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ABSTRACT: The present paper deals with the specificities of the thermal response of rubber-like 
 materials under mechanical cyclic loading at constant ambient temperature. For this purpose, the 
 framework of thermo-hyper-elasticity is used to predict the heat sources produced or absorbed by 
the material during stretching due to the entropic coupling. The heat diffusion equation is then used to 
deduce the temperature variations under non-adiabatic conditions. The influence of several parameters 
is  studied: signal shape, minimum and maximum stretch levels and multiaxiality of the mechanical state. 
Results show that, in the steady-state regime, the mean value between the maximum and minimum tem-
perature variations over a mechanical cycle is different from zero. This is due to the fact that the heat 
source depends on both the stretch rate and the stretch level. This result leads to an important conse-
quence for fatigue. Indeed, the stabilized mean value between the maximum and minimum temperature 
variations during fatigue tests does not reflect only fatigue damage, since the entropic coupling leads 
also to a value different from zero. This is a major difference with materials exhibiting only an isentropic 
 coupling, for instance metallic materials.

of this effect in the literature were those obtained 
by Gough (1805) and Joule (1857), which dealt 
with the increase in temperature of rubber during 
stretching. In spite of these first results, no further 
experimental study was fully dedicated to the ther-
momechanical characterization of the elastomers, 
although this is a key-point to study and to predict 
phenomena such as the fatigue damage (Mars & 
Fatemi 2002a; Mars 2002b; Le Cam 2005; Saintier 
et al. 2006), and to establish material constitutive 
equations. In a theoretical point of view, the work 
by Chadwich and Creasy (1984) is one of the very 
few studies that echoes the experimental study of 
Joule. Up to day, no study allows us to link this 
theoretical modeling with experimental results, 
even for homogeneous thermomechanical fields.

The present study deals with the predicted tem-
perature evolution of rubber under cyclic loading 
at constant ambient temperature. The heat sources 
produced or absorbed by the stretched material 
are obtained from the loading conditions by using 
the framework of the continuum thermodynamics 
(Lemaitre & Chaboche 1990; Maugin 1999) with an 
isotropic thermo-hyper-elastic behaviour. The heat 
sources considered here are only due to the entro-
pic coupling. The temperature variations are then 

1 INTRODUCTION

Elastomers are polymeric materials that can 
undergo large deformations without breaking 
owing to the ability of their constituent polymeric 
chains to rotate about the chain bonds. They are 
used in many application fields as mechanical engi-
neering, automotive engineering and aerospace 
engineering due to their high elasticity, high damp-
ing and high elongation at failure. However, many 
phenomena involved in the deformation process 
of such materials are still not really understood. 
One can cite non-exhaustively phenomena such 
as: stress softening referred to as the Mullins effect 
(Mullins 1948; Marckmann et al. 2002; Diani et al. 
2009) in the literature, the Payne (or Fletcher-Gent) 
effect (Fletcher & Gent 1953; Payne 1962; Barick & 
Tripathy 2010; Barmouz et al. 2011), the cavita-
tion (Stringfellow & Abeyaratne 1989; Le Cam & 
Toussaint 2008; Le Cam & Tousaint 2009) and 
the stress-induced crystallization (Toki et al. 2000, 
Toki et al. 2002; Trabelsi et al. 2002; Trabelsi et al. 
2003; Huneau 2011). Classically, rubber-like elas-
ticity is described as an entropic effect, which leads 
to a heat production (absorption) during loading 
(unloading). The first experimental observations 
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deduced from the heat sources by solving the heat 
diffusion equation. For the sake of simplicity of 
processing (in order to avoid full 3D calculations), 
applications are performed here with homogeneous 
deformation fields. This hypothesis does not alter the 
conclusions of the study and enables us to focus on 
the specificities of the thermal response of rubber.

The paper is composed of two sections. The 
modeling and the numerical simulation set-up are 
presented in Section 2. In particular, the hypoth-
eses to predict the temperature evolution are given, 
as well as the loading conditions of the cyclic tests 
to be simulated. Section 3 is devoted to the analysis 
of the results. In particular, we focus on the steady-
state temperature evolution.

2 MODELLING AND NUMERICAL 
SIMULATION SET-UP

This section presents the expression of the heat dif-
fusion equation that is used, the expression consid-
ered for the heat source, and the different tests to 
be simulated.

2.1 Heat diffusion equation

Some assumptions are used to simplify the heat dif-
fusion equation in case of homogeneous deforma-
tion fields. These assumptions aims at simplifying 
the calculations and do not alter the conclusions 
of the study.

Let us consider a mechanical loading such that the 
deformation field is homogeneous in the specimen 
at any time. Due to the very small thermal diffusiv-
ity of elastomers (order of magnitude of 1E-7 m2/s), 
the temperature field is almost homogeneous in the 
specimen at any time. Let us denote by θ the tem-
perature variation with respect to the temperature 
in the reference state, taken in the undeformed state. 
The heat exchanges at the specimen boundary are 
linearized assuming that the temperature variations 
θ are small. After some calculations not detailed 
here, the heat diffusion equation can be rewritten as 
follows (Chrysochoos et al. 1996; Balandraud at al. 
1999; Boulanger et al. 2004; Berthel et al. 2008):

ρ θ θ
τ

C
d
dt

sh+⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

= (1)

where τ is a time constant characterizing the heat 
exchanges between the specimen and its  surroundings. 
This formulation can be referred to as the “0D” 
 formulation. For similar simplifications of the heat 
diffusion equation, the reader can also refer to Refs. 
(Chrysochoos & Louche 2000; Chrysochoos & 
Louche 2001; Chrysochoos et al. 2009;  Balandraud 
et al. 2001; Maquin & Pierron 2009; Dumoulin et al. 

2010), which are devoted to wires or thin plates, 
leading respectively to 1D or 2D formulations.

The value of τ characterizes the level of non-
adiabaticity of the mechanical test. If  τ = 0, the 
test is isothermal (the heat produced or absorbed 
by the material due to stretch is instantaneously 
exchanged with the outside). A perfectly adiabiatic 
evolution corresponds to τ = ∞. More generally, if  τ 
is much larger than the test duration, the evolution 
can be considered as adiabatic over this duration. 
It is worth noting that, experimentally, τ depends 
on the specimen material (through its thermal dif-
fusivity), the environment (ambient air and mate-
rial used for the grips of the testing machine) and 
the specimen geometry (through the surface-area-
to-volume ratio). Let us also note that the change 
in the specimen shape (due to large deformations) 
modifies the surface-area-to-volume ratio. In 
the present numerical study, τ is considered as a 
 constant. Taking into account its variations does 
not alter the conclusions of the study.

2.2 Heat sources due to entropic coupling

In the present study, the thermodynamical evolution 
is mechanically purely reversible. In other words, no 
mechanical dissipation (mechanical dissipation) is 
produced by the material: Dint = 0. Moreover, only 
the effects of the entropic coupling are considered 
in the heat source expression. Such material behav-
ior is observed for unfilled rubbers, for instance in 
silicone rubbers that exhibit a perfect non-linear 
and reversible behavior with no Mullins effect nor 
hysteresis loop, meaning that loading and unload-
ing curves are superimposed (Meunier et al. 2008).

The prediction of the heat sources produced 
during the deformation process requires the choice 
of a free energy density Ψ. Here, the material is 
assumed to behave as a hyperelastic material that is 
mechanically incompressible. As high strain levels 
are not investigated here, the Neo-Hookean model 
is chosen (Treloar 1943). The free energy function is 
then given by the following strain energy density:

ρΨρρ ( , ) ( , ) ( )F, ) ( ,F) ( NkT ( I=)F( 1
2

(2)

where N is the number of network chains per unit 
volume, k the Boltzmann’s constant, T the tempera-
ture in Kelvin and I1 the first invariant of the left 
Cauchy-Green deformation tensor F FT. If the mate-
rial is mechanically incompressible, the deformation 
gradient tensor for a biaxial loading is given by:

F = λ e1 ⊗ e1 + λB e2 ⊗ e2 + λ−(B+1) e3 ⊗ e3 (3)

where
• e1, e2 and e3 are three orthonormal vectors of the

3D Euclidian space,
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• λ is the stretch ratio in the e1 direction, defined
as the current length to the initial length ratio in
the e1 direction,

• the operator ⊗ between two vectors is such that
[a⊗b]ij = ai bj.

B is the coefficient of biaxiality. It is equal to −0.5, 
0 and 1 for Uniaxial Tension (UT), Pure Shear (PS) 
and Equibiaxial Tension (EQT), respectively.

The strain energy density writes:

W BλN k T λ λB ( )( )λ T,λλ +λN k T −λ ( )⎡⎣ ⎤⎦⎤⎤
1
2

32 2λ λλ+λλ 2(B(B(B (4)

The heat source is then given by:

s T
W d

dth
∂
∂ ∂T

×
2

λ
λ (5)

Using this expression, the heat diffusion equa-
tion writes:

ρ θ θ
τ

λ λ λ λ

C
d
dt

N k T λ d
dt

λ

+⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

λ= N k T −⎡⎣ ⎤⎦⎤⎤λλ2 1λλ B 2 3B−( )B +BBBB 1 (6)

Eq. 6 is used below to predict the thermal response 
of rubber for different loading conditions.

Remark 1: the heat source due to the entro-
pic coupling depends on the stretch rate dλ/dt, 
but also on the stretch ratio through the term 
λ + B λ2B-1 − (B+1) λ−2B−3. This is a major differ-
ence with materials exhibiting only an isentropic-
type thermoelastic coupling (metallic materials 
in particular). In this latter case, the heat source 
depends only on the strain rate. This property 
has inspired the so-called Thermoelastic Stress 
Analysis (TSA) technique, which enables one to 
measure the stress distribution in metallic struc-
tural  components from full temperature field 
measurements.

Remark 2: the temperature variation induces 
also a variation of  the heat source through the 
term N k T. However, this effect is negligible 
because T is expressed in Kelvin. For instance, 
a temperature variation of  1 degree leads to a 
source variation of  100 × 1/273 = 0.37%. This 
negligible phenomenon is not specific to materi-
als exhibiting an entropic coupling. It exists also 
for metallic materials for instance. For the present 
study, T is kept constant and equal to the ambient 
temperature 293 K.

2.3 Simulations

This section describes the different simula-
tion tests and provides some information about 

the numerical resolution of  the heat diffusion 
equation.

Material parameters: the material is assumed 
to behave as a neo-hookean material. In this case, 
the only material parameter is the number of the 
chain segments N per unit volume. In the simula-
tions below, the quantity N k T is kept constant 
(see Remark 2 above). It is taken equal to 2 MPa.

Level of non-adiabaticity of the thermodynamical 
evolution: the time constant τ is taken equal to 60 s. 
This is the order of magnitude of τ measured for 
a 1 × 5 × 20 mm3 natural rubber specimen (experi-
ments not reported here).

Loading conditions: cyclic tests are considered 
here. Several parameters are studied: shape of the 
signal applied, strain ratios and multiaxiality of 
the mechanical state. Two types of signal are con-
sidered: triangular and sinusoidal. The former case 
enables us to exclude the influence of the stretch 
rate variation from the analysis (dλ/dt is constant 
during the loading stage and the unloading stage). 
The latter case is classically used for experimental 
cyclic tests. Table 1 gives the different tests to be 
carried out. The first two columns give the mini-
mum and maximum stretch ratios applied, λmin 
and λmax respectively. The strain ratio Rε is defined 
as the ratio between the minimum strain and the 
maximum strain. f is the frequency of the mechani-
cal cyclic loading.

• Tests #1 to #3 enable us to study the effect of
the loading parameters in case of UT.

• Tests #4 and #5 enable us to compare with EQT
and PS.

The test duration is chosen equal to 300 s for all
tests, which corresponds to 5τ. This enables us to 
observe both the transient and stabilized regimes.

Data to be extracted from the temperature evolu-
tions: one of the objectives is to study the stabilized 
thermal response, which is obtained after a certain 
duration (the stabilized evolution is reached after 
a duration which can be approximated to about 
3τ). Under non-adiabatic conditions, the thermal 
response evolves from one cycle to another before 
stabilizing. In order to follow the global thermal 
response, we define by  the mean value between 
the maximum and minimum temperature varia-
tions over a mechanical cycle by:

(7)

where θmin and θmax are the minimum and maximum 
temperature variations over a mechanical cyclic.

Numerical resolution: the resolution of Eq. 6 
is based on an implicit Euler scheme. A particu-
lar attention is paid on the time discretization. 
Accurate results require a very refined  temporal 
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 discretization. The number of time steps per 
mechanical cycle is imposed. After some pre-
liminary tests, this number is fixed to 1E4. Such 
a refined temporal discretization is particularly 
required for the triangular loading, which exhib-
its a non-continuous evolution of the heat source, 
induced by the non-continuous evolution of 
dλ/dt.

Remark about the heat sources: the heat source sh 
is expressed in W/m3. However, it can be useful to 
divide this quantity by ρ C:

s
s
C
h=

ρ
(8)

In the following of the paper, the term “heat 
source” is still used for the quantity s. This lat-
ter is expressed in °C/s. Using this unit enables 
us to directly read the temperature rate in case 
of an adiabatic evolution. Obviously, in case of 
non- adiabatic conditions, the temperature rate is 
different from the heat source s, due to the heat 
exchanges with the outside. The heat diffusion 
equation becomes:

d
dt

s
θ θ

τ
+ = (9)

Note finally that the term “heat” must be dis-
tinguished to the term “heat source”. The heat 
is the temporal integration of the heat sources. 
It is expressed in J/m3 (in °C when divided by ρC).

3 RESULTS AND ANALYSIS

3.1 Study of the UT tests

Figure 1 presents the evolution of the tempera-
ture variation for a triangular signal under non-
 adiabatic condition (test #1). Two main results can 
be drawn from this figure:

First, the quantity , which corresponds to the 
mean value between the maximum and minimum 
variations over a mechanical cycle, decreases over 
the test duration. This can be simply explained 
as follows. During the first loading stage, the 

 temperature increases because the heat source is 
positive. However, a certain quantity of heat is 
given to the outside because the material is warmer 
than the outside (this heat corresponds to the tem-
poral integration of θ/τ). So, the temperature at the 
end of the first loading stage is lower than the value 
that would be obtained for adiabatic test conditions. 
During unloading, the heat source is negative, lead-
ing to a temperature decrease. This phenomenon is 
amplified by the fact that the material continues to 
give heat to the outside as long as it is warmer than 
the outside (as long as θ/τ is  positive). As a con-
sequence, the temperature variation at the end of 
the first mechanical cycle is lower than zero. This 
phenomenon goes on over the cycles.

Second, it can be observed that  reaches a 
stabilized value which is different from zero: see 
 Figure 1-b which shows the last two stabilized 
cycles (at the end of test #1). Here,  is equal 
0.4043°C. This effect is due to the particular evolu-
tion of the heat source in time (see Remark 1 in 
Section 2.2). This is a significant result, typical of 
rubber-like materials. It is worth noting that this 
phenomenon is not due to the mechanical dissipa-
tion (Dint equal to zero in the simulations). Note 
also that this phenomenon is observed while the 
temporal integration of the heat source is null over 
each cycle.

This result has important consequences for 
fatigue prediction. Indeed, the stabilized mean 
value between the maximum and minimum tem-
perature variations during experimental fatigue 
tests does not reflect only fatigue damage, since the 
entropic coupling leads also to a value that is not 
equal to zero.
Remark: unlike , the mean temperature variation 
over one cycle (defined as the temporal integration 
of θ over one cycle) is equal to zero in the steady-
state regime. Indeed, the temporal integration 
of the heat source s over one mechanical cycle is 
equal to zero; in the steady-state regime, the tem-
poral integration of d dtθ /  is also equal to zero. As 
θ τ ×τ ( )θ−  according to Eq. 9, the mean
temperature variation over one cycle is equal to 
zero in the steady-state regime.

Test #2 corresponds to the same parameters as 
for the previous test, but with a sinusoidal signal. 

Table 1. Mechanical tests.

Test number λmin–λmax Rε f (Hz) τ (s) Signal shape Loading shape

#1 1–3 0 0.5 60 Triangular UT
#2 1–3 0 0.5 60 Sinusoidal UT
#3 2–4 1/2 0.5 60 Sinusoidal UT
#4 1–3 0 0.5 60 Sinusoidal EQT
#5 1–3 0 0.5 60 Sinusoidal PS
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Figure 2 gives the evolution of the temperature 
 variation θ for two stabilized cycles. As observed 
previously for the triangular signal shape, the 
value of  is different from zero in the steady-
state regime. Moreover, the stabilized value of 

 obtained here (0.3317°C) is different to that 
obtained for the triangular signal (0.4043°C). As 
a general result, the mean value between the maxi-
mum and minimum temperature variations is dif-
ferent from zero in the steady-state regime and 
depends on the type of loading signal.
Test #3 corresponds to the same stretch ratio 
amplitude as for the previous tests, but the strain 
ratio Rε is now equal to 1/2 instead of 0. For isen-
tropic materials that exhibit linear strain-stress 
elastic relationship, the result would be the same 
for any tests with same stretch amplitude: the sta-
bilized value of  would be null. In the case of 
hyperelastic materials, the conclusion is different: 
the (non-null) stabilized value of  depends on the 
considered zone of strain-stress relationship. For 
the present simulations,  equates 0.2819°C for 
λ oscillating between 1 and 3, and 0.3317°C for λ 
oscillating between 2 and 4.

3.2 Effect of the multiaxiality of the mechanical 
state

Tests #1, #4 and #5 enable us to investigate 
the effect of  three loading conditions, Uniax-
ial  Tension (UT), Equibiaxial Tension (EQT) 
and Pure Shear (PS), respectively, classically 
used to characterize the mechanical response 
of   rubber-like  materials.  Figure 3 groups the 
three stabilized thermal responses. Eq. 6 with 
B = −0.5 and B = 1 shows that UT and PS exhibit 
very close values of  heat sources, while the heat 
sources for EQT are approximately twice greater. 
As a result, the temperature variations for the 
EQT case strongly differ from the UT and PS 
cases. For the present numerical simulations, the 
following results are found in the steady-state 
regime:  = 0.3317°C for UT, 0.3287°C for PS 
and 1.2508°C for EQT.

4 CONCLUSION

This paper has investigated the thermal stabiliza-
tion of rubber-like material under cyclic loading 

Figure 1. Test #1. (a) Temperature variation vs. time. 
(b) Last two cycles.

Figure 2. Last two cycles of Test #2.

Figure 3. Last two cycles of Tests #1, #4 and #5.
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conditions at ambient temperature. Results have 
shown that the mean value between the maximum 
and the minimum temperature variations differs 
from zero in the steady-state regime. This is due to 
the particular evolution of the heat source in time, 
more especially to the fact that the heat source 
depends on both the strain and the strain rate. This 
phenomenon is observed while the temporal inte-
gration of the heat source is null over each cycle 
and no mechanical dissipation occurs. This effect 
clearly distinguishes rubber from most of the other 
materials, whose thermoelastic response is driven 
by an isentropic coupling.

The special thermosensitivity of rubber engen-
ders many consequences, in particular for fatigue 
 prediction. Indeed, the stabilized mean value between 
the maximum and minimum temperature variations 
during fatigue tests does not reflect only fatigue 
damage or self-heating, since the entropic coupling 
leads also to a value that is not equal to zero.
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