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Abstract

An aperiodic and irreducible Markov chain on a finite state space converges to its station-
ary distribution. When convergence to equilibrium is measured by total variation distance,
there exists an optimal coupling and a maximal coupling time. In this article, the maximal
coupling time is compared to the hitting time of a specific state or set. Such sets, named
halting sets, are studied in the case of symmetric birth-and-death chains and in some other
examples. Some applications to the cutoff phenomenon are given. These results yield new
methods to calculate cutoff times for some monotone birth-and death chains without the
lazy hypothesis .

Key words. Markov chains, total variation distance, birth-and-death chains, stochastic
monotonicity, passage time, eigenvalues

1 Introduction

Let X be a finite space, (X¢)i>0 a discrete or continuous time irreducible Markov chain on X.
Let 7 be its stationary distribution . For ¢t > 0, denote by m; the distribution of X;. Let d be a
distance between probability distributions on X. For ¢ > 0, denote by d(t) the distance between
the distribution of X; and 7

d(t) = d(m, )

For A C X, denote by T4 the hitting time of A.

Definition 1.1. A set A C X is a halting set for the distance d and the Markov chain (Xi)i>o0
if for all t >0,
d(t) <P(Ta >1t)

If the Markov chain is also aperiodic in the discrete time case, d(t) goes to 0 when t goes
to infinity. The question of non-asymptotic behavior is hard. There are several techniques for
obtaining explicit bounds on d(t) : Fourier analysis, coupling, strong stationnary times, ...

Several of them use hitting times.

Strong stationary times are allied with separation distance, s(t) = max,ex (1 — %) T a
randomized stopping time is a strong stationary time if 7" and Xp are independent and if the
law of X is given by the stationary distribution 7. In [2], Aldous and Diaconis prove that there
exists a strong stationary time 7' such that for all ¢ > 0, s(t) = P(T > t). Furthermore, in [7],
Diaconis and Fill construct an absorbing dual Markov chain X* such that 7" is the hitting time



of an absorbing state for X*. This is used by Diaconis and Saloff-Coste in [9] for birth-and-death
chain to prove some cut-off results.

Let T be a strong stationary time. A state y* is a halting state for T if X; = y* implies T' < ¢
or equivalently if T' < T}~. Furthermore, if there exists a halting state for T', then s(¢t) = P(T > t)
for all ¢. This is an example of the use of hitting times to obtain bounds on a distance.

In coupling methods, hitting times are very often used to bound P(T > t) where T is the
coupling time. Several examples can be found in the book of Levin, Peres and Wilmer [17] p.65.

In [19], Martinez and Ycart also use hitting times to obtain bounds on the total variation
distance. They prove that in general, the access time to equilibrium and the hitting times tend
to be equivalent, if the process starts “far away”. But the context is different, they consider
continuous time Markov chain on a countable set I and they study ||6,P; — 7|7y when a goes
to infinity.

In this article, mainly the total variation distance is used, that is:

dt) = I = wllry = sup [ma(4) = 7(A)] = 3 3~ [mi(a) - (o)
< reX

Find some bounds on d(t) is equivalent to bound the mixing time of the chain. For e €]0, 1],
denote by t,,,:..(€), defined by
tmip(€) = min{t > 0/d(t) < €}.

In [17] (theorem 10.14 p 134), the autors established the following theorem for a lazy chain :

t <2maxE.[T,] +1

1
mm(z) reX
In fact, they prove that d(t) < 4/ % where mg = d,.
In [10], Ding, Lubetzky and Peres prove the following result for a lazy birth-and-death chain
on {0,..., N} started at 0,

YO<I<N,VneN, ||r, —7xllrv <P(T; >n)+7{l+1,...,N}) (1)

So it is a natural idea and often used method to compare the access time to equilibrium with
the hitting time of a given state. This state will depend on the initial state.

One object of this article is to look at “minimal” coupling time for the total variation distance,
mimicking in some meaning what is done for the separation distance. The construction of Aldous
and Diaconis of a randomized stopping time satisfying s(n) = P(T > n) for all n leads naturally to
a strong stationary stopping time. So rewriting what can be found in [14] and [21], a randomized
stopping time T is constructed satisfying d(t) = P(T > t) for all ¢ and the properties of the law
of (X7, T) lead to the following result:

Theorem 1.2. Let M = {z € X/ Vt >0, m(z) < mw(x)}, then M is a halting set for the total
variation distance and the chain (Xi)i>o.

In the following, we omit to say for the total variation distance and the chain (Xi)i>o. Of
course if * € M, {z*} is a halting set and so for all ¢t > 0, d(t) < P(T~ > t), a property to be
compared to (1). A such state is called a halting state.

The difficulty then will be to find halting sets. The first fact is that if we have some property
of monotonicity, a halting set must exist (proposition (3.2).



Halting sets can be used to prove some results about cutoff. This concepts was intoduced
by Aldous and Diaconis in [1] to describe the fact that many ergodic Markov chains converge
abruptly to their stationary distribution.

Consider a family (X,SN))HZO of aperiodic irreducible Markov chains on a finite state space
X W) each with its stationary distribution 7(Nand its distance from stationary dglN). ty is a
cutoff if

dN)([cty]) — 0 if e¢>1
dN)([ety]) — 1 if e<1

Diaconis and Saloff-Coste in [9] verified this conjecture for continuous-time birth-and-death
chains, started at an endpoint, with convergence measured in separation.

Ding, Lubetzky and Peres in [10] proved it for continuous-time birth-and-death chains and
lazy discrete-time birth-and-death chains, started at an endpoint, with convergence measured in
total variation. For such chains, the fact that the product of the mixing time and the spectral
gap tends to infinity is equivalent to the fact that the product of the expected value of the hitting
time of the median of the stationary distribution and the spectral gap tends to infinity.

The cutoff depends of the distance. For example, the Ehrenfest process starting at 0 on

{0,...,N} has a &SN separation cutoff but a w total variation and L? cutoff. The biased

(p; q)-random walk starting at 0 on {0,..., N} has a % total variation and separation cutoff
In(2) 2

but a Wz/p—q)N L# cutoff.

Recently, Basu, Hermon and Peres in [4], study the link between cutoff and some concentration
of hitting time of “worst” sets of stationary measure at least a, for some « €]0,1[. They prove
that in the case of a lazy reversible irreducible Markov chain, cutoff is equivalent to a notion of
cutoff for hitting times, denoted hit,-cutoff. Here, we use explicit hitting time, the hitting time
of a halting state for total variation.

Recall the definition of a cutoff window :

If (wy) and (tn) are two sequences such that wy = o(ty), one may define that the family of

chain (X,SN))TQO exhibits a cutoff at ¢y with window wy if

Hm'y—H-OO h_mN%Jroo d(N) ([tN - ’wa]) =1
lHmy 4o IMa 4 oo d(N)([tN +ywn]) =0

A general result can be the following in the discrete time:

Proposition 1.3. Let AN) be a halting set such that o(Tyv)) = o(E[T4v)]) . Let Ayvy be the
largest eigenvalue of the restriction of the transition kernel of the chain to X'\ AN,

If (1 = A g E[T 4] goes to infinity when N goes to infinity, then the chain has a cutoff at
time E[T 4] for total variation.

If furthermore, im(1 — A qv) )o (T qvy) > 0, then the chain has a cutoff at time E[T 4| with
window o(Tyvy) for total variation.

The rest of the paper is to determine halting set in several examples, essentialy in the case of
birth-and-death chains. A Markov chain on {0,...,2N +1} on {0, ..., N} with transitions given
by K = (k(z,y))s,yex is symmetric if for all z,y € X, k(N — 2, N —y) = k(z,y). An example
of result is the following: In the case of a monotone and symmetric birth-and-death chain on
{0,...,2N + 1}, N + 1 is a halting state for total variation. Furthermore, if 1 = A\g > )\gN) >

2N +1
1
e > )\g]\\/[)ﬂ are the eigenvalues of the transition kernel and if (1 — )\gN)) g —y 8oes to
1—
k=1



2N+1

infinity when N goes to infinity, then the chain has a cutoff at time % Z — for total

o k=1 1- k
variation.

The paper is organized as follows. In section 2, the construction of an optimal randomized
stopping time for the total variation distance for discrete and continuous times markov chains
is given. Section 3 exposes the notion of a halting set for total variation for a chain with an
initial distribution and gives applications to cutoff. In section 4, general results about monotone
birth-and-death Markov chain are given and the case of symmetric monotone birth-and-death
Markov chain is studied. These results are used to prove cutoff in several examples.

2 Optimal stopping time

2.1 Construction of an optimal stopping time in discrete time

This construction is not new but the presentation made here is different from Lindvall’s proof
in [21].

Let (X,,)n>0 be a Markov chain on a finite space X with a stationary probability 7 such that
for all z € X, w(x) > 0.

The transition kernel is denoted by K = (k(2,y))s,yex. Let my be the distribution of X, and
for n > 1, m, = oK™ be the distribution of X,,. Let d,, = ||m, — 7||rv be the total variation
distance between ,, and 7.

We define for n > 0, v, : X — Ry by

Yo(z) = mo Am(z) and for n > 1, v,(x) = (7, A7)(2) — (Tp—1 A7) K (x)

Asd(n) =1-> (mu(z) An(z)), for alln > 1, d(n — 1) —d(n) = Y ().

rzeX reX
By consequence, we are looking for a randomized stopping time 7" which satisfies for all n > 0,

forall z € X, P(X,, =2, T =n) = y,(x).

Proposition 2.1. Let A, be defined by

e @)

Apy1 =Tpy1 — (M ATK

Let U, be defined for all n > 0 by

Yn () ;
[ 2D AL #0
Yal) = { M @) <o )

For all n > 0, 1, takes value in [0,1].

Let (Up)n>0 be independent variables uniformly distributed on [0, 1], independent of (X,)n>0-
Let T be the randomized stopping time defined by T = inf{n >0/ U, < ¢,(X,)}.

Then Vn > 1, Vx € X,

P(X, =z,T =n) =,(x) (4)
P(X,=2,T>n)=A0,(2),P(X, =2,T >n) =m,(x) — (mp, A7)(2) (5)
P(T > n) =d(n) (6)



Proof. As 0 <, <A,, ¥, takes value in [0, 1] and T is well defined.
We prove (5) inductively :

Ao(SC

~

=mo(x) =P(Xg=2,T > 0)

P(Xpi1=2,T>n+1) > yex P(Xn =y, Xnt1 =2, T > n,Up, > Yn(y))
Zyex(l = Yn(y)P(Xn =y, T > n)k(y, )

(1= n)An)K(z) = (Ap — ) K ()

= (An — ) K(z) = Apti(2)

The second equality comes from the Markov property and definition of T. (4) and (6) are easy
consequences of (5).

(I
Remark 2.2. 1, is given by the following formulae:
Yn(z) _ mpAT(z)—(Tn_1AT)K(2) :
tn(@) = { Bn@ = m@ k@ 4 Anlz) #£0 (7)
1 if Ap(z) =0

Remark 2.3. An alternative definition can be made for the randomized stopping time T'.
We define for alln >0

Tn =TT = n(X3) (8)
k=0
and T = inf{n >0/ U > J,} where U is a random variable uniformly distributed [0, 1] indepen-
dent of (Xpn)n>0-

Remark 2.4. To study distance from stationarity for Markov chains, separation distance has
good properties.
The separation distance is defined by

:= sep(mp, ™) = sup s(n where  s(n,y) = i)
s(n) = sep(my, T) yeg (n,y) wh (n,y) =1 ]

and satisfies d(n) < s(n).
The following result was established by Aldous and Diaconis (1987) :

o If T is a strong stationary time, for alln € N, s(n) <P(T > n).

o Conversly, there exists a strong stationary time T such that there is equality for all n € N.

The construction of the stochastically optimal strong stationary time is the following :
T (z) = (s(n — 1) — s(n))m(x), so as before Zvn(ac) =s(n—1)—s(n)
zeX
With the method of proposition 2.1 with vo(xz) = (1 — 5(0))% on the support of my, we

obtain P(X,, = 2,T =n) = (s(n — 1) — s(n))w(z). So T is an optimal strong stationary time.
Remark 2.5. We see in the preceding remark that in the cases of separation and total variation,

we can construct a randomized stopping time T such that d(n) = P(T > n) for all n € N, the

construction depends of the choice of vy, such that Z T (z) =d(n —1) —d(n).
reX



For example, if for the total variation distance, we take v, (x) = (d(n — 1) — d(n))w(z) as for
separation, we can prove that it does not exist 1, with values in [0, 1] which satifies A, = .
We can deal with others distances and the first condition is to have n — d(n) decreasing.

For any convex function f : Ry — R, one may define the f-divergence distance on P(E) by

dy(, ) = Zwmﬂ%).

zeX
These measures are studied in [18] by Liese-Vajda.

We suppose that f(1) =0, so dy(p, ) > 0.
Some examples :

e The total variation distance given by f(z) = |z — 1|.

In(z).

e The relative entropy given by f(x) =

e The Hellinger distance given by f(x) = %( —T)2.
1
2

o The x? distance given by f(x) = (1 — ).

We note dy(n) = dy(m,, ).
Let vn : X — R be defined by vn(z) = (nf(™2))K — f(Z2)m. So df(n — 1) —dyg(n) =
Z Yn(x). The convexity of [ implies that v, (x) > 0.

reX
In all generality, dy(n) can be superior to 1 and so it will be impossible to find a randomized

stopping time T such that for all n >0, P(T > n) = d(n).
So a constant ¢ > 0 and a function ¥y : X — [0, 1] have to be found such that for all n > 0,

P(X, =2, T =n) =25 —y(2)A,(2).
If we want P(T < +00) = 1, it is necessary to choose 1y such that

=0)+ > P(T'=n)=)Y vo(z)m(z)+ df()
n>1 zeX

By mimicking the preceding calculus, for all n > 1,

8o = mnli) = |(Gomo) + 2 F(De] K70 + L) + 0

So the condition A,, > %'yn implies that
T M n
FER)m = —emy + |elwomo) + F(Z2)m| K

) > F(0)(1 — Z=).
< (1- 28 £ (0).

m(z)

In the case where g = 0y, , this condition becomes f(Z
But as f(1) =0 and f is convez, if W"((I)) <1, f(?((;)
This implies that f/[0,1] is affine.

In our examples, the only one is the total variation distance.

)

2.2 Construction of an optimal stopping time in continuous time

Let Q = (¢(2,9))(2,y)exxx be the generator of an irreducible positive recurrent Markov chain on

the finite space X.
As before, g is a probability measure on X. (X;):>0 is a Markov chain with initial distribution

mo and generator Q.



We write m = mg exp(tQ) for the distribution of X.

Let 7 be the unique stationary distribution. 7 is the unique distribution satisfying 7@ = 0.
We write d(t) = |7 — 7|7y .

Let (J¢)i>0 be defined by

0 if Js € [0,t], ms(Xs) < 7(Xy)
’ { (1 —¢o(Xo))exp (fot Mds) else )

s (Xs)—m(X

where 1) is defined in (3). Let U be a uniformly distributed on [0, 1] random variable independent
Of (Xt)tZO-
A randomized stopping time 7T is defined by T = inf{t > 0/ U > J;}.

Proposition 2.6.

Vit > 0,d(t) = P(T > ) (10)
V> 0,P(T <t,X; =x)= (m A7)(x) (11)
Wt > 0,P(T < t, Xr = ) = (m A)(z) — /O (s A T)Q(x)ds (12)

The distribution v of (T, Xr) on (Ry U {400}) x X is given by

v(ds,z) = (mo A7) (2)d0(8) + (Lr, (2)<r(2)TsQ(x) — (s AT)Q())ds (13)

The proof of the proposition (2.6) can be found in part (5.2) of the appendix.

2.3 Some remarks about weak and maximal coupling

In the preceding sections, the construction of an optimal randomized stopping time 7" such that
for all n, P(T > n) = d(n) is given. It is easy to see that by the same way, a randomized stopping
time 7T for a Markov chain (Y5 )n>0 whose initial distribution given by m, can be defined such
that P(T > n) = d(n) and P(X,, = #,T =n) = P(Y, = 2, T = n) = yn ().

So ((Xn)n>0,T) and (( Yy )ns0,T) is a weak optimal coupling as defined in [21] Then Lindvall
prove that it exists (X Y) a coupling of (X,Y") such that the coupling time T of (X Y) has the
same distribution as 7. L

Furthermore, the coupling process (X,Y) can be chosen such that it is a time inhomogeneous
Markov chain. The transitions can be computed but are quite complicated. It is not necessarily a
Markovian coupling. By definition a Markovian coupling ((X,,, ¥, )n>0 of (7o, K), (7, K) satisfies
the following property :

VN, under ]P)( |(Xk, Yk)OSkSN); (XN+n7 YNJrn)nZO is a coupling of (7‘(]\]7 K), (7T, K)

This is sometimes called causal or co-adapted coupling. These ones do not always exist.
Furthermore, it can be proved that T = min(S, S) where S = inf{n > 0/m,(Xy) < (X))}
and S = inf{n > 0/m,(Y,) > n(Yy,).
Here is an example of what is obtained for the two-state chain in continuous time.
X ={0,1},Q = < ’HA fu > 0 = X+ and mo = pdo + ¢

The stationary distribution 7 is given by 7 = %do + %51 and suppose that p > 5.
‘We have T = (% + %e—tH)éo + (% _ W‘%:“qe—w)é‘l and d(t) — %e—tH.



The initial law of the coupling is given by what is called the ~-coupling of (7o, 7) in [21],
P((Xo,Y0) = (0,0)) = 7(0), P((Xo, Yo) = (1, 1)) = m(1),P((Xo, Y0) = (0,1)) = p — =(0)
We find in this case an homogeneous Markov chain on X x X with generator given by
q((0,1), (1,1)) = A, 4((0,1),(0,0)) = p,q((1,1),(0,0)) = 1, ¢((0,0), (1,1))

The distribution of the coupling time 7™ is (g + 5)do + (p — 5)E(0).
In [12], Fill finds that in this example, the optimal coupling time for separation is given by
an exponential random variable with parameter 6.

A

3 Halting set for total variation distance

3.1 Proof of theorem 1.2, existence of halting set

By the preceding constructions, for all ¢ > 0, d(t) = P(T > t) = P(U < J;). By definition of J;
9), 8), {U < i} C{Tpm >t} SoT < T

Remark 3.1. How can we find a halting state ?
Suppose that our Markov chain is a reversible aperiodic Markov chain.
Let X| = N+1andletl =5y > 51 > -+ > By > —1 be the eigenvalues of K with

L?(wt)-normalized eigenvectors Vg, ..., V. The spectral decomposition gives:
T (2) S
7:(95) -1= Zﬂg(z To(y)Vi(y) Ve (2))
k=1 yeX

Denote by p = max(|5;],1 < i < N). So if an halting state x* exists, it must satisfy

S moVi@)Vil) <0 and > sign(Bi) > mo)Vi(y)Vile.) <0 (14)

k/|Brl=pyeX k/|Bkl=p yex

Of course, the set M can be empty. Property of monotonicity can imply the existence of
halting state, as proved in the following proposition.

Let < be a partial order on X.

A Markov chain on X with transition kernel given by K = (k(x,y))s yex is monotone if for
all < y, the probability K(z,-) is stochastically smaller than K (y,-). That means that for an
increasing function f, K f is increasing.

Proposition 3.2. Let K = (k(z,y))s,yex @ monotone kernel for a partial order on X. Suppose
furthermore that there exists a smallest element denoted by 0 and a largest element denoted by
1.

Then 1 is a halting state for the Markov chain started at 0.

Proof. I is decreasing. We prove inductively that for all n > 0, = is decreasing.
™ ™

It comes from the relation ™4 = K(Z=).
Soif Z=(1) > 1, for all z € X, m,(z) > 7(x) that is false. O

Remark 3.3. In the continuous case, the hypothesis is changed to the following, for all t > 0,
the kernel P, = '@ is monotone.



3.2 One example: The riffle shuffle

The well-known rifle-shuffle is a method of shuffling cards. Its mathematical description was
made by Gilbert and Shannon (see [13]) and independently by Reeds [20]. A sharp mathematical
analysis for the riffle shuffling was carried out by Bayer and Diaconis (1992) [5].

Denote by (0y,)n>0 this Markov chain on the symmetric group Sy. o is the identity and
the stationary measure is given by the uniform one.

Let f(o) be the number of rising sequence of 0. In [5], corollary 2. it is proved that (f(on))n>0

is a Markov chain on X = {1,..., N}. Tts stationary probability is given by v(r) = AZG’!’T where
An,r, the Eulerian number, is the number of permutations with r rising sequences.

If we denote by v, the law of f(o,), we have |7, — 7|7y = ||[vn — V| 17v.

N+2" —r
In [5], theorem 3, it is proved that P(o,, = 0) = ~—5ix—= if f(0) = 7.
So a halting state for total variation for the chain (f(o,))n>0 is a state r such that for all
N42™ —r

n >0, % < a4

We can see easily that [25-] is a halting state for total variation.

Furthermore (f(oy,) — 1)p>0 is a Markov chain on {0,...,N — 1} which is symmetric, i.e.
k(x,y) = k(N —1—2, N —1—y). We shall see later that for symmetric birth-and-death chain,
the middle element is often a halting state.

If M is the set of permutations with more than [23] rising sequence then we have ||, —
7THTV < ]P)(Tgm > n)

We deduce using Theorem 4 of ( [5]) that P(Toy >n) > 1 — 2@(4_—\}5) + OC(#) where 0 < ¢,
c 1
r 1o dt
n =log,(Nc and@z:/ e 2 .
gQ( ) ( ) e \/ﬁ
So for example, lim L‘m]& > 1.
log, (N 2)

3.3 Applications to the bounding of the total variation distance and
to problems of cutoffs

To prove the proposition 1.3, the following results found in the book of Aldous and Fill [3] are
used.

They are given in the discrete time.

Let P be an irreducible transition matrix on a finite space X with a reversible distribution 7.

Let A C X and P4 = P/A® x A°. Let A be the largest eigenvalue of P4 and \; the second
eigenvalue of P. P4 is supposed to be irreducible and aperiodic, then:

1—Aa > 7(A)1 = Ap) (15)

The proof can be found in [3], Theorem 33, Corollary 34, Chapter 3 Reversible Markov Chains.
For all n > 0,
Pr(Ta > n) < m(A9)NG (16)

The proof can be found in [3], Proposition 21, Chapter 3 Reversible Markov Chains. This is
an application of the Perron-Froebenius theorem to P4,

These results are also used in [10] and [4].

The third useful result, seen in [4] is the following :

Ve e X,Vn,m, Pp(Ta >n+m) < ||6;P" — 7||lry +Pr(Ta > m) (17)

We prove this result for clarity:



Proof. Let (X,)n>0 be (05, P) Markov chain. Let n > 0.

We can find a random variable U independent of (X,,),>0 and a function of X,, and U denoted
by Y,, such that the law of Y,, is m and [|6,P™ — 7|7y = P(X,, # Y;,). It is a standard argument
of coupling.

We have P.(T4 > n+m) <P(X, #Y,) +P(T4 >n+m, X, =Y,). Using the Markov
property, we have

P(Ta>n+m, X, =Y,) Lrysn x,=v, P(Ta(X) > n+m|o(Xi, k <n)Va(l))]

=FE
=E[lr,5nx,=v, Px, (Ta(X) > m)]
So P,(Ta >n+m) < |[6,P" — 7||rv + E[Py, (Ta(X) > m)]. O

Proof of proposition 1.3
The proof is similar to these found in the paper of Ding, Lubetzky, Peres ( [10]) and of
Diaconis and Saloff-Coste ( [9]) or in [4].

Bounding the total variation from above For all n > 0, d™¥)(n) < P(Tyv) > n). So for
all v > 0,

1
L +92

™M ([E[Tam0] +70(Tam)]) < P(Taon) — E[Tam] > y0(Tam)) <

Bounding the total variation from below By (17),
dN)(n) > P(Tyw) > n+m) — Pr(Tyn) > m)
Let 0 <e<1land n=[(1-¢E[Tyw] and m = [§E[Tyw)]]. Then by (16) ,

PF(TA(N) >m) < (1 — W(A(N)))eim(lf)‘A(N))
S ee_%(l_AA(N))]E[TA(N)]

So
]P)(TA(N) >n—+ m) Z ]P)(TA(N) — E[TA(N)] Z 7§E[TA(N)]>
>1— U(TA(N))Z
= (5E[T, (™))

s s (N (T v)*\2 —£(1=A,(v))E[T, (]
Dot d™)([(1 — e)E[Tym]]) > 1— (E]E[T (N)]) —ee 2 AN A(N)
2 A

If n = [E[T4v)] — y0 (T 4v))], we obtain using the same inequalities,

d™(n) > 1 — iQ e 1A )Ty
Y
Remark 3.4. If lim7(AMN)) > 0, the condition (1 — Xy )E[T 4] — 400 can be changed to

(1-— ASN))E[TA(N)] — +00 by the property (15).
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4 Birth-and-death chain on XV) = {0,..., N} started at 0

4.1 General results

For every birth-and-death chain on {0,---, N}, we will denote

pr=k(z,z+1) f0<z<N-1
e =k(z,x—1) f1<z<N
re = k(z,x) fo<z <N

We have for all 0 < x < N, p, + 7 + ¢, = 1. We suppose the Markov chain irreducible, so for
al0<x<N-1,p,>0andforall 1 <z <N, g, > 0.

The chain is started at 0. For 2,y € X(V)| T, is the hitting time of the state x and 7, , is the
hitting time of y by the chain started at x.

To use proposition (1.3), it is necessary to know the spectrum of the transition matrix. So
below, is given a result without eigenvalues.

Proposition 4.1. Suppose that x7 is a halting state for total variation for the chain started at
0 such that E[Ty+ ] goes to +oo when N goes to +0o and such that o(Tyy,) = o(E[Ty ]).
Suppose also that there exists y < x}y such that E[Ty+ | ~ E[T,] and 7N {o0,...,y}) = 0;
Then the chain has a cutoff at time E[Tyx | for total variation.
If furthermore E[r, .« ] = O(0(Tyy,)), then there is a cutoff at time E[Ty+ | with window

o(Tyx,) for total variation.

Proof. To bound the total variation distance from below, the following inequality is used :
For all n > 0, d™)(n) > P(T,, > n) — 7™M ({0,...,y}).
If n=[(1— e)E[T,-]],

*
N

BTy zn) =1-P (E[Tyl ~ Ty > BT )(e — (1- M)))

N E[T,+,
o(T,)?
Zle 2_y_E[Ty] 2
[Tor, 12 (e~ (=5 7))
N
U(Tm*N)Z
Z 1 - 2 E[Ty] 2
E[Tyr P (e=(=grri 7))
N
U(Tm*N)2

So d(N)(n) >1—

E[Ty] 3E - W(N)({O, ceey y})

B[, 12 (e~ (1- gy
N

According to the hypothesis, it is clear that Nlim d™M([(1 - OE[T%;]]) = 1.
—+0o0

If furthermore E[7, .+ | = O(c (T4 )), if v big enough,

1
d(N) (E[TZ?\,] - ’YU(TI?\,)) >1- E[r, .« ] - W(N)({Oa SRR y} (18)
(= Sy )?
‘N
O

There are several methods to calculate E[T,] and o(T}) for a birth-and-death chain. The first
one uses the spectrum with the following formulae, see [16] :

B z—1 1 U 2 r—1 o
I =3y o = e (19)



where ap > ... > a1 are the eigenvalues of P/(q, . ,_1y2. This implies the following inequality:

1

o(T,)? < T=—EIT:] (20)
The second one uses the following formulae :
r—1 r—1
E[T.] =Y Elryy1] and o(T:)* =Y o(ryy41)° (21)
y=0 y=0
z—1 9
E[rso1] = 7ﬁ({£;ﬂ(x,)z}) ) U(Tm,m+1)2 = w(j)pz =t W({(;;W(y’)y}) +E[Tm,m+1]2_E[Tm,m+l] (22)
Sometimes, it is possible to calculate E[T}] by using martingale.

4.2 Monotone birth-and-death chain on X" = {0,..., N} started at 0

A birth-and-death chain is monotone if for all 0 <ax < N — 1, py + o1 < 1.

In this case if mg = §p and as usual, 7, = mo K", then for all n > 0, x — 7::((;)) is decreasing
and by consequence N is a halting state for total variation as proved in proposition (3.2).
An example of monotone birth-and-death chain is given by birth-and-death chain with positive

spectrum and in particular by lazy chain which are chain with r, > % for all z.

Remark 4.2. With the notation of the section 2, it can be proved that in the case of a mono-
tone birth-and-death chain on {0,--- N} started at 0, the support of the distribution of Xr is
{0,..., 2%} where xx* is the smallest halting state for total variation.

Indeed, P(X1 = x) Zvn

So P(Xr =0) > 70(0) > 0, P(Xr=1)>n(1) = 130)/\ m(1) — pow(0) >0
7:(;) ’

Vn >0, () =0Vn>0, m(z—1) <z(zx-—1)

By iteration and by using monotonicity of x

By consequence, the support of the distribution of X1 is {0,...,x*} where for alln > 0, m,(z*) <
m(x*) and there exists n > 0 with 7, (z* — 1) > w(a* — 1).

So x* is the smallest halting state for total variation.

The proof is the same in continuous time using (2.6).

There is an interesting property satisfied by monotone birth-and-death chain. With the
notations of (3.1)

Lemma 4.1. If P is a monotone irreducible birth-and-death matriz with eigenvalues given by
L=po>p1 > 2PN >—1, then [Bn| < Bi.
Proof. The spectrum of an irreducible birth-and-death chain satisfies 1 = 5y > 81 > --- > fOn,

so p € {B1,[Bnl}
We have seen by monotony that for all n > 0, ”;((NN)) < 1. But

Trn(N) Zﬁk Vk )

— B2V (0)VA(N) + B3 Vv (0) Vi (N) + z_j BV (0) Vi (N)
k=2

12



But by using property (30) of the appendix on the eigenvectors of irreducible birth-and-death
chain, we have that V1 (0)V3(N) < 0 and (—1)NVx (0)Vn(N) > 0.

So if |An]| > B, ?(SVN)) — 1~ BRVN(0)VN(N) and we have a contradiction with the fact that

WH(N) .
for all n > 0, (V) 1<0.

By consequence |fy| < S1. O

Example 4.3. Metropolis chains

Let 7 be a probability on X(N) = {0,..., N} with n(x) > 0 for all z € XN). Use the Metropolis
algorithm with base chain the simple symmetric random walk to obtain a birth-and- death chain
with stationary measure w (see e.g.( [8])). By construction, it is a monotone chain and so N is
a halting state.

Example 4.4. Simple random walk

Consider the birth-and-death chain on X(N) = {0,..., N} started at 0 with p, = p, ¢ = q,
ro=q and ry =p. We suppose 0 < q<p<1andp+q=1. It is a monotone chain, so N 1is
a halting state.

The spectrum of this kernel is known, see [11] for example.

Tk,0
The eigenvalues are By, = 2./ qcos( ) for1 <k <N and Vj is proportional to
Tk,N
. rmk(l mkl
where xj; = \/psin( ]\5:11)) \/681n(N+)1)
Some calculus prove that (14) is satisfied if cot(;\;i"l) (1 —2q) cot({7q)-
If x is the smallest integer such that xx > N 4+ 1 — XL cot=1((1 — 2¢) cot( ~i1)), we have
sy ~N+1-— —q which is close to N for N large enough
It can be proved, using methods of martingales that for all0 <z < N,
z q q 2 q q.\2 q
E[T,] = ————1=(=)") o(Ty) =Ax+B+C(=)"+ D(=)"* + Ex(=)"
7] P—q (p*Q)Q( (p (T) (p (p (p

with A = (1)4_#;1)3 and B,C, D, E some constants depending of p.

So proposition(4.1) implies that there is a cutoff at time ty with a window o, where tn = %
and oy =V N.

To prove this, one can take y = N —/N.

2

Ifp=q=1%, we have E[T,] = z(z + 1) and 0*(T,) = w

It is well known that in this case, there is no cutoff.

We can prove that in this case x5y = [%] + 1 is the smallest halting state for total variation
for the chain started at 0, but the condition o(Tys,) = o(E[Tyy]) is not satisfied.

Remark 4.5. We can suppose that p depends of N.
As we have seen above, the smallest halting state for total variation for the chain started at

0 is bigger than N +1 — &L cot =1 ((1 — 2q)C.OS(NL+1)).

sin( Nil)
Let 6 >0 ande:§+N anqu:%f%.
So the smallest halting state for total variation for the chain started at 0 belongs to {[%], ...,N}.

Denote it by x3. As in the case above, the condition o(Ty+ ) = o(E[T%s ]) is not satisfied.

Remark 4.6. If we suppose that py = % +en and gy = % —en with ey > 0,ey = o(1) and
Neny — +o0.
We have 02(Tn) ~ 5 and E[Tx] ~ . So o(Tn) = o(E[TN]).
N

13



Furthermore it is easy to see that y = N — */4{5\[]\; satisfies the hypothesis of proposition(4.1),

N
so we have a Ten cut-off.

4.3 The case of symmetric birth-and-death chain

Definition 4.7. A Markov chain on X = {0, ..., N} with transitions given by K = (k(x,y))z yex
is symmetric if for all x € X, y € X then k(N — z, N —y) = k(x,y).

Two different cases can occur, N odd or N even. The spectral analysis differs in these two
cases.
4.3.1 The case of symmetric birth-and-death chain on {0,...,2N + 1}

Denote by P the transition matrix of the birth-and-death chain, by @ the restriction of P to
{0,...,N} x{0,...,N}.
Let L be the (N + 1) x (N + 1) matrix define by L; ;j =1if i + j = N and L; ; = 0 if not.

Q
PN

So P is the tridiagonal matrix given by P =
dN+1

LQL

Denote by Q; the matrix equal to @ unless the entry Q(N, N) that is Q1(N, N) = ry + pn.
So @)1 is a stochastic matrix.

Proposition 4.8. If P is monotone, then N + 1 is a halting state for total variation distance
for the chain started at 0.

Proof. If (X,,)n>0 is a birth-and-death symmetric chain on {0, ...,2N+1} with transition matrix
given by P then the process (Z,)n>0 given by Z, = N + 1 — |X,, — (N + 3)| is a birth-and-death
chain on {0, ..., N} with transition matrix given by Q1. Its stationary probability is given by 7
with 7(z) = 27 (x).

And if P is monotone then (1 is monotone too. So for all n > 0, Q;E?\};V) <1.

Also for alln >0, z —— % is decreasing. So

2P”’(O,N+1) < P"(0,N) + P"(0,N+1)
m(N+1) — 72r(N) T(N+1)
< 2y (P(X, = N) - B(X, = N +1))
_ _ 9Qr(ON)
< %(%V)P(Zn =N) =257 <2

Proposition 4.9. If for all x € {0,...,2N + 1}, r, =0 then for alln >0, for all k > 0,

P"(O,N+1 P"(O0,N +2
2n(N +1) 27(N + 2)

Proof. Denote by (2 the matrix equal to @ unless the entry Q2(N, N) that is Q2(N,N) =

TN —PN-
We have the following easy lemma :

14



Lemma 4.2. If X is an eigenvalue of Q1 associated with the eigenvector v, then X is an eigenvalue

of P associated with the eigenvector va
If X is an eigenvalue of Qo associated with the eigenvector v, then X\ is an eigenvalue of P

associated with the eigenvector —112/1)
Denote by 1 = 5y > 81 > --- > Oy the eigenvalues of Q.

Suppose N = 2a, the proof is similar if N is odd.
The formula (33) of the appendix tells us :

N
PPENO,N +1) = 2n(N + D)(1+ D0 8 (1) we) with v, > 0
k=1
If we denote for 0 < k < a, Adgx = f and for 0 <k < a—1, Agpy1 = [Bn -k, the sequence
(Ak)o<k<n by property (32) of the appendix, is decreasing and

N

P20, N+1) = 27r(N+1)(1+Z A" By,) where Boy, = (—1)%\gpvy and Bogp1 = (—1)* Ao p1vn
k=1

So Bog Bog+1 < 0 and Bag41Bakt2 > 0. The following lemma gives the result.

2d
Lemma 4.3. LetT',, = Z oy By, where
k=0

By >0, Vi BQiBQiJ,_l <0, BQi+1BQi+2 >0, ap=1>a1>as>...>a9 >0 (23)

We suppose thatTg =T1 =---=T4_1 = 0. Then n— T, is stricly increasing on {d,d+1,---}.

The proof is in part (5.3) of the appendix
O

4.3.2 The case of symmetric birth-and-death chain on {0,...,2N}
Denote by Q4 the stochastic matrix on {0,..., N} x {0,..., N} defined by :

{ Q4(x,y) = Pa,y) if 0< 2,y <N -1
Q+(N,N —1)=2pn, Qr(N,N) =1y

Proposition 4.10. If P is monotone and py_1 < ry then N is a halting state for total variation
distance for the chain started at 0.

Proof. If (X,)n>0 is a birth-and-death symmetric chain on {0,...,2N} with transition matrix
given by P then the process (Z,)n>0 given by Z, = N — |X,, — N| is a birth-and-death chain
on {0,..., N} with transition matrix given by Q4. Its stationary probability is given by 7 with
m(x) =27n(z) if e < N —1and T(N) = 7(N).
And if P is monotone and py_1 < ry then @4 is monotone. So for all n > 0, Q%E?\}g\[) <1
But Q7 (0,N) =P(Z, = N) = P(X,, = N) which gives the result.

O
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N

Lemma 4.4. It exists v1,...,yn such that for all n > 0, PZE?\}J)V) =1+ ZBZ% where 1 >
k=1

B1 > -+ > BN are the eigenvalues of Q.

Proof. If X is an eigenvalue of ) associated with the eigenvector v, then A is an eigenvalue of P
v
associated with the eigenvector 0
—Lv

If X is an eigenvalue of () associated with the eigenvector (Z), then A is an eigenvalue of

v
P associated with the eigenvector |
Lv
Spectral properties give the result.
O

Proposition 4.11. If all the eigenvalues of P are positive then N is a halting state for total
variation distance for the chain started at 0.

N
Proof. By using the lemma above, for all n > 0, %?\’/)V) =1+ Z Br V-
k=1

P"(0,N)

So the result comes from the following lemma (4.5) proved in the appendix with T, = =)

d
Lemma 4.5. Let 1 =Xy > A\ > ... > \g >0 anan:ZAi)\?,Ao >0
=0

If for0<i<d-1,T;,=0, thenn — T, is mcreasingiand so for alln >0, T, < Ajp.

Proposition 4.12. If for all x € {0,...,2N}, r, = 0 then for alln > 0,

P20, 2k)

If 2k > N
f2k =N, 27 (2k)

P20, 2k + 1)

If2k+1> N
fok+ 12N — s S

Proof. We define two stochastic matrices Q. and @, respectively on {0,..., N} x{0,..., N} and
on {0,...,N -1} x{0,...,N — 1} by

Qu(w,y) = P*(22,2y) and Qu(z,y) = PX(22+ 1,2y + 1)

These stochastic matrices have positive eigenvalues, so they are monotone. Their stationary
measures are given respectively by m.(z) = 27(22) and 7,(z) = 27 (22 + 1). They are symmetric
so we can apply proposition (4.8) and proposition(4.11).

The relations P?"(0,2x) = Q7(0,z) and P?"*1(0,2x + 1) = Q"(0, ) give the results. O

Proposition 4.13. Let P be a transition matriz of a birth-and-death Markov chain on X =

{0,...,2N} be given by P = rI + (1 — r)ﬁ where for all x € X, ﬁ(m,x) = 0. We suppose
0<r< % and P monotone. Then for alln >0, P"(0,N +1) < (N +1).

16



Proof. Tt is an easy consequence of the above proposition (4.12).
n

For alln >0, P" =) <Z>r"k(1 —r)*P* Let 22+ 1€ X,22 > N.
k=0

n—1
2n

2n
Then P?*(0,2x 4 1) = kz <2k+ .

So P?(0,2z+1) <7(2x +1)(1 — (2r — 1)?*) < 72z + 1)
The same method gives that for 2z € X, 2z > N, P?"t1(0,2z) < n(2x).
Using monotonocity, we have the result. O

)T2n2k1(1 o T)2k+1152k+1(07 2 + 1)'

4.3.3 Continuous time symmetric birth-and-death chain on X ={0,..., N}

Proposition 4.14. [%] i a halting state for total variation for the continuous time Markov
chain started at 0.

Proof. Let @ be the generator of the markov chain. @ is supposed symmetric, Q(N —z, N —y) =
Q(z,y).

Let ¢ > 2max{q(z),x € X} and P =TI + %Q.

P is the transition of a symmetric birth-and-death chain on X which satisfies r, = P(z,z) =

1— %z) > % So this chain is lazy and we can apply proposition(4.8) and proposition(4.11) which

say that for all n >0, P"(0, [25H]) < w([2L)).

+oo n
But for all £ > 0, m([(2£1) = (0, [242]) = e 3 LD oo, ML < (X HL)
n=0 :

O

4.3.4 Applications to cutoffs for symmetric birth-and-death chain
Proposition 4.15. Under the hypothesis that the birth-and-death is symmetric on {0,..., N}

N
1
such that 3y = [§] +1 is a halting state and (1 — A1) Z T +00, then the chain has a
— Nk
k=1
E[T%+ ] cutoff for total variation

Furthermore E[Ty« | ~ 5 Z 1 )\
— Ak

N
If liminf(1 — A\p)? Z > 0, then the chain exhibits a cutoff at time E[T,+ | with a
=

window o (Tys, ).

1*)\19

N
1
Furthermore in this case, the chain exhibits a cutoff at time %Z with a window

Z (1—Xg)?

k=1
Here 1 = Xg > A1 > -+ > Ay are the eigenvalues of the chain.

Proof. One has to prove that the hypothesis of this proposition imply these of the proposition

(1.3).
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By (19) and using the notation of the appendix,

N
ETN+1] = Z -

k=0

Tk

But as ({N +1,...,2N +1}) =3, by (15) 152 <199 <1\

By lemma (4.2) and (31), for all 0 < k < N, Ao = Bk and Aogy1 = .

So by (31), (1 = A\)E[TN+1] tends to +o0.

The proof is almost the same in the case of a symmetric birth-and-death chain on {0,...,2N}.
O

4.3.5 Two examples

The Ehrenfest process The Markov kernel of the Ehrenfest chain on {0,..., N} is defined
by
N —zx 1 T
y T = y Qo =
N+1 N+1 N+1

Pz =

The stationary distribution is given by w(z) = (J;[ )Q_N and the eigenvalues are A\, = 1 —
0 < k < N with L?(7)-normalized eigenvectors

o= () 5 ()

2

N+1’

In this case [Anx| = A1. It was proved in lemma (4.1) that for a monotone chain, |Ay| < A;.
We can search candidates to be halting states by (14) for the chain started at 0 :

Vi(0)Vi(2) + Vi (0)Vi(2) <0< 22> N +1

So the smallest candidate is [5] + 1.

If N is odd, we can apply proposition(4.8) ans so M is a halting state for total variation
for the chain started at 0.

If N =2N’is even, we haven’t gn/+1 < rn/ so we can’t apply proposition(4.10).

But P = 7l + (1 — )P with r = ﬁ and P(z,z) = 0 for all z. So we can apply
proposition(4.13) and so N’ + 1 is a halting state for total variation for the chain started at
0.

So zn = [§] + 1 is the smallest halting state for total variation for the chain started at 0.

al N1 N 2 L1
(1= X) = - = d (1 - X)2 i — Z
1) Zk +o00 and ( 1) TEEWE Nrin T
= k=1 k=1 k=1
N
1 2 1 NInN
= — %, proposition (4.15) gives the existence of a cutoff at time %Z T z

k=1
with a window N.

Bernoulli-Laplace models Consider two urns, the left containing r red balls, the right N —r
black balls with 0 < 2r < N. At each step, a ball is picked uniformly at random in each urn and
the two balls are switched. The process is completely determined by the number of red balls in

18



the right uwrn and this is a birth-and-death chain on X = {0,...,r}.The stationary distribution

l () ()

WN,T(j) = (N)
and for z € X, the rates are given by
_(r—x)(N—r—2x) 2P
be = r(N —r) e r(N —r)

The eigenvalues of this chain are well known (see [15] or [6]) and are given by

i(N —i41)

rizl*
P, r(N —r)

L0<i<r (24)

The first eigenvectors are

N
Vo=1, Vi(z) =(1— Tx))Cl where Cj is defined by the condition ||Vi[z2( =1
r(N —r

TN,r)

The sign of V4(0)Vi(z) is that of 1 — T(]Z\\,[fr) so the halting states belong to {z/x > T(N—A;T)}
N
PE

In the symmetric case where r = a halting state must be > 3.

Proposition 4.16. [%] 1s the smallest halting state for total variation.

Proof. Unfortunatly, this chain is not monotone (pg + ¢1 > 1) so the proposition(4.10) cannot
be applied.
Consider the case of N even, and change N to 2NN.

We use the notation of part (3.3.2) and of proposition (4.10). The result will be true if Q7 is
Q%(0,)
7 (x)
Indeed, for all n > 0, then z

3 (0,N) < 7(N) = 7(N).
In the same way, using decreasing of x +— %“(:c), for all n > 0, P?"(0,N) < m(N).
So first, we have to prove that for all x, for all y,

Q% (2,{0,...,y}) > Q3 (z +1,{0,...,y}) (25)

We have that for all N —2 > 2 > 1, pp + @e+1 < 1 and py—1 + 2qy < 1, s0 if 2 > 1,
Q1 (z,{0,...,y}) > Q4 (x+1,{0,...,y}). This inequality is also true if x =0 and y > 1.
So if x > 2,

Q% (x,{0,.. ., y}) = @(@Q+(z—1,{0,...,y}) = Q+(,{0,...,y}))
+(1 _pm)(Q-i-(x’ {O’ tee 7y}) - Q+($ + 1’{0a . ay}))
+Q4(z+1,{0,....y}) — Qi(z+2,{0,...,y})
+Qy(z+2,{0,...,y})
> qgchl(QJr(za{Ov"'ay}) - Q+(:L'+ 1a{077y}>>
+(1 _pm-l-l)Q-i-(x + 1’ {O’ . ay}) - Q+(‘T + 2’{()) . ay})
+Qu(z+2,{0,....y}) = Qu(z+1,{0,...,y})

monotone and x +— is decreasing.

(@1(0,)Q3 () _ QY (0.0)

() 7(z)

is decreasing and so P?"+3(0, N) =
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It remains to prove (25) for z =0 and x =1,y = 0.

Q1(0,{0}) =poq1 + 18 = @1 > riq1 = Q3.(1,{0})
Q%r(oa {Oa 1}) =q1 + 71
Q2 (L{0,1 ) =g+ (1 —p1)+pig2 =1 + 711+ p1(g2 — 1)
Qi(l, {0}) =raq
Q3(2,{0}) = qige
So the condition is satisfied if g2 < r; and this the case for the Bernoulli-Laplace chain.

3
Now it remains to prove that z Q;Eg’)z) is decreasing.

Denote 7, = Q'}(0,.).

We have by reversibility that ”"“ Z Y)Qi(x,y).
y

So by some calculus, we find

T3

e T3 @+ 73+ pige T3 r1q2 + qare T3 4293
0) = )= =)= =) =

TV TR0 T 71(1) 7 ) 7 w1

So we have to verify if 71 > q1 + 72 4+ p1ga > r1q2 + @272 > gags. It is true if N is big enough.

Consider now the case where N is odd and replace N by 2N + 1.

By the same ideas, it suffices to show that Q2 and P? are monotone where @ is given in
proposition (4.8). In fact p, + gz+1 < 1if 1 < 2 < 2N — 1, but using symetry, P?(2N + 1 —
2,{0,...,y}) = 1 — P%(2,{0,...,2N — y}), so there is no additional verifications to do. We
conclude as in proposition (4.8).

O

By the same method as used for the Ehrenfest chain, using (4.16) and the knowledge of
eigenvalues given by (24), the symmetric Bernoulli-Laplace birth-and-death chain on {0,..., N}
exhibits a cutoff at time w with a window N.

4.3.6 Asymmetric continuous-time Erhenfest process

Let Z; = (Zt(l), e Zt(N)) be a continuous-time Markov chain on (Z/2Z)" where ((Zt(i))t>0)
=/ 1<i<N

" . . . e . -2 A
are iid continuous-time Markov chain on Z/27Z with infinitesimal generator given by ( PR ) .
We have

Po(Zi = 0) =pi(0,0) = 3k + sge” O
Po(Zf =1) = pu(0,1) = 335 — xqze” (O (26)
Pi(Z} = 0) = pi(1,0) = 545 — xhpe O
Pi(Z} =1) = pi(1,1) = 535 + xie O

N
If X; =|Z] = Z Zt(z), then (X¢);>0 is the asymmetric continuous-time Ehrenfest Markov
i=1
chain on {0,...,N}.
Furthermore if 0 <1i,j < N,

roa=i= 3 (1Y) )re 0o tnomo. - e
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The stationnary distribution 7y , is the binomial distribution B(N, +2-).

P(Xy= P 3Fu
So (ﬂ—(tz_)x) _ (1 + ﬁeft()\Jr,u))Nfz(l _ eft()\Jr,u))z.

So it is easy to prove that the minimal halting state is 23 , = [ﬁN}

Proposition 4.17. The asymmetric continuous-time FErhenfest process has a cutoff at time
log(N)
200 Fp)

Proof. The smallest halting state is given by z3 , = [ﬁN] Let y* = N — a*.

We have to prove that the hypothesis of (1.3) are satisfied.

Denote by @, the generator of our chain and by A the restriction of @5, to {0, ..., 3, = 1}
and by B the restriction of @, x to {0,..., Ypr — 1}.

Forall 0 <i¢ < N, qrp(i,i+1) = XN —1) and gy ,(i,7 — 1) = pa.

Let goé’“, oPH, ., ‘P?\}# the sequence of orthogonal polynomials associated to Q» .

The eigenvalues of —Q , are tj, = EA4+n), 0<k<N.

If L is the (N +1) x (N + 1) matrix defined by L; ; =1 ifi+j = N and L; ; = 0 if not, then
LQ/\,;LL = Q,u,/\'

So by an argument of symmetry, for all 0 < &k < N, for all 0 < = < N, <pf‘v’*_bm(tk) =
@?‘g“(tk)goivﬂ(tk). Furthermore, by (30), (—1)k<p?‘\,’”(tk) > 0.

Let Vi =0<ag < ay <...<ag-_1 be the eigenvalues of —A.

Let VB =0 < By < B1 <... < fBy~—1 be the eigenvalues of —B.

Lemma 4.6. For all 0 <i < N — 1, the interval [t;,t;+1] contains a single element of V4 U Vp.

Proof. Tt is a consequence of Sturm’s theorem : The number of sign changes in the sequence
oo (), o1 (1), ..., o (t) gives the number of eigenvalues > . The convention is that if
vr+1(t) =0 and ¢ (t) # 0, the sign of i1 (t) is equal to the sign of ¢y (¢).

Apply this to t = —t; :

The single change of sign can occur in the sequence @y (—t1), )" (=t1), ..., 3 (~t1), and
in this case , —t; < —ag <0
or can occur in the sequence (@h*(—t1),...,on"(=t1)) = —(gh(—t1),.. .,(p%’iy*(—tl)),
and in this case —t; < —fy < 0.
This method is reiterated. O
\ ¥ —1 1 y -1 1
But Eo[T;:"] = Z — and IEO[T;*’A] = Z 5 Denote the first mean by Uy et the second
i=0 ' i=0 !
by VN.
Y1 11 1
The lemma implies that Z —<Un+ VW< —+—+ —.
—t a  fo Tt
As in the discrete time, we have by (15), ag > 7y, ({z* +1,--- , N})t1.
i log(N)
But my ,({* +1,--- ,N}) ~ 1, then Uy + Vi N;t_l ~ Nt

Lemma 4.7. (Uy — Vi) is bounded.

Proof. By using the equality proved in [3], chapter 2, lemma 12,
Zjj

—Zij . e . :
BT = 2L with Z, = [ (U= ) = n(i)a
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we have

1 Foo
Unv—-Vn= 7*/ (PN(X?’“ =1") —Po(XtW =x"))dt
mau(T*) Jo

By using formula (27),
oo . . . A .
Uy —Vn = / (1+ %e‘““m)z (1 — et _ (1 — e7tOF Y7 (1 4 ;e—““/‘))y dt
0

After the change of variables u = e ***1) we obtain
1 /1 (14 2u)* (1 —w)¥ — (1 —u)® (1+ %u)y
At p

Some calculus gives the result. (|

UN—VN: du

u

Then as Uy +Vy ~ log ( ) and Uy — Vy is bounded, Uy ~ éf(’iij\;)) and the result comes from

proposition (1.3).
O

5 Appendix

5.1 Birth-and-death chain and orthogonal polynomials

A reference for orthogonal polynomial and birth and death chain can be found in Karlin and
McGregor( [16], [15]).

Denote by P the transition matrix on {0,..., N} and by Py the restriction of P to {0,...,k}
for 0 <k <N.

For 1 < k < N, denote by ¢, the polynomial given by @ (t) =

det(tlk — Pi—1). Let

Ppo-- ;Dk 1
So (¢o,---,¢n) is a family of polynomials which satisfy the following recurrence equation :
L —TK—1 k-1
Pr(t) = ———wp-1(t) — —2(t) (28)
Pk—1 Pr—1

Let 1 =Xg > A1 > -+ > Ay be the eigenvalues of P.
It exists (po,...,un) € Rﬁ“ such that (@o,...,pn) are the orthogonal polynomials in

LQ([ila 1]5 ,LL) where n= Z:u’ka/\k
k=0
1 i 1
Furthermore [~ ¢ (t)*p(dt) = ngg = il o = m(0).
We have for all n > 0, for all z,y € X

N
k:

So the normalized in L?() eigenvector Vj, associated to the eigenvalue Ay is given by V. (z) =
i_ﬁ(Pz (Ak)-
The zeros of the orthogonal polynomials have the following interlacing property : if m > n,

there is a zero of ,, between any two zeros of .
So there is a zero of ¢y in each interval |Ag41, Ax[ and as pn (1) = 1, we have :

YO<k <N, (=1D)*on(A) >0 (or (=1)*Vi(N) > 0)) (30)
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The case of a symmetric birth-and-death chain on {0,...,2N + 1} Denote by Qi the
matrix equal to Py unless the entry Q1 (N, N) that is rx + py and by Ci(t) the characteristic
polynomial of Q1.

Denote by Q2 the matrix equal to Py unless the entry Q2(N,N) that is ry — pny and by
Cs(t) the characteristic polynomial of Q5.

Let 1 =y > 1 > --- > By be the eigenvalues of Q.

Let ag > a1 > -+ - > an be the eigenvalues of Q5.

Let o > n1 > -+ > ny—1 be the eigenvalues of Pn_1.

Let v > 711 > - -+ > v~ be the eigenvalues of Py.

So by the interlacing property, for all 0 < k < N — 1, Brr1 < mi < Bk, a1 < M < o and
Ve+1 < Mk < Vi

We have (po -+ pn—1)"'Ci(t) = (t —ry — pn)en(t) — anvon—1(t), (po- - pn—1)"'Ca(t) =
(t—=rn +pn)en(t) —anven-1(t) and on4a(t) = (t = rn)en(t) — anven-1(D).

So (po---pn-1)""Ciar) = —2pnen(ar). But as ne < ax <mk—1, (—1)*on(ar) > 0.

But ax €]k, Br[ or ar €]Bk, nk—1] and (—1)*Cy < 0 on the first interval and (—1)¥C; > 0 on
the second interval. So we have for all 0 < k < N, ai < B.

As (po c 'prl)il(Cl(t) + CQ(t)) = 2@N+1(t), Cl(’yk) = 702(’)/]6) so for all 0 S k S N — 1,

Mk < o < Yk < Br < Me—1 (31)

with n_1 = 400 et ny = —o0.

Suppose now that for all x € X, r, = 0.

In this case if k is odd then ¢y is odd and if k is even, ¢y, is even.

Furthermore Co(—t) = (=1)V=1Cy(¢) and so for all 0 < k < N, a, = —fn_. So we have :

IfN:2a/+1a 0<|6a+1|<ﬁa<|6a+2|<"'<ﬁ1<|ﬁ2a+1|<ﬁ0:1 (32)
If N = 2a, 0 < Ba <|Bat1| < Ba-1 <|Bata| <+ <1 <|B2a| <Bo=1
So by (29), we have in the case where N is even :
27(N + 1) &
PO, N +1) = a0 Zﬂi"HQONH(ﬂk)uzk (33)
k=0

and ox11(Br) has the sign of (—1)*.

5.2 Proof of results on continuous time

For each 0 < h, consider the h-skeleton discrete time Markov chain X (") (n) = X (nh), n € N.
X ™) is a Markov chain with transition matrix e"@, initial distribution 7y and stationary
distribution .

We denote the corresponding quantities (7) and (8) by M and JIM = H(l - w,(ch) (X,gh)))
k=0

Proposition 5.1. For all t ¢ A, there exists (hy) — 0 such that a.e. on

T =

Proof. For all z € X, t — () is analytic with derivative mQ(x).
By consequence A, = {t > 0/m(z) = w(x)} is either equal to Ry or contains only isolated
points.
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Let T ={r € X/ Vt >0, m(z) = m(z)} and A = Uyg7A,.

For all ¢ > 0, ANJ0,¢] is a finite set.

Let t ¢ A. We take (h,) — 0 such that there exists e > 0 such that for all n > 0, for all
ae€ ANI0,t], d(a, h,N) < hl+e

We choose w such that for all r > 1, T,(w) ¢ AU {t} where (T}),>0 are the jump times of
the continuous-time Markov chain (X;)¢>o.

First case : Vs e [0,t], m5(Xs(w)) > m(Xs(w
s

)
So for all s € [0,t], Xs(w) ¢ T and as T, (w) ¢ AU {t}, by continuity there exists a > 0
such that for all s € [0,¢], m5(Xs(w)) — m(Xs(w) > .

.74 (@) = In (1_7T0<X0 ) Zln( (K, (@)))

So, we have, using continuity and derivability of ¢ — () :

(5]
0 ) (o) — In m(Xo(w)) ~ (T AT)Q(Xin, (w))
Ty ) =1 < mo(Xo(w)) )+h Zﬂh 5 (Xken, ( ))—F(thn,(w))+0(hn)

That gives the result in this case

Second case : Js € [0,t], m5(Xs(w)) < m(Xs(w)
If there exists s € [0,t] such that m4(X;(w)) < 7(Xs(w)) then by continuity, o )( )=0
for n big enough.

So we suppose that there exists so €]0, ¢[ which satisfies 75, (X5, (w)) = (X5, (w)) and for
all u € [0,t], my (Xy(w)) > 7(Xy(w)).

Let © = X, (w) and r such that T, (w) < so < Ty41(w).

We want to prove that Jr(lh")(w) — 0.

Let s, € h,N which satisfies |s,, — so| < h:T¢. For n big enough, T, (w) < s, — hy, < sp <
Trg1(w).

We have J,Sh")(w) < Ty ()= ()

= Ton (@)= (Tsp—np AT)emn ()"

Define for n > 1,

R, = {z € X/ms, () = 7(x), 75, Q"(x) = 0 for 1 <k < n—1, (me; AT)Q¥(z) =0 for 1 <k < n}

Let n > 2. We prove by iteration that
S Rn == Vy/Q(ya :L') 7& 07 Yy € Rnflv (7‘(50 A W)Qn(y) S 0 and 7TSUCQ’nil(y) Z 0 (34)
Let n > 2. We prove by iteration that

T € R, and 74, Q™ (z) = 0 = Yy /q(y,z) # 0,y € R,,_1 and 75,Q" (y) =0  (35)

hk
For n big enough, 7, (z)— (s, _p, AT)e"Q(2) = 74, (v +Z Ts —h, AT)Q () =2 R
k>1
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Define the following sets :
P={yeX/ms(y) >m(y)}, M={yeX/ms(y) <m(y)}
A ={y € X/ms5(y) = m(y), (mso—7)(y—) > 0}, A- = {y € X/m5,(y) = 7(y), (75, —7)(y—) < 0}

So, if n is big enough and s = s, — hy,

(rAmQ (@) = D wWay o)+ Y m@aly.r) = Y (m(y)—m(y)ax(y, )

yeETUPUA L yeEMUA_ yEMUA_

So if we denote oy = Z 75 Q" (y) a1 (y, x), we have

yeEMUA_
l l (8n — hn — 80)"
(s, —h, AT)Q" () = (59 AT)Q () + Z G and so
r>1 ’
Rt Rt (8 — hp — S0)"
m(x)—(ms, _p, AT)e" @ (z) = — Z(WSOM)QI@W*Z i > ; o (36)
1>1 1>1 r>1
We prove by induction that for n > 2,
ifk+i<n—-1 thenay; =0
z € Rn { ifk+l=n then ag; >0 (37)
We prove by induction that for n > 2,
" _ fk+1<n then ag; =0
x € R, and 7,,Q"(z) = 0 = { ifk+l=n+1 then (—1)ap <0 (38)

Let 2ko be the smallest integer k which satisfies 7,, Q" () # 0. We have 4, Q% (z) > 0.
Let k1 be the smallest integer k which satisfies (75, A 7)QF(z) # 0.
If ky < 2ko then by (36)

k
hot

7(@) = (%, -, AT Q1) = ~(meg A)Q™ (@) 75— D
B s r<ks

But as x € Ry, 1, using (34), we have (75, A7)Q* 1 (z) < 0 and using (38) (—1)"ay (z) <0
ifl+r =k and ag,(z) =01if [ +r < k1, so there exists C' > 0 such that

m(x) — (ms, —n, AT (z) =W C + o(hF1)

If k1 > 2k, then x € Ray,. By (36), we have

7(@) = (Tan, AT Q@) =02 (DT (DTG | o(h2)
1,r>1,14+r=2ko o
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But aiok,-1(z) = Y (1,Q%° ) (y)q(y,x). By (34) and (35), if q(y,x) > 0, then
yeA_

Y € Rop,—2 and 7., Q%F~1(y) > 0.
Furthermore if y € A4, then s, Q?*~1(y) = 0. So @19k, —1(7) = ms, Q%0 () > 0.
And using again (38), there exists C' > 0 such that

m(x) — (75, —n, AT)e"C(z) = h2C + o(h2F0)
The fact that 7, (z) — 7(x) = 74, Q?F0 (x)M +0((8n, — 80)%k0) and |s,, — so| < hlte

(2ko)!
goes to 0.

T, () =7 ()
T () = (Tsp — oy AT) P Q (2)

implies that

We give now the proof of proposition (2.6).

Proof. We define fort > 0and z € X, f(t,2) =P(T < t,Xp =x) and l(t,2) = P(T < t,X; = x).
This proposition is the consequence of the two following lemma.

Lemma 5.1. I(t,z) = (m A7) (x)

Proof. By using the proposition (5.1), we have

(t,2) =P(U > Ji,X; =2) = lim P(U > J(h"]),Xt =)

t
n—-+oo [

But hy[75] <t so,

PIU 2 iy, Xe=0) = LyexPU 2 Ty, Xy = 9 Xe =)
n " - _t
= ¥ ex PU 2 I X o) = g9y, )
" — _t
= ZyeX(ﬂ'hn[ﬁ] A )(y)e(t hn[h”])Q(y,x)
= (m A r)(2)
this by (4) and (5). )

Lemma 5.2. %(t,x) = %(t,z) — Zl(t,y)q(y,x)
yeX

It is true for all stopping times.

5.3 Proof of lemma (4.3)

2d
Lemma 5.3. Let T, = Z ay By, where
k=0

By >0, viBQiB2i+1 <0, B2i+1B2i+2 >0, aqp=1>a1 >a2>...>ay >0 (39)

We suppose thatTg =T1 =---=T4_1 =0. Then n— T, is stricly increasing on {d,d+1,---}.
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2d
Proof. We prove the result inductively by the study of the real function ¢(t) = By+ Z Bye Ht

k=1
where pr = —Inay.

We prove that if (39) is satisfied then

e If d is even, there exists 1 < k < %, there exists t1 < ... < tor_1 such that
V1 <i <k, ¢ is strictly increasing on [to;_1,to;]
V0 <i <k —1, pis strictly decreasing on [to;, to;11]

where tg = —00, tor, = +00.

e If d is odd, there exists 1 < k < %, there exists t; < ... < to; such that
V0 < i <k, @ is strictly increasing on [ta;, toi+1]
V1 < i <k, ¢ is strictly decreasing on [to;_1, ta;]

where ty) = —00, tog4+1 = +00.

It is easy to see that if d = 1, ¢ is strictly increasing.
2(d+1)

If d is odd and (t) = By + Z Bre "t we write /(t) = —e Mt(t) and ' (t) =
e~ (m2=r)tg(t). =

0 satisfy the same hypothesis so there exists 1 < k < %, there exists ¢; < --- < tgg such
that

V0 < i <k, 6 is strictly increasing on [ta;, t2;+1]

V1 < i<k, 6 is strictly decreasing on [to;_1, t2;]

where ty) = —00, tog4+1 = +00.

Furthermore lim 6(t) = —Bopa(ua — p1) > 0.

t—+oo

The number of zeros of 8 is odd and smaller than 2k + 1 . So there exists [ < k, there exists
§1 < --+ < 89141 such that

0 < 0 on |sg;, S2i+1] for 0 < i <1, 89 = —c0.

0 >0 on ]82i+1,82i+2[ for 0 <i <, S9l42 = +00.

Furthermore tiirﬁloow(t) =By <0.

So the number of zeros of ¥ is odd and smaller than 2]+ 1. So there exists m < [, there exists
71 < -+ < romy1 such that

¥ >0 on |re;, roiq1| for 0 <i < m, rg = —cc.

’l/) < 0on ]7’2i+1,7’2i+2[ for 0 <i < m, Tom42 = +00.

Asm<I<k< dgl, we have proved the result for ¢.

The case where d is even is the same.

2d

The preceding result prove that ¢(t) = By + ZBke*#kt has at most d zeros. So if ¢(0) =
k=1

p(l) = =¢(d—1) =0, t = ¢(t) is strictly increasing on ]d — 1, +oo[ and this proves the

lemma.

O
5.4 Proof of lemma (4.5)

d
Lemma 5.4. Let 1 =Xy > A\ > ... > \g >0 anan:ZAi)\?,Ao >0
=0
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If for0<i<d—1,T; =0, then n — I';, is increasing and so for alln >0, T';, < Ag.

Proof. We show the result inductively.

Ifd=1,T, = Ao(1 — A\}).

We suppose the result true for d — 1. We can suppose that for all 0 <7 < d, A; # 0 et denote
by e the sign of A;.

Then for all n > 0, I',,41 — 'y, = €A]0,, where

d—1
N © dirt
0, =B B\, Bi=€Aix1(ANix1— 1), \i = —
o+ ; i eAir1(Aig1 — 1) N
Furthermore, 6y = --- = 63_2 = 0, so by hypothesis, n — 6,, is increasing, so as 6y = 0, for all
n >0, 60, >0and n — el',, is increasing.
So 0 =€y < el <limy—s 400 €'y, = €Ay.
As Ay > 0, then € = 1. this completes the proof of the lemma. O
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