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ON SOME EUCLIDEAN PROPERTIES OF MATRIX
ALGEBRAS

PIERRE LEZOWSKI

ABsSTRACT. Let R be a commutative ring and n € Z~i. We study
some Euclidean properties of the algebra M, (R) of n by n matrices
with coefficients in . In particular, we prove that M, (R) is a left and
right-Euclidean ring if and only if R is a principal ideal ring. We also
study the Euclidean order type of M, (R). If R is a principal ideal ring,
we prove that M, (R) is 2-stage Euclidean and every pair of matrices
in M, (R) admits a terminating division chain whose length is at most
3n —1.

1. INTRODUCTION

In this paper, all rings are nonzero, with unity, but not necessarily com-
mutative. An integral domain is a commutative ring with no nontrivial zero
divisor. A principal ideal ring (or PIR for short) is a commutative ring in
which every ideal is principal. A principal ideal domain (or PID for short)
is an integral domain which is a PIR. Given a ring 2, we denote by 2A* the
set 2\ {0} and by 2* the units of 2.

Given a ring R and integers n,m > 0, M, ,, (R) is the set of matrices of
elements of R with m rows and n columns; M, (R) = M, , (R); GL, (R) is
the subset of M, (R) of invertible matrices.

Whenever R is commutative, M, (fR) is an algebra, and we are especially
interested in its Euclidean properties. In the classical sense, we say that a
ring 2 is right-Euclidean if there exists some function ¢ : 2 — Z~( such
that for all a,b € 2, b # 0, there exists ¢ € 2 such that

a=bg or  pla—>bqg) < D).
However, with this definition, 2A = M, (Z) cannot be right-Euclidean when
n € Z1(see [Kal85, Theorem 2|), so instead, we will use a broader definition,
following Samuel ([Sam71]). Let us denote by O the class of all ordinal
numbers.

Definition 1.1. Let 2 be a ring. We say that 2 is right-Euclidean if there
exists a function ¢ : A* — O such that for all a,b € 2, b # 0, there exists
q € A such that

(1) a=bg or  pla—bg) <pb)
Such a ¢ is then called a right-Euclidean stathm (or a right-Euclidean func-
tion).
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2 PIERRE LEZOWSKI

Obviously, we may define similarly left- Fuclidean rings and left- Euclidean
stathms by replacing bg with ¢b in (1). With this definition, Brungs proved
the following property.

Proposition 1.2 ([Bru73|). If R is a (not necessarily commutative) left-
FEuclidean ring, then M, (R) is a left-Euclidean ring for any n € Z>;.

We will establish the following result.

Theorem 4.1. Let R be a commutative ring and n € Z~1. Then M, (R) is
right and left-Euclidean if and only if R is a principal ideal ring.

To prove it, we will use some technical tools and notation, introduced in
Section 2, and proceed in two steps. First, we will prove Theorem 4.1 over
PIDs in Section 3, which will allow us to extend it to PIRs in Section 4.

We will see in Section 5 under which conditions we can compute a quotient
of the right-Euclidean division (1) for the stathm that we build. As an
application, we will see that we can compute continued fractions in a matrix
algebra over a PID.

In Definition 1.1, the range of the Euclidean stathm may be arbitrary,
but for a given right-Euclidean ring 2, we can try to find a right-Fuclidean
stathm whose range is as “small” as possible. This is formalized by the notion
of Euclidean order type of 2. Section 6 will be devoted to the study of the
Euclidean order type of M,, (R) when R is a PIR.

Finally, we will study another generalization of the Euclidean property.
Instead of allowing ordinals in the range of the stathm, we still consider
@ A* — Z~, but we allow several divisions on the right: starting from
the pair (a,b), we continue with a pair (b,a — bq) for some ¢ € 2, and so
forth!. After k divisions, we want the remainder rj, to satisfy

=0 or  p(rg) < (b).

If r, = 0, we say that the division chain is terminating. If for all a,b € 2,
b # 0, there exists a terminating division chain starting from (a,b), we
say that 2 is w-stage Euclidean. A FEuclidean ring is necessarily w-stage
Euclidean, but the converse if false in general since such a ring may have
non-principal ideals. Alahmadi, Jain, Lam, and Leroy proved the following
result about the w-stage Euclidean properties of matrix rings.

Proposition 1.3 ([AJLL14]). If R is a (not necessarily commutative) w-
stage Buclidean ring, then so is M, (R) for any n € Z>;.

An immediate consequence of Theorem 4.1 is that M, (R) is w-stage Eu-
clidean if R is a PIR and n € Z-;. But we will show the following more
precise result in Section 7.

Theorem 7.3. Let R be a PIR and n € Z~1. Then we have the following
properties.

(1) My, (R) is 2-stage right-Euclidean and left-Euclidean.
(2) For any pair (a,b) € M, (R) x M, (R)®, there exists a (3n —1)-stage
terminating division chain in My, (R) starting from (a,b).

1See Section 7 for precise definitions.
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2. GENERALITIES AND FIRST REMARKS

2.1. Notation. Let n,m € Z>;. We denote by diag(by,...,by,) the diagonal
matrix of size n by n with entries by,...,b,. We write 1,, for the identity
matrix of size m, 0,,, for the zero matrix with m rows and n columns,
Op = Opp-

In a PID R, for a,b € R, we say that a divides b, which is denoted by alb,
if Rb C Ra. For a,b € R, the greatest common divisor (ged for short) of a
and b is only defined up to multiplication by a unit, we will write ged(a,b)
for any choice of a ged.

2.2. Decomposition of matrices in a PID. In this paragraph, n € Z>1,
and R is a PID.

Lemma 2.1. Let M € M, (R). Then there exists X € GL,, (R) such that
MX is lower triangular, that is M X = (a; j)1<ij<n satisfies a; ; = 0 if j > i.

Proof. This is simply a transformation of M to column echelon form, which
can be obtained through Gaussian elimination. O

Definition 2.2. Given two matrices A, B € M, (R), we say that A and B are
equivalent if there exist X,Y € GL,, (R) such that

A=YBX.
We will denote it by A ~ B.

The relation ~ is an equivalence relation on M, (R) and given any matrix
M € M, (R), M admits a normal form given by its invariant factors.

Lemma 2.3 (Smith normal form). Let M € M, (R). Then there exist
(bi)lgign € R" such that bﬂbg’ e ’bn and

M ~ diag(b, ..., by).

The elements (b;)1<i<n are unique up to multiplication by a unit of R and
are called the invariant factors of M. The largest integer r such that b, # 0
is the rank rk(M) of M.

Proof. See for instance [Jac85, Theorem 3.8]. O

Remark that the rank corresponds to the classical notion of rank in vector
spaces, because SR can be embedded into its fraction field. In particular, a
matrix M € M, (!R) has rank n if and only if det M # 0.

Lemma 2.4. (a) Let M € M, (R)* and let by, ba, ..., b. € R be the invariant
factors of M. For any 1 <1 <r, Hizl b; is a greatest common divisor of
the | x I minors of M. In particular, by is a ged of the coefficients of M.
(b) Let M = (2%) € My (R). If the greatest common divisor of a,b,c,d is
1, then

M ~ diag(1,ad — bc).

Proof. (a) is a reformulation of [Jac85, Theorem 3.9]. For (b), write M ~
diag(by, b2), for elements by |by in R. Thanks to (a), we can take by = 1. Be-
sides det M and b1by coincide up to multiplication by a unit, which completes
the proof. O
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2.3. Basic remarks. In Definition 1.1, we have distinguished right and left-
Euclidean rings, but such a care will be useless in our context.

Proposition 2.5. Let R be a commutative ring and n € Zsy. Then M, (R)
is right-Euclidean if and only if it is left-Euclidean.

Proof. Let f be any function M, (R)* — O. We define
fT . Mn (m). — 0
' M — f(MT)
Then for any A, B,Q € M, (R),

<A = BQ = AT = QTBT> and fT(A— BQ)=f(AT —Q"B").

Hence, f is a right-Euclidean stathm if and only f is a left-Euclidean stathm.
O

Therefore, to prove Theorem 4.1, we will only need to deal with right-
Euclidean stathms.

Proposition 2.6. Let R be a commutative ring and n € Z>y. If every right
ideal of My, (R) is principal, then R is a principal ideal Ting.

Proof. This is certainly very classical, but we include the proof to emphasize
its simplicity. Let I be an ideal of $R. We define

J ={(aij)1<ij<n € Mp (R), forany 1 <j<n,ar; €I}.

It is straightforward that J is a right ideal of M, (:R). We also consider
detJ = {det M, M € J}.

Then, the fact that I is an ideal and Leibniz formula for determinants
imply that det J C I. Besides, for any a € I, define

A = diag(a,1,...,1) € M, (R).

Then A € J and a = det A € det J. Therefore, we also have I C det J, which
proves that detJ = 1.

But there exists a € M, (R) such that J = aM,, (R). Then I = detT =
(det av) R, which completes the proof. O

Remark. If we do not assume R to be commutative, the validity of this result
is unknown.

2.4. Length in a PID. Let R be a PID and z € R®. For R is a unique
factorization domain, x may be decomposed into a finite product of prime

elements
n

_—
i=1
where n € Z>g, v € B*, for any 1 < i < n, p; € R is prime and ¢; € Z~y.
The decomposition is unique up to multiplication by units and order. We
set £(x) = " | e;, which defines a function
R — Z>0
12 =
x — l(x)
Remark that ¢ is invariant under multiplication by a unit. Besides, if a,b

are elements of R such that a divides b and b # 0, then ¢(a) < £(b) and the



ON SOME EUCLIDEAN PROPERTIES OF MATRIX ALGEBRAS 5

equality holds if and only if a and b are associates, that is to say there exists
u € K> such that b = au.

2.5. A classical lemma. The following lemma will be very useful.

Lemma 2.7. Let R be a PID.

a. Take a, b, ¢ € R such that b # 0 and ged(a,b,c) = 1. Then there
erists z € R such that ged(a + cz,b) = 1.

b. Take a, b, ¢ € R which are not all equal to 0. Then there exists
z,t € R, such that ged(a + cz,b+ ct) = ged(a, b, ¢), which is nonzero
and divides c.

Proof. a. If a and b are coprime, we can take z = 0. If not, write a decom-
position of b # 0 as follows:
l

2) b=]]d"=

i=1
where | € Z~, (di)1<i<; is a family of distinct and non-associated primes in
R, for any 1 <i <1, a; € Z~g, d; divides a, but d; does not divide z. Take
a prime p € R such that p divides b. If p divides a, then p is associated to
some d;, for 1 <1¢ <, and p does not divide z. Therefore, if p divides a+ cz,
then it necessarily divides a + cz — a = ¢z, so it divides ¢. Then p divides a,
b, and ¢, which are coprime. This is impossible, so p does not divide a + cz.
If p does not divide a, then p divides z. Thus, p does not divide a + ¢z in
this case either. Consequently, ged(a + cz,b) = 1.
b. If ¢ = 0, take z = ¢t = 0, then a # 0 or b # 0, thus ged(a,b) # 0 and
certainly divides ¢ = 0. From now on, assume ¢ # 0. Take ¢ € {0,1} such
that b+ ct # 0. Set d = ged(a,b,c), consider o’ = §, V' = bite o — v
and apply a.: there exists z € R such that ged(a’ + 'z,b') 1. Then
ged(a + ¢z, b+ ct) = d, which divides c. O

Il o

Remark 2.8. In the proof above, we can compute z in (2) without actually
computing a decomposition of b into a product of primes, it is enough to
compute some geds.

Proof. For a,b € R, b # 0, we want to find a pair (d,z) € R? such that
b = dz, ged(d, z) = 1, and for any prime p dividing b, p divides a if and only
if p divides d.

We build inductively a pair (dy,, 2, ) of elements of . Write d; = ged (b, a)
and b = dy2z; for some z; € R. If dy and z; are coprime, then m = 1 and
we are done. If not, assume that we have (d;,z;) such that b = d;z;. If
ged(d;, z;), we are done, set m = i. If not, set d; 1 = d; ged(d;, ;) and write
z=dit1%i41-

As at each step d; is a divisor of b and a strict divisor of d; 1, we are done
in a finite number of steps: we obtain

z = dmzm,
where ged(dy,, zm) = 1. Besides, it is straightforward that ged(b,a) = d;
divides d,,. Notice that for any i > 1, d;41 = d; ged(d;, 2;), so any prime
divisor of d;;1 is a prime divisor of d;. Consequently, any prime divisor of
d, is a prime divisor of dy = ged(b, a).
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Take a prime p dividing b. If p divides a, then it divides ged(b,a), so p
divides d,,. Conversely, if p divides d,,, then it divides d; = ged(b,a), so p
divides a.

Hence the pair (d, z) = (d, zm) is convenient. O

2.6. Conventions and notation for ordinals. We follow the notation
used by Clark [Clal4], that is to say we denote by w the least infinite ordinal,
and for ordinal arithmetic, we fix the ordinal addition so that w +1 > w =
14w, and for the multiplication 2w = w+w > w2 = w. For short, for r € Z+q,
a;,b; € 0,1 <i<r, we write > ._; a;iw’ = a1’ + asw®? + - - + apwhr.

We denote by @ the Hessenberg sum of ordinals, that is to say for k € Z~,
(ai)o<i<k , (bi)o<i<k finite sequences of nonnegative integers,

k k k
<Z aiwk_i> D <Z biwk_i> = <Z(al + bi)wk_Z) .
=0 =0

=0
Forn € Z-g,a € O, wewrite n®a=a®a®---® a.
N——_— —

n times

Consider a right-Euclidean ring 2(. In Definition 1.1, the right-Euclidean
stathm ¢ is not defined at 0. Following Clark, we define ¢(0) to be the
smallest o € O such that for all a € 2A°,

(3) pla) <o
Now, we associate to 2 the following ordinal number, called Fuclidean order
type:
e() = inf{p(0), p : A — O, ¢ right-Euclidean stathm}.
In other words, e(2() = 0(0), where 6 is the smallest right-Euclidean stathm
for A, as defined by Samuel [Sam71| (or “bottom Euclidean function”, with
Clark’s terminology): it is the function defined by
0 A° — O
1 z — inf{é(z), ¢:A* — O, ¢ right-Euclidean stathm};
it is a right-Euclidean stathm.

Remark 2.9. Let R be a commutative ring, n € Z>1 so that M, (R) is right-
Euclidean. Let € be the smallest right-Euclidean stathm for M,, (R). Then
for any m,m’ € M, (R) such that m ~ m’/, we have 6(m) = 6(m’). In
particular, if R is a PID, 8T = 6 and 6 is the smallest left-Euclidean stathm
for M, (R).

Proof. 1t follows immediately from the fact that the function
’ m — inf{O(m’), m" ~m}
is a right-Euclidean stathm verifying 8 < 6. Therefore, = 6. (]

Lemma 2.10. Let A be a right-Euclidean ring and 0 : A* — O be the
smallest right-Euclidean stathm. Take x € A* and S C A\ 22 such that
S U {0} is a system of representatives of A/xA. Then

0(z) < sup inf O(y + za) + 1.
yeS ac
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Proof. This is a consequence of Motzkin’s construction. For a € O, define
Ay = {2z €2, 0(2) < a} and A% = Ug,As. Then we have (see [Sam71] or
[Cla14]?)

Ao = {b € A, the composite map A0 U {0} — A — A/22A is onto} .

Fix o = supyeg infaeq 0(y +2za) +1, we will prove that = € 2,. Let §+2% €
A/x2A\ {22}, there exists y € S such that §+ 22 = y + 2. By definition of
a, there exists a € 2 such that 6(y + ra) < «, therefore y + za € AY, which
concludes the proof as y + xa + 224 = § + 2. U

3. A LEFT AND RIGHT-EUCLIDEAN STATHM FOR MATRIX ALGEBRAS
OVER A PID

3.1. Statement and first remarks. The purpose of this section will be to
establish the following result.

Theorem 3.1. Let R be a PID and n € Z~1. Then M, (R) is a left and
right- Euclidean ring.

Let R be a PID and n € Z~,. We define

M, (R)* — O
Pn M o SEM bk Mt
b1, bo, ..., by pr are the invariant factors of M.

The function p, is well-defined because the function ¢ is invariant under
multiplication by a unit. Now define
| M, R)* — O
Pn M —  (n—rk M)w" + p(M).
Notice that if A, B € M, (R)*® satisfy A ~ B, then p,(A) = p,(B) and
(Pn(A) = pn(B).

Proposition 3.2. The function @, is a right and left- Buclidean stathm.

The remainder of this section will be devoted to the proof of Proposi-
tion 3.2. This will imply Theorem 3.1.

Remark 3.3. For any n > 1, ¢ = ¢, so the proof of Proposition 2.5 implies
that ¢, is a left-Euclidean stathm if and only if it is a right-Euclidean stathm.

Remark. The Euclidean stathm is in no way unique. For instance, the fol-
lowing function is a left and right-Euclidean stathm:

MQ(Z). — O
|det M| if detm # 0,

— . a 0
w+]a\1fM~<0 O>'

b,

See Proposition 6.5 for a more general construction.

2They deal with the commutative case but never use the commutativity hypothesis in
this context.
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3.2. Case of size 2 matrices. To prove Proposition 3.2, we will first deal
with 2 by 2 matrices.

Lemma 3.4. Let A = ($9),B = diag(by,b) € My (R), where by divides
ba # 0. If by divides a,b and ¢, but bs does not divide b or by does not divide
¢, then there exists QQ € Ma (R) such that

A — BQ ~ diag(by,e),
where e € R® is such that bile and e is a strict divisor of bs.

Proof of Lemma 3.4. Set e = ged(b, ¢,ba) # 0, which is a multiple of b; and
a strict divisor of by. Lemma 2.7 implies that there exists z,t € R such that

ged (¢ + boz, b+ bot) = e.
Therefore, there exist A\, u € R which are coprime and satisfy
(4) A(b + bat) + p(c+ baz) = e.
Set () = (a/lf;“ _)‘Z> Then
_ o ,ub1 —)\bl
A BQ_(b—{—bgt C—|—b22>.

Since A and p are coprime, the ged of the coefficients of A— BQ is b;. Besides,
(4) implies that det(A — BQ) = bje. As a result, thanks to Lemma 2.4,

A — BQ ~ diag(by,e).
(]

Lemma 3.5. Let A € Ms (R) and B = diag(b1,b2) € Ma (R), where by|ba
and by # 0. Then there exists Q € My (R) such that

A= BQ or (tk(A—BQ) =2 and p2(A— BQ) < p2(B)).

Proof of Lemma 3.5. Thanks to Lemma 2.1, there exists T' € G Lo (!R) such
that AT = (‘g g) We distinguish two cases.
a. Assume that b; does not divide a, b or ¢. Fix A\,u € {0,1} such that

Qxp = <6‘ ;1) satisfies

a—bl)\ b1
b c

Therefore, AT — BQ ,, ~ diag(a, B) for |3 € R, § # 0. But

AT — BQ,, = (a —bb1)\ b1 > ’

det(AT — BQ»,,) = — pba(a — b)) # 0.

c— ubs
so, thanks to Lemma 2.4,
a = ged(a — by, by, b, c — pby) = ged(a, by, b, ¢),

since by divides by. Then « is a strict divisor of b. In particular, £(a) < £(by).
Consequently, by setting Q) = Q)\#T_l, we have rk(A — BQ) = 2 and

pa(A — BQ) = l(a)w + £(B) < L(br)w + £(bs) = pa(B).
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b. If by divides a, b, and ¢, we have two sub-cases. Either by divides b and
c and then Q = (B~YAT)T~! € M, (R) satifisfies A = BQ, or by does not
divide b or ¢, and then we apply Lemma 3.4 to find @ € M (JR) such that

A— BQ ~ diag(bla 6),
where e € R® is such that bj|e and e is a strict divisor of by. Then
p2(A — BQ) = £(b1)w + L(e) < L(by)w + £(b2) = pa(B).
U

3.3. Case of size n full-rank matrices. Now, we extend Lemma 3.5 to n
by n matrices, where n € Z~;.

Lemma 3.6. Let n € Z-;, A € M, (R), and B = diag(by,...,b,) €
M, (R), where

bi|ba|...|by # 0.
Then there exists Q € M, (R) such that

A= BQ or (tk(A—BQ)=n and pp(A—BQ) < pn(B)).

Proof of Lemma 3.6. We prove it by induction on n > 2. The case n = 2 is
Lemma 3.5. Take n > 3 and assume that Lemma 3.6 holds for all strictly
smaller dimensions.

Take A € M, (R). Thanks to Lemma 2.1, there exists T' € GL,, (R) such
that AT = (a; j)1<i j<n is lower triangular.

15 step. Assume that there exist 1 < ig,j9 < m such that b; does not
divide a;, j,. For any 1 < i < n, take pu; € {0,1} such that a;; — p;b; # 0.
Then take A € {0,1} such that

(a1,1 — p1b1) (a2 — paba) — bi(az,1 — Ab2) # 0.

w —1 o
O =2 mw 202 e M, (%),
\ on—22 | diag(us,...,pn)/

then AT — BQ' has rank n, its invariant factors are b}|...|b), # 0, and b}
divides all coefficients of AT — BQ’ (cf. Lemma 2.4). In particular, b} divides
by and a; j,, SO it is a strict divisor of b;. Therefore, £(b]) < £(b). Taking
Q = QT we find rk(A — BQ) = n and

Now consider

pn(A - BQ) = pn(AT — BQ,) = an_w(b;) < an_%(bz) = pn(B).
i=1 i=1

27d gtep. From now on, we assume that by divides all coefficients of AT.

Take A" € M,,_1 (R) such that

AT_B/CLI;_;l_l‘OL"—l\_

\On—1,1 | On—l/ B
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Set B’ = diag(bs,...,b,). By the induction hypothesis, there exists Q' €
M,,—1 (R) such that R' = A" — B'Q’ satisfies

R =o0,1 or (tkR'=n—-1 and pp_1(R) < pu-1(B')).

1. Assume that R’ # o,_;. Its invariant factors (bj,...,b,) are all divisible
by b1, as all coefficients of A" and B’ are divisible by by (see Lemma 2.4).
There exist X,Y € GL,_1 (R) such that Y R'X = diag(b),...,b]). Then

~diag(by,bh,...,b).

Thus, there exists Q" € M, (R) such that AT — BQ" ~ diag(b1,b},...,b)).
Taking Q = Q"T~! € M,, (R), we obtain

A — BQ ~ diag(by, b, ..., b,).

Since by|bh| ... |b), # 0, k(A — BQ) = n and they are the invariant factors
of A— BQ@. Hence

pr(A = BQ) = £(b1))w" ™ + pu_1(R') < L(b1)w" ! + pp_1(B') = pu(B).

2. Assume now that R’ = 0,,_1. We distinguish two subcases.
2.a. First, assume that for all [ > 1, b; divides a; 1, then

1 | 01,n71\
az1/ba
— : Q/ = on
an,l/bn

Therefore, there exists Q" € M, (R) such that AT — BQ" = o,. Take
Q = Q"T~1, then

A— BQ =o,.
2.b. Now assume that there exists [ > 1 such that b; does not divide a; ;.
Define

bi |o1n-1)
a2,1 1 01 n—

AT=1 U (on_u I 15’ 1) B
an,1
by O1n-1 \
a1

- | diag(ba, ..., by)

an,1




ON SOME EUCLIDEAN PROPERTIES OF MATRIX ALGEBRAS 11

Take [ > 1 to be the smallest integer such that there exists m > [ such that
b; does not divide 1.
2.b.1. If | < n, take € € {0,1} to be chosen later to define

1 -1 0
as 1/ba
Q" = : Ol=2 | 0p-g | Oln—i=1 | ¢ pp (%),
aj—1,1/bi—1
€ 1 -1

\ On—i,n /

Exchanging the first and I-th columns of A” — BQ”, we obtain

dia, (b b—)|ol—1n—l 1\

A" _ B //N/ g\01, » V-1 n—l+

Qe Opi41i-1 | A )

where

(g —be| b|oin1
ar+1,1

A = € My 141 ().

diag(bir1,. .., bn)
Gn,1
We have det A? = det Af —ebybyi1 -+ by. As bybyiq -+ - by, # 0, we can choose
e € {0,1} such that det A”” # 0. Then rk A” =n — [+ 1, and the invariant
factors of A are bj|...|b), # 0. Furthermore, b;_; divides all coefficients of
AY”, so thanks to Lemma 2.4, b;_; divides bj. It follows that the invariant
factors of A” — BQY are (b1,...,bi_1,b;,...,b;,). Besides, there exists m > 1
such that b; does not divide a,, 1. As b; divides b; and a1, it is a strict
divisor of b;. Consequently, £(b)) < £(b;). As there exists Q € M, () such
that AT—BQT = A" —BQ/, we have A— BQ ~ diag(bi,...,b_1,b,...,b;,),
which implies k(A — BQ) = n and

-1 n n
pn(A—=BQ) =Y L(b)w™ "+ Y b <Y b)w" " = pu(B).
i=1 i=l i=1
2.b.4i. If | = n, set g = ged <b£ﬁ1, bgfl) and take A\, u € R coprime such
that
bn, an,
A =g.
bn—l * Mbn—l g
Fix
1 0 —1
az1/ba
Q" = : Onm_s | On=32 | € M, (R).
an—21/bp—2
an—1,1/bp—1+ A 1—p 0
0 -1 1

By exchanging the first and last columns of A” — BQ"”, we obtain

N (diag(bi, ... ,bp—2 | 0n—22)
022 | AT /a

A// _ BQ//
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where

A" = (‘“’b’;—l _251"1—1) € My (R).

Thanks to Lemma 2.4, the invariant factors of A" are (b,_1,b,—1-g). As
there exists some @ € M, (R) such that AT —BQ ~ A” —BQ", the invariant
factors of A— BQ are (by,...,by—1,b,—1-g) too. In particular, rk(A— BQ) =
n. Furthermore, b,_1g is the ged of a, and b, so it is a strict divisor of b,,.
Then £(by,—1 - g) < £(by,). Consequently,

n—1 n
pn(A—BQ) = b)w" " + l(by_y - g) <D L(b))w" " = pu(B).
i=1 1=1

That completes the proof of Lemma 3.6. U
3.4. Case of matrices with rank 1.

Lemma 3.7. Let n > 1, A = diag(a,0,...,0),B = diag(b,0,...,0) €
M, (R), where b # 0. Then there exists Q € M, (R) such that

A= BQ or on(A — BQ) < pn(B).
Proof of Lemma 3.7. If b divides a, set @ = diag(a/b,0,...,0) € M, (R).
Then A = BQ.

Now, assume that b does not divide a. Then e = ged(a, ) is a strict divisor
of b and f(e) < £(b). Set Q = (¢ij)1<i,j<n Where q12 = 1 and all other
coefficients are equal to 0. Then A — BQ ~ diag(e,0,...,0). Consequently,

on(A—BQ)=(n—-1w"+Ll(e) < (n—1)w" +£(b) = on(B).
O

Now, we have all the tools required to prove Proposition 3.2.

3.5. Proof of Proposition 3.2. Recall that R is a PID and n € Z-;.
Thanks to Remark 3.3, if suffices to prove that ¢, is a right-Euclidean
stathm. Let A, B € M, (R), B # 0. We want to find @ € M, (R) such
that A = BQ or ¢, (A — BQ) < ¢n(B).

Set r = rk B. Thanks to Lemma 2.3 and Lemma 2.1, there exist X,Y,T €
GL, (R), and by |ba] ... |b. € R*® such that

YBX = diag(by, ..., by,0,...,0) € My, (R),
and Y AT = (a; j)1<i j<n is lower triangular.

1. If r = n, then, thanks to Lemma 3.6, there exists Q' € M,, (R) such that
YAT = YBXQ', or rk(YAT — YBXQ') = n and p,(YAT — YBXQ') <
pn(YBX). Setting Q = X@Q', we have as required

A=BQ or Qpn(A_BQ) <90n(B)'
2. From now on, we assume that r < n. For any 1 < ¢ < r, there exists
wi € {0,1} such that a;; — bjp; # 0. Write D = diag(p1, ..., 1, 0,...,0) €
M, (R) and then

Al Orn—r
Ay | Az

where A; € M, (R) is lower triangular, Ay € M,,_,, (R), A3 € M,,_, (R).
By construction, rk Ay = r.

YAT - YBXD =
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Notation. Let M = , where 1 < r < n, M) € M, (R),

M®E = (m(’?) for 1 < k < 4. Take 1 < ig,jo < m — r, we write
Extr,(M;ig, jo) for the matrix

M@
EXtrr(M; iOajO) = ( w } m(zé}l) ) € Mr+1 (9{)’
20,J0

where v = ( 52}0)1<z<r S Mr 1 (9{), w = (mgg?j)lgjgr S Ml,r (9{)

If A3 = (a; ( ) = 0,, then there exist coordinates 1 < iy, jo < n — r such
that a . 0 But Extr,. (Y AT — YBXD:; iy, jo) is lower triangular and all
its dlagonal coefficients are nonzero. Therefore,

rk(YAT — YBXD) > rk Extr,(A; i, jo) > 7
Consequently, by setting Q = X DT~!, we obtain rk(A — BQ) > rk(B) > 0,
which implies
QOn(A - BQ) < (Pn(B)
From now on, we assume that Az = o,.. If Ay = ( ) # Op—rr, there exist

some 1 < ijpg<n—randl < j < rsuchthata ) 7é 0. Take such a
coefficient with the greatest column index jy. Set v = (U])1§]§7‘ € M,1(R)
such that vj, = —1 and all other coefficients are equal to 0. Then define

on rn

o - (diag(pu, - pir) [ | Ornre 1) € M, (R),

so that the matrix Extr, (Y AT — Y BXQ';i0,1) has rank r + 1. Indeed, by
exchanging the jo-th and the (r+1)-th row of Extr, (Y AT-Y BXQ'; i, 1), we
obtain a lower triangular matrix whose diagonal coefficients are all nonzero.
In particular,

tk(YAT — YBXQ') > rkExtr,.(YAT — YBXQ';ip,1) > 7.
It follows that tk(A — BQ) > r =1k B, for Q = XQ'T~!, which implies
QOn(A - BQ) < (Pn(B)

3. Now we can assume that Ay = 0,,—,, and A3 = o,. If r = 1, then we
can apply Lemma 3.7 to find Q" € M, (R) such that YAT = YBXQ' or
on(YAT —YBXQ') < p,(YBX). Set Q = XQ'T~*, then

A=BQ or QOn(A_BQ) <(Pn(B)'

It remains to consider r > 1. We set By = diag(by,...,b.) € M, (R). Thanks
to Lemma 3.6, there exists Q1 € M, (R) such that for Ry = Ay — B1Q1, we
have

Ry =o, or (tkRy =7 and pr(R1) < pr(B1)).

In any case, set

Q /Ql |Ornr>+DT—

on r,r on—r
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then
A— BQ — Y—l / Rl | Or,nfr\ T_l.

On—ryr | On—r

If Ry = o,, then A = BQ. If Ry # 0,, then Tk Ry =, so
on(A—=BQ) = (n—r)w" + pr(R1) < (n—1)w" + pr(B1) = ¢n(B).

O

4. THE EUCLIDEAN PROPERTY FOR MATRIX ALGEBRAS OVER A PIR
The aim of this section will be to prove the following property.

Theorem 4.1. Let R be a commutative ring and n € Z~1. Then M, (R) is
right and left-Euclidean if and only if R is a principal ideal ring.

4.1. Some general properties of Euclidean and principal ideal rings.
A PIR fR is said to be special if R has a unique prime ideal and this ideal is
nilpotent. To infer Theorem 4.1 from Theorem 3.1, we will use the following
property due to Samuel and Zariski.

Proposition 4.2 (|ZS75, Theorem 33, p. 245|). Let R be a PIR, then it can
be written as a direct product R = Hi‘:l R;, where each R; is a PID or a
special PIR.

We have studied PIDs in Section 3, but this actually provides information
about special PIRs.

Remark 4.3. Let & be a special PIR. Then for any n € Z>;, M, (6) is
Euclidean, and e(M,, (8)) < w.

Proof. As noted by Samuel ([Sam71]), by denoting by p = p& the prime ideal
Gt — ZZO
r — vp(x)
is a Euclidean stathm. Indeed, for any a,b € &, b # 0, either vy(a) < vy (b),
or a € b&. The image of ¢ is finite for p is nilpotent.

Fix now n € Z-; Using Proposition 1.2, we can conclude that M, (&)
is Euclidean, but it remains to see that it admits a right-Euclidean stathm
whose image is finite.

It is known that &, as a special PIR, is the homomorphic image of a PID
R (see [Hun68]). We extend the surjective ring homomorphism 7 : R — &
to a surjective ring homomorphism = : M, (R) — M, (S). Remark in
particular that 7(GL, (R)) C GL,, (6). Define the function

o M, (&) — O
Y : { M —  min{e, (M), M € M, (R),x(M) ~ M}.
Then ), is a right-Euclidean stathm.

Indeed, take A, B € M, (&), B # 0,. There exist B € M, (R), X,
Y € GL, (6) such that 7(B) = YBX and ¢,(B) = ¢n(B). Take A €
M,, (%) such that YA = 7(A). Then, we can divide A by B, i.e. there exists
Q € M, (R) such that

en (A= BQ) < @u(B) = ¥u(B).

of & (p € G), the function ¢ : { (which coincides with )
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Set Q = X7(Q), then © (A — BQ) — Y(A - BQ) ~ A — BQ. It follows
that
UnlA = MQ) < gu (A= BQ) < vu(B).

Besides, as 7 is a ring homomorphism, every element M of M, (R) is
equivalent to a diagonal matrix, i.e.

M ~ diag(mq,...,m;,0,...,0),

where mq|...|m, # 0. But every nonzero element h of R can be written as
h = up®, where u € R™ and a € Z is such that 0 < a < ¢, where t is such
that p! = (0) and is independent of h.

Therefore, every element M of M, (fR) satisfies

M ~ diag(p®,...,p",0,...,0),

where 0 < r <n, a1 < as SL" < a, <t. We take aprimeﬁeﬂ?isuchthat
m(p) = p, and then define D = diag(p®,...,p,0,...,0). If follows that

A

m(D) ~ M. Consequently, if M # o, then
V(M) < pp(D) = (n —r)w"™ + Z aw" .
i=1

Asr <mand forany 1 <i<r, 0<a; <t, ¥,(M) can only take finitely
many values. Therefore, e(M,, (R)) < w, which completes the proof. O
Lemma 4.4. Let |l € Z>1 and 2;, 1 < i <[ be right-Euclidean rings. Then
the product ring le‘:1 A; is a right-Euclidean ring.

Proof. You can refer to [Sam71, Proposition 6| or [Clal4, Theorem 3.13],
where the commutativity hypothesis is not used. We give some details for
Remark 4.5. Note that an immediate induction shows that it is enough to
consider the product of two right-Euclidean rings 2(; and 2. In that case,
we consider two right-Euclidean stathms ¢; : A7 — O, extended at 0 as in
(3), for ¢ = 1,2, and we can prove that

. (Qll X ng). — O
v (ri,r2) = o1(r1) @ pa(r2)
is a right-Euclidean stathm. O

In fact, we also have the following property.

Remark 4.5 ([Clal4, Theorem 3.40%)). With the above hypotheses,
! ! !
i=1 i=1 i=1
The upper bound, which is easily implied by the proof of Lemma 4.4 above,
has the following consequence: if for any i, 2; is right-Euclidean and e(2(;) <

w), then Hi‘:l 2l; is also right-Euclidean and e (Hé:l Qll> <w.

3As in 2, Clark sets himself in a commutative context, but this property does not rely
on the commutative hypothesis.
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4.2. Proof of Theorem 4.1. Let SR be a commutative ring and n € Z~.
If M, (R) is right-Euclidean, then every right ideal of M, (fR) is principal.
Therefore, thanks to Proposition 2.6, R is a PIR.

Conversely, assume that JR is a PIR. Thanks to Proposition 4.2, SR can
be written as R = Hé:l fR;, such that for any 1 <4 <[, fR; is either a PID
or a special PIR. But now, M, (R) is isomorphic to le‘:1 M, (R;). Thanks
to Theorem 3.1 and Remark 4.3, for any 1 < i <, M, (R;) is Euclidean.
Using Lemma 4.4, we can conclude that Hi‘:l M, (R;) is Euclidean. O

5. EFFECTIVITY

5.1. General result. The fact that a ring 2 is right-Euclidean for some
right-Euclidean stathm ¢ : 2* — O does not mean that we know how to
compute a quotient (or equivalently a remainder) for each pair (a,b) € AxA®,
that is to say an element q € 2 such that

a=>bg or ¢(a—>bg) < ).

Nevertheless, in the case when 2 = M, (R), with a further condition
on R, we can effectively compute it. More precisely, we have the following
property.

Proposition 5.1. Let n > 1 and R be a PID. The following statements are
equivalent.
(a) For any a, b € R, we can compute d = ged(a,b), and elements u,
v € R such that au + bv = d.
(b) For any A, B € M, (R), we can compute some Q € M, (R) such
that SDn(A - BQ) < Qpn(B)
Proof. Assuming (a), a careful reading of the proof in Section 3 shows that
we may compute (b). Indeed, all constructions rely on geds (see Remark 2.8),
and reduction of matrices into echelon form or Smith normal form. These
reductions can be explicitely computed assuming (a).

Conversely, take a, b € R. Set A = diag(1l,...,1,a) € M, (R) and B =

diag(1,...,1,b) € M, (fR). As we can compute quotients (and remainders)

of Euclidean divisions in M, (R), we can apply the Euclidean algorithm to
A and B:

Algorithm 5.2. Input: A, B € M, (R).
SetD:A,U:].n,V:On, D1:B7 Ulzon, Vlzln.

(i) If Dy = oy, return [U, V, D).

(ii) Compute @, R € M,, (R) such that D = D1Q + R. Set

(D,U,V,Dy,U1, Vi) = (D1,U1, V1, R, U —U1Q,V — V1Q)
and go to Step (i).
We obtain U, V' € M,, (R) such that
(5) AU + BV =D,
where D is a greatest common left-divisor? (or gled for short) of A and B in

M, (R).

4D is not unique, it is defined up to multiplication by an element of GL, (1) on the
right.
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If B = 0, then Algorithm 5.2 returns D = A, so in this case D =
diag(1,...,1,a). If B # 0, by construction, at each further step of the
execution of Algorithm 5.2, ¢, (D) < ¢,(B) = £(b). Therefore, rk D = n
and D ~ diag(1,...,1,\) for some X € fR.

This A is defined up to multiplication by a unit, we choose A\ = det D.
Then, denoting by C' the cofactor matrix of D, (5) implies that

AUCT + BVCT = \I,.

Identifying the coefficients in position (n,n), we obtain au+bv = X for some
u,v € R. It remains to see that X is actually the ged of a and b. To see this,
observe that D is a left-divisor of A and B, so A = det D divides a = det A
and b = det B. O

5.2. Computation of gcd of matrices, an example. It is straightfor-
ward to remark that Algorithm 5.2 above will return a gled of A and B in
a finite number of steps. We can similarly compute greatest common right
divisors (gred).

The following example illustrates such computations, and the fact that
gred and gled may be unconnected.

Ezample 5.3. In M3 (Z), consider the matrices

-1 1 0 -1 -1 -1
A=12 -2 0 and B=[ 2 2 2
-1 -1 2 2 1 0
-2 0 2
Then A=B| 3 —1 —2], therefore a gled for A and B is B, which has
0 0 0
rank 2. Besides,
00 O -1 1 0
A=|0 0 -1|B+| 4 -1 0],
00 O -1 -1 2
2 1 1 -1 1 0 -2 -1 -3
B=|-7 -3 —4 4 -1 0|+ 3 2 10],
0 0 0 -1 -1 2 2 1 0
-1 1 0 10 3 5 -2 -1 -3
4 -1 0)=1-20 -6 -9 3 2 10
-1 -1 2 -4 -1 -3 2 1 0
-2 -1 -3
Consequently, a gred of Aand Bis [ 3 2 10 |, which has rank 3.
2 1 0

Remark 5.4. In a PID R, under the effectivity conditions of Proposition 5.1,

there is a more direct way to compute gleds and greds of matrices in M, (R).

Indeed, given A, B € M, (R), we can proceed as follows. Consider the matrix

(A| B) € My, (R) and compute R € M, (R), U € GLa, (R) such that
(A B)U = (on | R).

Then R is a gled of A and B.
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Likewise, we can compute V' € GLg, (R), S € M, (R) such that
(AT[BT)V = (on|$),
then ST is a gred of A and B.

5.3. Continued fractions. Let R be a PID, set § to be the fraction field
of R. For k € Z~¢ and given Q1,...,Qr € M, (R), we define the continued
fraction [Q1, ..., Q] as follows:

Q1] = Q1,
[Q1,Q2,...,Qul = Q1+ [Q2,..., Q1Y if[Qa,...,Qk] € GL, (3).

Remark that [Q1,...,Qk] is defined if and only if Qr € GL, (F), and
[Qk*la Qk] € GLn (3)7 EERE and [QQa s 7Qk] € GLn (g)

It is clear that any continued fraction [Q1, ..., Q%] is an element of M, (§),
actually the converse holds.

Proposition 5.5. Let R be a PID and n € Z~1, set § to be the fraction
field of R. Then for any X € M, (F), there exist k € Z~oy and Q1,...,Qk €
M, (R) such that X = [Q1,...,Qkl.

Remark. This result is false for n = 1, take for instance R = Z [L V2_19],

see [Coo76, Proposition 1 and Example p. 139]. Besides, we will obtain a
more precise result (Corollary 7.10).

Proof of Proposition 5.5. If X = o,, then X = [0,]. From now on, assume
X # 0,,. Each coefficient of X can be written as Z;—j, with a; j, b; ; € R. Take
b to be a lowest common multiple of the family of denominators {bij, 1 <
i,7 <n}. Then set B="b-1, € M, (R), A= BX € M, (R).

M, (R) is a Euclidean ring with respect to the Euclidean stathm ¢,
B # o0, so by repeating divisions, we find k € Z~g, Q1,...,Qr, R1,..., R €
M,, (R) such that we have the following division chain:

A— BQy = Ry,
B — R1Q2 = Ry,
(6)
Ry—2 — R—1Qk = R,
o with Ry = o, forall 1 <i <k, R; # 0, and

on(Ri—1) < on(Rr—2) <+ < pn(R1) < on(B).
But B has rank n, so (7) implies that for all 1 < i < k, R; has also rank n,
ie.
(8) Ry =0 and R; € GL, (%), forall 1 <i < k.
We prove by induction on k that for any division chain satisfying conditions
(6) and (8), we have
A=B[Q1,...,Qk]
If £k =1, then A = B[@Q4]. If £ > 1, then Q2,...,Qk, Ra,..., Ry provide

a division chain satisfying conditions (6) and (8) starting from B, R;. So,
by induction hypothesis, B = R;[Q2,...,Qk]. But R;,B € GL,(§), so
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[Q2,...,Qk] € GL, (F) and Ry = B[Qq,...,Qx]"". Then Ry = A — BQy,
therefore A = B(Q1 +[Q2,...,Qk]™!), and we obtain A = B[Q1, ..., Q] as
expected.

If follows that X = B~'A = [Q1, ..., Qk], which completes the proof. [

If we suppose that the effectivity conditions of Proposition 5.1 hold, then
every step in the proof above is explicit.
Ezample 5.6. Take R = Q[x], consider X = L/ 0 € Ms (Q(x))
e ’ 2/(x+3) 3 ’

rz+3 0

Then write B = z(z + 3) - 15, A = < 2z 3x(z +3)

>. We have the

following division chain

( _(r+3 2*+3z
A_BQ1_< 2¢  3z%+9z)°

B r+3 22+3x _ %"Ka—xQ%—x—i—?) %S—FCCQ—{—x—%
“l2r 322400) T 222 o2 0y B yon?iag )
3 3

v+3 22432 _ (= —a?+a+3 Fat+a-} Q3= o
20 B22+9z) "\ 222 _9p2y0p Zyop2qoy [T

_ z? 1 —z2_z41
WhereQ1:<8 01>’ Q2:<2 +a—1 6 2+2>’

Therefore, X = [Q1,Q2,Q3]. It may seem that such a short continued
fraction decomposition was obtained by sheer luck, but Remark 7.6 will
explain this behavior.

6. EUCLIDEAN ORDER TYPE OF MATRIX ALGEBRAS

Let R be a PID and n € Z-;. The Euclidean stathm ¢, built for the
proof of Theorem 3.1 satisfies ¢, (0) < (n — 1)w™ + w. Therefore, we have

9) e(M, (R)) < (n—1w" 4+ w.

The purpose of this section will be to obtain other information on the Eu-
clidean order type e(M, (R)).

6.1. Lower bound on the Euclidean order type of matrix algebras.
Let RbeaPID and n € Z~,. If R is not a field, we know that e(M,, (R)) > w
(see [Kal85, Theorem 2|), but we can improve this lower bound.

Proposition 6.1. Let R be a PID which is not a field, and n € Z~1. Take
any right-Euclidean stathm x : M, (R)* — O. Then, for any a € Z~y,
there exists M, € M, (R) such that x(M,) > (n — D)w + a. In particular,
e(M, (R)) > nw.
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Proof. Fix some r € R, which is neither 0 nor a unit. Such an element exists
because R is not a field. Take 1 < ig < n. For a € Zx, rotR C rom,
which allows us to define the nonempty set

forany 1 <1 <ip,1 <j <mn, }

Eg = {(mi,j)lsi,m €M (R), =0, and my, ; € rOR\ roHin
p ? 05,

For any iy and «, there exists some T}, , € E% such that
X(Tp,e) = min {x(X),X € EX}.

Fix 49 and take o, 3 € Z>q such that o < 3. As T;, 3 # 0,, there exists
Q@ € M, (M) such that

X(Tig,a — Tio,ﬁQ) < X(Tioﬂ)-
But T}, o — T5,,8Q € E! | therefore

X(Tig,a) < X(Tig,a — Tig Q) < X(Tiy,5)-
Thus, (X(Ti,a)) aez.., is a strictly increasing sequence.

Take now a € Z>o and take 1 < iy < n. As Tj 110 # On, there exists
Q' € M,, (R) such that

X(Tig.a — Tig+1,0Q") < x(Tig+1,0)-
But T} 0 — Tiy+1,0Q" € E, therefore

X(Tig.0) < X(Tig.a = Tig+1.0Q") < X(Tig41,0):
In other words, x(Tj,+1,0) is an upper-bound to (x(Zi,,«a))

Q’EZZO'
A straightforward induction on iy proves that for any 1 < iy < n and for
any « € Z>o,
(T a) > (io — D+ a

Taking M, = T), o grants the result. O

Remark 6.2. (1) The proof of Proposition 6.1 above relies on the exis-
tence of r which is neither a unit, nor a zero divisor. Therefore,
the conclusion of Proposition 6.1 holds for any commutative ring R
which is not equal to its total quotient ring.

(2) The proof of Proposition 6.1 above is still valid if R is a (not nec-
essarily commutative) ring with no nontrivial zero divisors which is
not a skew field.

(3) If § is a (skew) field, then for any n € Z>1, the function

[ M, (3" — {0,1,...,n}
Xn : M  — n4+1—rkM

is a left and right-Euclidean stathm?®, so e (M, (§)) < w.
(4) If R is a special PIR (e.g. R = Z/4Z, R = R[X]/(X? + 1)3), then
for any n > 1, e (M,, (R)) < w (see Remark 4.3).

Proposition 6.3. Let R be a commutative ring and n € Zsq. Then M, (R)
is right-Euclidean and satisfies e (M, (R)) < w if and only if R is a direct
product of fields and of special PIRs.

SWhen % = § is a field, ¢ takes only the values 0 and 1 and the invariant factors are
trivial: Smith normal form is uniquely determined by the rank. In the noncommutative
case, you can adapt the proof or see [Bru73, Corollary to Theorem 1].
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Proof. Assume that R = le‘:1 R, where for any i, R; is a field or a spe-
cial PIR. For any 1 < i < I, e(M,, (R;)) < w (see Remark 6.2 (3) and
Remark 4.3). So, thanks to Remark 4.5, e (M,, (R)) < w.

Conversely, assume that M, (:8) admits the right-Euclidean stathm ¢ :

M, (R)®* — O

M — p(M)

sition 2.6. Then, thanks to Proposition 4.2, R can be written as a product
R = le‘:l R; x [[i~, &;, where for any i, R%; is a PID and &, is a special
PIR. If there exists some 1 < iy <[ such that 9;, is not a field, then define
the ring & such that ;R = MR;, x &, and we can prove that the following
function

. First remark that R is a PIR thanks to Propo-

v { Mo (Rip)™ — O
M > infgepr, &) 9(M, 5)
is a right-Euclidean stathm. It follows that e (M, (R;,)) < e (M, (R)). If
e (M, (R)) < nw, it contradicts Proposition 6.1. O

In passing, we proved that for any n € Z~1, there exists no commutative
ring R such that w < e (M, (R)) < nw.

6.2. General bounds for the Euclidean order type of matrix alge-
bras. We combine the above results to obtain.

Proposition 6.4. Let R be a PIR, n € Z~1, and [,m € Z>q such that

R = Hi‘:1 R x [17%, S;, where for each i, R; is a PID but not a field, and

S; is a special PIR or a field. Then M, (R) is right-Fuclidean and
Inw<e(M,(R)) <l(n—1w"+ (I +1w.

Proof. Just apply (9), Remark 4.5 and Proposition 6.1. O

Notice that the bounds still hold for [ = 0, but the upper bound is false
in general for n = 1 (even with the assumption that R is Euclidean).

6.3. Euclidean order type of matrix algebras over Euclidean rings.
We will build another Euclidean stathm, which provides another upper
bound on e(M, (R)).

Proposition 6.5. Let R be a integral domain which is Fuclidean and n €
Z>,. Then M, (R) is a Euclidean ring and e(M, (R)) < n & e(R).

Proof. Let ¢ : R* — O be a Euclidean stathm. If required, we replace
by & R — O

vy e: r  — inf{p(ru),u € R*}

multiplication by units. Then, for any n > 1, the following function is well-

defined:

so that ¢ is invariant under

M,(R)* — O
baid M [(n—rkM)2p(0)] & ¢ (TI) b) if
b1, bo, ..., by pr are the invariant factors of M.

We will prove by induction on n > 1 that ¢, is a Euclidean stathm. Since
¥n(0) < n ® ¢(0), this will imply that e(M, (R)) < n ® e(R).

First, {1 = ¢ is a Euclidean stathm. Fix now n > 1, and assume that
for all 1 < [ < n, ¢, is a Euclidean stathm. Consider A, B € M, (R),
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B # 0. Write r = rkB > 1. Take X,Y € GL, (R) such that YBX =
diag(bl, ey br, 0, PN ,0) Set YA = (ai7j)1§i,j§n.

Assume that » < n. If there exists 1 < 4,5 < n such that ¢ > r or j > r,
then we saw in the proof of Proposition 3.2, in paragraph 3.5 that there
exists Q € M, (R) such that rk (A — BQ) > rk B. Therefore, 1,(A— BQ) <
¥ (B). Consequently, we may assume that for all 1 <4, j < n, such that i >
rorj>r, we have a;; = 0. Let A" = (ai;)i<ij<r, B' = diag(b1,...,b;) €
M, (R). By the induction hypothesis, there exists Q" € M, () such that
A" = B'Q or (A — B'Q") < 1(B’). Setting Q € M, (R) such that

/ Q/ | Or,nfr\

\On o | on /, we obtain

A= BQ or T;Z)n(A - BQ) < ¢n(B)
Now, we can assume that r = n. Take T' € GL, (R) such that YAT

is lower triangular (Lemma 2.1) and write Y AT =

A" = (aj ))1<ij<n € Mp—1(R). Now we perform the Euclidean division of
a1 [T, b; by [1i b there exists A € 9 such that

a1 = A\by or © <(a1 — Abl)Hm) < @ <Hbl> = (B
=2 =1

Define A* = Aif a; # Aby, and \* = A—1 else. Set the lower triangular matrix
A = diag(a; — Mby,1,...,1) - A’ and B = diag (bz(a; — \*b1), b3, ..., b,) €
M, 1 (R)®, with rk B=n-1. By the induction hypothesis, we may perform
the Euclidean division of A by B: there exists Q € M,,_; (M) such that

A= BQ or ¢, 1(A—BQ) < n_1(B).
Assume first that A # BQ. Then ¢,_1 (A — BQ) < ¢(0), so that A — BQ

has rank n — 1. Besides,
@(det(’zl - BQ)) = 1/%—1(121 - BQ) < %—1(5’) = <p(det B) < wn(B)
But det(A — BQ) = (a1 — X\*by)det(A’ — diag(bs,...,b,)Q), and setting

_ M| otna1)
M, () such that X1QT = [- L)
Qe (R) suc a Q \On 11‘ 0 }

det(Y AT — YBQT) = (a1 — \*by) det(A’ — diag(bs, . .., b,)Q),
= det(A — BQ) # 0.

we have

Consequently,
Un(A = BQ) = ¢ (a1 = Xby) det(A' — ding(bs,. .., br)Q) ) < Yu(B).

Suppose now that A = BQ. Then we also have A’ = diag(bo, ... ,bn)Q.
We distinguish two cases. First, assume that a; — b1 A # 0. Setting Q €
M, (R) such that

N 01n1\

_ln 1/

-1
X1Qr = \o

n—1,1
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we obtain det(Y AT — Y BQT) = (a1 — Ab1) [ [} bi. Then

T;Z)n(A - BQ) = gp(det(A - BQ)) < ¢n(B)
Now, assume that a; = by, i.e. a1 — X\*by = by, set Q',T" € M, (R) such
that
1 1 *
T — (O 1 02,n2\ and Xle/T _ < A % 1 | 0612,n2> ’
\on—22| 12/ On—1.1

which allows us to define

by 0
A-varr —veorr = | o
- - : . n,n—2
Gn  Gp

Then we apply what we did above to A and YBX: either we find some
Q' € M,_1 (R) such that

az

as A~
On—l,n—2 = diag(bg, ce ,bn)Ql,

Gn

or we find some Q" € M,, (R) such that ¥,,(A — Y BXQ") < ,(B).
In the first case, write ¢’ for the first column of @’ and set

Q=Q +X ql, 015,‘1 e
Then A = BQ.
In the latter case, set Q = Q' + XQ"T'~'T~!, then ¥,(A — BQ) =
n(A—YBXQ") < {n(B). O

Combining the above result with Proposition 6.1, we obtain immediately
the following result.

Corollary 6.6. Let R be a integral domain which is Euclidean such that
e(R) =w. Then for any n € Zy, e(M, (R)) = nw.

Actually, Samuel ([Sam71]) proved that if 2R is a integral domain which is
Euclidean and for any = € R®, R/ is finite, then e(R) < w. We have an
equality except when R is a field ([Fle71]).

Ezample. Let n € Z>1.
¢ (M, (2)) = e (Qla]) = ¢ (M, (Z[i))) = ne.

6.4. Euclidean order type of matrix algebras over a PID with finite

residues. Imitating Samuel, we can prove Corollary 6.6 without assuming
R to be Euclidean.

Proposition 6.7. Let R be a PID. If for any x € R®, R/xR is finite, then
for any n € Z~1, M, (R) is Euclidean and e(M, (R)) < nw. If besides R is
not a field, then e(M, (R)) = nw.
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Proof. Let us consider the smallest right-Euclidean stathm 6 : M, (R)® —
O. We prove by induction on 1 <7 < n that

(10) if z1,...,x, € R®, then O(diag(zy,...,2,,0,...,0)) < (n—7+ lw.

For » = n, if such elements exist, consider z1,...,z, € R® such that
D = diag(z1,...,x,) satisfies §(D) > w and ¢, (D) minimal. Then for any
A € M, (R), there exists Q(A, D) € M, (R) such that ¢,(A—DQ(A, D)) <
¢on(d). By definition of ¢,, we have rk(A — DQ(A,D)) = n, so A —
DQ(A, D) is equivalent to a full-rank diagonal matrix D" € M, (R) such
that ¢, (D’) < ¢n(D). Therefore, (A — DQ(A,D)) = 6(D') < w. Let
S C M, (R) \ DM,, (R) such that S U {0} is a system of representatives of
M, (R) /DM, (R), then Lemma 2.10 implies that

6(D) < sup (A — DQ(A, D)) + 1.
AeS

As S is finite, this implies that #(D) < w. This contradicts our hypothesis.
Therefore (10) holds for r = n. We will prove (10) for r = o — 1.

Now let us assume that we have some 1 < rg < n, such that for all rg < r <
n, (10) holds. Similarly, if such elements exist, consider xy,...,z,—1 € R®
such that D = diag(z1,...,%r,—1,0,...,0) satisfies §(D) > (n — 19 + 2)w
and ¢, (D) minimal. Consider now A € M,, (R). There exists T' € GL,, (R)
such that A’ = AT is lower triangular. If A" = (a; j)1<i j<n admits a nonzero
coefficient a; ; such that ¢ > rg or j > rp, we say that A" € §;. We saw in
the proof of Proposition 3.2 (on p. 12) that there exists Q'(A, D) € M,, (R)
such that A" — DQ'(A, D) has rank at least rg. Therefore, by the induction
hypothesis, 0(A" — DQ'(A, D)) < (n —rg + 1)w.

If for all 1 <i,j <n, a} ; # 0 implies 4, j < 1o, then we say that A’ € Ss.
There exists Q'(A4,D) € M, (R) such that A’ = DQ'(A,D) or ¢,(A" —
DQ'(A, D)) < pn(d) and then rk(A’ — DQ'(A, D)) > ro — 1. Consequently,
(A" — DQ'(A,D)) < (n—19+ 2)w.

Let S C M, (R) \ DM, (R) such that S U {0} is a system of repre-
sentatives of M, (R) /DM, (R). Then, thanks to Lemma 2.10, we have
0(D) < supyes infgenr, ) 0(A + DQ) + 1. But for all A € S, there exists
T € GL,, (R) such that AT € §; or AT € Sy, thus

0(D) < i 1 )
D)< 0 o AT+ DO
TEeGLn (R)
But for all A',Q € M,, (R), T € GL, (R), 0(AT~' + DQ) = (A" + DQT)
(see Remark 2.9) and then
(11)

6(D) < sup < sup inf (A +DQ), sup inf O(A + DQ)) + 1.
A'eS; QEMn(R) A'eS; QEMn(R)

For all A" € S;, we have

inf  6(A + DQ) < (A + DQ'(A, D — 1o + w.
ol gy 04+ DQ) < 6(A4'+ DQ(A, D)) < (n =70+ 1w

Thus

12 su inf  0(A" 4+ DQ) < (n—ry+ 2)w.
(12 0+ DQ) < (= +2)
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For all A" € Sy, we have

inf (A + DQ) < 8(A' + DQ'(A, D)) < (n — 1o + 2)w.
Q1 O(A 4 DQ) < B(A'+ DQ/(A.D)) < (n— 10 + 2w

But there are only finitely many cosets A'+ DM, (R) with A" € Sy, therefore

s /
(13) Asllégl QG}\rﬂlf(iR) 0(A"+ DQ) < (n—1p + 2)w.
So, by combining (11), (12), and (13), we obtain §(D) < (n — ro + 2)w as
expected.

Finally, consider any matrix A € M, (R)°®. Thanks to Lemma 2.3, A is
equivalent to some diagonal matrix D. Thanks to (10), (D) < nw, and
Remark 2.9 implies that §(A) = 6(D). We conclude that e(M, (R)) =
0(0) < nw.

If R is not a field, Proposition 6.1 proves that e(M,, (R)) > nw. O

Example. Let n € Z~1. Then
1++v/-19
e <Mn (Z [%])) = nw.

7. k-STAGE EUCLIDEAN PROPERTY

In this section, we will the Euclidean properties of matrix algebras for
another generalization of the Euclidean notion, introduced by Cooke [Coo76].

7.1. Definition and basic remarks. Let 2 be a ring. Let f : A — Z>g
be a function such that for a € 2, f(«) = 0 if, and only if o = 0.

Given a pair (a,b) € Ax2A*, and a positive integer k, we say that (a,b) is a
k-stage right- Euclidean pair with respect to f if there exists a k-stage division
chain starting from (a,b), that is to say (g;)1<i<x € 2F and (r;)1<i<k € A*
such that

a — le =T,
b—1ri1g2 = 1o,

(14) 1 — 7243 = T3,

Th—2 = Tk—1qk = Tk,

and f(rg) < f(b).

If rp = 0, we say that (1) is a terminating k-stage division chain starting

from (a,b).

Remark 7.1. e If (a,b) is a k-stage right-Euclidean pair with respect
to f, it is a [-stage right-Euclidean pair with respect to f for any
1>k

e If (a,b) admits a k-stage terminating division chain, then it admits
a terminating [-stage division chain whose set of remainders is pre-
served for any [ > k.
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Proof. The first point is clear. As for the second one, simply notice that
Tk_9 — Tk_1qr = 0 can be turned into

Th—g — Tp—1(qr — 1) = rp_1,
Tk—1 — Tk-1" 1=0.

O

Definition 7.2. We say that 2 is w-stage right-FEuclidean if there exists a
function f : A — Z>( whose zero set is exactly {0} such that for every pair
(a,b) € A x A*, there exists k € Z~q such that (a,b) is a k-stage Euclidean
pair with respect to f. If for all pairs, we can take k < kg, we say that A is
a ko-stage right-Euclidean ring. If for all pairs (a,b) € A x A®, there exists
a k-stage terminating division chain starting from (a,b), we say that 2 is a
k-stage terminating right-FEuclidean ring.

In light of Remark 7.1, to prove that 21 is k-stage right-Euclidean, it is
enough to prove that every pair (a,b) € 2 x A® is a [-stage right-Euclidean
pair for some [ < k.

If 2 is right-Euclidean, then the Euclidean algorithm provides division
chains and shows that 2 is w-stage right-Euclidean. However, the converse
is false in general for an w-stage right-Euclidean ring may have non-principal
right ideals.

Let R be a commutative ring. Let us also notice that we can define k-
stage left-Euclidean pairs, by replacing bg; by ¢1b and 7;¢;1+1 by g;+17; in (14),
which leads to define w-stage left-Euclidean rings and k-stage left-Euclidean
rings. But for (a,b) € M, (R), b # o, (a,b) is a k-stage right-Euclidean pair
with respect to f if and only if (a7,b") is a k-stage left-Euclidean pair with
respect to fT. Consequently, M, (R) is k-stage right-Euclidean if and only if
it is k-stage left-Euclidean, and likewise, M,, (R) is w-stage right-Euclidean
if and only if it is w-stage left-Euclidean.

Let R be a PIR and n € Z~;. Then Theorem 4.1 implies that M, (R) is
w-stage right-Euclidean, but we can improve this property.

Theorem 7.3. Let R be a PIR and n € Z~1. Then we have the following
properties.

(1) My, (R) is 2-stage right-Euclidean and left- Euclidean.
(2) My, (R) is (3n — 1)-stage terminating right and left- Euclidean.

The remainder of this section will be devoted to the proof of this state-
ment. We will first deal with PIDs, then extend properties to PIRs.
7.2. 2-stage Euclidean property over a PID. Consider first the case
n=2.

Proposition 7.4. Let R be a PID. Then M; (R) is 2-stage right-Euclidean.

Proof. Let us define

M2 (9{) — ZZO
f:4q 09 — 0
M ~ diag(by,b2),b1|b2,b1 #0 — £(by) + 1.
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We will prove that Ms (R) is 2-stage Euclidean with respect to f. Take
A,B € My (R), B # 0g. There exist X,Y,T € GLy (R), a,b,c,b1|by € R
such that

YBX =diag(bi,bo),  YAT = <Z (c)> '

If b1 does not divide a, then

0 1\ o1 -1fa —bi\ 1
(15) A—BX(O 0>T -y (b C>T,

whose first invariant factor is a strict divisor of by (see Lemma 2.4).
If by divides a, we distinguish two sub-cases. First, if b = ¢ = 0, then we
have

(16) A—Bx (Y00 O pa_y,

0 0
Then, if b # 0 or ¢ # 0, there exist ¢,z € R such that ged (b + bat, c+ bez) =
e is nonzero and divides by (see Lemma 2.7). Take A\, u € QR such that
A(b 4+ bat) + p(c+ baz) = e. We obtain the following 2-stage division.

_ a/by—p A 11 hp —b1A ~1

A-BX ( —t —z =Y b4 bt c+ boz T

(17) 1 bl,u —bl)\ —1 (C+b22)/6 )\b2/6 —1
B=Y o ttot ctboz)t T\ ootbot)fe pboje) X

= 02.

In each case, (15), (16), and (17) provide a 2-stage Euclidean division for
the pair (a,b) with respect to f. O

Remark 7.5. With the notation of the proof above, if the first invariant factor
b1 of B divides aj, we obtain a terminating 2-stage right-Euclidean division
starting from the pair (a,b). If by does not divide a;, then with a single
division, we obtain the pair (B, R;) where

Ryt b} -1
1 as as )

But the first invariant factor of Ry is a (strict) divisor of by, which divides all
coefficients of B, so it divides the coefficient in position (1,1) of BT” for any
T" € GL, (R). Consequently, we can obtain a terminating 3-stage division
chain starting from (a, b).

Remark 7.6. 1. In the proof of Proposition 7.4 above, when we obtain a
suitable remainder with a 1-stage division, it is exactly the remainder that
we built in Section 3 to prove Proposition 3.2. If we obtain a suitable re-
mainder with a 2-stage division, then each division also corresponds to the
division used in Section 3. Consequently, applying Euclid’s algorithm with
9 terminates in at most 3 divisions.

2. If we assume that B has rank 2, then thanks to the definition of g, each
remainder in the 3-stage division chain built above is either equal to 09, or
has full rank. The following corollary immediately follows.
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Corollary 7.7. Let R be a PID and § its fraction field. Then for every
X € M5 (), there exist Q1,Q2, Qs € My (R) such that

X =[Q1,Q2,Q3].

This explains why we obtained such a decomposition in continued fractions
in Example 5.6.
Now, we consider arbitrary size n > 1.

Proposition 7.8. Let R be a PID and n € Z~y. Then M, (R) is 2-stage
right-EBuclidean.

Proof. Let us define
Mn (9{) — ZZO
o Oon — 0
ne M~diag(bl,bg,...,br,o,...,0), min(r,n—1) ;
bulbal ... |bysby % 0 — (IS0

We will prove by induction on n > 2 that M, (R) is 2-stage right-Euclidean
with respect to f,. For n = 2, it is Proposition 7.4.

Take n > 2, A, B € M, (R), B # 0,,. There exist X,Y,T € GL,, (R) such
that YBX = diag(by, ba,...,b.,0,...,0) with by|bg|...|b, # 0 and Y AT is
lower triangular.

1. First consider the case r = 1. Write (a;;)i<ij<n = Y AT and set
E = (eij)i1<i<n—1,1<j<n € My_1,n (R), where

forall1<i<n-—1,1<j<n, €ij = Gi+1,5,

_{a11 | O1,n—1
var - (uloay,

The kernel of E is nontrivial. Take v = (v;)1<i<n € My 1 (R)® such that
v € ker E and the coordinates of v are coprime, i.e.

(18) Zn:%vi =A.
i=1

that is to say

la. If ajqv1 ¢ Rby, then we have the following 2-stage right-Euclidean
division:

A—DBo,=A,

_ _1 (b1 a11v 01 n— _
B— AT (op1 | —v | onpoo) X 1=V} ( 1%_11’712 ! I oﬂi;:) Xt
by apivi| o1n—2
On—1,2 | 0n—1,n—2/
matrix diag(e,0,...,0), where e = ged(by, a1,1v1) is a strict divisor of by, so
l(e) < l(by).
1.b. If a3 1v1 € Rby, thanks to (18), take A = (\i)1<i<n € M1, (R) such that

Notice that this latter matrix ( is equivalent to the

o v = —% + 1. Consider the following 2-stage division chain:
A_BX —A 71 _y-1 (ari+Aibi Aabr oo Agbp) 71
On—1,n \ E
1 a1+ Aib Ay Anb1 -1 ~1
B_y 2 n >T T (v ] onnt) X' = o
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2. Assume now that r > 1 and that b, € 58, in which case we may suppose
that by = --- = b, = 1. Define M € M,.,, (R) and M©® € M, _,,, (R) such

that
M
YAT == W .

We build inductively v € M, 1 (R) and A\®) € My, (R) for 1 < i < r as

follows. The kernel of M is nontrivial, so there exists v()) = (vﬁl))
1<i<n

My, 1 (R) such that MOy = on,1. We choose v(M) whose coordinates are
coprime, i.e. they satisfy Y !, 9{1)@(1) = R, which allows us to take A(}) e
M;,, (R) such that \(Dy(M) = (1), Having built v® and A\ for 1 <i < i <
7, we build v+ and Ao+ Define M) € M, (R) by

A

M o) — )\(’io)

Or—ig,n

JViQ)

The kernel of M) is nontrivial, so there exists v(0*!) ¢ My, 1 (R) such
that Moty ot+1) — on,1. We can choose vt guch that its coordi-
nates are coprime, which allows us to define Ao+ ¢ M, (R) satisfying

Ao+ g0+ — (1), Now, we can exhibit the following 2-stage division
chain.
( A A
A-px | M= | |rrey 1,
AT A
\ On—rn / M
A
-1 : —1 r -1 _
B-Y7 | |7 T (W |- |00 | oppny) X =0y
Vil

3. Assume now that r > 1 and that b, ¢ R*. Consider A’ € M,,_1 (R) such
that

YAT =

Then, by induction hypothesis, we can write a 2-stage right-Euclidean di-
vision of A’ by B’ with respect to f,_1, that is to say that there exist
1, Q5 Ry, Ry € M,_1 (R) such that
A~ BQ, =R,
(19) Rl — R
B’ — R1Q; = Ry,
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and fnfl(RIQ) < fnfl(B/).
3.a. If r = n, and b,—1 € R*, then f,_1(B’) =1, so fr—1(R}) = 0 and then
R, =o0,-1. Asfor all 1 <i <n—1,b; divides b,_1, b; € R* and we may

suppose that by = --- =b,_1 = 1. Using (19), we get
[a1—1]01,-1)

az _ _ 1 o1

A— BX T1:y1/ Ln—1) p-1
Qll \on*Ll | Rll /
anp,

o1 011t 1 |O1n1) o1
B-Y \On—l,l R /T T \On—l,l | o /X = 0p.

From now, we can assume that r < n or b,—1 ¢ ™. In both cases, since
br ¢ R, bmin(r,n—l) ¢ R*.
3.b. Suppose that R, = 0,_1. Let us extend (19) to size n:

_ b |o1n-1) v—
h :YI/ 1 Ln=l) xy—1 7
where R2 \On_Ll | R/2 / en

min(r,n—1)

fB)y=t| I b | = t0ibminga-1) +1 > £01) +1,
=1

and f,(R2) =€(b1) + 1, so

fn(R2) < fu(B),

which proves that (20) is a 2-stage right-Euclidean division for (A, B).
3.c. Assume that R}, # o,_1. Set ' =rk R}, + 1, write

RYy ~ diag(bh,...,b.,,0,...,0),

with b5|b5] ... |0/, # 0 (Lemma 2.1). By construction, these invariant factors
satisfy
min(r’,n—1) min(r,n—1)
(21) ¢ I o) =fi@)-1<foaB)-1=¢| ][] b
=2 1=2

Besides, we can still extend (19) to size n as in (20). Then Ry has rank 7/,
and Ry ~ diag(by,b5,...,b",0,...,0), with b/[b5]... |0, # 0 (Lemma 2.3).

But, thanks to Lemma 2.4, H?;irll(r/’nfl) b divides by H?;i;(r,’nfl) b, so (21)
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implies
min(r’',n—1) min(r,n—1)
fa(Ra) =1 IT o )+1<el I o) +1=r(B).
i=1 i=1

This implies that (20) is a 2-stage right-Euclidean division for the pair (A, B).
O

Remark. This division does not necessarily correspond to taking successively
the quotient and remainder of the division with respect to .

7.3. Terminating division chains.

Proposition 7.9. Let R be a PID and n € Z~y. Then for all A, B €
M, (R), with tk B = n, there exists a (2n — 1)-stage terminating division
chain starting from (A, B) and such that all the intermediate remainders R;
have rank n, for 1 <i <k.

Proof. Thanks to Remark 7.1, it suffices to prove the existence of division
chains with length at most (2n —1). We will prove it by induction on n. For
n = 2, this was observed in Remark 7.6.

Take n > 2, and A, B € M, (R), then there exist X, Y, T' € GL, (R),
(ai)1<i<n € K", A" € M,_1 (R) lower triangular, B’ € M,_; (R) diagonal
with rank n — 1 such that

and  vBX — (b1 |oun1)

(22) YAT = “Gal B )

If b; does not divide a1, thanks to the 15 step of proof of Lemma 3.6, there
exists @ € M, (!R) such that

A_BQNdlag( /17'--7b/n)7

where by|... |0}, # 0, and V) |b;. In other words, after at most 1 division, we
can assume that we have (22), with the further assumption that b; divides
all coefficients of A’, and in particular, b; divides a;.

By the induction hypothesis, there exists a (2n — 2)-stage® terminating
division chain in M,_; (RR). Let us denote by @} its quotients and R} its
remainders, for 1 < k < 27|1 — 2. \ / | \

~ {a/bi =1 0101 o 0 O1,n—1 .

Set Q1 = \ F— | o) /, Q; = \On—l,l | Q /, for 1 < i <

1 _
2n — 2, and Qap_2 = <0n - I 221,2’" ;)
) n—

Then we obtain a 2n — 2-stage

6The induction hypothesis ensures the existence of the (2n — 3)-stage division chain
with the required properties, but we can turn it into a (2n — 2)-stage division chain with
Remark 7.1.
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terminating division stage with the following remainders:

for1<i<n-—1, Ryj_1 =

o i

These remainders have rank n. All in all, we obtain a 2n—1-stage terminating
division chain starting from (A, B) with the required properties. O

Corollary 7.10. Let R be a PID andn € Z~1. Denote by § the fraction field
of R. Then for all X € M, (F), there exist Q1, Q2, ..., Qan—1 € M, (R)
satisfying

X = [QlaQQa .. '7Q2n—1]-

Proof. We can apply the same technique as in the proof of Proposition 5.5.
Proposition 7.9 implies that we can obtain a (2n — 1)-stage terminating
division chain satisfying (8). O

Corollary 7.11. Let R be a PID and n € Z~,. Then M, (R) is a (3n —2)-
stage terminating right-Euclidean ring.

Proof. Let A, B € M, (R), with B # o0,. Set r = rkB. In the proof
of Proposition 3.2, in paragraph 3.5, we saw that either there exists some
Q € M, (R) such that rk(A — BQ) > r, or there exist X,Y,T € GL, (R)
such that

/
(23) YBX = diag(bi,...,b,,0,...,0) and YAT = (A |ormr)
\On—rr | On—yp /
So, after at most n —r < n — 1 divisions, we can consider a pair (A, B)
satisfying (23). Thanks to Proposition 7.9, with 2n — 1 further divisions, we
obtain a terminating division chain. In total, we apply at most 2n—14+n—1 =
3n — 2 divisions. O

7.4. k-stage Euclidean properties over a PIR. The purpose of this
paragraph will be to prove Theorem 7.3. First, let us consider special PIRs.

Lemma 7.12. Let & be a special PIR and n € Z~y1. Then M, (6) is a
(3n — 2)-stage terminating right-Euclidean ring.

Proof. Take (A,B) € M, (&) x M, (6&)®. There exists a PID R and a
surjective ring homomorphism 7 : R — & (see [Hun68|). We extend 7 to
a surjective ring homomorphism 7 : M,, (R) — M,, (&). Then there exist
A, B € M, (R) such that 7(A) = A and 7(B) = B, with B # o,,. Thanks
to Corollary 7.11, there exists a terminating (3n — 2)-stage division chain in
M,, (R) starting from (A, B). The ring homomorphism 7 converts it into a
terminating (3n—2)-stage division chain in M,, (&) starting from (A, B). O

Let us notice then that 2-stage right-Euclidean rings and terminating di-
vision chains are preserved by products.
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Lemma 7.13. 1. The direct product of finitely many 2-stage right-Fuclidean
rings is a 2-stage right-Euclidean ring.

2. Let k € 2Z~1. The direct product of finitely many k-stage terminating
right-Euclidean rings is a k-stage terminating right- Fuclidean ring.

Proof. By a clear induction, it is enough to prove it for the product of two
rings.

1. Let 2y, Ay be 2-stage right-Euclidean rings with respect to f; and fs.
Then we will prove that 2A; x 2y is 2-stage right-FEuclidean with respect to

f . Qll X ng — Zzo
(a(1)7a(2)) — fl (a(l)) + f2 (a(2)) .

Take a6 € 2, for i = 1,2, with (b1, b)) £ (0,0).
1.a. First, assume that (1) # 0 and b® # 0. Then for i = 1,2, we have
some 2-stage right-FEuclidean divisions

(24) b — rgi)qg(i) = rg),

These divisions can be naturally combined into

<a<1>, a@)) — (bu), b<2>> (qg)’ qg))

(ba),b(z)) _ (4”,&) (qg)’ q§2>>

(7).

(7).

with
f (7"51)77"52)) =h (r§1)> +fo <r§2)> <fi (bg>> L (bg)) _ <b(1)7b(2)) _

1.b. Now, assume that () = 0 and b3 # 0. Then (24) still holds for i = 2,
and we have the following 2-stage right-Euclidean division:

(%)= 04 (04) = o.1).
7)) 0 - 015).

F(0087) = £ () < 2 (087) = £ (082).

1.c. The proof is similar for b(1) % 0 and b(®) = 0.

2. Let 21, %As be two k-stage terminating right-Fuclidean rings. Take
a® b0 € Ay, for i = 1,2, with (b)) £ (0,0).
2.a. First, assume that b(1) £ 0 and b # 0. Then for i = 1,2, we have
k-stage a terminating divisions chain, which we describe with the quotients
(qj(»l))lsjgk and the remainders (T§Z))1§j§k, 7“,(;)
nating k-stage division chain starting from ((a(l),a(2)), (b(l),b(2))) obtained
with the following quotients ¢; and remainders r;, where for 1 < j <k,

q; = <q§1)’q](~2)) and rj = <T§1),T](.2)) )

with

= 0. Then we have a termi-
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2., It b £ 0 and b® # 0, let (q](.l))lsjgk and (r§.1))1§j§k be the quo-
tients and the remainders of a terminating division chain in 2[; starting from
(a(l), b(l)). Then we have the following terminating k-stage division chain
starting from ((a(l), a®), (b(l),O)) and defined by the quotients g; and the

remainders r;, where for 1 < j <k,

1
9 = (qj( )’O) and i { if j is even

('Y, a?) if j is odd,
(
J

Y a’]
(r;,0)
2.¢c. The proof is similar for ) # 0 and b = 0 U
Proof of Theorem 7.3. Let R be a PIR and n € Z-;. Thanks to Propo-
sition 4.2, R = le‘:1 R;, where each R; is a PID or a special PIR. Then
M, (R) can be identified with H§:1 M, (R;).
(1) If M, is a PID, then M, (R;) is 2-stage right-Euclidean (Proposi-
tion 7.8). If R, is a special PIR, then M, (R;) is right-Euclidean
with e(M,, (R;)) < w (Remark 4.3), therefore M, (R;) is also 2-
stage right-Euclidean. Thus, we can conclude with Lemma 7.13 that
M, (R) is indeed 2-stage right-Euclidean.
(2) If R, is a PID, then M, (R;) is a (3n — 2)-stage terminating right-
Euclidean ring (Corollary 7.11). If 9R; is a special PIR, then M,, (R;)
is also (3n — 2)-stage terminating right-Euclidean (see Lemma 7.12).
Either 3n — 2 or 3n — 1 is even, so we can conclude with Lemma 7.13
that M, (R) is (3n — 1)-stage terminating right-Euclidean.
O
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