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A probabilistic approach to large time behaviour of
parabolic equations with Neumann boundary conditions

Ying Hu* Pierre-Yves Madec!
March 26, 2015

ABSTRACT: This paper is devoted to the study of the large time behaviour of viscosity
solutions of parabolic equations with Neumann boundary conditions. This work is the sequel
of [12] in which a probabilistic method was developped to show that the solution of a parabolic
semilinear PDE behaves like a linear term AT shifted with a function v, where (v, ) is the
solution of the ergodic PDE associated to the parabolic PDE. We adapt this method in finite
dimension by a penalization method in order to be able to apply an important basic coupling
estimate result and with the help of a regularization procedure in order to avoid the lack of
regularity of the coefficients in finite dimension.

Keywords: Backward stochastic differential equations; Ergodic backward stochastic differential
equations; HJB equations; Large time bahaviour; Viscosity solutions;.

AMS classification: 35B40, 35K10, 60H30, 93E20.

1 Introduction

We are concerned with the large time behaviour of solutions of the Cauchy problem with Neu-
mann boundary conditions:

( = Zu(t,x) + f(z,Vu(t,x)o), Y(t,z) € Ry x G,
5 I) +g(x) =0, (t,z) € Ry x G (1.1)
u(0,z) = h(z),

where, at least formally, V¢ : G — R,
1
(L4)(@) = 5 TH(o 0V 6(@)) + (b(z), Vib(a),
and G = {¢ > 0} is a bounded convex open set of R? with regular boundary. u : Ry x G — R

is the unknown function. We will assume that b is Lipschitz and o is invertible. h is continuous
and g € 6)f (G). Furthermore we will assume that the non-linear term f(z, 2) : R? x R1*4 5 R
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is continuous in the first variable for all z and there exists C' > 0 such that for all 2 € R?
V21,20 € RV | f(2,21)— f(2, 22)| < C|21—22|. Finally in order to obtain uniqueness for viscosity
solutions of (1.1), we assume that G is W3 and that there exists Im € €((0,+00),R),
m(0F) = 0 such that Vz,y € G,Vz € R*%,

[f(@,2) = fy, 2)| < m (L + [z])|z —yl) -

A lot of papers deal with the large time behaviour of parabolic PDEs (see for e.g. [20], [10], [14],
[9] or [13]), but there are not a lot of them which deal with Neumann boundary conditions. In
[3], Benachour and Dabuleanu study the large time behaviour of the Cauchy problem with zero
Neumann boundary condition

9ulbr) — Au(t, ) + a|Vu(t, )P, V(t,z) € R x G,

o =0, V(t,z) € Ry x 0G (1.2)
U(O,SC) = h(SC), YV S 6,

where a € R, a # 0, p > 0 and G is a bounded open set with smooth boundary of 43 class.
The large time behaviour depends on the exponent p. Thus if p € (0,1), and if h is a periodic
function, then the solution is constant from a finite time. That is, there exist 7% > 0 and ¢ € R
such that u(t,z) = ¢, for all ¢ > T*. When p > 1, any solution of (1.2) converges uniformly to a
constant, as t — 400.

In [15], Ishii establishes a result about the large time behaviour of a parabolic PDE in a
bounded set with an Hamiltonian of first order H(z,p), convex and coercive in p and with
Neumann boundary coniditons.

In [2], Barles and Da Lio give a result for the large time behaviour of (1.1). However, the result
about the large time behaviour has been improved by Da Lio in [5] under the same hypotheses.
In this last paper, the author studies the large time behaviour of non linear parabolic equation
with Neumann boundary conditions on a smooth bounded domain G-

Qultn) L (e, Vu(t,z), V2u(t,z)) = A, ¥(t,7) € Ry x G
L('Ta Vu(t,x)) =p V(t,l‘) S R+ X a, (13)
u(0,) = h(), Vz € G.

The spirit of this paper is slightly different from our work. Indeed, the result says that VA € R,
there exists ;1 € R such that (1.3) has a continuous viscosity solution. Moreover there exits a

unique X such that p(X) = A for which the solution of (1.3) remains uniformly bounded in time
u. Then, there exits i solution of the ergodic PDE associated to (1.3) such that

u(t, x) S Us (z), uniformly in G.

Our method is purely probabilistic, which can be described as follows. First, let us consider
(XF, KF)t>0 the solution of the following reflected SDE with values in G x Ry

Xe=x+ fOt b(X{)ds + fot Vo(XZ)AKE + odWy, te>0,
K = [y UxseocydK?, V>0,

where W is a R%-valued standard brownian motion. Let (v, \) be the solution of the following
ergodic PDE.

L@+ f(z,Vv(z)o) —A=0, VzedqG,
ita) L g(x) =0, Vzeda,



Let (Y% ZT:%) be the solution of the BSDE:

{ Ay = — f(X2, zT%)ds — g(X2)dK? + ZT=dWy,
Y7 = h(X§),

and (Y, Z, \) be solution of the EBSDE:
dY, = —(f(X7, Z7) = Nds — g(X7)AK? + ZZdW,.
Then we have the following probabilistic representation

YST7Z = U(T - S’st)’
Y =v(XY).

Then, in order to apply the method exposed in [12], we penalize and regularize the reflected
process in order to apply the basic coupling estimates. Then, the use of a stability argument for
BSDE helps us to conclude. Finally, we deduce that there exists a constant L € R such that for
all z € RY,

Yt AT - Y¢ — L,
T—+o00

i.e.

w(T,z) — AT —v(x) — L.

T—4oc0

Our method uses not only purely probabilistic arguments, but also gives a rate of convergence:
|u(T,x) — AT — v(z)| < Ce T,

The paper is organized as follows: In section 2, we introduce some notations. In section 3, we
recall some existence and uniqueness results about a perturbed SDE, a reflected SDE, a BSDE
and an EBSDE that will be useful for what follows in the paper. We recall how such BSDE and
EBSDE are linked with PDE. In section 4, we study the large time behaviour of the solution of
the BSDE taken at initial time when the horizon T of the BSDE increases. Then, we obtain a
more precise result with an explicite rate of convergence in the Markovian case. In section 5, we
apply our results to an optimal ergodic control problem.

2 Notations

We introduce some notations. Let E be an Euclidian space. We denote by (-, -) its scalar product
and by | - | the associated norm. We denote by B(z, M) the ball of center z € E and radius
M > 0. Given ¢ € Bp(FE), the space of bounded and measurable functions ¢ : E — R, we
denote by ||¢|lo = sup,cp |¢(x)|. If a function f is continuous and defined on a compact and
convex subset G of R?, we define fga := f(II(z)) where II is the projection on G. Note that fga
is continuous and bounded. ((oﬂllfp (G) denotes the set of the functions of class ¢* whose partial
derivatives of order k are Lipschitz functions.

Given a probability space (Q,.7,P) with a filtration .%;, we consider the following classes of
stochastic processes.

1. L%,(Q,€([0,T; E)), p € [1,00), T > 0, is the space of predictable processes Y with continuous
paths on [0, T] such that

Yl .eom:e) =E sup [V <oc.
t€[0,7)



2. L%,(Q,L*([0,T]; E)), p € [1,00), T > 0, is the space of predictable processes Y on [0, 7] such

that
T p/2
|Y|L%,,(Q,L2([O,T]7E)) =K </0 |Y;§|2dt> < Q.

3. L% 15.(2, L*([0,00); K)) is the space of predictable processes Y on [0, 00) which belong to the
space L% (2, L*([0,T]; E)) for every T > 0. We define in the same way L7, (€, €([0, 00); E)).

In the following, we consider a complete probability space (£2,.%,P) and a standard Brownian
motion denoted by (W;):>o with values in R¥. (%;)o<; will denote the natural filtration of W
augmented with the family of P-null sets of .%.

In this paper, C denotes a generic constants for which we specify the dependency on some
parameters when it is necessary to do so. In this paper, we will consider only continuous viscosity
solutions.

3 Preliminaries

3.1 The perturbed forward SDE
Let us consider the following stochastic differential equation with values in R¢:

Xo=x € R4, .
We will assume the following about the coefficients of the SDE:

Hypothesis 3.1. 1. d: R? — R? is locally Lipschitz, strict dissipative (i.e. there exists n > 0
such that for every z,y € RY, < d(z) — d(y),z —y >< —n|z — y|?) and with polynomial
growth (i.e. there exists ;1 > 0 such that for every x € RY, |d(z)| < C(1 + |z|*)).

2. b:R,. x R* —» R is bounded and measurable.

3. o € R¥*4 ig invertible.

Definition 3.1. We say that the SDE (3.1) admits a weak solution if there erists a new .F-
Brownian motion (W?);>¢ with respect to a new probability measure P (absolutely coninuous
with respect to P), and an F-adapted process (X*)i>o with continuous trajectories for which

(3.1) holds with (W);>o replaced by (Wz)tzo.

Lemma 3.2. Assume that Hypothesis 3.1 holds true and that b(t,-) is Lipschitz for every t > 0.
Then for every x € R?, equation(3.1) admits a unique strong solution, that is, an adapted R4-
valued process denoted by X* with continuous paths satisfying P-a.s.,

t t t
sz:z:—i—/ d(X;”)ds—i—/ b(s,Xf)ds—i—/ odWs, Vt>0.
0 0 0

Furthermore, we have the following estimate:
E[ XS] < C(1 + |2), (32)

If F' is only bounded and measurable then there exists a weak solution ()A(, W) and unicity in law
holds. Furthermore, (3.2) still hold (with respect to the new probability measure).



Proof. For the first part of the lemma see [11], Theorem 3.3 in chapter 1 or [18], Theorem 3.5.
Estimates (3.2) is a simple consequence of Ito’s formula. Weak existence and unicity in law are
a direct consequence of a Girsanov’s transformation. O

We define the Kolmogorov semigroup associated to Eq. (3.1) as follows: V¢ : R? — R
measurable with polynomial growth

Zi[9)(x) = E¢(XY).

Lemma 3.3 (Basic coupling estimate). Assume that Hypothesis 3.1 hold true and that ¥t > 0,
b(t,-) is Lipschitz. Then there exists ¢ > 0 and /) > 0 such that for all ¢ : R? — R measurable
and bounded (i.e. 3C, > 0 such that Vo € R, ¢(z) < C(1 + |z|*)),

| 2el(@) = Pg](y)] < ee™ ™. (3.3)
We stress the fact that ¢ and 1) depend on b only through sup;sq sup,ga |b(t, )]

Proof. See [17]. O

Corollary 3.4. Relation (3.3) can be extended to the case in which b is only bounded and
measurable and for all t > 0, there exits a uniformly bounded sequence of Lipschitz functions
inx, (bp(t,))n>1 (i.e. Yt >0,Vn € N, by(t,-) is Lipschitz and sup,, sup, sup,, |b,(t,2)| < +00)
such that

limb, (t,x) = b(t,x),  Vt>0,Voc R
Clearly in this case in the definition of P[P| the mean value is taken with respect to the new
probability measure P.

Proof. Tt is enough to adapt the proof of Corollary 2.5 in [6]. The goal is to show that, if "

denotes the Kolmogorov semigroup corresponding to equation (3.1) but with b replaced by En,
then Vo € RY |Vt > 0,

() —  Pilol(x).

n—-+oo
(|

Remark 3.5. Similarly, if for every ¢t > 0, there exits a uniformly bounded sequence of Lip-
schitz functions (b, n(t,))mennen (le. V& > 0,Yn € N,Vm € N, F,, ,(t,-) is Lipschitz and
Sup,,, SUp,, SUp, Sup,, |bm . (t, )| < +00) such that

limlim by, (¢, x) = b(t,x),  Vt>0,Ve € RY,

m n

then, if 22" is the Kolmogorov semigroup corresponding to equation (3.1) but with F' replaced
by bp,.n, we have Vt > 0, Vo € R4,

limlim 7" [9](x) = (6] @)

which shows that relation (3.3) still hold.

We will need to apply the lemma above to some functions with particular form.



Lemma 3.6. Let f : R? x R™*F — R be continuous in the first variable and Lipschitz in the
second one and ¢, (" be two continuous functions: Ry x R — Rk be such that for all s > 0,
C(s,-) and ¢'(s,-) are continuous. We define, for every s >0 and v € R?,

Ty = § DR s ) = (o)) i Csm) # (s, ),
0, if ((s,2) = ('(s, ).
Then for all s > 0, there exists a uniformly bounded sequence of Lipschitz functions (L, n (8, *))meN,nen

(i.e., for every m € N* and n € N*, T, (s,-) is Lipschitz and sup,, sup,, sup, sup, | L(s,z)| <
+00) such that for every s > 0 and for every x € R?,

Vz e RY lim  lim YTrn(s,z) =T(s,x).

m—+00 n—-+0o0

Proof. See the proof of Lemma 3.5 in [6]. O

3.2 The reflected SDE

We consider a process X7 reflected in G = {¢ > 0}. Let (X7, K¥);>0 denotes the unknown of
the following SDE:

{ X = a+ [Ib(X2)ds + [ VH(XT)AKT + odW,, te Ry, 5.4

KP = [y Iixreocyd KT
Hypothesis 3.2. 1. b: G — R% is Lipschitz,
2. o € R4 is invertible.
We will make the following assumptions about G.
Hypothesis 3.3. 1. G is a bounded convex open set of R,
2. ¢ € 67, (RY) and G = {¢ > 0}, G = {¢ = 0} and Va € G, |[Vo(x)| = 1.

Remark 3.7. Let us denote by II(z) the projection of 2 € R? on G. Let us extend the definition
of b to R? by setting, Vo € RY,

b(x) == —x + (b(I(z)) + I(z))

Note that d(z) := —=x is dissipative and that p(z) := b(II(xz)) 4+ II(x) is Lipschitz bounded.
Therefore, b is weakly dissipative and satisfy Hypothesis 3.1.

Let us denote by (X;”") the solution of the following penalized SDE associated to 3.4:
t ¢
XP =g / (X + Fu(X2™) | ds + / odW,,
0 0

where Vo € R, F,(z) = —2n(z — II(z)).

Lemma 3.8. Assume that Hypotheses 3.2 and 3.3 hold true. Then for every x € G there exists
a unique pair of processes (X, KI)i>o with values in (G x Ry) and which belongs to the space
L2, (9, % (0, +00[; RY)) x LV, (2, %([0,+00[;Ry)) , Vp € [1,+0c, satisfying (3.4) and such that

t
ny ::/ Vo(XI)AKY, has bounded variation on [0,T], Y0 < T < 400, n§ =0,
0



and for all process z continuous and progressively measurable taking values in the closure G we
have

T
/ (X7 — 2)dK” <0, VT >0.
0

Finally the following estimates holds for the convergence of the penalized process, for any 1 <
q < p/2, for any T > 0 there exists C > 0 such that

C
E sup |[X7" - X7]P < =
0<t<T nd

Proof. See Lemma 4.2 in [17]. O

3.3 The BSDE

Let us fix T' > 0 and let us consider the following BSDE in finite horizon for an unknown process
(Ybw ZT0e) .y with values in R x RY*%:

T T T
yIe :,gT+/ f(Xﬁ*””,ZTT’t*””)dr—i—/ g(Xﬁ’””)dKﬁ’I—/ ZIbeaw,, Vs e [t, T),
(3.5)

where (X%, K!") > 11) is the solution of the SDE (3.4) starting from x at time ¢. If t = 0, we
use the following standard notations X? = X0% K% = k0% yI:# .= yI\0. and 71w = 7T:0=,
We will assume the following assumptions.

Hypothesis 3.4 (Path dependent case). There exists C' > 0, such that the function f : G x
RV — R and ¢7 satisfy:

1. ¢7 is a R valued random variable .#7 measurable and [¢7] < C,
2. Vz € G, V21,20 € RV |f(x,21) — f(z,20)| < Clz1 — 22,

3. f(+, z) is continuous,

@).

4. g€ (to”hlp

Lemma 3.9. Assume that Hypothesis 3.2, 3.3 and 3.4 hold true, then there exists a unique
solution (V,[4, ZI4+) & L2,(0, ([0, T} ) x L2(, L2([0, T RI*4)).

Proof. See Theorem 1.7 in [21]. O
Hypothesis 3.5 (Markovian case). There exists C' > 0 such that

1. €7 = h(X%), where h : G — R is continuous,

2. Vz € G, Vz,2' e R\ |f(x,2) — f(x,2")| < Clz — 2|,

3. Vz € R4 f(.,2) is continuous,
@)

4. g€ (to”hlp



Let us consider the following semilinear PDE:

% + ZLu(t,z) + f(x,Vu(t,z)o) =0, V(t,x) € [0,T] x G,

2ull) 4 g(a) = 0, V(t,z) € [0,T] x 0G (3.6)
u(T,x) = h(zx), Vo € G,

where Lu(t,z) = 3 Tr(c'oV2u(t, ) + (b(x), Vu(t, z)).

Lemma 3.10 (Existence). Assume that Hypotheses 3.2, 3.3 and 3.5 hold true then there exists
a viscosity solution to the PDE (3.6) given by

urp(t,z) = Y0

Proof. In the general case, ((t, x) fg g(Xﬁ””)dKiz) may fail to be continuous, and therefore

((t, x) Y;T’t’m) may also fail to be continuous. However in our framework, ur(t,x) € €([0,T] x

G, R). Indeed, first as in the proof of Theorem 3.1 in [22], we deduce the existence of a function
v!' : G — R which belongs to the space ¢}, (G) and which is solution of the Helmholtz’s equation
for some v € R

Avl(z) — avt(z) = 0,
Ul xX
6,97(1 ) +g(z)=0

We set Y.10% =l (X5®) and Z1H® = Vol (X1%)o. These processes verify Vs € [t, T7,

T T T
vits o)+ [l lar s [ geenarse - [ ziteaw,

S

where

(Lo () = %Tr(o’tO'V2’Ul(SC)) + (b(z), Vo' (z)).
Then, if we define

i}ST,t,m _ YST,t,z o ,Ul(X;E,z)

ZST’W = ZST’W — Vvl(X;f’””)a,

(YTt ZT.to) satisfies the BSDE, Vs € [t, T):
Toe = ()0 [ [FO0 Z0  V (00)a) 4 20 ()] dr - [ 280w,

which shows, since v' € €7, (@), that ((t, x) }ZT’t’I) is continuous. To show that urp(t, z) is

a viscosity solution of 3.6 see [21], Theorem 4.3. O

Uniqueness for solutions of (3.6) holds under additional assumptions in our framework.
Hypothesis 3.6. 1. JG is of class W3,
2. Im € €((0,4+00),R), m(0T) = 0 such that Va,y € G,Vz € R'*¢,

|f(@,2) = fy, 2)| < m (1L +[z])]z —yl) .



Lemma 3.11 (Uniqueness). Assume that Hypotheses 3.2, 3.3, 3.5 and 3.6 hold true. Then,
uniqueness holds for viscosity solutions of (3.6).

Proof. See Theorem II.1 in [1]. O

Remark 3.12. By the following change of time: up(t,x) := up (T —t, x), we remark that ur(t, )
is the unique viscosity solution of (1.1). Now remark that tr(T,z) = ur(0,2) = Y, "% = Y;"*
therefore the large time behaviour of YOT’z is the same as that of the solution of equation (1.1).
This justifies our approach.

)

3.4 The EBSDE

In this section, we consider the following ergodic BSDE for an unknown process (Y;*, ZF, A)¢>0
with values in R x R'*? x R:

Y=Y+ /T(f(X;”,Zf) — A)ds + /Tg(X;”)dKf — /T ZidWs, Y0<t<T < +o0.
t ' t (3.7)
Hypothesis 3.7. There exists C' > 0 and p > 0 such that,
1. Vo € G, V2,2 e R4 |f(x,2) — f(x,2")| < Clz — 2|,
2. Vz € R4 f(. 2) is continuous,
3. g € Gi,(G).

Lemma 3.13 (Existence when Neumann boundary conditions are null). Assume that g = 0
and that Hypotheses 3.2, 3.3 and 3.7 hold true. Then there exists a solution (Y*, Z* \) €
L%,(Q,4([0, +00[; R)) x L%, (2, L*([0, +oo[; R1*4)) x R to (5.7). Moreover there exists v : G — R
and & : G — R4 measurable such that for every x,y € G, for allt >0

Y =o(XY), 20 = §(XY),
v(0) =0,
v(z) —v(y

o(z) = v(y

)

) <C
)| < Clz —yl.

Proof. First let us recall that by Remark 3.7, one can replace b by its extension b which is weakly
dissipative. Therefore, replacing f by fra, we obtain, by Theorem 4.4 in [17] that there exists
v:G — Rand ¢ : G — R'™? measurable such that for every z,y € G, for all t > 0,

Vi = (X)), Zf = §(X)),
v(0) =0,
[o(z) —v(y)] < OO+ [a 4 [y h),
(z) —v(y)| < COA+ [aFF + [y[' )|z — y.

~—

v(z)
And the result follows by the boundedness of G. O

Remark 3.14. Note that even if 0 € G, the method used in [17] constructs a function v defined
on the whole R? and such that v(z) = 0.



Lemma 3.15 (Existence). Assume that Hypotheses 3.2, 3.3 and 3.7 hold true. Then there exists
a solution (Y*,Z%,\) € L% (Q,%/([0,+00; R)) x L% (Q, L*([0, 4o0]; RY*4)) x R to the EBSDE
(3.7). Moreover there exists v: G — R such that for every x,y € G, for all t > 0,

Y =u(XY),

jo(@)| <,

[v(z) —v(y)| < Clo —yl.
Proof. First as in the proof of Theorem 3.1 in [22]|, we deduce the existence of a function v! :

G — R which belongs to the space %?p(G) and solutions of the Helmholtz’s equation for some
a€eR

Avl(z) — avt(z) = 0,
2oLt 4 g(x) =0

Then, if we define (V,! := v}(X[), Z} := Vol (X])o) satisfy, for every 0 <t < T < +oo:

T T T
V! :YT1+/ [—2v' (XD)] ds+/ g(X;”)dK;.”f/ Zlaw,, (3.8)
t + t
where
(L) (x) = %T&r(atav%l) + (b(z), Vo).

Now consider the following EBSDE:
T T
Y=Y} +/ [f2(XZ,Z2) — Nds — / Z2AW,, NY0<t<T < +oo, (3.9)
t t

with f2(z,2) == ZLv'(z) + f(z, 2 + Vo' (z)o). Since f?(-,0) is continuous and since for every
x € G, f*(z,-) is Lipschitz, one an apply Lemma 3.13 to obtain the existence of a solution
(Y72 =03(X}P), 22 = €2(X})) to EBSDE (3.9) such that v? is continuous. We set

VP = Y Y = ol (XF) + ¥ (XD),
ZF =7+ 77 = Vol (X))o + E2(X]).
Then (Y*, Z*, \) is a solution of the EBSDE (3.7). O

Theorem 3.16 (Uniqueness of \). If (Y1, Z1 \Y) and (Y2, Z% \2) denote two solutions of
the EBSDE (3.7) in the class of solutions (Y, Z,\) such that ¥t > 0,|Y;] < C, P-a.s. and
A L@,ZOC(Q,LQ([O,W[; R1*4)  then

Al =A%
Proof. See Theorem 4.6 in [7]. O

Theorem 3.17 (Uniqueness of solutions (Y, Z, \)). Uniqueness hold for solutions (Y,Z,\) of
the EBSDE (3.7) in the class of solutions such that there exits v : G — R continuous such that
Y, = o(X?) with v(0) =0, and Z € L%, ,,,(Q, L*([0, co[; R *%).

10



Proof. Let (Y! = v}(X®), Z1 A\Y) and (Y2 = v?(X?®), Z2,)\?) denote two solutions. Then from
Theorem 3.16, we deduce that A' = \? =: \.

Now, let us denote by v: G = R, v € %lfp(é) and solutions of the Helmholtz’s equation for
some o € R

{ Av(x) — av(z) =0,
9olx) 4 g(z) = 0.

Then, if we define (V; := v(X7), Zy := Vo(X7)o) satisty, for every 0 < ¢ < T < 4oc:
T T T
Y, = Vi + / [ Zo(X7) ds + / g(XT)AKT — / Z.dW,, (3.10)
t t t
where
1 ~
(ZLv)(z) = 5 Tr(c'oV?v) + (b(x), V).

Therefore, (Y;! = V! — v(X}), Z} = Z} — Wo(X?)o) satisfies the EBSDE, V0 < s < T < 400,

v :Y;+/ {f(X;”,Z;”)—)\} ds—/ Ztaw,,
t t

where Vz, z € R x R1*4,
f(ac,z) =f(z,2+ thl(x)a) A= f(z, 2+ tVz)l(x)a) .
Then, let (Y1762 ZLT:42) be the solution of the following BSDE, Vs € [t, T1,
T T
YR = (! — 0)(X57) +/t f(xz, zHT ") ds —/t ZETtEqw,
By uniqueness of solutions to BSDE, we deduce that
vl(z) —v(z) = SA/OLT’O’I.

Now, we fix infinitely differentiable functions p. : R* — R* bounded together with their deriva-
tives of all order, such that: [, p-(x)dz =1 and

supp(pe) C {{ € R : [¢] <&}

where supp denotes the support. Then we define Vn € N,
(Po)ele) = | pw)Futa = )
be(z) = / pe(y).b(z — y)dy
Rd
Let us denote by X%%™¢ the solution of the following SDE, Vs > ¢

Xt =g +/ (b + (B ) (xXE2m)dr +/ odW,,
t t

11



and let (YL T temne 71T6ene) he the solution of the following BSDE, Vs € [t, T

s T
Ysl,T,t,m,n,s — (’Ul o ’U)(X;’z’n’6> +/ f(X:’z’n’E, Z&’T’t’m’n’g)dT 7/ Z:,T,t,z,n,sdws.
t

S

Then by a stability result, (see for e.g. Lemma 2.3 of [4]), we deduce that

li li Yl,T,O,m,n,E _ i}l,T,O,z — 1 o ) 11
Lim  lim Y 0 v (z) —v(x) (3.11)

Similarly, defining (Y2102 72162y and (Y2 Ttene 72 T.6en.2) in the same way, we deduce
that

Jdimlim YRTOOmE = YRTOT = 2(2) — u(a).

Furthermore, by Theorem 4.2 in [16] (note that it can be extended to the case in which
the terminal condition and the generator is continuous in x and with polynomial growth in x
exactly by the same arguments exposed in the Theorem 4.2 in [§], the only difference coming
from the fact that the authors of this last paper work in infinite dimension for the SDE), if we
define w2 (¢, z) := V;"T0™E then (2 — ubT™=(¢,2)) is continuously differentiable for all
t€[0,T[, and Vs € [t, T,

Zl,T,t,m,n,E _ tvul,T,n,a(s Xt,ac,n,fs)a.

S I S N

_ 2,7t
Similarly, we define u?7""¢(¢,x) := Y,>""®™° and then

Z2,T,t,m,n,£ _ tvu2,T,n,a(s Xt,ac,n,fs)a.

S I S °

Therefore, taking t =0, VI' > 0

T
ul’T’n’E(O,.T) _ UQ’T’n’E(O,.T) _ (’Ul _ UQ)(X;,'@E) _ / (Zsl,T,t,m,n,e _ ZSQ,T,t,m,n,E)dWs
0

~

T
+/ {f(Xf’n’E,Z;’T’t’z’n’E) o f(Xg,n,svzs,T,t,z,n,s) ds
0
T
_ (’Ul o UQ)(X;’HE) _/ (ZSI,T,t,z,n,E _ Z?,T,t,m,n,a‘)(_ﬁ(s’st,n,a)ds + dWs),
0

where

g : 1,T,n,e 2, Tn,e
ﬂT(S,z = [Wul Tme (XTI ) o—tVuZ Tme (X7 a2 Lecr, if Vubbme(t o) # Vusme(t, x),

) f(I,tvul’T’n’E(X:’n’a)(T)-f(l,tvuz’T’n’E(X:’n’i) )
0, otherwise.

The process 7 is progressively measurable and bounded, therefore, we can apply Girsanov’s
Theorem to obtain that there exits a new probability measure Q7 equivalent to P under which
(W —fot B(s, X§™%)ds)se0,7 is a Brownian motion. Therefore, denoting by E?" the expectation
with respect to the probability Q7,
ul’T’n’E(O,.T) o UQ,T,W,,E(O’:L,) _ EQT [(Ul - U2)(X1ZJ"8)]
= Prlv! —v?)(2),

12



where &, is the Kolmogorov semigroup associated to the following SDE, V¢ > 0,

Uf:ch/Ot (’5€+(Fn)5) (Ug)ds+/0

By Corollary 3.4 and Remark 3.6, we deduce that

t s
of(s,U)ds + / odWs.
t

[ul B0, 2) — w0, ) — (uhT™E(0,0) — (wT™E(0,0)] < Ce
Therefore, thanks to (3.11),
[0} () = (2) = (v (0) —*(0))] < Ce .

Therefore, since v (0) = v?(0) = 0, letting 7' — +oc implies that

O
We recall the link of such EBSDE with ergodic PDE. Let us consider the following ergodic

semilinear PDE for which the unknown is a pair (v, \):

ZLv(z) + f(z,Vo(z)o) = A =0, VxeG,
5 +g(x) =0, Vz € 0G.

Lemma 3.18 (Existence of ergodic viscosity solutions). Assume that Hypotheses 3.2, 3.3 and
3.7 hold true then the solution (v, \) of Lemma 3.15 is a viscosity solution of (3.12).

Proof. Note that v is continuous by Lemma 3.15. The proof of this result is very classical and
can be easily adapted from [21]. O

Lemma 3.19 (Uniqueness of ergodic viscosity solutions). Assume that Hypothesis 3.2, 3.3, 3.6
and 8.7 hold true. Then uniqueness holds for viscosity solutions (v, \) of (3.12) in the class of
(continuous) viscosity solutions such that 3a € R, v!(a) = v*(a).

Proof. Let (v', A') and (v%,A?) be two continuous viscosity solutions of (3.12). First we show
that A\' = A2. Let us fix 0 < ¢ < T < +o0, and let us consider (Y1702 ZLT:L.2) the solution of
the following BSDE in finite horizon, Vs € [t,T],

T T T
varee o)+ [ e 2 <N+ [ geemate - [ zitaw,

And we define (Y2T:t:x 72 T:6.2) similarly, replacing A by A\2. By Lemma 3.10, we deduce that
ubT () = Y,HTPT s a viscosity solution of (3.6). Since v' is also a viscosity solution of (3.6),
it follows by Lemma 3.11 that Vt € [0,T],Vz € G,

ub T (t, ) = vl(z).
Of course, similarly, V¢ € [0,7], Vx € G,

u?T(t,z) = v*(2).

13



Then, taking ¢t = 0, VT' > 0,
T
b (0,0) — T (0,) = o} (XF) — 0*(XF) + [ (X7, 2T - X7 Z2T)ds
0
T
+ (X = AT — / ZyTr = Z2hr AW,
0
T
= V(XF) = ) + [ (28T - 22T B+ W),

0

where, Vs € [0, T

(f(XZ,zy Do) f(XZ, 22T )z — 22 T7) if ZLTww £ 72T

ﬁs — { ‘Z;,T,m_Zg,T,mlg I

0, otherwise.

Since (fBs)sejo,7) is a measurable and bounded process, by the Girsanov’s theorem, there exists

a new probability QT equivalent to P under which (W; + fot Bsds)efo,r)- Taking the expectation
with respect to this new probability, we get

ubT(0,2) —u>T(0,2)  EQ (X)) —0*(XE) . .
7 = 7 + A2 AL

Since v! and v? are continuous and therefore bounded on G, letting T — +oc implies that
A=)

Then, since A' = A2, it implies that v! and v? are viscosity solutions of the parabolic PDE:

6“6;’1) +g(x) =0, Va € 0G.

ou(t,x —
{ % + ZLu(t,z) + f(z,Vu(t,z)o) = A =0, VxeQGq,

Then by the strong maximum principle for this parabolic equation (see Proposition 2.1 in [5];
note that v' and v? are assumed to be continuous on G and therefore w = v' — v? is bounded
on G), we derive that there exists ¢ € R such that v! — v? = ¢. Since v!(a) = v?(a), it implies
that ¢ = 0, which concludes the proof. [l

Remark 3.20. Uniqueness for viscosity solutions of elliptic PDE (3.12) implies uniqueness
for Markovian solutions (Y* = v(X?), Z% ) of (3.7). Indeed, if (Y1* = v1(X?), ZL% A1) and
(Y22 = 92(X*®), Z%%, \?) are Markovian solutions of (3.7) then, defining v* and v? are continuous
by applying the same method as in the proof of Lemma 3.15. Then it follows that (v', \) and
(v2,\?) are viscosity solutions of (3.12). By uniqueness of viscosity solutions, it follows that
vl = 02 and A\! = A2, Then remarking that Y% = v!(X®) and Y%% = v2(X?) implies that
y1L# = Y22 Therefore Z* = Z** by Ito’s formula applied to |V} — Y,>“|2.

4 Large time behaviour

4.1 First behaviour

We recall that (Y1, ZT'®) > denotes the solution of the finite horizon BSDE (3.5) with ¢ = 0
and that (Y, Z7, \)s>0 denotes the solution of the EBSDE (3.7).

14



Theorem 4.1. Assume that Hypotheses 3.2, 3.5 and 3.4 hold true (path dependent case), then,
Ve e G, V1T > 0:

Y()T T
T

<

C
- T

In particular,

YOT,I
— A
T T—4+oc0

uniformly in G. o
Assume that Hypotheses 3.2, 3.8, 3.5 and 3.6 hold true (Markovian case). Then, Vo € G,
VT > 0:

T,z
Yoo _l< 9.
T - T
i.e.
u(T, x) Y C
T - T

where u is the viscosity solution of (1.1). In particular,

u(T, x) YOT’z
Sl e DY
T T T—+oo ’

uniformly in G.

Proof. The proof is identical to the proof of Theorem 4.1 in [12]. Note that the proof is
even simpler since we work with a bounded subset G' of R? and then for any probability Q7
EQ" [supg<;<r | X¢|#] < C, where C' depends only on G and p. Note that the proof make appears
an important result

lur(0,2) — AT — v(x)| < C, (4.1)

which will be useful for what follows. Finally note that for the Markovian case, Hypothesis 3.6
is added in order to obtain uniqueness of viscosity solutions of (1.1). O

4.2 Second and third behaviour

In this section we introduce a new set of hypothesis without loss of generality. Note that it is
the same as Hypothesis 3.5 but with modified assumptions for b. However we write it again for
reader’s convenience. The remark immediately following this new set of hypothesis justify the
fact that there is no loss of generality. Let us denote by (Y*, ZL% X)s>o the solution of the
EBSDE (3.7) when X* is replaced by X%*. We recall that this solution satisfies

70 = Vol (X0 o 4 Z2. (4.2)

Hypothesis 4.1. There exists C' > 0 such that
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1. b: R4 — R? is ¢ Lipschitz and dissipative (i.e. 35 > 0 such that Yo,y € R?, (b(z) —
b(y),x —y) < —nlz —y|?),

2. ¢T = h(X%), where h : G — R is continuous,

3. Vo € G, Vz, 2/ e RV* | f(x,2) — f(z,2")| < Clz — 2|,
4. ¥z € Rk (., 2) is continuous,
5. g € a1, (G).

Remark 4.2. Note that asking b to be ¢! Lipschitz and dissipative is not restrictive. Indeed,
let us consider b : G — R? only Lipschitz. Let us recall that the purpose of this paper is to study
the large time behaviour of the viscosity solution of

Sulls) — pu(t,x) + f(x, Vu(t,z)G), Y(t,z) € Ry x G,

at
BUE()ZZ) +g(x) =0, V(t,z) € Ry x 0G
U(O,.T) = h(l‘), vV € G.
Now, we define, Vo € R, g(z) = —x + (b(II(z)) + II(x)). Note that b is equal to b on G.
Furthermore,

@(x),VU(t,x)) + f(z,Vu(t,z)o) = (—x, Vu(t,z)) + f(x, Vu(t,z)o),

where f(z,2) = f(z,2) + (b(I(z)) + II(z), 2o~ ) is a continuous function in z and Lipschitz in
z. Therefore, under our assumptions, we can always consider the case b being €' Lipschitz and
dissipative by replacing b by (z — —z) and f by f if necessary. Note that it only changes the
stochastic problem, not the deterministic one.

Theorem 4.3. Assume that Hypotheses 3.2, 3.3, 3.6 and 4.1 hold true. Then there exists L € R
such that,

Ve e G, Yy — AT —Yg s
— o0

i.e.

Vo € G, u(T,z) — AT — v() o7 L,
— o0

where wu 1is the viscosity solution of (1.1) and v is the viscosity solution of (3.12). Furthermore
the following rate of convergence holds

Y = AT — Y& — L] < Ce ™7,
i.e.

lur(0,2) — AT — v(x) — L| < Ce™ 7.
Proof. Let us start by defining

up(t, x) = Y,

wr(t,x) == ur(t,x) — NT —t) — v(x).

We recall that Y14 = up(s, X1*) and that Y = v(X?2).

S
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Note that (z +— wr(0,x)) is continuous and bounded uniformly in T by (4.1). Therefore one
can extend the definition of wz(0,z) to the whole R? into a continuous and uniformly bounded
in T function by setting wy g (0, z) := wr(0,1I(z)) where II is the projection on G.

We recall that for all T',.S > 0, ur is the unique solution of

Qur(he) | Pup(t, ) + f(a, Vur(t,z)G) =0, Y(t,z) € [0,T] x G,

auqéif,m) +g(z) =0, V(t,z) € [0,T] x G,
ur(T,x) = h(x), Vo € G,

and that upig is the unique solution of

Qurestr) 4 Pypyg(t,x) + f (2, Vurss(t,z)o) =0, Y(t,z) € [0,T+ 8] x G,
Qurss(te) 4 g(n) =, V(t,z) € [0,T + 5] x G,
urys(T + S, 2) = h(z), Vo e G.

By uniqueness of viscosity solutions, it implies that ur(0,z) = urys(S, ), for all z € G, and
then,

wr(0,2) = wrys(S,x),Vr € G. (4.3)

For every T > t, the process (wr(s, X!™"))sep, 1) satisfies the following BSDE in infinite
horizon, Vt < s <T < 400,

T T
wr(s, X%) = wr(T, X5%) + / [F(XE2, ZT0w) — f(XE, 700 dr — / (250~ Zb)aw,
° T ° T
— g(X57) — u(XE) + / [F(XE®, 2T — F(X5%, Z0%)dr - / (Z70% — Z5)aW,.

Since we do not have a basic coupling estimate Lemma for the reflected process X%, we will
use an approximation procedure. We fix infinitely differentiable functions p. : R — RT bounded
together with their derivatives of all order, such that: fRd pe(z)dz =1 and

supp(pe) C {E eRY: €] < 5}

where supp denotes the support. Then we define Vn € N,

(Fo)ele) = [ o) Fala = )

It is well known that (F),). is €°°. Furthermore, (F},). is still O-dissipative. Let (X5*")s>; be
the solution of

XhEme — g —|—/ (b+ (Fn)e)(XE=™e)dr —|—/ odW,, Vs>t
t t

and (Y2Home 7262m.e) o, be the solution of the following monotonic BSDE in infinite horizon,
forallt < s <T < +00

T T
2.t
Y;Q,t,z,n,a — YT7 yL,1H,E +/ [f(X:,z,n,a’Zg,t,m,n,a) _ ay;?,t,z,n,a} dr _/ Zg,t,m,n,adWT.
S S
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By Theorem 4.4 in [17], there exists sequences ,, — 0, f(n) — +oo and oy —> 0

m—+00 p—>+00 k—+o00
such that for all T" > ¢,
T 2
m11m,1m,E/ Vﬁ%%ﬂm%—zfdy:& (4.4)
k—+o00 n—-+00 m—-+o00 t

In what follows, we will use the following notation. If ¢*™¢ denotes a function depending of the
parameters «, n and €, then

lim ¢®™°:= lim lim lim ¢ PM)em,
Q,N,E k—+o00 n—+00 m——+o0

Let us come back to the equation (4.2). Then if we define, for all s > ¢,
Z;,z,a,n — (V’UI)Rd (X;E,z,n,a)o_ + Zg,t,m,a,n,a,

by the dominated convergence theorem and thanks to (4.4), for all T > ¢

T
hmE/|ﬁ%WWfﬁﬂ%rﬂ. (4.5)
t

a,n,e

Note that by Theorem (4.2) in [16], if we define v**™(z) = Y;"*™*, then v? is €' and
Vs>t

Z2,t,z,a,n,€ — VUQ,a,n(Xt,z,n,s)o,
S S °
Therefore, we have the following representation, Vs > t,

Z;&,m,a,n,s — V(’Ul)Rd (X;’I’n’g)O' + V,U2,a,n,s(X£,z,n,s)o_
= Ve (X BT g (4.6)

—Tt,x,a,n,e 5T,t,x,a,n,e

Let us denote by (Y A
horizon, Vs € [t, T

)s>¢ the solution of the following BSDE in finite

S

T, t,x,a,n,e =T, t,x,a,n,e

T
Ys W Rd (T7 X%lib,n7€> + / {f(Xﬁ,m’mev Zr - Z£7I7a,n76> - f]R’i (X7€7I7n’87 Z£7Z7a,n76> dr
s

T
=T, t,x,a,n,e
—/‘Z aw,
s

T

T T
_ (h + ’U)]Rd (X;,m,n,s) +/ fa’n76(577,’7:’t7Z7a’n78)d7’ 7/ E?t,m,a,n,adWT.
S

S
where, for all z € R1x4
Fome(r,2) 1= Fpa(XEPE 2 FE0) — fya (XL, Zhmon),
We define, for all z € R4,

flr,z):= fRd(X:’z, z— Zix) — fra (X,’f’x, Zﬁx)
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The assumption (A2) of [4] is satisfied, indeed:

V21,20 € RMY |fa’n’€(5,21) - f(5a22)| < Clzy — 22,

T ~
E / 7o (s, 0)[2ds
t

+ sup E[[X7")] <C.
t<s<T

Now we show that the assumption (A3) of [4] is satisfied. We have, Vs € [t, T,

T
E / If“’"’E(T,Zﬁ’z)f(T,Zf«’””)IQdT]

=E

<2E

T
/ |f]Rd (Xi,m,n,s7 Zi,ac o Zi,m,a,n,s) o f]R'i (Xﬁ,z, 0)|2dT]

+2E

T
/ |f]Rd (Xﬁ,z,n,s, Zﬁ,z,a,n,s) o f]Rd (X:’z, Zi,m)|2d7,‘|

T
< CB| [ (Zmn = 20 | faa (X27"4,0) = Fral(XE7,0) P

+CE

T
[ Zememe = 2 | (X077, 20 — fra(XE, Zi@)ﬁ)dr] .

T
[ et 2l - Bman) — fua (i, Bmn) — fra(XE7,0) + fra(X0, 207

Then, with the help of (4.5), since fra (-, 2) is continuous for all z € R1*?, since lim,, E SUp; < s< | X Lwmee

X1®|2 =0 and since | fga(z,0)| is bounded, we obtain by the dominated convergence theorem

lim E

a,n,e

T
|15z - Fr 2 Par| <o

Furthermore, by continuity and boundedness of (g 4+ v)ga , we deduce by the dominated conver-
gence theorem:

lim E [|(g + v)ra(X5"") = (9 + v)ra (0, X37) %] .

a,n,e

Thus assumption (A3) of [4] is satisfied. Therefore, by Lemma 2.3 of [4], we obtain:

—T,t,x,a,n,e

lim Yt = ’UJTde (t, (E)
a,n,e
Thus, Vz € G,
. T, t,x,a,n,e
lim Y, = wr(t,z). (4.7)

a,n,e

=T
Now we are in force to apply the method exposed in [12] for the quantity Y, BT ith
slight modifications. Let us write the full proof for reader convenience.

First we establish the following Lemma.
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Lemma 4.4. Under the hypotheses of Theorem 4.3, 3C > 0, Vx,y € G, VT >0,V0 < T’ < T,
ElCT’;

|—T,m,o¢,n,8

YO | S Ca
Cops
VT

—71,x,a,n,e —T,y,o,n,e

D R T | < Ce T,

71, x,a,n,e

Voo "™ <

We stress the fact that C' depends only 1, o, G. The constants Cr» depends only on the same
constant and T".

Proof. The first estimate is a direct consequence a the Girsanov’s theorem. Indeed, we have,

71, x,a,n,e =T, x,a,n,e

T
Vo = (g4 eG4 [ [Fua e T < ) fea(Xpne Zrene)| dr
0

T
=T, t,x,a,n,e
— / 7 dw,
0

T

T
= wr(0,X7""%) + / 2, (Bedr W),
0

where

|7T,m,a,n,5‘2
r

XI’n’E17T’I’a,n,€7ZI’a’n _ XJ:,'V],7ZI,C&,71,E th,I,a,n,a =T, x,a,n,e
ﬂ o (fRd( r T T ) fmgd( r r ))( r ), lf Zr ?éo’
=
0 otherwise.

Since ( is a measurable and bounded process, there exists a new probability equivalent to P,
QT»@m€ under which (W + fos Brdr)refo,r) is a Brownian motion. Therefore, thanks to estimate
(4.1):

|—T,m,o¢,n,8

Y, | < B fwp_g (0, X5
< C.

Let us establish the second and third inequality of the lemma. First we notice that thanks
to equation (4.3), VO < T’ < T, Vs € [t,T"],

—T,t,x,a,n,e —=T,t,x,a,n,e

T/
Y _ wT,]Rd (T/’X?/w,ms) +/ [fRd(X:,z,n,s, Zr _ Zi,x,a,n,s) _ fRd(X:,z,n,s, Zﬁ,z,a,n,s)} dr
s

s
T/
—T,t,x,a,n,e
- / Z, aw,
s
T’ T’
t,x,n,e Y 1.t,x,0n,e 1.tx,an,e
= Wp_7/ Rd (O’XT’ ) + / fa7n’8(8, ZT )dT — / ZT dWT
s

S

We recall that we have the following representation:
Zt,z,oz,n,a — v’,l‘}'(Xt,z,n,a)o_
S s .

Furthermore, by Theorem 4.2 in [16] (note that it can be extended to the case in which the
terminal condition and the generator is continuous in x and with polynomial growth in z exactly
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by the same arguments exposed in the Theorem 4.2 in [§8], the only difference coming from the
fact that the authors of this last paper work in infinite dimension for the SDE), if we define

—T1,t,x,a,n,e

uym e (tx) =Y, , then (@ — wy™*(t,z)) is continuously differentiable for all ¢ € [0, 7]
and Vs € [t, T,

—t,z,a,n,e —Q, M, E t,x,n,e

ZS _ V'U/T7 5 (S,XS’ 5Ty )0-.

Therefore, we can apply the same method as exposed in [12]| to obtain the second and third
estimate. (|

Let us conclude the proof. From Lemma 4.4, we derive that, thanks to equation (4.7) that,
3C > 0,Vx,y e G,VT > 0,V0O < T’ < T, ACr",

lwr(0,2)] < C (48)
fwr(0, ) — wr (0, )] < S%I:c y (4.9)
lwr (0, z) — wr(0,y)] < Ce™T (4.10)

By estimate (4.8) one can construct, by a diagonale procedure, a sequence (1;); /* +oc such
that for a function w : D — R defined on a countable dense subset D of G the following holds

Ve e D, lim wr (0,2) = w(x).
1— 400
By using inequality (4.9) it is possible to extend w to the whole G. Indeed if z ¢ D, then

there exists (z,)pen € DY such that x, — x. Thus if we set w(x) := limp_, 4o w(xp), one can
check that wr, (x) T w(zx) for any z € RY. Now, by the third estimate in Lemma 4.4, we
1—> 100

deduce that w(x) is a constant function, that is there exits L € R such that Vz € G, w(z) = L.
Since G is compact, {wz(0,-); T > 1} is a relatively compact subspace of the space of continuous
function G — R for the uniform distance (denoted by (%' (G,R), |||/~ )) thanks to estimates (4.8)
and (4.9). Note now that L is an accumulation point of {wr(0,-); T > 1} since wr, converges
uniformly toward L by estimate (4.9).

Therefore, if we show that {wr(0,-); T > 1} admits only one accumulation point, it will imply
that

lim wr(0,2) = L.
T—+o00

Now we claim that the accumulation point is unique. Let us assume that there exists another
subsequence (T7);en * +00 and ws(-) € € (G, R) such that

[|wr: (0,2) — wal|lee — O.
° i—+00

Then, by estimate (4.10), there exists Lo € R such that Vo € G, wa(z) = L. In other words,

limwy (0, 2)(0,2) = Lo.
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Let us write, Vo € G, VT, S > 0,

—T+S,x,a,n,e —T+S T,0,m,E
YO 7’U_)T+S]Rd SXIHE / dW

o —=T+S,z,a,n,e ~ ~
+/ {fRd(ans Z Z;n,a,n,s) _ fRd(Xf,n,s’Z;n,a,n,s)} dr
0
S—T-i—Sm a,n,E T
*wTJrS]Rd(S an€>+/ Z’l“ T dWTT’Sv
0

where
. t
WIS / gr:some (g XTme)ds 4 W, Ve € [0, 9],
0

and where

ﬂT,S,a,n,s (t, :C) _

{ frd (z,Vﬂ;ﬁ’fé‘E(t,z)07V5a e (r)o) = fra (, Vﬁ“’"’s(x)a)t(VE;ifsi(t z)o)

— Ti<s, ifVﬂgi’_f’SE(t,:c)J #0,

\VuT+S (t,x)o|?
0, otherwise.

Taking the expectation with respect to the probability Q7®™ under which WT'S is a Brownian
motion, we get

YgUrS T0me EQT&VWME (wTJrS,]Rd (S, Xg,n,a))

T,o,n,e rn
= EQ (wTJrS’Rd(O,XS’ 7E))
= Pslwrra(0,-)](2),
where &, is the Kolmogorov semigroup of the following SDE, defined Vt € R :
AUF = b(U}) + o554 (t, UF)]dt + odW,, Uy ==
This implies, substituting 7" by 7} and S by T; — T}, (up to a subsequence for (7;);en such that
T; > T)), for all x € G,

—T;,x,a,n,e

Yo't = Zrry[wr 0, )](2). (4.11)
Then,

wr,(0,z) = im Pr, Tr[wT/(O I(x).

o,n,e

Since wr, (0,2) — L, we just have to show that

Z*} oo

lim lim &7, 7/ [wr(0,-)](z) = La.

1—+o00 a,n,e

We have for all z € G,

T ,T,0,M,E

+1Yo"

T zan€|

| P, —1: [wr; (0, ))(2) — La| < |Pr, 1y [wr:(0,)](z) — Yo' — Lof.
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We have

lim lim [V """ = Lo| = lim wg (0,2) = 0.

i—-+o0 a,n,e i——+o00
Furthermore, if we denote by U*"P"™ the solution of

AUSP™ = [p(USP™) + oBlw ™)t USP™) At + odWs,  Ug ™ =0,

where (ﬁgﬁ’a’”’e)

peN+,men- is the sequence of functions obtained by Lemma 3.6, then we have

—=T! zan6|

[P r o (0,))(x) = V"

=T/ zan8|

lim [E(wr; (0, UsP) = Vo'
p,m

=T/, x,a,n,e

T' UmpT,,oz n' e
= lim E[ llim YO } Y,"

Then, thanks to the first estimate of Lemma 4.4 and the convergence (4.7), one can apply the
dominated convergence theorem to obtain

=T/, x,a,n,
|<@TrT{[wTi’(0,'>]( z) =Yy E| = lim hm

7 x,p,m
E —T%’U T”O‘"‘E =T/ ,x,a,n,e
p,ma’ n’ e

Y, Y,

Txans =T/ ,x,0,n,e

T,Uzpmot,’n//&',
. . - v o - Ti ., isTs
< lim sup lim sup HE (Yo ) Y, el e’ ‘Y -Y,

p,m a’,n'e’

Therefore, by the third estimate of Lemma 4.4, we deduce that
=T/ x,a,n,e

| P~ [wr; (0,)](2) = Yo" | < Ce M+ Timsup [V

o’ ,n’e e

! x,al e —T!,z,a,n,e

7Y0

=T/ zan8|

< Ce M 4 lwrs (0,2) = Yo"
This implies that

lim lim |27, 7 [wr: (0, )](z) — Vor ™| = 0,

e ,N,E
We have shown that L = Lo, which implies that for all z € G,

lim wr(0,2) = L.
T—+o00

Finally, we prove that this convergence holds with an explicit rate of convergence. Let us
write Vax € G, VT > 0,

jwr(0,2) = L[ = lim fwr(0,2) —wy(0,2)]

—400
— lim lim |Yg’xans _Yé/mansl
VvV a,n.e
Then, by equation (4.11):
lwr(0,2) — L| = lim lim [V "™ — Py _1 [wr(0,-)] (z)]

V a,n,e
where &, is the Kolmogorov semigroup of the following SDE, defined Vt € R :
AUF = p(UF) + oV =Teme(t, Ut + odWy, U = a.
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Now, if we denote by U*P™ the solution of the following SDE, Vt >,

AU P™ = (U™ + oy~ (L, USP™]dE + odWs, U =z,

where (B ~T%™€) cne men- is the sequence of functions obtained by Lemma 3.6, then we have
. . . —1x,a,n,e x,p,m
w Osz:hmhmhm’Y — E [wr(0, U3 P: ’
| T( 3 ) | Vo e pom 0 [ T( yYy_r )}
. . . . 71T, x,a,n,e —TUSPT o \n' e
=lim lim lim lim |Y, ) [Yo v-T }
V a,n.epma’,n e
. . . . —Tw,amne  =Tx,a n e —Tx,a’,n e UG E ol e
< lim sup lim sup lim sup lim sup HYO -Y, + ‘Yo -E|Y, V"7

1% a,n,e p,m o’ \n’ e

where we have applied the dominated convergence theorem for the second line thanks to (4.7)
and the first estimate in Lemma 4.4. Since
—T,x,a,n,e —T,xz,a’ ,n' &

lim lim lim lim |Y -Y
Am (X g 0
V a,n,epma’n e

:0’

we deduce, by the third estimate of Lemma 4.4,
jwr(0,2) — L| < Ce™ .

which concludes the proof of the Theorem. O

5 Application to an ergodic control problem

In this section, we show how we can apply our results to an ergodic control problem. We assume
that Hypotheses 3.2 and 3.3 hold. Let U be a separable metric space. We define a control a as
an (% )¢>o-predictable U-valued process. We will assume the following.

Hypothesis 5.1. The functions R: U — G, L : G x U — R and gp : G — R are measurable
and satisfy, for some C' > 0,

1. |R(a)| £C VaeU;

2. L(-,a) is continuous in z uniformly with respect to a € U; furthermore |L(-,a)| < C,
furthermore |L(z,a)| < C Vz € G,Va € G,Va € U,

3. ho(+) is continuous,
4. g € €1(G).

We denote by (X[);>0 the solution of (3.4). Given an arbitrary control @ and 7' > 0, we
introduce the Girsanov density

T 1 T
Py = exp / o R(as)dW, — 5/ o™ R(as)|*ds
0 0

and the probability P} = p4P on .#r. We introduce two costs. The first one is the cost in finite
horizon:

T T
J(x,a) :=E>T [/ L(X7,as)ds +/ g(XT)AKT| + E*Tho(X5),
0 0
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where E¢T denotes the expectation with respect to P%. The associated optimal control problem
is to minimize the cost J7 (z,a) over all controls a’ : Q x [0,T] — U, progressively measurable.
The second one is called the ergodic cost and is the time averaged finite horizon cost:

T T
| rzagas+ [ g(Xf)dKi”]-
0 0

The associated optimal control problem is to minimize the cost J(x,a) over all controls a :
Q x [0, +00[— +o0, progressively measurable.
We notice that wf = W; — fo “!R(as)ds is a Brownian motion on [0, 7] under P% and that

1
J(z,a) := limsup —E*7T
T—+o00

AXF = (b(XF) + R(ay))dt + cdW Vit € [0,T],

and this justifies our formulation of the control problem.

We want to show how our results can be applied to such an optimization problem to get an
asymptotic expansion of the finite horizon cost involving the ergodic cost.

To apply our results, we first define the Hamiltonian in the usual way

folz,2) = auelg {L(z,a) + z0'R(a)}, (5.1)

and we note that , if for all x, z the infimum is attained in (5.1) then by the Filippov theorem
(see [19]), there exits a measurable function G x R'*? such that

fo(z,2) = L(z,y(z,2)) + zo ' R(y(x, 2)).

Lemma 5.1. Under the above assumptions, the Hamiltonian fy satisfies assumptions on f in
hypotheses 3.4, 3.5, 3.7, or 4.1.

Proof. See Lemma 5.2 in [§]. O
We recall the following results about the finite horizon cost:

Lemma 5.2. Assume that Hypotheses 3.1, 3.3, 3.6 and 5.1 hold true. Then for arbitrary control
al : Qx[0,T] = U,

I (2,a") = u(T, ),

where u(t,x) is the viscosity solution of

9ulbr) — pu(t,z) + folz, Vult,)G), Y(t,z) € Ry x G,
9ulhz) 4 g(x) =0, V(t,z) € Ry x G
u(0, ) = ho(z), Vo € G,

Furthermore, if Va, z the infimum is attained in (5.1) then we have the equality:
JV(z,a") = u(T, z),
where @} = v(XF, Vu(t, XF)o).
Proof. The proof of this result is similar to the proof of Theorem 7.1 in [7], so we omit it. O

Similarly, for the ergodic cost we have the following result.
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Lemma 5.3. Assume that Hypotheses 3.2, 3.3, 3.6 and 5.1 hold true, then for arbitrary control
a:Qx[0,4o0[—= U,

J(z,a) 2 A,

where (v, \) is the viscosity solution of

du( Vr € 0G.

ZLv+ fo(z,Vo(z)o) =X =0, VxeQG,

Furthermore, if Va, z the infimum is attained in (5.1) then we have the equality:
JE(z,@) = A,
where a; = v(X[F, Vu(X[F)o).
Finally, we apply our result to obtain the following theorem.

Theorem 5.4. Assume that Hypotheses 3.2, 8.8, 8.6 and 5.1 hold true. Then, for any control
a:Qx[0,T] = U, we have

T T
R G

> A\
T—+oco T -

Furthermore, if Va, z the infimum is attained in (5.1) then
|JT (z,a@”) — J(2,@)T —v(zx) + L| < Ce 7T

Proof. The proof is a straightforward consequence of the two previous lemmas above and of
Theorem 4.3. O
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