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Wave Propagation in Random Waveguides with Long-Range
Correlations.

Christophe Gomez* and Knut Sglnaf

Abstract

In this paper we consider an acoustic waveguide with random fluctuations of its sound speed
profile. These random perturbations are assumed to have long-range correlation properties. In
waveguides a monochromatic wave can be decomposed in propagating modes and evanescent modes,
and the random perturbation couples all these modes. Using asymptotic analysis of the mode-
coupling mechanism we give a description of the effects that the random fluctuations with long-rang
statistical properties have on the pulse propagation.

Keywords. Acoustic waveguides, random media, asymptotic analysis, long-range correlations

AMS subject classification. 76B15, 35Q99, 60F05

Introduction

Ananlysis of physical measurements shows that for waves the medium of propagation may exhibit
perturbations with long-range dependancies and this has stimulated interest in a mathematical under-
standing of how waves propagate through multiscale media [6, 16, 19, 20]. Multiscale random media
with long-range correlations are used to model for instance the heterogenous earth crust, the turbulent
atmosphere, and also for biological tissues. There is a large literature about propagation in heteroge-
neous media which vary on a well defined microscale [9], but for multiscale random media the theory
is not complete. In order to be efficient, imaging and communication algorithms require insight about
how the wave is affected by the rough medium fluctuations. In view of its potential for applications,
mathematical description of wave propagation in multiscale random media with long-range correlations
has attracted a lot of interest over the last decade [3, 11, 14, 15, 17, 18, 21].

Multiscale random medium with long-range correlations produce stochastic effects on the waves
which are very different from the ones produced by perturbations varying on a well defined microscale
and with mixing properties [9]. Wave propagation in random media with long-range correlations has
already been considered in one-dimensional propagation media [11, 18] or open media under the paraxial
approximation [3, 7, 8, 14, 15]. In these contexts, it has been observed that stochastic effects appear
at different propagation scales, all the stochastic effects do not appear at the same time, which is in
contrast with perturbations with mixing properties. Perturbations with long-range correlations induce
first a phase modulation on the waves, a modularion that is driven by a single standard fractional
Brownian motion, which does not depend on the frequency band [3, 18]. For larger propagation distances,
the random phase modulation starts to oscillate very fast to produce anomalous diffusion phenomena
[11, 14, 15]. Here, we follow this line of research by considering the full wave equation in a waveguide
with a continuous multiscale medium modeled through a stochastic process with long-range correlations.

In this paper, we consider acoustic wave propagation in a planar waveguide with a bounded cross-
section D = (0,d), and given by the linearized conservation equations of mass and momentum (see
[9)

L 0 \% 0
Kz ve=o (1)
p(z,2)0pa+ Vp =F.
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Here, p is the acoustic pressure, u is the acoustic velocity, p is the density of the medium, and K is
the bulk modulus. The coordinate z represents the propagation axis along the waveguide, and the
coordinate z represents the bounded transverse section D = (0,d) of the waveguide. The forcing term
F(t, z,x) is given by

F(t,z,x) = f(t)¥(2)0(z — Lg)e, (2)

where e, is the unit vector pointing in the z-direction. Therefore, this term models a source located in
the plan z = Lg < 0, emitting a wave f(t) in the z-direction, with a transverse profile ¥(z) (see Figure
1). In this paper, we assume that the medium parameters are given by :

1L 2(+eV(z,z) if z€][0,L/e]
m B { % if ze€(—00,0)U(L/e%,+0) and z € (0,d),

p(z,z) = p, z € (—00,400) and = € (0,d),

where V(z, ) models the fluctuations of the propagation medium, and the parameter s describes the
order of magnitude with respect to € of the propagation distance in the random section. This last
parameter will be chosen so that we observe nontrivial stochastic effects. The medium perturbations
V(z,z) are assumed to be given by

V(z,x) = @(Bb(z,m)), (3)

where By is a mean-zero continuous Gaussian random field with covariance function
E[By(z + 5,2)By(s,y)] = ry(2) R(2, y),

with r4(0) = R(x,z) = 1, and such that

Sy .
ry(2) o b with  h e (0,1). (4)
This last relation is the so-called long-range property. The function © is a bounded smooth and odd
function on R so that the bulk modulus K takes only positive values and E[V (2, x)] = 0. However, for
technical reasons in the proof of the main result we need the following assumption on the derivatives of
O
sup [0 ()| < CHINY2e wi>1, (5)
u€R
where a € (0,1/2). This sufficient condition can certainly be weakened. Finally, we can also show (see
Proposition 5.1 Section 5) the long-range property for V', which is
Cp oo

V21 J oo

The main consequence of the long-range property on the medium perturbations is that its autocorrelation
function is not integrable,

EV(z+s,2)V(s,y)] ~ 9R(:c,y) with Cy = 20(x)e"2da.

z—+00 zh

+oo
/0 |IE[V(Z +5,2)V(s,y)] |dz = +o00,

and this is the reason why the cumulative stochastic effects on the wave propagation are strongly different
with respect to the ones obtained in classical mixing case (see [9, Chapter 20] and [11, 18, 15]).

The goal of this paper is to prove that waves propagating in the random waveguide with s = 1/(2—5)
exhibit a mode- and frequency-dependent random phase modulations. However, for all the frequencies
generated by the source and all the propagating modes of the wave decomposition the randomness of
the phase modulations is defined in terms of the same standard fractional Brownian motion. This result
is consistent with the ones already obtained in [3, 18] for perturbations with long-range correlations,
and in contrast with the ones obtained for perturbations with mixing properties. In fact, in the latter
case the phase modulations is obtain for s = 1 and are given by a vector of Brownian motions. The size
of this vector depends on the number of propagating modes, and its correlation matrix depends on the
frequency band of the source [9, Chapter 20]. To prove the main result of this paper, we use a moment
technique [3] which is very convenient for long-range correlations with Gaussian underlying fluctuations.

The organization of this paper is as follows. In Section 1, we describe the wave propagation in
waveguides through a modal decomposition, and the mode-coupling mechanism induced by the medium
perturbations. In Section 2, we state the main result of this paper, which is used in Section 3 and



Figure 1: Hlustration of the waveguide model. The source f¢ generates a wave that is propagating in the
positive z direction. The section z € [0, L/e®] is randomly heterogeneous with long range correlations.
Our objective is to characterize the pulse as it emerges on the termination of the random section at
z=1L/¢e5.

Section 4 to study the pulse propagation. In Section 5 we give technical results to handle the long-range
dependencies of the medium perturbations. These are used in Section 6 to prove the main result of
this paper (Theorem 2.1). Finally, in Section 7 and Section 8, we prove respectively Theorem 3.1 and
Theorem 3.2 stated in Section 3.

1 Wave Propagation

In this section we describe the general strategy to study wave propagation in waveguides. From (1) we
obtain the standard wave equation for the pressure wave :

1
Ap — 072(1 + VeV (z,2)10,1/e5(2)0;p = V - F, (6)
where A = 02 + 92 and ¢ = \/K/p is the sound speed. In this paper we consider Dirichlet boundary
conditions (Neumann boundary conditions are considered in Section 4)
p(t,0,2) = p(t,d,z) =0, V(t,z) € R x R.

The wave equation (6) is a linear equation so that the pressure wave can be decomposed as a superpo-
sition of monochromatic wave with the Fourier transform

pw,z,z) = /p(t7x,z)el“tdt and p(t,x,z) = Q—/ﬁ(w,x,z)e_z“’tdt.
T

Therefore, the pressure field p(w, x, z) satisfies the following Helmholtz equation (time-harmonic wave
equation) in z € (Lg,+o0) (resp. z € (—o0, Lg))

33;5((.0, Zz, Z) + aﬁﬁ(wv €, Z) + k2(W)(1 + \/5V(Z, x)l[O,L/ES] (Z))Z/)\(w7 €T, Z) = 07 (7)
where k(w) = w/c is the wavenumber, and with Dirichlet boundary conditions,
Plw,0,2) =plw,d, z) =0, Vz € R.

Moreover, according to the shape of the source term (2) the pressure field satisfies the following jump
conditions and longitudinal velocity continuity across the plane z = Lg

plw,z, LE) —plw,z, Lg) = F(w)\ll(x) and 0,p(w,z,LY) = 0,p(w,z, Ly). (8)

The transverse Laplacian —d? with Dirichlet boundary conditions on 9D is a positive self-adjoint oper-
ator in L?(D), and then its spectrum is composed of a countably infinite number of positive eigenvalues
(Aj)j>1 since D = (0,d) is a bounded domain. Therefore, let us introduce for all j > 1

—02¢(z) = \j¢j(z) Yz €D, and $;(0) = ¢,(d) =0,



where 0 < A\; < Ay < --- and the eigenvectors (¢;);>1 form an orthonormal basis of L?(D),

d
/ ¢j(x)pi(z)de = 6.
0
Here, §;; denotes the Kronecker symbol. In the planar case D = (0, d), we have explicit expressions for
the eigenvectors and eigenvalues :
2 . j2m? .
¢j(x) = \/;SIH(jW.’E/d) and Aj = 2 vy > 1.

As a result, we have the following decomposition of the wave field

p(w,x, z) ijwzd>] (9)

j>1

The two next sections present the modal decomposition of p(w, z, z), first in a homogeneous waveguide
(V' =0) and then for the randomly perturbed waveguide.

1.1 Modal Decomposition in Homogeneous Waveguides (V' = 0)

This section is devoted to the modal decomposition (9) for a homogeneous waveguide. This describes
the wave propagation from the source location z = Lg to the beginning of the random section z = 0
(see Figure 1). According to (7) and (9), we have for all z # Lg and j > 1

d? ~
Epj(wv Z) + ﬂ?(w)pj (wv Z) =0, (10)
with
ﬂj(w>: kg(w>_Ajv fijE {1,...7N(OJ)}7
and

Bj(w) = /A — k2(w), for j > N(w) + 1.
Here, N(w) is the integer such that Ay, < k2 (w) < AN(w)+1, that is for our planar waveguide

wd
v =[]
(W) =]—
where [] stands for the integer part. As a result, according to (10) in addition to (8), the pressure field
can be expended as follows

N(w)

pw, x, z) [Z ?/Jﬁoji pRIEH w)2¢ (z )+j>]%)+lﬁj’0(w)eBj(w)z¢j(x)] s to0)(2)
() 3 _ (11)
+| Z DG @) 4 D Go(@)e ()] 1o no)(2),
j=1 F>N(w)+1
propagating modes evanescent modes
with
aj0(w) = —bjo(w iﬂa‘(wﬂs(@,qom(o,d), for j € {1,...,N(w)}, (12)
and

_ Bl . " Bi(w) & ,
Pro(w)e PEs = —g; o (w)efiIbs = #f(w)@j’@m(o,d)’ for j > N(w) +1

In (11), we refer to the modes with j € {1,...,N(w)} as propagating modes, these are modes which
can propagate over large distances. The evanescent mode are the modes with j > N(w) + 1, and
correspond to modes which cannot propagate over large distance. Here, N(w) corresponds to the
number of propagating modes, @;o(w) (resp. Exo(w)) is the amplitude of the jth right-going (resp.
left-going) propagating mode, and pj o(w) (resp. Gjo(w)) is the amplitude of the jth right-going (resp.
left-going) evanescent mode.



Figure 2: Illustration of the right-going and left-going propagating mode amplitudes a(w, z) and E(w, z).
The source generate the probing wave ag(w), the reflected wave is b(w,0) and the transmitted wave,
which is our interest is G(w, L/e®). Note that there is no energy coming from z > L/e®.

1.2 Mode Coupling for Randomly Perturbed Waveguides

In this section we are interested in the modal decomposition of the pressure field over the randomly
perturbed section of the waveguide (0, L/e®). In this case, the perturbations of the propagation medium
induce a mode coupling. To describe this coupling mechanism, let us introduce the right-going and
left-going propagating mode amplitudes @;(w, z) and b;(w, 2) (j € {1,..., N(w)}) such that

() 4 by (2)e P

pi(z) = NG

(see Figure 2) which are defined by

and 0.5 (2) = in/B; (a5 ()’ = b;(2)e %),

~ o iBipi(2) + 0:Dj(2) s, =~ iBipi(2) — 0:pi(2) ..
aj(z) = NG e and b;(z) = NG e'riz,

Therefore, according to (7) and (9), we have the following coupled differential equations for the mode
amplitudes

, (w)
d . zkz(w)N ~ B (W) =B (wW))z | —i(By(w)+B; (w))z
Lay(0,2) = Ve Ol S 0, 2) (@0, )OO BN LT 1, 2)em D7)
ik?(w) . (13)
+e 5 > Cilw, 2)VBi(w)pi(w, z)e i),
I>N(w)+1
d~ zk2( ) ,
zbj(w?z) = e Z Cii(w, 2) (@ (w, 2)e i(Br(w)+B;(w))z +b (w, 2)e —l(ﬁz(w)—ﬁj(w)z)
z
() (14)
- \@T Z Cii(w, z) Bl(w)ﬁl(waz)elﬂj(w)za
I>N(w)+1
for j € {1,...,N(w)}, and
&2 .
ppj(wa z) = Bj (wW)p;(w, 2) + 2Vegj(w, 2) =0, (15)

for j > N(w) + 1 where

2) =k Z Ci(2)\/B;Bii(2) + K ZC}Z VB (@(2)e™* +by(z)e"1P12).

I>N+1



In these equations the coupling coefficients are defined by
1
Cae) == [ Viz0)s @n(o)da. (16)
VBibi Jp
We complement the systems (13), (14) and (15) with the boundary conditions

Q(w,0) =Gdp(w) and  b(w,L/e*) =0, (17)

(see Figure 2) where ag(w) is defined by (12). The second condition means that no wave is incoming
from the right hand side of the perturbed section (0, L/e®). We also introduce the following radiation

condition
. ~ 2 _
Jim Y [piw, ) =0, (18)
I>N(w)+1

meaning that the energy carried by the evanescent modes decay to 0 at infinity. Using this condition,
one can show following [10, Section 3.2] the global conservation relation

[a(w, L/e*) 1Exc + 15w, 0)1Enw = l[ao@)Exe, (19)

where || - [|cwv ) stands for the Euclidian norm on CN().

1.3 Propagating Mode Amplitude Equations and Propagator

The coupled mode equations (13) and (14) for the propagating mode amplitudes are not closed, they
involve also the evanescent mode amplitudes. However, it is possible to derive a closed system (20)
for the propagating mode amplitudes taking into account the influence of the evanescent modes on
the propagating modes up to an error leading to negligible effects compared to the ones discussed in
the remaining of the paper (see [9, 10, 12, 13]). From now on, let us consider the following coupled
differential equations for the mode amplitudes

i [, ) = [V +ste] (0] 2

with boundary conditions given by (17), and where

with
k2 (B —B:)z ik2 . N
G(z) = o> (z)el PPz H?z(z) = ,7%(2)6 (Bi+85)
ik4 “+oo ) .
?l(z) = -0 Z / lef(z)Cl/l(z + u)ezﬁl(z+")_wﬂ—5l/|U\du7 (21)
U'>N+1 —00
b lkA I iBi(z+u)+iBz—0By |u|
Gjl(z) = _T Z le/(Z)Cl/l(Z —+ u)e i 3 14 d’U,,
o)

U>N+1Y~

and Cj;(z) defined by (16). Here, the matrices H* and H” describe the coupling between the propagating
modes, while the matrices G* and G’ describe the coupling between the evanescent modes with the
propagating modes. Rescaling the propagating mode amplitudes according to the order of magnitude
of the propagation distance, we consider

a*(w, z) = a(w, z/e%) and b (w,2) = b(w, 2/c%),

for z € [0, L], satisfying the scaled coupled mode equations

i o) = [Fmnle 2 vl ) [ )



with boundary conditions R
a®(w,0) = ap(w) and b°(w, L) = 0. (23)

The two-point boundary value problem (22) and (23) can be solved using the propagator matrix defined
as the unique solution of

ipf(wvz) = {ﬁH(u, (:—q) + sl’SG(w, é)]PE(w,z) with  P®(w,0) = Idan(w)s (24)

so that for all z € [0, L]

[%:((j:jﬂﬂf(w,z) Egjjg;] and FE%’L)}:W(% L) [@owo)y )

according to (17). Because of the form of H(w, z) and G(w, z) the propagator can be expressed as

P (. 2) = [Paﬁ(w,z) Pb(wz)} 7

P*¢(w,2) P%f(w,z)

where P®¢(w, z) describes the coupling mechanisms between the right-going modes (resp. left-going
modes) with themselves, while P*¢(w, z) describes the coupling mechanisms between the right-going
and left-going modes.

In the next section we study the asymptotic distribution as € — 0 of the propagator and we specify
the propagation parameter s leading to a nontrivial asymptotic behavior.

2 Phase Modulation for the Propagator

This section is devoted to the main results of this paper, which are used to describe the pulse propagation
in the two next sections. In the following theorem we describe the asymptotic distribution as € goes to
0 of the couple of matrices

P 9) = |paeicr 5] € My (©) x M ()

where My (4, (C) stands for the set of N(w) x N(w) matrices with complex coefficients.
Theorem 2.1 For s =1/(2— 1) and for all z € [0, L], the family (P¢(w,z))e converges in distribution
in Mn(C) x My (C) to

{D(w, z)]

0

with ' _
D(w,z2) = diag(e“’LH(L*’)BH(Z)7 .. ,e”NvH(“’)BH(Z)), (26)

where By s a standard fractional Brownian motion with Hurst index H = (2 —8)/2 € (1/2,1),

_ kW) | CyRjjj;
2, ) \| HRH - 1)

7,1 (W) (27)

and

Rinpg = //DXDR(x,x')qu(x)¢n(x)¢p(ac’)¢>q(x’)dxdx’. (28)

The proof of Theorem 2.1 is given in Section 6. We now present several remarks regarding this
result. First, Theorem 2.1 implies that the first significant stochastic effects affecting the wave take
place for s = 1/(2H) < 1. This is in contrast to the classical mixing case (see [9, Chapter 20]) for which
all the stochastic effects appear for s = 1. The second one concerns the convergence of P*¢(w, z) in
probability to 0 meaning that the coupling mechanisms between the right-going and left-going modes
are negligible for € small. In other words, the backscattering is negligible for ¢ small. The third
one concerns the convergence in distribution of P*¢(w, z) to a diagonal matrix, which means that the
coupling mechanisms between two different right-going modes is also negligible for € small. Finally, the



propagating modes are only affected by mode- and frequency-dependent phase modulations but driven
by the same fractional Brownian motion, which does not depend on the frequency. This effect of mode-
dependent phase modulation driven by a single fractional Brownian motion has already been observed
in [3, Theorem 1.2] for the random Schrédinger equation with long-range correlations.

We finish this section with two multifrequency versions of Theorem 2.1 which will be useful for the
study of the pulse propagation in the next section. The proofs of the following requires only simple
modifications of the one of Theorem 2.1.

Theorem 2.2 Let s=1/(2—-1), v € N*, and z € [0, L].
e For all (w1,...,wy) such that
Nw)=N  Vje{l,... 7}
the family (P (w1, 2),. .., P%(wy, 2))e converges in distribution in (My(C) x My (C))" to
D(wy, 2) D(w., z)

0 0

e For all M >0, and (hy,...,hy) € [-M,M]7, the family (P*(w + €%hy, 2),...,P*(w +€%h,, 2))e,
with q € (0, s], converges in distribution in (M y(.)(C) x My ) (C)) to

D(w, 2) D(w, 2)
0 0

where D(w, z) is defined by (26).

This theorem characterize the behavior of the propagator at different and nearby frequencies. It turns
out that the energy and the asymptotic statistical behavior of the propagator for different frequencies
are not affected on the propagation scale L/e® with s = 1/(2 — h). On this scale the wave does not
propagate enough and accumulate enough scattering events to affect the frequency coherence nor the
energy. This type of phenomenon has already been observed in [11] for one-dimensional propagation
media and in [15] for the random Schrédinger equation with long-range correlations.

3 Pulse Propagation for s = 1/(2 — b)

In this section we describe the asymptotic behavior of a pulse at the end of the random section z = L/e®
with s = 1/(2 — ). We assume that the pulse has been generated by the source (2) with

1 ~w-— wo)

FE(t) = f(e9)e ™ot sothat  ff(w) = —f(

This profile models a source with carrier frequency wp and bandwidth of order ¢?. However, for the
sake of simplicity we assume that f(w) is a compactly supported smooth function. Throughout this
section, we refer to a broadband pulse if ¢ < s (the order of the pulse width is small compared to the
propagation distance e~? < ¢~°) and narrowband if ¢ = s (the order of the pulse width is comparable
to the order of the propagation distance e~9 = ¢~*). According to the boundary conditions (23) (no
wave is incoming from the right) the pulse can be decomposed into two parts

L L L
p(tv'ra S)—ppr(tx )+pe( S)a
S 5

N(w)

ﬁpr(ﬁ%é) /dw B Z \/@7 eI/ ¢;(x)

is the propagating part of the pulse, and

pe(t,x,é> = %/dwe‘wt Z Dj(w, L/e®)p;(x)

J>N(w)+1

where



is the evanescent part of the pulse, which is small in the limit € — 0. Therefore, in what follows we focus
our attention on the propagating component of the pressure wave. In order to use Theorem 2.1 we need
to express the forward-propagating mode amplitudes @°(w, L) in terms of P¢(w, L). This can be done
according to the right-hand side of (25), note though that the backward-propagating mode amplitudes
b (w,0) are not specified. However, using the fact that P*¢(w, L) converges in probability to 0 and (19),
we have

lim ]P’(sup ||p(t7 '7L/55) _ ppr(tv .7L/g$)||%2(0 d) > 77) =0,
e—0 t ’

where

—iwt (.d wO Bl
iw , L
f j;l (w ) (29)

x "B (“’)L/Ese_wl(w)LS(bj(mx(bl’ \IJ>L2(07d)'

Dpr (t7

As a result, the asymptotic behavior of the pulse p(t, z, L/e®) is equivalent to the one of p,,. (¢, z, L/e®)
according to [4, Theorem 3.1 pp. 27]. This is the reason why, in the next section, we only study
the asymptotic behavior of p,.(t,x,L/e®). Before starting, we also remark that the nature of the
source affects strongly the asymptotic shape of the transmitted pulse. Let us investigate the cases of a
broadband source (¢ < s) and a narrowband source (¢ = s) in the contexts of a homogeneous medium,
and then with a random medium in order to understand the effects the random perturbations have on
the pulse.

3.1 Broadband (¢ < s) and Narrowband (¢ = s) Pulse in the Homogenous
Case

This section is devoted to the study of the pulse (29) in a homogeneous medium. The results presented
in this section will be compared to the ones obtained in Section 3.2 and Section 3.3.

In the homogeneous case we have P**(w, L) = Idy.), and after the change of variable w = wo +£?h
the pulse (29) becomes to leading order

s N(wo)

t L 7’L(.d()t/6
ppr<;,a:, ;s) P Z ¢j(x <¢j7 L2(0,d)

% /efih(tfﬁj (wo)L)/sS_qf(h)ei,@j (wo) L/e° gi®§ (R)L/" =7 ,~if;(wo) Ls g,

where

h™
Zﬂ" 0)et 2 (30)

with ®°(h) = 0 if s < 2¢, and ng = [s/q] + 1. Here, we made the identification N(wy) = N(wo + €?h)
since we assumed that f(h) has a compact support and ¢ is small. In the broadband case the order of
the bandwidth of the source 1/e? is small compared to the order of propagation distance 1/e%, so that a
modal dispersion can be observed. In this context, we observe the pulse for a time window of order the
pulse width 1/e? and centered at t,ps/e® which is of order of the total travel from z = Lg to z = L/e®

t o tobs U .
; = e —+ g Wlth u e [7T, T]

Proposition 3.1 For all j € {1,...,N(wg)}, let us consider

. s . s q t L
p;pr(u,x,L) — e—zﬂj(wo)(L/a —Ls)ezwotj/s ezwou/e pPT(E% + 6% )7
where s = 1/(2 —h) and
tj = B;-(UJ(])L. (31)



o Ifq€[s/2,s), we have

. 1
i%pj7pr(u7x7[’) 2KJL*f <¢j7 >L2 (0,d)’
where
= ih28P (wo)L/2 - S - . s
K (h)=¢€"" , if q= 2 and K, p(h)=4(h), if q> 7 (32)

o Ifqe(0,5/2), we have
lim pf - (u, 2, L) = 0.

Consequently, in the broadband case, we can observe a train of coherent transmitted pulses at several
well separated observation times ¢;. At these times, the pulse is a single mode traveling with the group
velocity 1/8%(wo) and dispersed through the kernel K

In the narrowband case, the orders of the bandwidth of the source and the propagation distance
are the same (~ 1/¢%) so that the propagating modes overlap, there is no modal dispersion. Con-
sequently, to describe the asymptotic behavior of the pulse we need to compensate the rapid phase
ePi(@IL/e*  However, note that (29) is a superposition of N(wp) eigenvector ¢;, so that one can study
the finite-dimensional vectors corresponding to the modal decomposition compensated by the fast phase
as described in the following result.

Proposition 3.2 For all j € {1,...,N(wp)}, let us consider the projection

. . . t L
(1, L) = e ifi(@o)(L/e*~Ls) iwot/e* <pp7( S’ ’78>,¢j>L2(0 o

We have for s =1/(2 —b)

()
Pjpr

lim
e—0

P (1,1) = 5 £t = B ) D) (85, 0) 10 (3

Roughly speaking, we can then write

t L eiwot/e” N / i35 (wo)(L/e*—L
(e ) 2, S e ey 8 00,01
j=1

The transmitted pulse is therefore a superposition of modes and each of them is centered around its
travel time ¢; defined by (31).

Let us briefly comment on how we can enhance the source information by forming correlations.
Define for any tops > 0 and j € {1,..., N(wo)}

. q t U+ T t T
€ _ Jiwou/e obs . s obs T s
Fiw) =™ /<¢J’p’"( s T o L/e )>L2(0,d)<¢7’ppr( s T L/e )>L2(O,d)d7—' 3

e4

Then, we have in the narrow and broad band cases for any ¢ and t,5 > 0 :

2%
00 e T )= [t (35)

In the two following sections we are interested in how the pulse is affected by the random perturba-
tions of the propagation medium. We consider first the case of a pulse generated by a broadband source
and second by a narrowband source.

Fi(u) =

3.2 Broadband Pulse (¢ < s=1/(2—5)) in the Random Case

Following the lines of Section 3.1, making the change of variable w = wg + £?h in (29) we have

"N Bi(wo) 0) 5
_ S 2] sy et it Ls g () (g, @ )12(0.0)

4 S ﬂj (OJO)

/ 7zhuf( ) ih(B; wo)Lft,,bs)/es_qei@?(h)L/es_2q

7x7

tobs u L eii“’Otobs/E‘ e*iwou/s
pT g

es ETZ

X P?l’s(wo +¢e%h, L)dh,
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where ®° is given by (30). As in the homogeneous case, we can observe a train coherent transmitted
pulses, described in the following result, at several well separated observation times t.,s = ¢; defined by
(31).

Theorem 3.1 For all j € {1,...,N(wg)}, let us consider

) s . s ts U L
— . L 7L . q
pi,pr(u,ﬂﬁ, L)=e i (wo)(L/e 5) giwot;/e” giwou/e ppr(é_% + g’x’ ;)’ (37)

where s = 1/(2 — h).

o Ifq€[s/2,s), the family (p7 ,,.(,-, L), ... ,p?v(wo),pr(-, -, L))e converges in distribution on C([=T, T]x
(0,d),CN«0)) g5 e goes to 0 to (p(1)7pr(~, L), ... ,p?\,(wO),pT(-, v L))e, where

¢t 1(wo) Bu (L)

p?,pr(uvxaL) = 2

Kj o f(w)6(2)(85,9) 120 0)- (38)

Here Kj 1, is defined by (32), By is a standard fractional Brownian motion with Hurst index
H=(2-0)/2€(1/2,1), and 0j u(wo) is defined by (27).

o Ifq € (0,5/2), the family (p1 (-, L), - -, DN (ug) pr (> L))e converges in probability on C([—T, T]x
(0,d),CN0)Y t0 0 as e goes to 0.

This result shows that the random perturbations of the propagation medium induce on the pulse
a mode-dependent and frequency-dependent phase modulation driven by a single standard fractional
Brownian motion, and spread dispersively through the kernel K; . This result is in contrast with the
case of random perturbations with mixing properties (see [9, Section 20.4.3]) and s = 1 in three respects.
First, the random modulation is driven by a fractional Brownian motion and not by a standard Brownian
motion. Second, in our case the fractional Brownian motion is the same for all the train of transmitted
waves and not a family of standard Brownian motion with some frequency-dependent correlation matrix.
Finally, as already discussed in Section 2, on this propagation scale (L/e® with s = 1/(2H)) the pulse
does not accumulate enough scattering events to affect its energy [11, 15].

3.3 Narrowband Pulse (¢ =s=1/(2— b)) in the Random Case
As discussed in Section 3.1, in the context of a narrowband pulse the propagating modes overlap, there

is no modal dispersion, and we have from (29)

t L e—iwot/e N Bi(wo) .
s i Bj(wo)L/e® ,—iBi(wo)Ls 4 N}
Ppr( z, ) 4dr = ﬁj(wo)e e ¢J($)<¢l» >

» / F(h)eth (B @0 =)
x P (wo + €°h, L)dh.

L2(0,d)

(39)

As in the homogeneous case, because of the mode overlapping we study the finite-dimensional vectors
corresponding to the modal decomposition and compensated by the fast phase. The precise result is
given in the following theorem.

Theorem 3.2 Forall j € {1,...,N(wo)}, let us consider the projection

t L

Pl et D) = e /L) ot (o 2650

The family (pT pr (- L) - s PN (o) pr (> L))e converges in distribution in C([=T,T], CN@o)) as & goes to
0 to (p?yp,,(-,L), ... 7p?v(w0),pr(" L)), where for j € {1,...,N(wp)}

(P
Plpr(t, L) = 57 BB £t — 3(w0) L) (65, W) 12,4

Here, By is a standard fractional Brownian motion with Hurst index H € (1/2,1), and o u(wo) s
defined by (27).

11



Roughly speaking, the pulse can be described as

t L e—iwot/e® N{wo) ) By (L i L/e*—L
ppr( x,—) ~ — Z 15,1 (wo) B ( )f(t—ﬁg(wo)L)elﬁj(“’O)( /&%= S)¢j($)<¢j7\1/>L2(o,d)'
J

es’ 7 es) 50 —

The transmitted pulse is therefore a superposition of modes, each of them is centered around its travel
time t; defined by (31), but also modulated by a mode-dependent and frequency-dependent random
phase. Once again the randomness comes from the same fractional Brownian motion for all the propa-
gating modes.

In the way as in the homogeneous case, one can enhance the source information by forming corre-
lations. Considering F(u) given by (34), we have according to Theorem 2.2, both in the narrow and
broad band cases, for any ¢ and s > 0

f2*
4(U) <¢ja \Ij>iz(07d)a

with f2* given by (35), and where the limit holds in probability. Here, we recover the same result has
in the homogeneous case. This is due to the diagonal form of the limit process in Theorem 2.2 and the
correlations which compensate the phases.

lim F} (u) =

e—0

4 Pulse Propagation for a Single-Mode Waveguide with Neu-
mann Boundary Conditions

In this section we study the particular case of a single-mode waveguide with Neumann boundary con-
ditions on 9D to make the link with earlier works in one-dimensional propagation media [17, 18]. In
this context, the spectral analysis of the transverse Laplacian 92 in (7) is a bit different : —92 with
Neumann boundary conditions on 9D is a nonnegative self-adjoint operator in L2(0,d). Its spectrum is
constituted of a countably infinite number of nonnegative eigenvalues (\;);>0 since (0, d) is a bounded
domain. Therefore, we have for all j > 0

—92¢;(x) = Njgi(x) Vo e (0,d), and  ¢5(0) = ¢)(d) =0,

where 0 = \g < A\; < --- and the eigenvectors (¢;);>o form an orthonormal basis of L?(0,d). In our
context, we have explicit expressions for the eigenvectors and eigenvalues
1

A =0 and (250 = —,
0 \/&
and

'2 2

2
Aj = ]dg and pj(x) = \/;cos(jmn/d), for j > 1.
Moreover, in this context the number of propagating modes is now given by
d
Nw) =1+ 2],

e

so that in order to have only one propagating mode (N(w) = 1) on need to take

W € (—We,we) with We = /M.
Let us assume that the temporal profile of the source (2) is given by f¢(t) = f(¢), for which the support

~

of f(w) is included in (—we,w.). According to the remarks at the beginning of Section 3, to study the
asymptotic behavior of the pulse, we consider the following propagating part with only one mode:

d
L, _ Jo Y(x)dz [ —iw(t—L/(ce®)) [pae -t
ot =) = 2 [ Flpe PrwD)]| e

Consequently, we observe the transmitted pulse in a time window of order 1 (comparable to the pulse
width) and centered at L/(ce®) (of order the total travel time)

L fd \I/(J})d.lf T —ilwu a,e —1
%)= 25 [ e P . L) e

68

L
p;r(uv L) = DPpr (768 + u,

and we have the following result.
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Theorem 4.1 For s = 1/(2 —b) the family (p,. (-, L)) converges in distribution on C([-T,T]) as ¢
goes to 0 to

d
pgr(tvL) = W}c(f — O'HBH(L)).

Here, By is a standard fractional Brownian motion with Hurst index H = (2 —§)/2 € (1/2,1), and

G

2 b / /
= R dzdz’.
TH = 4H(2H — 1)d2c2 /(O,d)z (z,&)dvdz

The proof of this result follows closely the one of Theorem 3.1 and Theorem 3.2 using the first point
of Theorem 2.2. The result obtained in Theorem 4.1 is similar to the ones obtained in [17, 18] for one-
dimensional propagation media. The transmitted pulse is the original pulse with a random time shift
given by a fractional Brownian motion. In contrast with the result obtained in the same context (single-
mode random waveguide) but with random perturbations having mixing properties [10, Proposition 3]
the random shift is a fractional Brownian motion and not a standard Brownian motion, and there is no
determinist deformation of the pulse. Moreover, the energy is not affected because the pulse does not
accumulate enough scattering events to affect it.

In the remaining part of the paper we derive some properties on the stochastic process V' (z, x) which
we then use in the proof of Theorem 2.1, Theorem 3.1, and Theorem 3.2.

5 The random fluctuations model

This section is devoted to some properties of the random field V(z,x) (defined by (3)) modeling the
medium fluctuations. The long-range property (4) is the key to observe stochastic effects driven by a
fractional Brownian motion and not a standard one as in the mixing case [9, Chapter 20]. The following
proposition shows that V' exhibits the long-range property as well.

Proposition 5.1 For all s € R and (x,y) € (0,d)?, we have

E[V(Z + 5795)V(371U)] ~ QR(x y) with Cf] @(x)$€_$2/2d1’.

z——+00 zb

\/ﬂ

The proof of this proposition follows exactly the line of [17, Lemma 1], but we present it in this section
as preliminaries for the proof of Proposition 5.2.

Proof (of Proposition 5.1) Let us remind the reader that the Hermite polynomials (H;);>1 defined

by
w(l)(x) 6_12/2
H(z) = (-1) , ith w(x) = ,
o) = (0 it ule) = S
form an orthogonal basis of L?(R,w(x)dx) such that
CHi o) 1y = M

Moreover, let us recall the Mehler’s formula, which is
E[Hl(Xl)Hm(XZ)] = Z!E[XIXQ]I6ITYL7

for two centered Gaussian random variables such that E[X?] = E[X2] = 1. Decomposing © in this basis
O(z) =) —rHiz), where  ©;=(H,©O)p,0 .

and using the Mehler formula we have

B[0/(By (= + 5,2)) O(Bu(5,))] = 3 o BIHU(By(= + 5,:2)) Hin (B (5,1)]

I!'m!
l,m>1
@2
=Y ()R @)
>1
elrh z,Yy +Z Rl IL’ y)

1>2

13



Now, let us remark that for [ > 2 we have zhré (z) = 0 as z = 400, and for z large enough
Z’ Rl:cy’<CZ—<+oo
1>2 1>2

since for all [ > 1 we have assumed (5). Therefore, we finally have

ZbE[V(Z#*S,Z)V(S,y)} ;i CUG%R(xay),

which concludes the proof of Proposition 5.1.

The proof of Theorem 2.1 is based on a moment techniques, so that we have to evaluate moments

of the form
1 . Zp
M/A (Z)E[H@(Bh(ﬁ,xp))}gas(z,zl,...,zn)dzl...dzn,
n =

where n is an even number (otherwise this moment is 0 by symmetry), and
An(z) ={(21,...,20) €[0,2]", st. 0<z <z Vje{2,...,n}}.
The following proposition gives the leading order term of these moments.

Proposition 5.2 For all even number n > 2, (x1,...,2,) € (0,d)™ and s = 1/(2 — §), there exists a
positive constant C' such that

n

{H (B"< 57 ))”dzd...dzngcn’

1 /
SUp ———=-
c€(0.1) en(s—1/2)

p=1

and

i L B[ T[6(5y(2.2,)) |-t iz .

El_l;l’(l)m N b Es,xp PelZy 21y .4,2p)AZ1 ... A%y

n p:l
R(zp,
:limC’gl/Q/ Z M%(z,zh...,zn)dm...dzn,
=0 2a(2) F parer |zp — 24

where @, is a bounded function for all €. Here, the sum stands over the parings F of {1,...,n}, and
the limit € — 0 is uniform with respect to (x1,...,%n).
We recall that a pairing formed over vertices of S = {1,...,n} is a partition of S into n pairs of couple

(p, q) such that all the elements of S appear only in one of the pairs and with p < q.

Proof (of Proposition 5.2) The proof of this result is inspired from [22]. For the first point, using
the decomposition of the function x — O(y/2nz) over the orthogonal basis of Hermite polynomials we
have

e[ ITo(5(2 )] [ LT o(v2r o (2:m)]

p=1 p=1

SV )| EACTTAC )L

Then, following the proof of [22, Lemma 4.5] and using [22, Corollary 4.2] we have

LT Gt (M [y
Il

G0 I e

q>n/2 ki+-+k,=2q P*l




where X ~ N(0,1), and for which according to [22, Lemma 3.1] we have
EH HHkp(X)H < H(nfl)kp/a/kp! and |©,,.1] < sup |OV1.
p=1 p=1

Moreover, according to (4), there exists z, such that for all z > z, we have |ry(z)| < C|z|7", and then

]/ du‘ <C’(5 + e / \urbdu). (40)

Ze

As a result, for s = 1/(2 — b) we finally obtain

ot [ ELITO( (2 oz (2 (55)) =0

To prove the second point, let us decompose © over the orthogonal basis of Hermite polynomials,

(Mo ()] - X T2l (5(2)

]G{l ..... n}
n Zp — Zq
=61y [T (2= Ry a,)
F (p.q)EF
+Zo (21, ey 20y @1y ey Ty,

where

3

IZ(Zl,...,Zn,Il,..., Z H(;)l'

po=1 I;>1 p=1

for p7#po
and po>2

n
(C]
Z > > II7
0=1g>n/2+1 l1+-+ln=2q p=1
lp€{1,....q} for p#po

lP06{21"~7q}

#[ [T (52 2)

e[ T, 5 (2.0)]

Here, let us remark that ¢ > n/2 + 1 since n is even and l,, > 2. Moreover, according to [22, Lemma
2.1], we have

N l1!...ln‘z 1%, r (le %)é(x, z;)

24q! I(lyyeeln) 17b ipyLip
]E{HHIP(BF)(%M))}: R +lnp—2q7
p=1

0 otherwise,

where

Iy, ) = {(i, g1, yigedg) € {1, .0}, st iy #j, Ype{l,...,q}
and all pe{l,...,n} appearsl, times}.

Using the fact that r, and R are assumed to be bounded by 1, for all (i1, j1,...,4q,Jq) € I(l1,...,1n)
we have

n/2+1

/[ | H|T‘h Zip ij) xlp,x]p |d21 cdzp, < / H ‘rh )|dzl .dzy,
Oz”

where (i}, 71, - - ,i;/2+1,j;/2+1) repeat po two times. Since n/2 + 1 is odd, exactly one other index
denoted p{, appears also two times, and then two cases are possible. The first case is when we have a
term of the form 7’%, if it is the case there is only one, and we have

Cre%h if he(0,1/2),

: : 2 (Zpo — Zpj /s sy
/ dzpo/ dzpy i (———2) < ¢ Cietlog(1/e®) if h=1/2, )
0 0 < Cyes if e (1/2,1),
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Using (40), we finally have

n/2+1

/ H |rb )|d21 dzn— /du/ dv|7"h |dudv)n/2_1
[0,2]"

p=1
/ du / dvrh dudv

< ngshn/2 shA(1—h) log(l/ss).

Second, If we are not in the previous case, using the Cauchy-Schwarz’s inequality with respect to z,,, a
change of variable, and again (40), we obtain

n/2+1

n/2—1
/ H |rh )‘dzl dzn<C3 /du/ dv‘rh ‘dudv)
[O,Z]" p=1
x/ durb( )du
0

< Oyt 2eN1=0) og(1 /).

Therefore, in any case we have

foom, {f[ (6y(2.2,))

< O/ 250N (1-h) log(1/g*)

dzi...dz,

o[ [T 0]

using [22, Lemma 3.2] with X ~ A(0,1). Consequently, we obtain

1 €
m /[O’Z]n |In(2’1, ey By L1y 7In)|d2’1 .. dZn

< S0 1og(1 /%) Z Z H

q>111+-+l,=2q p=1
1<1,<q

|@l |

H [, (X

where X ~ N(0,1), and
ﬁ |Hz (l1+ +l”)/2H \/>

using [22, Lemma 3.1]. As a result, we have

e [ E[ge(a(z,%m —@@ IT (22 Ry

(P, 9)EF

dzi...dz,

1/2

— 1
< MM 1-0) 6g(1 /&%) I (Z 1©4](n

>1

< ohe-n_Cn
- (n—1)!

since s = 1/(2 — h) and according to (5). Finally, we have

— b
Zp — 24 ey
Th( )— ‘dzl...dz
gn(s 1/2) / z) 1_)[6}_ es |Zp —Zq‘h n




where (n — 1)!! = n!/(2"/%(n/2)!) is the number of pairing of {1,...,n}. Moreover, according to (4), for
all § > 0, there exists 2z, such that for all z > z. we have |ry(2) — cp|2| 79| < cg|2| 9. Therefore, we
have

u—v
os_ 1) — _pl7h
@D ) e ) |u — v|" ‘dudv < dey, /u_v>esze |lu — v| ™ dudv
+ 6/ ry(u — v)dudv
lu—v|<zq
+ch/ |u — v| " dudv,
lu—v|<edz,
so that for all § > 0
u - v o
E_>()£_:(2s 1) 7“(, o5 |u _ 'U|h ‘dUdU < 60!)/ / |u — v| " dudwv,

which concludes the proof of the Proposition 5.2.

6 Proof of Theorem 2.1

The proof of this theorem is based on the idea developed in [3] in which the authors study the asymptotic
behavior of the solution of the random Schrédinger equation with long-range correlations. The technique
is based on the characterization of the moments of the limiting process. This technique is very convenient
in our case. In fact, even if the field V(z,2) in (3) is not Gaussian, the field By is Gaussian and the
moments of V' can be managed as described in Proposition 5.2.

To apply the moment technique to P¢(w, z), we perform iterations of the integrated form of (24),

5 . Pa,a(w’z) _ IdN i 1 U 1—s U €
P(w, z) = {Pbﬁ(w,z)} = [ 0 ] +/0 {753—1/21_1(“)’ g) +e G(w, E—S)]’P (w, u)du, (41)
so that the transfer operator is given in term of a series

“+o0

P (w,2) = Y P (w,2), (42)
n=0
where
en _ - - 1 Le 1-sq2,e Idy
P (w,z)—/ /An(z) ngldumml—:[l [63*1/21? (W, um) +& °F (w,um)} [ 0 },
and

An(z) ={(z1,...,20) €[0,2]", st. 0<z;<zj1 Vje{2,...,n}}.
Here, we use the notation
Fif () = Fag (wou) = H'(w, =), Fif(w,u) = Fis (w,u) = H' (w0, ),
5 € a U & € U
F%l (w,u) = F§2 (w,u) =G (wa ;)’ Fgl (w,u) = F%Q (w,u) = G (Wa ;)v

to make the distinction in the forthcoming computations between the terms produce by the forward
(resp. backward)-going propagating modes and forward (resp. backward)-going evanescent modes. As
a result, we can write P="(w, z) as follows

Per(w )= 3 / /A H | H /2T 0, )| [I‘(Z)N} (43)

(i1,0eyin)€{1,2}7 (2) m=1

and

n n
H gim/2mSFImE (), Uy [IdN} 3Dy imns [Z(pl’ pn)€{1,2}7 [ Fpm 1o (
> n T €
0 (@rramye{r.2yn met FGs, g, (@, um)

€ W, Uppy)

|

where pg = p, = ¢, = 1 and qp = 2. As we will see, only the component iy =land p;=1(=1,...,n)
in (44) has a nontrivial limit. All the other terms converge to 0 in probability.
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Proposition 6.1 The series (42) is well defined and

Xe(w,z)} ” S 77)
0 My (C)x Mn (C)

)

Vi > 0, g%P(HPg(w,z) — {

where P¢(w, z) is defined by (41), and X¢(w, z) is defined by

+oo

X (w,2) = ZXE’"(w,z), (45)

n=0
with

e,n 1 u a Um
X (i, 2) = M//M) 1_—[1H (w0, 22 dit. (46)

Let us remark that X¢(w, z) corresponds to the terms 4y =1 and p; =1 (I =1,...,n) in (44), and
we have the following result which concludes the proof of Theorem 2.1 according to [4, Theorem 3.1 pp.
27].

Proposition 6.2 For all z € [0, L], the family (X¢(w, z))e converges in distribution on My (C) to
D(w, z) = diag(e@rn@Buz)  cionn(@)Bu(2)) (47)

with o i (w) defined by (27), and where By is a standard fractional Brownian motion with Hurst index
H = (2-10)/2, and defined on a probability space (2, T,P).

The remaining of this section consists of proving Proposition 6.2 and Proposition 6.1. We start with
the proof Proposition 6.2 because it allows us to illustrate all the important points arising in the proof
of Proposition 6.1.

Let us note that we will prove in Proposition 6.1 (resp. Proposition 6.2) the convergence in distribu-
tion on My (C) x My (C) (resp. Mn(C)) equipped with the weak topology. However, since the weak
and the strong topology are the same on finite-dimensional vector spaces this strategy allows lighter
notations without changing the result.

6.1 Proof of Proposition 6.2

Before proving the tightness of (X¢(w, z)). we will focus on the convergence of its moments. To illustrate

all the important points in the computations we will focus first on the first order moment (Proposition
6.3)

]E[<X8(w7z)7)‘>] = Z E[X;l(w7z)])‘7jl7

jl=1

where A € My (C). Then, we will investigate the arbitrary high order moments (Proposition 6.4)

_—M.
E[(X*(w,2),\)" (KXo, 2),A) |
My N Mo N My Mo
= Z Z E[ H X;Lmll,m (w’z) H X;z‘mlzm (w,z) (48)
P1=1j1,pq,l1,p =1 P2=1j2 py,l2,py=1 p1=1 p2=1
M, M,
X H )\jl-,Plllvpl H )\jl’,pzl?-,m'
p1=1 p2=1

The tightness of (X®™(w, z)). and the uniqueness in distribution of all the accumulation points are
discussed in Proposition 6.5 and Proposition 6.6. In fact (X¢(w, 2))c is not a family of bounded random
variable, that is why one need an additional argument to characterize the limit uniquely from the
convergence of the moments.
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6.1.1 Proof of Proposition 6.2 : Moment of order one

In this section we investigate the convergence of the expectation of X¢(w, z). This step is also useful to
understand more easily the computations which are similar for the high order moments. Throughout
this section let (j,1) € {1,..., N}? be two fixed indexes. According to (46), we have

X5 (w, 2) = "R w) Z (W, 1t /%) & Bim @) =By @)um /e g,
Jjl ’ 27’1,671,(571/2) ] A, ]m 1Jm )y m m

crdn—1=1 (Z)m 1

(49)
where jo = j and j, = [.

Proposition 6.3 For all (j,1) € {1,...,N}2, we have

lim E[X5)(w, 2)] = INE[ei”j’H(“)BH(Z)(Sﬂ ,

e—0

where E is the expectation associated to the probability space on which the standard fractional Brownian
motion By is defined.

Proof (of Proposition 6.3) To compute the limit in € of E[X%;(w,z)], we have the two following
lemmas.

Lemma 6.1 The series (45) is well defined, and we have for all (§,1) € {1,..., N (w)}?

E[X( [wawz} Z]EX”wz

and

hmE thEXEnwz)]
e—0

Proof (of Lemma 6.1) This lemma follows from a simple adaptation of the proof of the first point in
Proposition 5.2. In fact, it suffices to show

sup E[|X5" (w, 2)P]'/? < 400,
n>oe€(0 1)

and we have

k4”(w) n
e,n 2 1 2
B[ X" (w, 2)[7] < m E / /A”(z)/ / . | I iy, duizy,

= m=1
-J n 1=

]17 7-7n—1 1
< [e( ] H Cot, 3t (0,0 /2%)Cop_ s (0,02 2%) |

C?n
< =~
~ (nh)?’

where the C}; are defined by (16), which concludes the proof of the lemma. O

Lemma 6.1 concerns the inversion between the expectation and the sum with respect to n, as well
as the inversion between the limit in € and the sum. As a result, we have

SE(W) RN e
BB ) =Y —5r— D I ),
n=0 J1seein—1=1
where
1 7 (B (@) =By (@)t /& n
e (2)27// [ i (WU /%) |dug . . dug,
J0yeeesdn en(s—1/2) An(2) };[1 ﬂjnz 1( )ﬁ]m( };[1 Jm—1J
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with jo = j and j, = [. However, form the Gaussian property of By and because © is an odd function
the product in the expectation needs to contain an even number of terms, let say n = 2n’, otherwise
the expectation is 0. Therefore, according to the second point of Proposition 5.2 we have

2n’

’ ’ R ;g i
I | . . s ~ n' _n'sh § | I Ja—1)aly—1]y
E|: C]Vn—l]m (W, um/€ ):| cs0 Ch € |Ua _ u.y|h

m=1 Font (@,7)EF o,

where the sum is over all the parings of {1,...,2n’}. As a result, for s = 1/(2H) with H = (2 —§)/2,
the limit in € of the diagonal terms is

C R;
2n’ b -
lim 75 ne i) = ”” / / T e =P 2duy . dugp.
Doy (2) ]—'2 1 () EF s
However, we also have
Z"qu

Z H e —uq [P = ey g - T wldre) |,

Fant (@,7)EFgp
where w(dr) is a Gaussian white noise defined on a probability space (Q,7,P), a

ci,g =T(2H — 1)sin(nH) /. (50)

Therefore, we obtain

on’ e _ Rijii\™ ClH ~ era — 1
gl—I%I“ (2= (Chﬂ?(w)> H irg|rq|”— irofra 172" w(dry)

R \n' " ch
= (Ch322) Lk gy ),

B3 (w) (2n’)!
with
co.m =7/(H(2H — 1)I'(2H — 1)sin(H)), (51)
and
1 e’LTZ _ 1

is a standard fractional Brownian motion with Hurst index H = (2 — §)/2. As a result, we obtain

CyRjjjj
H(2H —1)53(w)’

lim 2% (2) = E[(ffj,H(w)BH(Z))Q"

~2 o
el ddend 2n/)! } where 67 y(w) =

and Rjjmy is defined by (28). The following lemma deals with the offdiagonal terms, and shows that
these terms converge to 0 as ¢ — 0 because of the fast oscillating phase terms.

Lemma 6.2 If there exists ng € {1,...,2n'} such that jno—1 # Jny, then

gll)% Joenans (7) = 0-

Proof (of Lemma 6.2) According to the second point of Proposition 5.2 we have

I]m Jzn €_>0 H m Z/ /Azn’(z) 7nH1d’LLm

< 11 R Th 1})3W (B ()= sy (D) [ 5, () =By D)/ oy
[Ua — Uy
(a,y)EF o,

For a fixed pairing Fa,, let us consider the couple (g, 7o) involving ny. Using the fact that
ir(u—wv)
-y _ €
U—v =c ———dr,
| | 1,H / ‘T’|1fh
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we have

Iuao — Uy, |—hei(ﬁja0 (W) =Bjgp—1 (@)tag /e® ei(ﬁj’ﬂ) (W) =By —1 (W))urg /€

1 i r . w)—B; w s
:Clb/We g (T+(Bjag (W) =Bjqy—1 (w))/€%)

s o0 (1= (B () =By @)/ g

Using an integration by part in the variables uq, and u.,, for
etu(r+(B;(w)—B(w))/e*) _ 1

i(r + (B;(w) = Br(w)) /e*)’

Pt (B3 (W) =Br(w)) /&%) with primitive

we obtain

_ —-b
igr(l)‘ ]0) ’j2n | < glj}%)c’l A(l) (2) H]_ dUm H ‘u& u7|
n! m=

%7;38 (a,y)#(o0,70)

pitao—1 (T4 Biag @)= Biag 1 @)/2°) _ || gittro—1(+(Bisy @)=Bing 1 @)/E) _ 1 g

(o, 7)EFo,r
x /

7t (Bjog (W) = Bjog—r (W) /e 74 (Biyy W) = By a (@))/e* Tr1=0

e [, AT an T
m#a (ai'Y)e}—Zn’
m¢%j;1 (a,y)#(0,70+1)

pittoo—1(+(Bjag () =Bjag 1 @)/e%) _ 1 1 ittng (M (Bing @) =81y 1 @)/ _ 1 g
/‘ 7+ (Bjag W) = Bjoy 1 (W) /2° H rt (B, (W) = By (@)/es Tr[t=0

n
+Tr%03 5 H du, H ‘ua - u7|_h
= Agn’(z) m=1 (a,y)EFypr
m;f;%tl (a,y)# (o +1,70)

gt (14 (Biag (@) =Biag_1 @)/ _ ||| giting—1(+(Bing @) =By @D/ _ 1| g
/‘ r+( ﬂgao W) = Bjag 1 (@))/e° H r+ (B, @) = Bipa (W)/er =

Tim _ —b
e[, I e T e

() EF gy
>< /

;”j;‘ggﬁ (@) #(a0:70)

g (T4 (Bjag (©)=Bjag_1 @)/ _ 1|,
T (Bjag (@) = Bjag -1 (W) /€2 H

U (T+(5]’y0 (w)— :BJA,O 1 (w)

7+ (B, (W) = By ( /68 ’Ir\l v

e

where
A;L),(z) = {(U1, -, Uag—1,Uagt1s - - - sUyg—1; Uygf1s-- s Uns) € [0,2’]"—27
stou; <ujior Vie{2,....2n}\ {a0,70}}
Agi,( ) = {(U1, - Uag=1, Uagt1s - -« sUngs g2y - - - 5 U2 ),
stou; <wujyp Vje{2,....2n"}\ {ao,70 +1}}
Aéi),(z) ={(u1, ., Uags Yag+2; - - - yUyg—1, Unygt1s - - - s U2n! ),
st ow; <wuj_y; Vje{2,....2n"}\{ao+ 1,70}}
Ag;),(z) = {(U1,. s Uags Uag42, - - - Urgs Ung 42, - - - U2/ ),

stou; <wujior Vie{2,....2n\ {ao+ 1,70 + 1}}

To conclude the proof Lemma 6.2, we have the following lemma.
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Lemma 6.3 For all a # 0 and u # 0, we have

] |eiu(r7a/es) _ 1|2 B
) ez

Proof (of Lemma 6.3) Let p > 0 and > 0 be small parameters. We decompose the integral into
three parts as follows

|eiu(r—a/55) _ 1|2 ‘eiu(T—a/as) _ 1|2
= aje P o T (/ 5 f/ S f/ } )|rfa/5s|2|r\1*hdr'
[r—a/es|>p/e n<|r—a/es|<up/e |r—a/es|<n
For the last integral, making the change of variable r — r + a/2®r we have
wu(r—a/e®) _ 112 etur _ 12
e
’/ | s|2 2H|1dr7}/ s|1hd’
r—afes|<n |7 —a/e*?r| prj < ITI? |7“+a/5 |
dr
< IUIQ/ T T
rl<y |7+ a/es[*="

< |u|255(17h)/ ___dr
irj<n llal —esn[t=0

< Ces(1=h),

For the second one, making the change of variable r — r/e° we have

|ezu(7‘ a/e®) _ 1|2 |ezu(€ r—a)/e’® 1‘2
dr
’»/77<ra/55<p,/€'“ r—a/53|2|r\2H !

dr

*6

esn<l|esr—al<p |Esr_a’| |7a|1 b

:e2H8/ dr
esn<|r—al<p |T - a|2|r|1*h

e2s / dr
S — T aP
|(L| — M Jesn<|r—al<p |T‘ - CL|

< Ces(1=h)

Finally, for the first one, making the change of variable r — r/e°, we have
zu(r a/e®) —1/2 iu(r—a 12
‘/ . T |hdr‘ = g2Hs / —|6 T h| dr
[r—a/es|>p/e® |T_a‘/€ | |7n| |r—al>p |r—a| |7n|

g2Hs / dr
< T
|G,‘ K Jr—al>p |’I" - a|

ogd

As a result, we obtain

m ELXG P (27’{')!
5[ GmanBa)]

which concludes the proof Proposition 6.3. Il

6.1.2 Proof of Proposition 6.2 : Arbitrary Order Moments

To identify properly the limit in distribution of X¢(w, z) as & — 0 we need to identify all the moments

]\/[1 M2
giL%E X5 oty (@,2) H X5, o, (w,2)]. (53)
p1=1 p2=1
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However, as we will see the computations follow the ones of the first order moment. In the previous
expression and in the forthcoming computations all the indexes with the subscript 2 correspond to the
complex conjugate terms.

Proposition 6.4 For all (ji1,---,j1.0y5 02,15 -sJ2.00) € {1,. .., NYMi+tMz - gpe have
My Mo -
gg%]E[ H lew1llvp1 (w’z) H X;Q,png,pz (w’zﬂ
p1=1 p2=1
— E H €1,y w)BH(z)(s]1 . H e iz (w)BH(z)(gj2 ol pz]
p1=1 p2=1

where By is defined by (52).

Proof (of Proposition 6.4) Using (49) we have

M1 M2
€ € _
H le,mll,m (w’ Z) H Xj2,p2l2,p2 <w’ Z) -
p1=1 p2=1
My, My +oo N N

IIDIDY by > X:.s

p1=1pa=1 n1,py =0 n2,py =0 jl,pl,l)"'7.j1sP1;""1,p1 —1=1 j2-,p2,qz,lx“"j?mz,"z,pQ —1=1

. 5
= Xos
JIn.j

where
_ ]Wz
Xs an n2k2n H
nj = 2n5n(3—1/2)
Ay 1 A, pa
n1,py
X H H Jl,pl mq plfl.]l,pl,'rnl 1 (w U1,p1,m1,p, /5 )
pl—l ml,pl_l
i(B; w)—PB; w))u o
X e(:@n,pl,ml’pl( ) leypl‘mlﬁm_ﬂ )) 17P1vm1,p1/ dul,pl,ml,pl
Mz M2,pg
s
X H H CjQ,PQ,m,QJ,Q—1j2,p2,7n,27p2 (waulpz,mng/e )
p2=1ma p,=1
y . — . s
x672(13]27p27m27p2 (W) ﬁ-72,p2,'m.2,p271(w))u2=p2=m’2,p2/6 dUQp m
P2,M2, py
with

ny = g N1py s Ty = E N2,py s and n=mni+ns.

p1=1 p2=1

Moreover, we have j1 ,,,0 = Ji,p;» jl’phm,pl = l,p1s J2,p2,0 = J2,ps» and j27p2)n2,p2 = lyp,. To obtain the
limit in € of the expectation of the previous expression, we need first to exchange the infinite sums with
the expectation. To do so, we use an adapted version of Lemma 6.1.

Lemma 6.4 We have

Ml M2
E[ ] X500, @) IT X5, 0., (@:2)] = D EIXG ),
p1=1 p2=1 Inj
and
M,
ggrrgE Ximtin @ 2) 1] X5, 10,000 2)] = 3 I BIXG .
pl— p2=1 Jn,_i
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Proof (of Lemma 6.4) To prove this lemma, it suffices to show,

sup E[|X3;l T2 < too.
Jnj e€(0,1)
Following the proof of Lemma 6.1, we have
M,y

4nw
B < T I o 2H Bl

=1 ,p1 ,pz

where

n1,p1

1
:E}E = — |: 1 (UJ ul 55)
nj T 2n(s—1/2) (0,22 I | I | J1,p1,m1 py —1J1,p1,mq py \* 1,p1,m1,p1/

P1= 1mq pl—l

x C

2 s
J1,p1,mq pl—ljl P1,m1,py (wa ul,pl,mLp1 /5 )
My  M2,py

1 s
X H H Jz P2.m2, py —1J2,02,m2 psy (Wv u2,p2,m2,p2 /5 )

pP2= 1m2 p2—1

x O

2
Jpg.ma py —1Jp2.m2 py (w’ u21p2,m2,p2 /E )]

N1,py n2,pgy
1 2 1 2
H dulaplaml,pl dulﬁﬂhml,pl H du?apz,mng du27p2am2,p2’
mi,py =1 m2,py =1

so that for s = 1/(2H) we obtain by following the proof of the first point in Proposition 5.2

|E; ;| < ¢
Consequently, we have
M1 M2
[OLERT C™2,p2
sup E[IX] j(w,2)[] < ;
c€(0.1) ,,gl (n1,p,1)? pg1 (n2,p,)?

which concludes the proof of Lemma 6.4. OJ

According to Lemma 6.4, to compute (53) it suffices to compute termwise lim._,o E[X% J] which is done
in the two following lemmas. The first one deals with the "diagonal" terms while the second one deals
with the "offdiagonal" terms. In the first lemma, we need to have n = 2n’ to obtain a nontrivial limit.

Lemma 6.5 If for all (i,pi,m;p,) € {1,2} x {1,..., M;} x {1,...,n5p, },
Jispimp, = Jipis

then we have

My Mo
. ~ . nip 1 ) P |
lim E[X 5] :E{ 1T liosi, i) B (2)]™ e II [-ioj,, nBu(z)]" 2n v}’
p1=1 P1 pa=1 2,p2-

with o g(w) defined by (27).
Lemma 6.6 If there exists (i,p;,mip,) € {1,2} x {1,..., M;} x {1,...,n;p,} such that,
ji»pivmi,pi 7é ji,Pumqﬁ,pi—l’

then we have
lim E[X;j] =0.
e—0 ’

24



These two lemmas imply that

Mo
gL)I%E X.71 Plll p1 (U Z) H X§2,P2l2,292 (w’ Z)} - ‘]Z;L)I%E[X

p1=1 p2=1

— E H €i%i1,py - H(W)BH(Z)(;j1 I H e 1iz,py H(UJ)BH(Z)(;j
»P17L:P1

p1=1 p2=1

2,pol2, 172}

which concludes the proof of Proposition 6.4.

Proof (of Lemma 6.5) Adapting the first point of Proposition 5.2, we have for s = 1/(2H) and

n=2n
1/2 1/2
‘n1—ng L.4n’ My . . . . My X . . .
lim BIX¢ _ S 2k (w) J1,p1J1,p1J1,p1J1,p1 e 1 J2,p2J2,p2J2,p272,p2 "2.p2 1
50 Xagl = 22n/ Bj, ., (w) nyp, ! Bjs.,. (W) ng p, !
p1=1 J1,p1 sP1- pa=1 J2,p2 sp2-
n1,py Mz M2,py C
)
[ T s 1L At O I
[O’Z] p1=1mq, pl—l p2=1msy p2—1 ( "y)e}-n_] @ v
where the sum is over all the pairings of I, j defined by
Lj= {(z,pi,mLm) e {1,2} x{1,...,M;} x {17'--7ni,p7~,}}~ (54)
Moreover, we have
"Lpy “‘1,1717"11,;)1 Ul,p1.m1,pq
S OTL ke =TT s pon, )
Fnj (a,y)EFn,; p1=1mq p, =1 Lp1,ma,py

6"2,;72 ym2 po W2,p2,m2 by

e 7z W drzenma )|
sP2, ;P2

where w(dr) is a Gaussian white noise on the probability space (Q,T,P), ¢1 x is given by (50). Then,
we finally have

I A ™) Moy 1
i%E[X ] E{ H [m \/Cl’HCQ’HChRj1=P1j1=P1j1-,P1j1=P1 BH(Z):| ni p1!
p1=1 Pl ?
Mo o
—ik?(w) n2py 1
X {7\/6 JHC 7HC R; P2 J2.p0d2,p0] pBHZ} ]
p2=1 26]2,?2 (w) ' 2 hz 2/2p20202 202 ( ) n27p2!
where cg 7 is given by (51), and By by (52). O
Proof (of Lemma 6.6) First, we have
kgn My n1,pq Mo n2,py
;% E[XE = H / / H dul »,P1,1M1 py H / / H duQ’PZJTD , P2
p1=1 AV Pl (2) mip pa=1 Any Pl (=) m2,p

My n1,py

« H H el(ﬁn,pl,ml,pl(W)*ﬁ.fl,pl,m,m71(“’))"1-,1’17’"1,;71/sk

p1=1mi,p, =1

Mz M2,py

> | I | I e*l(ﬂm,p%,nzym (w) 5]2,”,7”27?2,1 (w))u21p2%7”‘2,p2 /e
p2=1ma2 p,=1

X En’j,
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with

n1,p1

L s
nj — gl_m 6" S— 1/2) [ H H Jl p1,m1 pl—ljl P1.m1,py (w7u17p11m1,171 /8 )

p1=1mi p, =1

Mo n2,po

x H H J2 P2,m2 py —192,p2,m2 py (w U2,py,mo pz/g )

p2=1ma p,=1

_ Z H Ch Rja—(O,O,I)jaj—y—((),(),l)j’v
YT ’
oy @y 1o T B o @B (@)Br, ) ()85, ()

by adapting the proof of the second point in Proposition 5.2, and where the sum is over all the pairings
of I, j defined by (54). Let us fixe a pairing Fy, j and denote iy = (4, p;, mi,p,) given in the statement of
the lemma such that

Jipimip, 7& Jipimp, —1-

Following the proof of Lemma 6.2 and using Lemma 6.3, we obtain

limy gh(e 1/2) / / H dtiay
" p,L mb Pt_l
% |they — |~ b i (Bja (W)=Bjg_1 (W))ta/e® Ji(Biy (W)=Bj, _y (W))usy /e =0,
(a,’v)EFH,J
and then
lim E[X7, ;] =0,
e—0 J

since all the pairings F,, j contain a term (ag, 7o) involving ip. That concludes the proof of Lemma 6.6
and at the same time the one of Proposition 6.4. ] B

6.1.3 Proof of Proposition 6.2 : Tightness and Uniqueness

This section is devoted to the tightness of the family (X¢(w, 2)). and the uniqueness in distribution of
for all its accumulation points.

Proposition 6.5 For all z € [0,L] the family of random matrices (X¢(w,2)): is a tight family in
My (C).

Proof (of Proposition 6.5) To prove the tightness of (X¢(w, z)). it suffices to show that the family of
complex-valued random variable ({X¢(w, z),\)). is tight on C for all A\ € My (C), which is tantamount
to prove that

T 2
vn >0, dp>0 such that il_r%IP)(KXE(w,z),)\N >,u)§77.

Consequently, using the Markov’s inequality, Proposition 6.4 and (48), we have

e—0

i € 2 < lim € <
Tim P (| (X7 (w, 2), WI? > 1) < TmE[I(X (w, 2), \) ]/ < K/,
so that for p > K/n large enough, we obtain the desired result. H

The difficulty to identify the distribution of the accumulation points comes from the fact that we do
not know a priori if the family of random matrices is bounded or not, we just have information on the
limit of the moments of <X5(w,z), )\>. However, according to the Carleman’s criterion [1, pp. 85] the
information given by these limits appears to be enough to characterize their distributions.

Proposition 6.6 For all z € [0, L] the distribution of all the accumulation points of (X®(w, z)). are
equal to the distribution of the random matriz D(w, z) defined by (47).

Proof (of Proposition 6.6) The uniqueness is not a direct consequence of the identification of the
moments. To conclude properly we need to invoke the following Carleman’s criterion (see [1, pp. 85]).
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Proposition 6.7 (Carleman’s criterion) Let mi(du) and ma(du) be two probability measures on R

such that
my = /ukml(du) = /ukmg(du) and Zm;kl/(%) “+o0.
k>0

Then, we have my(du) = ma(du).

In our context, we have for all A € My (C),

> E[(D(w.2) )7 = 3 HXEWWW“H¢ ] S

m>1 m>1 j=1 m>1

Now, from the tightness result (Proposition 6.5), let z € [0, L] and (&,,)m be a sequence such that
(X°®m(w, 2))m converges in distribution to a random matrix X. According to the mapping theorem [4,
Theorem 2.7 pp. 21] the random variable

X5t = (X7 0,200 (e, 2,0

converges in distribution to

—
X My A = <X(w, z), )\>Ml <X(w7 z), )\>

Moreover, according to Proposition 6.4 and (48), we have that

lim E[X57 4, A7l < oo,

m—+00

meaning that (X37 /. \)m is uniformly integrable. Therefore, according to [4, Theorem 3.5 pp. 31], we
have
Gm BXGE ) = EXar ],

which implies, according to Proposition 6.4 and the previous Carleman’s criterion that <X (w, 2), )\> and
<D(w, z), )\> have the same distribution for all A. This concludes the proof of Proposition 6.6 and then
the proof of Proposition 6.2 . B

6.2 Proof of Proposition 6.1

The first point of the proposition follows the idea of Lemma 6.1, and for the second point (the convergence
in probability) we only need to prove that

gz {[(Pren - |52 [R])] <o

thanks to the Markov’s inequality, where

N

@W@—Vﬁwymb=Z@%w»%mmmm+%%w&w

Jil=1
However, both points need the following lemma.

Lemma 6.7 We have

sup E[[P};"" (w, 2)*]"/? + E[[P5"" (w, 2)*]/? < +oe.
n>0 e€(0,1)

According to this result and the proof of Lemma 6.1, we have

. a,e lan e,n
lim E[[Pj;" (w, 2) — 2:0811_r>nIE| w,2) = X5 (w, 2) |22, (55)
n
and
hmE[|P ZggnE (1P5" (w, 2) [P, (56)
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Proof (of Lemma 6.7) The proof of this result consists of adapting the one of Lemma 6.1. In fact,
according to (43) and following the proof of the first point in Proposition 5.2 the terms

E[IP;""(w,2)]"]  and  E[P;""(w,2)I’]

can be bounded by sums and products of terms of the form

//|u—v|7"dudv<—|—oo7
o Jo
and

+
52733/2/ dwe™? w)‘wl/ / d dv < \[C/ / |u — v|"dudv < 400, (57)

coming from H?, H’, G, and G’ defined by (21). Let us remark that we get ride of the w in the
right hand side of (57) using the fact w — |u — v + e*w|~" is a decreasing function with respect to |w|.
Moreover, we have to remark that the infinite sums in the definition of G%, and G? give rise to finite
terms in all these estimates. In fact, thanks to (57), these infinite sums involve

6@ S

> mw 9

>N (w)+1

since we consider a planar waveguide. Finally, with all these estimates we obtain

sup E[|P};" (w, 2)?)/2 + E[|P}" (w, ) ) 1/2<Z£ Z

n>0€€(0:c0) n>0 n>0

which concludes the proof of Lemma 6.7. O

Now, to compute (55) and (56), we remark that according to (43) and Proposition 5.2, the terms

E[[P;i"" (w,2) = X5"(w,2)"]  and  E[IP;""(w,2)|’]

can be expressed by sums and products of terms of the form

lu — ] D (B () =By (@)u/e” iy ()48, ()w/e”

where v € {—1,1} and

2;3/2 / duweiBin @)W =By (@)l
g4~

Xt — 0 %] B (@)= Biy (@)fe gilty (0)vaBss ())v/e”
where (v1,15) € {—1,1}2. The contribution of these two terms is 0 in the limit ¢ — 0. It is easy to see

according to (57) that the contribution of the second term is 0 in the limit € — 0. For the first one, it
suffices to follows exactly the proof of Lemma 6.2. Consequently, we have

lim ]E[|P18"(w,z) - X5;"(w,2)Fl=0  and lim E[\P2E"(w,z)|2] =0,

e—0 e—0

which concludes the proof of Proposition 6.1.

7 Proof of Theorem 3.1

First of all, let us remark that C([~T, T] x (0, d), C¥(“0)) equipped with the supremum norm on [T, T x
(0,d) is a separable Banach space, so that the tightness and the relative compactness are the same (see
[4, Theorem 5.2 pp. 60]). Consequently, according to the Arzela—Ascoli theorem, we only need to prove
the following result.
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Lemma 7.1 We have
N(wo)

lim H]P’(sup Z ‘pim(u,x,L)‘ > M) =0,
LR

M—+c0e—0

and for alln >0

N(UJQ)
J

Z ‘p_;pr(ulvxl7l;) *pipr(uzﬂhyl/)‘ > 77) =0.
=1

lim H]P’( sup

T7—=0e—0 |m17m2|+|u17u2\§7

Consequently, it remains to identify all the possible limits, which is done in the two following lemmas.

Lemma 7.2 We have

Y1 V2
. B 5
gll}(l)E[ H p311m17pr(u1,m1,$1,m1,[/) H pjzymz’pr(ulmz’xlmmL)}
m1:1 mg:l
Y1 2
T 0 0
- E[ H p32,m2717r(u17m1’$1,m1;L) H p§27m2’pr(u2,m2,-732,77L2,L)},
m1:1 mg:l

Jor all (v1,72) € (N*)2, (upm) € [T, T)" 72, (@p,m) € (0,d)" 72, and (nom) € {1, ..., N(wg)} 11772,
Here, p(])»}pr is defined by (38) and E is the expectation associated to the probability space on which the
standard fractional Brownian motion is defined.

Unfortunately, as for the propagator the previous lemma is not enough to uniquely characterize
the distribution of all the accumulation points of (pj,.). since we do not know a priori if this family
is uniformly bounded. Then, we will use the Carleman’s criterion (Proposition 6.7) one more time.
Moreover, since the distributions of the accumulation points are supported by C([—T,T] x (0, d), CN(«0)))
equipped with the supremum norm, one only need to show the following lemma meaning that the
distributions of the accumulation points are uniquely characterized on L?([~T,T] x (0,d), CN (o)),

Lemma 7.3 Let pp-(-,-, L) = (P1,pr(, L), -, DN(@w),pr (57, L)) be an accumulation points of the fam-
ily of processes defined by (37). For all A € L*([~T,T] x (0,d),CN®0))  the two random variables

<ﬁpr('7 K L)v )\>L2([—T,T]><(O,d),(CN(Wo)) and <p2r(7 *y L)a )\>L2([—T,T]X(O,d),CN(Wo))’ with

pgr('a Yy L) = (p?,pr('7 Yy L)7 .. ’p?\f(wo),pr('7 Yy L))a
have the same distribution.

Proof (of Lemma 7.1) This lemma is a direct consequence of Theorem 2.2. For the first point we
have

Ty sup 5, (. 2)]] < € f 1T T Pt + <. D), < 40

in addition to the Markov’s inequality. For the second point, in the same way and using the regularity
of the eigenvectors ¢; we have for all 7 > 0

EE[SUP sup |p;,p7'(u17x17L) _pj,pr(u27x25L)|

=0 J |z —w |+ |ur —uz|<T
<cr / IHF (R TE [P (w + £%h, L) aty.,, | dh.
e—0 «o)
which concludes the proof of Lemma 7.1. [J

Proof (of Lemma 7.2) Expending the product

Y1 Y2
— £ £
M. = E|: H pilwml ,pr(ul»ml y L1,my s L) H pb mz,pr(u2’m2 y L2 mag L):| ,
m1:1 m2:1
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according to the definition (37), gives

M= G O > e

e =

+ .

(4m)m72 1SmiSvr 1<j1,mq l1,mq SN (wo) M1,mM2 BJI 1 (w )5]2””2 (wo)
1Sm2=72 1<j5 1y ,l2,my <N (wo)

ei(B“*ml (wo0)=Bj, ,,,, (wo))L/e® 6—1(5;2,,,,,2 (w0)=PBj, ,,,, (wo))L/e°

HCH

X e J1,mq

X ¢j1 my (ml m1)¢l1 ,mq (mo)(bjz mo (.132 m2)¢lz mo (.1'0)

o R B | N T T L

my,ma

(@o)=PBuy ) (Wod)Los ,=i(Bj, ,,, (w0) =By n, (w0)) Ls

(wo)=BL, | (wo))L/e* 7"

j2,m2

Sy (8, (008 (@0 )L/ —iha sy (3

Z(q)jl my (h1,my) =25, mo (h2,my))L/e*7%1
o€ q a,e
x E[ H Pj1>m1ll="u (UJO Te hl’ml’L)PJQ mol2,mgy (WO + thZ,mva)] ’
mi,ma

According to Theorem 2.2 and the mapping theorem [4, Theorem 2.7 pp. 21], we have

lim IEJ[ I pu (wo + €7y m,, L)P°F (Wo + £,y L)}

c0 J1,mql1,mq J2,mol2,my
mi,ma

:E{ 11 Djl,mljl,ml(WO»L)ng,mjz,w(me)] | B R .

my,mz2 my,msa

Moreover, using the Riemann-Lebesgue lemma and the terms of the form (B (wo)= B3 (wo)) L/e* % ) M.,
the only nontrivial term in the limit € — 0 is obtained for ji ,,, = j1,m, and jom, = j2,m,. Therefore,
in the case ¢ > s/2, we have

- no D- = (UJO,L)
ili)r(l)ME :]E|: Hl J1, 1J1,21 f(u17m1)¢51,m1 ($17m])¢517ml (-TO)
mi=

madamy (W0, L)
X H ]2 2]2 : f(u2’m2)¢32,m2 (‘/I"Z,mg)(bjzm? (x()) ’

mzl

and in the case ¢ = s/2

~ 7 Ds = (wo L)

. J1,mqJ1,mq )

e =5] I 20 o, s (o
mi=

( 07L)

% H J2 m2J2 mo

mo=1

Koot F2m) 05, (22,m)05,  (20)].

Finally, the case ¢ € (0, s/2) is a consequence of the stationary phase method, which therefore concludes
the proof of Lemma 7.2. O

Proof (of Lemma 7.3) One can easily see that for all A € L2([~T,T] x (0,d), CN(“0)) we have

~ 2m T 0 2m
E[|{Bpr (-, -, L), /\>L2([—T,T]X(O,d),CN(Wo))| = E[I(ppr(~, L), /\>L2([7T,T]X(O,d),(CN(Wo))| ]
according to Lemma 7.2, and

N(wo)
]E[|<p2r('7'7L)7>‘>L2([_T7T]x(o,d)@N(wo))‘Qm] < C”)‘”L’" ([=T,T)x(0,d),CN(«0)) [ Z 15,2 % f||L2 ([-T,1]) }

Consequently, we have

0 2m]— 5
Z ]E[|<pp7‘('7 L), >‘>L2([7T,T]x(O,d),CN<wo>)‘ |77 = +o0,
m2>1

which concludes the proof of Lemma 7.3 thanks to the Carleman’s criterion (Proposition 6.7). O
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8 Proof of Theorem 3.2

The proof of this theorem follows closely the one of Theorem 3.1. The tightness of the family (p5 ,,.(+, L)) ;.
follows the same lines. For the identification of the moments we also have using Theorem 2.2 for all
(’71772) € (N*)Q’ (tn,m) € [_T7 T]’yl+72’ and (jn,M) € <O’d)’h+’72

2

1
;I_I)I(l)E[ H p;iyml’pr(tlymlaL) H piﬂnz)pr(tlmwl/)}

my=1 mo=1
V1 Y2
=E| ] trm L) [ 9 tomai D).
pjl-,’”l’pr( Lmas ) pj2,1712 apT( 2,mz> )
mi=1 mo=1

Finally, the distributions of all the accumulation points (5 ,r (-, L)); of (p5 (-, L));. is again given by
the Carleman’s criterion (Proposition 6.7) since for all A € L?([~T, T], CN(“0)), we have

]E[|<ﬁ.m“('7 ; L)a )\>L2([—T,T],CN(WO>) |2m] = E[|<p2r(7 L)v >\>L2([—T,T],(CN(“’0)) |2m}

and
E[Kpgr(a L)a )\>L2([7T,T],CN(WO))|2m] < C||/\||2LZ%([_T7T]7CN(WO))||f||2LZL([—T,T])7

so that

.
Z EH<p2T(.7L)’)\>L2([—T,T],<CN(WO>)|2m] Zm = +00.

m>1

In fact, the distributions of the accumulation points are supported by C([—T, T], C¥(“0)) equipped with
the supremum norm, which concludes the proof of Theorem 3.2.

Conclusion

In this paper we have described effects random perturbations of the propagation medium that exhibit
long-range correlations have on wave propagation. In Theorem 2.1 and Theorem 2.2 we have considered
the case of monochromatic waves, while in Theorem 3.1 and Theorem 3.2 we have investigated the cases
of broadband and narrowband pulses. In all these cases the wave propagation is affected by a random
mode-dependent and frequency-dependent phase modulation driven by the same fractional Brownian
motion for all the propagating modes, and without affecting its energy. Finally, in Theorem 4.1 we
have investigated the case of a single-mode waveguide. In this case, the wave propagation is affected
by a random time shift given by a fractional Brownian motion without affecting the pulse shape nor its
energy. In the notation of Theorem 2.1 the phase modulation appears at depths L/e® with s = 1/(2H)
for H the Hurst exponent characterizing the random medium. All these results are in contrast with the
mixing case for which all the stochastic effects appear for larger propagation distance (L/e® with s = 1).
However, the reason why the energy is not affect for the propagation distance L/e® with s = 1/(2H) is
that, as already observed for one-dimensional propagation media and the random Schrédinger equation
[11, 15], the wave does not propagate enough to accumulate enough scattering events to affect its energy.
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