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CAHN-HILLTARD-NAVIER-STOKES SYSTEMS
WITH MOVING CONTACT LINES

C.G. GAL, M. GRASSELLI, AND A. MIRANVILLE

ABSTRACT. We consider a well-known diffuse interface model for the study of the evolution
of an incompressible binary fluid flow in a two or three-dimensional bounded domain. This
model consists of a system of two evolution equations, namely, the incompressible Navier-Stokes
equations for the average fluid velocity u coupled with a convective Cahn-Hilliard equation for
an order parameter ¢. The novelty is that the system is endowed with boundary conditions
which account for a moving contact line slip velocity. The existence of a suitable global energy
solution is proven and the convergence of any such solution to a single equilibrium is also
established.

1. INTRODUCTION

The motion of an isothermal mixture of two immiscible and incompressible fluids subject to
phase separation can be described by a well-known diffuse interface model: the Navier-Stokes
equations for the average fluid velocity u are nonlinearly coupled with the convective Cahn-
Hilliard equation for the order parameter ¢. The latter represents the difference of the relative
concentrations of the two fluids. This model is called model H, but it is also known as Cahn-
Hilliard-Navier-Stokes (CHNS) system (see, e.g., [5, 36, 40, 37, 38, 47, 61], cf. also [13, 18, 42, 50,

65])A simplified version of the CHNS system is the following

(1.1) Opu+u - Vu —div(2vD (u)) + Vp = euVo + h,
(1.2) div (u) =0,

(1.3) Ord+u-Vo—00Au=0, p=—eAp+ef (o),

in  x (0,00). Here, € is a bounded domain in RN, N = 2, 3, with a sufficiently smooth boundary
I (say, of class C? at least) and h = h(t) is an external body force. We consider the model
with matched densities and suppose the density equal to one. The quantities v, gy denote the
kinematic viscosity of the fluid and the mobility of the mixture, both supposed to be constants,
while € > 0 is related to the thickness of the interface separating the two fluids. As usual, D (u)
denotes the deformation tensor, i.e., [D (u)]; ; = 1 (8uj +0ju;), 1 < 4,j < N. Also, we recall
that the term pV¢ is known as Korteweg force and p is the so-called chemical potential. The
latter is the variational derivative of the Helmholtz free energy functional

(1.4 F@) = [ (51Vol +eF @) o

where F(r) = for f(€)d¢ is the potential density. A physically relevant example of F' is the
so-called logarithmic potential, namely,

(1.5) F(s)=co[(1+s)In(1+s)+(1—s)In(l—s)]—c18% ¢ >co>0,

for s € [—1,1]. This potential is very often replaced by a double well polynomial approximation,
such as F (s) = y15% — 7252, s € R, where 1 and v, are given positive constants.

There are many mathematical results on the system (1.1)-(1.4). They have been proven under
various assumptions on the domain €2, on the coefficients as well as on F'. Confining ourselves to
the ones related to model H, we mention, e.g., [1, 2, 3, 8, 9, 10, 11, 12, 15, 14, 16, 28, 29, 30, 31,
39, 67, 76, 78] (see also [6, 23, 24, 41, 43, 45, 46, 49, 62, 68] for the numerical approximation and
simulations). Nevertheless, the boundary conditions taken into consideration so far are rather
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standard. More precisely, in almost all the contributions, u : & — RY is subject to a non-slip
or periodic boundary conditions, while ¢ : Q@ — R and p : © — R are subject to homogeneous
Neumann boundary conditions or periodic boundary conditions in the shear case. The non-
slip boundary condition for u is quite common in the literature on Navier-Stokes equations.
Nevertheless, a more realistic partial slip can be described through the so-called Navier boundary
condition (see [55]), namely, 2v (D (u) - n), + fu, = 0, where u, is the (tangential) slip velocity
at the boundary I" measured relatively to the wall, with 8 > 0 being a slip coefficient. We recall
that this condition was also derived by Maxwell [52] in the kinetic theory of gases.

Consider now an immiscible two-phase incompressible flow where one fluid displaces the other
along the boundary I'. Tt was observed (see, e.g., [21]) that the moving contact line (MCL),
defined as the intersection of the fluid—fluid interface with the solid wall, is incompatible with
the non-slip boundary condition (cf. [22, 54] and their references). As shown in [22], under the
usual hydrodynamic assumptions, namely, incompressible Newtonian fluids, non-slip boundary
condition and smooth rigid walls, there is a velocity discontinuity at the moving contact line,
and the tangential force exerted by the fluids on the solid surface I' in the vicinity of the contact
line becomes infinite. Thus, in immiscible two-phase flows, none of the standard boundary con-
ditions can account for the moving contact line slip velocity profiles obtained from simulations
and, therefore, new boundary conditions were required to describe the observed phenomena. In
order to account for moving contact lines a generalization of the Navier boundary conditions has
been proposed in [59] (see also [58]) using the laws of thermodynamics and variational principles
related to the minimum energy dissipation. These laws state that the entropy associated with the
composition diffusion and the work done by the flow to the fluid-fluid interface are conserved. We
refer the reader to the appendix for more details. As a consequence, one deduces the following
generalized Navier boundary conditions (GNBC)

(1.6) u-n=0, Opu =0,

(1.7) 2v (D (u) -n), + Pur = L(¢) Vo,
(1.8) K¢ +ur - Vedp=—lL(d),

on I' x (0,00), where

(1.9) L(¢) = —7DArdp+0nd+ o+ g(9).

Here V., denotes the tangential gradient operator defined along the tangential direction 7 =
(71, ...,7nv—1) at ' and A, denotes the Laplace-Beltrami operator on I'. Moreover, ly, 5,(,y > 0
are four phenomenological parameters with 8 being a slip coefficient. In general, if n denotes
the exterior unit normal vector to I', then, for any vector v : I' = RN, v,, = v - n is the normal
component of the vector field, while v, = v — (v,)n corresponds to the tangential component of
v. The function g in (1.9) is a nonlinear function of the local composition which accounts for the
interfacial energy at the mixture-wall interface.

We emphasize that (1.6) together with (1.2) also ensure mass conservation. Indeed, the follow-
ing quantity

(1) = | " / 6 (2,1) da

is conserved for all time. More precisely, one easily deduces from (1.3) that (¢ (t)) = (¢ (0)), for
all ¢ > 0. System (1.1)-(1.9) is also subject to the initial conditions

(1.10) Ujt=0 = U0, Plt=0 = ¢o, in (L

As far as we know, the existence of a (weak) solution to problem (1.1)-(1.10) has not yet
been proven, though there are some papers devoted to its numerical approximation (see, e.g.,
[7, 33, 63, 72] and cf. also [73, 75] for the formal interface limit). Here the main goal is to
establish the existence of a global weak solution (of finite energy) to problem (1.1)-(1.10) when
v > 0. This means that we assume some surface diffusion on I'; we can note that the dynamic
boundary conditions proposed (for the sole Cahn-Hilliard equation) in order to account for the
dynamic interactions with the walls consider indeed such a surface diffusion, see [26, 27, 44].
On the other hand, we recall that surface diffusion is not considered in [59] (i.e. v = 0). In
addition, we prove that any weak energy solution converges to a single equilibrium. The key
step is a novel approximation scheme which relies rather on spatial mollifiers and some sharp
inequalities of Poincaré-Young type to exploit fixed point like arguments. Indeed we are not able
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to implement here Galerkin type approximations since the test functions needed to derive the
energy inequality are not compatible with the truncations that we have to introduce (see Remark
3.1 below). We also mention that the presence of the Young stress £ (¢) V,¢ at the boundary
wall and the boundary advection term entail a strong coupling of system (1.1)-(1.3) through the
boundary conditions (1.7)-(1.8), but only weakly coupled through the interfacial force pV¢ in the
bulk equation (1.1). The latter is sufficiently weak in the inviscid case as well (see [16]). These
features will be also reflected in the statements of our main theorems. In particular, we note
that the strong coupling at the boundary does not allow us to obtain the uniqueness of an energy
solution even in two dimensions.

The plan goes as follows. The functional framework is detailed in Section 2, where the weak
formulation is introduced. Section 3 contains the statements of the main results. In Section 4 we
report a number of technical tools and known results which are essential to carry out the proofs.
Existence is proven in Section 5 for regular potentials, while the corresponding convergence result
to equilibria is proven in Section 6. Section 7 deals with the case of a singular (e.g., logarithmic)
potential. An appendix is devoted to the derivation of the model.

2. THE FUNCTIONAL FRAMEWORK

Without loss of generality, we set ly, o and € equal to one. We denote by |||, and |-,
the norms on L? (2) and LP (I'), respectively. In the case p = 2, (-,-) (or (-,-)p) stands for
the usual scalar product which induces the L?(Q)-norm (or the L? (I')-norm). The norms on
H?® (Q) and H* (I') are indicated by [|-|| 7. and ||| . ), respectively, for any s € R. Next, recall
that the Dirichlet trace map trp : {¢|g : ¢ € C™ (RN)} — C>°(I'), defined by trp (¢) = ¢,
extends to a linear continuous operator trp : H” (Q) — H"~/2(T"), for all r > 1/2, which is onto
for 1/2 < r < 3/2. On account of the boundary condition (1.8), we also need to introduce the
functional spaces

V= {((b,w) € H* (Q) x H Y2 (D) : 4 = trp (¢) € H* (F)} Lif v >0,

where s > 0, equipped with norms |||

v defined as follows:
5

1, 0 = ol + 1Ny -

In particular, when s = 0,1, the corresponding (equivalent) norms ||-||,,. are given by
¥

2 2 2 2
6.0l = [ 199 o+ [ (319,08 +clof) ds.
for some ¢ > 0, and
2 2 2
6.9 = [ 16Pdo+ [ cluf?as

respectively. Furthermore, we notice that V' is compactly embedded in Vj_l, for all s > 1 and
v > 0. We also recall the following continuous embeddings: H' (I') ¢ L>* (T") if N = 2 and
H'2(I') € L* (T), for any fixed s € [1,00), if N =2, with s = 4 if N = 3, and H'(T") — L4(T),
for every ¢q € [1,00), if N = 3. Moreover, the symbol (-, -) stands for the duality pairing between
any (real) Banach space X and its dual X*.

We now recall the corresponding framework associated with the Cahn-Hilliard system (1.3),
(1.8)-(1.9). It is well known that the Laplace-Beltrami operator A, := —A, is a nonnegative
self-adjoint operator in L? (T'). Thus the Sobolev spaces H® (I'), s € R, can also be defined as
H* (T') = D((A; + I)¥/?). In particular, [9llg.r + [[A-l, p is an equivalent norm on H?(T') and
[9]lg.r + [[V+3]ly p is an equivalent norm on H' (T'). Next, we introduce the operator

Ang = —A¢, for p € D(Ay) ={p € H*(Q) : 0,0 =0o0n T},

and we endow D (Ay) with the norm ||Ax (-)[|y 4 |(-)|, where (u) = |©2|7!(u,1). This norm is
equivalent to the H? (Q)-norm. Also, we define the linear positive unbounded operator on the
Hilbert space L3 (2) of the L2-functions with null mean

Bn¢ = —Ad, for ¢ € D (By) = D (An) N L§ ().
Observe that Bx,l is a compact linear operator on L3(Q2). More generally, we can define B3, for
any s € R\{£3/4}, noting that ||B]S\,/2 (-)|]2 is an equivalent norm in H*® (2), where H*(Q)) :=
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(H—*(Q))*, whenever s < 0. Note that Ay = By on D (By) and if ¢ is such that ¢ — (¢) €

D(va/Z), then HBZ,/2 (¢p—{(P))||2+ |{#)] is equivalent to the H*® (2)-norm whenever s € R\{£3/4}.
We now introduce the functional framework associated with the equation for the fluid velocity.
To this end, we consider a (real) Hilbert space X and denote by X the space X x ... x X (N-times),
endowed with the product structure, and by X* its dual; [|-||y. will denote the dual norm of |||
on X*. Then we introduce the spaces H = H° and H®, s > 1, defined by
—1L2(Q —H*(Q
(2.1) H:=Cx, (@) « and B :=Cx, (@)

where

() ={ueC®(Q):V-u=0inQ u-n=00onT}.
The space H is endowed with the scalar product and the norm of .2 (), denoted by (-,-) and
|-|, respectively. In order to handle the boundary conditions (1.6)-(1.7), we introduce the bilinear
form a (-,-) on H! x H' as follows:

ag (u,v) =2v (D (u),D (v)) + B (ur,vr)p, B> 0,
for all u,v € H!. We recall that aq (-,-) is a coercive, continuous, symmetric and bilinear form
on the space H' and that /ag (u,u) is equivalent to the H!'-norm (which we denote by |-||) for

vectors that belong to H'. The corresponding Stokes operator Ay associated with the bilinear
form ag is given by Agu = —Pdiv(2vD (u)) such that (Agu,v) = ag (u,v), for all

u€ D(Ag) ={uecH?:2v(D(u) -n) + Bu, =0 ae. onl}
Here P : L2 (Q) — H denotes the Helmholtz (orthogonal) projector onto H. It follows that we
also have the following compact embeddings D (A4g) C H = D(A(l)/ 2) C H and the operator Ay
is positive and selfadjoint on H, and Ay !is compact (see, for instance, [2, Appendix] and [31,
Section 2]).

In order to define the weak formulation of (1.1)-(1.10), we also need to introduce the bilinear
operators By, By, Br (and their related trilinear forms by, b; and br). More precisely, we set

bo (u, v, w) = (By (u,v) ,w) = /Q [(w-V)v] - wd,

for u, v, w € C°(Q,RY), and

by (1, 6,) = (By (u,6) ) = / (u- V) ¢] i,

Q
for u € C®(Q,RY), ¢, € C> (ﬁ) Finally, we define

br (1, 6,) = (Br (1, 6) )y = / (ur - V1) S,

for u € C(Q,RN)NC, () and ¢, € C (T'). The operators By, By and Br enjoy continuity
properties which generally depend on the space dimension. We summarize some of their important
properties in Section 4.

We are now in a position to formulate our problem (1.1)-(1.10) in a weak form. In order to do
8o, it is more convenient to introduce the unknown function v := trp (¢) and to interpret (1.8)
as an additional second-order parabolic equation on I" x (0,00). To this purpose, we define the
Hilbert space Y, := H x Vvl, endowed with the scalar product whose associated norm is given by

(2.2) 1w, 8, )13, = [ul® + IVo]5 + C Il r + 7 IIV-ll3r -
The notion of a (global) weak solution to our problem is given by

Definition 2.1. Let (ug, ¢o,%0) € Y, and h € L (0,00; (HY)*). A triplet (u,¢,1) such that
P :=trp (¢) almost everywhere in (0,00) and

(’U/, (ba w) S L(lfc (07 O0; Y’Y) )
ueL? (0,00;]1-]11) ,

€ L, (0,00 H' (),
L) € L, (0,00t 12 (1)

loc

(2.3)

with
(2.4) (¢,9) € L, (0,00, V2),
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(2.5) ¢ € L}, (0,00; (HY*), 0 € LY (0,00;L* (1)), Spu € LY

where

loc (07007(H1)*),
q=4/3ifN=3, q=2—1if N =2,

and p=4/(3+26) if N =3 andp = q if N = 2, for some §, v > 0, is called weak solution to

(1.1)-(1.10) on (0,T), for every T >0, if

(2.6) (Opu (t) ,v) + ag (u () ,v) +bo (u(t),u(t),v)

=01 (v, ¢ (1), 1 (1)) + (L (Y (1) Vo (1) ,v7)p + (R (L), 0)
for all v € H' and for almost any t € (0,T), and
)7V§0)+b1 (u(t)agﬁ(t)’@) = 07

(2.7) (019 (1), 0) + (Vi (t
(2.8) (@ () ,m)p + br (u(t) 4 (1) ,n) + (L (¥ (1)) ,n)p = 0,
for all p € H' (), n € L? (') and almost any t € (0,T), with
(2.9) { w=—-2A¢p+ f(p), ae inQx(0,T),
' L) =7Ar+0nd+Ch+g(¥), ae onl x(0,T),

and the initial conditions
(2.10) Ujg=0 = Uo,  Plt=0 = P0, V}t=0 = Yo-
Remark 2.1. On account of (2.3)-(2.5), we have u € C ([0, T]; (H')*) and (¢,%) € C ([0,T];V?),
so that initial conditions (2.10) make sense.
3. MAIN RESULTS

We state our assumptions on f, g € C! (R) first. Let m, [ € [1,00) be fixed, but otherwise
arbitrary if N =2 and m =2 if N = 3, with [ € [1, 00) arbitrary if N = 3.
(a) There exist cg > 0, Cy > 0 such that

(3.1) g/ ()| < Cy(1+s]"), G"(s)>—ca, G(s)>—cq
for any s € R.
(b) There exist cp > 0, C'y > 0 such that
(3.2) ()] < Of A+ 1s™), F"(s)> —er, F(s) > —cr

for any s € R. Here, F(r) = [ f(¢)d¢ and G(r) = [; g(

Let us make some prehmmary (formal) con81derat10ns on the total energy associated with our
initial and boundary value problem. This consists of kinetic and potential energies and it is given
by

(33)  E@),6(),6 1) = 5l u(®), 00, ¢ DI, + / F (6 (1)) da + / G (v (1)) dS

In order to show that £ is decreasing, we need to perform some basic computations which require
a sufficiently smooth solution (u,,1). Recalling that by(u,u,u) = 0, for u € H', we can take
v =u(t) in (2.6) to deduce that

(O + a0 (u (1), u (1) ~ by (u (1), 6 (1), (1)

= br (ur (), (1), L (¢ (1)) + (P (8) , u(t)) -

Next, pairing the equation of (2.7) with ¢ = p () and equation (2.8) with n = L (¢ (¢)), respec-
tively, and then testing each one of (2.9) with 9;¢(t) and 9y (¢) in L? (Q) and L? (T'), respectively,
we deduce that

;i (HW( O3+ V-2 @5+l @) +2(G(w(t)),1)r+2(F(q§(t)),1))

= = IVi @5 = br (u(®), @ (&), 1 () = br (ur (6), 9 (), L (0 (1)) = 1L (& )5 r

for t € (0,7T) and for any given T' > 0. Next, for every o > 0, we have

(h (), u () < (o) A () i @y~ + ollu (t) ]

(3.4)

(3.5)
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Thus, we can absorb this term on the right-hand side of (3.4) by choosing a suitable 0 <
min {v, 8}. Adding together equalities (3.4)-(3.5) and integrating the resulting relation over (0,t),
we find that & satisfies an energy inequality provided that (u, ¢, ) is regular enough. More pre-
cisely, there holds

3O E@O.00.0w)+ [ (Colul + @I+ 10 )] ds

t
gg(u0,¢o,¢o)+(4o—)*l/o TG F—

for almost any ¢ € (0,7T) and for some C, > 0. It follows from (3.6) that (u, ¢, 1) belongs to the
functional class (2.3). We note that £ (ug, @0, %) < oo is equivalent to having (ug, ¢o,%0) € Y-,
owing to (3.1) and (3.2). Note that, if h = 0, then we have

B E@O.00.00)+ [ (a0l )+ ITaGIE 10 WIE) do
< &€ (ug, ¢o, o) -

Remark 3.1. We note that in order to derive (3.5) (and, therefore, (3.6)), the choices ¢ = u (t) and
n=L(Y(t)) in (2.7)-(2.8) are indeed crucial. Unfortunately, at the level of Galerkin truncations,
in order to perform basic energy estimates, such choices are not allowed. Indeed, such a procedure
would necessarily require that trp (¢) = 1 at the level of truncations. This is the case of the sole
Cahn-Hilliard equation with dynamic boundary conditions for which the validity of (3.5) can be
always achieved by choosing ¢ = 9i¢(t) and n = 99 (t). However, such choices can no longer be
exploited because of Br (ur,v) (see (2.8)).

These considerations motivate us to introduce a further notion of a weak solution which will
play a crucial role in the study of the longtime behavior as well as the existence of non-regular
solutions.

Definition 3.1. A triplet (u, ¢,1) is an energy solution (or weak solution with finite energy) if
it is a solution in the sense of Definition 2.1 and satisfies the energy inequality (3.6).

Our first main result is the following

Theorem 3.2. Let f,g € C'(R) satisfy assumptions (a)-(b). If (uo,Po,%0) € Y and h €
L3 (0,00; (HY)*) then there exists at least one global energy solution (u, ¢,v) € L (0,00;Y,). If

loc loc
h =0, then there exists an energy solution which satisfies the following (strong) energy inequality

38 E@®.00.0®)+ [ (00m @)+ IV 1C 0 ) ) dy
<E(uls),6(5), 0 (s)

for allt > s and for almost any s € [0,00), including s = 0.

The second main result is concerned with the asymptotic behavior of energy solutions as time
tends to infinity. The proof is based on a suitable version of the Lojasiewicz-Simon inequality
and the results obtained in the next sections. We emphasize that our subsequent results hold for
any energy weak solution which satisfies a stronger energy inequality, even though uniqueness is
not known to hold for these solutions as well. In particular, the asymptotic stabilization (as time
goes to infinity) of the global energy solution holds not only for the limit points obtained from the
regularization scheme exploited in Section 5, but also for the ones obtained from other numerical
schemes in which the strong energy inequality (3.8) can be proven. In other words, the subsequent
result provides a further selection criterion in order to eliminate all non-physical weak solutions
which may nonetheless satisfy Definition 2.1 without fulfilling an energy inequality. For the sake
of simplicity, in the next statement we will assume h = 0 and we denote by H!~(Q) and H'~ (T)
the spaces H'~" () and H'~" (T'), respectively, for some 1 € (0, 1).

Theorem 3.3. Let the assumptions of Theorem 3.2 be satisfied and assume that F,G are real
analytic. Let (u, ,v) be an energy solution corresponding to some (uo, o, o) € Y which satisfies
(3.8). Then, ast goes to infinity, we have

(3.9) B(t) = ¢ strongly in H'™ (Q), 1 (t) — . strongly in H*~ (T)
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and

(3.10) u (t) = 0 weakly in H, strongly in (H')*,

where (px,1hx) € V,f N{ps : (D) = (Po)} is a stationary solution, namely,

(3.11) —Ady + [ (i) =const., inQ, —yA s + Onds + Cths + g () =0, onT.
Remark 3.2. Concerning (3.9), the following convergence rate

(3.12) 16(t) = Sullm— + [ (t) — ullri-) S (A +8)7X

holds for some x € (0,1), depending on (¢, 1.) (see also Remark 6.2).

If the energy solution of Theorem 3.3 becomes more regular on the boundary, then the following
conditional result holds.

Theorem 3.4. Let the assumptions of Theorem 3.3 be satisfied and h = 0. Further, assume that
a global weak solution (u, ¢, ) to problem (1.1)-(1.10) can be deduced as the limit point of some
approzimating solutions (ue, ¢, ¥.) that have the following properties:

(i) for some s > % -1,
(3.13) Ve € L™ (0,00; H'** (")) uniformly in € > 0.

(ii) (ue, ¢e,¢e)|t:0 — (uo, @0, %0) in Y, and the energy identity (3.4) and the inequality (3.8)
holds for (uc, b, ) -

Then the weak solution (u,¢,v) is such that
(3.14) u (t) = 0 strongly in H as t — oo.

Remark 3.3. The regularity stated in (3.13) is optimal in the sense that it cannot be improved.
In three dimensions, we note that (3.13) gives a sufficient condition on the order parameter rather
than the velocity and emphasizes again the strong coupling of the system through the boundary.

Our final result concerns the case of a logarithmic-like potential (cf. (1.5)). More precisely,
we suppose that F € C?(-1,1)NC[-1,1] and f = F’ € C'(—1,1) can be decomposed into
f = fo+ f1, with fy satisfying

. _ IR
(315) 81~1>I§|:11f0 (S) - Zl:OO, sllf:rl:llfo (8) = o0,

fo (0) =0, f6 (8) >0, for any s € (_L 1)7
while f; € C! (R) is a regular function such that f] € L*° (R).

Then we can prove the existence of a global weak solution. Indeed we have

Theorem 3.5. Let f = fo+ f1 € Ct(=1,1), g(s) := g(s) + (s € C*(R) satisfy assumptions
(5.15), (3.1) and the following conditions: there exist constants M € (0,1), § > 0, Cpy > 0,
Cs.amr > 0 such that

(3.16) fo(s)g(s) 2 =Cn,  forany s € (—=1,-M]U[M,1)
and
(3.17) F3(s) =0 (fo(s))° = =Csn,  for any s € (=1, —M] U [M,1).

If (uo, do, o) € Hx V!, F(¢o) € L' () ® L' (T), (po) € (~1,1), and h € L3, (0, 00; (H")*), then

there exists at least one global energy solution in the sense of Definition 2.1 satisfying (2.3)-(2.5)
and, in addition,

(3.18) F(6) € LS, (0,00 LY () @ L' (1)), fo (@) € L, (0,003 L* () -

loc
Thus ¢(x,t) € (—1,1) for almost any (x,t) € Q x (0,00) and ¢ (x,t) € [—1,1] for almost any
(x,t) € T x (0,00). If h =0, the (strong) energy inequality (3.8) holds for all t > s and for
almost any s € [0,00), including s = 0.

Remark 3.4. Condition (3.17) may seem a bit cumbersome, but in fact it can be easily checked
for a wide range of nonlinearities satisfying (3.15). For instance, condition (3.17) is fulfilled by
the logarithmic density function

fo(s):coln<1+8), co > 0.

1—s
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We also emphasize the role of the surface diffusion mechanism for (3.17). In particular, such an
assumption requires that v > 0 (see the proof of Theorem 3.5, (7.14)). Finally, when (3.15) is in
full force then condition (3.16) is synonymous with the condition that +g (1) > 0, i.e., g shares
the same sign as the singular potential f near the singular points +1. This kind of sign conditions
is natural and has appeared elsewhere (see [20] and references therein).

4. TECHNICAL TOOLS

In this section we report some additional technical tools which are necessary for our analy-
sis. We first recall some properties of spatial mollifiers over compact manifolds and prove some
additional inequalities of Poincaré-Young type.

Lemma 4.1. (¢f. [70]) Let M be a (sufficiently smooth) compact manifold with or without bound-
ary. There exists a mollifier J., 0 < € < 1, such that, for each p € H™ (M), J.p € C™ (M).
Moreover, the following properties also hold:

(i) (Tep, V) p2(ary) = (0 TeW) 2 (ary» i-€., Te is self-adjoint.
(i1) J. commutes with distributional derivatives, that is,
D Jop = J-D g, for any [N <m, p € H™ (M).
1) For an eH™ (M), J.po — p in H™ (M) as € goes to 0.
(1ii) y e e g
(iv) There exists a constant Cp, > 0 such that
ka: m
1Tetl s < = Nl forall o € H™ (M),
for m,k € NU{0}.

Remark 4.1. On compact manifolds without boundary, such as M =T'; one can use the standard
Friedrichs mollifier for 7, in order to apply Lemma 4.1 (see [70]). In the case of bounded domains
Q C RY with boundary I, we let M = Q be an open subset (with closure M) of the compact
Riemannian manifold M without boundary, of dimension N + 1, and let E : H™ (M) — H m(M )
be an extension operator, as constructed in [69, Chapter 4, pp. 333]. If R: H™ (M) — H™ (M)
is the restriction operator, then the corresponding mollifier 7. can be defined as J.pp = Rngcp,
where jg is a Friedrichs mollifier on M.

We now prove the following inequality of Poincaré-Young type.
Lemma 4.2. For all e € (0,1), there is o > 0 such that
el < elVels +e7llell3,  for all p € H' ().

Proof. Clearly, ||[V|l2 + ||¢]|2 is an equivalent norm on H'(). By a scaling argument, it suffices
to prove the inequality for ||¢|l2,r = 1. Suppose that there is no o > 0 such that the inequality
holds for a given e € (0,1). Then, for any k € N, there is ¢, € H*(Q2) such that

lokll3 e =1 > el Verll3 + e *llexll3.

It follows from this inequality that the resulting sequence {¢y} is bounded in H'(£2). Since the
trace operator is a compact map from H* (Q) into L?(I") and the identity operator is also compact
from H' (Q) into L? (), we find a subsequence, again denoted by {4}, that converges strongly
in L*(T) and in L*(2) to some ¢. By assumption, we have ||¢||2,r = 1. On the other hand, the
inequality shows that [|i||2 < € for all k, so that ||¢||2 = 0 and thus ¢ = 0 almost everywhere
in €2, which yields ¢;r = 0 almost everywhere, due to boundedness of the trace map, hence a
contradiction. O

With the help of Lemma 4.2, the proof can easily be adapted to the following case.
Lemma 4.3. For all e € (0,1) there is a > 0 such that
lurll3,p < e |D ()] +e™ ful?,
for all u € H', with H' defined by (2.1). Here |-| denotes the L? (Q)-norm.

We also recall the compactness lemma of Aubin-Lions-Simon type (see, for instance, [48] in the
case ¢ > 1 and [64] when g = 1) and a weak convergence criterion in LP-spaces (see, for instance,

[19)).
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Lemma 4.4. Let Xy € X1 C X3 be an inclusion of Banach spaces with the first one being
compact. Let 1 < p <oo,1<g<oo and I be a bounded subinterval of R. Then, the sets
{p e LP (I; Xo) : Owp € LY (I; X2)} € LP (I; X1), if 1 < p < o0,

and
{pe P (I; Xp): Opp e LI([; X2)} €C(I; X1), ifp=o00, g >1,

with compact inclusions.

Lemma 4.5. Let O be a bounded domain in R x RN and let a sequence q, € L? (O), p € (1,00),
be given. Assume that an||L,,(O) < C, with C' > 0 independent of n, q, — q almost everywhere
on O and g € L? (O). Then as n — 00, ¢, — q weakly in LP (O).

Moreover, we need the following basic result on elliptic regularity for an elliptic boundary value
problem for (¢, ) with ¢ = trp (¢) (see, for instance, [53, Lemma A.1]).

Lemma 4.6. For each v > 0, consider the following linear boundary value problem
—A¢p=hy, n,
YA+ 0pd + Cp=hy, onl,
where (h1,hg) € L? (Q) x L? (T'). Then the following estimate holds

622 + [l g2y < € (Wl + bl )
for some constant C > 0 independent of (¢, ).
As far as the trilinear forms are concerned, we have the following basic properties.

Lemma 4.7. Let 1 < s1, 89,83 < 00 be such that 51_1 + 52_1 + 351 =1 and 1< p1,ps,p3 < 0 be
such that pfl —l—p;l —|—p§1 =1.
(i) The forms b;, 7 = 0,1 and br extend uniquely to continuous trilinear forms as follows:

by L2 (Q) x WhP2 (Q) x LPs (Q) — R,
br: (LP* (D) NH) x Whe2 (N % L7 () - R.
(ii) Let T > 0 be fized and define for u,v,w € C> ([0,T] x Q), ¢,¢ € C=([0,T] x Q) the
functionals
T
(o) = [ ()0 (0,0 ®)dt
0
T
0 (w00) = [ bo(u(0).0(0).0 (1)

b o) = [ e @000, 0 0)
Then, bl and b?, 7 =0,1, extend uniquely to trilinear continuous forms as follows:
bl (L0, T5LEL (Q)) x L* (0, Ty WhP2 (Q)) x L* (0, T;LP* () — R,
br : L (0, T;1LP* (I') N H) x L%2(0,T; WPz (I‘)N_l) x L*(0,T;LP* (T')) — R.
Proof. The proof is achieved through repeated application of proper Holder’s inequalities. O

Finally, we report a fundamental result on pointwise multiplication of functions in Sobolev
spaces on I' (see [51]).

Lemma 4.8. Let s,s1,52 € R be such that
N -1
5
where the strictness of the last two inequalities can be interchanged if s € Ny. Then, the pointwise

multiplication of functions extends uniquely to a continuous bilinear map from H** (T') @ H®2 (T")
to H* ().

$1+ 80 >0, min(sy, $2) > 8 and S1+ 89— 8>
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We conclude this section with a number of elementary results for some general linear problems
associated with the nonstationary Stokes equation subject to a Navier boundary condition and
the (viscous) Cahn-Hilliard equation with a dynamic boundary condition. To this end, we first
consider the Stokes problem

(4.1) Opu — div (2vD (u)) + Vp = hy,
(4.2) div (u) =0,

in Q x (0,00), subject to boundary conditions of the form

(4.3) u-n=0,

(1.4) 2 (D (u) - n), + Bur = ho,
on I' x (0,00), and an initial condition

(4.5) U= = Ug-

We have the following result on the solvability of problem (4.1)-(4.5). We recall that Q C RY
is bounded and N < 3.

Theorem 4.9. Let hy € L2(0,T; (H")*) and hy € L? (0,T;L*/3 (I)) for some T > 0. For every
ug € H, system (4.1)-(4.5) possesses a unique weak solution u on the interval [0,T] such that
(4.6) we L>®(0,T;H)n L? (0,T;HY) nH' (0,T; (H")*).

Moreover there exists a constant C' > 0, independent of time, u and the initial datum, such that

2 2
(4.7) [ullZoe 0,51 + 1ullz2 0,750 ) 111 0,3 111y
2 2 2
<luo|"+C ||h2||L2(O,T;]L4/3(F)) + C l[hallz2 0,7, (eary - -
Proof. For the sake of completeness, we give a proof of this basic result for (4.1)-(4.5). A similar
problem was also investigated in [2] in the case hy = 0. In order to show the existence of a weak
solution, we make use of a Galerkin scheme to project on a finite dimensional space as in [71].
The corresponding bound (4.7) for the truncated solution is also used to extract a subsequence

which converges weakly to a certain vector-valued function, candidate to be the solution to the
original problem. We take the family {v;}, j € N4, in H, of orthonormal eigenfunctions of the

Stokes operator Ag as a Galerkin basis in H' = D(A(l)/2). For n € N, we consider the projection
O, : D(A(l)/z) — M"™ = span {v1,vs, ...,vn }
and set
M =Ur  M™.
Clearly, M is a dense subspace of H'. Thus, for each given n € N, the approximating problem
associated with (4.1)-(4.5) is given by

Problem P,,. Findt, € (0,T] and a:=a" € C! ([r,t,];R") such that
n
(48) un(t) = Z a; (t) Uy
j=1

solves the system

(19) (Outn (1)) + a0 (i (8),0) = (hr (£),0) + (b (£) )
for every t € (0,t,) and every v € M™, with

(4.10) up, (0) = Onup.

Clearly, one can write (4.9)-(4.10) as a Cauchy problem for a linear system of ordinary differ-
ential equations, by making the choice v = v; in (4.9), for i« = 1,...,n. Equation (4.9) can be
used to deduce a uniform bound on the solutions u,. Such an estimate, in particular, ensures
that we can take ¢, = T, for every n. Indeed, taking v = u,, in (4.9), we infer

% [un (O + 2 lua @I = 2(ha (8) ,wn (8)) + 22 (1) un (1))r

IN

c
8 lFer ()]G + 5 Ilun O + 8 llhe (O35,
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for every t € [0,t,], on account of the embedding H'/?(T") < L* (I"), where C' > 0 is a constant
depending at most on the physical parameters of the problem, but independent of n. In particular,
integrating the foregoing inequality over (0,t) and choosing a sufficiently small § < min {v, 5},
we see that the local solution u, to P, can be extended up to time T, that is, ¢t,, = T, for every
n. Furthermore, we have a uniform bound for {u,} in L* (0,7;H) N L?(0,T;H'). This bound,
by comparison in (4.9), also provides a uniform bound of {d;u,} in L?(0,T; (Hl)*) Thus we can
pass to the limit in a standard way and find a function u which is a weak solution to (4.1)-(4.5)
and satisfies (4.7). Uniqueness of the weak solution can also be shown by the same estimate, due

to the linearity of the problem. (]
We conclude this section by reporting a result for the linear fourth-order equation

(4.11) o — A =11, 1inQx(0,00)

(4.12) Onfi=0, onT x(0,00),

endowed with dynamic boundary condition for ¢ = trp (¢),
(4.13) O+ L () =13, onT x (0,00),

where i ;= —A¢ + 00y + I3 and 2(@/}) = —yA; ¢ + 0,6 + (Y, with o € [0,1]. This system is
also endowed with the initial conditions

(414) ¢|t:0 = ¢07 in Qa 1p|15:0 = ’l/)Oa on I

Theorem 4.10. Let Iy € L*(0,T;(H' (Q))*) with (I1) = 0, I, € L*(0,T;L*(Q)) and I3 €
L2 (0,T; L2 (T)), for some T > 0. For every (¢o,v%o) € V.| and o € [0,1], system (4.11)-(4.14)
possesses a unique weak solution ($,1) on the interval [0,T] such that

(4.15) (¢, ) € L= (0,T; V) N H (0,5 (H' ())*) x L*(T)),
(4.16) (¢,9) € L* (0,T; V)
and

Qe L?(0,T;L% (), ifo>0,
Moreover, the mass is conserved, that is (¢ (t)) = (¢o), for almost any t > 0, and there exists

a constant C > 0, independent of time, o € [0,1], (¢,v) and the initial datum, such that the
following estimate holds:

2 2
(4.17) 1@ ) 0,72y + 18 O e 0,y () x 22 (o)
2 2
+ 010l 220,712 (02)) T ||<¢’w)||L2(O,T;V$)
~112 =~
+ 11l 20,011 () + 1€ (¥) 1720, 22(r)
2 2 2 2
<C (||(¢>0a7¢10)Hv71 + el 2075080 )y + Nl2llz207:02¢0)) + Hl3||L2(0,T;L2(1"))) :

Proof. The proof is given in [53] for the corresponding homogeneous problem exploiting a Schauder
fixed point argument when o > 0. The existence of a solution in the full case ¢ = 0 is shown in
[34] using a Galerkin-type approach, but it can be easily modified to include the additional term
when o > 0. Indeed, the proofs of [34, Section 4, Theorems 4.2 and 4.3] provide the existence
of a weak solution (¢,) with the regularity stated in (4.15). In particular, it is shown in [34,
(4.34)-(4.40)] that

2 2
(4.18) ||(¢71/))||Lw(o,T;v;) + (D )z 0,781 (90 x L2 (1))
2 2
+ 1Bl 220,780 0)) T 0 10l 220,712 (02))

2 2 2 2
<C (||(¢07¢0)va1 + 1l 220,758 @)y + M2llz20,7522(0)) + Hl3||L2(O,T;L2(F))> ;
for some constant C' > 0 independent of o € [0, 1]. The regularity part stated in (4.16) is obtained
on account of Lemma 4.6, estimate (4.18) and the fact that, for almost any ¢ € (0,7, (¢ (t),v (t))
is also a weak solution to the elliptic boundary value problem
—Adp=1— 00—z, in 2 x(0,00), —YAY+ ¢+ (h=—-0)+13, onT x (0,00).

The uniqueness of the weak solution (¢, ) is also shown in [34, Section 3] and applies to all cases
o € [0,1]. This completes the proof. O
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5. PROOF OF THEOREM 3.2

The main goal of this section is to prove the existence of at least one weak energy solution to the
original problem by passing to the limit as ¢,c — 0 in a regularized version of system (1.1)-(1.10)
which admits a sufficiently smooth approximate solution (ue o, Pe,o,¥e,»). The existence of such
solutions will be provided by a fixed point argument. Then, we will derive additional uniform
estimates for the solutions (e o, @co;Pe,s) as €,0 — 0. This program is divided into three main

steps.

Step 1. The approximating problem P.,. We start with the following preliminary points.

(5.1)

o We let J., K. be mollifiers acting on functions from H™ () (as well as from H™) and

H™ (T'), respectively. These mollifiers obey the stated properties of Lemma 4.1.

e We take, for € € (0,1), smooth functions f. — f, gc — f uniformly on compact intervals

of R, with the following properties:
[fE(s) | < ere lge(s)| < cge,  forall s €R,

for some positive constants c;y ., ¢g,. which may behave like €= as € — 0, for some m € N.

Setting F.(s) = [ fc(¢)d¢ and G(s) = [ ge(¢)d(, we also assume
limsup F. (s) = F (s), limsup G (s) = G (s), forall seR.
e—0 e—0
In particular, we observe that (5.1) implies at most a linear growth of f., g as |s| — oo.

Such new functions f., g. € C?*(R) can be easily realized by following the constructions
given in [17, pp. 2382] (see also [34, pp. 79]).

e We insert an artificial viscosity o € (0,1) into the problem by adding the viscous term

00:¢ in the definition of the chemical potential (see (5.6)). Its effect on the regularized
problem for € > 0 turns out to be quite minimal in the sense that all the estimates proven
below will be independent of any ¢ > 0. However, the presence of the viscous term allows
us to gain additional regularity for ¢ and this information will be crucial in the limit
procedure as (e,0) — (0,0).

Our approximated problem P, ., €,0 € (0,1), consists in finding a function (ue s, Pe,0; Ye,0)
which has the regularity stated in (2.3)-(2.4) and, additionally,

Ue,o € H' (OaT; (Hl)*) ) (d)e,aa 11[}670') € Hl(OaT; L? () x L? (),

such that

(5.3)

holds for all v € H*, for almost any t €

(5.4)
(5.5)

(Otte,o (t) ,0) + ao (Ue,o (t) ;) + bo (Jette,o () ; Ueo (E) ,0)

=b (”a Jed)e,a (t) y le,o (t)) + (Ee (we,o (t)) V. (Kewe,o) (t) s UT)F + (he (t) ,v) s
(0,T) and for every fixed T' > 0 and

(at¢e,a (t) ) QD) + (Vﬂe,a (t) aV(P> + bl (ue,o (t) ; Je(be,o (t) 5 (P) = 0,

(Ot (1) ,n)p + br (teo (1), (Ketbe,o) (8) ;1) 4 (Le (Yeo (8) ,0)p =0,

hold for all p € H' (), n € L? (') and for almost any ¢ € (0,7, with

(5.6)
(5.7)

He,oc = _A¢e,a + Uat¢e,a + fe (¢€,0) a.e. in {2 x (07 T) 3
ACe ('ll)e,a) = 77147'7/}5,0 + an(be,cr + Cwé,a + g (we,o‘) a.e. on I' X (07 T) .

Furthermore, the initial conditions are satisfied:

(5.8)

Ue,o (0) = Uo, d)e,a (0) = ¢Oa we,a (0) = ¢0-

Note that, in (5.3), the function h has been replaced by J.h.

Step 2. Existence of solutions for P.,. Let T' > 0 be given and set

Xp = {u € L*°(0, T3 H) N H(0,T; (HY)™ ) N L2(0, T3 HY) : wjp_g = uo},
Yr = {(6,0) € L2, T; V) 0 H' (0, T V) N 12 (0,T5V2) < (6,),4m = (60, 0) } -

For ¢,0 € (0,1) and for each (vVe,o, Qe,0yNe,0) € X1 X Y7, let us consider the problem of finding
(Ue,os Pe,os Ye,0) € X x Y solution to

(5.9)

(Orte,o (t) s v) + ao (UE,U (t),v) +bo (Jeve,o (t), Ve, (1), 0)
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-~

=b1 (v, (Jee,0) () s he,o (8) + (Le (Me,o (1) Vi (Kene,o) (£) ,v0)r + (he (1) ,0)
for all v € H' and for almost any ¢ € (0,7, and
(5.10) (Ot@eo (), 0) + (Vo (1), V) + b1 (Ve (1) 5 (Jepe,0) (B) s 0) = 0,

(5.11) (&fwmf (t) 777)I‘ +br (UE,J (t), (Kens,o) (t),m) + (26 (¢e,a (t)),mr = — (ge (776,0) ) n)r )
for all p € H' (), n € L? (') and for almost any ¢ € (0,7, with

(5.12) beo = —A@e s+ 00t0c0 + fe (@e0), ae. in Q x (0,T),

(5.13) LeMeo) =—VANeo + On@e.oc + (Neo, ae. on ' x (0,T).
First, we observe that, if v., € Xp, then, setting ¢ = 1 in (5.10), we find (;¢c o (t)) = 0

almost everywhere ¢t € (0,7, i.e., mass is conserved for the component ¢, ,. Also, on account of
(Pe.osNeo) € Y7, we have i, € L? (07T; L? (Q)) and L. (1e,,) € L? (O,T; L? (F)) By Lemma 4.1,
observe that Jepe, € L>(0,T; H?(Q)), Jeve, € L*(0,T;H?) and Kn., € L>=(0,T; H? (T)).
Thus we have
hi := he — By (Jee, 05 Ve,0) + V (Jee,0) He,o € L? (0, ;L7 (Q))
and
hy := Le (Ne.s) Vi (Kenew) € L2(0,T; L3 (TN 1),

It is also not difficult to check that

ly i= —B1 (Ve,0, Jepe,r) € L7 (0,T5 L% (),

Iy := fe(pe) € L? (0,T; L% (),

13 = _BF (Ue,aa Kene,o') — Ge (776,0) S L2 (OvT; L2 (F)) ’
with ({1 (¢)) = 0, for all ¢ > 0, thanks to assumption (5.1) and the fact that (ve o, @eo,Ne,0) €
X7 x Yp. Thus, on account of Theorems 4.9 and 4.10, problem (5.9) has a unique solution

Ue, o € X, while problem (5.10)-(5.13) admits a unique solution (¢e o, ¥e,») € Yr. Henceforth,
the mapping

(514) S : XT X YT — XT X YTv (Ue,aa Spe,aa 776,0) = (ue,oa (be,aa we,a)

is well defined. The existence of a solution to problem P, on some interval (0,T) with T' =
T, > 0 will be sought as the unique fixed point of the map S.

Next, we show that S maps a bounded subset of X7 x Yp into itself if T" is small enough. To
this end, we introduce the subset Zp := Xp x Y which consists of functions (Ve ¢, @e,0;Me,0) € Z1
such that

2 2
(5-15) HUE,UHXT < M, ”(‘Pe,ovne,o)HYT < Mo,

where the positive constants M; (i = 1,2) will be specified below. Then we prove that S : Zp — Zr
is a contraction, provided that T' =T, , > 0 is sufficiently small.

Step 2.1 (The mapping S : Zy — Zr is well defined) Let (ve o, Pe.0, Ne,o) € Zr and
(ue,dv ¢e,aa 7vzje,o') =5 (Ue,oa Pe,os 775,0) .

We start with an estimate for u. ,, taking advantage of (4.7). From (5.9), we have

T

2 2 2
(5.16)  esssupluc, (1) + / (s I + Nrtteio (). ) s
te(0,7) 0

T
2 2 ~ 2 2
< ¢4 |u0| + Cl/ (HBO (Jeve,a7ve,a)”(H1)* + ||:U/e,av (Je(Pe,U)H(Hl)* + HhEH(Hl)*) ds

0
T
+Cl/‘
0

2

ds.

Le(eo) Ve (Kenea)||,




14 C.G. GAL, M. GRASSELLI, AND A. MIRANVILLE

Note that each term (Jeve,); 0; (ve,0); (1 < 4,5 < N) is a product of distributions in H?(Q) and

(H(Q))*. Therefore, it is bounded in (H'(2))* since H2(Q) — C%? (). Thus, it follows from
Lemma 4.1-(iv) that

t€(0,T)

T
5.17) esssuplue (07 + [ (Juea () + [00tes (9] ) ds
0

T
< Cx (ol + 1Mz 0y0) + Co [ (et lis eol? + e I3 IV (el ds
0

e / 1Ze (o) 1B 1V (Kter) oy d

T]W2 ]\42 M2
<|U0| + Hh”L2 0,7 (EIL)* )) +03< ++€62>’

owing to (5.15) and the fact that K., , € H3 (T'). Here the constant C5 > 0 is also independent

of ¥ > 0 and o > 0 (actually, this applies to all constants C; > 0 in the proof below). Then, we
choose

M. M?
(5.18) My = 2C, (|UO|2 + ||hH2L?(0,T;(H1) ) +2Cs5 (2 + 2) )

where My will be chosen below (see (5.22)), and T = T, , > 0 such that

4
€
5.19 T< .
( ) — 2C3M;

Henceforth, u., € Xp whenever T' > 0 and M; > 0 satisfy (5.19), (5.18). Let us now estimate
(fe.os Ye.o) (see problem (5.9)-(5.13)). Using (4.17), we get

2 2
essSup [[(de,o (1) s Ye,o (D)lly1 + [[(Pe,ors Z/)6,0)H}E{l(O,T;(Hl(Q))*><L2’(F))
te(0,T) v

+o ||at¢e,o||iz(o,T;L2(Q)) + ||(¢e,aaT/Je,cr)H2L2(o,T;v3)

2 2 2
< Cy (|‘(¢07¢0)||le + | B1 (ve,os JESDE-,G)||L2(0,T;L2(Q)) + || fe ((PE,U)||L2(O’T;L2(Q))>
+Cy (”BF (Ue,av Kene,U)H%ﬂ(o,T;L’Z(F)) + 11ge (nevU)Hi?(O,T;LZ(F)D .

Thus, by applying Lemma 4.1-(iv) and exploiting (5.1) together with the regularity of J.¢. , and
Kne o, we infer

2 2
(5.20) essSup [[(de,o (1) Ye,0 (D)llya + [[(Pe,or, wE,U)HHl(o,T;(Hl(Q))*><L2(r))
te(0,T) v

2 2
+o ”at(be,U”L’z(QT;L?(Q)) + ” (¢6,07 1/15,0)HL2 (O’T;V’YQ)

T
< Cs (14 100 o)l ) + Ci [ el v ds
0

+06/HVT (Kene’o)Hirs(r) ||(UE’U)TH§,I‘dS
0

€2 €3 €3

M, M,T SMyMy  6~°T M, M
S05(1+||(¢0,¢0)||%/¢>+C712+C7< T+ : 2),

for every 0 € (0,1) and some « > 0. Here C5 > 0 also depends on the constants cs . and ¢4 from
(5.1), but is independent of v,c > 0. The last bound on the right-hand side of (5.20) has been
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deduced as follows:

T
/WVAKmmm;H@whﬁm*
0

T T
~ 2 2 R 2 2
<5 [t ey Poca ds +57 [ 1Koty el ds
0 0

Co s~ ~
< =7 (MM + 5T M )
€

on account of Lemma 4.3) and (5.15). Therefore, (5.20) entails

2 2
(5.21) | (e el < Cs (14 160,601, )
MMy &My M. ~C7 My M
+C7T< 122+ 31 2)_’_5731 2.
€ €

Then, choosing
(5.22) M, > 3C, (1+||(¢> o)l ) ond 5 <min{ L

. 2 2 90s 0, %0)lly1 2’ 3C, M,
with a time T' = T¢ , > 0 satisfying

M, giaMl 1
2 T| = <z

we infer that (¢eo,%es) € Yr as well. Thus we can find T > 0 small enough and My, My > 0
large enough such that S maps Zr into itself.

Remark 5.1. Note that T' > 0 satisfying (5.19) and (5.23) is independent of o > 0.

Step 2.2 (S is a contraction on Z7) Let us now show that, possibly choosing T' = T, smaller than
the one which satisfies (5.19) and (5.23), S : Zr — Zr is a contraction with respect to the metric
induced by the norm of X7 x Y which makes Z; complete. For the sake of simplicity, we will drop
the dependence on o from the notation of functions, owing to the fact that all estimates below are
Z'ndependent Of o€ [07 1] Let (vjev (Pjevnjs) € Zr fOI"j =1,2and (ujev ¢jea T/st) =S ('Ujev @jevnjé) .
Then, set te := U1e — Uze, Pe = P1e — P2e;, Ve 1= Y1e — P2e aNd Ve 1= Vi — Vae, Pe = Ple — P2e,
Ne *= N1e — N2e. Thus, u. is a weak solution to the problem
(5.24)

Opue + div (2vD (ue)) = :BO (Jeve, v1e) — Bo (Jev2e, ve) + 111V (Jep1e) — HaV (Jepae) s

21/((1? (ue) : ’I’L)T + fue = L. (776) V-, (Ksnle) + L. (7726) A\ (Kene) ,

ue (0) =0,

with L. (n) = —vA:n + O + (0 + ge (1) and

ﬁie = _ASOZ’E + Uatspie + fe (9016) ) ‘Ce (776) = _’YATniE + an‘pze + ane + e (7716) — Je (7726) .

Furthermore, (¢.,%.) is a weak solution to the problem

at(ybé + 4Nﬁe =-B (Usa Je@ls) - B (U267 JESOE) 5

(525) 8twe + L. (¢e) = —Br (Uev Kenle) — Br ('U257 Kene) + e (7726) — e (7716) ,
(¢(0),%(0)) = (0,0),

where L. (+) is given by (5.13) and

ﬁe = —A¢5 + Jat¢e + fe (‘ple) - fé (@26) .

Notice that (¢ (t)) = 0, since (@i (t)) = {(¢o), i = 1,2, for t > 0. We will rely once again on
the results of Theorems 4.9 and 4.10. We start with an estimate of u. in Xp. Pairing the first
equation of (5.24) with u, in the scalar product of H, we have

T s T

(5.26) %ess sup |uc (t)]* + /ao (ue (1), ue (1)) + ||Opute (t)||(2H1)* dt < Z /Ii (t)dt,
0

te(0,T) i=—17Y
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where we have set

I_,:=0 (8t306 ( e‘Ple) UE) Ip:=0 (6t§02ev (JeQDe) 7“6) s
11 := —bo (Jeve, V1e, Uue) Iy := —bo (Jevae, Ve, ue) ,
13 . ((fe ((ple) fﬁ (9026))v(<]69016),u€)7 I4 = (fe (5026)V(J6906)3u6)7
I5 = (:A@ev (Jepie) s ue) Is == (—Ap2V (Jepe) yue)
I7; = (Le (776) vV (Kenle) auer)p 3 Is == (‘CG (7726) vV, (KenE) aue-r)l‘ :
We now estimate all the terms I_1, Iy, ..., Ig. First, by elementary Holder and Young’s inequali-

ties, and recalling that the bilinear form By is bounded from H?(Q) x L? () into (H(Q))*, we
have

(5.27) |Il| < Cg ”']eUGHH? |Uls| HUEH
C
S 5@0 (ueaue) + 79 ||J€U€||?LI2 ‘U1€|2

S 50/0 (uevue) |Ule| |Ue|

Se 2
for any 6 > 0 (a suitable value will be selected later on). Here Cy,C1p > 0 depend on v, 5 > 0,
but are independent of . Similarly, we also have

(5.28) 12| < C11 || Jevael| |vel ||uell

Cll
< dag (ue,ue) + 55 | vael? v .

Next, on account of the fact that f. is globally Lipschitz, we find
(5.29) (Is| < [|(fe (p1e) = fe (026)) V (Jepre) | arr y - el

Ci2 2 2
< da0 (e, 1) + 22 [acln el
and

(5.30) 5| < [ApeV (Jepre) o Juel

Ci3

< 6ll(pesme) 132 lorellzm + S el

for any ¢ > 0 and some constant C12 = Ci2 (¢) > 0 which also depends on ¢y (cf. (5.1)). In the
same fashion, for o € [0, 1] we deduce that

Cua
(53]_) |I4 +Iﬁ| + |I_1 +IO| < ( ”(@26777%)”‘/2 ||506||H1 + <7 5el | e‘ )
Cia
( UHat(PQEHQHSOEHHl +< 5el | ‘ >

C
2 2 14
i <5U||5t<Pe|2 el + 12 e )

owing to the fact that J.p;c € H3 (). For the last two terms, owing to the fact that g, is globally
Lipschitz, we have

(532 51 < e (o)l 119 (el oy e
< 22 (o2 el Wil ez
< 8l (paermae) s el + S22 (31D ()P +37 )
< 3 el el o+ B e ) + 2 e

by virtue of Lemma 4.3 and the fact that (vie, @ic, i) € Z7r. Let us split I7 into two additional
terms I7; and I75. Arguing as above, we find

(5.33) 72| = [((ge (M1e) — ge (M2e)) Vi (Kemie) 7“67')1“‘

~ 2 ~ 4 9 1/
< Cuo el IKemel sy (31D () + 37 fucf?)



and

(5.34)

Here Cig, ...,
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C _
2 2 17 2 a2
< Sl el + 2 (51D (ol + 57 u.f?)
2 2 Cir 2
<6 melly p Imella p + 0ao (e, ue) + ——=— [uel
deboe

|71 = ’( e (1) Vr (Keme) ’u”)r‘

(F1D @) 43 )

18
2 (el

C [0
<3 ns el + 222 (510 (ol +3 ful)

Chg lu |
Jeboa e

2 2
< 0 [[(pesne)llvz Imellz,p + dao (ue, ue) +

C1g > 0 also depend on ¢,y (see (5.1)) and we have chosen 6 € (0,1) such that

1 52 6 52 6 52 6
5 = min .
{2 Ci7’ Crg’ Cis }

17

Inserting all the foregoing estimates (5.27)-(5.33) into the right-hand side of (5.26) and using
(5.15), we obtain

(5.35)

T
1
Zesssup |ue (8)]° + / (1 —60) ag (ue (t) , ue (t)) + ||Orue (t)||?H1)* dt

te(0,T) 5

2 2 2
< 200M; (e 1320 rova) + NeelF o,y + 7 19ell a0 1,25))

(Cio + C11) MWT CiaM,T
+ 5e2 lvell T 0,758y + sk 0ellzo0 0,7 112 (02))

2
) T |u. |L°°(O,T;]HI) .

Ci3+3C1  Cis+Ci7+Chg
+ + a
det Sebsa

Let us choose

(5.36)

<
; mln I

and pick a time T'= T, > 0 such that

(5.37)

C134+3C14 Ci15+C17+Cho 1
( Set + 5ebse ) s 4’
(C10+C11) M1 Ci1oMo 1
max { 5e2 ) T el T g 12°

With these choices, (5.35) yields the inequality

(5.38)

lure (8) = uze (D)%, < é (e (8) s 0e () e (D) 7, »

for all t € (0, T¢).
We now estimate (¢, ¥¢) in the space Y. Pairing the first and second equations of (5.25) with
A&l (0¢¢¢) and Oy1p with the scalar products of L? (2) and L? ('), respectively, and then pairing

in L2 (Q) the first equation of (5.25) with 7z, —

(5.39)

1 2 2
3 1(0es )l Loe 0,7v2) + 0 10l L2 0,7 22(0))

2 — 12
+ ||(¢e,¢e)||H1(o,T;(H1(Q))*xL2(r)) + ”v'ueHLz(O,T;Lz(Q)N)

16 T
gzZ/L—(t)dt
i:90

where we have set

19 = _bl <v67 Je(Pley A]?]l (8t¢e)) P IlO = _bl (UQE; Je‘pez 71 (atd)e)) s
Ill = (fe (‘ple) fe (@25) ) 8t¢e) ) 112 = (BF (Uev 67716) 8t¢6)1—‘ )
I3 = — (BF (U267 6776) at"/k)r , Iy = — (ge (7716) Ye (7]25) 8“/)5)

(1) , after elementary computations we find
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and
Iis == (B1 (ve, Jepre) s e — (Be)) s Ti6 := — (B1 (v2e, Jepe) , i — (Iic)) -
Next, recalling the definitions of i, and L. (1), we obtain, since (9:¢. (t)) = 0,
(i) = (e (010) = e (22)) = ITN(Lc () +IT1C (ol

so that (cf. the second equation of (5.25))
G40) (7)< Oy (100l 4 1 (010) — Fe (2202 + e (me) = g (o) )

+ Cy (I1Br (vaes KenIIf + 1B (v Kem) )
for some Cx > 0 which depends on |T'| and |Q|, but is independent of o. Furthermore, from this
estimate together with (5.39) and the elliptic regularity result of Lemma 4.6, we can infer the
existence of a further constant C, > 0, depending on Cl, such that
1 2 2 2
(5.41) 3 [ (de, we)HLw(O,T;VA}) + 1(Pe; Yl 0.1 (111 () x 2 (ry) T O 10 DellT20,7.220))

— 2 2
+ ||M6HL2(0 THY(Q) T ||(¢ev¢e)||L2(o,T;V3)

19
ey / Ol
where
Ii7 :=||Br (Uzs,Keﬁe)||1%7 Is :==||Br (veernle)”?‘v

Iyg := er (‘Ple) — fe (@26)”3 + ||g€ (7716) — Je (7726)”12“ .

To estimate Ig and Ijp, we observe that each one of the terms (vc),; 0; (Jewie), (vae); O (Jewe)
(1 <4 < N) is a product of functions in L?(Q) and H?(Q) — C%?(Q), respectively. Therefore
they are bounded in (H!(Q))*. Thus, we deduce that

(5'42) |I9| < HBl (UeaJeSple)H(Hl ()= Hat(ben (H(Q))*
020
< @ [ 0eelltr () - +—a = vel? lerell 7
and
(5.43) (10| < [| By (v2e, e‘Pe)”(Hl(Q H(Hl ()~

Can
< @ 0:ell a1 52y t—a [oze* leell 71 »

for any w > 0 to be chosen later on. Bounds on In and I14 can be obtained quite easily on
account of the fact that f. and g, satisfy (5.1). In particular, we have

C2 2

2 2
(5.44) 111+ Tl < @ (10 s - + 100el30) + =2 llpel

for some constant Cas = Caa (€) > 0 depending on ¢y ¢, ¢g. (cf. (5. )), but which is independent
of 0. We will exploit Lemma 4.3 once again to bound the energy terms I12 and I;3. By Holder
and Young inequalities, we get

(5.45) [T12] < ||0¢t)e

023 2, 2\ /2
< = lmello.r (1D @I +e™ o) 10l r

C
2 24 2 —a 2
wuatweng,r 2 lmel3r (1D @I+ o)

C
2 2 24 2 2
<@ [|0ellap + ey r lloell” + —52 lmella el

1
12C My
taking
6 3 3

£ = min L we’ we ¢ <1
o 12’ 12M5C54C.,. " 12M,Cs5C, " 12C, Cog My’ 12C,.Cog M, '
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Arguing as above, we also deduce that

(5.46) |I13| < ||Oste

elle ||H3(F)

£ (21D 20l +272 )

025
||"7€

1 2 5 2 2
1200, H776||2,r lvaell™ + s [7ell2,r [v2e] ™ -

< @ |[0ell5r +

2
<w Hat"/}EHQ,F +

In the same fashion as in (5.42)-(5.43), by virtue of Poincare’s inequality we obtain

C

2 26 2 2 2 2
(5.47) 115 + Tl < @ VA + Z25 (loacl lclfs + oel lprela ) -
The term [;7 is straightforward. Indeed, owing to (5.1), we have

2 2
(5.48) [Iiz| < Corlllelly + el r)-

The remaining ones can be estimated by employing the argument used in (5.45) and (5.46). We
get

Cag
(5.49) |Iis] < =22 [[vaer |3 1 lImell5
028
R

| /\

o 2
1D (v2)]* 4 € |vae )||776H2,F

1

2 2 2 2
< 1200, [[7ell2,r [[vze]| 2,1 [v2el

and, similarly, we find

(5.50) 10| <

C!
2 2 29 2 2
71 I” + Bea ||771e||2,r [ve|” .

- 12C’ Mo
On account of estimates (5.42)-(5.50), it follows from (5.41) that (cf. also (5.15))

1
(5.51) 3 [(¢e, ¢6)||2L°°(07T;V’Y1) + ||(¢€7¢6)||21(07T;(H1(Q))*><L2(F)) to ||3t¢e”i2(o,:r;L2(Q))
+ ||(¢ea T/Je)||2L2(o7T;v3) + HVﬁGHQL?(QT;L?(Q)N)

2 2 — 12
< 35C, (196ell 3200011 () + 103 a0 0,20y ) + FCo IV 20 131200

CCooM>T
2 «C20 M2 2
o T w) el + = loellieora

1 C*CQ4M2T CQ6C*M2T CQQC*MQT 2
t1z + lvell Zoe (0, 7;m)

6 webee wet e3ea
1 C.CouuMT CosC M{T  CogC.MT 2
5 obea T T o T T Bga lpellzoe 0,752 () -

We can now choose any 0 < w < 1/ (6C,) together with a time T'= T, > 0 (which is independent
of o) such that

CzoMz Cz1M1 Cao
max wet + }T — 12C ’

' et
C24M2 CzeMz C29M2
(552) ( Gea + et + )T S 120 ’
(CQ4M1 + CzeMlT + C2sM1) T <
webex e3e™ — 12C

This choice allows us to deduce from (5.51) that

(5.53) 1(Dre (t) = dae (8) , vrc (8) = thae ()3, < é (v (1) s pe (8) me (ED) 1 7,05

for all t € (0,T,). Hence, on account of (5.38) and (5.53), we can say that S is a contraction from
Zr into itself, provided that T' = T, > 0 also satisfies (5.37), (5.52) and is possibly a number
smaller than the one which fulfills (5.19) and (5.23). Therefore, owing to the contraction mapping
principle, we conclude that problem P, has a unique local solution (ue ¢, ¢e,0,Ve,0) € Zr, for
each €,0 € (0,1].

Henceforth, we have proved the following existence result on weak solutions for problem P .
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Theorem 5.1. For each €,0 > 0 and initial condition (ug, ¢o, %) € H x V,Yl, problem P, , has a
unique (local in time) solution

Te,cf = (uE,U) ¢e,g»we,a) e L™ (07T6§ H x V»yl) >
or some T, > 0. Furthermore, this solution possesses the following regularit
g reg Y
teo € H' (0,7 (H')*) N L? (0, T H) ,
(PesosPe0) € H'(0,Te; L2 () x L (T)) N L2 (0, Te; V)

€ Ty

(5.54)

and solves P, , in the sense of (5.3)-(5.8). In particular, Y, (t) is almost everywhere equal to
an absolutely continuous function from (0,T;) into H x Vvl.

Proof. It remains to show the last part of the theorem, but this follows easily from the regularity
stated in (5.54) and the straightforward relations

d _
= teo OFF =2 (A7 2000 (1), A e (1))

d
at [Ye.0 (t)llijl(r) =2(01e,o (1), Arthes (1))r,

d
% H(be.,a (t)Hi{l =2 (at¢e,tf (t) ’ _A¢e,cf (t)) + 2 (atwe’a (t) >an¢e’0 (t)>r
which hold in the distributional sense over (0, T). O

Remark 5.2. Owing to Theorem 5.1, note that the regularized energy

Per (= 5 Wt (0). 60 ()b ODIE, + [ Pl (@) dot [ G (1) a8

is almost everywhere equal to an absolutely continuous function on (0, 7), since F,,G. € C* (R).

Step 3. The original problem. The final step is to show that a subsequence of weak solutions
to P, converges to a solution to the original system (1.1)-(1.10). To do this, we need estimates
that are independent of €, — 0. At the same time, such estimates will allow us to conclude that
any regularized solution is also globally well defined over (0,7), for any 7" > 0.

We start by first noticing that, for almost any ¢ € (0,7), the test functions ¢ = pe, (t) €
HY (), n = L (t)) € L*>(T') and v = u, (t) € H' are admissible in (2.7)-(2.8) and in (2.6),
respectively, on account of the regularity of Y. ,. On the other hand, we can now test the first
and second equations of (5.12) and (5.13) in L?(2), and L? (T'), with di¢e, (t) € L? () and
Opthe » (t) € L% (T'), respectively. Adding the resulting identities (see (3.4)-(3.5)), we deduce as in
(3.6) (with the exception of the additional term involving o > 0) the following energy inequality

d
%Ee,o (t) +Cs Hue,rf (t)||2 + ||VU67U (t)H;

+ £ Wer O)ll5p + 0 10160 (D13

< (46)7" ”h(t)”?Hl(Q))* ;
for some Cs > 0 independent of €, > 0. Note that, owing to Theorem 5.1 (cf. also Remark 5.2),
we have E. , € AC(0,T,). On the other hand, we have E, , (0) < C uniformly in €¢,0 > 0, owing

to (5.2), provided that F (¢o) € L' (Q) and G (¢) € L' (I'). This is ensured by (¢o,%0) € V;
(see (3.1), (3.2)). Also, by virtue of (3.1)-(3.2), we notice that

1
Ee,o (t) > 5 ||(Ue,cr (t) 7¢e,a (t) awe,a (t))”§77 - CF,G?

for some Cr > 0, independent of €,0 > 0. Therefore, the local solution can be extended to
(0,T), for any given T > 0. Integrating (5.55) over (0,7T), for any T > 0, we obtain, on account
of assumptions (a)-(b) and (5.2),

(Ue,os Pe,or Vero) € L (0, T;H x V),

Ue, € L2 (O,T; Hl) ,

Ve € L2(0,T; L2 (),

L (er) € L? (O,T; L? (F)) ,

uniformly with respect to €, > 0. In addition, we also have

(5.57) 020 ¢e.s € L? (0,T; L2 () .

(5.55)

(5.56)
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Next, integrating (5.6) and (5.7) over 2 and I, respectively, we further see that (u. ) € L? (0,T),
uniformly in €, 0 > 0 since (0., (t)) = 0, almost everywhere on (0,7"), and by virtue of the last
of (5.56). Then

(5.58) fic,> is uniformly bounded in L* (0,7 H' (2)) .
Furthermore, since (¢ »,%es) is also a weak solution to the elliptic boundary value problem
—A¢e s = Hiep, ae inQx(0,T),
VA e o + Onde,c + Cheo = Haeo, aconl x (0,T),
with
Hico = i = 00i6eq — fe(de) € L7 (0,T; L7 (),
Hyeg = L (Ye0) = 9e (Ve,0) € L? (0,T5 L* (T))
by Lemma 4.6, together with the bound (5.57) for o € (0, 1], we get
(5.59) (fe,0, Ve,o) is uniformly bounded in L*(0,T; VVQ)

In order to control the nonlinear terms associated with the forms By, By, Br and functions f, g,
we can rely on Lemma 4.7 to show the following uniform bounds with respect to €,0 > 0. As
usual,

(5.60) By (Jette 5, Ue ) is uniformly bounded in L (O, T, (Hl)*) ,

with p=2if N =2 and p=4/3 if N = 3, owing to Lemma 4.1, (iv). Moreover, we immediately
get that

(5.61) pre.o VJehe o is uniformly bounded in L? (0, T (Hl)*)
and
(5.62) Bi (Ue,0y Je@e,s) is uniformly bounded in L? (0, T; (Hl(Q))*) )

Thus, a comparison in equation (2.7) yields
(5.63) Dy ¢e,o is uniformly bounded in L* (0,T; (H'(Q))*).

In order to provide uniform bounds for the time derivatives Oy, » and 0:9)c o, it suffices to derive
uniform bounds on the boundary terms in (2.6) and (2.8), respectively.
Case N = 3: Let now n € L*(0,7;L*(T)), such that nllao,r;2ryy < 1, and recall that

(Ue,0» Ve o) satisfies (5.56) and (5.59). Thus, by the Sobolev inequality ||V 4|, < H¢||}1{22(p) HVTWB?’
the injections H' (Q) < H'/?(T') = L*(I") and Lemma 4.1, (iv), we deduce that

|br (umﬂ Kete o, 77)| <C |u're70|4,p ||VTK5/(/)570-||47F ”77”2,1‘
1/2
< Cllueoll | Ketbeol o) 1 Ketbeo

1/2
H/l(F) ||77||2,F

1/2 1/2
< Clluteoll 1the.o 52 1ol ey Inlla.x

so that

T
(5.64) y#wm&mmwzjﬁmwam&wammmm

0

1/2 1/2
<C ||TI||L4(L2(F)) ||Ue,a||L2(H1) ||¢e,o||L2(H2(r)) Ve, Lo (HY(T))

<C,
by virtue of Lemma 4.7 and the uniform estimates (5.56) and (5.59). Therefore,
(5.65) Br (Ue.o, Kctpe o) is uniformly bounded in L3 (0,T;L*(T)) if N = 3.

Case N = 2: Let n € L*/(s¥2) (0,T; L?(I")), such that 10l pas /42 0,712y < 1 for any s €
(2,00). In that case, H'/? (") = L?3/(*=2)(T") and the Sobolev inequality

s2—2 %_;'_l
IV %l S 10l oy 19055
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holds (note that H'/2(I') ¢ L> (I'), so that we can not take s = 2). By application of Lemma
4.7 once more, observing that

|bF (u6,0>Ke¢e,m 77)| <C |u‘re’a|25/(s_2)7r HVTKEQ/’e,U”sI ||77||2,F

= 3+
< Cllucg| HKewe,UHH;(r) 1K (T) ||77||2,F

we have
(5.66) b (e, Ketpe, )|
< C 1l oo 12y Tntenll o gy e | By e 1258000 oy
<C.
Thus,
(5.67) Br (te oy Ketbe,o) is uniformly bounded in L5 (0,T;L*(T)) if N = 2.
By comparison in equation (2.8), recalling the last bound in (5.56) we see that
(5.68) Otte o is uniformly bounded in LY/3 (0, T; L* (F)) if N =3,
(5.69) dite o is uniformly bounded in L2 (0,T; L? (T)) if N = 2.

In order to prove that d;u. , is properly bounded in some space, one needs to (uniformly) control
the term £ (¢ o) V- Kctpe o on the right-hand side of (2.6). Since for smooth enough v there holds
(L (Yeo) VrKetbe o, v) = br (v, Kcte o, L (e,5)), the previous considerations in (5.65)-(5.67) yield
again that

(5.70) L (Ve o) VrKetpe o is uniformly bounded in LA/3 (O, T; (Hl)*) if N=3
and, for any s > 2,

(5.71) L ($es) V4K e o is uniformly bounded in L2 (0, T; (H')*) if N = 2.
Together with the foregoing bound on By (see (5.60)), by comparison in equation (2.6),
(5.72) Ot o is uniformly bounded in LA/3 (O,T; (Hl)*) if N =3,

(5.73) Otue,» is uniformly bounded in L5 (O,T; (Hl)*) if N =2.

These bounds allow us to find a subsequence (relabeled, abusing notation, as (te,¢, Pe,0, Ve,0))
such that, as (¢,0) — (0,0),

(Ue,or Peos Ye,o0) = (U, ¢, 1p) weakly star in L™ (O,T;]HI X V,Yl) ,

(ue,da (rbe,cra ’lpe,ﬂ) - (’U,, ¢5 11/}) Wea‘kly in L2 (07 T, H' x V?y) 5
(5.74) Ote,o — Opu weakly in LP (0,7 (H')*) ,

Othe,s — Opp weakly in L9 (0,T; L* (T)),

iy — O weakly in L2 (0, T; (H')*)

with (p,q) € (1, oo)2 as above. Furthermore, by (5.57) we readily have
(5.75) 00s¢e,o — 0 strongly in L? (0,75 L* () as (e,0) — (0,0).

We can now exploit the compactness theorem (see Lemma 4.4) to further extract a subsequence
such that

T2 e
(5.76) { Ue,c — u strongly in L (O,T,]HI ) ,

(PesosPe0) = (¢,9) strongly in L? (0, T; V2-9)

for any § € (0,1/2). The strong convergence (5.76) together with (5.74)-(5.75), the bounds (5.56)-
(5.58) and the fact that fo — f,g. — f, uniformly on compact intervals of R, allow us to deduce
that

fe (¢es) = [ (9) strongly in L2 (O,T,L
(5.77) ge (Ye.s) — g () strongly in L? (O, T: L?
' Heo — 1 weakly in L2 (O,T; H! (Q)) ,

Le (Ye,s) = L (1) weakly in L? (0,7 L*(T)) .



CAHN-HILLIARD-NAVIER-STOKES SYSTEMS WITH MOVING CONTACT LINES 23

We now show how to pass to the limit in the nonlinear boundary terms. First, from (5.76) we
can assume, up to a further extraction, that (ue,) — u, almost everywhere in I' x (0,7) and
Ve o — V1) almost everywhere on I' x (0,T). This gives

(Ue,r),, Ori¥eo = UrOr;tp,  ae. on ' x (0,T),
as (e,0) — (0,0). Since (ue,q,%eo) is uniformly bounded according to (5.74), we conclude
from (5.65) and (5.67) that (ue,o), Ortb,s is bounded uniformly in L*3(0,T;L* (1)) if N = 3
and in L5 (0,T;L* (")) if N = 2, for any s > 2. Therefore, (Ue,o),, Or,the,s 18 bounded in
LA3 (T x (0,T)) if N =3 and in L5 (T x (0,T)) if N = 2. Applying the Lebesgue dominated
convergence theorem (see Lemma 4.5) we have

(5.78) (tes),, Ortbes — tr,0r,1p weakly in L3 (T x (0,T)) if N =3

and weakly in L5 2 (T x (0, 7)) if N = 2. Moreover, the convergence (5.78) also holds weakly
in L4/3 (0,7;L*(T")) if N = 3 and in L522 (0,T;L*(T")) if N = 2, for any s > 2, on account of
(5.65)-(5.67). Hence, we infer that

{ Br (tc,o, Ke ($c,0)) = Br (u,9)  weakly in L*/? (0,T; L (I)) if N = 3,

579 4s
(5.79) Br (t.0s Ke (te0)) — Br (u,) weakly in %52 (0,75 12 (I') if N = 2,

owing to the strong convergence K (1) — 9 in H* (T') almost everywhere on (0,7) (cf. Lemma
4.1, (iii)). It remains to pass to the limit in the boundary term (5.3). To this end, we first notice
that

(580) £€ (ws,o) vae,o’ = (_’YATws,o’ + 6n¢e,o’ + Cwe,a + e (¢€,U)) vae,o’
=L+ 15 + I,

For the last two terms, we can argue as above on account of the strong convergence properties of
(5.76) and the second of (5.77) to deduce that I2 — 8,,¢V, 1 almost everywhere on ' x (0,7
and I3 — (CY + g (¢)) V4, almost everywhere on I' x (0,7, as (e,0) — (0,0). Indeed, owing
once again to the Lebesgue theorem (see Lemma 4.5), combined with the same arguments leading
to (5.70) and (5.71), we see that I2, and IZ, are uniformly bounded in L*/3 (0, T (H')*) if N = 3
and in L2 (0,7 (H')*) when N = 2. Hence, we get

LA3(0,T; (HY)*) if N =3,
L% (0,T; (HY)*) if N = 2.

(5.81) 12 = 0,6V, I = (0 +g () Vs, weakly in {

On the other hand, to handle the first term I}

€T

we exploit the basic identity

(5:82) Il = Ao Vites = 2V (Vetheol') = 1dive (Vothew © Vethe),

where div; (-) stands for the boundary divergence operator. By (5.76), we may assume
Or, Ve 00r,0e 0 — 0,009, ae. on ' x (0,T),

for any 1 < 4,j < N — 1. Since {¢,} is also uniformly bounded in L> (0,T;H*(T)) N
L2 (0,T; H?(I')) and each term O, ,0,%e0 (1 < i,j < N — 1) is bounded in HY/?(I') as
a product of functions in H*~ (T') x H* (I') — H'Y?(I'), by Lemma 4.8, with
5—2

2s

for any s € (2,00) and § € (0,1/2), we conclude by interpolation between H! (T') — H*N (T') <
L? (T) that

Ol3:1/2+5, Qg =

Orthe 00r, e s € LT (O,T; HY/? (r)) if N =3,
Or tbeoOr Yoo € 1552 (0,T; HY2(T)) i N =2

Therefore, owing to the Stokes formula on I', (div. (D),v;) = —(D, V,v;)r, which holds for

smooth D € RV*N 4. = v — (v-n)n being the tangential part of v € RV, the (distributional)
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boundary divergence of V 9. , ® V1. , satisfies

_ L5 (0,T; (HY2(T))*) if N =3
5.83 divy (Vi) o @ Ve o) € as_ ’
( ) 1V ( d} s d} s ) { L5z (O,T; (H1/2(F))*) if N =2.

Then, as a consequence, div, (V:¢e s ® V), ) is uniformly bounded in Lﬁ (O,T;H_l) if
N =3 and in L5 (O,T; ]HI*I) if N = 2. Henceforth, the application of Lemma 4.5 yields the
weak convergence of

div, (VT'L/)E,O ® VT'L/)E,O) — div, (Vﬂﬁ & VHP)
on these spaces (see (5.83)). Arguing in a similar fashion, it follows that |V7w670|2 is also uni-
formly bounded in L5+ (0,T; H'/2 (")) if N = 3 and in L2 (0,T; H~'/2(T")) if N = 2. Thus
Vo ([Vitbeo?) = V-(|V1|*) weakly converges in the spaces defined in (5.83), as (e,0) — (0,0).
Hence, on the basis of (5.82) we conclude that

I}, = AV ¢ weakly in LF5% (0,T; (H')*) if N = 3,
1L, = —y AV weakly in L%°2 (0,T; (HY)*) it N = 2.
Since 4/ (3 +2J) < 4/3 when N = 3, this entails that
Lo (Ve0) Vit o = L (1)) Vb weakly in L5755 (0, T; (H)*) it N = 3

and also in L3-2 (0,T; (H")*) when N = 2. Recalling now that K, (¢,) — ¢ strongly in
H! (T) almost everywhere in (0, T), owing to Lemma 4.1, (iii), we also obtain an analogous weak
convergence of L¢ (Yeo) Vi (Kctbe o) to L (3) V.

The same arguments based on the strong convergence (5.76) and the uniform bounds (5.56)
gives us the weak convergence of the remaining nonlinear terms By, By in LP (O,T; (Hl)*) and
L?(0,T; (H')*), respectively. More precisely, we have

(5.84) By (Je (te,0) s Ue,r) — Bo (u,u) weakly in LP (0,T; (H')*),
By (te,o, Je (¢e,0)) = B1 (u,¢) weakly in L* (0,T; (H')*)

and, similarly, we infer that

(5.85) fe.oV(Jeteo) = V¢ weakly in LP (0,T; (H')*)

since
00t¢e,oVJepe o — 0 strongly in LP (0, T, (Hl)*)
and
div (Vo ® VJeg) = div (Vo ® Vo) weakly in LP (0,77 (H')*),

as (¢,0) — (0,0), owing to the strong convergence of the sequence (ue, @) (see (5.76)), (5.75),
Lemma 4.1, (iii) (which yields J.¢. — ¢ strongly in H' (Q) almost everywhere in (0,7)) and
Lemma 4.5.

We can now pass to the limit in (5.3)-(5.7) with respect to (¢,0) — (0,0) in order to deduce that
the limit function (u, ¢, 1) obtained from (5.74)-(5.76) is a weak solution to problem (1.1)-(1.10)
in the sense of Definition 2.1. Besides, by virtue of Remark 2.1, for ¢ € [0,T],

(Uo, ®o, 1/}0) = (ue,a' (t) 7¢e,a‘ (t) 71/16,0' (t))\t:O — (u07 ®o, %/10) = (U (t) N (t) 0 (t))|t:0

weakly in (H')* x V0 as (¢,0) — (0,0). In order to see that the energy inequality (3.6) holds for
the limit weak solution (u, ¢, ), it is enough to notice that it is also satisfied by the approximate
solution (Ue ¢, e o; Pe,0 ), according to (5.55), then to exploit the lower-semicontinuity of the norm
in Y, and (5.75) together with the basic relations

F t))dxr < liminf F. (¢ (1)) dx,
foF@@)dr < tminf [y F. (60 (1)

(5.86) o
G (t)dS < liminf [.G. (e (1)) dS,
JaGW®)dS < liminf [ Ge (e (1))
which hold owing to Fatou’s lemma, assumption (3.1) and (5.76). Therefore (u, ¢, ) is a solution
in the sense of Definition 3.1.
We are left to prove that our energy solution can indeed satisfy the inequality (3.8) in the case

h = 0. The claim for s = 0 follows from Definition 3.1 (see also (3.7)). Let us briefly show how to
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prove it for ¢t > s for almost all s € (0,00). We can exploit the smooth solutions (uc s, @e,0; Ve,0)
for which the energy inequality

d
%EE,U (t) +ao (UE,J (t) y Ue,o (t)) + HVIUJE,U (t)Hg + HE (ws,o (t))H;F +o ||at¢6,a (t)H; <0

is satisfied for any ¢ > s > 0. In fact, we can readily see from the proof of Theorem 5.1 that, for
these approximate solutions, (5.87) becomes an identity for any ¢ > 0. In order to obtain the final
claim, one passes to the limit as (¢,0) — (0,0) in the integrated version of this identity between
(s,t) and exploits the uniform bounds for (e ¢, @e o, Pe,») Obtained in the proof of Theorem 3.2. In
particular, by the first two convergence (5.74) and the second of (5.76), it follows by interpolation
that, for almost any s > 0, ¢, » (s) — ¢ (s) strongly in L' (Q), 1e, (s) — 1 (s) strongly in L* ('),
at least along a subsequence for sufficiently large I, s > 2. This fact together with the growth
assumptions on f, g (see (3.2)) and the uniform convergences F. — F and G — G on compact
intervals allow us to deduce by the Lebesgue theorem that

| PG @de— [ PO, [ Gotber()ds = [ 6o s)as,

for almost any s > 0. Finally, these relations together with (5.75) and the lower-semicontinuity of
the total energy (note that both F' and G are quadratic perturbations of some convex functions
due to (3.1)) yield the desired claim.

This completes the proof of Theorem 3.2.

(5.87)

Remark 5.3. If we keep o > 0 fixed in the above proof, we may also conclude the existence of a
weak solution (uy, ¢y, 1) for our system (1.1)-(1.10) in the sense of Definition 2.1. This solution
enjoys better integrability properties under the assumptions of Theorem 3.2. In particular, one
has 01/20,¢, € L? (0,T; L? (Q)) and

By (uc, o) € L* (0,75 L (), ps € L*(0,T: D (A)),
and the following (strong) energy inequality if h = 0,
(5.88) E (uq (1), 00 (t) ;90 (1))

[ (a0 e 90100 ) + 19000 @I + 1 0 )13 1+ 1060 ()I3)
<& (o (5) 60 (5), ¥ (5))

for all ¢ > s and for almost any s € [0, 00), including s = 0.

6. PROOF OF THEOREM 3.3
We first prove that every energy solution given by Definition 3.1 has a non-empty w-limit set.

Lemma 6.1. Let the assumptions of Theorem 3.2 be satisfied and suppose that h = 0. Let (u, ¢, 1)
be an energy solution. Then the w-limit set of (u, @,v) is nonempty. More precisely, we have

(6.1) tli}m u (t) = 0 weakly in H, strongly in (H')*
and any unbounded sequence {t,} C [0,00) admits a subsequence, denoted by {t,, }, such that

(6.2) tniigloo (¢ (tny) , ¥ (tn,)) = (¢, i) weakly in Vvl, strongly in V$,

for some (¢, ) € V’v2 N{ps : (D) = (Po)} such that
(6.3) —Ady + f (@) = const., in Q, —yA)s + Ondu + (s +g(s) =0, on .

Proof. We argue as in the proof of Theorem 3.2 which ensures the existence of an energy solution
(u, p,v). Let {t,} C [0,00) be a unbounded sequence. The energy inequality (3.7) implies, at
least for a suitable subsequence of {t,}, still labeled as {t,}, that

U (tn) = u, weakly in H, (¢,9) (tn) — (¢, 1) weakly in V.,

for some (¢.,9.) € V. Consider now the initial value problem associated with (1.1)-(1.9)
on the time interval [t,,t,+1] with the initial values (u (t,), (t,),% (tn)) and observe that
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), (1) == (w(t+1tn),d(t+1tn),¢¥ (t+1t,)) is also a weak solution to (1.1)-(1.9)

(un (£), Pn (¢
n ()Y = (¢o) for ¢ € [0,1]. Then, from (3.7) we also infer, as ¢,, — oo, that

with (¢ ELt

(6.4) Uy, — 0 stronigl}Lin L2 (0, 1; Hl) , weakly star in L*>° (0,1; H),
. (¢n, n) = (¢, ¢) weakly in L? (0,1; Vf) , weakly star in L> (0, 1; Vvl) ,

for a suitable (5, @) Repeating the comparison arguments used in the proof of Theorem 3.2, we
deduce that

(6.5)  Opdpn, — Oy weakly in L* (0,1; (H'(Q)*), 0y — Opp weakly in L9 (0,1; L* (I))

and, in particular, we see that d;u,, is uniformly bounded in LP (07 1; (HI(Q))*), for some p > 1.
Therefore, by Lemma 4.4 and (6.4)-(6.5), we obtain

(6.6) ¢n — ¢ strongly in L (0,1; H" (Q)) N C ([0,1]; (H'(22))*) ,
(6.7) ¥n — ¥ strongly in L? (0,1; H' () N C ([0, 1]; L* () ,

as well as

(6.8) u, — 0 strongly in C ([0, 1]; (H")*).

Thus, (6.8) yields that u, = 0. This implies (6.1), in view of (6.4) and (6.8). On the other hand,
by the energy inequality (3.6), we also have

6.9 V (=Ag¢y + f (¢n)) — 0 strongly in L? (0,1; (L2 (Q))V) ,
(6.9) VAt + Onn + Con + g (10n) — O strongly in L? (0, 1; L2 (I'))

Next, by the estimates (6.4), (6.6)-(6.8), and observing that the bilinear form By : H x L? —
(H?(Q))* is bounded if N < 3, we also infer

(6.10) Bi (un, ¢n) — 0 strongly in L? (0,1; (H?*(Q))*) .
Thus, comparing terms in equation (2.7), we obtain

(6.11) Dy — 0 strongly in L* (0,1; (H?*(2))*) .

A similar argument shows that

(6.12) Br (un,1y,) — 0 strongly in L? (0, 1; (H? (I'))*),

owing to (6.4), (6.6) and the fact that the terms (uy),, 954, are bounded in (H? (I'))* as a product
of functions in L? (I') x L? (T') if N < 3. Note that (6.12) entails by comparison in (2.8) and (6.9)
that

(6.13) dythn, — 0 strongly in L? (0,1; (H? (T'))*) .

Henceforth, it follows from (6.5) that ¢ = ¢., ¢ = 1, for all t € [0,1] and (¢.) = (¢o). Letting
now t, — oo in equations (2.7)-(2.9) for (un, ¢n,¥n), we see that (¢.,1.) € V! is also a solution
to (6.3), as desired. Moreover, (¢, .) € V72 , by virtue of the assumptions on f, g, the regularity
(6.4) (which themselves imply that f (¢.) € L?(Q), g (¥.) € L? (T')) and elliptic regularity (see
Lemma 4.6). Lemma 6.1 is proved. O

In general, we cannot conclude that each energy solution of (1.1)-(1.9) converges to a single
equilibrium as the set of steady states associated with (6.3) can have complicated structure (see,
for instance, [4, 60, 74]). This means that we are required to prove (6.2) for the whole sequence
{t»} and not just for a subsequence. The main tool is the total energy (cf. (3.3)) which we rewrite
as follows:

(6.14) € (w,0,) 1= 5l +E(6,9),

~ . 1 2

E.0) = Iy, + [ Floydat [ s,
We note that (¢., ) is a critical point of & over V71.

The version of the Lojasiewicz-Simon inequality we need is given by the following lemma (see
[66, Theorem 3.1], cf. also [32, Proposition 5.22]).
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Lemma 6.2. Suppose that F' and G satisfy (3.1)-(3.2) and are real analytic. Then there exist
constants 6 € (0,1/2) and Cr, > 0, n > 0 depending on (¢p«,1.) such that, for any (¢,v) € V,Yl, if

[(0,9) — (¢, ¢*)||V71 <, denoting by &' the Fréchet derivative of g’, we have

(6.15) CLIE (¢,9) [lviy > 1€ (6,9) = E (¢ur ) '

The following statement is valid for any energy solution (u, ¢,%) which satisfies (3.8). Indeed
(6.16) below follows from this, the fact that € is bounded from below on V! and (6.1)-(6.3).

Proposition 6.3. There exists a constant e, € R with 5((;5*,1#*) = e, for all solutions (Ps, )
satisfying (6.3), such that

(6.16) Jm E(u(t), o), (1) = e

Remark 6.1.ASet M (@) = —-Ad+ f(d), N (¥) := vA 4 + 0nd + (3 + g (), and observe from
(6.14) that [|E" (¢, ¥) [[(v2)- = [| (M () , N (¥)) [|(v)-. We emphasize that the Lojasiewicz-Simon

inequality (6.15) also holds for any (¢,%) € V.' such that |€ (¢,¢) — & (¢, ) | < C. if
(6.17) 1(6:9) = (D, ¥ )llyo <7

for some constants C, = C, (e«), 7 > 0. Indeed, suppose not. Then, for a sequence (¢;,%;)
which is bounded in V! uniformly with respect j € N, such that |§(¢)j, ;) —& (¢, )| < C, and
(67,005) = (uy ) in V2, it holds J1IE (5, 45) vy < IE (65,005) — & (s ) [, for all j € N,
Thus, owing to the assumptions on f, g, we have as j — oo that (f (¢;),9 (¥;)) = (f (¢+),9 (¥x))
in (V})*, as well as (—A¢;,YAr; + 0n¢; + Cthj) = (—A¢u, YA Pw + Onw + (1y) strongly in
the (V,Yl)*—norm. In particular, the latter also yields that (V¢;,7V:1;) — (Vés,7V-2,) in
VWO7 and then (¢;,1;) — (¢«, 1) strongly in VA} as well. The application of Lemma 6.2 with
(¢,%) = (¢;,%;) yields then a contradiction as soon as j is large enough such that j > 2C. Note
that the norm in (6.17) can be also replaced by the VWI_—norm owing to the boundedness of (¢, ),
(fs, ) In VA/1 and by interpolation.

The main result of this section is concerned with the convergence of energy solutions of problem
(1.1)-(1.9) to single equilibria, that is, their w-limit set is always a singleton.

Proof of Theorem 3.3. The claim in (3.10) follows from (6.1). By Proposition 6.3, the function
t— E(u(t),o(t),y(t) is nonincreasing and (6.16) holds. Moreover, thanks to (3.8) and (6.1)-
(6.3), we deduce that

o0
(6.18) | (o0 )6+ 19 ) + 12 0 (D ) s
< & (’lLQ, 615071/)0) — €y < 0,
since (uo, ¢o,%0) € Y. Furthermore, (6.18) and the energy inequality (3.6) again entail that

u € L2 (0,00;]1-]11) N L (0, 00; H),

¢ € L (0,00; H' (), v € L™ (0,00; H' (")),
Vi e L (0,005 (L* (2))V),

L (1) € L* (0,00; L* (T)) .

These relations (6.19) imply that

(6.19)

(6.20) Bi (u,¢) € L* (0,00; (H(2))*) , Br (u,%) € L* (0, 00; (H' (I'))*)
and
(6.21) (B1,Br) € L* (0,00; (V])*) ,

which together with the last two bounds of (6.19) yield
(6t¢7at¢) € L2 (0’ 003 (V'yl)*) ’

owing to equations (2.7)-(2.8). To prove the claim in (3.9), it suffices to show that (0:¢,dp) €
L (6, 00; (Vﬁfl)*)7 for some ¢, > 0. Indeed, owing to the precompactness of the trajectory (¢, 1))
in V$ and by exploiting an interpolation inequality between H'(2) C H'=(Q) C L?(Q), we can
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then conclude the proof of the theorem. Therefore, in order to show our last claim, we start by
first observing that one can find a constant C' > 0 such that

(6.22) lu (8) < Cllu@®)]|™% < Clao (u(t),u(t)]™0, forae. t>0,

which holds thanks to the embedding H' < H, the first relation of (6.19) and Korn’s inequality.
Next, setting

T (1) = a0 (u(t), u () + IVa Ol + 1£@ @)
for every ¢t > 0, from (6.18), we have T € L' (0,00) . Let (¢«,.) be an element of the w-limit set
of (¢,1). By Lemma 6.2 with 6 € (0,1/2) (along with Remark 6.1)) and (6.22), we deduce that

(6.23) / T (5) ds < By (1) — e

~ ~ 1

=E(0 (1), ¥ (1) = E (0, ¥e) + 5 Ju (#)[?

< O[T ()],
for all ¢ > 0 such that (¢(t),%(t)) € V., and [[(¢(t),¥(t)) = (¢«, ¥s)llyo < 1. If we denote by
% this set, we infer by [25, Lemma 7.1] that Y/2 € L!'(X). It follows that v € L* (Z;H!),

Vi e LY L2 (Q)Y) and £ (v) € L (%;L?(I")). Therefore, we obtain exactly as in (6.21) that
(B1,Br) € L' (%; (V}})*). This yields, according to (2.7)-(2.8), that

(6.24) (D, ) € L (25(V))") -

~

A simple contradiction argument (see [25]) shows that (9:¢,0rt)) is absolutely integrable on
[04,00), for some d, > 0; henceforth the limit of (¢ (¢),4 (¢)) exists as time goes to infinity.
This implies that

(@ (1), 9 (1)) = (¢, ) strongly in V),
as desired, owing to the precompactness of the whole trajectory (¢, ) in V$ . The above con-
vergence also holds strongly in V,Ylf = Vvl’”, for some 1 € (0,1), on account of interpolation
inequalities

1811y < C bl 18l ey » 1l arney < C Il bl 2e
and the uniform bounds in the second of (6.19). The proof of Theorem 3.3 is complete. g

Remark 6.2. The convergence rate (3.12) is an immediate consequence of (3.8), (6.23) and the
definition of Y. We omit the details.

Finally, we can demonstrate a conditional result which shows that a stronger convergence for
u may hold (cf. Theorem 3.4).

Proof of Theorem 3.4. Consider a sufficiently smooth sequence of solutions (u., ¢, 1) that sat-
isfies conditions (i)-(ii) and the corresponding energy inequality (3.8) uniformly in € > 0. Let us
set ye () := |ue (£)]° and recall that y. € L' (0,00), uniformly in € > 0, owing to the embedding
H! < H and (6.18). Our goal is to show that y. € L (0,00) (cf. (3.6)) satisfies

(gf (t) <O (t), forall t >0,

(6.25)

uniformly in € > 0, for some function ©, € L' (0,00) . Then, it follows that y. () — 0 as t — oo,
uniformly in € > 0, by application of [77, Lemma 6.2.1]. Therefore, passing to the limit as e — 07
gives the claim for the weak solution (u, ¢, ).

From equation (2.6), we have

%ddy; (t) + ao (uc (1), ue (t) =

(6.26) (ue (1), @e (1), pe (1) = (pe (1))

(Ve (8)) Vatbe (t) ; ter (1))

(B (e — (pe) s @c) , uc). Moreover, the form
N <

b1
+ (£
for all t > 0. Observe that by (uc, Pe, pre — {fie))
d 3 Thus, by the Korn and Poincaré’s

By : HY(Q) x (L2 ()Y — (HY)* is bounde
inequalities, we get

(6.27) b1 (te, Ges pre — (e)) < Nluell || B (e = () de) | -

if
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c
< 8ag (e, ue) + 5 IVl 216l
for any § > 0. Concerning the term in (6.26), by trace theory we observe that
(628) ‘(‘6 (we) V‘rwa ueT)F| S ||£ (%) VT,(/)SH(HI/Q(F))*

< b0 (e ) + S 1€ (8)

Uel|

2 2
2 e el ey

for any 6 > 0 and C' > 0 independent of time and ¢ > 0, provided that each term L (1) O,
(1 <4< N—1) belongs to (H'/?(I'))* as a product of functions in L? (T') and H* (T"), respectively.
By Lemma 4.8, this is always the case if and only s > 0 satisfies s > N/2 — 1. Collect now
estimates (6.27)-(6.28) and insert them into the right-hand side of (6.26). Choosing a sufficiently
small 6 < 1/2, then taking into account the uniform in-time (and in € > 0) bounds implied by
(6.19), which also hold for (ue, ¢.,1.), and assumption (3.13), we readily infer the validity of
(6.25) with

(6.29) O i= C5 (IIVal3 10cl3n + 12 W I3 el ry) € L' (0,00).
The proof is finished. O

7. THE SINGULAR POTENTIAL CASE

Proof of Theorem 3.5. The existence follows essentially from the statement of Theorem 3.2 and
Remark 5.3. Indeed, we can construct smooth versions of g., fic € C?(R), obeying (5.1)-(5.2),
and take a smooth monotone sequence fo. € C? (R), approximating the singular part of the
potential on compact subintervals of (—1, 1), still satisfying (5.1)-(5.2), as well as fo. (0) = 0 (see
Step 1 of the proof of Theorem 3.2). In particular, we also have

(7.1) [foe ()| < 1fo (s)] s [Foe (s)] < [Fo (s)], for any s € (=1,1),
and
(7.2) Elirgh foe(s) = fo(s), 613& Foe (s) = Fo(s), s € (—1,1).

Hence the new ”approximations” f., g. satisfy the conditions of Theorem 3.2. In addition, we
may add an “artificial” viscosity term c0;¢ in the equation for the chemical potential u, see
(2.9). Let now ue o (0) = ug, ¢eo (0) = Po, e (0) = 1o with (uo, ¢o,%0) € H X VA} such that
Fo(¢o) € L' (Q) and Fy (o) € L' (T'). In this case, the existence of a sequence of solutions
(Ue, oy Pe,os Ye,0) in the sense of Definition 2.1 to the corresponding approximate problem follows
from Remark 5.3; also, this sequence satisfies the (strong) energy inequality (5.88). Consequently,
the estimates (5.56)-(5.57) are once again satisfied uniformly in (o,€) € (0,1]2, as well as

Fe (¢e,o) = FOe (¢e,a) + Fle (¢)6,0') S Loo (OaTle (Q))

uniformly in (¢,0), on account of the fact that G (s) > —C¢, uniformly for all s € R (see (3.1)),
Fi (s) has at most quadratic growth as |s| — oo and Fy (s) = [ foc(¢)d( is a convex potential
on R, satisfying (7.1)-(7.2).

We require additional uniform estimates with respect to (¢,0). In what follows, we will exploit
the following identity

(7.3) (£ (Yeo)sP)p + (Heor )
= (v¢e,m V‘P) +7 (V‘rwe,m V-,—QO)F + (g ("/}6,0) + (Ye,os SD)F
+ (fOe (d)e,a) 790) + (fle (Qse,o) 7410) to (at(be,oa 4/7) )

which holds for all (¢, o) € V. (see (5.6)-(5.7)).
Step 1 (The L7H,-bound for p. o). Let (¢o) = m € (=1,1), where (¢o,%0) € V', and recall
that (¢e.q (£)) = (¢o), for all £ > 0. Testing equation (7.3) with ¢ = || ", we deduce

_ o T
(7'4) <,ue,a> = @ <g (we,a»r + <fe (¢e,0)> - @ <‘C ('l/’e,a»r ,

where we have set (-}, = [~ Jr (-)dS and recall that fe = foe + fie, §(s) = g (s) + (s. Since
Vite.s € L2(0,T; L2 (2)™), uniformly by (5.56), in order to prove that pc, € L2(0,T; H* (2)), it
suffices to show that fo. € L? (O, T:L! (Q))7 uniformly in (e, o) (indeed, the later bound is already
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valid for the smooth part fi. of the potential f, owing to (5.56) and f]; € L*° (R)). We proceed
as follows. We test the equation (5.4) with ¢ = By' (010, ») € H' (Q) to deduce the identity

2 1/2 —1/2
1016y + (BN (o = (teo)) s By (0100.0))
= - (Bl (ue,zﬂ ¢e,o) 7B]Q18t¢e,o) .
Then a standard energy estimate, owing to Holder and Young inequalities, allows one to derive
2 2 2 2
10beo iy < 1100Ges sy + Co (Vb3 + 1B (e deo)ll )

for every n > 0. By virtue of the uniform estimate for (uc s, @), from (5.56) it is easy to show
that By is a bounded form from H' x L? (Q) into (H* (Q))*, henceforth, it follows that

(7.5) Qdeo € L7 (0,T;(H' (2))*) uniformly in (e,0),

exactly as in (5.63). Next, we can test (7.3) by ¢, , = ¢e o —m to obtain
(7.6) (£ (eo) s eo = M)p + (fe,o — (Heo)  Per)
1B 7 +6m (L) + (e (B0) 1 Be)
+ (fre (De) s be) + (9 (Vo) s o) + 0 (Do Do) -

Owing now to the inequalities
{ foe () (s =m) = a|Fye (s)| — Cy,
Joc (s) (s =m) = o[ foe ()] = C,

which hold for all s € R, for some positive constants «, Cy > 0 independent of (e, ) € (0, 1]? (see,
e.g., [34, 35, 53]), and the uniform estimates (5.56), (7.5), we easily arrive at the uniform bound
foe € L* (O,T;L1 (Q)) We note that, on the basis of (7.4), we also find that (u.,) € L' (0,7)
uniformly. Furthermore, on account of assumptions (3.1)-(3.2) for f; and g, we deduce from (7.6)
a bound of the form

(7.7) |G Bec) s + tllfoc (e
<C+o ||6t¢6,0H(H1)* ||¢e,o||H1(Q) +C HVNE,OHQ Haé,GHQ
+ C ||E (d’e,o)Hz,r ||E€,UH2’F 9

for some constant C' > 0 indepedent of (¢, o). Squaring both sides of this inequality and integrating
over (0,7T), we immediately deduce that

(7.8) foe (¢e,0) € L? (0, T; L' (2)) uniformly in (e,0).

This allows to improve the regularity of p. , to {(ueo) € L? (0,T), exploiting (7.4) and estimates
(5.56) once again. Finally, by the Poincaré inequality we conclude that

(7.9) te,o € L? (O,T; H! (Q)) uniformly in (e,0),
exactly as in the regular potential case (see (5.58)).
Step 2 (The L?L2-bound for fo). This time we take ¢ = fo (¢co) in (7.3), which is clearly an
admissible test function on account of the regularity of fo and ¢ . This multiplication yields
(710) (‘C (we,a) y fOe (we,a))p + (,Ufe,aa fOs ((ybe,a'))

= (f(/Je (o) Voeoy Ve o)+ (f(/)e (Ye,0) Vitbeo, v'rd’é,a)r

+ HfOe (¢e,a)”§ + (fle (¢€,U) ) fOe (¢e,0)) + (g (7/1670’) 7f05 (we,d))l‘

+o (at(be,a'a fOe (¢E,a’)) .

Furthermore, we shall test with = fo (¢.,) € L? (I') in the identity

(atwe,cn n)r + (BF (Ue,cn we,a) 777) + (Ee (we,o) ;T])F =0,
in order to get
d

(711) (£ (we,a) 7f05 (ws,o))p = _% (FOe (¢e,a) ) 1)p - /F (UT)e’o' : VTwE,O'fO (¢e,0) dS
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Since f{.(s) > 0 (and so fo. (s)s > 0), from (7.10)-(7.11) we deduce
d

(7.12) 7 Foe (Veo) s i + | foe (D)3 + (fo (Per) Voeos Vebe,o)

+7 (fée ("/}6,0) Vieos vrwe,a)r
+ (g (we,o) ) fOe (we,a))p
= (ﬂe,oa fOe ((be,a)) - (fle (¢e,o) ) fOe (¢5,0)) -0 (at¢e,07 fOs (¢€,0))

- /F (UT)QU ‘ VTwE,O'fO (we,a) ds

The first three terms on the right-hand side of (7.12) can be estimated by Young’s inequality, in
terms of

n ||f0€ (¢6,0’)H; + Cn (U Hatcbe,a I; + HMe,o’ ‘; + Hfle ((be,o)”g) )

for any 1 > 0. For the last term, for every § > 0 we deduce

/F (U‘T)e,a‘ : vae,a'fO (we,a) ds'

2 (fo (the.s))? dS.

< Csall () |2 + 67 / Vot

We further deduce from assumptions (3.16)-(3.17) that
Joe (8) ge (s) > =Cyy, for all s € R\ [-M, M]
as well as
F5.(8) = 6 (foe (8))> = —Cs.ar, for all s € R\ [—~M, M]
with constants Cs a7, Cps > 0 independent of € € (0, €], for some ey > 0 (These inequalities can be

easily proven from (3.16)-(3.17) for the approximating families; we omit the details). Combining
these estimates and choosing a sufficiently small < 1, we obtain

d
(7.13) 2 (FocWeo) s Dpt o (Bl + (Foe (9e0) Véeirs V)
< Gyt (14 11 @eo)l; + ltell3 + 0 101 6ca3)

2
+vCs,m HVT¢€,U||Q,F + Csqll (uT)e,o' H%,l“
We also note here that v > 0 is important for the estimate in (7.13) owing to

(7.14) Y (f(/)e (7/15,0) Vithe,o, V‘rd’é,d)p - 57/1“ ‘v‘er,a 2 (fo (wE,U))Q as

> —7Cs | Vetbeollyr -
Since o € (0, 1], the uniform bounds of (5.56)-(5.57) together with (7.9) yield that
(7.15) Foe (Ye0) € L (0,T; L' (I')) uniformly in (e, 0),
(7.16) foe (¢e0) € L? (0,T; L? (Q)) uniformly in (e,0),

provided that Fy (1) € L' (T') (indeed, recall (7.1)-(7.2)). This proves our claim.

Step 3 (Final argument). With the bound (7.16) at our disposal, we can now argue verbatim
by elliptic regularity as in (5.59) to deduce the uniform bound (¢, o, % ,) € L? (O,T; V,YQ) This
bound is also sufficient to pass to the limit strongly in the sequence (ue,o, Pe,o, Ve ») €xactly as in
the proof of Theorem 3.2 (see Step 3, (5.74)-(5.76)). The only (minor) difference is now in (5.77),
where for the sequence f. = fo + f1c we have instead

fie (¢e.0) = f1 (o) strongly in L? (0,T;L? (2)),
foe (Pe0) — € strongly in L? (0,T; L* (),

as (e,0) — (0,0). The identification £* = fy(¢) a.e. in Q x (0,T) can be easily proven by
a standard monotonicity argument, exploiting the identity (7.3) and the convergence properties
(5.75), (5.76), and the last three consequences of (5.77). Finally, every limit point (u, ¢,v) of
the sequence of solutions (e o, @c,0,Ye o) satisfies the energy inequality (3.6), by application of
Fatou’s lemma exactly as in (5.86) (indeed, both Fy and Fp, are convex functions on (—1,1) and
R, respectively). We also emphasize that any energy weak solution (u, ¢, ), obtained from the
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approximation scheme that we exploited in the previous sections, also satisfies the stronger energy
inequality (3.8), owing to the proof of Proposition 6.3 and the fact that the convex potential Fj
satisfies (7.1)-(7.2). The proof of this fact requires only minor inessential modifications. This
concludes the proof of Theorem 3.5. O

As in Lemma 6.1 in the regular potential case, we can prove that every energy solution given
by Definition 3.1 has a non-empty w-limit set.

Lemma 7.1. Le the assumptions of Theorem 3.5 be satisfied and suppose that h = 0. Let
(u, p,v) be an energy solution in the sense of Definition 3.1. Then the w-limit set of (u, $,v)
is monempty and the same conclusion of Lemma 6.1 holds as well. In addition, each solution
(¢, 104) of the elliptic boundary value problem (6.3) belongs to V2 N {¢. : (¢.) = (do) € (—=1,1)},
with fo (¢«) € L*(Q). Finally, there exists a constant ¢ € (0,1), depending only on f, g, Q and
(po) =m € (—1,1), such that

(7.17) —14+c¢< () <1—g, forallzcQ.

Proof. The first part of the lemma, which states that the w-limit set of (u, @,) is nonempty,
follows in the same fashion as in the proof of Lemma 6.1 without any modifications. The existence
of at least one strong solution to problem (6.3), i.e., d. is constant, and

(7.18) D¢y + f (@) =ds, in Q,  —yAPs + Ons + (Pu + g (i) =0, on T,

follows immediately from the balance condition (3.16) between the functions fy, g and the proof
of Theorem 3.5 (see, in particular, Steps 1-3). Moreover, we also obtain the estimate

(7.19) [(@es L )llvz + [ fo (@)l < Crm,

for some constant Cy, > 0. By the embedding H?(Q) < C%* (Q) if N < 3, it clearly holds
¢y € COF (ﬁ) It is also worth observing that the previous estimate implies that the constant in
(7.18) can be controlled explicitly since

Q] d, :/Q(fo (¢4) + f1 (¢*))dx+/F(C1/f*+g(¢*))dx~

In particular, on account of (7.19) one also has |d,| < C”,, for some C,, > 0 that depends on C,,.

Moreover, we have —1 < ¢, < 1 almost everywhere in €2, owing to fo (¢.) € L? () and (3.15).
It remains to show the strict separation property (7.17). First we note that due to assumption

(3.15) we can find a sufficiently small ¢ € (0, 1), depending only on f, m and the measure of {2

such that

(7.20) fo(s)+ fi(s)—de >0o0n [l —¢,1), and fo(s)+ f1(s) —dsx <0on (-1,-14<].

On the other hand, due to the fact that g € C' ([—1,1]) and from (3.16) it also holds

(7.21) g(s)>0on[l—-g,1)and g(s) <Oon (—1,—1+¢],

see Remark 3.4. Next, define z = (¢. — 1 +¢), and observe that (z, le") € V’vl with V¢, = Vz

on QN{z >0}, V.. =V,zon I'N{z >0} and Vz = V,2 =0 on the sets {z € 0 : 2z =0}. To

this end, multiply the first and second equations of (7.18) by ¢, then integrate the corresponding

relations over €2 and I', respectively. We deduce that

bt ¢ [vasds v [ (760 = d)ade+ [ g0 2ds =0
r Q r
It follows from (7.20)-(7.21) and the definition of z that

Q r

/’(/J*ZdSZ/ZQdS.
r r

Thus, it follows from (7.22) that z = 0 in the V,Yl—norm, completing the claim. In order to prove
the uniform separation property from the point s = —1 of the singular potential fj (s), one defines
a new function Z = (=1 +¢ — ¢x) + and argues in a similar fashion, owing to the same conclusions
(7.20)-(7.21)). Lemma 7.1 is proved. O

(7.22) IV2]5 +71Vr2

It is also easy to see that
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8. APPENDIX: DERIVATION OF THE MODEL

In this section, we briefly recall the physical derivation of the model (1.1)-(1.10) introduced in
[58, 59]. To this end, we first consider the energy functional associated with the fluid motion

(8.1) Fus (u):/QV\D(u)Fdx+/F§|uT|2ds.

Here dS denotes the surface measure, while the integral over I' accounts for fluid wall slip. Con-
cerning the free energy functional stabilizing the interface separating the two fluids, we postulate

82 Fuw@) = [ (5164 F@) ot [ (JIV.08 + 5108 +0(0) as

Note that only the case v = 0 was considered in [59] (and any of its references). Here a boundary
contribution has been added to F (¢) (cf. (1.4)) to account for possible fluid-solid interactions
taking place at the boundary. Based on the definitions of the functionals above, a hydrodynamic
model for the contact line motion can be derived as follows. Let us observe now that the in-
compressible Navier-Stokes equations (1.1)-(1.2) is nothing but the momentum equation for the
(average) velocity field w. The last term puV¢ in (1.1) accounts for stress forces at the fluid-
fluid interface [61], while equation (1.3) is a reformulation of mass conservation (see, for instance,
[59]). In order to derive the boundary conditions (1.6)-(1.8), we also need to introduce a further
dissipative functional

(8.3) Fou (6) = /

1
L |G do + / —|or e ds,
9} 2 T 2l0

in order to construct the total rate of energy dissipation, namely,

(8.4) Fais (u, ) = Fns (u) + Fou (¢) -

Observe that 9] ¢ (see (8.3)) denotes the material time derivative of ¢ at the solid surface T, i.e.,

O 6= 01+ ur - Vs,
Note that the right-hand side of equation (8.4) consists of four quadratic terms corresponding to
the four physically distinct sources of dissipation: the shear viscosity in the bulk, the fluid wall
slipping, the bulk diffusion and the wall relaxation.
The total free energy Fiot (¢) rate change can be written as

(55) G @) = [ 10200+ [ Lo®)a0 s

Q

where p is the chemical potential (1.6) and L is defined in (1.9). Using the Cahn-Hilliard equation
(1.3) and the fact that d,p0 =0 on ' x (0,00), we obtain from (8.5)

0
86 5iFa @ = [ (o0~ Vo)dot [ L) @70~ ur-V.0)ds.
ot Q r
On the other hand, the first law of thermodynamics requires
0 oE oW
g1 (0= T 5

where ¥ and W denote the entropy and work, respectively. Here T' denotes temperature which
is assumed to be uniform in the fluid. Note that the entropy part —7'9.S/9t must arise from the
bulk diffusion and the wall relaxation, while the work rate W/t is due to the work done by the
flow at the fluid—fluid interface. More precisely, we have

oFE _ 2 T
1% = [ e0Valdo+ [ £()570ds
and
oW
(8.7) o :—/Qu-(w¢) dx—/FuT~(£ (¢) V-¢)dS.

We can see from (8.7) that uV¢ and L (¢) V,¢ are forces (stresses) exerted by the interface
on the flow. In order to derive the correct boundary conditions for two-phase flows, one may
employ Onsager’s variational principle of energy dissipation for incompressible single-phase flows
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(cf. [56, 57]; see also [59, (3.1)-(3.5)]). Therefore, a hydrodynamic model for the contact-line
motion for two-phase flows can be derived by minimizing

fdis (ua ¢) + a15‘/_'.tot (¢)

with respect to the rates {u, Vu, 07 ¢} subject to the incompressibility condition (1.2) and (1.6)-
(1.9) (see, for instance, [59, (3.28)-(3.32)]). It is worth mentioning that an important point of this
derivation is that the uncompensated Young stress at the boundary £ (¢) V¢ must accompany,
according to (8.7), the capillary force density in the bulk (i.e., the term uV¢), both being in-
terfacial forces. Therefore, the term L (¢) V¢ is simply an indicator of the fluid-fluid interfacial
tension at the solid boundary I'.
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