.9)

Returning to V,, we derive

2
Va(r) = e 0 a5 1 5 0. (3.10)

Remark. If a = 2, the same method yields

Va(r) = e 0 as r — 00. (3.11)

3.2 Proof of Theorem C

We recall that the prospective minimal solution wu, is the limit, when n — oo of the

g
(increasing) sequence of solutions {ug, } of

Ou— Au+uln®(u+1) =0 in Qpn
(3.12)
U(O, ) = gXBgn in RN)

where {/,} is any increasing sequence converging to co. Furthermore, if we replace g by its
maximal radial minorant defined by g(r) := miny,—, g(z), it satisfies also (1.16). Because
of (1.16) there exists a sequence {r,} tending to infinity such that

rp = 1Inf{r > 0:g(s) > V,(s) Vs > r},

then g(ry,) = Vp(ry).



10

Step 1: Estimate from below. Put

_ [ min{g(r), g(|=[)} if |z <y
el = { 50 i fo] > 7.
Let U, be the minimal solution of
Oou—Au+uln®(u+1)=0 in Q%5
t ( ) RN (313)
u(0,.) = gn in RV,

Then uy, < ®. For any sequence {{)} converging to infinity and any fixed k, there exists
nyg such that for n > nyg, there holds 9X By, < gn. Since the sequence {ggn} is increasing,

its limit uo is a solution of (1.3) in Q&N which is larger than Ug,, for any £, and therefore
larger also than ug. However, since gn < g, too < ug. This implies

Next, since ggn(O,x) < g(ry), it follows that ggn(t, z) < g(ry). Let w, = Dy, 1€
the solution of (1.3) with a = g(r,,), then wy, satisfies
/g(m) ds
=t,
wn(t) SH(s)
and Ug, > Wy where w,, is the minimal solution of
dw — Aw +wln*(w, +1) =0 in Q25
! RN (3.15)
w(0,.) = gn in RV,
If we set wy,(t,z) =€~ I In®(wn(s)+1)ds 2 (¢ ), then
Orzn — Az, =0 in Q55
t<~n n RN (316)
zn(0,.) = gn in RY.
Since
1 _le—yl?
zn(t ) = v [ € 1 ga(y)dy,
(4mt)z JRN
we can write wy,(t, ) = I (t, z) + Jp(t, ) where
o~ Jo In®(wn(s)+1)ds R
I,(t,x) = N e” ot gn(y)dy, (3.17)
(4mt) = ly|<rn
and I
— [ In®(wn (s)+1)ds ~ |2
Jn(t,x) = ¢ < g(Tn)/ e~ dy. (3.18)
(4mt) = ly|>rn



Clearly

ti N
Ta(t,z) > & Jo I (n () Dds g, ) / e~ gy
n\“ - N

(4mt)2 ly[>rn+|z]

— [T In® (wn (s)+1)ds ~ : N
> T
(4mt)2 |2[>rn+|z]

This integral term can be estimated by introducing Gauss error function

2 [ _
ercf(z) = — | e *dz.
VT /x

In dimension N, it implies easily

- o ~ n + |7 N
T (¢, > ft In®(wn (s)+1)ds . < f<7" >> .
(t,z) > e Jo g(ry) | erc Vi

Since )
e*I

TVt

ercf(x) = (1+0(z7?) as 2 — oo,

we derive

Tultya) > — )= a2l (1o (1),

- N
2

((rn +[2[)?t)
We write g(r) = exp(y(r)) — 1 and set

N(rn + |2])

At 2) = (1) — /0 In® (o (5) + 1)~

11

(3.19)

(3.20)

(3.21)

(3.22)

N
— Nln(r, + |z]) — Elnt.

In order to have an estimate on wy(s), we fix t < 1 and g(r,) > 1. There exists a9 > 1

such that )

5.

W(t
min wi():Ogtgl,azao >
we(t) +1

In such a range of @ and t,
Wtwh(w+1)=w + {fj_l(w + 1) In%(w + 1)
>w + i(w + 1) In%(w+1),

which yields

2yl T'n =
In®(wn(s) +1) < <2+(azl)<§’yo‘)‘1(m)) '

From this inequality, we derive

/Ot In®(wn(s) +1)ds < /Ot (2 - (0421&1)13(;2)—1(%»& .

N Y~ (rp) N
< 2(1—17(7“”)/ 24+ (a—1)r) e-1dr.
0
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Therefore

N(rn + |2])

N
" —Nln(rn+\x|)—51nt

Ap(t,x) > y(rn) —
(3.23)

N ty* =t (rn) o
- 2(“7(7%)/ 24+ (a—1)7) a-1dr.
0
Step 2: The maximal admissible growth. We claim that

liminf 2|77 Ing(|z]) > No& = lim u, (t,2) = Bo(t)  V(t,2) € Q% (3.24)
|z|—o00 n—oo 7"

By replacing 7 — (24 (o — 1)7)7ﬁ by its maximal value on (0,ty*~1(r,)),

N ty* 1 (rn) o
255 [ @4 a7 b <
0

Then
An(t,z) > y(rn) — W — Nln(rn + |z]) — %lnt — 4%(ra)t == Bp(t,z), (3.25)
and N(ra+]2))?2 N
OBy (t,z) = # ~ 5 Y (rp).
Thus
N(ryp + |z])?

OBp(t,z) =0and t >0 <=t :=1, (3.26)

N+ /N2 AN(ry + [2])27% ()

Therefore A, (t,, z) is bounded from below by the maximum of B, (¢, x) which is achieved
for t =t, and

N + /N2 + 4N (ry, + |z])2y*(rp)
4
B N (rn + |2])*y*(ru) N N(rn +|z])?
N+ /N2 +4N(rp, + |z])27(rn) 2 N + /N2 + 4N (r, + |z))2y%(rn) )

By, (tn,z) =~v(ry) — Nn(r, + |z|) —

Since 7, — 00 as n — oo it follows from last representation that

o

=2 (r 1
B(tn,z) = rpy2 (ry) (W — N2(1+ Vn(:v))> , (3.27)

where v, () — 0 as n — oo uniformly on any compact set in RY. Therefore if g satisfies

liminf |z~ 7== In §(|z|) > N7, (3.28)

|z|—o00
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then there holds

In(tn,z) = 00 = lim u, (tn,r) = oo, (3.29)
n—00 tn—0 "

uniformly on compact subsets of RY. We fix m > 0, denote by A, the first eigenvalue of
—A in H&(Bm), with corresponding eigenfunction ¢, normalized by supg ¢, = 1 and
set, for € > 0,

Wi e(t,z) = e FPnd (1 + ()  V(t,x) € QEm.
Then
OWine — AWpe + Wine In* (Wi e + 1) = Wi (ma(wm,e 1) — In® (oo (£ + €) + 1))
<0.

Since u,, increases to the prospective minimal solution ug, it follows due to (3.29 ) that
there exists n. such that

Qg(tngyx) > Uy, (tnevx) > ‘/Vm,e(tnE + € :IZ) Vo € By,.
Last inequality in virtue of comparison principle implies

uy(t,x) > Wit +e,x)  V(t,z) € QY t >ty

Letting € — 0 yields u, > Wy, in QBm. Since limy, 00 ¢m(x) = 1, uniformly on any

g
compact subset of RV and limy,—se0 A = 0 we derive ug > ®, and finally U, > ®,. This
inequality together with (3.14 ) leads to u = . O

Remark. In the case o = 2, there holds

/ "2 (wn(s) + 1)ds < 4(r) / " s ) 2dr < tr(r), (3.30)
0 0

Therefore (3.25) is replaced by

N(rp + |z])?
4t

A similarly, there exists ¢, > 0 where ¢t — B, (¢,z) is maximum and in that case

An(t, ) > () — t92 (1) — — Nln(ry, + |z]) — %lnt = By(t,z). (3.31)

N + \/N2 + AN (ry + |2])292(rn)
4

N(ra +]a)*v*(ra) N n( N(ro +a))* ) |

N+ N2+ AN(r + [2)22(rm) 2 \N 4+ /N2 + 4N (rp + [2])272(rn)

B (tn, x) = 7(rn) = Nn(rn + [a]) —

which yields
1
By (tn,x) = v(rn) — roy(rn) (N2 — vy (), (3.32)
where vy, (z) — 0 as n — oo uniformly on any compact set in RY. Thus B, (t,,z) — —oo

as n — 0o. A similar type of computation shows that the expression I,(¢,z) defined in
(3.17) converges to 0, whatever is the sequence {r,} converging to oc.
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