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NULL-CONTROLLABILITY OF THE KOLMOGOROV EQUATION
IN THE WHOLE PHASE SPACE

JEROME LE ROUSSEAU AND IVAN MOYANO

ABSTRACT. We prove the null controllability, in arbitrary positive time, of the
Kolmogorov equation d; +v -V, — A, with (z,v) € R x ]Rd, with a control region
of the form w = wy; X w,, where both w, and w, are open subsets of R? that are
sufficiently spread out throughout the whole space R%. The proof is based on, on
the one hand, a spectral inequality in R? with an observation on w,, and, on the
other hand, a Carleman-based observability inequality for a family of parabolic
operators, 9, —iv - & — Ay, coupled with a knowledge of the decay rate of the free
solutions of the Kolmogorov equation.

KEYWORDS: controllability; unbounded domain; Carleman estimates; spectral
inequality.
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1. INTRODUCTION

1.1. Main Results. For d > 1 and Q C R2?? an open subset, we consider the
Kolmogorov equation,

(af +v-Vy — Av)f(t,x,v) = ’LL(t,:E,’U)lw(ZE,’U), (t,l‘,U) € (OvT) x €2,

where w is an open subset of 2, whose characteristic function is denoted by 1,,. This
is a control system, where the function f(¢,z,v) represents the state and the source
term u(t, z,v), supported in w, is the control. Here, x -y denotes the Euclidean inner
product in R

The null-controllability of this system has been studied with various configurations
of (Q,w) (see Section 1.2 below). Here, we consider the case @ = R?*? and an
unbounded control/observation region w C 2. To be precise, we consider the Cauchy
problem

(1.1) {(Gt +v-V;— Av)f(t,a:,fu) = ly(z,v)u(t,z,v), (t,z,v) € (0,T) x Q,
fii=o(z,v) = fo(z,v), (z,v) € Q,

where w contains a product open set,

(1.2) Wr X Wy € w,

with both w, and w, open subsets of R? satisfying the following property.

DEFINITION 1.1. We say that an open set O of R is an observability open set
on the whole space if there exist § > 0 and r > 0 such that

(1.3) Yy € RY 3y € O such that Bga(y',7) C O and |y —y'| < 0.

Here, Bga(y',r) denotes the open Euclidean ball of radius r centered at y’. This
property states that the open set O is sufficiently spread out throughout the whole
d
space R®.

The aim of the present article is to prove the following null-controllability result.

THEOREM 1.2. Let Q = R?? and assume that w satisfies (1.2) with both w, and
wy fulfilling property (1.3). Then, for every T > 0 and fo € L*(R??), there exists a
control u € L*((0,T) x R?*?) such that the solution of (1.1) satisfies fit=r = 0.

As we shall see below in Section 2, the solution of (1.1), to be understood in
the sense of distributions, is unique in ¢°([0, T; L?(R??)). The initial condition, at
t = 0, and the final condition, at t = T', are thus unambiguously well defined.

REMARK 1.3. The condition we impose on the set w C R?? is sufficient to obtain
the null-controllability result. Any improvement on this condition is of interest (see
Section 1.3).

A classical duality result (see for instance [9, Lemma 2.48]) shows that Theorem
1.2 above is equivalent to an observability inequality involving the adjoint system of
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(1.1), namely,

(1.4) {(8t —v- Vg — AU) g(t,x,v) =0, (t,iﬂ,’U) S (O,T) X Q,

gji=o(r,v) = go(x,v), (z,v) € Q.

THEOREM 1.2, Let Q = R* and assume that w satisfies (1.2) with both w, and
wy fulfilling property (1.3). Then, for every T > 0, there exists Cops > 0 such that
for every go € L*(R??), the solution of (1.4) satisfies

(1.5) 1910=7 [l L2 (m22) < ConsllgllL2((0,1)xw)-

Note in particular that the constant Cgpg is such that the null-controllabilty of
(1.1) can be achieved with a control function u that satisfies

[ull 20,7 x 24y < Cobs || foll L2 (r2ey-

1.2. Existing results and techniques. The null-controllability of parabolic equa-
tions has been extensively studied. For the heat equation, the problem is well
understood in bounded domains since the seminal works of G. Lebeau and L. Rob-
biano [18], and of A. Fursikov and O. Yu. Imanuvilov [10]. For results on the
null-controllability of the heat equation on unbounded domains, we mention the
works of L. Miller [21, 22], M. Gonzélez-Burgos and L. de Teresa [11], V. Barbu [1],
and references therein. A result in a different functional framework was obtained
by P. Cannarsa, P. Martinez and J. Vancostenoble in [7], where the observability
region can be taken of finite measure, provided that an observability inequality holds
in some weighted L2-space. Note that, in one dimension, the control/observation
region given in [I 1, Example 2 of Section 2], expressly fulfills the condition given in
Definition 1.1.

The Kolmogorov equation was first proposed in 1934 by A.N. Kolmogorov in [14].
It was subsequently studied by L. Héormander in [12] as a model of a hypoelliptic
operator. Controllability questions for the Kolmogorov equation have been studied
in Q C R?, where the controlled equation reads

(1.6) (0 + 00, — 83)f(t,x,v) = u(t,z,v)l,(z,v), (t,z,v) € (0,T) x Q,

and null-controllability was proven for various choices of (2, w).
On a bounded domain Q = T x (—1, 1), null-controllability holds in the following
cases.
e The nonempty open subset w of ) is arbitraty and the Kolmogorov equa-
tion (1.6) is associated with periodic-type boundary conditions in the v vari-
able that are adapted to the transport part of the equation [2]:

flt,x—t,—1) = f(t,z+t,1), Oyf(t,x—t,—1)=0,f(t,x+1,1),

for (t,z) € (0,T) x T.

e The nonempty open subset w of €2 is a horizontal strip, w = T x (a,b), with
—1 < a < b < 1, and the Kolmogorov equation (1.6) is associated with
homogeneous Dirichlet-type boundary conditions in the v variable [2]:

flt,z,£1) =0 (t,z) € (0,T) x T.
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With such boundary conditions, arbitrary control region w may not be ap-
propriate (see [3]), which hints towards a strong influence of the boundary
conditions.

In the case of the whole phase-space, that is Q = R?, null controllability is proven
in [4], in the case w = R x (R [a, b]), that is, w is the complement set of a horizontal
strip. The goal of the present article is to improve upon this last result by proving
the null-controllability of (1.1) in the case of more general control regions w in,
possibly, higher dimension, that is d > 1.

The first step of the strategy used in [2, 4, 3], where Q = Q, x ,, consists in
applying a partial Fourier transform or Fourier decomposition, with respect to the
x variable. In the case x € R, with

f(t,€,0) /fta;v —i7 g, (t,&,v) € (0,T) x R?,

this reduces the study of the Kolmogorov equation (1.6) to the study of a family of
one-dimensional parabolic equations

(1.7) (0 — iv€ — 02) f(t,&,v) = a(t, &,v)1w, (v), (t,v) € (0,T) x R,

with the Fourier frequency £ treated as a parameter. Such a transformation is
possible if, for instance, w takes the form w = R X w,, for some w, C €,.
Then, the proof of the null-controllability relies on the following two ingredients:

(1) A precise dependency of the decay rate in times of the free solution of (1.7),
with respect to the Fourier variable &.

(2) An precise estimate of the ‘cost’ of the null-controllability of (1.7), in par-
ticular with respect to the Fourier variable &.

If the control region w is also localized in the x variable, these two ingredients can be
coupled by means of the Lebeau-Robbiano control strategy as done in [2] following
an idea of [5]. This strategy relies on a spectral inequality. In one dimension, on a
bounded domain, it takes the following form.

PROPOSITION 1.4. Let ¢,d € R be such that 0 < d — ¢ < 2w. There exists
C > 0 such that, for every N € N and (bp)n<n € C2N+1 | the following inequality
holds

n=N d n=N . 9
(1.8) Z ’bn‘2 < eC(N+1) / ‘ Z be™| " d
n=—N ¢ n=—N

The functions z ei"x/ V271 on 27T are orthonormal eigenfunctions of the
Laplace operator 92.

In arbitrary dimension, for a second-order symmetric elliptic operator, typically
the Laplace-Beltrami operator A, on a bounded Riemannian manifold M of dimen-
sion d, with or without boundary, the spectral inequality takes the form

(1.9) lull 2ty < CeVollull oy, u € span{gy; uy < i,
where w C M is an open subset and where the functions ¢; form a Hilbert basis
of L%(M) of eigenfunctions of —A, associated with the nonnegative eigenvalues 11,

x.
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j € N, counted with their multiplicities. (In the case of a manifold with boundary,
one can consider homogeneous Dirichlet or Neuman boundary conditions.) This was
proven in [18, 20, 19]. For instance, it allows one to prove the null-controllability
of the heat equation (see [17] for a presentation). It was adapted much later to
the case of separated variables, for the null-controllability of parabolic equation in
stratified media in [5]. Therein, in one direction, one has observability by means of
a Carleman estimate for a one-dimensional parabolic operator with parameter, and,
in the transverse direction, a spectral inequality such as (1.9) is used. This later
approach was successfully transposed to the study of the null-controllability of the
Kolmogorov equation in [2]. We follow this latter method in the present article, here
in the case of an unbounded domain. Hence, one of the goals of the present article
is to perform the Lebeau-Robbiano control strategy on an unbounded domain. We
shall thus prove an adapted spectral inequality; see Theorem 3.1 below.

REMARK 1.5. The idea of exploiting a cartesian product form of the geometry
can also be found in [11]. Therein, the authors prove that, if a Carleman estimate
holds for the heat equation in (0,T) x R™ (resp. (0,T) x R% ) with an observation
region (0,T) x w1 (resp. (0,T) X ws), then a similar estimate holds for the same
equation in (0,T) x RN with (0,T) x wy X wo as an observation region.

1.3. Open questions and perspectives. An open (and most likely difficult) ques-
tion is the proof of the null-controllability of the Kolmogorov equation in R?? with
a control region w C R?? arbitrary located, without imposing the product structure
we assumed here. An assumption similar to that stated in Definition 1.1 seems,
however, to be a reasonnable assumption to make on the open subset w. For such a
study, a profond analysis of the properties of the Kolmogorov operator is necessary.
Here, the product structures of both Q and w allow one to circumvent this difficulty.

Another interesting question would be the study of the influence on the condition
imposed on the control region of the addition of an unbounded potential function in
the Kolmogorov equation.

Following the works of K. Beauchard et al. [2, 3], the controllability properties
of evolution operators of the form 9; — |[v[?'v -V, — A,, with v > 1, would be
of interest. More generally, one would also be interested in operators of the form
Oy —r(z,v)v - Vg + A(z,v,0,), where the scalar function r(x,v) is homogeneous of
degree 7 — 1 with respect to v, and the operator A(z,v,d,), that only acts in the v
direction, is elliptic and positive with respect to that variable.

1.4. Outline. The article is organized as follows. In Section 2, we present the well-
posedness result in L?(R??) for system (1.1) and the decay estimate of the L?-norm
of the solutions of (1.7). In Section 3, we prove an elliptic global Carleman estimate
and the Lebeau-Robbiano spectral inequality. In Section 4, we prove a parabolic
global Carleman estimate, the observability of Fourier-mode packets and we finally
construct a control, which leads to Theorem 1.2.

1.5. Notation. We collect here some of the notation we use throughout the article.
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The Euclidean inner product in R? is denoted by z - y, whereas the Hermitian
inner product in L?(Q;C) is noted by (.,.). Let S > 0. We shall sometimes write
Q := (0,5) x R? for simplicity.

If O denotes the derivation with respect to the variables s, x or v, we shall use
the standard notation D := %8. For F € €%(Q;R), we define

VF(s,z) = (0sF,04, F,...,0.,F) (s, z), F'(s,x) = (aijF)0<ij<d (s,x),

for (s,z) € (0,9) x R?, We also write AF (s, z) := (02F + A2F)(s,z). For concision,
in particular in the course of a proof, we shall often write F’ in place of VF.

We define 9Q := {0, S} x Re. If w € €2(]0, S] x R?), the derivative with respect
to n, the normal outward vector of 0Q), is denoted by 0,w := Vw - n.

For a function f(t,z,v) defined on (0,7) x R2%, we denote by f(t,¢,v) its partial
Fourier transformation with respect to € R%:

(1.10) ft, & v) = /Rd ft,z,v)e” = d, (t,€,v) € R x R%,

Applying this transformation, the (adjoint) Kolmogorov (1.4) equation becomes
(1.11) (B —iv-€— ANy g(t,E,v) =0,  (t,€0) € (0,T) x RY x RY

In what follows the letter C' will always denote a constant whose value may change
from one line to another. If we wish to keep track of the precise value of a constant we
shall use another letter. Often, to avoid the introduction of such a generic constant,
especially in the course of proofs, we shall use the usual notation A < B to be read
as A < CB for some C > 0.

2. WELL-POSEDNESS AND EXPONENTIAL DECAY RATE

In the whole phase-space, a fundamental solution for the evolution Kolmogorov
operator can be derived explicitly [13, Section 7.6]. Here, we provide semigroup
properties that yield the well-posedness of the evolution Kolmogorov equation. We
also provide a decay rate for the free solution, that is used in the proof of the
null-controllability in Section 4. Proofs are provided in Appendix A.

PROPOSITION 2.1. The Kolmogorov operator
K : L*(R*) — L*(R*)
fHU'fo_Avfy
with domain D(K) = {f € L>(R?*?); v-V,f — A,f € L2(R?*®)}, generates a strongly

continuous semigroup of contraction S(t) on L?*(R??). The semigroup S(t) is not
differentiable for any positive time.

PROPOSITION 2.2. Let K be the Kolmogorov operator as defined above.

(1) Let fo € D(K) and let F € €°([0,T); L*(R?*?)). Assume moreover that
F € LY0,T;D(K)) or F € WH((0,T); L2(R?*?)). Then, there exists a
unique f € €°([0,T]; D(K)) N € ([0, T); L2(R%*4)) solution of

(8t+K)f:F7 tE[O,T], f|t=0:f0-
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(2) Let fo € L?*(R?*) and let F € L'(0,T; L3(R??)). There exists a unique
f € €°([0,T); L2(R?%)) solution of

(O 4+v-Ve—A)f=Fin2'(0,T) x R*), fit=0 = fo.

(3) In both cases, the solution is given by the Duhamel formula

(2.1) f(t)=58(t)fo +/0 S(t—s)F(s)ds, tel0,T].

We shall use the second case of the previous proposition in what follows. The
solutions we shall consider are thus weak solutions and are given by the so-called
mild solution provided in (2.1).

The next proposition describes the natural decay of the L?-norm of a free solution
of the Kolmogorov equation. This will be used in the proof of the null-controllability
in Section 4.

PROPOSITION 2.3. Let fy € L*(R*). If f(t,x,v) = (S(t)fo)(z,v), we have

(22) ”f(tafa ')”LQ(RZd) < |’f0(§7 ‘)HLZ(RQd)e_‘ﬂ2t3/l27 g € Rda t>0.

REMARK 2.4. The decay rate obtained for the homogeneous Cauchy problem in
Proposition 2.3 is somewhat analogous', in the & variable, to that of the heat equation.
Note, however, that such a decay rate does not hold when considering Kolmogorov-
type equations on a rectangle with Dirichlet boundary conditions in v [2, 3], since
a weaker decay in the €& variable occurs. Null-controllability, with arbitrary control
support, may then not hold.

3. A SPECTRAL INEQUALITY

The goal of this section is to prove the following result, which states an inequality
that is the counterpart of (1.8) in our context.

THEOREM 3.1 (Spectral inequality). Let w, C R? be an observability open set
on the whole space R% as in Definition 1.1. Then, there exists a constant C' > 0
such that

(3.1) 12y < e“NHVN SN2

for N >0 and f € L*(R%) such that supp(f) C Bga(0,N), the closed ball of radius
N and center 0.

Inequalities (1.8) and (1.9) have appeared in several settings [18, 20, 19]. In the
case of a bounded domain, the original proof is based on an 1nterpolat10n inequality
that can be found in [18]. Some details can be found in the expository article [17].
The proof of the interpolation inequality is based on local Carleman estimates for
an augmented elliptic operator, that first imply local versions of the interpolation

IThis analogy remains limited as the semigroup S(t) is not analytic here, nor differentiable. The
L?-norm of the solutions does decay. Yet, solutions do not become more regular as the evolution
time grows, as opposed to what can be observed for parabolic equations.
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inequality. These local inequalities are then concatenated using compactness argu-
ments thanks to the boundedness of the domain. Here such an argument is not
possible as we consider unbounded domains. However, we circumvent this difficulty
by proving a global Carleman estimate for the augmented elliptic operator. This
approach for the proof of the spectral inequality was introduced in [16], in the case
of bounded domains, and later successfully applied to the case of discrete elliptic
operators [0]. Here, we extend this approach to the case of an unbounded domain.

3.1. A global elliptic Carleman estimate. Our proof of the spectral inequality
(3.1) follows from a global elliptic Carleman estimate for the operator D2+ D,.- D, in
(0,.5) x Q, for some S > 0, which is stated in Proposition 3.3 below. We need first to
construct an appropriate weight function. To that purpose, we adapt an argument
by A. V. Fursikov and O. Yu. Imanuvilov, that can be found in [9, Lemma 2.68,
p.80] and [10, p.20-21], to the case of unbounded domains.

PROPOSITION 3.2 (Weight function for the elliptic Carleman estimate). Let
S>0,Q=(0,5) xR and let w, C RY be an observability open set on the whole
space R?, as in Definition 1.1. There exists a function ¢ € €*([0, 5] x R4 RY) such
that

(3.2) Vsa¥(s,z)| > C,  V(s,z) €Q,
(3.3) Osthjs=0 = C, Vo € R\ wy,
(3.4) Dshjs=g < —C' <0,

(3.5) Ys=s5 =0,

for some real constant C' > 0.

Proof. Let L > 2(§ + r) and let us define

~ 4s(S —s) d . T d
w(s,x)::fn@—ksm(T)), seR, = (x1,...,24) € R

S i
Observe that A A
s (0,z) > 5 and 9,0(S,z) < 5 @ e R%
We note that Vs,x&(s,:n) = 0 if and only if s = g and € w+ LZ% with w =
(L,..., L) eRr

Firstly, we define the following periodicty cells in R¢,
Ko :=Ta(K), K:=1[0,20]%, To(z):=z+2La, ae 7l
Then, R? = aczd Ko We decompose the model cell K into the following subcells,
Kg=TjK), K:=[0,L]", Ti=z):==+LB,  Be{0,1}".
We introduce

Kop=Ta(Kp) = Top(K), Tap=TaoTs  acZ’ Be{0,1}".



NULL-CONTROLLABILITY OF THE KOLMOGOROV EQUATION 9

—_ — — - = _—— - — = =

F1GURE 1. Local geometry in the x variable for the construction of
the weight function.

We also define the following translation operators in R x R%,

To(s, ) := (8, Ta(x)), Tupls,z):= (s, Tas(s 1)), aeZ ge{0,1}¢.
For each 8 € {0, 1}d, we define on K
&6(87$) 3:7507%(3@)7 (s,2) ER X K,

which is a translated version of zﬁ\ Ks- Since 1/; is 2L-periodic in each variable x;,
j=1,...,d, we find

1/;5(3,33) = zﬁg o Tu(s,z), aezl
Thus, 1;5 is also a translated version of 1ﬂ| Ko for a € ze.
Secondly, we work in the eleznentary compact cell K. For any g € A0, 1}d, observe
that the only critical point of g is (%, w), recalling that g is only defined in R x K.

Let 0 < p < min{r/2,S/4}. Using compactness, there exist {w(i)}iel C Bpga(w, ),
with #1 < +00, such that

(3.6) Bga(w,d) C | Bra(w'”, p).
el

This covering by balls of radius p is illustrated in Figure 1.
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s b

—5/2

s L

FIGURE 2. Local geometry in the s,z variables for the construction
of the weight function.

We pick, for any i € I, a path 4 € €°°([0, 1]; [-5/2, 5/2] x Bga(w,d + p)) such
that

Y0) = (= 5/2,0Y), 49(1) = (5/2,0),
DN {s =0} C Bga(w?, p), where IV .= {’y(i) (t): te[0,1]}.

These paths are illustrated in Figure 2.
We also choose a smooth vector field V(®) € €2°((=S, S) x Bga(w,d); R"*?) such
that

VORI @) = (V) (#), t € [0,1], supp(V?) N {s =0} C Bga(w', p),
We denote by x((t,s,z) the flow associated to V). We set
oD (s, ) ==XV (1, s,2), (s,z) € K,

which is a diffeomorphism of (=S5, .S) x Bga(w, §) onto itself and coincides with Idgi+4

outside the support of V@, In particular, 9 leaves unchanged a neighborhood of
9 ([-S, 5] x K). We have ¢() (—5/2,0®) = (S/2,w).
On the compact K we define

W) = ggoe iel, pe{0,1}",
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and we observe that Vs,xq/}g)(s,x) = 0 if and only if (s,z) = (=S/2,w?). As
#1 < 400, there exists Cy > 0 such that
\V&xwg)(s,x)] > Cp, in ([-S5,S5] x K)\ BR1+d( — S/2,w(i),p),
for i € I and 3 € {0,1}?. Note that, in particular,
Vsathy (s,2)] > Co, for (s,2) € [0,5] x [0,L]%, i € I, B € {0,1}".

Thirdly, let « € Z%, 3 € {0,1}%. We consider the sets Oap = KopNO and

g = 7;_5((9&5) Since O is an observability open set in R?, there exists y € 0,5
such that [y —w| < ¢ and Bra(y,r) C Oy, 4, using that 2(5+7) < L and the fact that
the property of Definition 1.1 is translation invariant. As a consequence of (3.6),
and since 0 < p < r/2, there exists j € I such that y € Bga(w!), p). We then have
(3.7) Bga(w', p) € Bga(y,) C Ol 4.

This is illustrated in Figures 1 and 2. We introduce the following function on the
cell K g,

Vap(s,7) == 0 0 T 4 (s, 2),
which is well defined, for 7,3 : K — K, g. We deduce
(3.8) |Vs2¥a,p(s,2)] > Coon [0,S] x K, .

We also have 14, 5(0, ) = 1a,5(0, ), V& € Kq\O and 1ha 5(S, ) = ha.5(S, ), Va €
K, 5. We thus see that (2)-(4) are fulfilled. Finally, we define v € €2([0, S] x R%;R)
by

P(s,x) == p(s,2), (s,z)€0,5] x Ky,
and (3.2)—(3.5) hold by the above construction, according to (3.7) and (3.8). O

We now state a global Carleman estimate for the augmented elliptic operator
P:=-AN,,=-02-A2=D?>+D,-D, inQ=(0,5) xR

PROPOSITION 3.3 (Global elliptic Carleman estimate). Let w, C R? be an
observability open set on the whole RY in the sense of Definition 1.1. Let ¢ be as
given by Proposition 3.2. For ¢(s,x) = exp ()\1/1(3,33)), there exist C > 0, 19 > 1,
and \g > 1 such that

(3.9) 7—3”67—%0“”%2(Q) + 7'||ewvs,mu‘|%2(Q) + T‘|€T¢(O)asu\s:0||2Lz(Rd)
+ T€2TH88U\5=SH%2(R«1) + 7'362T”U\S=SH%2(R«1)
< C<‘|GT¢PU‘|%2(Q) + T€2T||Vgcu\s:SH%2(Rd) + T‘|€T¢‘Szoasu|s:0H%2(wz))y
for 7> 19, A= Xo, and u € €*([0, S];.7 (R% C)) such that ujs_o = 0.

We follow essentially the derivation made in [15, section 2.1.2], which is adapted
from the original proof of [10].
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Proof. We define the conjugated operator P, := e"?Pe” "%, where 7 > 1. This can
be written as follows
P, =¢e"?Pe ™ = (Ds + i705¢) + (Dy + itV 2p) - (Dy +i7V10)

= P — 72| |* +im(DsDsp + 059 Ds + Dy - Vaip + Vaip - D)

=P —7%¢/|* + 2iT¢' - D + TAgp.
We then write P, = A + iB, with

A=A +Ay,  B=B+B,

where A] = P, Ay = —72|¢/|?, B = 27¢' - D, By = —itAp. We introduce yet
another parameter p > 0 to be chosen below and we write
(3.10) P, +1puAp = A+iB,

where B = By + Bs, and By = —i(1 4 7)ulgp.
Let v € €2([0,5]; /(R;C)). From (3.10), taking the L?-norm and applying the
triangular inequality, we have

(3.11) ||Av||%2(Q) + ||Bv||%2(Q) + 2Re(Av,iBv) 2 ()
S IPvll72g) + 242101122 ()
Developing the scalar product we write
(3.12) Re(Av,iBv)r2q) = Z L, with I;; = Re(A;v,iBrv)2(q)-
1<,k<2

We first compute the terms I;; separately. In the various computations we shall
perform below we shall obtain interior integral terms over @ = (0,5) x R? and
boundary integral terms over Q = {0, 5} x R%.
Term I7;. Integrating by parts twice, we obtain

(3.13) I1 = Re(A1v,iB1v)r2(g) = Re (Pv, 2Ty - Dv) 12
= —27Re (Av, @ - v')L2

Q)

(@)

= 27‘Re/ v V(gp’ 'ﬁ') drds — 27’Re/ O T da
Q 0Q

= 2TRe/ (U'-(p"@'—k?}'-@”g@’) deds — 27 Re/ Opv ¢ -7 da
Q oQ

:2TRe/ U'wp”@'dazds—kT/ VIV|? - ¢ dzds
Q Q

—2TRe/ Opv ¢ -7 da
oQ
= Ju + BT,

where
Jip =27 Re/ v " dods — 7'/ Ap|v'|? dz ds,
Q Q
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and

BTy := T/ |v'|20, ¢ dz — 27 Re Opv -7 dx.
oQ o0Q

Term I15. Integrating by parts once, we obtain

(3.14) Iis = Re(Alv, iBgU)Lz(Q) = —T(l + ,U) RG(AU, A(pv)Lz(Q)
=71+ p) Re/ v V(Agv) dzds — 7(1 + p) Re OnvA@U dx
Q 0Q
= Jiz + BT1a,

where

Jig =11+ p) / Apl|v'*dzds +7(1 + p) Re/ v - V(Ap)vdrds,
Q Q

and
BTy :=—7(1+p) Re/ On VAU d.
2Q
Term I3;. Analogously, integrating by parts once, we obtain
(3.15) Iy = Re(Agv,iB1v)r2(g) = Re(—72|¢|?v, 2iT¢’ - D)2

= 273 Re/ | |Pvy’ -7 dzds
Q

= —7-3/ 120" - Vo[> dz ds
= Jon +QBT217

where

Jop = 7‘3/ div (|<,0/|2<,0/)|v|2d:17ds and BTy := —7'3/ Ol |?v]? dz.

Q 0Q

Term Is5. We obtain directly

(3.16) Iy = Re(Agv,iBav)r2(g) = Re(—72|¢'|?v, 7(1 + 1) APU) 2

=731+ p) Re/Q l'|? Ap|v|* dz ds.
Collecting (3.12)—(3.16), we obtain

Re(Av,iBv) = J + BT,
with J := Ji1 + Jios + Jo1 + Is9 and BT := BTy + BTi5 + BTb;.

13

We now treat separately the interior terms collected in J and the boundary terms

collected in BT.
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Interior terms. We write

(3.17) J:#”/ (div(|¢'¢") — (1 + w)|¢' 2 Ap) \v\2dxds+m/ Aplv')? dzds
Q Q

+ 27 Re/ v "0 deds + (1 + u)/ v - V(Ap)vdsdx
Q Q

= 7-3/ Yolv[* dz ds + 7‘/ v P dzds + X,
Q Q
where
0 = div(|'Pe) = A+ p)le'PAg, 7= pAe,
X =27 Re/ o " deds + (1 + ,u)/ v V(Ap)vdsda.
Q Q

As in [15, Lemma 2.10], if we choose p € (0,2), the coefficients vy and ~; satisty,
(3.18) w2 A 2 M.

For a proof of this fact, we follow [15, section 8.5]. Indeed, according to the form of
the weight function ¢, taking derivatives with respect to s and x, we obtain that

020 = (N0 + NF)p, i j=1,2.
This allows one to write
Yo = div (M@ ¢/ P9) — (14 p) N[ | (N[ P + A(A)p)
= 3N [ |1+ NP |y P Ay + NPV (|9 P)y
— (1 + p) (NP ['® + NP [y P Ay)
= (2= WA ' + X3P (VW' )P)0 — pl' P Av)
> )\4 3

using (3.2), choosing p € (0,2), and taking A > 1 sufficiently large. Analogously, we
write

n = ple = u (PP +AA¢) X 2 N2,
for A > 1 chosen sufficiently large.

We proceed now with the terms bound together in X, that will be ’absorbed’ by
the two other terms composing J in (3.17) thanks to the estimates (3.18). We write

X:QT)\Q/ @\¢'-U'\2dxds+27ARe/ v’ "0 dz ds
Q Q

+7(14+p) Re/ v - V(Ap)vdeds
Q

> 2T\ Re/ ov "0 deds + (1 + ) Re/ v - V(Ap)vdrds
Q Q
=Y.
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Using that |¢”| <1 and |[V(Ap)| < Ay, the Young inequality gives
V1S 7llet20 22 ) + A /Q ol lJv] da ds
S 1+ R0 20 B gy + e X o 20l
Choosing € > 0 sufficiently small, 7 and A sufficiently large we have

(3.19) J 2 P lullzeg) + IV )

Boundary terms. We consider the different terms composing the compound BT
defined above.

Term BTi;. From Proposition 3.2 we have p,—g = 1 and since vj,—o = 0 we
obtain

BT = T/ Dsp|s=5|V]g|* dz — 2T/ Osp|s—5|0sv)s=s|* d
R4 R4
+ 7'/ 8390\5:0|8S'U|s:0|2d$
Rd
=TANE+ F),
with
E = _/ as¢|s:5”asv\525’2 de,
Rd
F = / (90881[))|s:0|8sv|s:0|2 dz + / 6S¢|s=5|vwv\s:5‘|2 dz.
Rd Rd
Using (3.4), we have

EZ |’85U\S=SH%2(R«1)'

Using again (3.4) and (3.3), we obtain

F= [ ool do+ [ (o0 mol0it,ol? do

\wa
+ /]Rd 85¢\5=S’vxv|s:5"2 dz
2 C||(101/2asv|s:0||i2(Rd\wz) = C' (0" 0svjs=0llF 2y + IVav)s=s 122 (ma)
for some C,C’ > 0. This yields

(3.20) BTt 2 CrA(|1050js=s T2 me) + 1912 s010=0 122\
— C’T/\(Hgol/zasv\s:oH%Z(wz) + ||Vw”\S=SH%2(Rd))'
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Term Bia. Since v,—¢ = 0, using (3.5), the Young inequality gives

BTio = —7(1 + p) Re/ (834,06851))‘8_5 dz
Rd n

—7(1+ 1) Re / (A9 +X°(0:9)°) 7 0wv) g da

Rd
We then have, for A > 1,

(3:21) BTial 73 [ 1000l sl da

1 3
S TZAHGSU|S:5|]%2(W) + 72 )‘3HU|s:S”%2(Rd)-

Term Ba;. Since v,—¢ = 0, using (3.5), together with (3.4), we obtain
(3:22) BT == | sl Ouptomslimsl da

= —7) /Rd(asws:S)g‘US:S‘z da 2 X |vjs=s 172 (gay-

Collecting estimations (3.20)—(3.22), we obtain
(3.23)
BT > CTg)\g”U‘S:SH%?(Rd) + CT)‘(”asU|s:S”2L2(Rd) + ”(:01/288U|s:0H%?(]Rd\wx))
— C'TA(IVavye=s 2 may + 1920505200120y

choosing 7 chosen sufficiently large.
We may now put together the estimates obtained for the interior and the boundary
terms. From (3.11), (3.19) and (3.23) we obtain

31112 2 3 2 2 2
ollzeq) + TV 72y + 77 1vjs=s 1172 may + T (1050)s=5 172 may + 1850)5=0l1 72 (ra))
S ”PSDUH%?(Q) + T2M2H’UH%2(Q) + T(Hvx%:s”i%m) + H@sv\son%z(wx))-
For 7 > 7y, with 79 chosen sufficiently large, we find
HUHL2(Q + 7l HL2 +T3||U\s S||L2(Rd) +7([[05)5= S||L2(Rd + [|0sv)5= 0||L2(Rd))
< 1Pvl220) + 7 (1Vav0ms 22 gy + [9016colZa(oy)-

If we now set v = e™?u for u € €2([0, S];.7 (R% C)) we obtain the desired inequality
by classical arguments. O

3.2. Proof of the spectral inequality. We now give the proof of the spectral
inequality (3.1) of Theorem 3.1.

Proof of Theorem 3.1. Let N > 0and f € L2(R?) be such that supp(f) C Bga(0, N).
In particular, f € €>°(R?%). We introduce the function

1 sinh(€s) + | e
(3.24) u(s,z) = o)’ / Tf(ﬁ)e6 d¢,

BRd (OvN)
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which belongs to €>°(]0, 5] x R4 C) N H?(Q;C) and satisfies Pu = 0 in Q, for
P=D?+D,-D,, and us—g = 0. The Carleman inequality (3.9) of Proposition 3.3
holds for functions in H?(Q;C) by density. It can thus be applied to the function
u(s, x). This yields

(3.25) KT2€2THU|8:SH%2(R¢1) < €2T||V:vu\s:0||2Lz(Rd) + ||€w8su|s:0||%2(wz),
for 7 > 79. By the Plancherel equality we have
1
2 . 2
HVmU|s:s||L2(Rd) = W / €0 (S, €)|” d€
Bga(0,N)
N2

A~ 2 2 2
< WHU‘SZS”LQ(]}W) =N HU\S=S”L2(Rd)-
Thus, (3.25) gives
(KT2 - N2) 627'Hu|s:5'”2L2(Rd) < Hewasu‘son%Z(wx)-

Now, we choose 7 such that 7> 79 > 1 and K 72 - N2> 1. For instance, we choose
72 = max (73, K1) (N + 1)%. Then, we have

(326) 62THU|S:SH%2(Rd) < 627— SUPRd ¥|s=0 Hﬁsu‘szoﬂiz(%) .

By the Plancherel equality, we have

52 inh(&S) 4, 12
Hu|s:sH%2(Rd):W / ‘Smg%f(i) d§
B4 (0,N)

52

£112 2| £112
> (27T)d HfHB(Rd) =5 HfHB(Rd)-
Note that dsu(0,.) = f. Thus, (3.26) reads

”f”iQ(Rd) S §€2T(Sude 50\5:0—1) ”f”%z(wm)7

which proves the result, using the value chosen for 7 above. Note that S > 0 is
chosen arbitrary here and kept fixed. O

A natural question at this stage can be the following: in the spectral inequality of
Theorem 3.1, can one replace the factor e +1 by some factor e9N) with g(N) <
N+1,as N — 00, e.g. g(N) = (N+1)*, witha € [0,1), or g(N) = (N+1)/In(N+2),
etc.? The answer is in fact negative as described in the following proposition: one
can construct a sequence of functions (fxy)y that saturates the inequality with the
form given in Theorem 3.1, up to some constant.

PROPOSITION 3.4. Let A € R? be such that A zé R?. There exist Cy > 0 and
No > 0 such that YN > Ny, 3f € L*(R?) with supp(f) C Bga(0, N) and

(3.27) £l r2ray = €Nl L2 cay-
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This result is the counterpart of Proposition 5.5 in [17]. The proof is inspired by
the argument developed therein.
Proof. At several places we shall use the following simple estimate
(3.28) / el dr < Oy, a1
|z|>a

In fact if d = 1 we simply write

2 [ 1
/ e~ dz < —/ e~ dz = —e_a2,a > 0.
(6% (07

|z|2e

If d > 2, we write

/ e l7” dg = |Sd_1|/rd_le_r2d7“ < C’d/re_TQ/zdr = Cde_a2/2.

|z|>a r>a r>a

Since A # R?, there exists 79 € R\ A such that
(3.29) do := dist(xg, A) > 0.
We may assume, without any loss of generality, that zop = 0. We consider the heat

=]
kernel ¢,(z) := (47s)~%%e~ "3, for s > 0 and = € R? whose Fourier transform is
given by

(3.30) bs(&) = K s>0, ¢eRY
We define f € L?*(R?) by its Fourier transform as follows
2 _le?
f&) =e Flggenm(©), E€RY, N>0.
We first give an estimation of the L?-norm of f over the whole domain R%; we have
(3.31) 171l 2 ay 2 N4

In fact, with the Plancherel theorem, (3.30), and the inverse Fourier transformation,
we write

U O B
111 72®e) = WWHLz(Rd) = @i e 3
BLa(0,N)
1 _2e?
0,0~ 7 [ e

Then, with a change of variables and (3.28) we obtain

N\ d/2 1 N\ d/2 2
2 _ (A _ = —1¢l > N4/2
HfHLZ(Rd) - (877) (2m)d < 2 ) / € g 2 N7
l¢|>V2N
by using (3.28) and by choosing N sufficiently large.
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We now wish to estimate the L?-norm of f over the subset A. Again, the inverse
Fourier transformation gives

1 _le?

(3.32) @) = / e de = g () - Rl),
[E|I<N

_le?

with R(x) := (27)~¢ f\S\ZN e~ M T@Ed¢. For the first term in (3.32), we use (3.29)
and we write, with a change of variables,

e o < [ 0y @)= () [ 0

‘x‘>d0 |SL‘|>d0

2N)%/2 2
:<(47T>)d [ et an

el >doy/ Y
This yields, by using (3.28), H%:% 20y S N/4e=diN/8  For the second term in
(3.32), the Plancherel theorem gives

1 2/¢|2 1 N\d/2 2
2 2 _ -2 _ —1¢]
1Bllzz ) < 1Rliame) = Gy / 7 dg_(%)d(z) /e 9,
e E1>V2N

which gives, with (3.28), [[R||z2(a) S N/4e=N/2 Setting C; = min(1/2,d3/8), we
thus obtain

(3:33) 1£llz2ga) S N tem O,
and we conclude the proof with (3.31)—(3.33) and by choosing Cy such that 0 <
Co < (. O

4. NULL-CONTROLLABILITY OF THE KOLMOGOROV EQUATION

This section is devoted to the proof of the main result of this article, Theorem 1.2,
that is the null-controllability of the Kolmogorov equation (1.1) in the whole phase
space with a control region as given in (1.2)—(1.3).

The proof is first carried out in the Fourier domain with respect to the space
variable x.

4.1. Observability of one Fourier mode. Here, we shall prove the following
result, that states the observability of the Fourier transformed (adjoint) Kolmogorov
equation, as in (1.10)—(1.11). Most important, we make explicit the dependency of
the observability constant upon the Fourier variable &, dual to the variable z.

PROPOSITION 4.1 (Observability inequality). Let w, C R? be an observability
open set on the whole space R® as in Definition 1.1. Then, there exists a constant
C > 0 such that the solution of

O0rge — 1w - €ge — Ayge =0 in (0,T) x R,
9eji—0 = G0 in R,
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for T >0, ¢ € R, and goe € L2(RY; C) satisfies

(4.1) I9erllzzeey < €€ VI lgel a0y

The proof of inequality (4.1) follows from a global Carleman estimate for the
following parabolic operator
(4.2) Pe=0—iv- &~ A2=iD;—iv-£+ D, - D,

on 2 = (0,T) x R?, where the frequency ¢ € R¢ acts as a parameter here. In the
following proposition, constants can be chosen uniform with respect to the parameter
&. This is an important feature of the Carleman estimate.

PROPOSITION 4.2 (Global parabolic Carleman estimate). We set 6 = (¢(T —

t))_l and 7(t) = 70(t). Let w, C R be an observability open set on the whole space
R as in Definition 1.1. There exist a negative weight function ¢ € €< (R%), C > 0,
and 19 > 1 such that

(4.3) [|7¥2€7ul| 12 o) + |F1/2€700ul| 12 9)
< C(ll€ Peull 122y + 17 2€™ull 1207 xwon))
for € €RY T >0, 7> 7o(T 4+ T? + /|€|T?), and for u € €*([0,T);.7 (RY)).

An analogous result was proven in [2]. Here, as we consider the whole phase-
space we need to construct an adapted weight function. The property of w, as
given in Definition 1.1 turn out to be crucial in this construction. in the proof of
Proposition 4.2 we shall follow the derivation of a Carleman estimate as given in
[17].

In the proof of Proposition 4.2 we shall need the following result which enables
us to choose open subsets of w, that satisfy the same properties of Definition 1.1.

LEMMA 4.3. Let O C R be an observability open set on the whole space R as
in Definition 1.1. Then, there exits O C © C R? that is also an observability open
set on the whole space R? satisfying (1.3), with different values of § > 0 and r > 0,
and moreover dist(O,d0) > 0

Proof. Let y € Z. There exists y' = y'(y) € O such that Bpa(y',r) C O and
ly —y'| < 3. We then set O as the following open subset

O := | Baaly/(y),7/2).
yezd

We have O C O and dist(O,d0) > r/2 by construction. Next, for z € R? there
exists y € Zd~such that |y — z| < v/d/2. Then, y/(y), as introduced above, is such
that y/(y) € O and

Bra(y'(y),r/2) € O and |2 — ¢/ (y)| < &+ Vd/2.

We thus have the properties of Definition 1.1 for the values § +v/d/2 and 7/2 of the
two parameters. ]
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The following lemma provides the details of the construction of an weight function
associated with an observability set O that will fits our needs for the derivation of
the Carleman estimate of Proposition 4.2 for a well chosen O C w,.

LEMMA 4.4. Let O be a observability open set on the whole R?, in the sense of
Definition 1.1. Then, there exist ) € €>°(R?) and C > 0 such that [¢'(v)| > C' for
veRI\O.

The proof is very much connected to that of Proposition 3.2. At places we refer
to that proof so as to avoid too much redundancy. Some redundancy is, however,
necessary for the sake of readability, as this constuction is technical.

Proof. If O is an observability open set on R? we let § and 7 be the positive constants
used in Definition 1.1. Letting L > 2(§ + r) we set

d
H (2 + sin(mv; /L)), v=(v1,...,v4) € RL

This function is 2L-periodic in each direction associated with the canonical basis of
R9. Observe that ¢'(v) = 0 if and only if v € w + LZ? with w = (L/2,...,L/2).

Firstly, the reader should recall the definition of
K. Ko, K, Kg, Kog, Ta» Tp, Tap,  a€Zl pe{0,1}7,

from the ~proof of Proposition 3.2. For B € {0,1}¢, we then define the following
function ¢g(v) = 1) o Tj(v), for v in the compact set K. This is a translated version

of the function 1/;‘[{[3 and also of Q;IKa , for any o € ze.

Secondly, we consider the elementary compact cell K. For any f € {0, 1}d, the
only point in K where the gradient of 13 vanishes is w = (L/2,...,L/2). Using
compactness, for 0 < p < r/2 and some wY € Bga(w,d), i € I with #I < oo, we
have

(4.4) Bga(w,0) C | Bra(w', p).
i€l

Let i € I. We pick a smooth path v()(t), t € [0,1] such that v (0) = w® and
y(i)(l) = w. The geometry we describe is illustrated in Figure 3. We also choose a
smooth vector field V) € €°(Bga(w, §); R?) such that V@ (y0(t)) = (’y(i))/(t) for
t € [0,1] and we denote by x(?(¢,v) the flow associated with the vector field V().
We then set ¢ (v) = x(1,v) that is a smooth diffeomorphism of Bpga(w,d) onto
itself as it coincides with the identity outside the support of V(). In particular it

leaves unchanged a neighborhood of K. We have ¢U )(w(’)) = w. On the compact
set K we define

W) o, veK. il e
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—_ — — - = _—— - — = =

F1GURE 3. Local geometry for the construction of the weight function.

and we observe that the gradient of ﬂ)g) only vanishes at w(®. As #I < oo there
exists Cy > 0 such that

(4.5) |(05)) ()] > Co,  ve K\ Bpa(w®,p) i€l fe{0,1}

Thirdly, let a € Z¢ and 8 € {0,1}%. We consider the set O, 5 = K, 5N O and
:x,ﬁ = 7;_,1(00175) C K.

As O is an observability open set there exists y € O;ﬁ such that |y —w| < ¢
and Bga(y,r) C O, 5, using that 2(6 + r) < L and the fact that the property
of Definition 1.1 is translation invariant. There exists some j € [ such that y €
Bga(w'), p) because of the finite covering of Bga(w,d) introduced in (4.4). Then,
as p < /2, we have Bra(w"), p) C Bga(y,r) C O, g; see Figure 3. We now define
the following function on the cell K, g

Yas(v) =9 o T h(v), € Kap,
which is well defined as 7, 3 maps K onto K, 3. We find that ]1/1;75\ > Cpon K, 5\0

by (4.5). Observe also that ¢, g coincides with 1;| K, 0 a neighborhood of 0K, g.
Finally we define the following function 1 on R¢ by

P(v) = Yo pv) ifve Kqg.
We have 1 € €°°(R%) and [¢/| > Cp in R?\ O. O
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Proof of Proposition 4.2. Let u € €'([0,T); (R?)) and set z = e"?u and the con-
jugated operator P, = e"?P:e”"¥. We have

P, =i(Dy + it o) + (Dy + i7¢') - (Dy +i7¢") — i - v.
We define the following two symmetric differential operators
Q2= (Pp+ P;)/2, Qi= (P, — P})/(2i),
which gives
Q2 =D, D, — |7~—90/|2 - 7—9,907 Ql =Dy +7~—(Dv : 90, + 90, : Dv) - f v,

and P, = Q2 +iQ)1. We denote by 1 and o the Fourier variables associated with
v and t respectively. We set u? = 72 + |n|?. Using u as an order function in the
(cotangent) phase space associated with the variable v, thus giving the same strengh
to 7 and a differentiation w.r.t. v, the principal symbols? of these operators are

@ =7 =00, q=0+2fn-¢ —E&-w.

Note that the commutator i[Q2, Q1] is a differential operator that only acts in the
v variable. Its principal symbol of is given by the Poisson bracket {g2, q1}.

We pick three open sets wf)o), wz(,l), and w1(,2), all satisfying the properties of Defi-

nition 1.1 such that wq()o) S wf)l) S w1(,2) € w, and such that

(4.6) dist(w$), 0wV ) >0, j=0,1, and  dist(w(?, dw,) > 0,

which can be done according to Lemma 4.3. We now build the weight function ¢
using the following lemma whose proof is given below.

LEMMA 4.5. There exists a negative function p € € (R%) such that for some
vp >0, 71, C > 0 such that vyg3 + 7{q2, 1} > Cu?, for v € Rd\wf,o), n e R?, and
for > 7 (T + T%/|€]).

Using (4.6), we can build x € €>®(R%) be such that 0 < y(v) < 1, supp(x) C

RZ\ wz(,l), and x = 1 in R?\ w1()2) and all its successives derivatives are bounded in
RY (for instance adapt the proof of Theorem 1.4.1 in [13] to the non compact case
using (4.6)). We write, by integration by parts,

47 NPexzll29) = 1Q2x2l72(0) + 1Q1x2(172(9) + 2Re(Qaxz, Q1x2)12(2)

> |l 277 2Qaxz |3 o) + i([Q2 Qulx2 X2) 2 0)

2Here, to be precise we consider operators in a semi-classical setting. When considering the v
variable, using ¢ only as a parameter, then the (pseudo-)differential calculus is understood with
the following metric in the (v,7) cotangent phase space R? x R%: g = |dv|* + |dn|?/u?. Observe
that the polynomial growth of ¢i w.r.t. v has no impact on the calculus operations performed
in the remainder of the proof. For example, this polygonal growth is not present in the symbol
{q2, 1} computed in the proof of lemma 4.5. This behavior in the symbol g1 can thus be perfectly
admitted. Here, quantification of the time derivative in ¢; is purely formal, as the dual variable
o does not occur in the calculus estimations that are performed below. We could only consider a
symbol quantification in the v variable and preserve the D; form. This, however, gives an awkward
presentation that we chose to avoid here following [17].
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= (7' Q3 +i[Q2, Q11)XZ, X2) 12 )

as z vanishes at t = 0% and ¢t = T~ at all orders, because of the sign of the weight
function, and where 197! < 1 by choosing 7/(1T?) sufficiently large. We have
used that Q7 = @, j = 1,2, and [7,Q2] = 0 as Q9 is a differential operator that
only acts in the v direction. The parameter 1 is chosen as in Lemma 4.5 above.
The principal symbol of the operator V07~'_1Q% + i[Q2, @1], that is differential only
in the v variable, is given by 1/07'_ @ + {q2,q1}. Let )Z € €>*(R?) be such that

0 < x(v) <1, supp(x) C Rd\wv ,and Yy =1in Rd\wv In particular, y =1 in a
neighborhood of supp(x). With the symbol ellipticity given in Lemma 4.5, we have
(v + e a})X +u'(1=X) 2 p's  veRY,

for 7 > 7 (T + T?\/|€]). Writting
(7 'Q3 + i[Q2, Q1)) xz = (o7 ' Q3 +i[Q2, Q1])X + Op(F ' u") (1 — X)) x2,

the Garding inequality (in the v variable only with the time variable t regarded as
a parameter) yields

(7 'Q3 + i[Q2, Q1)) xz, x2) 12(RY) R 7 Op(u®)xz(t, ) 72 (gay,

uniformly w.r.t. t € [0,7], for ¥ chosen sufficiently large, by choosing 7/T? suf-
ficiently large. We thus choose 7 > 7o(T + T? + /|¢|T?) with 75 large enough.
Integrating w.r.t. t, we then obtain, using (4.7),

1Poxzl12(2) 2 1772 Op(k)xz ] 2(2) 2 17 Op(p)x2l 2 (2)
Adding the term ||71/2 Op(u)(1 — X)#||r2(2) on both sides, we obtain

IPoxzllr2(2) + 172 Op (1) (1 = X)2l 12 (2) 2 172 Op() 2| 12 2)-

Next, writing Pyx = xP, + [Py, x|, where the commutator is a first-order semiclas-
sical differential operator in the v variable, we find

1Pzl 12 (2) + 172 Op(1) (1 = X)2l 12 (2
+ [ Op(1) 2]l 122y 2 72 Op(k)2| 122

Chosing 7 sufficiently large, we thus obtain

1Po2l|22(2) + 172 Op() (1 = X)z ] r2(2) 2 7Y% Op(1)2] 2 (2)
which implies

3/2

1Pzl 12(2) + 17772l

2(0,1)xw®) T H%WV”ZHLZ((O,T)m(f))
2 1722l 12y + 172V o2l 12( 2

Moving back to the unknown function u we obtain

€72 Pull p2(9) + [[77/2€7%u] oy + 727V |

L2((0,T)xw$?)

2 727 ul 129y + 172 €79V st 12( 9

L2((0,T)x
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We now remove the gradient term on the Lh.s. of this estimate. This is a fairly
classical argument, which we provide for completeness. We choose xg € €>°(R?)

such that 0 < xo(v) <1, supp(x) C w, and x =1 in w1(,2). Setting f = Pu, after
3
multiplication by e2™¥7xou, and integration over 2, we obtain
1 N -
(4.8) 3 /ezwf'x()(‘)t]uF dt dv — Re(Ayu, e2T¢%X0u)Lz(g)
2
= Re(e™f, e%SD?XOu)Lz(Q).
For the first term [ an integration by parts in ¢ yields
1 . 1 -
|| = ‘§/e2w7~'x(]8t|u|2 dt dv| = ‘5/815%(1+27~'<,0)62T“0X0|u|2 dt dv|
2
~3/2 Fp, 112
ST e gOUHLQ((O,T)XM)’
since 9,7 = 70" and 0’ < T6? and 1 < 720 yielding
07| S TTO° S7T°0° <72, |07 S TT0*F S 72
as 7 > T + T?. The third term can be estimated as
T3] = | Re(e™ f, €™ x0u) 12(2)| S €77 FlZ200) + €797 x0ul 72 9)

S ”ewa%Z(g) + ”%g/zewu‘@((oi)xwu)=

as 1 <T20 <70 = 7, since 7 > T?. For the second term, with integration by parts
in v, we have

I, = /62%“0%X0|Vvu|2 dt dv—l—Re/?va(e%on)-Vvu dt dv

2 2
T 1 ~ T
2

and ‘f%Av (€2™¢x0)|ul? dt dv! < H7'3/2 WuHLQ( 0T The previous estimates
2
and (4.8) then yield

17172675 yul 2

Yxwn)®

7 2 3/2, 2
L2((0,T) xw'®) < e SDP&“HLz )y T |7 / SDUHLz((o,T)XM)-

The proof is complete. ]
Proof of Lemma 4.5. The Poisson bracket of g2 and ¢; reads:
{a2 1} = L+ 4770 )> + 70" — 21 - €.

with £(v,t,m,7) = 47'(77 o'+ 72y - gp”gp’)

According to Lemma 4.4 there exists a function 1 € ¥°°(R% R) such that v and
" are bounded and moreover [¢)'(v)| > C > 0 for v € Rd\wz(,o), for some C' > 0. For
A > 1 weset ¢ = exp(\Y) and ¢ = ¢ — exp(AM ), with M > ||9||0o. We have ¢ < 0.
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We set Go = q2 + 700 = |n|? — |7¢'|? and we claim, as proven below, that we have
the following property

(4.9) v + 70> Cut, (t,v) €10, T] x Rd\wf,o), neRd r>1,

for some C' > 0, if A and v are chosen sufficiently large.
In fact, first observe that we have

Doy 0 = 0o, = AdDyy 0, O 0 = AP, 10 + X290y, 000y, 1,
yielding, with 7 = 7A¢ > 0,
0= 4T (4" "¢ + AW |Y) + 47Ap (- "0+ W' - op?)
> 4%3(¢/ . 7/1//¢/ + )"7//‘4) +47A_77 . ¢//77'
Using that 0 < 1/C < ¢/ < C in R%\ wf,o), we obtain, for \ sufficiently large,
(4.10) (> CHBN=C'7{nl?,  for v e R\ W),

We have §o = |n|2 —|7¢/|?. We set fi = 72+|n|? and we consider two cases: |Ga| < £/i?
and |Ga| > efi?, for € > 0 to be set just below.

Case |G2| < efi?.: Then, we have C72 — gfi? < |n|? < C'#% + ¢i® using that

0<1/C </ <C. For € > 0 chosen sufficiently small and kept fized, we

obtain 7 < |n| < 7. Then, by (4.10), for A chosen sufficiently large and kept

fized, we have ¢ > 73 for v € RY \wf,o). We thus have
V‘§2’2+7~'€Z7~'€Z7°4Zﬂ42,u4 forvERd\wf)O).

Case |Gz2| > efi®.: Here the values of ¢ and \ are kept fixed with the values
chosen in the previous case. Observing that |[¢| < i3, we then have

vlGol? + 70 > velpt — o7 > pt(ve® - ).
Thus, for v chosen sufficiently large we have v|g|24+7¢ > u?, forv € Rd\wgo).

We have thus obtain the property claimed in (4.9).

We observe that we have
1<17%, 10| < T6?, 0" < T%63.
We thus find
T T2 T
147760' ()2 + 70" p — 21 - €] < 7~'3<— + —2> + ]n\?2—|£| .
T T
Similarly we find
1. 1. -
@ > 56— (10'¢)* > 5 - C7' .
From (4.9), for 7 > 7 (T ++/|¢|T?), with 71 chosen sufficiently large, we hence obtain
(4.11) waqs + a1} = pt, (t,v) €[0,T] x R¥\ w(®, 5 e R
This concludes the proof of Lemma 4.5. O
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Now, we can prove Proposition 4.1.

Proof of Proposition J.1. Let ty = T/3 and ty = 2T/3. For t € [t1,ts], we have
C1/T? < 0(t) < Cy/T?, with C; = 4 and Cy = 9/2 > C;. With 7 and ¢ as given
by Proposition 4.2 we then have, ¢©27min¢/ T? < 9 < Cr7maxep/T? recalling that
© < 0; thus we find

3/2

T : ~ 3/2 T
(4.12) TT—ge@ﬁmlw < F2eTe < }TeClﬁmW, (t,v) € [t1,t9] x RY

With the parabolic decay of Proposition 2.3 and (4.12), we have
2 2
(t2 — tl)H95|t:THL2(Rd) = |’g§”L2((t1,t2)><Rd)
T6 —2C S5 minp | ~3/2 7 2
< 3¢ 277 |73/ eréHm((tl,tg)de)‘
The Carleman estimate of Proposition 4.2 gives

3/2 7 : < ”%3/26%

- 2 2
17 %e ¢g§|’L2((t1,t2)de SDgﬁ”m((o,cp)xwv)

3
T" 201 Zy max g 2
S 76°€ L 19¢ 122 (0,7 x>

for 7 > 7o(T + T% + T%\/|€|). we thus obtain

1 6%2—(01 max ¢—Co min ¢

19 )i=r | L2 (Re) S T N19ell 2 (0.1 xeon) -

Setting 7 = 70(T + T? + T?\/|€]) the observability inequality (4.1) follows. O

4.2. Observability of Fourier packets. Here, we shall prove the following result
that makes precise the cost of the control of the Kolmogorov equation (1.1) when
one only aims to bring to zero a bounded part of the spectrum of the solution.

PROPOSITION 4.6. There exists Cons > 0 such that for every T' > 0, N € N
and fo € L*(R??) there exists a control u € L*((0,T) x R*?) such that the solution
of Problem (1.1) satisfies

supp(f(T,.,-)) € (R?\ Bga(0, N)) x R
and

1
(4.13) [ull p2(0 7y sy < €9 TN £l 1o goay

By duality, this result is equivalent to the following observability inequality for
the adjoint problem (1.4), in the case of an initial data whose Fourier transform
is compactly-supported. This result is a consequence of the spectral inequality of
Theorem 3.1.

PROPOSITION 4.7. There exists Cons > 0 such that, for T > 0, N € N, and
go € L*(R*Y)with supp(go) C Bra(0,N) x R?, the solution of (1.4) satisfies

1
(4.14) gje=rll 2 meay < €O T N gl 1 (0 1))

The constant Cyys is the same as in Proposition 4.0.
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Proof of Proposition /J.7. Because of the linearity we have supp(§(t, .,.) C Bga(0, N)X
R for t € [0,7]. With the Plancherel equality, Proposition 4.1, and Theorem 3.1
we obtain

1 R
Hg\tzTH%Z(de) = W / /\g(T,{,fu)\2 dvdé

Bga(0,N) R4

1 T
s [ OV [ gt g o) dvarag
B, ( N) OW'U

)

(0
1 Tl
:ec(1+T+x/N)/0 /||g(t,-,U)H%2(BRd(0,N))d”dt
T
SeC’(l—I—%+\/N)/ /620,(1\["‘1)”9@,.,U)H%2(wz)dvdt'
0

This proves (4.14) with, for instance, Co,s = C + C". O

4.3. Construction of the control function. The aim of this section is to prove
Theorem 1.2. The type of control construction we use was originally performed in
[18]. Here we base our construction on the presentations given in [2, section 3.3], [5,
section 3], and [17, section 6.2].

Proof of Theorem 1.2. We consider, for any j € N, the space
E; = {f € L*(R*) : supp (f) C Bga(0,27) x }Rd},

where the Fourier transform is taken with respect to the variable x only, as in
(1.10). This space is closed in L*(R*?). Accordingly, let I1g, denote the projection
of L*(R??) onto E;.

Let p € R be such that 0 < p < % and set T; = K27P7, j € N, with K = K(p)
such that 3 72 T; = T /2. We also define the time sequence (a;);en by

ap =0, aj41:=aj+ 21, j€N.
We now define a control u for ¢ € (0,T) as follows
u(t) = {@j(t — o), 1€ (a5,a;+T)),
0, if t € (a; + Tj, a;41),
where 4; is the control given by Proposition 4.6 with
(4.15) T=T;, N=2, fo=f(a).
Then, g, f(a; +T;) =0 and

CVobs (1+T—1‘7+2J)

(4.16) 1851 22 ((a;,0;4+7) xw) < € £ (@)l L2 (r2ay)-
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We have also that, by the Duhamel formula stated in Proposition 2.2,

C(1+4+27
Hf(aj + Tj)HL2(R2d) < <1 + \/Tje ( g )> Hf(aj)HL2(R2d)'

By Proposition 2.3 we deduce that
22jT]3
[f(aj+)llL2maay < €12 | flaj + Tj) | 2 (reay

2 JT3

o
s(1+ﬁe0(l+Tj+za)>e— = £ag)| g2 rea)-

Hence, iterating this inequality, we obtain, for j > 1,

j—1
1 ()| 2 meay < € 2=0% | foll 1220,

with
22kT3 1 ok
o = 12k —In (1 + \/Tkec(1+Tk+2 ))
22k T3 1
> -C'(1 2"
- 12 (1+ Tk +27)
K3 2Pk
> k@30 _ o142 42
> TR ",
using the value given to T} above. As 0 < p < 1/3, we see that we have
(4.17) oy > C"2R2=30)

29

for C” > 0 and k sufficiently large, and thus the series ), aj diverges to +oo

yielding || fii=r | z2(r2ey = 0, for f € €°([0,T]; L*(R*?)).

Furthermore, the control u built above belongs to L?((0,7) x R24). In fact by

(4.16) we have

1+ +2
||UHL2 (OT Xde Z ||u.]||L2( a],ag‘i‘Tg ><R2d < Z ||f(a‘])‘|%2(R2d)

We thus find
(0.] . .
oo+ 1 C(14L+427) =071 o
HquLQ((O,T)x]RZd) < <€ ( TO) + e ( Tj ) k=0 k)HfOHLQ(RQd).
j=1
Using (4.17), we obtain
1 1
C(1+f+2j) - o §0(1+?+2ﬂ) — a1
J k=0 J

90j .
142 493 _ oroli—1)(2-3p)
SO(l+5+2)-0C

< _C///zj(2—3p)

for C" > 0 and for j sufficiently large, as 0 < p < 1/3. Hence we find that

lull L2¢(0,r)xr2ay < Cll foll 2 (r24), which conludes the proof.

O



30 J. LE ROUSSEAU AND I. MOYANO

APPENDIX A. PROOFS OF THE SEMIGROUP AND WELL-POSEDNESS PROPERTIES
A.1. Proof of Proposition 2.1. We set L : L?(R??) — L?(R??), with domain
D(L) = {g € L*(R*); —¢-Vg(&,m) + [n*g(&,m) € L*(R*)},
and defined by Lg = —£ - Vg + [n|?g.

We denote by % the Fourier transformation in the x,v variables. Observe that
ZD(K) = D(L) and that L = ZK.Z~!. If we prove the well-poseness property
of 9, + L, we can thus deduce that of J; + K, because of the isometry property
of .# on L%*(R??). In particular, below, we prove that L is the generator of a Cy-
semigroup of contraction ¥(¢) on L?(R??). We thus deduce that K is the generator
of a Cy-semigroup of contraction S(t) on L?(R??), given by S(t) = .Z ~'%(t).F

Let g € L?*(R??) and assume that G(t,£,n) is solution to

(O + L)G =0, Gli—o = 9(§,n).
We first proceed heuristically. Introducing H (t,£,n) = G(t,&,n — t€), we find
OH +|n—t&PH =0, Hy—o = g(&,n),
yielding H(t,&,m) = g(&,n) exp(— fo In — s£|2ds). The form of G should thus be

(A18)  G(t,En) = g€, +t€)e™ o U9 ds = g(e 4 ge)em Jo lrtselds,

We find G(t,.,.) € L?(R??). Thus, weset X(t) : L?(R??) — L2(R?¥) as (X(t)g)(€,1) =
G(t7 57 77)-

LEMMA A.1. The map X(t) is a Co-semigroup of contraction on L*(R??).

Proof. Let g € L?(R??). Considering the formula (A.18) we have £(0)g = g, and we
write ¥(t)g — g = I + J;, with

L(¢,m) = (9(&,m + &) — g(€,m)) e Jo sl ds,

Jt(§7 77) - g(f, T]) (e_ fot ‘77+S§|2 ds 1) .
With the Parseval formula we have, with 2(€,v) = [pa exp(—iv - 7)g(¢,n) d,

el L2 rzay < lg(€m + t€) — g(&,m)l| L2 reay S 11(€Y = 1) A€, 0)|| L2 2y,
and we find that [|I;]| 2 (g24y — 0 as t — 0" by the Lebesgue dominated convergence
theorem. We also directly see that ||.J;||;2(g24y — 0 as t — 0T by the same theorem.

Let t,¢ > 0. As we have (X(t)g)(&,n) = g(§&,n + /&) exp(— fo In + s&|*ds), we
find

(2(0) 0 S(E)9)(E 1) = g€+ (t+¢))e i ITHHOF dsm filmsscias

and, as fg In + s€|?ds + fg, In+ (s +t)¢2ds = H—t In + s&|? ds, we conclude that

we have the semigroup property X(t) o X(¢') = Z(t + ¢'). Finally, the contraction
property on L?(R??) is clear from (A.18). O
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We denote by A the generator of ¥(¢) which is an unbounded operator on L?(R??).
Here, we use the convention %(t) = e~*4.

LEMMA A.2. Let g € L*(R??). We have (S(t)g — 9)/t — & V9 — [nl?g in
7' (R*), ast — 0F.

Proof. The result follows from the convergence of (g(§,n + t&) — g(§,n))/t to & -
Ving(€,m) in P'(R?1), as t — 0F. This can be proven by writting,

(9(&m +1t8) — g(&m) p(€,m) = (9(&,m), p(&,m — &) — w(§:m))
= —t(9(&,n),& - Vyp(§,m))

1
2 {g(en). [ dieten—toe)c.o)dr).
for ¢ € € (R?). O

Consequently, if g € D(A), that is, if g € L*(R?*?) and (X(t)g — g)/t converges
in L2(R*) as t — 0%, then Ag = —¢ - V,g + |n°9 € L*(R?*?). We thus have
D(A) C D(L), and the operators A and L coincide on D(A).

PROPOSITION A.3. We have D(A) = D(L) and thus L is the generator of the
Co-semigroup 3(t).

Proof. Let g € D(L). We prove that g € D(A). By Lemma A.2 we have
(A.19) (B(t)g — 9)/t =€ Vg —InfPg  in Z'(R*).

We claim that (X(t)g — g)/t is bounded in L?(R??). With (A.19), this implies
that (X(t)g — g)/t converges weakly to & - V,g — |n|*g = —Lg in L?>(R*¥). Then,
(2(t)g — g)/t converges to —Lg in L?(R??), as its weak convergence is equivalent to
its strong convergence by Theorem 1.3 in [23, Section 2.1]. And thus g € D(A).

We now prove the claim made above. First, we assume that g € .#(R??) and
observe that M(¢,£,n) = (X(t)g)(§,n) is smooth. As we have

XM (t,&,m) = (£ Vpg(&,n+1t&) — In+t&Pg(&n + t))e” S insel? ds
= —Lg(€,n + t€)e Jo IntselPds

writing a first-order Taylor formula gives
1
(S(0g = 9)(€n) = M(t.n) = MO.6.) = ¢ [ 9M(ot.€.)do

1
= —t/ Lg(&,m+ to€)e Jo ntseds 4o
0
We then deduce
1
1209 — gllaqgony <t /0 |Lg(€, 1 + to€)| 2 gea) do = t] L 2 asay

This gives the claim, as .7 (R??) is dense in D(L), which can be seen by adapting
classical arguments (for instance, one can adapt the argument in Theorem 31.5 and
Lemma 31.1 in [24]). O
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We finally consider the non-differentiability property of the semigroup S(¢). It is
equivalent to that of X(t). For g € L*(R?*?), we have (Z(t)g)(&,n) = G(t,&,n), as
given in (A.18). If 3(t) were to be differentiable for ¢ > ¢y, then X(¢)g would be in

the domain of the operator L, by Lemma 2.4.2 in [23]. In the sense of distributions,
we find
(A.20) (=& Vy+ 1) G(t,€m) = k(& n + tg)e™ Iolreseds,
with k= (= &+ V, + [n[*)g. In fact, we have
§- VnG(tafan)

¢ , ,
= (¢ Vagt&n+19) = 2(6n+1) [ € (n-+ se)as)e I proeias

— (- Vyg(€,n +1€) — (¢|E2 +2t€ - ) g€, + t€)) e Jo Imtselds,
and thus
(=& Vo + )G, m)
= (=€ Vyg(€.n +6) + |n + t€2g(€,m + t€) e Jo Irrselds,

which gives (A.20).
If we choose g € L2(R??) lacking smoothness be such that k ¢ L2 (R??), it leads
to (— & Vy+ [n*)G(t, &, n) ¢ L*(R*), independently of the value of ¢ > 0.

A.2. Proof of Proposition 2.2. The first case of the proof, as well as the Duhamel
form (2.1) of the solution in this case, follows for instance from [3, Lemma 4.1.1 and
Proposition 4.1.6].

We now consider the second case, that is fo € L?(R??) and F' € L'(0,T; L?(R??)).
We set

J1(t) = S(t) fo, fa(t) :/0 S(t—s)F(s)ds

We have fl, f2 S ‘50([0,T]; L2(R2d)) with fl\t:O = f() and fg‘t:() = 0.
We start with the following result.

LEMMA A.4. Let x € €°(0,T). We have [;°x(t)f;(t) dt € D(K), j = 1,2,

and moreover
T
/ ) dt= [ N OA@
0

T
/ ) dt = /0 () f2(t) + X(OF (1)) dt.

Proof. For h > 0 we compute

T T
Fh = h='(S(h) — 1d) /0 () fa(t)dt = b~ /Ox<t>(5<t+h>—s<t>)fodt-
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Observe that, for 0 < h < 1,

T T+1

| xwseempa= [ xe-nswpa= [ e -nsopa

0 0

because of the support of xy. We thus obtain
T+1
Fo=nt [ (xlt =) = x@) At

With the continuity of ¢ — f1(t), in L?(R??), the Lebesgue dominated convergence
theorem yields,

T+h

T+1 T
lim F, = /0 V(O it dt = — /0 VO f (1) dt.

h—0t
Consequently, by the very definition of the generator of a semigroup (see e.g. (1.2)
and (1.3) in [23, Chapter 1]?), fOT x(t)fi(t) dt € D(K) and KfOT x(t)fi(t) dt =
Jo X' fa(t) dt.
We now turn to the term fy(t). Similarly, for A > 0, we set
T

Fu= (s —10) [ x(Op(0ar
T t
=ht —5)— -5 s)dsdt.
=7 [Tt [ (St =) = (=) F(s) dsa
Writing
T t T+1 t—h
/0 NG /O S(t+h— $)F(s)ds dt = /0 (=) /O S(t — $)F(s) ds dt,
we obtain

T+1
Fy=h"! /0 (x(t — h) — x(1)) fo(t) dt

T+1 t
—n! / x(t —h) S(t —s)F(s)dsdt.
0 t—h

With the Lebesgue dominated convergence theorem we obtain

T+1
lim By = — /0 (C(Of2(0) + X(OF (@) dt

h—0t
T
. /O (X (6 f2(t) + X (O F(1)) dt.

Consequently, fOT X(t) f2(t) dt € D(K) and

T T
K [ x00) dt= [* (VOLO + xOF0) d,
0 0
which concludes the proof. O

K

30Observe here that we consider S(t) = e " whereas one has e ™% in [23].
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Let x € €>(0,T) and ¢ € €>*(R?*!). With Lemma A .4, we find

T T
K t = () f(t
( /0 XORW o) = /0 XA A oy

yielding

T T
t tK g / t t
[ a0, e [ NORO),
and thus

(h Ex®e(e,v)) = (X Oel0)

with 2 = (0,T) x R??. This implies that f; satisfies (0; +v -V, — A,)f1 = 0 in
2'(2). Similarly we find

(£ ExOp(@. )

9'(2),6(2 7'(2),62(2)’

= (PN Oe))
+ (Fx®e(a,v)) :

7'(2),¢°(2)

(2),68°(2

yielding (0 + v -V, — Ay)fo = F in 2'(2). We have thus obtained the existence
part of the result with a solution given by the mild solution (2.1).

To prove uniqueness, as the equation is linear, it is sufficient to assume that
f € %°([0,T]; L2(R?%)) is such that
(O +v-Vo—Ay)f=0in 2(0,T) xR*),  fl—o=0,
and to prove that f = 0. This function is only defined for 0 <¢ <T. We set

0 if t <0,
w(t) =< £(t) fo<t<T,
S(t—T)f(T) if T <t
We have w € €°(R; L?(R??)) and we have, using the above argument,
(O +v-Vo—Ayw=0in Z'(R x R??).
Next, we choose x € €°(R) with supp(x) C [—1,1] and such that [ x(t)dt = 1.

We set w, = w & Xe (convolution in time) with x. = e~ !x(t/). We have
(A.21) (& +v-Vy— A w. =0in Z'(R x R*),

and supp(w.) C [—¢, +00)xR?? by the support theorem. We have w, € € (R; L?(R??))
and thus using (A.21) we find w. € €°(R; D(K)) and the Kolmogorov equation
(A.21) holds in the sense of functions. By the uniqueness part of the first item of
the proposition we find that w, vanishes. Since y. — ¢ as ¢ — 0 we finally find that

w also vanishes indentically. This gives the uniqueness result for the second item of
the proposition.
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A.3. Proof of Proposition 2.3. We denote by .% the Fourier transformation in
the z,v variables. We set g = .7 fp and G(t) = F f = F(S(t) fo)-
The proof of Proposition 2.1 gives by (A.18)

G(t, &) = g(&,n + t&)e™ Jo st ds,

Observing that fg In+ s&>ds = t(|n + t£/2)* + t]£]*/12) we find

—_31¢]12 _ 43|12
Gt &, )2 oy < e 1€/ /R g€ n+ ) dn = e g(E, 172 gay,

which yields the result by the Parseval formula.
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