N
N

N

HAL

open science

ON NONLOCAL QUASILINEAR EQUATIONS AND
THEIR LOCAL LIMITS

Emmanuel Chasseigne, Espen R. Jakobsen

» To cite this version:

Emmanuel Chasseigne, Espen R. Jakobsen. ON NONLOCAL QUASILINEAR EQUATIONS AND
THEIR LOCAL LIMITS. 2015. hal-01134618v1

HAL Id: hal-01134618
https://hal.science/hal-01134618v1

Preprint submitted on 24 Mar 2015 (v1), last revised 2 Dec 2016 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01134618v1
https://hal.archives-ouvertes.fr

ON NONLOCAL QUASILINEAR EQUATIONS
AND THEIR LOCAL LIMITS

EMMANUEL CHASSEIGNE & ESPEN R. JAKOBSEN

ABSTRACT. We introduce a new class of quasilinear nonlocal operators and study equations in-
volving these operators. The operators are degenerate elliptic and may have arbitrary growth
in the gradient. Included are new nonlocal versions of p-Laplace, co-Laplace, mean curvature
of graph, and even strongly degenerate operators. Our main results are non-trivial comparison,
uniqueness, and existence results for viscosity solutions of linear and fully-linear equations involv-
ing these operators. We also identify the conditions under which the nonlocal operators converge
to local quasilinear operators, and show that the solutions of the corresponding nonlocal equa-
tions converge to the solutions of the local limit equations. Finally, we give a (formal) stochastic
representation formula for the solutions and provide many examples.

Loosely speaking our results imply that for “any” quasi-linear 2nd order local operator, “any”
well-posed local equation, and “any” non-local Lévy type operator , there is a corresponding Lévy
type quasilinear operator and a well-posed non-local equation. Moreover, the solution of any such
local equation can be approximated by the solutions of a multitude of different non-local equations.

1. INTRODUCTION

In this paper we introduce a new class of gradient dependent Lévy type diffusion operators

Llu, Du] = (L1 + La2)[u, Du]

where
Li[u, Dul(x) = /}RP u(z + j1(Du, z)) — u(z) — j1(Du, z) - Du(z) du (z), (1.1)
Lo[u, Dul(x) = /}RP u(z + jo(Du, z)) — u(z) dus(z), (1.2)

and puq, pe are non-negative Lévy measures. In these operators the strength and direction of the
non-local diffusion depend on the gradient, and hence as we explain below, they are natural gener-
alizations of local (non-divergence form) quasi-linear operators of the form

Lo(Du, D*u) = %tr(o(Du)a(Du)TDQU) + b(Du)Du.

The operators are allowed to degenerate (j3 = 0 or jo = 0 in some set) and have arbitrary growth
in the gradient, so oco-Laplace, p-Laplace, and strongly degenerate operators are included.

Date: March 24, 2015.

2010 Mathematics Subject Classification. 35R09 35D40, 35J60, 47G20.

Key words and phrases. Nonlocal elliptic equation, quasilinear nonlocal operators, viscosity solutions, Lévy
processes.

E.C. is partially supported by Spanish Project MTM2011-25287, and E.R.J. is partially supported by the NFR
project Discrete Models in Mathematical Analysis (DIMMA).

1



2 E. CHASSEIGNE & E. R. JAKOBSEN

We want to study equations involving the operator L, and to simplify and focus on the new issues,
we study here the following special problem:

F(u,Du,L[u,Du]) = f(x) in RV, (1.3)
where we assume F to be (degenerate) elliptic and strictly increasing in u (D, F > 0). But for this
equation, we make an effort to push for very general results. First we obtain comparison, uniqueness,
stability, and existence results for bounded solutions of (1.3), results which are highly non-trivial

due to the implicit nature of our operators and our weak integrability assumptions. Then we identify
the limit problems where non-local operators converge to local ones,

Lc[u, Du] — Lo(Du, D*u) as e — 0,
and prove that the solutions u. of the corresponding non-local equations
F(u., Dus, Lefue, Dul]) = f(z)  in RV, (1.4)
converges locally uniformly to the solution of the local equation
F(u,Du,LO(Du,DQU)) =f(x) i RV, (1.5)

We refer to Section 2 for the precise assumptions and results. Here we just remark that (7) the weak
solution concept we use is bounded viscosity solutions, (ii) generators L of every pure jump Lévy
processes are included as linear special cases, and (iii) a typical special case of (1.3) satisfying our
assumptions is the quasi-linear equation

—L[u, Dul(z) + u(x) = f(x) in RY (1.6)
with bounded uniformly continuous f.

Let us illustrate our results on oo-Laplace type operators. In the local case (see e.g. [23]) this
is a diffusion operator with “diffusion” (Brownian motion, generator (—A)) only in the gradient
direction:

Asou(x) = tr[Du(x) Du(z)” D*u(x)] = (Du(z) - D)*u(x). (1.7)

Natural non-local generalizations are operators with e.g. a-stable diffusion (a € (0,2)) along the
gradient direction. The generator of the symmetric a-stable process is the fractional Laplacian [3],

Ccq dz
—(fA)O‘/Qu(z) = / u(x +2z)—u(z) — (z . Du(:r)) ]1|Z|<1—N+a ,
RN ||
and hence the corresponding non-local version of the oco-Laplace operator would take the form
a Codz
[,A/j [u](z) = / u(:c + Du(:c)z) —u(z) — Du(z) - Du(x)z 1|Z|<1W . (1.8)

Rl
This operator is in the form L with ji1 = Du -2z = jo, p1 = 1;j<1p, and p2 = 1), > 4, where
du = é‘r%. By our results, L = Ez/j gives rise to well-posed equations (1.3), and since

Ez/j [u] () = Ascu(z) as a— 27

for smooth bounded wu, it also follows that (possibly non-smooth viscosity) solutions of (1.4) with
L. = ElA_of will converge as e — 0 to the solution of (1.5) with Ly = A.

A similar construction can be carried out for “any” local (non-divergence form) quasi-linear oper-
ator and “any” Lévy diffusion, thereby producing a corresponding quasi-linear Lévy diffusion. Under
our assumptions this new operator is well-posed, and can approximate the original local operator.
This will be explained in Remark 2.7. In Section 3 we present a (formal) stochastic interpretation



of our equations and give many more examples. Included are several non-local versions of the co-
Laplace, the p-Laplace, and the mean curvature of graph operators; versions that are modulations
of singular integral operators and others based on bounded non-local operators. It is interesting to
note that the limit operator Ly will include also a drift term (b # 0) whenever the measures pz . in
the Lo-term has a non-zero mean value near z = 0, see assumption (M.) in section 2.2. The reason
is that in Lo this mean is not compensated by a first-order gradient term as in L;.

The litterature on non-local quasi-linear equations seems to be rather recent. In the calculus of
variations, such equations can be obtained as Euler-Lagrange equations by minimizing fractional
Sobolev norms (WP?:%-norms) [22, 15, 21] or truncated versions of such norms [2]. In the first
three papers, (variational) fractional p and oo-Laplace operators are introduced. In [14], a different
“variational” type of non-local operators is studied by non-variational viscosity solution techniques.
Non-variational non-local oo-Laplace type operators are introduced in [9, 8], and shown in [9] to be
connected to a sequence of Tug of War games. But none of these operators have an implicit form as
our operators do. Our operators are not variational, and among existing work they resemble most
closely the operators of [9, 8], especially [9]. However, whereas the operators in [9, 8] have bounded
dependence on the gradient but are discontinuous where it is zero, our operators are continuous
but may have arbitrary growth in the gradient. The operators in [9, 8] correspond to normalized
oo-Laplacians, which in the local case take the form (see e.g. [24, 23])

DuepE 2= = (D) 2) 40

while our version (1.8) corresponds to an unnormalized one (i.e. to Agou).

In this paper we work with viscosity solutions. This weak solution concept is not distributional
and does not involve integration. It is very well adapted to the implicit and degenerate form of
our equations. The solution concept was introduced by Crandall and Lions in the early 1980s to
get uniqueness of solutions of first order Hamilton-Jacobi equations. Later it has been extended to
wide rage of problems, including many non-local ones. The standard reference for local problems
is [13]. For non-local problems, we ounly refer to [7, 18] for the basic well-posedness theory for
problems posed in the whole space. But we mention that there is a large literature on regularity and
properties of solutions, asymptotic problems, boundary conditions, approximations and numerics,
relation to stochastic processes, applications etc.. The problems we consider here represent a natural
class of non-local quasi-linear equations where the viscosity solution techniques still apply and give
comparison and uniqueness.

In fact we have optimized the assumptions to allow for very general dependence on the gradients
in L and F at the cost of no dependence on the variable ! We have also made an effort to optimize
the assumption on j; and p;. In both cases our assumptions are much more general than in [7, 18].
In the doubling of variables argument of the comparison proof, these differences to [7, 18] are e.g.
reflected in a different choice of test function and two of the limits being taken in the reverse
order. Existence, on the other hand, does not follow from clever modifications of commonly used
arguments. Because of the implicit form of the equations, with the gradient dependence in j; and
J2, compactness arguments do not work and it seems not possible to adapt Perron’s method either.
Instead we propose a new non-trivial argument based on a so-called Sirtaki method inspired by [5].
The argument involves several regularization and approximation arguments, a Schauder fixed point
argument, and several limit problems. In each limit problem, we show that a limit exists and solves
the relevant equation by the half relaxed limit method combined with strong comparison results for
the limit equations.
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At the cost of longer and more technical arguments, one can of course relax the assumptions of
this paper. For example we could consider less degenerate equations without the assumption that
D, F > 0, like uniformly elliptic or even p and oo-Laplace equations. We could also have considered
equations on domains with boundary conditions. In section 6, we give the extension to the parabolic
case (Cauchy problems). Finally, we mention that in the upcomming paper [1], we will study the
local limits of non-local equations under assumptions that are optimized w.r.t. the z-dependence.
In this case we also give explicit convergence rates.

Outline. We present the main results in Section 2 and give several examples and a stochastic
interpretation in Section 3. Then, precise definitions of viscosity solutions appear in Section 4 and
the proofs of the comparison, existence and concentration results are given in Section 5. In Section 6
we extend our results to parabolic problems, and in the appendix at the end of the paper, we give
the proofs of some technical results we need.

Notation. The notation UC(RY) denotes the set of uniformly continuous functions defined on RY
and BUC(RY) is the space of bounded, uniformly continuous functions; usc [resp. Isc | stands
for upper semicontinous [resp. lower semicontinuous]; the spaces C'/C? are the spaces of functions
having continuous first-order / second-order derivatives; C% O stand for the usual Holder spaces;
Cy denotes the space of continuous, bounded functions; limsup™ and liminf, are the half-relaxed
limits (more precise definitions in the text where they are used); we denote by 14 the indicator
function of the set A; a modulus of continuity is a subadditive function w : Ry — Ry such that
lim,_ .o+ w(s) = 0; the notation a A b stands for the min of @ and b, a V b is for the max and
sT = max(s,0). Note that in this paper z € RV for N > 1 while z € RY for P > 1; finally, R"*?
denotes the space of matrices with P rows and ) columns.

2. THE MAIN RESULTS

The results of this section essentially implies that for “any” quasi-linear 2nd order local operator
Lo, “any” well-posed local equation (1.5), and “any” non-local Lévy type operator, there is a cor-
responding Lévy type quasilinear operator L and a well-posed non-local equation (1.3). Moreover,
the solution of any such local equation can be approximated locally uniformly by the solutions of a
multitude of different non-local equations.

2.1. Comparison, uniqueness, and existence. Let us first list the assumptions under which we
construct a general existence and uniqueness theory for (1.3):

(M) w1 and ju are non-negative Radon measures on R\ {0} satisfying

/z>0 |Z|2d,u1(z) +/ d,u2(z) < 00.

|z|>0

(J1) j1(p, 2) and ja(p, z) are Borel measurable functions from RY x R¥ into RY, continuous in p
for a.a. z € RF and for any r > 0 there is a Cj,. > 0 such that for all [p| < r,

/ 1, 2)? dun (2) < i
|z|>0

(J2) For any r > 0, there is a modulus of continuity w;, such that for all |p|, |¢| < r,

/| 2 il 2 i (2) S wiep—a).



(J3) There exists g > 0 such that for any r > 0 and £ > 0 there exists > 0 such that

sup [ 1ii(p, 2 duaz) <

[p|<rJ A
for every Borel set A C {0 < |z| < do} such that [, [2[*u1(dz) <.
(F1) F is continuous, and for any w,p, and ¢ < ¢, F(u,p,l) > F(u,p,?).
(F2) For any M > 0, there exist s > 0 such that for all p € RV |ul, [v| < M, and [ € R,

F(U,p,l) - F(’U,p,l) > FYI\/[(U - ’U)+ .
(F3) For any M,r > 0, there exists a modulus of continuity wps, such that for any |u| < M and
Ipl: gl 1], 1] <,
}F(u,p,f) — F(u,q,f’)} <wm(lp—ql + 10 —1]).

(F4) f ¢ UC(RN).
(F5) f € BUC(RY) and all quantities in (F2), (F3) are independent of M.
We give now the precise results and refer to Section 5 for the proofs.

Theorem 2.1. (Comparison results)

(a) [Quasi-linear case] Assume (M), (J1)~(J2), and (F4). If u : RN — R is a bounded usc
subsolution of (1.6) and v : RN — R is a bounded Isc supersolution of (1.6), then u < v in RV.

(b) [Fully non-linear case] Assume (M), (J1)~(J2), (F1)~(F4) hold. If u: RN — R is a bounded
usc viscosity subsolution of (1.3) and v: RN — R is a bounded lsc viscosity supersolution of (1.3),
then u < v in RN,

We have the following immediate consequences of this comparison result.
Corollary 2.2. Under the assumptions of Theorem 2.1:
(a) [Uniqueness] There is a most one solution u € Cy(RYN) of (1.3) (respectively of (1.6)).
(b) [Uniform continuity] Any solution u € C,(RY) of (1.3) (respectively of (1.6)) belongs to
BUC(RY) and

v wy(h) < wy(h) (respectively wy(h) < wy(h)),
where M = ||u|loo and wy(r) =  sup  |p(z+y)—¢(z)| denotes the modulus of continuity of p(x).
z€RN, |y|<r

(¢) [L*°-bound] If also (F5) holds with yar = v (independent of M ), then any solution u € Cy(RY)
of (1.3) (respectively of (1.6)) satisfies

Mulloo < Ifllec (respectively [Jufloc < [|f]]o0)-

Proof. (a) is immediate from Theorem 2.1, while (¢) follows since :I:% I fllco are super and subsolu-
tions of (1.3). To prove (b), note that vy (z) = u(z + h) £ —~w;(|h|) is a super and subsolution of

Ym

(1.3). By Theorem 2.1, v_(x) < u(x) < vy (), and hence |u(z) — u(z + h)| < =w(|h]). O

- ™M

Theorem 2.3 (Existence). Under the assumptions of Theorem 2.1, (J3), and (F5), there exists a
unique bounded viscosity solution u € BUC(RY) of (1.3) (respectively of (1.6)).

Let us now briefly comment on the assumptions.
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Remark 2.4. (i) pp and po are Lévy measures [3] by (M). Conversely, any Lévy measure p can be
written as pq + pe for py and po satisfying (M):
po=plpzcr + pllz>0 =g+ pe

(74) Assumptions on j are optimized w.r.t. the dependence in p at the cost of no dependence on z!
A typical example is

where z € RY and j : RN — RV*F only needs to be continuous. (J1) and (J3) follow from the
stronger assumption |j;(p, z)| < ¢|z| for z near 0. (J3) implies that {‘Jl(p’z)‘ }|p|<r is |z[2p1(dz)

equi-integrable on {0 < |z| < §} for any 6 < dy, ¢f. Appendix A. We need it to construct solutions
under our general assumptions but not for comparison.

(ii1) By (M), (J1), and a Taylor expansion, L[¢, D¢|(x) is well-defined for any ¢ € C? (RN )NCy (RY).

(iv) (F2) implies degenerate ellipticity and strict monotonicity in u, while (F3) allows for very
general p-dependence at the cost no z-dependence. Compare (F3) to e.g. assumption (3.14) in [13].

(v) The assumptions on integrability and p-dependence of j and the (p,l)-dependence of F' of this

paper are much more general than e.g. in [18, 7].

2.2. Local limits. We also study the convergence of solutions of the nonlocal equation (1.4) to the
local equation (1.5), including separate results for the quasi-linear case where (1.4) and (1.5) take
the simpler forms

—L.[uc, Dul](z) + uc(z) = f(x) in RY, (2.1)
—Lo(Du, D*u) + u(z) = f(z) in RY, (2.2)

where the local operator Lg is precisely defined in Definition 2.5 below. Concerning (2.1), we use
the decomposition L, = L . 4+ Lo . with

Liclg, Dol (x / ¢(x + ji(Dp(x), 2)) — ¢(x) = 6i1 §i(DP(x), 2) - D(x) dpie, i =1,2,

where d;; = 1 if 4 = 1 and 0 otherwise. In order to prove the convergence result as ¢ — 0 we need
the following additional assumptions:

(M.) pe = (1, po,c) satisfies (M) for every e > 0, and there exists A, A2 € RN and a € RP
such that for every Y € RP*FP g ¢ RP and § > 0,as e = 0

/ 2TY 2 dpy . — tr[ATY Ay,

|z|<d

/ 'Yz +4q-2) duse — tr[ATY Ay] +a - g,
|z|<d

/ (dp1e + dpsge) — 0.
[z|>0

(J4) For i = 1,2, the function (p,z) — ji(p,z) is continuous, z-differentiable at z = 0 locally
uniformly in p, j;(p,0) = 0, and the function o; : RN — RN¥*P defined by
o:(p) :== D.ji(p,0), is continuous.

RNXN

Definition 2.5. For any vector p € RN and matriz X € , we define:

Lo(p, X) := %tr[?fl (p)a1(p)" X] + %tr[aa (p)a2(p)" X| +b(p) - p



where 5;(p) == 0;(p)A;, i = 1,2, b(p) := aT oa(p), for A1, As, a, o1, o2 given by (M) and (J4).

The limit result is the following:
Theorem 2.6. (Local limits) Let Lo be given by Definition 2.5.

(a) [Quasi-linear case] Assume (M.), (J1)~(J4) and (F5). Then any sequence of solutions u. of
(2.1) converges locally uniformly as e — 0 to the solution u of (2.2).

(b) [Fully nonlinear case] Assume (M.), (J1)—(J4), and (F1)—(F5). Then any sequence of solutions
ue of (1.4) converges locally uniformly as e — 0 to the solution u of (1.5).

Remark 2.7. (i) (M.) is a concentration assumption implying e.g. 27Yz 1 o(dz) — tr[ATY A1]do
in measure. This is a convergence result for measures in R” and not in RY. Note that a plays
a role only for the Ls-part of L. Ilustrative examples are the following singular and truncated
(2 — e)-stable like Lévy measures:

9(2) :
pi1,e(dz) = WVTH‘ z<adz where  lim g(z) = g(0) #0,

9(2)

p2e(dz) = EWHE<|Z|<1dZ where gis C* at z =0 and g(0) # 0.
Both satisfy (M.): p1,. with A3 = g(0)I, Ay = 0, a = 0 and pg. with 47 = 0, Ay = ¢(0)I,
a = Dg(0).
(ii) By (J4) and Definition 2.5,
Lo(p, X) = tr[A1 Y1 A1] + tr[AsY2As] +a - g
for Y; = 0;(p)T Xo;(p) € REXF i =1,2, and ¢ = o2(p)p € RE.

(#i) If (F5) and (J4) (and (F1)—(F3)) hold, there exists a unique viscosity solution of (2.2) (and of
(1.5)) satisfying the strong comparison principle, c¢f. Theorem 5.1 in [13] and Lemma 5.14 below.

(#4i) We may specify (“any”) o(p) first, and then for every Lévy measure (p1 e, fi2,c) satisfying the
concentration assumption (M), we get a non-local approximation L. of the local operator Ly.
Moreover, the corresponding equations, (1.4) and (1.3), are well-posed with solutions that converge
to one another under very general assumptions.

3. STOCHASTIC INTERPRETATION AND EXAMPLES

3.1. Stochastic interpretation. Formally equation (1.3) is always the Dynamic Programming
Equation of an implicitly defined stochastic control problem or game. E.g. the solution u of (1.6)
satisfies formally

u(z) = B° ( /0 Tt f(Xt)dt) (3.1)

where X; is a pure jump Lévy-Ito process satisfying

Xt—x+//||>0 (Du(X,-), 2)N1(dz, ds) //||>O (Du(X,-),2)Na(dz, ds),  (3.2)

where N is a compensated Poisson random measure, N» is a finite intensity Poisson random measure,
and E? is the expectation w.r.t. the law of X (which starts at ). By a Lévy-Ito process we mean a
Lévy type stochastic integral defined in Chapter 4.3.3 in [3], and we refer to e.g. [3, 12] for definitions
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of the other probabilistic terms mentioned above. Formally, the generator A of X; is given by the
formula

Au(z) = L[u, Dul(x)
for w in the domain of A (equation (6.36) in [3]). Moreover, X; generates a semigroup T} defined by
Tio(y) = EY¢(X/) with the convention that X = y almost surely, and w is then the 1-resolvent Ry
(chapter 3 in [3]) of this the semi-group applied to f, i.e. Ry f(x) = lu(z). By the resolvent identity,

u—Au=(I—-A)R:f(z) = f(z) in  RY,

ie. wu satisfies equation (1.6) at least formally. To make this discussion rigorous, we need the
assumptions of section 2 and some additional ones including smoothness of u. Following chapter 6.7
in [3], it suffices to assume in addition that Assumptions 6.6.1 and 6.7.1 of [3] hold. We do not state
them here, we only remark that they are satisfied if e.g.

J1(p, 2) = j(p)z with j € W22, 0 < p(dz) with o € (0,2), ueC?and f€Cy.

< z
— |Z|N+a

Note that then Du is bounded and Lipschitz. In this case it follows from Theorem 6.7.4 of [3] that

T; is a Feller semi-group with generator A as above and that w is in the domain of A. By Theorem

3.2.9 of [3] the resolvent R; exists and satifies the resolvent identity above for any f € Co(RY).
We have the following result:

Proposition 3.1. If u and X; satisfy the assumptions mentioned above and (3.1) and (3.2) hold
(in the strong sense), then u is a classical solution of (1.6).

3.2. Examples. We introduce now some classes of quasi-linear non-local operators with special
focus on operators of p-Laplacian, co-Laplacian, and mean curvature of graph type. Recall the
definitions of the local and fractional co-Laplacian in (1.7) and (1.8). To define other non-local
operators we need the following Lemma.

Lemma 3.2. Letp> 1,7, = —-1++/p—1and I be N x N identity matriz.
£®¢
¢
_ E®¢ §®¢ (1 _ 1 )
1+ [¢[? 112 V1+[EP?

(¢) The functions a(€) and |«£|pr2%(£), p > 2, are continuous in RY.

(a) I+(p—2) = ap(é)ag(f) where ap(§):=I1+rm,

58
= a(¢)a’ (&) where a(g):=1-

(b) I

The proof is straightforward, using that rf, + 7, =p— 2. In view of the lemma,

Asou(x)
|Du($)|2)

= tr[|Du(z)P"*D*u(z)] + (p — 2)tr[|Du(z)[P~* Du(z) Du(z)" D*u(z)]

Apu(x) = div(|Du(m)|p72Du(ac)) = |Du(x)|P~? (Au(ac) +(p—2)

=tr [Jp(Du(x))Jg(Du(x))DQu(z)] where op(§) = |§|p%2ap(§),

_ div Du(zx) _ 1 () — Au(z)
H{u)(w) = div 1+|Du(m)|2) 1+|Du(m)|2(A (@) 1+|Du(w)l2)

= tr(6(Du(x))sT (Du(x 2u(z where o :&

= tr(3(Du(@))6” (Du(@)) D*u(x))  wh ©= et

where ¢ and o, are continuous for p > 2.
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First type of examples: Quasilinear versions of every generator of pure jump Lévy processes [3]. E.g.
non-local fractional Laplace type operators,

Ez/j [u](z) already defined in (1.8),

Ez/f[u](:c) = /]RN u(z + op(Du(x))z) — u(z) — op(Du(x))z - Du() ]1|Z|<1|ZC|O¢Tdi,

ptet p—2 p—2 Co dz
EXP0e) = [ u(e+ |Du@)|F2) — u(o) - [Duf@)| 2 - Dulw) 1y s
Co dz

+(-2) [ u(z+|Du)|"* Du(z)z) — u(x) — |Du(@)| "= Du(x)z - Du(x) L.jc e
R1 |2

Co dz

E?{/Q[u](l‘) _ /RN u(ac + &(Du(ac))z) —u(x) — o (Du(z))z - Du(x)l|; 1«1 o[V -+

where p > 2 and ¢, = O(2 — a) is the constant of A®/2. The fractional Laplacian is the generator
of the symmetric a-stable process, and the above non-local versions can be seen “generators” of

gradient dependent modulations of this process. To be more precise, EaA/j is a nonlocal version of
the infinite Laplacian operator; both L',Z/p % and [',Z/p % are nonlocal versions of the p-Laplace operator,

depending on how we write it; finally E?{/ % is a nonlocal version of the curvature operator H. Note
that these operators are of the form L = L; + Ly where both Ly # 0 (]z] < 1) and Ly # 0 (|z] > 1).

Second type of examples: Quasilinear versions of the generators of some Lévy-Ito jump-processes
defined by stochastic differential equations (SDEs) driven by pure jump Lévy processes [3, 12]. An
example is the operator from the CGMY model for the price of a European option in Finance [12],

671\/[z+7Gz7 P
fute) = [ ot 2) = ate) - Duto)(e* - 1)

for C,;G,M >0,Y € (0,2), and the following new non-local infinity Laplacian (compare to EaA/j ):

— +_ -
Col MzT—-Gz dz

jgf[u](:c) = / u(x + Du(:c)z) —u(z) — Du(x) - Du(x)(e® — 1) EES
Rl

In this case Ly # 0 and Ly = 0, and L = jg:f is a gradient dependent modulation of £. Here £ is not

the generator of a Lévy process, but the exponential of a Lévy process [12] (after a transformation).

The driving (Lévy) process here is a tempered a-stable process [12]. Other quasilinear versions

(p-Laplace etc.) can be easily be constructed as above.

Remark 3.3. Since we do not allow for a-dependence in j; and jo at the level of the PDE (1.3), we
can only consider generators of very special SDEs. In the example above the coefficients in the SDE
will depend on X, but after a change of variables this dependence is lost in the corresponding PDE.

Third type of examples: Versions of the above non-local operators with truncated and hence non-
singular measures. Simply replace du(z) in the definition of L by 1., du(z), e.g.

EZ/jT[u](x) = /]R1 (u(m + Du(m)z) —u(z) — Du(x) - Du(x)(e* — 1)) 1|Z|>T%,

where g(0) # 0 and g is C! at z = 0. Note that here L = EZ/:’T with Ly = 0 and Lo # 0, and (M,)
holds with Ay = g(0)I and a = Dg(0).
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3.3. Remarks.

(a) [Continuity in a,p] All the operators above will be continuous in (a,p) € (

— O
[N}
X
w
g
g
=

example for any bounded C? function ¢ and sequence (a/,p’) — (o, p) € (0,2) x [2,00),
L% — £%¢ in RV,
(b) [The limit o — 2] If w is smooth and bounded, then by easy computations,
£l TP — Asou, L3P0, L3P — Apu, L5 [u] — Hu),

and Ez/j’%a[u] — 9(0)Asu + Dg(0)Du

point-wise as o — 2. Hence all of these operators converge to their local counterparts including the
truncated ones. These latter operators also give rise to a drift term (when g is non-symmetric!).
Note that in these examples assumption (M.) hold with a =2 —¢e, A=1T or A= ¢(0)I, and a =0
or a = Dg(0).

(¢) [ Growth assumptions| Our assumptions allow for extreme growth in the gradient and non-local
terms. Our results cover the equation
u— F(L[u, Dul(z)) = f(z)

for any continuous nondecreasing function F' and any good operator L as above, e.g.

)

U — (eLAP [l _ 1) = f(x) for any p> 2.

4. VISCOSITY SOLUTIONS

In this section, we introduce the good notion of weak solution for equation (1.3). We prove that
we have two equivalent defintions and that the solution concept is stable with respect to pointwise
limits of uniformly bounded solutions.

We start by splitting L; in (1.1) into two parts: L; = Ls + L? for § > 0, where
Lo, Dol(x) = [ 0la+ (Do), ) ~6() =1 (D9(@),2) - Dote) dn(2)
z|<

(4.1)
Lo, pl(z) = / (@t j1(p.2)) —u(@) — 1 (p.2) - p dua(z) (pERY).

|z|=6

In view of (M), Ls is well-defined for any C? function ¢ and L? for any bounded function u. Likewise,
the operator La[u, p] is also well-defined for any p € R and bounded measurable function u. Now
we can introduce the concept of solutions that we will use in this paper.

Definition 4.1.
(a) A bounded usc function u is a viscosity subsolution of (1.3) if for any § > 0, any C? function
¢, and any global mazimum point x of u — ¢,

F(u(z), D(a), Ls[o, Do)(2) + L[u, Dé](w) + Lalu, Do)(x)) < f (). (4.2)

(b) A bounded Isc function u is a viscosity supersolution of (1.3) if for any 6 > 0, any C? function
¢, and any global minimum point x of u — @,

F(u(2), Do(), Ls[6, D](x) + L[, DY)() + Lafu, DY]()) > f(x). (43)
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(¢) A viscosity solution is a bounded continuous function u which is both a subsolution and a super-
solution.

Another possible definition is the following:

Definition 4.2.
(a) A bounded usc function u is a viscosity subsolution of (1.3) if for any bounded C? function ¢,
and any global mazximum point x of u — ¢,

F(u(x), Dé(x), Lig, Del(x) ) < f(x). (4.4)

(b) A bounded Isc function u is a viscosity subsolution of (1.3) if for any bounded C? function ¢,
and any global minimum point x of u — ¢,

F(u(z), D(x), L[, Dé](x)) > f(z). (4.5)

(¢) A viscosity solution is a bounded continuous function u which is both a subsolution and a super-
solution.

Remark 4.3. We may assume without loss of generality that the extrema of u — ¢ are strict and
that ¢ = u at the extremal point. The latter comes from shifting the test function by a constant.
To make an extremum (say a maximum) point x strict, we replace ¢ by ¢ + ¢ where § > 0 and

¥ € C2(RN) n W (RY), =0 and Dy =0 at z, and 1 > 0 elsewhere,
and send § — 0 in the final step of the proof. As opposed to the local case, the J-terms will now be

visible throughout the computations and vanish only in the final step.

Lemma 4.4. If (M), (J1), (F1), and (F4) hold, then Definitions 4.1 and 4.2 are equivalent.

Proof. The proof is pretty standard [26, 4, 18, 7]. Since (u — ¢) has a max in z, L[u, D¢](z) <
L°[p, D¢](z) and Lo[u, Do|(x) < Lo[¢, Dp|(x), and hence by (F1), (F4), and since L = Ls+ L+ Lo,
inequality (4.4) follows from (4.2). Conversely, we may assume the max is strict (see Remark 4.3).
Then there exists a smooth and uniformly bounded function ¢. such that u < ¢. < ¢ and ¢ — u
a.e. as € — 0. It immediately follows that also u — ¢. and ¢. — ¢ have maximum points at x. Hence,
since D¢ (z) = D¢(x) and by the definition of L (monotonicity and L = Ls + L° + Ls),

L(¢e, Doc)(x) < Ls[¢, Do) (x) + LO[¢e, Dl(x) + Laloe, Do) ().

Hence, by inequality (4.4) with ¢. replacing ¢, inequality (4.2) with ¢. replacing u follows. Now
we conclude by sending ¢ — 0, using (M), (J1), (F1), (F4), and the dominated convergence
theorem. 0

Next, we show that this solution concept is stable with respect to local uniform limits, to so-called
half-relaxed limits, and more generally to very general perturbations of the equation. Consider
F. (ue, Du,, L[uc, Dug]) = f-(2) in RY, (4.6)
where (fe, Fz, Le := L1 + Lo ) satisfy (F4), (F1), (M), and (J1) for each fixed £ > 0, and where
L1 .[u, Du](x) = / u(m +j17E(Du,z)) —u(z) — j1,e(Du, z) - Du(z) dps (),

RN

Ly .[u, Du](x) = /RN u(m + jo.e(Du, z)) —u(z)dpg(2).
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Then we define the “half-relaxed limits”:

u(x) := limsup u.(y) and w(z):= liminf wu.(y). (4.7
y—x,e—0 y—x,e—0
f(z) == limsup f-(y) and f(z):= liminf f.(y). (4.8)
y—x,e—0 y—x,e—0
F(u,p,l) := limsup F.(v,q,m) and F(u,p,l):= liminf  F.(v,q,m). (4.9)
(v,q,m) = (u,p,1) (v,q,m) = (u,p,1)
e—0 e—0

Lemma 4.5 (Stability 1). Assume {fc, F:, L.} satisfy (M), (J1), (F1), (F4) for any e > 0,
limigt L.[6. Dol(e) < L(6. Dol(x)  (resp. linsup Lelo, Dol(w.) > Ll Dol(2))
E—

for all bounded ¢ € C? and all sequences . — x, and that {u:}eso is a sequence of uniformly
bounded subsolutions (resp. supersolutions) of (4.6).

Then u(x) is a subsolution (resp. u(x) supersolution) of (1.3) with (f, F) replaced by (f, F) (resp.
(f, F)).

We also have the following stability result.

Lemma 4.6 (Stability 2). Assume (M), (J1), (F1), (F4) hold, and {us}aca, for a set A, is a
family of uniformly bounded subsolutions (resp. supersolutions) of (1.3).

(a) If for any n, u,, is continuous and u,, — u locally uniformly as n — oo, then u is a continuous
bounded subsolution (resp. supersolution) of (1.3).

(b) w:=Sup,c 4 Uq is a subsolution (resp. v =inf,ca uq is a supersolution) of (1.3).

The proofs follow after the next remark.
Remark 4.7. (i) Similar type of results can be found in [7], but without variation in L.

(74) Compare Lemma 4.6-(a) to the no stability w.r.t. local uniform convergence result of [9]. In [8]
there is stability, but the non-local operators are more different from ours than in [9)].

Proof of Lemma 4.5. The proof is quite standard, see e.g. [7] (Theorem 2) for a similar proof. We
only do the subsolution case since the supersolution case is similar. Assume ¢ is C? and bounded
and @ — ¢ has a global maximum at x, we will show that inequality (4.4) holds and we are done.

Modifying the test function if necessary (as in Remark 4.3, assuming also ¢ (y) = 1 for |y| > 1),
we may assume the maximum is unique, strict, and can not be attained at infinity. In fact, we may
assume that

(@ —¢)(x) > | Eu% (a—9)(y) for any 7> 0. (4.10)

Then we take a subsequence such that @(z) = lim. u.(z.), and note that by (4.10) and classical
arguments [10, Lemma V.1.6], we may find a sequence {y.}. such that

ue — ¢ has a global maximum at ., Ye — T, and ue(ye) = u(x).
Since u. is a subsolution of (4.6),

Fa(ua(ya)aD¢(y6)ala) < fs(ya) where le = L8[¢aD¢](98)-

By the construction of y. and the assumption of the Lemma,
liminf I. < L[¢, D¢](x). (4.11)
g
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Hence if we take a further subsequence in ¢ such that l. — liminf. [, then by the definition of
(f,F) and continuity, (F1) and (F4),
E(u(z), Do(z), liminf 1.) < f(x).
€
and inequality (4.4) then follows from (4.11) and monotonicity (F1). O

Proof of Lemma 4.6. (a) Let ¢ be C? and bounded and . — x. By assumptions (M) and (J1),
and the dominated convergence theorem,

lim L[6, Dg)(z.) = Lig, Dg](x).

Hence by Lemma 4.5, w(z) = limsup wu,, (y) is a (bounded) subsolution of (1.3). Since u,, is
Y—x,n—00
continuous and u,, — w locally uniformly, it follows that @ = « and w is continuous.

(b) The proof is similar to the proof of Lemma 4.5 and we only do the subsolution case. Assume u— ¢
has a strict global max at x. By the definition of the supremum, there is a sequence ug, () — u(z)
as k — oo. As in the previous proof we may find a sequence {yi}x such that such that

Uq, — ¢ has a global maximum at y, Yk — T, and U, (Yi) = u(z).

Since ug, is a subsolution of (1.3),

F(ua, (yr); Do(yr), lx) < f(yx)  where I = L[p, Dg|(yx).

By the construction of yi, assumptions (M) and (J1), and the dominated convergence theorem,
and then by the continuity, (F1) and (F4), inequality (4.4) holds. O
5. PROOFS OF THE MAIN RESULTS

5.1. Proof of Theorem 2.1 (comparison).

Proof of Theorem 2.1-(a). We proceed by contradiction, assuming that M := sup (u —v)>0.
Let ¢, R > 0 and define

(I)E,R('Tay) = ’LL(.’L') - U(y) - ¢($, y)a (51)
where )
x y)
- _ =z =z 5.2
ow,y) = el —y) +v(5)+v (%) (5:2)
and , 1 are smooth bounded radially symmetric and radially non-decreasing functions such that
2 f 1 f 1
() = |z|* for |z] < and W(z) = 0 or x| < 3
2 for |x| > 4 2(Jlulloo + llvlloe) + 1 for |z| > 1

By penalization (the i-terms) the supremum of ®. g is attained at a point (Z, 7), and since M > 0
this supremum is positive when R is big enough (see 1) below):

M g := max P, p = ®(z,7) > 0.

For the sake of simplicity we drop the reference to e, R for the maximum point. By the inequality
®(z,z) + D(7,9) < 20(z,7), it follows that Z¢(Z — §) < u(Z) — u(y) + v(Z) — v(¥), and hence

P(@ = 7) < (lulloo + [[v]loc)e”. (5-3)
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By taking € > 0 small enough, we can always assume that
p(z—g)=lz—g and  (Dp)(T-7) =2z~
In particular, |z — 7| < (||ulls + ||v]|co )€ and this estimate is independent of R.

From the maximum of ®. p it follows that u(x) — ¢(z,y) has a global maximum point at
and v(y) — (—¢)(Z,y) has a global minumum point at §. Subtracting the corresponding viscosity
inequalities for u and v (cf. Definition 4.1) gives for any ¢ > 0 that

05— (Lzs[sb(wﬂ), D.dl(2) - Lsl(=)(@, ), Dyw)}(g))
. <L5[U, D.4)(z) - Lo, Dy<¢>]@>>

~ (Eali D201(@) - Lalo, Dy (-0 )

= (f@) = f@) + (w(@) — v(7))
>—Ii—I'— L —wi(@—7) + (u(®@) —v()). (5.4)
The strategy is now to estimate Is, I°, and I, and prove that when sending first § — 0, then
R — oo, and finally € — 0,

lim sup lim sup lim sup (L; + 10 + 12) < 0.

e—0 R—o0 6—0

We will also show that
lim sup lim sup lim sup (u(zZ) — v(y)) > M, (5.5)

e—0 R—o0 §—0

and hence by the viscosity inequality (5.4) we get the contradiction that concludes the proof:
0> M.
We proceed in 4 steps:

1) We show that (5.5) holds. First note that u(Z) — v(y) = Me r + ¢(Z,7) do not depend on ¢.
Then by the maximum point property, it follows that

M. g —.:=sup (u(z) —v(y) — 6—1250(:16 - y)) and V(E) + (%) =0

as R — oo (see Lemma 2.3 in [19]). Observe now that M < M. < M, for ¢ < &', and hence by

monotone convergence, M, N\, M for some M > M. Since = lim sup lim sup lim sup (u(g’c) — v(g)),
e—0 R— 00 6—0
we are done.

2) To estimate the Is-term, we Taylor expand to find that
z|<
. _ 2
<ID%0lke [ [i2(Det(@9)2) ds(2) = os(1)
z|<
for fixed €, R > 0. Here the 05(1) comes from assumption (J1) and dominated convergence as § — 0.

After a similar estimate for Ls[—¢, D,(—¢)], we conclude that I5 — 0 as 6 — 0 and £, R > 0 are
fixed.
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3) We estimate I°. Using the notation jz(2) := j1(D.¢(Z, %), 2) and jz(2) := j1(Dy(—8)(Z, %), 2),
and the maximum point property of ®. g,

Q. r(T + jz, U+ jg) < O r(Z,7),

we see that

< /6<| | (aﬁ(f + Jz(2), U+ j5(2)) — 6(Z,9) — Dad(Z,9) - ja(2) — Dyo(Z,7) .jg(z)) dpun(2).

Since D?¢ is bounded and |D?*(%)| < gz [[D*)]|s < 00, a short computation using Taylor expan-
sions shows that

1< /5 ., (1D lecliz() = 35() " + g I D*loe (32 2 + lig(IF) ) dia(2).

To proceed we compute the gradients,

D6(.) = pe + £DU(E). Dy(~0)(E.5) = pe ~ kDU(E), po= 20D

and note that for fixed € > 0, they are uniformly bounded for R > 1 by estimate (5.3). Hence, there
is 7= > 0 such that |D¢(Z,y)| < re for all 6 > 0 and R > 1, and then by assumptions (J1) and (J2),

I° < O(%)wjr. (D20(Z,5) — Dy(—)(2,7)) + O(32)Cior.
< O(H)wjr. (O(F)) +O(3:)Cjir. -

We first send 6 — 0 since nothing depends on ¢ on the right-hand side, and then we send R — oo
and find that

lim sup limsup 1° < 0.
R—o0 6—0

4) Finally, we estimate I5. First note that by the maximum point property, the positivity of ¢,
the calculations of gradients in (c¢), and estimate (5.3),

< [ oot da(ot RDUE): )0+ dalpe — RDUE).2)) - 0(0.0) dpa(2)
|z|>0

<5 [ sw Le(et it EDUE),2) — (542 (0~ £DU(E),2)))
|z]>0 z,y RN
—p(z - y)} dpa(2)
+/Z>O¢(“j2(pf +§D¢<%>a2)) +w(yﬂ'g(pa—I—EDM%),Z)) o

=J1 + Js.

Now we send R — oo in J;. Then by compactness, p. will up to a subsegence converge to a limit
that we also call p.. By the boundedness of D) and p-continuity of ja(p, z) for a.e. z in (J1),

=0 for a.e. z.

lim sup |ja(pe £ §DU(5),2) — ja(p-: )

R—o0 TERN
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Hence since ¢ is a Lipschitz continuous function,

sup (7 =y = J2(pe + EDV($),2) + 2 (p = £DU(%),2)) — ola— )|
z,yeRN
< ID¢lke sup jz(pe + £DY(F),2) = ja(pe = HDU(H),2)

z,y€R

as R — oo for a.e. z. Hence, the Ji-integrand is a uniformly bounded function converging to 0 as
R — oo for a.e. z. Hence by the dominated convergence theorem (for fixed ¢),

limsup J; <0.

R—o0

Now we send R — oo in J3. Here we use the fact that
1/1(%)+1/1(%)—>0 as R — o0,

which is a simple consequence of the maximum point property (see Lemma 2.3 in [19]). Since jo is
locally bounded for a.e. fixed z by (J1) and % is continuous,

J2 (ps + %Dﬂ)(%), Z)

— 0 f .a.
R or a.a. 2

as R — oo, and hence

Q/J(i + ja (pe +§D¢(%)a z)

as R — oo. Since 9 is bounded, we can use the dominated convergence theorem to conclude that

) —¢(0)=0 fora.a. z

limsup Jy = 0.

R—o0

Since I, is independent of §, we can now conclude that

limsuplimsup /> <0,
R—o00 6—0

and the proof is complete. 0

Proof of Theorem 2.1-(b). Part of the proof is similar to the previous proof. We start by assuming
that M := sup{u(z) —v(z)} > 0 and consider the maximum M. g of

e r(z,y) == u(@) —v(y) — ¢(z,y),

where ¢ was defined in the proof of Theorem 2.1-(a). Since M, p — M, > M as R — oo, we may
assume that M, p > M /2 and u(Z) > v(g). Since u— ¢(-, 7) has a global max in z and v— (—¢)(z, )
has a global min in g, we subtract the corresponding viscosity inequalities and find that

F(u(@),pe + O(%), Lsl6( 7). D)(@) + L[u, Da) (i) + Lalu, Da)(2))

I{l?

= F(0@),p: + O(%), Ls[=0(5,), Dy(=0)](5) + L[v, Dy (=0))(5) + La[v, Dy (=) 7)) (5.6)

Iy
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We now estimate the different terms. By the estimates in the proof of Theorem 2.1-(a),
|Lslo 7). Dad] (@) ~ Lslé(@,), Dy () @)| = 0s(1),

|90, Dagl(@) — 1o, Dy (=) )| + | Lalu, Da6](@) — Lol Dy(~0))(@)] = (1+ 5 )or(),
and hence

11~ 1l = (14 25 ) (or(1) + 0s(1)).

By the order we will take the limits, we may and will always assume that terms on the right hand
sides are bounded (by 1 for example). oreover, by the estimates in the proof of Theorem 2.1-(a),

Do) < O(2 +3),

R
o 1 1
z|<

|Ls[—(Z, ), Dy(=0)|(7)] < ID2¢||oo/<6 j1(Dy (=) (2, 9), 2)|* dua(z) ,
| Lau, Dog](Z)| + |Lafv, Dy(=0)](@)] < 2(ullos V [[0]loc) pi2(RY),
and by the maximum point property,
L°lu, Dy¢)(%) < L°[¢(-, §), Do (T, 9))(Z)
< D26 / F(Dat(@, 7). ) dpa (=) — | D261 oc / Dy (=) (T, 5), 2) [ dpus (2)
[2]>0 |z|>0
< L°lv, Dy(—)](7) -

If € > 0 is fixed, then by (M) and (J1), these terms are uniformly bounded for R > 1 and ¢ > 0.
These and the previous bounds then implies that there is a C. > 0 such that

~C: < L°[v, Dy(=))(5) < L°[u, D29)(z) + [L°[v, Dy(=9))() — L°[u, D29)(z)| < C-,
and similarly we can show that |L°[u, D,¢|(Z)| < C.. Hence there is 7. > 0 such that

|D(z,9)| + L] + |1y < re forall R>1, §>0.
By (5.6) and the previous estimates, (F2), (F3), (F4), we see

V% < F(u(z),p: — O(%),Iy) — F(u(Z),pe + O(%), L) + f(z) — f ()

< Wl vl (OG) + (14 5_12) (0r(1) + 05(1))) + 0:(1).

Sending first § — 0, then R — oo, and finally ¢ — 0, we get again M < 0. This is a contradiction
and the result follows. O
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5.2. Proof of Theorem 2.3 (existence). A major challenge we face when we want to prove
existence, is the implicit nature of equation (1.3) with a gradient dependence inside the j functions.
It seems non-trivial to use Perron’s method for such equations, and since fixed point iterations
require convergence of the full sequence to get the equation in the limit, compactness argument
(yielding subsequences) can not work. We have been able to overcome the problem by a nontrivial
approximation procedure, which is inspired by the “Sirtaki method” of [5], along with a fixed point
argument using Schauder’s fixed point theorem. We start by proving existence for an approximate
problem in a bounded set, and then pass to the limit using the method of half-relaxed limits and
strong comparison of the limit equation.

We begin with the linear case (1.6). The simple adaptations for the general case are given at the
end of this section. Consider now the following approximate problem: find v € C?(Bpg) such that
w—Tu|LE[w, Dul| — eAu=f(z), @€ Br(0), 67
u=0, z € OBR(0), '

where Lj¥[v, Dv] = L{*[v, Dv] + L§, [v, Dv] for

L{‘:k[v,Dv](x) = / v(PR(:c Jrjl(Dv(:c),z))) —v(x) — Dv(z) - j1(Dv(x), 2)1 )1 <1 dpir(z),

RP
Lgk[v, Dv)(z) = /P v(PR(x + jo(Dv(x), z))) —v(z) dugk(2),
R
Ty is a truncation and Pg the orthogonal projection onto Bp,
x if |[2| <R,
Ty [f] := min(max(f, —M), M), Pr(z) =< R

ﬁz if |x| > R,
x

and the measures
Pk o= ok (1 Lijpepzi<e)  and oy i= pgok po,
for a mollifier pi(2) = k¥ p(kz), 0 < p € C*(R?) is symmetric with support in By and [ p = 1.

Remark 5.1. (i) The truncated mollified measures iy and psj are absolutely continuous with
respect to the Lebesgue measure with bounded densities, see Lemma 5.3 below.

(#4) From the definition it follows that
Pr(2) - Pry)| <o —y|  forall az,yeRY.
The projection allows us to look for solutions that are defined only in Br and not in all of RY as
in equation (1.3). The new nonlocal term is of Neuman-type, corresponding to jump processes that
are projected back to the boundary of the domain immediately upon leaving it (cf.[5, 6]).
To prove existence we first strengthen the assumptions on j and f, later we do the general case.

(J1?) j1(p, 2) and ja(p, z) are Borel measurable, locally bounded, continuous in p for a.e. z, and for
every r > 0 there is C, such that for all [p| < r and |z| < 1,

(P, 2) < Cr 2]
(J2?) for any K > 0, there exists C' = C'(K) such that for any |p|, |q|, |z| < K,
|ji(p, 2) — jila,2)| < Clp—ql.
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(F5°) f:RY — R is bounded and Lipschitz continuous.

Remark 5.2. For any x € Bg and u € C?(BR), all terms in (5.7) are well-defined and the equation
holds in the classical sence (since p;  are bounded and Pg is continuous, the integral terms are well-
defined because of (J17)). Note that (J1°) and (M) implies (J1), while g1 bounded and compactly
supported and (J2?) implies (J2).

We state the properties of p; ;, that we will need later. The proof is given in Appendix B.
Lemma 5.3. Assume (M) holds and § > 0.

(a) The measures piy and pgk have densities finp and fia , with respect to the Lebesgue measure
on RN such that
Prra()de <4 [ o ade)

1781,k |00 | 2,k ][00 < 00 and /
|z]<é

|z]<d
From now on, let (1) be a sequence of functions and C' > 0 constants independent of p, z that differ
from line to line.

(D) If [k |loo < C for all k, and sup |1r(2) — ¥ (2)] o 0 for any K > 0, then
— o0

5<|zl<K

Ur(2) dpak(2) — (2) pa(dz) .

FE k=00 Jiz1>5

(¢) If |[vr(2)| < C|z|? for all k, z , and sup |[Px(z) — ¥ (2)] v 0, then

|z| <6
[ e - U(2) pa(d2).
0<|z|<6 k=oo Jo<|z|<s
(d) If |[Yk]loo < C for all k, and sup |vr(z) — (2)] " 0 for any K > 0, then
|Z|<K — 00
Vi(z) dpzk(z) — (2) p2(dz).
|z|>0 k= Jiz1>0

We also need the following results.
Lemma 5.4. Assume (M), (J1°),(J2°) and let v € CY9(BRr) for some 0 € (0,1). Then
(a) the function x +— LE[v, Dv](z) belongs to C%%(BR);
(b) if v, — v in CY(BR), then LE[v,, Dv,] — LE[v, Dv] in C%?(Bg).
Proof. _(a) We only do the proof for the Li-term since the Ls-case is similar but easier. Below
z,y € Bg, t < |2| <k (the support of y11x), and C, will denote all constants (that may vary from
line to line) depending only on R, k,&,v, j;, i, N. Since v is C*?,

[Do(x) — Do(y)|

lv(@)] + [Do()] + P [ollce-

Then, ’U(ac) - U(y)‘ < C, ’x - y’ and by Lipschitz continuity of Pg and assumption (J2?),

o(Pa(e+ 31 (Do(@),2)) ) = v(Pr(y + i1 (Do(y), 2)) ) | < Cu (|2 = 9l + [Du(x) = Do(y)])
|Du() - ji(Dv(x), z) = Do(y) - j1(Do(y), 2)| < Ci| Du(x) — Du(y)|.
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Thus, all these quantities are controled by C,|z — y|?. Since the measure t1,% is bounded and
supported in + < |z| < k, it then follows that
| Li'lv, Do)(z) = Lig[v, Do)(y)] < Culz — |’ 1 (RY),
and the proof of (a) is complete.
(b) By assumption

lvn(z) —v(y)| | [Don(z) — Du(y)|
|z =y |z —ylf
By similar computations as above, we end up with

| Lii[vn, Dva(x) = Lif[v, Dv](y)| < Cillon = vllorop w(RY) ]z — 9|,

|vn (z) — v(y)| + < vy, —v||gre =0 as n — 00.

for a O, independent of z,y, n. It follows that L¥[v,,, Dv,] — LE[v, Dv] in C%%(Bg) asn — co. O

We can now prove an existence result for the approximate problem (5.7).

Proposition 5.5. Assume_(M), (J17), (J2), (F5°), and let e, R, M >0, k € N. Then there exists
a classical solution u € C*(BRr) of (5.7).

Proof. The proof is based on Schauder’s fixed point theorem (cf. e.g. [17, Corollary 11.2]).
1) Let X := CY%(Bp) for a fixed 6y € (0, 1), and define
C={weX:|wlew<M+|fllx}-

Note that C is a convex and closed subset of X. On C we now define a map 7 = 7; g,k in the
following way: for every v € C, u = T (v) is the classical solution of the Dirichlet problem

u—cAu =Ty [Lf[v, Dv]} + f(x) in Bg, (5.8)
u=20 on OBR . .
When v € X, LE[v, Dv] € C%% by Lemma 5.4, and then by the definition of T and (F5),
w =Ty |:LkR[’U, D’U]i| + f(ZE) S CO’BO (FR)

Since Bp is a smooth domain, classical results ([17, Corollary 6.9]) then tell us that there exists a
unique classical solution u € C*%(Bg) (C X) of (5.8). Moreover, by the maximum principle and
the definition of Thr, ||u]lcc < M 4| f]lco. We conclude that T is a well-defined map from C into C.

2) We show that 7 : C — C is continuous with respect to norm of X = CL%(Bg). Take a
sequence {v,} C C such that v,, — v in X. By subtracting the equations for u,, and u,, we see that
w = u, — U, is a classical solution of

w— Aw =Ty [Lf[vn, Dvn]] — Ty [Lf[vp, Dvp]] = Gnp, in Bg,
w =0, in 0BR.

By the maximum principle, we then find that

HwHCO(ER) < ||9n,pHCO(§R)a
and by standard C?%-theory (e.g. [17, Thm 6.6]),

lun = upllcean By = N0l zo0 @y < € ([ll oz + I19nsllcos @) -
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Hence, since T [Lfi[vn, Dvyn]] — Tar [LE v, Dv]] in C%%(Bg) by Lemma 5.4 (b), it follows that
(un) is a Cauchy sequence in C?%(Bpr) and hence also in X. By completeness, the limit u exists
and belongs to C*%(Br) N C since C is closed in X.

By the C%*% convergence of u,, the C1% convergence of v,, and Lemma 5.4, we can pass to the
limit in the equation to see that u = T (v). It follows that 7 (v,) — T (v) in X, and we conclude
that 7 is continuous in C.

3) We now show that 7(C) is relatively compact. Take any sequence {u,} C 7(C). Then there
exists a sequence {v,} C C such that u, = T (v,). It follows that

Up — EAUR = Gn

where |g,| < M+ || f]|oo. By the maximum principle and W??-theory (e.g. [17, Thm 9.11]), we have
the following two a priori estimates for any 1 < p < oo,

ltnllzo(Ba) < M+ llocs
lunllwer ) < C(lnll o) + 9nll o5 ) < 2C1BRM? (M + 1] )-

By compact embeddings of Sobolev spaces [17, Thm 7.26], we can extract a subsequence ()

converging in C1(Bg) for any # € (0,1), in particular for # = 6y. This provides a subsequence
which converges in X, and proves the claim.

4) By Schauder’s fixed point theorem, there exists a function v € C such that v = T (u), which
means that we have a C?(BR)-solution of (5.7) and the proof is complete. O

We proceed to prove existence under the restrictive assumptions (J1°) and (J2’). We will need
the following result.
Lemma 5.6. Assume (M), (J1°), f,g € C°(BRr). Let u and v be C*(BRr) solutions of
u—"Ty [LkR[u, Du]} —eAu < f(x) and v—"Ty [LkR[v, Dv]} —eAv > g(x) in Bpg.
If u<wv on dBr and f < g in Bg, thenu <wv in Bg.
Remark 5.7. The result is a comparison result for smooth sub and supersolutions of (5.7). It implies

uniqueness of classical solutions of (5.7).

Proof. Let w :=u — v and m := maxg_w. If this max is attained at z¢ € 0Bp, since u < v there,
we have m < 0. Otherwise, there is an interior point xy € Bg such that m = w(zg). By assumption,

w(wo) = { T [Lf T, Dul] (20) = Tas [LEw, Dol (w0) } — eAw(wo) < (f = g)(wo)-
Since z is a maximum point, and u, v are smooth, Dw(xg) = (Du— Dv)(xo) = 0, Aw(ze) > 0, and
(u—v)(z0) > (u—v)(y) for all y € Bg. By the latter inequality,
u(PR(aco + j(Du(xo, z))) —u(zg) < U(PR($Q + j(Dv(zo, z))) —v(xp),
and hence
LE[u, Du)(x0) — LE[v, Dv)(x0) < 0.
Since T is a non-decreasing function and f < g, we can conclude that
m=w(xg) <0,

and the proof is complete because in either case, we get m < 0. g
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Corollary 5.8. If ugr a ke is the solution of (5.7), then ||ur n k.ellre(Br) < IfllLoo @y -

Proof. Follows from Lemma 5.6 with —|| f|lco/u/|| f|lcc as subsolution/solution/supersolution. [

Proposition 5.9. Assume (M), (J1°), (J2°), (J2), and (F5°). Then there exists a unique viscosity
solution u € Cp(RY) of (1.6).

Proof. Let R >0, k=M =1/e =n € N, and ug,, be the corresponding solution of (5.7) given by
Proposition 5.5. Using the “half relaxed limit” method, we first we send R — co and then n — oo
and show that we can obtain from up , a function v which is the viscosity solution of (1.6).

1) Claim: For every n € N, the functions

Up(z) = limsup up,(y) and u, (z) == lminf wupg,(y)
y—x,R—oc0 y—z,R—o0

are bounded viscosity sub- and supersolutions respectively of

u—LAu-T, {Ln[u, Du]} =f in RV, (5.9)
where Ly, is defined as L in (1.1), but with the measure p;  replacing p; for ¢ = 1,2. Moreover,

[ flloe € up(2) STn(2) < | flls i RY.

Proof of Claim: First note that u, and u, are defined for every x € RY since R — oo, they
are semicontinuous and w, < U, by definition and bounded by | f|s by Corollary 5.8. We show
that @ is a subsolution of (5.9) according to Definition 4.4. Take any bounded test function ¢ and
any point x € R such that @ — ¢ has a global maximum at z. We may as usual assume _the
maximum is strict. Then there exists a sequence ygr — z of maximum points of ug, — ¢ in B,
such that ur ,(yr) — w(z). Take R big enough such that R > |z| and yr € Bg (since ygr — @, yr

cannot be located on 0Bp for R big enough). Since yr is a maximum point and up,, is smooth,
Duprn(yr) = Do(yr), Aurn(yr) < Aéd(yr), and (cf. the proof of Lemma 5.6)

L} urn, Durn)(yr) < Li[¢, D¢l (yr) -
Since up,, satisfies equation (5.7) at the point yg, it then follows that

wna(yr) — LAG(yR) — T [LE(6, Dél(yn)| < Flyr).- (5.10)
By the boundedness of yg, the regularity of ¢, (J1?), and the definition of Pg,

qﬁ(PR(yR —|—ji(D¢(yR),z))) — qﬁ(m —i—ji(qu(ac),z)) as R —oo, for a.e.zandi=1,2.
Hence, since this term is uniformly bounded, ;) is bounded, and (M) holds, we can use the
dominated convergence theorem to conclude that
L6, D¢l(yr) = Lulo, Dol(x)  as R — .

By the regularity of ¢ and the continuity of T,,, we can then pass to the limit as R — oo in (5.10)
and find that

() ~ LAG(@) — T [Lalo, Dol(2)] < f(2).
We conclude that @ is a viscosity subsolution of (5.9), and in a similar way we can show that w is
viscosity supersolution of (5.9). The claim is proved.
2) We now pass to the limit as n — co. We proceed as before, defining

u(x) ;= limsup @, (y) and w(z) := liminf wu,(y),
Y—T,N—00 Yy—x,n—00
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where %, and u,, are the uniformly bounded sub and supersolutions of (5.9) given by part 1). It
immediately follows that —||f|lcc <@ <7 < || f]|co-

We prove that @ is viscosity subsolution of (1.6). Again we take any smooth bounded test function
¢ and global strict maximum point 2 of @ — ¢ in R"Y. We have a sequence y, — = of maximum
points of u,, — ¢ such that u,(y,) — w(z). Fix 6 > 0 and choose n big enough so that 1/n < 4. We
split Ly, into Ly, = L5, + L%, where Ls and L? are defined in the beginning of section 4. Since u
is a subsolution of (5.9), it follows that

Un(Yn) — %A(b(yn) -1 {Ln[qﬁa D(b](yn)} < f(yn)- (5.11)

We pass to the limit in the different terms of this inequality. First, let
wn(z> = d)(yn +j1(D¢(yn>a Z)) - d)(yn) - D¢(yn) “J1 (D¢(yn)a Z)]l|z|<1-

Since D?¢ is continuous, y, — = and Dé(y,) — Dé(x) are bounded, a Taylor expansion and (J1°)
reveals that there is a C independent of n and z such that

U2 < sup 3Dy + 51 (Déy). 2) )| 31 (D(ya) 2)[* < Claf? for 2] < 1.
te(0,1)

By regularity of ¢ and (J2”), the v, converge uniformy for |z| < ¢ to
U(z) = ¢(a + j1(Do(x), 2)) — d(x) — Do(x) - j1 (D(x), 2) L1 <1,
and hence we use Lemma 5.3 (¢) to conclude that
Lsnl¢, Do) (yn) = Ls[¢, Dol ().

Simpler but similar arguments, this time using Lemma 5.3 (b) and (d), show that

Ly[6, DO)(yn) — L[¢, DO)(x) and  Lan[6, Dg)(yn) — Lalé, Dg]().
We conclude that L, [¢, Dé|(yn) — Lo, D](x), and since this limit is bounded, for n big enough

TalLnld, DPl(yn)] = Lule, DYl(yn) — Llg, Del(x)  as  n — oo
In view of the regularity of ¢ and f, we can then pass to the limit as n — oo in (5.11) to find that

u(z) — L[, Dg|(z) < f(x).

Hence @ is a viscosity subsolution of (1.6). Similar arguments show that w is viscosity supersolution.

3) By the comparison result for semicontinuous viscosity solutions, Theorem 2.1 (a), it follows that
u < u. Note that this result requires (J2), see also Remark 5.2. Since the opposite inequality holds
by part 2), @ = u =: u, and this function is continuous, bounded by || ||, and a viscosity solution
of (1.6). The proof is complete. O

Now we show how to remove assumptions (J1°), (J2’), and (F5’) and obtain an existence result
in the general case. We do it in two steps, starting by removing (J2’) and (F5’) by a regularization
argument (mollification), and then we remove (J1’) by a truncation argument. We will need the
following lemma, whose proof is given in Appendix C.

Lemma 5.10. Assume (M), (J1°), and (J2) and define j1 and jo i, by
Jige(ps 2) = (pr* Ji(+ 2)) (p) = /}RN pr(q —p)ii(g;2)dg  for  i=1,2,

for a mollifier pi(p) = k™ p(kp), 0 < p € C=(RYN) is symmetric with support in By and [p = 1.
Then the following holds:
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(a) For any k € N, j1 and jo i are locally bounded, and for any |p| <r, |z| <1, and k € N,
l71,k(p, 2)] < Cryayilzl,  where C, s the constant from (J1°).

(b) For every k € N and r > 0, there is C» such that for all |p|,|ql,|2| < 7,
|]z,k(p;z)7jz7k(qu)| S Ck,T|p7Q| fO'f’ 1= 152

(¢c) For anyr >0, |pl,lq| <r and k € N,

/ ‘ lj1.6(P, 2) — G1.1(q, 2)|* dpa (2) < wj,TJr%(p —¢q) where wj, is the modulus from (J2).
z|>0

(d) There exists o > 0 such that for any r > 0 and € > 0 there exists n > 0 such that
swp [ i) P () < 2
|p|<r,keNJ A
for every Borel set A C {0 < |z| < do} such that [, |z|*u1(dz) <.
(e) Let Ly and Loy be defined as in (1.1) and (1.2) with j1 and j2 replaced by ji and ja . For
all p € C,NC? and 1, — =,

Li k[, Do(xp)l(zk) = Lild, D(x)](x)  for — i=1,2.

Here is the general existence result for equation (1.6).

Proposition 5.11. Assume (M), (J1)-(J3) and (F1)—(F5). Then there exists a viscosity solution
of (1.6).

Proof. We proceed in two steps.
1) Assume in addition (J1°) holds. We approximate j; and f by
Jik  as defined in Lemma 5.10 and fo=pr*f

where k € N and py, is the mollifier defined in Lemma 5.10. By Lemma 5.10, j; ; satisfy (J1)-(J3)
and (J1°)—(J2’), while assumption (F5) and properties of mollifiers imply that fi is bounded and
Lischitz continous in RY (so (F5’) holds) and converges uniformly to f in RV as k — oo.

Let Ly, be defined as L with j; ;, replacing j;, and consider the problem
u— Liu, Du] = fi in RV,

By the above discussion, this problem satisfies all the assumptions of Proposition 5.9 for every k € N,
and hence there exist solutions uy of this problem for every k € N. By the comparison principle
(Theorem 2.1 (a)),

luklloo < [Ifxlloo < [If[loo-
As in the proof of Proposition 5.9, we then define the half-relaxed limits

u(x) = limsup ug(y) and  wu(z) = liminf wug(y),
y—x,k—o0 y—x,k—o0

prove that they are viscosity sub and supersolutions of (1.6), and conclude by the comparison result
Theorem 2.1 (a) that @ = u = wu is a viscosity solution of (1.6). We just sketch the argument for

u being a subsolution. Take a smooth test-function ¢ such that w — ¢ has a strict maximum at
2 € RY. Then there exists a sequence y; — « such that u; — ¢ has a maximum at zj. Using the
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subsolution property for wuy, the fact that Li[¢, Dé](xr) — L[g, D¢](x) (Lemma 5.10 (e)) and that
fe(zr) — f(x), we arrive at

u(x) — L[g, D)(x) < f(x),
hence @ is a subsolution of (1.6). This completes the existence proof under the assumptions (M),
(J1°), (J2), (J3), and (F5).

2) We remove the (J1°) condition through a truncation procedure for the j;-term:

. jl b,z

j{w(paz> = |Z|T1\/[( (|Z| ))a
where Ty (x) = x if |x| < M and Ty (x) = M if |#| > M. In this case is easy to see that j}
satisfies (J1)—(J3) and in addition (J1”) with C;, = M. Furthermore, for almost any z,

M (p,2) = j1(p,2) locally uniformly in p.

Hence by part 1), for any M > 0 there exists a solution wuys of
uw— LM[u, Du] = f in RY,
where LM is defined as L (cf. (1.1)) but with (j{, j2) replacing (j1,j2). As in part 1), we define
the half-relaxed limits
u(x) = limsup wup(y) and u(z) = liminf wup(y),

y—x,M—oc0 y—x,M—o0
prove that they are viscosity sub and supersolutions of (1.6), and conclude by the comparison result
Theorem 2.1 (a) that T = u = u is a viscosity solution of (1.6). In view of previous arguments, the
only thing we need to check is that

LY¢, D@|(war) — Lo, DP)(x) when zp — 2.

To do so, we use note that the integrand converges pointwise a.e. by the regularity of ¢ and
the local uniform convergence of j in the p-variable. Since |jM (p,2)| < |j1(p, 2)], 7 satisfies the
equi-integrability condition (J3) uniformly in M. Hence we may use Vitali’s convergence theorem
(cf. Appendix A and Remark 2.4-(b)) to pass the limit M — oo inside the integral over |z| < 4.
Passage to the limit in the integral over |z| > § is done using the dominated convergence theorem
since ¢ is bounded and g is not singular on this domain. The proof is complete. O

Proof of Theorem 2.3. Uniqueness and uniform continuity follow from Corollary 2.2. Existence of
solutions of (1.6) follows from Proposition 5.11. Existence for (1.3) follows in a similar way as for
(1.6) where all difficulties are already present. We only give a very brief sketch of the proof. We
start by an approximate problem a la (5.7). In the general case it is to find u € C?(Bg) such that

~yu+ Ty [ —yu+ F(u, Du, L{u, Du])} —eAu = f(x), x € Br(0),

where L is defined below (5.7). Under the same assumptions as the linear case in addition to the
assumption that F' is also locally Lipschitz, we obtain existence of solutions of this problem following
step by step the fixed point argument of the proof of Proposition 5.5. To get an existence result for
equation (1.3), we follow the approximation and limit proceedures given in the proofs of Proposition
5.9 and 5.11. The only slight difference is that we also need an approximation argument for F' (e.g.
by mollification again), and when we pass to the limit, we use this time the strong comparison result
Theorem 2.1-(b) for the limit equation. It is straight forward to check that this will work out and
produce a bounded viscosity solution of (1.3). O
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5.3. Proof of Theorem 2.6 (local limits). Theorem 2.6 is a consequence of the half-relaxed limit
method and comparison. Define

a(z) := limsup u.(y) and  w(z):= lminf u.(y).
e—=0,y—x e—=0,y—x

In the quasi-linear case we have the following result.

Lemma 5.12. Assume the assumptions of Theorem 2.6-(a) hold. Then @ is a viscosity subsolution
of (2.2) and w is a viscosity supersolution of (2.2).

Proof. Let ¢ be a smooth bounded function such that @ — ¢ has a global maximum at x. We may
assume the maximum is strict and that there is a sequence {y.}. of global maximum points of
ue — ¢ such that y. — = and u-(y.) — @(z) ase — 0. Welet Ly = L. s + L? as in (4.1), and to
see the localization effect, we also decompose Lo . = Eg,a -+ i‘g. By the maximum point property
Le s[ue, D¢|(ye) < L 5[¢, D¢](y:), and then since u. is a subsolution of (2.1),

—Le 5[, Do) (ye) — Lg[ug, Do(ye) — Es,é[(ba D](ye) — ig[ug, Duc)(ye) +ue(ye) < flye) . (5.12)
Then by a Taylor expansion and (J4), for i = 1,2,
Ji(Do(ye), z) = 0i(DP(ye:))z + o(2) as z— 0,

where o(z) is independent of ¢ > 0. Another Taylor expansion and hypotheses (M.) applied to
Y = 01(Dé(x)) " D2¢(x) 01 (Dp(x)) € RP*P then gives that

Lesl¢, Dol(ye) = / < 2T [01 (D¢(ya))TD2¢(ys) 01 (Dqﬁ(yg))} z dpre(z) +05(1)

1
2 ),
;tr [A? [01 (D¢(x))TD2¢($) o1 (D(b(z))} Al} +o0:(1) +05(1)
_ %tr (51 (D6() 01 (Do) " D?6(2)] +0-(1) + 05(1)

where for the last line, we use that &1(x,p) = o1(z,p)A; is a N x N matrix as is D?¢(x), so that
we can use the property tr(M; Ms) = tr(MaM;y). Here the os(1)-term is independent of € since the
measure |z|2u; o(dz) has a uniformly bounded mass. Similarly, by (J4) and (M.),

1

L. s[¢, D¢|(z) = 3 /I » 2T [02 (D¢($))TD2¢($) o2 (be(z))}z dps.e(2)

+ / Dé(z)oz(Do(x))z dpoe(2) + 0s(1) + 05(1)
|z|<8

= Sr[ AT [o2 (Do) D6(x) 02 (D6 ()| 4o

+ 02(Do(x)) D (z) - a + 0:(1) + 05(1)

= %tr [&2 (Dp(x)) 52 (Dgz)(:c))D?(z)(:c)} +b(D¢(x)) - Dp(xz) + 0 (1) + 0s(1)

By (J1) and continuity, D¢(y.) and j(D¢(y.), z) are uniformly bounded in & > 0 for |z| < 1, and
by (F5) and Corollary 2.2-(¢), u. is also uniformly bounded:

[telloo < | flloo-
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By (M.) it then follows that

Liuc, D@)(ye) + L2[ue, Do)(ye) = O (/ dus(z)> =0 as e—=0

|>6
and § > 0 is fixed.
Sending first ¢ — 0 and then § — 0 in (5.12) then leads to
—Ly(Do(x), D*()) + ifa) < f(a)

and hence @ is a viscosity subsolution of (2.2). In a similar way we can show that u is a viscosity
supersolution of (2.2). We omit the proof. O

Then it is enough to invoke the comparison principle for the limit (local) equation to conclude
that Theorem 2.6-(a) holds:

Proof of Theorem 2.6-(a). By Lemma 5.12 @ is a subsolution and u is a supersolution of (2.2), hence
@ < u by the comparison principle for (2.2), see [13] or Lemma 5.14 below. Since u < @ by definition,
@ = u =: u, and hence u. — u point-wise, u is continuous and a viscosity solution of (2.2). Now we
show that the convergence is locally uniform. Fix any R > 0 and take z. € Br(0) such that

max (us(z) - u(:c)) = ue(xe) — ulxe)

|z|<R
for any € > 0. Since |z.| < R, there exists a convergent subsequence z. — Z for some |Z| < R. By

the continuity of u, the definition of w, and the fact that v = w, it follows that

hr;lj(l)lp ‘I;‘lg)é (ug(ac) — u(m)) = 1irzljélp (Ug(wa) - U(ﬂﬁa)) <u(@) —u(@) =0.

A similar argument shows that lim i(l)rlf ‘Ir‘lg)é (ue(z) — u(z)) > 0. Combined with similar arguments
e— z|<
for —(ue — u), this shows that

Ehg%) mg}l(zms(z) —u(x)] =0 for all R >0,

and we are done. O

In the fully nonlinear case, the strategy is the same and we begin with a half-relaxed limit result.
Lemma 5.13. Assume the assumptions of Theorem 2.6-(b) hold. Then @ is a viscosity subsolution

of (1.5) and w is a viscosity supersolution of (1.5).

Proof. Take a test-function ¢ such that uw — ¢ has a maximum at T that we can assume to be strict.
Hence u. — ¢ also has a maximum at some z., and . — Z and u.(z.) — u(z) as € — 0. Hence
L. 5[us, D@l(xe) < Le 5[¢, D¢](x.), and since u, is a subsolution and (F1) holds,

F (ue(2), DO(a=), Le sl6, DY)(a=) + Lz, D) (2) + Eesl6, D) (a2) + Eflue, Dl(x2)) < fe).
As in the proof of Lemma 5.12,
L.-terms — Lo (D¢(z), D*¢(z)) as e—0.
By the continuity of F', we then send £ — 0 to find that

F (@), Do(a), Lo (Do(@), D*6(z)) ) < f(3),
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which means that @ is a subsolution of (1.5). In a similar way we can show that w is a supersolution
of (1.5). O
Then we prove a comparison result for the limit equation.

Lemma 5.14. Under the assumptions of Theorem 2.6-(b), if u is a bounded usc subsolution of (1.5)
and v is a bounded Isc supersolution of (1.5), then u < v in RV.

To prove this result, first note that by (F1) and (F2), the non-linearity in (1.5),

H(z,u,p, X) := F(u,p,LO(p,X)) - f(x), (5.13)

is strictly increasing in v and nonincreasing in X. Moreover, it is straightforward to check that we
also have the following result.

Lemma 5.15. Assume (J4) and (F3) hold, H is defined in (5.13), and M,r,# R,e > 0. Let
T,y €ERN, Ju| < M, p=2(x —y)/e> +or(1), |p| <7, X,Y €SN, and —# < X <Y < such that

Sy Y= (5 ()t )
Then there are modulii of continuity war,war,r such that
H(y,u,p = O().Y) = H(2,u,p+0(4), X ) < wurlw —y) + E%wM,r,ﬁ(ozz(l)) +or(1).
Proof of Lemma 5.14. In view of our assumptions and Lemma 5.15, the proof is standard. It can
be obtained by following the line of reasoning of the proof of Theorem 5.1 in [13]. We omit the

details. 0

Proof of Lemma 2.6-(b). In view of Lemma 5.13 and 5.14, we can conclude the proof exactly as for
Theorem 2.6-(a) above. U

6. PARABOLIC PROBLEMS

In this section we extend the results to the case of quasilinear and fully nonlinear parabolic
equations,

u; — Llu, Du] = f(z,t) in  Qr :=RN x(0,7), (6.1)
U + F(u, Du, L[u, Du]) = f(z,1) in Qr, (6.2)
with initial data
u(z,0) = up(x) in RN,

These extensions are straightforward since the time variable does not play an important role here.
We keep the same notation, definitions, and most of the assumptions as in the previous sections.
However, we need the following parabolic versions of (F4) and (F5):

(F6) up € UC(RY) and f € UC(Q7).
(F6’) up and f satisfy (F6), are bounded, and the quantities in (F2), (F3) are independent of M.

In the parabolic case, we could also relax assumption (F2) in the classical way. We have the
following parabolic version of the existence and comparison results.
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Theorem 6.1. (Comparison results)
(a) [Quasi-linear case] Assume (M), (J1)—~(J2) and (F6). If u is a bounded usc subsolution of
(6.1), v a bounded lsc supersolution of (6.1), and u(x,0) < v(x,0) in RN, then u < v in Q.

(b) [Fully non-linear case] Assume (M), (J1)-(J2), (F1)<(F3), and (F6). If u is a bounded usc
viscosity subsolution of (6.2), v a bounded lsc viscosity supersolution of (6.2), and u(z,0) < v(z,0)
in RN, then u < v in Qp.

Sketch of proof. We need to double the variables in time as well as in space and consider

(I)&ﬂ,R,C('T’ya S, t) = u(xa t) - 'U(ya 5) - (b(xa t,y, 5)
where
Ot 5,5) = = plw —y) + It —f* +w(5) +w(ﬂ) +
e e? 32 R R T—t’

and ¢ and v are defined in the proof of Theorem 2.1.

We assume by contradiction that supgy 0,1 (u—v) > 0. Tt follows that SUpgn x[0,7] Pe,8,R,c > 0
for €, 8, ¢ small enough and R big enough. By definition, ®. g g . will attain its supremum at some
point (Z,,%,5), and since u(x,0) < v(z,0), we may assume that both ¢,5 > 0. Because of the term
¢/(T —t), we may also assume that #,5 < T. Hence we may use the viscosity inequalities for u
and v. After we have subtracted these inequalities, we send 8 — 0 to obtain § =t € (0,7). Since
0 < ¢t — ¢s, we can drop this term and we are essentially back to inequality (5.6). At this stage we
proceed as in the proof of Theorem 2.1, and show that

lim lim lim lim & <0.
c—0e—0 R—o0 —0 &b, Re =

This is a contradiction to our original assumption and the proof is complete. O

Theorem 6.2 (Existence). Under the assumptions of Theorem 6.1, (F6’), and (J3), there exists a
bounded viscosity solution of (6.2).

Sketch of proof. We first assume (J17), (J2°) and that (z,t) — f(z,t), x — uo(z) are bounded and
Lipschitz continuous. The general result will follow from passage to the limit as in Proposition 5.11.
Then we consider the parabolic version of the approximation we used in Section 5.2:

w + o | F(u, Du, Lifu, Du])| - eAu = f(z.t),  (2,t) € B(0) x (0,T),

u(z,t) =0, (x,t) € OBR(0) x (0,7,

u(z,0) = uo(x), x € Bgr(0).
Assuming this problem has a solution uas g ke, we pass to the limit as R — oo, k = 0o, M — o0,

e — 0 as in the elliptic case. Using half-relaxed limits and comparison for the limit equation, we
show that the sequence of solutions has a limit which is a solution of (6.2). Existence is then proved.

To prove that there exists a solution of the approximate problem we use Schauder’s fixed point
theorem and the argument given in Proposition 5.5 with some small modifications:

1) We use Schauder’s fixed point theorem in the Banach space
X = Hy40,([0,T] x Bg)

for some 0y € (0,1). The space Hyyg, (= CH‘%’%) is a standard parabolic Holder space where
u € Hiyg, e.g. implies that Du € Hp,. See page 46 in [20] or Section 1.2.3 in [27] for the definition.
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2) The time-dependent version of Lemma 5.4 remains valid: if v € X, then (z,t) — L v, Dv](,t)
belongs to Hy,(Bg x [0,T]), and if v, — v in X, then LE[v,,, Dv,] — L¥[v, Dv] in Hp,(Br x [0,T]).
3) The C?*% regularity result that we use in Lemma 5.5 (step 2) is replaced by the parabolic Hy g,

version in Theorem 4.28 in [20].

4) In Lemma 5.5 (step 3), instead of the W?2P-theory we use the parabolic Wi’l-theor‘y of Theorem

7.17 in [20]. We also use the compact embedding of sz,1 into X for p big enough, see Theorem
1.4.1 in [27]. O

For the local limit result, we introduce the local parabolic equations
u; — Lo(Du, D*u) = f(z,t) in Qr, (6.3)
ue +F(u,Du,L0(Du,D2u)) = flz,t) i Qr, (6.4)
with an initial data u(z,0) = ug(x). The result is the following:
Theorem 6.3. (Localization)

(a) [Quasi-linear case| Under the assumptions of Theorem 6.1-(a), (F6’), (M.), and (J4), any

sequence of solutions u. of (2.1) converge locally uniformly in Qp as € — 0 to the solution u of

(6.3).

(b) [Fully-nonlinear case] Under the assumptions of Theorem 6.1-(b), (F6’), (Mc), (J4), any se-
quence of solutions u. of (1.4) converge locally uniformly in Qp as € — 0 to the solution u of
(6.4).

Sketch of Proof. We use uniform boundedness of u. and the half-relaxed limits

u(z) ;== limsup u:(y,s) and  w(z):= liminf wu.(y,s),
e—=0,y—x,5—t e=0y—z,s—t

and prove that @ and w are respectively sub and supersolutions of the local limit problem. Local

uniform convergence is then obtained after proving that the limit problem satisfies the comparison

principle. The proofs the comparison principles for (6.3) and (6.4) are similar to the proofs in

stationary case with standard modification such as doubling also the time variables. 0

ACKNOWLEGEMENT

We would like to thank Luca Rossi for pointing out a critical error in the existence proof of an
earlier version of this paper.

APPENDIX A. EQUI-INTEGRABILITY AND CONVERGENCE

We give the definition equi-integrability (also called uniform integrability) and a result that we
have used many times in this paper, a generalization of the dominated convergence theorem due to
Vitali. Our presentation follow [25] page 133.

Definition A.1. Let (,&, 1) be a positive measure space. A family (f;)icr C LY(Q,p) is equi-
integrable if for any € > 0 there exists n > 0 such that

sup /A ()] dpa(z) < e

iel
for every A € € such that pu(A) <.
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The Vitali convergence theorem is the following result:

Proposition A.2. Assume (Q,&, ) is a positive finite measure space and (fn)nen C LY(Q 1) an
equi-integrable family such that f, — f u-a.e.. Then fn, — f in LY (Q, ).

Note that the dominated convergence theorem is a consequence of this result (on finite measure
spaces!) since domination by a fixed, integrable function implies equi-integrability.

APPENDIX B. PROOF OF LEMMA 5.3

(a) Note that 1l |z <, has a finite mass by (M). An application of Fubini’s theorem then shows

that the convolution p; 5 = (M11%<|z|<k) * py, is a measure which has density i1, with respect to
the Lebesgue measure given by

fi1,k () = / pre(@ — 2)La < pa(dz) .
RN

This function is bounded for each k:
_ 1
v klloe < loelloo 1 ({3 < 121 < k}) < o0,

A similar argument shows the existence and boundedness of fis .

Let g(2) := |2|*1},/<s, then by Fubini’s theorem and symmetry of py,

[ Pmaeaz= [ o) [ oty amt@ = [ (oot m @)

Note that py * g is continuous with support in {|z| < § + 1/k}. By Holder’s inequality,
ok *gl(z) € max |g(y)|- 1< (]z[ +1/k)* <dz[* for  |2] > 1/k,
k

yE€z+Byy

and hence

/ Rl d <4 [ ).
z|<

|z|<d

The proof of (a) is complete.

(b) Let e > 0 be given, and split the integral in two using a K > ¢ to separate the domains:

T= [ gu(e) duasle) = /

B 5<|21<K

(2) dyan (2) + / O(2) dpn (=) = Ji + .

|z|>K

Vr(2) dpa k() +/ Ui (2) dp i (2) = I + Io,

|z|>K
J = d =
IZIZﬁw(Z) i) /5SZSK

We will show that if we take K big enough, then |I3|+|J2| < € for all k, and then if & is big enough,
|I1 — Iz| < e. The conclusion is that |I — J| < 2¢ and the proof is complete.

Consider first I, and Jo. By the definition of pq, and Fubini’s theorem, u1 x({|z] > K}) <
u1({|z] > K —1/k}), and then by the dominated convergence theorem and p1({|z] > 1}) < o0,

0<pri eIzl >K}) <pma({l]z]| > K —1/k}) =0 as K — 0.

Note that this convergence is uniform in k. Hence since v, and 1 are uniformly bounded in k, it
follows that I5, Jo — 0 as K — oo uniformly in k.
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We complete the proof by showing that |I; — J1| — 0 as k — oo for any fixed K. Note that

I —J — d dz) — d .
I 1|s/6§|Z|§K\wk | i z)+]/6§|Z|§me,k< 2) /agz@w“l( 2)

Consider the first term on the right hand side. Since sup;<|.j<x |t — 1| — 0 by assumption, and
pk({6 < |z| < K}) < pa({|z| = 6 — £}) as in the |z| > K case, for k > 3 we get

/ [k =¥ pip(dz) < sup Jop — [ p({|z] =6 - 1}) =0 as k- oo.
5<|z|<K 6<|z|<K

For the second term, let g(z) = ¥(2)15<|.|<x and use Fubini’s theorem to see that

/tismgx Y pratde) = /RN (e xg)(2) M1 _ )y (d2).

In the last integral, the support of the convolution is {§ — + < |z| < K+ 1} so we need k > 5. Since
pr*xg — g and ]1% <|z|< — 1 pointwise (almost everywhere) both functions are uniformly bounded,
we can pass to the limit using dominated convergence and find that

‘/ ’L/J/Ll,k(dz)—/ Ypui(dz)| =0 ask —oo. (B.1)
0<|zISK 5<|z|<K

The proof of (b) is complete.

(¢) Let e > 0 be given, and split the integral in two using a 0 < r < min(d, dg) to separate the
domains:

I ::/O<z§5 i (2) dpp g (2) = Ui (2) dpa i (2) +/ Vi (2) dpnk(2) = I + I,

|z[<r r<|z|<é

@i+ [ vl =kt

r<|z|<é

J = / ) =

|z|<r

We will show that if we take  small enough, then |Iz|+|Jz| < € for all k, and then if k is big enough,
|I1 — Iz| < e. The conclusion is that |I — J| < 2e and the proof is complete.

The estimate |I2]| +|J2| < € for r small, follows by the assumptions on %, part (a), and dominated
convergence and (M). For example,

/ [t () 1 1 (dz) < C’/ |z|2u17k(dz) < 4C/ |z|2,u1(dz) —0 as r—0.
o< |z|<r o<|z|<r 0<|z|<r

Consider now |I; — I3|. We first introduce the functions

¥(e) = w|,;<|§> and  §(2) = lf<|>

and measures
b1 x(dz) == |z|2,u17k(dz) and fi1(dz) := |z|2,u1(dz).

By the assumptions and (M), ¢4 and ¢ are uniformly bounded, 1, — 1 uniformly on r < |z| < 4,
and fi1 ; and fi; are bounded measures on 0 < |z| < §. It follows that

h-nl< [ i@+ | [ dmaa - [ dmis)]
r<|z|<é r<|z|<d r<|z|<8
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The first term converges by uniform convergence of 1 and uniform boundedness of 1 1 ({r < |z| <
d}). For the second term, we note that (see part (a))

/T<Z<61/~)ﬂ1,k(d2) = /T<Z<61/)u1,k(dz) = /}RN (P (D) Lrc)<6)) (2) Ligzycp pa(dz).

The integrand is uniformly bounded (by [[1(-)1,<|.|<s/|cc) and converges pointwise to ()1, <|.|<s
for a.a. z, so by (M) and the dominated convergence theorem, we can conclude that |I; — J1| = 0
as k — oo. The proof of (¢) is complete.

(d)  This proof is similar to the proof of (b), we omit it.

ApPPENDIX C. THE PROOF OF LEMMA 5.10

(a) Let K C RY x R be any bounded set, then by the definition of pj, Hélder’s inequality, and
J o) dp =1, |ljikllLe(r) < gl o= (x, ) where

K, ={(g,2) e RN x R" : 3p € RN such that (p,z) € K and |q — p| < 1/k}.
By Hoélder’s inequality and (J1°), we also find that for [p| < r and |z| < 1,

a2l < max |i(g,2) / () dp < Cray il
lg—p|<1/k

and the proof of (a) is complete.

(b) By similar arguments, for |p|, |q|, |z| <,

ik (Ps 2) = Ji k(g 2)) S/ li (s 2)llor(p—s)—pr(g—s)| ds < sup |j(s,2)[[|Dpxl[r1|lp—al
|s|<r+1/k si<r 41k
z|<r

and the proof of (b) is complete by (J1°) and the standard estimate ||Dpgllr1 < k|| Dpl| 1.

(¢) By the definition of ji i, properties of mollifiers and Jensen’s inequality, Fubini and (J2),

. . . . 2
/ lj1k(p, 2) — Jin(g, 2)|” dpa (2 / / pe(W)|i1(p — v, 2) — jilg — v, 2)|"dy dua(2)
[z]>0 |z|>0 yeRN
. . 2

< / P (y) (/ lirlp —v,2) —ji(g — y, 2)| dm(Z)) dy
yeRN |z|>0

< / pe()wj,p1(p—q) dy <w; . 1(p—q).
yeRN

(d) Let AC {0 < |z| <dp} be a Borel set. Then as in part (c), we use properties of mollifiers and
Jensen’s inequality, Fubini and (J2), to see that

/Ihkp, )|? dp(z) //q|< pe(@)]d1(p — ¢.2)|*dg dp (=) <maX/}J1 p—¢.2)|  dp(2)

Now (d) follows from (J3) applied with r 4+ 1, which is bigger than r + 1/k for any k > 1.

(e) First fix a z such that j;(p, z) is continuous in p, ¢f. (J1). Hence j; (-, z) converges locally
uniformly to j;(-, 2) as k — oo (see for instance Appendix C, Theorem 6 in [16]). Moreover, j;(, 2)
is locally uniformly continuous in p, say with a modulus w, for |p|, |¢| < r. Then

i) = Gisla ) < [ 1= 02) = 0= 9 2)pnlwdy < nllp = a1
ye
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and 7; 1 (-, z) is equicontinuous in p. Combining these two results, it follows that for every py — p,

Jik (DR, 2) — ji(p,2) as k— oo for a.e. z. (C.1)

Then we let pp = D¢(z) and p = D¢(x), and consider Lo x[¢, pi](zr) = fqb(zk + Jok(Pr, 2)) —
¢(zr) p2(dz). By (C.1) and continuity of ¢ and D,

(k. + Jok(pk, 2)) — d(zk) — ¢(x + j2(p, 2)) — ¢(x) for a.e. 2,

and since the integrand is uniformly bounded by the ps-integrable function 2||¢|oc (¢f. (M)), the
dominated convergence theorem implies that

Lo k[0, pi|(z1) — L2, p](z) as k — oo.

Note that L1 = Lisk + L‘ls,k. For the L‘f’k—term the proof is more or less the same as for
the Lo p-term (see above). It only remains to consider the L s-term. As above, we see that the
integrand converges to ¢(x + j1(Dd(x), 2)) — ¢(x) — j1(Dg(x), z) - Dp(x) for a.e. z. An application
of Taylor’s theorem and (J1°), show that the integrand uniformly bounded by the uq-integrable
function || D*@|| o (g, )Cr, |2|* where Ry = max(d, maxy, | D¢(zy)|) and

Ry = ' .
2 = R, V2

Hence we conclude by the dominated convergence theorem that

L1 skld, Do) (xr) = Lis[d, Do(a)l(x)  as k= oo
The proof of (e) is complete.
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