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DECOMPOSITION OF LEVY TREES ALONG THEIR
DIAMETER.

Thomas DUQUESNE * Minmin WANG |

March 16, 2015

Abstract

We study the diameter of Lévy trees that are random compact metric spaces obtained as the
scaling limits of Galton-Watson trees. Lévy trees have been introduced by Le Gall and Le Jan (1998)
and they generalise Aldous’ Continuum Random Tree (1991) that corresponds to the Brownian case.
We first characterize the law of the diameter of Lévy trees and we prove that it is realized by a
unique pair of points. We prove that the law of Lévy trees conditioned to have a fixed diameter
r € (0,00) is obtained by glueing at their respective roots two independent size-biased Lévy trees
conditioned to have height /2 and then by uniformly re-rooting the resulting tree; we also describe
by a Poisson point measure the law of the subtrees that are grafted on the diameter. As an application
of this decomposition of Lévy trees according to their diameter, we characterize the joint law of
the height and the diameter of stable Lévy trees conditioned by their total mass; we also provide
asymptotic expansions of the law of the height and of the diameter of such normalised stable trees,
which generalises the identity due to Szekeres (1983) in the Brownian case.

AMS 2010 subject classifications: Primary 60J80, 60E07. Secondary 60E10, 60G52, 60G55.

Keywords: Lévy trees, height process, diameter, decomposition, asymptotic expansion, stable law.

1 Introduction and main results

Lévy tree are random compact metric spaces that are the scaling limits of Galton-Watson trees. The
Brownian tree, also called the continuum random tree, is a particular instance of Lévy trees; it is the limit
of the rescaled uniformly distributed rooted labelled tree with n vertices. The Brownian tree has been
introduced by Aldous in [5] and further studied in Aldous [6, 7]. Lévy trees have been introduced by
Le Gall & Le Jan [28] via a coding function called the height process that is a local time functional of
a spectrally positive Lévy process. Lévy trees (and especially stable trees) have been studied in D. &
Le Gall [14, 15] (geometric and fractal properties, connection with superprocesses), see D. & Winkel
[17] and Marchal [29] for alternative constructions, see also Miermont [30, 31], Haas & Miermont [22],
Goldschmidt & Haas [20] for applications to stable fragmentations, and Abraham & Delmas [1, 2],
Abraham, Delmas & Voisin [4] for general fragmentations and pruning processes on Lévy trees.

In this article, we study the diameter of Lévy trees. As observed by Aldous (see [6], Section 3.4),
in the Browian case the law of the diameter has been found by Szekeres [34] by taking the limit of the
generating function of the diameter of uniformly distributed rooted labelled tree with n vertices. Then,
the question was raised by Aldous that whether we can derive the law of the diameter directly from the
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normalised Brownian excursion that codes the Brownian tree (see also Pitman [32], Exercise 9.4.1). This
question is now answered in W. [36].

In this article we compute the law of the diameter for general Lévy trees (see Theorem 1.1). We
also prove that the diameter of Lévy trees is realized by a unique pair of points. In Theorem 1.2, we
describe the coding function (the height process) of the Lévy trees tree rerooted at the midpoint of their
diameter that plays the role of an intrinsic root. The proof of Theorem 1.2 relies on the invariance of
Lévy trees by uniform rerooting, as proved by D. & Le Gall in [16], and on the decomposition of Lévy
trees according to their height, as proved by Abraham & Delmas in [3] (this decomposition generalizes
Williams decomposition of the Brownian excursion). Roughly speaking, Theorem 1.2 asserts that a Lévy
tree that is conditioned to have diameter r and that is rooted at its midpoint is obtained by glueing at their
root two size-biased independent Lévy trees conditioned to have height r/2; Theorem 1.2 also explains
the distribution of the subtrees that are grafted on the diameter. As an application of this theorem,
we characterize the joint law of the height and the diameter of stable trees conditioned by their total
mass (see Proposition 1.3) and we provide asymptotic expansions for the distribution of the law of the
height (Theorem 1.5) and for the law of the diameter (Theorem 1.7). These two asymptotic expansions
generalize the identities due to Szekeres in the Brownian case which involves theta functions (these
identities are recalled in (51) and (52)). Theorem 1.8 also provides precise asymptotics of the tail at zero
of the law of the height and that of the diameter of normalised stable trees. Before stating precisely our
main results we need to recall definitions and to set notations.

Real trees. Real trees are metric spaces extending the definition of graph-trees: let (7, d) be a metric
space; it is a real tree iff the following holds true.

(a) For any 01,09 € T, there is a unique isometry f : [0,d(o1,02)] — T such that f(0) = o and
f(d(o1,02))=02. Then, we shall use the following notation: [o1, o2]:= f([0,d(o1, 02)]).

(b) For any continuous injective function ¢ : [0, 1] =T, ¢([0, 1]) =[q(0), ¢(1)].

When a point p € T is distinguished, (7, d, p) is said to be a rooted real tree, p being the root of T.
Among connected metric spaces, real trees are characterized by the so-called four-point condition that
is expressed as follows: let (T',d) be a connected metric space; then (7', d) is a real tree iff for any
01,09,03,04 € T, we have

(D d(oy,09) +d(o3,04) < (d(al, o3) + d(og, 04)) Vv (d(al, o4) +d(og, 03)).

We refer to Evans [18] or to Dress, Moulton and Terhalle [11] for a detailed account on this property. Let
us briefly mention that the set of (pointed) isometry classes of compact rooted real trees can be equipped
with the (pointed) Gromov-Hausdorff distance that makes it a Polish space: see Evans, Pitman & Winter
[19], Theorem 2, for more details on this intrinsic point of view on trees that we shall not use here.

The coding of real tree. Let us briefly recall how real trees can be obtained thanks to continuous
functions. To that end we denote by C(R;, R ) the space of R -valued continuous function equipped
with the topology of the uniform convergence on every compact subsets of R,. We shall denote by
H = (H¢)>0 the canonical process on C(R, R ). We first assume that H has a compact support, that
Hy = 0 and that H is distinct from the null function: we call such a function a coding function and
we then set (i = sup{t > 0 : H; > 0} that is called the lifetime of the coding function H. Note that
Cr €(0,00). Then, for every s,t€ [0, (x|, we set

(2) br(s,t)= inf H, and dg(s,t) = Hs+ Hy —2bg(s,t).
re[sAt,sVi]

It is easy to check that dy satisfies the four-point condition: namely, for all si, s2, 3,54 € [0, (],
dr(s1,52) + dr(s3, s4) < (dH(sl, s3) + dm(s2, 84)) vV (dH(sl, s4) + dp (s, 33)). By taking s3 = s4,



we see that dy is a pseudometric on [0, (z]. We then introduce the equivalence relation s ~p ¢ iff
dp(s,t)=0 and we set

(3) T = [0.Ca)/~m -

Standard arguments show that dy induces a true metric on the quotient set 7z that we keep denoting
by di. We denote by py : [0,(n] — Tu the canonical projection. Since H is continuous, so is py
and (7T, dp) is therefore a compact connected metric space that satisfies the four-point condition: it is a
compact real tree. We next set pr = pr(0) = py(Crr) that is chosen as the root of Ty.

We next define the total height and the diameter of Ty that are expressed in terms of dy as follows:

(4) I'(H):=sup dy(py,0)=sup Hy and D(H):=sup dy(o,0’)=sup (Hs+H—2 inf H,).
oc€Ty t€[0,C) o,0' €Ty 0<s<t<ly SER]

For any o € Ty, we denote by n(o) the number of connected components of the open set 7z \{c}. Note

that n(o) is possibly infinite. We call this number the degree of o. We say that o is a branching point if

n(o) > 3; we say that o is a leaf if n(c) =1 and we say that o is simple if n(c) =2. We shall use the

following notation for the set of branching points and the set of leaves of Ty;:

5) Br(Ty) :== {0 €Ty :n(0) >3} and Lf(Ty):={oc€Ty :n(o)=1}.

In addition to the metric dy and to the root pyy, the coding function yields two additional useful features:
first, the mass measure my that is the pushforward measure of the Lebesgue measure on [0, (] induced
by pg on Tgr; namely, for any Borel measurable function f : Tg — R,

Cu

(6) (0)mpg(do) = ; flpg(t))dt .

f
Tu
This measure plays an important role in the study of Lévy trees (that are defined below): in a certain

sense, the mass measure is the most spread out measure on 7z;. The coding H also induces a linear
order <y on Ty that is inherited from that of [0, (f7|: namely for any o1, 02 € T,

(7) o1 <oy <= nf{tel0,Cu]:pu(t)=01} <inf{t€(0,(u]: pu(t)=02} .
Roughly speaking, the coding function H is completely characterized by (Tx,dg, pr, mp, <p): see

D. [13] for more detail about the coding of real trees by functions.

Re-rooting trees. Several statements of our article involve a re-rooting procedure at the level of the
coding functions that is recalled here from D. & Le Gall [15], Lemma 2.2 (see also D. & Le Gall [16]).
Let H be a coding function as defined above and recall that (z € (0, 00). For any ¢ € R, denote by ¢ the
unique element of [0, (f7) such that ¢t — is an integer multiple of (7. Then for all ¢ty €R ., we set

(8) vie(0,¢r), HI =dy(fo,f+f) and Vt>(y, HP =0,
Then observe that (i = (1) and that
9) Ve, ' € 10,¢ul,  dyro(t,t) =du(T+1t0,t +to) .

Then, Lemma 2.2 [15] asserts that there exists a unique isometry ¢ : 711 — T such that ¢(p ;101 (1)) =
PH (t + to) for all t € [0,(x]. This allows to identify canonically Ty, with the tree Ty re-rooted at

pH(to):
(10) (Thteor> dggteors ppiea)) = (Tars dir pr (o)) -

Note that up to this identification, m ) is the same as my. Roughly speaking, the linear order < ;)
is obtained from <y by a cyclic shift after p(to).



Spinal decomposition. The law of the Lévy tree conditioned by its diameter that is discussed below
is described as a Poisson decomposition of the trees grafted along the diameter. To explain such a
decomposition in terms of the coding function of the tree, we introduce the following definitions and
notations.

Let h€ C(R4, R ) have compact support. Note that 4(0) > 0 possibly. We first define the excursions
of h above its infimum as follows. For any a € [0, h(0)], we first set

lo(h) :=inf{t€Ry : h(t)=h(0)—a} and rq(h) =, Ainf{te(0,00) : R(0)—a > h(t)},
with the convention that inf () = oo, so that 7,y (h) = (j,. We then set
VseRy, &s(h,a):=h((la(h) 4+ s)Arq(h)) — h(0) +a .

See Figure 1. Note that £(h,a) is a nonnegative continuous function with compact support such that
Eo(h,a)=0. Moreover, if £, (h) =74(h), then E(h, a) =0, the null function.
Let H be a coding function as defined above. Let t € R, we next set

VseRy, Hy =H; ), and Hf = Hy\s .
Note that H, = H{ = H;. To simplify notation we also set
Va € [0, Hy, o= E(H ,a) and Ho .= E(HY, a)

and Jo; := {a € [0, H,] : either {,(H ™) <rq(H ) or {o(HT)<re(HT)}, that is countable. We then
define the following point measure on [0, H;] x C(R, R )?:

(11) Mod(H) =D 6, 570 e

acJo,t

with the convention that M (H) = 0 if Jy; = (. In Lemma 2.2, we see that if my is diffuse and
supported by the set of leaves of T, then there is a measurable way to recover (¢, H) from Mg ,(H ).
For all t1 > ty >0, we also set

(12) Mto,tl( ) MOtl to H[O] Z 5 ﬁa ﬁa ’

antO t
This point measure on [0, dg (to, t1)]x C(R,, R )? is the spinal decomposition of H between to and t;.

Remark 1.1 Let us interpret this decomposition in terms of the tree Tz (more precisely in terms of
the tree 7,1, see Figure 1). Let us set 7o = py(tp) and 1 = pg(t1); to simplify our explanation,
we assume that 7 and ~y; are leaves. Recall that [g,71] is the geodesic path joining -y to 71; then

Ttotr ={d(0,71); 0 €Br(Tu) N [v0,71]}- For any positive a € Jy, +, , there exists o € Br(Tx) N [v0,71]
such that the following holds true.

° %a ={o} U {a €Ty :v<mgo <y and [[fyo, o] = [, ’]] N [[70,71]]} is the tree grafted at o on
the left hand side of [, 1] and the tree %1, d, o) is coded by

. ?a :={o}U {0’ €Ty : either o’ <y yo or v1 <p o’ and [y9,0] = [[70, o'1N[v0,71]} is the tree grafted
at o on the right hand side of [y, y1] and the tree (7,,d, o) is coded by He O
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Figure 1: the figure on the left hand side illustrates the definition of E(h,a); the figure on the right hand side
represents the spinal decomposition of H at times ty and ty in terms of the tree T coded by H.

Height process and Lévy trees. The Brownian tree (also called Continuum Random Tree) has been
introduced by Aldous [5—7]; this model has been extended by Le Gall & Le Jan: in [28], they define the
height process (further studied by D. & Le Gall [14]) that is the coding function of Lévy trees. Lévy trees
appear as scaling limits of Galton-Watson trees and they are the genealogical structure of continuous state
branching processes. Let us briefly recall here the definition of the height process and that of Lévy trees.

The law of the height process is characterized by a function ¥ : R, — R called branching mech-
anism; we shall restrict our attention to the critical and subcritical cases, namely when the branching
mechanism W is of the following Lévy-Khintchine form:

(13) YAeR,, U\ =al+ A+ / (e =1+ Xr) m(dr) ,
(0,00)

where «, 5 € R, and where 7 is the Lévy measure on (0, c0) that satisfies f(O,oo) (rAr?)w(dr) < oco.
The height process is derived from a spectrally positive Lévy process whose Laplace exponent is W. It
shall be convenient to work with the canonical process X = (X¢);>0 on the space of cadlag functions
D(R4,R) equipped with the Skorohod topology. Let us denote by P the law of a spectrally positive
Lévy process starting from 0 and whose Laplace exponent is ¥. Namely,

Vi, A€ Ry, Elexp(—AXy)] =exp (t¥(N)) .

Note that the form (13) ensures that X under [P does not drift to co: see for instance Bertoin [8], Chapter
VII for more details. Under the following assumption:

dA
(14) /1 —\11()\)<OO’

Le Gall & Le Jan [28] (see also D. & Le Gall [14]) have proved that there exists a continuous process
H = (H¢)¢>0 such that for all ¢ € R, the following limit holds in P-probability:

1
(15) Hy = ;1_% = o ds 1{I§<XS<I§+5}7

where I} := infs, 4 X,. The process H is called the U-height process. In the Brownian case, namely
when W()\) = A2, easy arguments show that H is distributed as a reflected Brownian motion. Le Gall
& Le Jan [28] have proved a Ray-Knight theorem for H, which shows that the height process H codes
the genealogy of continuous state branching processes (see also D. & Le Gall [14], Theorem 1.4.1).

5



Moreover, the W-height process H appears as the scaling limit of the discrete height process and the
contour function of Galton-Watson discrete trees: see D. & Le Gall [14], Chaper 2, for more details.

For all z € (0, 00), we set T, =inf{t € R} : X; =—x}, that is P-a.s. finite since X under P does not
drift to co. We next introduce the following law P* on C(R, R ):

(16) P? is the law of (HaT, )¢>0 under P.

The tree 7Ty under P*(dH) is called the W-Lévy forest starting from a population of size x. Then, the
mass measure of 7z under P*(dH) satisfies the following important properties:

(17) P?(dH)-a.s. my is diffuse and mp (77 \L£(7x)) = 0,

where we recall from (5) that Lf(7y) stands for the set of leaves of the tree 7. The W-Lévy forest
(T, dm, prr, mpr) is therefore a continuum tree according to the definition of Aldous [7].

Each excursion above 0 of [ under P* corresponds to a tree of the Lévy forest. Let us make this
point precise by introducing a Poisson decomposition of H into excursions above 0. To that end, denote
by I the infimum process of X:

VieRy, I;= oénritXr .

Observe that (14) entails that either
(18) £5>0 or / ra(dr)=o0,
(0,1)

which is equivalent for the Lévy process X to have unbounded variation sample paths; basic results of
fluctuation theory (see for instance Bertoin [8], Sections VI.1) entail that X—I is a strong Markov process
in [0, 00) and that 0 is regular for (0, 00) and recurrent with respect to this Markov process. Moreover,
—1 is a local time at 0 for X —I (see Bertoin [8], Theorem VII.1). We denote by N the corresponding
excursion measure of X —I above 0.

It is not difficult to derive from (15) that H; only depends on the excursion of X —I above (0 which
straddles ¢. Moreover, we get {tcR : H; >0} = {t R, : X; > I;} and if we denote by (a;,b;), i €Z,
the connected components of this set and if we set H: = H, (a;+5)7b;» S € Ry, then the point measure

(19) > Oty 1)

€L

is a Poisson point measure on Ry x C(R4, R ) with intensity dz N(dH ), where, with a slight abuse
of notation, N(dH ) stands for the ’distribution” of H(X) under N(dX). In the Brownian case, up to
scaling, N is Itd positive excursion of Brownian motion and the decomposition (19) corresponds to the
Poisson decomposition of a reflected Brownian motion above 0.

In what follows, we shall mostly work with the W-height process H under its excursion N that is a
sigma-finite measure on C(R,R;). We simply denote by ( the lifetime of H under N and we easily
check that

(20) N-ae. (<oo, Hy=H;=0 and H;>0 <= te(0,().

Also note that X and H under N have the same lifetime ¢ and basic results of fluctuation theory (see for
instance Bertoin [8], Chapter VII) also entail the following:

(21) VA€ (0,00), N[1-e ] =0"1(N),

where U1 stands for the inverse function of W.
Note that (20) shows that H under N is a coding function as defined above. D. & Le Gall [15] then
define the W-Lévy tree as the real tree coded by H under N.

6



Convention. When there is no risk of confusion, we simply write
(T7dap7m7 S7p7PJD) = (THadH7pH7mH7§H7pH7P(H)7D(H))
when H is considered under N, P* or under other measures on C(R4, R ). t

Recall from (5) that Lf(7") stands for the set of leaves of 7. Then the mass measure has the following
properties:

(22) N-a.e. m is diffuse and m(7\L£(7)) = 0.

The W-Lévy tree (7, d, p, m) is therefore a continuum tree according to the definition of Aldous [5].

Diameter decomposition. Recall from (4) the definition of the total height I" and that of the diameter
D. Let us first briefly recall results on the total height. One checks that the total height is N-a.s. realized
at a unique time (see D. & Le Gall [15] and also Abraham & Delmas [3]). Namely,

(23) N-a.e. there exists a unique 7€ [0, (] such that H, =T .

Moreover, the distribution of the total height I under N is characterized as follows:

0 dA
(24) Vi € (0,00), wv(t):=N(I">1t) satisfies / —— =t
(0,00), v(t) :=N(T' > 1) 50

Note that v : (0,00) — (0,00) is a bijective decreasing C'*° function and (24) implies that on (0, c0),
N edt)=¥(v(t))dt.

Recall from (16) that P* is the law of (Hia1, )¢>0 under P, where T, =inf{t € Ry : X; =—xz}. The
Poisson decomposition (19) implies that sup;c(o 7,) H = max{I'(H ;i€ : —1I,, <z} and since T
under N has a density, then (23) and (24) entail that

(25)  P®-as. there is a unique 7€ [0, (] such that H, =T and P*( <t)=e ") teR,.

In [3], Abraham & Delmas generalize Williams’ decomposition of the Brownian excursion to the
excursion of the W-height process: they first make sense of the conditioned law N( - |I' = r). Namely
they prove that N( - |I'=r)-a.s. I'=r, that r — N(-|I'=r) is weakly continuous on C(R, R} ) and
that

(26) N:/OON(FGdr)N(-H“:r).
0

Moreover they provide a Poisson decomposition along the total height of the process: see Section 2.2
where a more precise statement is recalled.

The first two results of our article provide a similar result for the diameter D of the W-Lévy tree
under IN. Recall that p : [0, (] — T stands for the canonical projection.

Theorem 1.1 Let W be a branching mechanism of the form (13) that satisfies (14). Let T be the V-Lévy
tree that is coded by the V-height process H under the excursion measure N as defined above. Then, the
following holds true N-a.e.

(i) There exists a unique pair 79,71 € [0,(] such that 7o < 71 and D = d(19, 7). Moreover, either
H, =T or H,; =TI. Namely, either To=T or T =T, where T is the unique time realizing the total
height as defined by (23).



(ii) Set o = p(70) and 1, = p(m1). Then o and 1 are leaves of T. Let ymiq be the mid-point of
[v0, v1]: namely, ymiq is the unique point of [0, 71] such that d(Yo,Ymida) = D/2. Then, there
are exactly two times 0< 7. <7, <C such that p(7,_.4) —p(T;l'id) =Ymid> and Ymid is a simple
point of T : namely, it is neither a branching point nor a leaf of T

(iii) For all r € (0, 00), we get

27) N(D>2r) = v(r) — \Il(v(r))Q/: @?i)? .

This implies that N(D € dr)=p(r)dr on (0, 00) where the density ¢:(0,00)— (0, 00) is given by

28) vr e (0,00), @(2r) = U(v(r)) — ¥(v(r))? q;/(v(r))/: \I,C(ii\)g .

The second main result of our paper is a Poisson decomposition of the subtrees of 7 grafted on the
diameter [vo,v1]. This result is stated in terms of coding functions and we first need to introduce the
following notation: let H, H' € C(R, R ) be two coding functions as defined above; the concatenation
of H and H' is the coding function denoted by H ¢ H’ and given by

(29) vVt e Ry, (H® H');,=H; ifte[0,(y] and (H@H’)t:Hg_CH if t > (p.
Moreover, to simplify notation we write the following:
(30) Vre(0,00), NI =N(-|I'=r).

Theorem 1.2 Let VU be a branching mechanism of the form (13) that satisfies (14). For all r € (0, c0),
we denote by Q,. the law on C(R,,R) of H® H' under Nf/z (dH)NF/2(dH ), where N /o i defined

by (30). Namely, for all measurable functions F:C(R;,Ry)—R,,

31) Q. [F(H)] = / NY, (dH)NE o (dH') F(HEH')
C(R+7 )
Then Q, satisfies the following properties.

(i) Qp-a.s. D = r and there exists a unique pair of points 1o, 71 € [0, (| such that D = d(1g, 11).

(ii) For all r € (0,00), Q,[C] = 2N£/2[C] € (0,00). Moreover, the application r — Q, is weakly
continuous and for all measurable functions F:C(Ry,Ry)—R; and f:Ry - R,

(32) N[f(D)F(H))] :/OOONSZ[EW " Q. /F 1) di]

where HY is defined by (8).

(iii) Recall the notation T,_., and 7., from Theorem 1.1 (ii). Then, for all r € (0, 00),

(33) N[F(Hwd) | D=r] = 1[<] /CN£/2(dH)NT/2( H') (wF(H®H'),

N, (R+,R4)?

r/2

where N(-| D= r) makes sense for all r € (0, 00) thanks to (32).



(iv) Recall from (16) the notation PY. To simplify notation, we write for all y,be (0, 00)
(34) N, =N(-n{I'<b}) and P} =PY(-N{l<b}),

Then, under Q,, My, - (da d% dﬁ), defined by (12), is a Poisson point measure on [0,7] X
C(R ., R )? whose intensity is

B0 (@)da (80(dH )N gy (4H) + N o) (4H )30 (dH )
(35) + 1y (a)da / (d2) /0 de P, (A P (dT),

(O,oo) a/\(r—a) a/\(r—a)
where 5 and 7 are defined in (13) and where 0 stands for the null function.

Remark 1.2 As already mentioned, the previous theorem makes sense of N( . |D = r) and for all
measurable functions F': C(Ry,R;)—R,, we have

(36) Vre(0,00),  N[F(H)|D=r] ZQT[/OCF(HM)dt]/Qr[C],

Namely, Theorem 1.2 (i) entails that N(-| D = r)-a.s. D =r. Then (31) combined with the already
mentioned continuity of 7 — N( - | '=17/2) easily implies that r — N - ! D = r) is weakly continuous
on C(R4, Ry ). Moreover, (32) can be rewritten as

(37) N:/OON(DEdr)N('\D:r)
0

that is analogous to (26). We mention that the proof of Theorem 1.2 relies on the decomposition (26) due
to Abraham & Delmas [3]. ]

Remark 1.3 It is easy to check from (8) that for all ¢, ¢, (H[)lo] = Hlt+t]  Therefore, (32) implies
that H under N is invariant under rerooting. Namely, for all measurable functions F': C(R;,R;)— Ry,

(38) Vto € Riy N[1geor) F(H™)] = N[1(c) F(H)] ,
which is quite close to Proposition 2.1 in D. & Le Gall [16], that is used in the proof of Theorem 1.2. [J

Remark 1.4 As shown by (36), N( - |[D= r) is derived from Q, by a uniform rerooting. This property
suggests that the law of the compact real tree (7, d) coded by H under Q,., without its root, is the scaling
limit of natural models of labeled unrooted trees conditioned by their diameter. U

Remark 1.5 Another reason for introducing the law Q, is the following: we deduce from (36) that for
all measurable functions F':C(R;, R;) =Ry,

(39) N[F(#EM™)|D=r] = Q,[¢(F(H™)] /Q.[¢],

where 79 is as in Theorem 1.1. As shown by Theorem 1.2 (iv), H under Q, enjoys a Poisson decompo-
sition along its diameter, which is not the case of H under N( - | D=r) by (39). O



The law of the height and of the diameter of stable Lévy trees conditioned by their total mass. In
application of Theorem 1.2, we compute the law of I" and D under N( - | ( =1) in the cases where W is
a stable branching mechanism. Namely, we fix vy € (1, 2] and

T(A\) =)\, AeR,,

that is called the ~y-stable branching mechanism. We first recall the definition of the law N( - |(=1) for
such a branching mechanism.
When V¥ is fy stable, the Lévy process X under P satisfies the following scaling property: for all

1
re(0,00), (1~ WX,nt)t>0 has the same law as X, which easily entails by (15) that under P, (r Ea rt)t>0
has the same law as H and the Poisson decomposition (19) implies the following:

y=1 (law)

(40) (r~ % Hp),., under r7 N H under N.
We then easily derive from (21) that

_ _ —1-1 . o y—1
41) N(Cedr)=py(r)dr, where p,(r)=cyr 7 with 1/c, = fyFe(T) .

Here T, stands for Euler’s Gamma function. By (40), there exists a family of laws on C(R, R, ) denoted
by N(-|¢=7), r€(0,00), such that r — N(-|{=r) is weakly continous on C(R;,R ), such that
N(-|{=r)-a.s. (=7 and such that

42) N:/O N(-|¢=r)N(CEdr) .

1
Moreover, by (40), (T_WT rt) ;> under N(- | ¢=7) has the same law as H under N(-|¢=1). We call
N( - |¢=1) the normalized law of the ~-stable height process and to simplify notation we set

(43) Ny = N( : | (= 1)

Thus, for all measurable functions F: C(R,R;)—R,,

o0 1 y—1

(44) N[F(H)] = e, /0 drr NG [P (077 Hy)ysy )|

When v =2, N, is, up to scaling, the normalized Brownian excursion that is, as shown by Aldous [7],
the scaling limit of the contour process of the uniform (ordered rooted) tree with n vertices as n — oo;
Aldous [7] also extends this limit theorem to Galton-Watson trees conditioned to have n vertices and
whose offspring distribution has a second moment. This result has been extended by D. [12] to Galton-
Watson trees conditioned to have n vertices and whose offspring distribution is in the domain of attraction
of a y-stable law, the limiting process being in this case the normalized excursion of the ~y-stable height
process. See also Kortchemski [26] for scaling limits of Galton-Watson tree conditioned to have n leaves.

We next introduce w : (0, 00) — (1, 00) that is the unique C'*> decreasing bijection that satisfies the
following integral equation:

< du
4 =Y.
@s) weo, [ ey

We refer to Section 3.1 for a probabilistic interpretation of w and further properties. The following
proposition characterizes the joint law of I' and D under N, by means of Laplace transform.
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Proposition 1.3 Fix vy € (1,2] and ¥(\) =)\, A€ R,. Recall from (43) the definition of the law N, of
the normalized excursion of the ~y-stable height process. We then set

1

R VR ot y=1
(46) VA y,z € (0,00), La(y,2):= c,y/ e VNnr(r T D>2y;r F>z)dr,
0

where we recall from (41) that 1/c,, = I, (77_1), T, standing for Euler’s Gamma function. Note that

~y—1

(47) VA9, € (0,00), Li(y,z) = A La(A 7 g, A7 5 2).

Recall from (45) the definition of w. Then,

wlyry—2))
(yr(2y—2))" -1

48) Li(y,2)=w(yVz) —1— %1{z<2y}(w(y)”—1)2<w (7—1)(9/\(211—2))) :

In particular, for all y, z € (0, 00),
(49) L1(0,2) =w(z) =1 and La(y,0) = wly) 1= 2 (w(y)’=1) (w(y)— (1= Dy (w(y)’-1)).

Remark 1.6 Proposition 1.3 allows explicit computations of Ny,,[I'] and N,,;[D] in terms of v: we refer
to Proposition 3.4 and Proposition 3.5 in Section 3.3 for precise results. In the Brownian case v = 2,
we recover that Ny, [I'] = /7 and Ny, [D] = /7, therefore Ny, [D]/N,,,[I'| = 3. This ratio between the
height and diameter of the Brownian tree is first observed in [34] and later Aldous gives an explanation
of this fact in [6]. In the non-Brownian stable cases this explanation breaks down: as a consequence of
Proposition 3.4 and Proposition 3.5, as v — 14, we prove that

1 2
(50) Nnr[r]zﬁ +7%+1+O(y—1) and Nm[D]:ﬁ +27%—1+O0(y-1),

where ~, stands for the Euler-Mascheroni constant. Thus, lim._,14 Np[D]/N;,,[I'] = 2. See Figure 2.
We refer to Section 3.3 for more details. ]

Expectations of the height and diameter ratio
220 2

diameter
height 1.95 o

200
1.9 o
180
1.85 o
160 1.8
140 1.75 o
1.7 A
120

1.65 o
100 +
1.6

80 1.55

60 4 1.5 o
1.45
40 4
1.4 -

201 1.35 -

T T T T T T T T T 1.3 T T T T T T T T T

Figure 2: numerical evaluations of Ny, [I'] and Ny, [D] for v € (1,2]. On the left hand side, the graphs of v
N, [D] (in red) and v — Ny [T'] (in blue). On the right hand side, the graph of -y — Ny, [ D] /Ny [[].
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Proposition 1.3 is known in the Brownian case, where w(y) = coth(y): see W. [36] for the joint law.
In the Brownian case, standard computations derived from (49) imply the following power expansions
that hold true for all r € (0, c0):

(51) Nnr (F >T) - 2 Z (27127“2— 1) e—n2r2
n>1
and
(52) Noy (D>T) = Z(n2 - 1)(én47°4 —on%r? + 2)6_”2’"2/4 .

n>2

These results can be derived from expressions in Szekeres [34] (see also W. [36] for more details).

We next provide similar asymptotic expansions in the non-Brownian stable cases. To that end, we
introduce s : (0,00) — (0, 00) as the continuous version of the density of the spectrally positive 77_1—
stable distribution; more precisely, s, is characterized by the following:

(53) VA e Ry, / e s, (z) do = exp(—fy)\ww;l) .
0

The following asymptotic expansion of s, at 0 is due to Zolotarev (see Theorem 2.5.2 [38]): for all
integer N >1,

(54) (Zw(l—%))% o' el/z%lsy((y—l)x) =1+ Z Spz"0"Y 4 On (mN(V_l)), asxz — 0.

Here Oy, means that the expansion depends on N and . Note that .S,, depends on 7 and ~y but we skip
the dependence in -y to simplify notation.

Remark 1.7 In the Brownian case where v =2, it is well-known that

sa(x) = W_%m_%e_l/z, reRy.
Then, Syp=1 and S,,=0, for all n>1. O

For generic v € (1, 2), this asymptotic expansion does not yield a converging power expansion (although
it is the case if y=2). See Section 4.1 for more details on s, . To state our result we first need to introduce
an auxiliary function derived from s, as follows.

Proposition 1.4 Let v € (1,2]. Recall from (53) the definition of s.,. We introduce the following function:

1 [T 1
(55) Vo€ Ry 0a)i= (=1 ls o) = ST [yt )
Then, the following holds true.
(i) 0 is well-defined, continuous,
o] oo} y—1
(56) / dx |0(x)| < co and / dz e 0 (x) = Are T , AER,.
0 0

(ii) Recall from (54) the definition of the sequence (Sy)n>0, with So=1. Let (V,)n>0 be a sequence
of real numbers recursively defined by V=1 and

7) VneN,  Vipr = Sp+ (n—3-55) S0 — (n—5—-3)Va -

Then, for all integers N > 1,
(58) (271'(1_ %))% x’%—gel/x’v—le((fy—l)x) =1+ Z v, xn(’y—l) + ON,'y (xN(,y_l))’
1<n<N

asx — 0.
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We use 6 to get the asymptotic expansion of the law of the total height of the normalized v-stable tree as
follows.

Theorem 1.5 Let v € (1,2]. We introduce the following function:

el § _
(59) VvreRy, &(r):=r 10(r 77).
where 0 is defined in (55). Then, there exists a real valued sequence (3, )n>1 and x1 € (0, 00) such that
(60) Z|Bn|x1 < oo and Vr € (0,00) ZW” sup [£(ns)] < oo,
n>1 n>1  s€lreo)

and such that

(61) Vr e (0,00), ¢yN nr I‘>r Zﬁn nr)

n>1

where we recall from (41) that 1/cy =~ (’YT) T, standing for Euler’s gamma function. Moreover, for
all integers N > 1, as r — 00,

1 a1
(62) e Ny (D> r(7-1) ) 1 Y V™ 4 Oy () |
Cl 1<n<N 7

where C := (2%)_%(7 - 1)%+%’y% I, ('YT)eXp(C’O) where

o0 du Vaduw (u+1)" =1 —~u
©3) CO'_7/1 (u+1)V—1_/07 (u+1)7—1

and where the sequence (V,,),>1 is recursively defined by (57) in Proposition 1.4.

Remark 1.8 The convergence in (61) is rapid. Indeed, by (58), we see that £(nr) is of order
()4 exp(—n (v—1)"117)
Then, the asymptotic expansion (62) is that of the first term of (61) that is cy 13 &(r). O

Remark 1.9 The definition of the sequence (/3,,)n>0 is involved: see Lemma 4.6 and its proof for a
precise definition. However, in the Brownian case, everything can be explicitly computed: for all n > 1,

Brn=2,&(r) = (477)_% (212 — 1)6_7"2, co= (477)_%, and we recover (51) from (61); moreover, Cy =log 2,
Ci1=4,Vp=1,Vi=—%and V,, =0, for all n.>2. O

To state the result concerning the diameter, we need precise results on the derivative of the 7T_l—stable
density.

Proposition 1.6 Ler v € (1,2]. Recall from (53) the definition of the density s-. Then s is C Lon Ry,
e 00 y—1

(64) /0 dr|si(z)] <oo  and /0 dre sl (z) =X 7 | AERL.

Moreover, Sfy has the following asymptotic expansion: recall from (54) the definition of the sequence

(Sn)n>0, with So=1; let (T},)n>0 be a sequence of real numbers recursively defined by Ty =1 and

(65) VneN,  Tupii=Sp+(n—3—=7)%.

Then, for all positive integers N, we have

(66) (27T(1— %))% x3v2+1 el/gm_lsiy((’}/—l)l’) 1 Z T, (=1 +Onn (mN(’Y—l))7
1<n<N

asz — 0.
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The asymptotic expansion of the law of the diameter of the normalized ~y-stable tree is then given in the
following theorem.

Theorem 1.7 Let v € (1,2]. Recall from (59) the definition of the function &. We also introduce the
following function:

(67) Vr e R"r? E(T‘) =1 -1 Si{ ('I"_ﬁ) ,

where s; is the derivative of the density s defined in (53). Then there exist two real valued sequences
(Yn)n>2 and (9p,)n>2 and x2 € (0, 00) such that

68) Y (vl +10u])25 <oo and Vr e (0,00), Y || sup [€(ns)| +[6a] sup |€(ns)| < oo,

n>2 n>2 s€[r,00) s€[r,00)
and such that

(69) Vr € (0,00), /Ny (D>2r) = Z Y& (nr) + 6,&(nr) |

n>2

where we recall from (41) that 1/c, =~T% (77_1) T, standing for Euler’s gamma function. Moreover, for
all integers N > 1, as r — 00,

1 _am1
(70) N 7"_1_3% ¢” Ny <D>r(fy—1) = ) =14+ Z U, ™™ + On., (T—Nry) ’
2 1<n<N

where Cy := (871')_%(7— 1)%+%’y% FE(VT_I) exp(2Cy), where Cy is defined by (63) and where the se-
quence (Uy)n>1 is recursively defined by Uy=1 and

_ ot
(71) Vn>1, Un=Tn— 55 Vn-1-

Here (T},)n>0 is defined by (65) and (V,,)n>0 is defined by (57).

Remark 1.10 The convergence in (69) is rapid. Indeed, by (66) and (58) we see that &(nr/2) and
&(nr/2) are of respective order

(nr)HSTV exp(—n?277(y=1)""17) and  (nr)'TZ exp(—n27 7 (v—1)7" 1)
Then the asymptotic expansion (70) is that of ¢ 'yo £(r) + ¢ 162 (7). O

Remark 1.11 The definitions of the sequences (7y)n>0 and (d,),>0 are involved: see the proof of
Lemma 4.7 for a precise definition. However, in the Brownian case, everything can be computed explic-
itly:

Vn>2 v, ==0n*-1), 6,=-2n*>-1) and &(r)= ﬂ_%’l"Q(’I"Q - g)e_’"2 ,

W W

which allows to recover (52) from (69). Moreover, Cs =8, Uy=1, U1 =-3, Uy = —% and U, =0, for all
n>3. O
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The tail at 0+ of the law of the total height and of the diameter of the normalised stable tree. In
the Brownian case v =2, it is not straightforward to derive from (51) and (52) an asymptotic expansion
of Ny, (F < r) and N, (D < r) when r — 0. To that end, we use Jacobi’s identity on theta functions and
we get

47’1’5/2 2

_ 2 — 27r2/ 2 5 3 7
(72) Ny (M <r) = — ;n eI~ dmir e
n>
and
\/7_-(- 8 16 _ 13 _47\'2
(73) Ny (D<r)=%" )" (3(24an,r—36a72w +8d%,) + 7%2””)6 o Lottt
n>1

where we have set a,, . = 4(7n/r)? for all 7 € (0, 00) and for all n > 1. See Szekeres [34] and Aldous
[6] for more detail and see W. [36] for the joint of D and I" in the Brownian case.

In the non-Brownian stable cases, when « € (1,2), the asymptotic expansions (61) in Theorem 1.5
and (68) in Theorem 1.7 are useless to get asymptotics of Ny, (F < r) and N, (D < r) when r — 0. In
these cases we only prove the following result.

Theorem 1.8 We fix v € (1, 2) (in particular, v#2). Then, as r— 0+,

4 Nut(T <) ~ O 2455 exp (A7 777)
73) and  Nyp(D<2r) ~ C'rHexp (= Aar™ 77 |
2 1
wy \E . (0-DPRO-Y) |
76 h A = ——— = d =2 C' .
7o were (sm(ﬂ/fy)) ¢ A Lo (2—7) and C ¢

In table 1, we summarize the exponents of the tail probabilities for the total height and the diameter in
the different asymptotic regimes. We make two remarks.

r—oo || —log Ny, (F>7°) ~ (
r—oo || —log Ny, <D>r) ~ (7_1)7—1747 r2
r—0+ || —log Ny (I’gr) o | (D) ) | 2y

r— 0+ —logNnr<D§r)~ (22 ) =T | 42

Table 1: asymptotic exponents for the height and the diameter of stable trees.

Remark 1.12 First note that —log Ny, (I' > ) ~ —log Ny, (D > r) as r — oo, while —log Ny (I' <7) ~
—log Ny (D < 2r) as » — 0. This can be explained informally as follows: roughly speaking, theorem
1.2 asserts that a stable tree conditioned by its total diameter D is obtained by glueing at their roots two
independent trees conditioned to have height D /2, the root is uniformly chosen according to the mass
measure in the resulting tree and the height is the distance of the root from the most distant extremity of
the diameter. When 7 is large, one of the two trees has a much larger mass that is concentrated near its
height, thus the root is close to one of the extremities of the diameter and I' is comparable to D. When
r is small, both trees have a comparable mass that is concentrated near their root (corresponding to the
midpoint of the diameter). So the root of the tree conditioned by its diameter is close to the midpoint
of the diameter and I" is comparable to D /2. It is possible to make these observations rigorous by an
argument based on Proposition 1.3. In the Brownian case, they are easily derived from the expressions
for the joint law of I and D given in W. [36]. g
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Remark 1.13 In the asymptotic regime  — 0+, there is a discontinuity of the exponents as v — 2. This
comes from the fact that —\.;, as defined by (76) is a singular point of the continuation extension of
ALy (0,1) when v € (1,2), which is not the case when y=2: for more details, we refer to the proof of
theorem 1.8 and Remark 5.1. t

The paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1 and of Theorem
1.2: in Section 2.1, we discuss an important geometric property of the diameter of real trees (Lemma 2.1)
and we explain the spinal decomposition according to the total height, the result of Abraham & Delmas
[3] being recalled in Section 2.2 where the proofs of Theorem 1.1 and Theorem 1.2 are actually given.
Proposition 1.3, that characterizes the joint law of the total height and the diameter of normalized stable
trees, is proved in Section 3. Theorem 1.5 and Theorem 1.7 are proved in Section 4. Theorem 1.8 is
proved in Section 5. There is an appendix in two parts: the first part is devoted to the proof of a technical
lemma (Lemma 2.2); the second part briefly recalls various results in complex analysis that are used in
the proof of Theorems 1.5, Theorem 1.7 and Theorem 1.8.

Acknowledgment. We are grateful to P. Flajolet for questioning us about a possible asymptotic expan-
sion of the right tail of the height of normalized non-Brownian stable trees. We want to thank N. Curien
and 1. Kortchemski for questions concerning the total height of stable trees when v goes to 1. We warmly
thank Z. Shi for mentioning to us the modification of the Ikehara-Ingham Tauberian Theorem used in his
paper [24] written with Y. Hu (this version of Ikehara-Ingham Tauberian Theorem is a key ingredient of
the proof of Theorem 1.8). We are also grateful to S. Janson and R. Abraham for valuable comments that
improved a first version of the manuscript.

2 Proof of the diameter decomposition.

2.1 Geometric properties of the diameter of real trees; height decomposition.

In this section we gather deterministic results on real trees and their coding functions: we first prove a
key lemma on the diameter of real trees; we next discuss how to reconstruct the coding function H from
a spinal decomposition My ;(H ), under a specific assumption on the mass measure my on 7z; then we
discuss a decomposition related to the total height.

Total height and diameter of compact rooted real trees. The following result connects the total
height and the diameter of a compact rooted real tree.

Lemma 2.1 Let (T, d, p) be a compact rooted real tree. We denote by T and D resp. its total height and
its diameter: T':=sup,cr d(p, o) and D=sup, ,cr d(o,0"). Then, the following holds true.

(i) There exist 0,009,071 €T, such that '=d(p, o) and D=d(0y, 01). This entails

(77 I'<D<L2T.

(ii) Let 09,01 €T be such that D=d(c0,01). Then, max(d(p,o0); d(p,01)) =T.

Proof. First note that v €T + d(p,v) and (vy,7") € T? ~ d(,~') are real valued continuous functions
defined on compact spaces; basic topological arguments entail the existence of o, 0¢, 01 € T as in (1).
The inequality I' < D is an immediate consequence of the definitions of I" and D. The triangle inequality
next entails that D <d(oq, p) + d(p, o1) <2I", which completes the proof of (77) and of (7).
Let 0, 00,01 €T be as in (i). By the four-point condition (1) and basic inequalities, we get
I'+D= d(p> J) + d(007 Ul) < max (d(p> JO) + d(O’, Ul) ; d(p> Jl) + d(O’, UO))
< max (d(p,00);d(p,01)) + max (d(o, 01);d(, 09)) -

If max (d(p, 00); d(p, 1)) <T, then the previous inequality implies that D < max(d(c,01);d(c,00)),
which is absurd. Thus, max (d(p, 09); d(p,01)) =T m
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Coding functions and their spinal decompositions. Recall that O stands for the null function of
C(R;,R;). We denote by C.(R, R, ) the functions of C(R, R, ) with compact support.

Definition 2.1 We introduce the set of coding functions:
(78)  Exc ={HeC.(Ry,Ry): Hy=0, H# 0, my is diffuse and mp (Ty\Lf(T)) =0},

where we recall from (3) the definition of the real tree Tz coded by H, where we recall from (5) that
Lf(7x) stands for the set of leaves of Ty and where we recall from (6) that my stands for the mass
measure of 7x. Then, we set

(79) H = {BNExc; B Borel subset of C(Ry,Ry)} .
that is the trace sigma field on Exc of the Borel sigma field of C(R4, R ). O

Remark 2.1 Let H € Exc and let sg, s1 € (0, ) be such that sg < s; and dg(sp, s1) = 0. Then, we

easily check that H _[f\(JgSl_SO)E Exc. O
Remark 2.2 Recall from (17) and from (22) that P* and N are supported by Exc. O

Definition 2.2 We introduce the following subset of R, x C(R,, R, )%
(80) E =R, x (Excx (ExcU{0}) U (ExcU{0}) x Exc)
and we denote by .7, (E) the set of point measures

M(dadH dH)=3" B 7o 1)

acJ

on I that satisfy the following conditions:

Jr e Ry such that the closure of the countable set 7 is [0, r] and
1) Ve,ne(0,00), #{aed: T(HWWI(HY)>n or (e,Viq, >e} <oo.

We then equip ., (E) with the sigma field G generated by the applications M € .#,(E) — M(A),
where A ranges among the Borel subsets of R x C(R, R )2 O

The following lemma, whose proof is postponed in Appendix, asserts that H can be recovered in a
measurable way from the spinal decomposition My ¢(H ), as defined in (11).

Lemma 2.2 Recall from above the definition of the measurable spaces (Exc,H) and (M (E), Q).
Then, the following holds true.

(i) Forallte(0,00), we set {(>t}:={H €Exc: (g >t}. Then, {{>t}€H and

H e {(>t} — Mo (H) € Mx(E) is measurable.

(ii) There exists a measurable function ® : M (E) — R xExc such that

VH € Exc, Vt € (0,(y), ®(Moy(H)) = (t, H) .

Proof. See Appendix A. n
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Decomposition according to the total height. Let us fix H € Exc. Recall from (4) the definition of
I'(H), the height of H. We introduce the first time that realises the total height:

(82) 7(H) = inf{teR, : H, = T(H)} .
For all z € (0,T'(H)) we also introduce the following times:

(83) 7, (H) :=sup{t<7(H): H<T'(H)—z} and 7)(H):=inf{t>7(H): H,<T(H)—x}.

T

Recall from (8) the definition of H [s]. We then set

(84) VieR,, H = H™) and HE® = I

t/\(T;—T;) t/\(c_(T;r—T;))

where we denote 7, =7, (H), 7, :=7,7 (H) and :=(p to simplify notation. See Figure 3.

Let us interpret H©* and H%® in terms of 7z. To that end, we recall that py : [0, ] — Tp stands
for the canonical projection and we set v := py (7(H)). We first note that dgy (7, ,7,7) = 0. Then we
set y(z) := pu(r, ) = pu(7,") that is the unique point of [p,~] such that z = d(v,y(x)) and thus,
d(p,~(x))=T(H)—x. We denote by 7° the connected component of 7z \{~(x)} that contains the root
p and we set

T 5=Tu\T° and T ={y(z)}UT°.
Thus (7 %,d,y(x)) is coded by H®* and (T % d,y(x)) is coded by H®*. See Figure 3.

Figure Jhe left hand side figure illustrates the decomposition of H into H®* and H®*; the right hand side figure
represents this decomposition in terms of the tree coded by H.

Recall from (8) the spinal decomposition of H at a time ¢. We shall use the following notation:

MO,T(H) (H) = Z 5(&,%"‘,30‘) °

a€Jo,7 ()

This is a measure on [0, '(H )] x Exc provides the spinal decomposition along the geodesic realising the
total height. Let us first make the following remark.
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Remark 2.3 Let z € (0,I'(H)) and recall the notation v(z) =pg (1, (H)) =pu (7, (H)). Observe that
if z ¢ Jo.-(my then Hy >T'(H)—x, forall t € (7, (H), 7, (H)) and thus, 7,/ (H), 7,7 (H) are the only
time ¢ € [0, (gr] such that pg () =~y (z), which implies that v(x) is not a branching point of 7z : since it
is not a leaf, it has to be a simple point of Tz. g

For all z € (0,'(H)), we next introduce the following restriction of M -z (H):

85)  MyT(H) = Y 0o S iy and M7 (H) = > (o 5o o)
aejO,‘r(H)m[Ovm] anO’T(H)ﬂ(.’E,F(H)}

so that M -y (H) :M&f(H) (H) + Matf(H) (H). Observe that

(86) T(H) =7, (H)+7(H"") and Mg (ge=y(H") = M&f(H)(H).

For all H' € Exc, we next denote by A(H') := (H ECH’_ 1), Je=0 the function that reverses I " at its
lifetime. We easily check that A :Exc— Exc is measurable; with a slight abuse of notation, we also set:

+x _
AMGZan (D) = >0 Ointaya, ae) a(in)
(IEJOT(H)O(I,F(H)]

It is easy to check first that A(Marf( ) (H)) is a measurable function of Marf( ) (H) and next that

&7 Moty —rt oy (HT) = MM 7 ) (H)) -
This combined with (86) and Lemma 2.2 immediately implies the following lemma.
Lemma 2.3 There are two measurable functions ®, " : M (E)— R xExc such that

VH €Exc, Vo e (0,T(H)), ®(M 2 )(H)) = (r(H)-7, (H), H®")

0,7(H T
and @l(Maf(H)(H)) = (CH—T;(H)> H@x) )
where T(H) is defined by (82), 7,7 (H) and 7,7 (H) by (83), H* and H®* by (84) and Maf(H)(H) and

MG ) (H) by (89).

2.2 Proofs of Theorem 1.1 and of Theorem 1.2.

As already mentioned, Abraham & Delmas in [3] make sense of the conditioned law N( - | I'=r): namely
they prove that N(-|I'=r)-a.s. I'=r, that r — N(-|I'=r) is weakly continuous on C(R, R} ) and
that (26) holds true. Recall from (30) and (34) the short-hand notations

(88) Vr,b,y€(0,00), NjL=N(-|T=r), N,=N(-n{T'<b}) and P{=PY(-N{T <b}),

where we recall from (16) the notation PY. Also recall from (23) that Nl-a.s. there exists a unique
7 €[0,¢] such that H, = I'. Recall from (11) that M, -(H) gives the excursions coding the subtrees
grafted on [[p, p(7)] listed according to their distance of their grafting point from p(7) (here p: [0, (] —
T stands for the canonical projection). In the following lemma, we recall from Abraham & Delmas
[3] the following Poisson decomposition of H under NI at its maximum, which extends Williams’
decomposition that corresponds to the Brownian case.

Lemma 2.4 (Abraham & Delmas [3]) Let U be a branching mechanism of the form (13) that satisfies
(14). We keep the previous notation. Let r € (0, 00). Then, under NL,

(89) Mo (dadf dH)= Y B e T

jEJO,‘r
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is Poisson point process on [0,7] x C(R4, R,)? whose intensity is

n,(dadf dH) = Bl (a)da (50(d§)Na(dﬁ)+Na(d§)50(dﬁ))
(90) + 1, (a)da / (d2) / dz P2 (d¥T) P2 (dH),

(0,00) JO
where 8 and 7 are defined in (13) and where 0 stands for the null function.

We first discuss several consequences of Lemma 2.4. To that end, we set

VpoldH dH) = B60(dH)N,(dH) + AN, (dH )do(dH ) + / / dx P7 (dH) P2~ (dH),
(0,00) JO

so that n,(da dH dﬁ) = 1jp,(a)da ur,a(dﬁ dﬁ) Denote by (v, ) the total mass of v, ,. We claim

that (v, ,) = co. Indeed, first recall that N is an infinite measure. Since N(I" > a) < co (by (24)), N,

is also an infinite measure. Thus, if 8 >0, (v, ,) = co. Suppose now that 5= 0. Then by (25), we get
Vra) f(o 7(dz)ze=*"(@) = o0, since f(opo)z 7(dz) =00, by (13).

Therefore standard results on Poisson point measures entail that N.-a.s. the closure of Joris [0, 7].
This point combined with the fact that [ is N!-a.s. continuous with compact support implies that NI -
a.s. Mo, € 4 (E), where the set of point measures .7, (E) is defined in Definition 2.2.

Recall from (78) the definition of Exc and recall from (17) and from (22) that P* and N are supported
by Exc. We easily derive from (26) that N%-a.s. H €Exc.

Next recall that A : Exc — Exc, its the functional that reverses excursions at their lifetime: namely
for all H € Exc, we denote by A(H) = (H(¢,,—¢), )t>0- Then, Corollary 3.1.6 [14] asserts that H and
A(H ) have the same distribution under N. This also implies that H and A(H ) have the same law under
P and by (26) we easily see that H and A(H ) have the same law under N

We thus have proved the following.

(91)  H and A(H) have the same law under NI and N'-as. H € Exc and Mo, € #p(E) .

Recall from (82) the definition of 7(H), from (83) that of 7,7 (H ) and 7, (H ), from (84) that of H®*
and H%* and from (85) that of ./\/l_m( )( ) and ./\/l”( )(H ). To simplify notation we simply write 7,

M7 and ./\/l . We then prove the following lemma.

I’ I’

Lemma 2.5 We keep the same assumptions as in Lemma 2.4 and the notation therein. Let x € (0,r).
Then, the following holds true.

(i) Under NL, Ma > and /\/la: * are independent Poisson point measures.
(ii) Ni-as. x ¢ Jo.r.
(iii) M7 under NY has the same law as Mo ; under NY. Thus the law of H®® under NY is NL.

Proof. Point (7) is a consequence of Lemma 2.4 and of basic results on Poisson point measures. More-
over, M, 7 under N has intensity 1j ,(a )daum(dg dﬁ) which is equal to n,. This implies that
M, 7 under NI has the same law as My - under NL. By Lemma 2.2 and Lemma 2.3, it implies that

law

(T—T;,H@x):q)(/\/laf) under NI 2 (r,H) = ®(My,) under N,

which entails (7i7). Since the intensity measure n,(da dH dﬁ) is diffuse in the variable a, standard
results on Poisson point measures entail (7). |
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Proof of Theorem 1.1 (i). We keep the previous notation and we set
92) Wb e (0,00), VH, H € Exe, A, = =b+T(H)I(H).

Recall from (24) and (25) that the distributions of I" under IN and under P* are diffuse. Thus, for all
a € (0,00), the distributions of " under N, and under PZ are also diffuse. Recall the notation (89)

for Mo . Then, Lemma 2.4 combined with Lemma 2.1 implies that NI-as. there exists a unique
Y €(0,7) N Jo,~ such that

(93) D=Y +T(H)VI(H) = Ayiv iy > S B g jha -
’ ’ a€Jo-\{Y} 7

Then either F(Ey) < F(ﬁy) or F(Ey) > F(ﬁy). Let us us consider these two cases.
o If F(EY) < F(ﬁy) then by (23) and (25) there exists a unique point ¢, such that ﬁ,}:: I‘(ﬁy). This
entails Theorem 1.1 () in this case under NI and we have 79 =7 and
T =T+t + Z CFa -
a€Jo,~N[0,Y)

o If F(Ey) > F(ﬁy) then by (23) and (25) there exists a unique point ¢, such that E&/: F(EY). This
entails Theorem 1.1 (7) in this case under NI and we have 7; =7 and

T0 = tx + Z Cﬁa .

a€Jo,~N(Y,r]

Theorem 1.1 (4) is then proved under N, for all 7 € (0, c0), which implies Theorem 1.1 () (under N)
by (26). O

Proof Theorem 1.1 (ii). Recall from (85) the notation M7 and ./\/laf 7. We shall use the following
lemma.

Lemma 2.6 We keep the same assumptions as in Lemma 2.4 and the notation therein. Recall from
Definition 2.2 the notation My (E). Then, for all v € (0,00) and for all measurable functions G1,G> :
Mot (E) =Ry,
_1p +1iD +iD
N [1{T=TO}G1 (Mo, )G2 (Mo, )] =N, [1{T:TO}N§D[01(M0,T)]G2 (M7 )} :

with a similar statements where 1 is replaced by 1. Moreover, by (26) a similar statement holds true
under N.

Before proving this lemma, we first complete the proof of Theorem 1.1. Recall from the notation (89)
and from (85) that

—_1p
Mo, = Z 5(%%&7@1) and M, 2 = Z 5(&%&7?@).

j€dor j€J0,N[0,1D]

_1p
We the next see the event {$D € 7y -} the the event that Mo,f has an atom “at” £D. By Lemma 2.6
with G5 = 1 we then get

o0
N(3D€Jor) :/ON(Dedr) Ni, (37€J0r) =0
because for any b € (0, 00), Lemma 2.4 asserts that under Ng , Mo - is a Poisson point measure with
intensity nj, which implies that Ng—a.s. b¢ Jo,r- We next use Remark 2.3 with = 4D that asserts that
- - + .t
(94) Tomid .—T%D and Tmid.—T%D
are the only times ¢ € [0, (], such that d(p(71),p(t)) = % D, which completes the proof of Theorem 1.1
(i2). O
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Proof Theorem 1.1 (iii). Letr,y € (0,00) be such that 1y < r <y. We first work under N.. Recall
from (89) the notation for My , and recall notation (92). Then (93) combined with Lemma 2.4 that
asserts that under N, M+ is a Poisson point measure with intensity n,, we get

95) N; (D<y) =N, (sup{A, 7, a5 0 € Jor} <y)=exp (—/ n(dadH AL o o).

where n, is given by (90). Recall from (24) that N(I" >¢) =v(t) and from (25) that P*(I'<t)= e~ zv(®),
Thus,

/nr(dadﬁ dﬁ)l{A o Tta>U} 2,6/daN(y—a<F§a)
ot 0

+ /0da/(o?o(oc)iz)/oda:/Pﬁ(dﬁ)/Pé‘z(dﬁ)(1 - l{F(ﬁ)gy—a}l{F(ﬁ)gy—a})‘

If a< 4y, then N(y—a<I'<a)=0and if a > %y, then N(y—a <I'<a)=v(y—a)—v(a). Recall that the
total mass of P? is P*(I' <a)=exp(—zv(a)) and observe that PZ(I' <y—a) = P*(I'<aA(y—a)) =
exp(—zv(aA(y—a)). Thus

/ Pg(dﬁ)/ P () (1~ 1y Ly zymay) = € = 0D,

which is null if a < §y. Note that this expression does not depend on z. Consequently,

/nr(dadg dﬁ)l{A o Yl 1da 26(v(y—a)—v(a)) + /1da/7r(dz)z(e—m(a) _ e—zv(y—a))
“n %Y 2Y (0,00)

~ [da(@ wty-a) -9 (ota) = [ "W o)~ [0 0 0)

2y r 3V
by (13). Recall that v satisfies f;’{;}) d\/W(\)=b.The change of variable A=wv(b) entails

1

v(y—Tr) / v(5Y) /
/nr(dadﬁdﬁ)1maﬁaﬁa>y} = /( T —/ T

1y P o TN
op Y0y=r) | P((Ey)
8 3 (1) Y (v(4y)) ~ log T(v(r))
By (95), we get
(96) Vre(0,00), Vye(r,2r), NL(D<y)= U (v(3y))”

Now observe that N,lj (D > y) =0, if y > 2r and that N; (D > y) =1, if y <r. Thus by (26),

=

e’} Vg 2
N(D>y) = /ON(redr)N}?(D>y)=N(F>y)+ félr‘If(v(T))(l— \If(v(\i)()é(vzi—r)))
3Y

dA
(A2

= o) = W) [ gt = o) - W) [
3Y

3 U(y—T)) v(%y

where we use the change of variable A=uv(y—r) in the last equality. This proves (27) that easily entails
(28), which completes the proof of Theorem 1.1 (7iz). O
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Proof of Lemma 2.6. To completes the proof of Theorem 1.1, it remains to prove Lemma 2.6 that is
also the key argument to prove Theorem 1.2. We first work under N.. Recall the notation (89) for Mo -
and Jp - and recall from (85) the following definitions (with x = $ D),

_1p +iD
MO,T:Z 5(a7§a’ﬁa)7 MO,? = Z 5(a,§“,ﬁ“) and Movf - Z 5(a7ﬁa7ﬁa)'

Jj€Jo,r J€J0,+N[0,3D] J€J0,+N(5D,r]

Recall from (93) the definition of the random variable Y": since F(Ey) \/F(ﬁy) <Y,wegetY >4D

1
and (Y, ?Y, ﬁy) is an atom of M(J)r, TQD. This argument, combined with (93) and the Palm formula for
Poisson point measures, implies

—_1p 1p
N1 PV HY HY) G (M, )Go (Mg )] =
(97) /nr(dy dH, dH”)]-{F(H”)>F(H’)}F(y7 Hl, H”)

< NE[Gn (Mg 244 Gy (Mo 2204 1§ )1 ]
r|B 1Moz 2\7"to,r WHLHY) JELA, > sup{d, 570 50 070, }

where we recall that 79 = 7 iff I‘(ﬁy) > I‘(EY). Then observe that n, ® NI -a.e. for all a € Jp N
[0, ¥ Ay mymv], we have A 4. 7. <2a < Ay g Thus, n, ®N-ae.

1 =1
{A%HCH//> sup{A | 4 Fa ;aEJo,T}} {A%HCH//> sup{A | o Ha ;aEJo,Tﬂ(%AyyH/’H//,T]}}

that only depends on y, H! H" and of ./\/l0 2, By (97) with F' = 1 and by Lemma 2.5 (i) and (i)
with = TAy,H{H” we get

+iD
N1y Gr (Mo 2 ) Ga (M 2)] =
/ n, (dy dH' dH") e (e Nia,,[G1(Mo )]
NT [Gg (MJ L H//)
2

{Ay > sup{A | 0 fas aGJo.,T}}] ’

[1{7 TO}N1D [G1(Mo,7)]G MoT )],

which completes the proof of Lemma 2.6 when 7 =7 under NL. When 7 =71, the proof is quite similar.
Then, (26) immediately entails the same result under IN. ]

Proof of Theorem 1.2 (iii). Recall from (84) the definition of H°® and H®*. Then, Lemma 2.6 under
N and Lemma 2.3 imply that for all measurable functions Fy, F5:C(R.,Ry)—>R,, f: Ry — Ry,

O8)  N[Ljrony F(D)FL (HOW) B (H3P) | = N1 f(DINY [y (H) P (HE3P) |
with a similar statement with 7= 7. To simplify notation, we next set

(99) H®:= H%" and H® .= gD

By adding (98) with the analogous equality with 7 =17, we get

(100) N [f(D)Fl (H®)F, (H@)] - N [f(D) NI, [y (H)] (H@)] .
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Recall from (94) that 7_; , = T%_D and T;;id = T;D; rewriting (84) with z = %D yields

[Tmial D _ [Trtid} [Toial — 7© &)
(101) H®=H T 0 HE=HT L andthes Hwal = HO @ HO,
where we recall from (29) that H'@® H"” stands for the concatenation of the functions H’ and H”.

Let us briefly interpret H< and H® in terms of the tree 7. To that end, first recall that v = p(7),
Yo =p(70) and y1 = p(71), where p: [0,(] — T stands for the canonical projection. Recall that v,,;q is
the mid point of the diameter [0, 71]: namely d(yo, Ymid) = d(71, Ymid) = ¥ D. Recall from Theorem
1.1 (27) that 7, ; and T, d are the only times ¢ € [0, (] such that p(t) = Yiq; thus, ymiq is a simple point
of T; namely, T\{ymld} has only two connected components. Denote by 7 the connected component
containing : it does not contain the root; if we set 7~ ={ymiq} U 7° and T =T\T?, then H® codes
(T, d,Ymiqa) and H® codes (T, d, Ymid)-

In the following lemma we recall Proposition 2.1 from D. & Le Gall [16] that asserts that H is
invariant under uniform re-rooting. Recall from (8) the definition of H [,

Lemma 2.7 (D. & Le Gall [16]) For all measurable functions F : R, x C(Ry,Ry) — Ry and g :
Ry — Ry,

N[g(g) /0 Cth(t,HM)] - N[g(g) / Cth(t,H)} .

0
By applying this property we first get

¢ ¢
102 N[CR(*)R(1®)] =N [ at B Ra(®)| =N [ ae i (1)) po(ary®)]

Next observe the following: if ¢ € (7., 7.F..), then (H1)® = H® and (HM)® = H®, and if ¢ €
(0,7) U (Tih 4, ), then (H)® = H and (H1)® = H®. Thus,

/0 Cthl((HM)G)FQ((hﬂtl)@) = () FLHD) F(HO) + (C—7ihg+ o) FL(HO) P (H)
= Cye FI(H®)Fy(H) + (e F (HO) Fo(H®).
This equality, (102) and (100) with f = 1 imply the following:
N[CFi(H®)F(H®)] = N[CyeFi(H®)Fy(H®)] + N|[(ge FI(HT)Fo(H®)]
(103) - N[N%FD [CFy(H)] Fl(H@)} +N[N [y (H)] CH@F2(H@)}
Next observe that (e + (e =¢. Thus, by (100) we also get
N[CF (H®)F(H®)] = N[(ge Fi(H®)F(H®)| + N[(ye F1 (H®)F(H®)]
(104) = N| NI, [CFR(H)] B(H®)| + N|NE[F(H)) Cus o (H)]
Then by (103) and (104), we getN[NgD [CFi(H)] F>(H®)] :N[NgD [CF>(H)| Fi(H®)]. Since the

total height of H® and H® is 4 D, for all measurable functions Fy, F5: C(R.,Ry) =R, f: R, —
R, we get

(105) N|f(D)NE, [CFi(H)] Fa(H®)| = N[ (D) NL, [CFo(H)] Fi(H)).
By taking in (105) F; = 1 and by substituting f(D) with f(D)/NED[g], we get

N[f(D) Fa(H®)] = N| (D) NI, [¢Fa()] /NE [ ],
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and by (100), it entails
(106)  N[f(D) Fi(H®)Fy(H®)] = N[ f(D) NI, [F ()] NI, [cFa ()] /N[

Recall from (101) that H'" [midl = HS @ H®. Then, (106) implies for all measurable functions F':
C(R+,R+)—>R+, f : R+ — R+, that

(107) N[f(D)F(Hmidl)] =
f(r) / / :
N(Dedr) J(AH)NE (dH') ¢p F(HBH')
\/0 NE/Q[ C] C(]R+/R+) /2 ( )
which implies Theorem 1.2 (4i%) as soon as one makes sense of N(-| D=r). O

Proof of Theorem 1.2 (i7). Recall that A:Exc— Exc is the functional that reverses excursions at their
lifetime: namely for all H € Exc, A(H) = (H,—¢), )t>0- Recall from (91) that for all 7 € (0, 00), H
and A(H) have the same law under N, which entails the following by (106):

(108) (A(H®),A(H?)) and (H®, H®) have the same distribution under N.

Next, observe that D(A(H))=D, 7(A(H))=(—7, 1o(A(H))=(—m1 and 7 (A(H)) ={—70. Moreover,
(A(H))® = A(H®) and (A(H))® = A(H®). This combined with (108) and (106) implies that

(109) sNf(D)F((H?)Fo(H®)] = N[1{_ny f(D)F(H?)Fy(H?)]
= N[1{T:Tl}f(D)F1(H@)FQ(HEB)] :

We then define
¥ = s _ I (- —
T=T g T=70 and TU:=7 ifT=71.

By (101), we get

H = H® @ H® on{r=7} and HIl=H®& H® on{r=n}.
This, combined with (109) and (106) entails
(110)  N[f(D)F(H")] =

A f(r) / /
/0 N(DEdT)m/C(R+/R(+(1)H)N o(dH") (Cu + () F(HOH') .

Recall from (31) the definition of the law Q,. Since r > N,lj is weakly continuous, it is easy to check
that  — Q, is also weakly continuous. Then observe that Q,[¢] = 2NI /2[§ ]. Therefore (110) can be
rewritten as

(111) N[f(D) / N(Dedr) f(r) Q. [CF(H)]/Q/[¢]

Next observe that for all t€ [0, ¢], (HI" ) = HI7"+ and that D(H")=D. Thus, (111) implies
o ¢
/N(Dedr)f(r)QT[C/th(H[t])]/QT[g] — N[f(D /th Hir +ﬂ)]
0 0

|
- N[/dtf (1)) P (111%)]
N[¢C/(D)F(H)] ,

where we have used Lemma 2.7 in the last line. This proves (32) in Theorem 1.2 (ii).
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Proof of Theorem 1.2 (i) and (iv). The rest of the proof is now easy: we fix r € (0, c0) and we denote
by I1,.(dH'dH") the product law N /Q(dH’)NE/Q(dH”); we then set H = H'@ H". Thus, by definition,
H under TI,. has law Q,.. Observe that if ¢ # 7(H') (resp. t # 7(H")) then H/ <r/2 (resp. H/' <r/2).
Note that if s € [0, (z] and t € [Cpv, (], then inf(s y H =0 and dp (s, t) = H, + Hy’ . . This easily
entails that IT,-a.s. D(H) =r and that 7(H') and (g + 7(H") are the two only times s < ¢ such that
dp(s,t)=D(H), which completes the proof of 1.2 ().

The fact that Q,.-a.s. D =1, combined with (32) and with the fact that r — Q,. is weakly continuous,
allows to make sense of N (- | D =r) that is a regular version of the conditional distribution of N knowing
that D =r. Moreover, (32) entails (36) for all r € (0, c0). Furthermore (107) entails (33) that was the last
point to clear in the Theorem 1.2 (iii), as already mentioned.

It remains to prove Theorem 1.2 (iv). We keep the previous notations and we introduce the following:

MO T(H/ Z 5 ﬁa ﬁa and MO,T(H")(H”) = Z (5(a7ﬁa7ﬁa) ?

aEJO ] aEJO’T//

that are under II, independent Poisson point measures with the same intensity n,./5, by Lemma 2.4. We
then set 70(H):=7(H') and 71 (H) := (g + 7(H"), that are the only pair of times realizing the diameter
D(H) under II,, as already shown. Observe that under II,.,

MT()(H),Tl(H)(H) = Z 5(T_a’A(ﬁa)’A(ﬁa)) + MO,T(H”)(H”) )

aejoﬂ./

where we recall here that A reverses excursions at their lifetime and that A is invariant under N, and P%.
Thus, basic results on Poisson point measures and an easy calculation show that M ) - (1) (H)is a
Poisson point measure whose intensity is given by (35) in Theorem 1.2 (iv), which completes the proof
of 1.2 (iv) because H under I, has law Q, and thus M (g 7, (g)(H) under II, has the same law as
M, 7 under Q,. This completes the proof of Theorem 1.2. |

3 Total height and diameter of normalized stable trees.

3.1 Preliminary results.

In this section, we gather general results that are used to prove Proposition 1.3. Unless the contrary is
explicitly mentioned, VU is a general branching mechanism of the form (13) that satisfies (14). We first
introduce the following function

(112) Va, A€ (0,00), wx(a):=N[1-1gpeye ],
For all fixed A € (0,00), note that a — w)(a) is non-increasing, that lim,_,o wy(a) = oo and by (21)

lim, 00 wy(a) = N[1—e*] = ¥~1(\). As proved by Le Gall [27], Section I3 (in the more general
context of superprocesses) wy (a) is the only solution of the following integral equation,

o du
(113) Ya,\ e (0,00), / e
( ) wA(a)\Il(u)_)‘

that makes sense thanks to (14).

Let us next consider H under P and recall from (16) that P* stands for the law of H.,7, where
T, = inf{t e Ry : X; = —x}. Recall from (19) that ", 5(_Iai7Hi) stands for the decomposition of
H into excursions above 0; thus, the excursions of H.,7, above O are the H  where i € 7 is such that
—1I,, €0, z]. Elementary results on Poisson point processes then imply the following:

Eg[e_)\c] = Ez[ C1{F<a} [exp( Z)\CHZ]'[OI az )1{F(Hi)§a,i€1’:—lai§:c}]
€L

(114) = exp (—xwx(a)) .
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We first prove the following lemma.

Lemma 3.1 Let V be a branching mechanism of the form (13) that satisfies (14). Recall from (112) the
definition of wy(a). First observe that for all a, A € (0, 00),

(115) Oqwy(a) = A=VY(wy(a)) and /OO( )(\Iz(ucgu—)\)z - W(%ilé?lg;b)_)‘ .

Recall from (24) the definition of the function v. Then, for all a, A€ (0, c0),

(116) m wy(a) =v(a) and v(a) <wyla)=1v(a)+Ng[l—e ] <v(a)+THN),

li
A—0+
where we recall from (34) the notation N. Then, for all r1 >ry >0, we get

(117) /Tlda U (wy(a)) = log % and /mda U’ (v(a)) = log % :

Proof. Note that (115) and (116) are easy consequences of resp. (113) and the definition (112). Let us
first prove the first equality of (117): to that end we use the change of variable u = w)(a), A being fixed.
Then, by (115), —du/(¥(u)—\) = da, and we get

no Coell W) W(wa(rg)) = A
Amﬂm@%émﬁaﬁj—mﬂaﬁﬁr

which implies the second equality in (117) as A—0 by (116). |

Proposition 3.2 Let ¥ be a branching mechanism of the form (13) that satisfies (14). Let r € (0, 00).
Recall from (30) the definition of N; and recall from (112) the definition of wy(a). Then for all \ €
(0, 00), we first get

(118) NI [e™¢] = exp (—/Ocm (\If'(wA(a))—\IJ'(v(a)))) =

We next set qy(y,r) :=NL [e_)\cl{D>2y}j|. Then for all y € (3r,r), we have

(119) n(y,r) =

w@uw»—x( . (U(wa(y)—A)’ )
W (v(r)) (T(wr2y—7))=A) (T(war(r))=A)/

Ify<ikr, then qx(y,7) =Ny [e”*] and if y>r, then qx(y, ) =0.
Proof. Recall from (89) the notation M, , and recall from (92) the notation Ab g8 Then, for all

r,y, A€ (0,00), we get NL-a.s.

e—ACl{DQy} = exp <—)\ zj: (Cﬁa + Cﬁ“))l{Vaejo,T:Aa . ;}a§2y} )
a€Jo,r Y

Lemma 2.4 asserts that under N; , My is a Poisson point measure with intensity n, given by (90).
Thus, elementary results on Poisson point measures imply that

NE [G_Aql{DSQy}] = exp (—/nr(dadﬁdﬁ)(l - 1A - ﬁgy}e_)‘(ﬁ_Mﬁ ))

K
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Recall that the total mass of P7 is e~2v(a) and recall (114). Thus,

K:/da 25 Na [1_1{F§2y—a}e /da/ e 2V (a) _ e—zuu(a/\(2y—a)))'
0 0,00

Now observe that

Na[1-1qreay-ape ] =N[1-Lrcar@y-ape ] -Nrsay] = wa(en(2y—a)) —v(a)

Consequently,
(120) NI [e M1 peo,] = exp (—/Oda (\Il’(w,\(a/\(Zy—a)))—\II’(v(a)))).

Then observe that if y > r, the NI [e_)‘ql{ D§2y}] = NI [e‘AC] because D < 2I". This combined with
(120) entails the first equality of (118). Then, use (117) in Lemma 3.1 to get for any € € (0, r),

" Y(v(r)) Y(v(e))
da (¥ (wy(a))=¥'(v(a))) = log ———L— — log ————.
J 00— o) =t T o
This show that ¢ — W (v(e))/(¥(wy(g))—A) is increasing and tends to a finite constant C'y € (0, 00) as
e —0. Then, C; " ¥(v(r))NE [e72¢] =W (wy(r))— A, which is equal to —8,w(r) by (115) in Lemma
3.1. Then recall from (24) that N(I" € dr) = U (v(r)) dr; thus by (26) and the fact that w) (r) tends to
U~L()\) as r — oo, we get for all be (0, c0),

wy(D)—T N\ = /boodrC)Tl\If(v(r))Nﬂe_’\C]:C)le[e_’\Cl{p>bﬂ

= OV (N[1-1raye ™[ =N[1=e7]) = O (wa(b) =¥~ (V).

This implies that C'y =1, which completes the proof of (118).
We next assume that y € (37, 7). Observe that aA(2y—a) =a if a € (0,y) and that aA(2y—a) =2y—a
ifa€ (y,r). By (120) and (118), we then get

a(y,r) =Ny [e7] = NJ [e X 1pagy] = 7\1’(7“(7“)%—)\ (1 e Jyda (W/(WA(QW))—‘I"(W(@)»

which easily implies (119) by (117) in Lemma 3.1 since

/Zla\l/’(wA(Qy—a)):/ﬁ_ca\l"(w(a)):log \I'Epuéiu(fé;y;)r)_);)‘ and /Zlaq;/(wA(a))Zlog Wr))—i
[ |

The other statements of the lemma follow immediately.

Proposition 3.3 Let U be a branching mechanism of the form (13) that satisfies (14). For all y,z, \ €
(0,00), we have

L)\(ya Z) =N [G_Aql{D>2y ; F>z}]

(121) =wx(yVz) =TI (A) — 1{zs2y}(‘1’(w(y))—/\)2/i (2 ((d)iu/\)
wx (YA (2y—=2) u

hwr(yA(2y—2))
\IJ(wA(y/\ 2y — z)) -\

=w(yvz) —U(N) — 1iz<oyy (\Il(wA(y))—)\)2
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Proof. Recall notation ¢y (y,r) from Proposition 3.2, which asserts that ¢)(y,r) =0 if < y and that
U (v(r))gx(y, r)=—0rwx(r), if r>2y. Then, by (26), we get

00 2y 00
(122) La(y, 2) :/dT\II(U(T))qA(y,T)Zl{Z<2y} /v dr\If(v(r))q)\(y,r)—/\fl;@ﬂu)\(r).

Since lim, o0 wy (1) =V ~1(\), we get

(123) — /Oodr rwx(r) = wx(zV2y) — T I(A) .
zV2y

We next assume that z € (y, 2y). By (119) and since U (wy(r)) —A=—0,w\ (1), we get

) 2 2 r
/ydr\If(v(T))QA(yﬂ“) - _/ 2rarwk(r)_(ql(w’\(y))_)\)2/ g:If(wA(ZZ—r))—)‘

== (r
U(wa(r))—A

B wﬂ@—wﬂﬁn—(wwu@»—M%/i2_>ER£%XF,

ztw@%wM%%%mew%%fA

with the change of variable u = w)(r) in the last line. This combined with (123) easily entails the first
equality in (121). The second one follows from (115) in Lemma 3.1. |

3.2 Proof of Proposition 1.3.

In this section, we fix 7y € (1, 2] and we take U(\) = A7, A € R;. Recall from (112) the definition of
wy(a). We then set

(124) Vye (0,00), w(y):=wi(y) .

Note that w satisfies (45) that is (113) with A=1. By an easy change of variable (113) implies that

y—1

(125) Ya, A € (0,00), wi(a) =Avw(ar’T ).

Recall from Proposition 3.3 the definition of L) (y, z). Then observe that the scaling property (44) entails
(46). Moreover (47) follows from a simple change of variable. Next note from (125) that

—1 —1
hwy(a) = %)\%_lw(a)\%) + 'yﬁ/;law’(a)\%).
This, combined with the fact that —w'(y) = —0,w: (y) =w(y)” — 1, implies

w1 (y) wly) 41

_ 1 _
wy)y -1 Twyy-1 7

which implies (48) thanks to the second equality in (121) in Proposition 3.3. This completes the proof of
Proposition 1.3.

3.3 Explicit computation of N,,,[I'] and N,,,[D].

We can deduce from Proposition 1.3 explicit expressions for the first moment of I and D under N, .
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Proposition 3.4 We fix v € (1, 2] and to simplify notation we set 6 = 1— % Then we get:

ot i (1—en) (-0
(126  Nu[[l= =5 [ dvv S

Fe(§—;) 0 (1-v)

V272 126 2n+1+26
127 = - — +20(1=¢ .
(127) Fe(%+5)(5 1+46 ( );(n+5)(n+1+5)(n+25))
Proof. The scaling property (44) entails that for any A € (0, o),

_ o i1 o y=1 2
(128) N[{e )‘CF]ZC,Y/OCZTT A Ny [T]= A" +vcﬁ,F (2—%)Nnr[I‘] .
Recall from Proposition 3.3 that Ly (0, z) =N[e~*¢ 1¢r>}). Thus,
(129) N[¢e ™I]= / dzN[Ce M 1rsny] = / dz (—0\L(0,2)).
0 0

Recall from (45) the definition of the function w. By (47) and (49) in Proposition 1.3, we get
—1 —1
—OALA(0,2) = AT (1—w(:ATT)) - e/ (AT )

Recall that 1/(yc,) = Te(1— %) The previous equality, combined with (129) and (128) with A = 1,
implies

_1+ VT dz(

R@_ﬂ [z (1)1 (7))

I
(130) Nnr[r]:T_E;Adz( w(z)—(y-1)zu'(2)) =

2
by the duplication formula for the gamma function: I, (1— %) /Te(2— %) =275 m T (3 - %) . Recall
that w satisfies the integral equation (45). By the change of variable y:=w(z), we easily get

0 B o , [ 1y B /°° du
(131) /Odz (1 w(z)—(y—1)zw (z)) —/ldy (y’Y—l + (y—1) i u“/—l)'
Note that (1—y)/(y” —1)= [[* du ((1—y)u” =1 +~yu?~")/(u” —1)*. Then, (131) equals

y)ur — 1+’7u71
/dy/du (1) u‘Y 1 /dy/du . 1

B (u—1) (w1 =1) 1 W(l vv)l v V)
‘7[“ o= o

where we have used Fubini in the second equality and the change of variable v=u"" in the last one. By
(131) and (130), we get (126). We then use the expansion (1 —v)~2 = ano(n + 1)v™ in (126) to get
(127) by straightforward computations. |

We also get an explicit formula for Ny, [D] in terms of ¢ :=1— % The method is the same as in
Proposition 3.4 but computations are much longer; we skip the proof and we just state the result.

Proposition 3.5 We fix vy € (1, 2] and to simplify notation we set 6 = 1—%. Recall from (45) the definition
of the function w. Then,

% T [e%e) g —24
(132)  Nu[D] = FQT\—Q)/ldx W) = %(; 34 5(A1(6) + A2(6) + 43(5))))

v
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where for all x € (0, 00),

oo 2 S _
W(IL’)222(’}/—1)2.%7_1(%7—1)(/ du ) . (7—1)5/2'y+1)(x»y_1)/ du _z 1 —I—%IL’,

zu’Y—]_ zu’Y—l 7 —1
where
_4(1-9) 3 o 8(1—4)6 8(1-4)6
Al(é) T (149)2 + 2468 A2(5) - (m4+n—2+28)(m+9)(n+0) (m+n—1426)(m+0)(n+d) -
m,n>0, m,n>0,
m+n>3 m+4n>2
. 4(1-6)(3—0)
and A3(0) = —(n T420)(n—149 ) (n—1+20)(n—2720) °
n>2 n>3

Note that A1(0) + A2(0) + A3(0)=0O(1) as 6 —0 (namely as yv— 1).

In the special case v =2, (126) implies N, [I'] = /7 and (132) implies N,,;[D] = %ﬁ, that are known
results which can be found in Szekeres [34] or Aldous [6]. As v — 1+ (namely as § — 0+), we use (127),
(132) and the well-known Taylor expansion of the gamma function:

Lo (3 +0)=v7 = 6v/m(2log 2 + 7e) + O(6?) ,

where 7, stands for the Euler-Mascheroni constant, to get (50) in Remark 1.6.

4 Proof of Theorems 1.5 and 1.7.

4.1 Preliminary results.

In this section we prove several estimates that are used in the proof of Theorems 1.5 and 1.7. We fix
~v€(1,2] and we take U(A\) =7, A\eR,..

Laplace transform. We next introduce the following notation for the Laplace transform of Lebesgue
integrable functions: for all measurable functions f:IR; — R such that there exists A\g € R, satisfying

/ooda; e M| f(x)| < 0o, weset Ly(f):= /ooda; e M f(x), Ae[rg,0),
0

0

which is well-defined. We shall need the following lemma.

Lemma4.1 Let f, gn, hy : Ry — R4, n €N, be continuous and nonnegative functions. We set f, =
—hy,. Let (gn)n>0 be a real valued sequence. We make the following assumptions.

(@) I eR;: / dre 2% f(z)<oo and Z|qn\/dme )‘Oz In (@) + hp(2)) < 0.
n>0
This makes sense of the sum ), < qnLx(fn) for all N€ [No, 00) and we assume that
(b) VAEN0,00),  La(f) =D anlalfn) -
n>0

We furthermore assume

(c) Vx € R-{-a Z |Qn| ( sup gn(y) + sup hn(y)) < 00 .
n>0 y€[0,2] y€[0,z]

Then,
Ve e Ry, f(l’) = Zann(m) )

n>0

where the sum in the right member makes sense thanks to (c).
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Proof. We denote by (-)* and (-)~ resp. the positive and negative part functions. Assumption (c) ensures
that the following functions are well-defined for all x € R, continuous on R and nonnegative:

G:=f+ Z(qn)_gn + (¢n)"hn, and H:= Z(qn)+gn + (qn) " hin.
n>0 n>0

Since the functions are nonnegative, for all A € [)g, 00), we get

LA\(G) = Ek(f)+Z(Qn)_ﬁ)\(gn)"i'(%%)—i_ﬁ)\(hn) and L)(H) = Z(Qn)+£>\(gn)+(Qn)_ﬁ)\(hn)'

n>0 n>0

By Assumption (a), £,(G) and £ (H) are finite quantities for all A > \g. Assumption (b) then entails
that £, (G) = L5 (H), for all for all A > Ag: this implies that the Laplace transform of the finite Borel
measures ¢ 0%G(z)dx and e 0" H (z)dx are equal. Consequently, these measures are equal. Thus
G = H Lebesgue-almost everywhere. Since GG and [ are continuous, G = H everywhere, which implies
the desired result. u

Estimates for stable distributions. Let (Q2, 7, P) be an auxiliary space. Let S: Q2 — R be a spectrally
positive “’T_l—stable random variable such that

[ee] —1
(133) VA € R+, E[e_)‘S] = /da: sy(z) exp(—Az) = exp ( — fy)\wT),
0
where we recall from (53) that s : Ry — R is the continuous version of the density of the 7T_l—stable
distribution. We recall here from Ibragimov & Chernin [25] (see also Chambers, Mallows & Stuck [9]
formula (2.1) p. 341 or Zolotarev [38]) the following representation of such a 7T_l—s‘[able law: to that
end, we first set

; y—1 -1 . 1
(134) Vo€ (—m, ), mw(v):<75m(7“)> VSID(VU).

sinv sin v

Let V, W be two independent random variables defined on (2, 7, P) such that V' is uniformly distributed
on [0, 7] and such that TV is exponentially distributed with mean 1. Then,

1
(law) m~y(V)\ 71

S = —
()

which easily implies that

(135) Vo € (0,00), sy(z)= 77_1:3—7/21) m~(v) exp (—ac_('y_l)m,y(v)) .
0

Observe that m+(—v) = m4(v) and m.(0) = (y—1)7"!. Moreover, the function m., is increasing on
[0, 7) and m (v)/m~(0) =1 + 72—_71112 + O, (vh).

As proved in Theorem 2.5.2 in Zolotarev [38], an extension of Laplace’s method (proved in Zolotarev
[38], Lemma 2.5.1, p. 97) yields the asymptotic expansion (54) that can be rewritten as follows: recall
from (54) the definition of the sequence (.S, ),>1; then set

(136) Vze(0,00) b(x)z(%_l)’y_l and S;;::(27r(1—%))_%(7—1)%1—71(7—1)5”7 n>0,

where recall that Sp=1. Then, for all positive integers IV, as x — 0, we have
(137) sy(x) = Z Sy LMD o —b(@) + Ony (:UN(V_l)_WTHe_b(I)) .
0<n<N
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For all a € R, we next set

(138) Ve e Ry Jy(x) == / dy y“e‘b(y) .
0

An integration by parts entails
(139) VaeR\{-7}, Vz € Ry, Jo(z) = (y=1) 2" e ) — (y=1)7(a + ) Joyr-1 (@) ,
which proves that .J, () = O.,(2977e¢~%®)) as x — 0. This also entails the following lemma.

Lemmad4.2 Let y€(1,2]. Let a € R. We assume that —(a+1)/(y—1) is not a positive integer. Recall
from (136) the definition of the function b and from (138) the definition of the function J,. Then, we set

(140) Vg e N\{0}, c,(a,7) = (=1)I(y—1)"lat1) H (a+1+k(y-1)),
1<k<q

with the convention that cy(a,~y) = (y—1)"7. Then, for all positive integers p,

(141) Ja(@) = cqla,y) 240D e 4 (y—1)76,(a,7) Jospr-1) () -
0<g<p

This implies that for all positive integers p, as © — 0,

(142) 277 g () = Z cqla,y) 270D 10, ., (xp(v—l))’
0<g<p

where O, , -, depends on p, a and .

Proof. (141) follows from (139), by induction. Since J, ;(,—1)(z) = O (z¢PO" D7t (142) is
an immediate consequence of (141). [ |

We next prove the following lemma.

Lemma 4.3 Let vy € (1,2]. Recall from (53) (or from (133)) the definition of the density s.. Recall from
(134) the definition of m.,. We set for all t€R

(143) ot (z):= x—w/o dv e (v)2e= "M )
and O'_(I') ::’Y.ZL'_ISA/(I‘) = ﬂ/(zr—_l)x_fy_l/'dv mw(v)e_mi(’yil)m"/(v) .
0
Then, the following holds true.

(i) o and o~ are well-defined on R, the function s., is differentiable on R, and SQ/ =0t —0".

Moreover, o, ot are continuous, nonnegative, Lebesgue integrable and for all \e R,
a1 o0 v-1 o0 a1
(144) La(et) =X 7 + ’y/}\d,u e T and Ly(o7) = 'y/)\d,u e
which implies
o] =1
(145) /0 dz |8l (z)] < oo and L(s)) = AT 7T NeR,.
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(ii) There exist A,z € (0,00) such that

(146) Vz € [0, x0], ot (x) and o~ (x) < Az~ e t@) ,
where we recall from (136) that b(x) = ((7—1)/x)7_1.

(iii) We define the real valued sequence (1} ),>0 by
(147) Ty = (y=1)7S; and Yn>1, T :=(y—1)7S: + (n(y—1) — 21)5%

2 n—1 -

Then, for all positive integer N, as x — 0, we have

(148) 3;(1‘) = Z T; xn(W—l)—B“/;-l e_b(r) + (QN’7 (xN(W—l)—%e—b(x)) )
0<n<N

Proof. We easily deduce from (135), that s, is differentiable on R and that s’y = ot —o~. Using
Fubini-Tonnelli and the change of variable y= m_(V_l)mw(v), for fixed v, we get

[ et @)= [drom@) = 20 [ dvm (077 <o,

since m.(v) >m~(0) >0 on [0, 7) and lim,_, m. (v) = oo; here, I, stands for Euler’s gamma function.
Thus, [* dx|s!(x)] <oo and X€Ry — L(s,) is well-defined. Moreover, by Fubini,

oo 00 0o y
Li(s) :/0 dms;(x)/ dy)\e_’\y:)\/o dye_)‘y/oda:s;(ac):)\ﬁ)\(sa,),

which completes the proof of (145). Next, by Fubini-Tonnelli, we get

e’} 0 0 0 y=1
(149) / da;e_)‘za:_lsw(x) :/ dmsw(m)/ dp e M :/ dpe ™ 7
0 0 A A

ﬁ
which implies that £y(0~) = [\ dpe " 7, since o~ (x) =z~ 's,(z). This, combined with (145)
entails (144), which completes the proof of (7).

Laplace’s method easily implies that there exists ¢y, c_ € (0, 00) such that

_3y41 — a3
@) ~ cprm 2 e and o7 (z) ~ c_am 2 eV
z—0 z—0

a

which easily entails (146) and which completes the proof of (i7).

More generally, the asymptotic expansion (54) of s, is derived from (135) by an extension of
Laplace’s method proved in Zolotarev [38], Lemma 2.5.1, p. 97. When this method is applied to o and
- + - ' - ig (- D—352 —b()
o, one shows that 0™ and o~ have an asymptotic expansion whose general term is x 2 e .
Thus, there exists a sequence (7)),>0 such that (148) holds true. It remains to prove (147). To that end,

for any n €N, we set a,,:=n(y—1) — 37—;1 By Lemma 4.2 we then get

sy(x) = Z T Jan () + Onpy (Jay (2))
0<n<N

- Z Z T;chq(an7/Y)xan—‘_ﬂ{—i_q(ﬂ/_l)e_b(m) + ON,’y («TQN-FV@_b(w))

0<n<N 0<g<N-—n
a+1 y+1

= Z T;L"cp_n(an,y)a:p(“f‘l)_ 5 o b() +0N’7($N(7—1)—Te—b(gg))’
0<n<p<N
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which implies that Sy =5, -, T}y ¢p—n(an,y), for all p€ N. Then by (140), observe that

S; = ¢ ap7 Z T nCp—n (In,’}/)
0<n<p—1
ok - _ 3y-
= (=17 - (=17 (p(v=1) = 22) D Trepo1-n(an,7),
0<n<p—1
which implies (147). This completes the proof of the lemma. |

Proof of Proposition 1.6. Lemma 4.3 easily entails Proposition 1.6: indeed (145) entails (64). We then
set
vneN, T, := (y—1)"0"V1* /18

and we easily check that (147) entails (65) and that (148) implies (66). |

We next introduce another function used in the asymptotic expansion of the height and the diameter
of normalized stable tree.

Lemma 4.4 Let v € (1,2]. Recall from (53) (or from (133)) the definition of s.,. We then introduce the
following functions: for all t € R,

(150) /it (z)=(y—1) a8, (x), " (m):%lx—l—%/o dyy" s, (y) and 0(z)=h"(z)— I (z).
Then, the following holds true.

(i) h*,h™ and O are well-defined and continuous, h™ and h™ are nonnegative and Lebesgue inte-
grable, and for all \e R, we have

o0 11 a1
(151) L(h") = <v—1)/ due™ ™7 and  LA() = LA(Y) ~ ATe T
A
which implies
[e'e) 1 y—1
(152) / dz|f(z)| < oo and Ly(0)=Me ™7 | AeR,.
0

(ii) There exist A,z € (0,00) such that
(153) Vo€ [0,z0,  hT(z) and h(z) < Az~ 3 et
where we recall from (136) that b(z) = ((v— 1)/3:)7_1.
(iii) Let (V¥ )n>0 be a sequence of real numbers recursively defined by Vi = (y—1)Sg and for all n €N,
(154 (=)W = (=1 S+ (=D (n—5 =) S — (n—g =) Vir .
Then for all positive integers N, as © — 0, we get

(155) 0(z) = Z v 2= 1D)="52 —b(z) +Ons, (xN('y—l)—WTHe—b(:c)).
0<n<N
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Proof. The fact that h* and h~ are well-defined is an easy consequence of the asymptotic expansion
(137) of s, and observe that h™, h~ can be continuously extended by the value 0 at 2 =0. Let A€ R;;

by (149) we get Lx(hT)=(y—1) [\° du exp(—fy,u%l). Thus when A\=0, we get

o0 y—1

due™ ™7 = T (),

[Caant @) = 2ot = 6-1)

0 0

by an easy change of variable; here I, stands for Euler’s Gamma function. By Fubini-Tonnelli and
several linear changes of variable, we get

Li(h™) = ”%1/0 dyyi_lsw(y)/ dm_l_ie_”:”%lﬁ/o dy?ﬁ_lsw(y)/A dup e
Yy Y

T N T T = e g —uy
= T)\W ; dyy~ " s4(y) A dvv e = T)w A dvv "~ ; dyy " sy(y)e

T R N R e RS S |
= T)w/ dvv V/ dp e ™ :(7—1))\V/ dpe™™ 7 (N —p )
A v A

00 y—1 1 [0 1 y—1
= (7—1)/ dpe= " —(7—1)%/ dpp e ™
A A

~y—1 y—1

o0 == 1
= (fy—l)/ dpe ™7 —Xve 7
A
Here we use (149) in the third line. When A\ =0, this proves that
0 B 1 5
/ dx h™ (z)=" W—lfe(ﬁ) .
0

Thus, [~ d |6(x)| < occ. It also implies (152) thanks to (149), which completes the proof of (i).

We then prove (:¢) and (¢2¢). To that end, we first observe that (137) implies that a:_ls,y(x) ~
Som_vT+3 e ") as 2 — 0, which immediately entails (153) for A™.

We next find the asymptotic expansion of 4™~ thanks to that of s, and thanks to Lemma 4.2. We first
set o, = % — VTH + n(y—1). From (137) and Lemma 4.2, for all positive integer IV, as x — 0, we get

@) =Y ESra T T, (0) + Ong (27 ay (2)
0<n<N
= Z ’Y’y;ls;;cq(am,Y)man-i-’y—l—%'fﬂ(’y—l)e—b(x) +ON, (xOéN-l-’Y—l—%e—b(x))

0<n<N 0<qg<N-—n
3

=Y S S an, el ) | o) (0N HDE-D- 22 b))
0<n<N 0<qg<N-—n
3

= Z prp(w_l)_%ge_b(x)—1—(’)Nw(x(N“)(V_l)—%e—b(I)),
0<p<N

where the sequence (U),),>0 is given by

Up=0, and U,= Z *Tls;ch_l_n(an,y), p>1.
0<n<p-—1

Observe that it implies (153) for ~~, which completes the proof of (ii). We next prove (iii): to that end
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observe that by (140), ¢, (o, v) =—(y—1)77 (2 - “’TH + p(y—1))cp—1-n(an, 7). Thus we get

5
Up+1 = Z W_Tlsécp—n(am'y) :’YA/;IS;CO(OZPVY) + Z %Tlsécp—n(amfy)
0<n<p 0<n<p—-1
= %(7_1)—(7_1)5«;_(7_1)—7(%_% _|_p('y—1)) Z %S;Cp—l—n(am’)/)
0<n<p—1
= S0-DOS — (=) 7 (G- + (D)0,
—(~y— 1 o 1 1
ase) = (=)0 V(ls; - p-3-H)y,).

We then set V. = (y—1)S; — U, for all p € N, so that for all positive integer N, as x — 0, (155)
holds true. Moreover, (156) easily entails that (Vp* )p>0 satisfies (154), which completes the proof of the
lemma. u

Proof of Proposition 1.4. Lemma 4.4 easily entails Proposition 1.4. Indeed, (152) implies (56). We set
VneN, V,=@-)"0"Dv/vp.
Then, (154) entails (57) and (155) implies (58), which completes the proof of Proposition 1.4. [ |

Lemma 4.5 There exist Ao, A€ (0, 00) such that

YA € [Ag, 00), /
A

Proof. Integration by part implies

o0 y—1 ~y—1

du e T < Arve T

y—1 y—1
Y

(’y—l)/du e T = \rem
A

0 1 y—1 1 y=1 1 =1
+%/duuﬂve‘w T o< AveA T +%A”v/due‘w ;
A A
which immediately entails the lemma. |

o0 ~y—1
ad

Asymptotic expansion of w—1. Recall from (45) the definition of w. We next introduce
o du

(y)(u—i— 1)7—1 =Y

(157) Vye(0,00), ¢(y) :==w(y)—1, thatsatisfies /
¢

by (45). We easily see that lim,_, ¢(y) = 0 and lim,_,o ¢(y) = oo and that ¢ is a C*° decreasing
function. The following lemma asserts that ¢ decreases exponentially fast as y — oc.

Lemma 4.6 Let v € (1,2]. Let ¥(\) =\, A€ Ry. Recall from (157) the definition of ¢. We set

< du Ydu (u+1)7—1—vu
1 - 2 1 S
(158) Yo /1 CESEES and Yye[—1,00), G(y) /0 0 (ar1-1
Then,
(159) Vye [-1,1], exp(G(y)) =1+ Y Any" and 1+ [A[ <™
n>1 n>1

Moreover, for y € [y, 00),

(160) D g(y) = exp (G(3()) =1+ And(y)"

n>1

where Cy is given by (63). Then, there exists a real valued sequence (3, )n>1 and yi € [yo, 00) such that

(161) D Bale™™ < oo and Wy €fy,00),  Bly) =) Bue .

n>1 n>1
_ Co _ 71 2CoH
Here 31 = e™° and 3y = 15=e“°.
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Proof. For all y € (0, 00), we first set F'(y):= [ 71 that is such that F'(¢(y))=y. Observe that

y  (utl)—
F( )_/OO du L1 d_u__/ du (u+1)7—=1—~u l/yd_u (u+1)Y—1—u
S+ =1 7w Yy ow (w1)7-1 Yo u  (ut+1)—1 7
which makes sense since%% — == L as u — 0+. We then set
o /°° du _/ld_u(u—l—l)“y—l—fyu
ST w1 Jy u (wrip—1

and we get

Ydu (u+1)7—1—yu
v (u+1)7—1

Wy e (0,00), YF(y) = Co—logy + G(y), where G<y>:=/
0

Since F'(¢(y)) =1y, this implies

(162) Vy € (0,00), logg(y) = Co—vy+ G(o(y)) -

Let us show that G(y) (and therefore exp(G(y))) is analytic in a neighborhood of 0. We set

1 n 1 .n )(_1)n—1 n—1 -1
an:§<n11>_ n+1vH|k_ Wg(l_%)’ nzl

We observe that |a,| < n(%:l) Then for all ue[—1, 1], we set

yr—
:Z\an\u" and S(u):= (1+u)T=1=yu Zan =-T(—-u),

n>1 T n>1

since (—1)""'a,, = |a,|. The power series 7" and S are absolutely convergent for |u| < 1. Moreover,
|S(w)] < T([ul) < T(1)==5(~1) = = <1. Thus, for all ue [-1,1],

I+u)=1—~yu  S(u) . - . .
(I+u)yr—1  1+5(u) _,,22:1(_1) 'Su) = n%:l( 1" 'nByu

is analytic for |u| <1, where nB,, > 0 and can be derived explicitly from the a,,. Note that anl nBy, =
T(1)/(1 —=T(1)) =~ — 1 < 1. Therefore, for all y € [—1,1], G(y) = Zn21(—1)"_1Bny”, which is
absolutely convergent; moreover |G(y)| < —G(=1)<}_, 5 nB,=v—1<1. Thus,

_BOPL .. (—B.)Pn
Vye[-1,1], exp(G(y)):l—l—E Apy"™ where A,=(-1)" E (=51) ' ( ' n) .
n>1 propnz0 DL P
P1+2pa+-+npp=n

We easily see that 1 + > - |A,| <exp(—G(—1)) <exp(y—1). Observe that ¢(yo) = 1. Then (160)
follows from (162) for all y € [yg, 00).

We next set H(y) :=exp(Co + G(y)). By (159), H has a power expansion whose radius of con-
vergence is larger that 1. By Lagrange inversion (recalled in Proposition B.1, in Appendix) there exists
xg € (0, 00) such that for all z € [—x¢, z¢], the equation z=xH (z) has a unique unique solution z=: f(x)
n [—1/2,1/2]; moreover, for all x € [—z9, (]

1 oat, ”
(163) f(z ;,Bn where Vn>1, Bn::mW(H )‘y:O and 7;|Bn|x0<oo.
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Next observe that (160) implies that ¢(y) =e "W H (¢(y), for all y € [yo, 00). Since lim, o ¢(y) =0,
there is y1 € [yo, 00) such that ¢(y) € [0,1/2] for all y € [y1,00) and we clearly get ¢(y) = f(e V),
which proves (161). An easy computation entails 8 = e©0 and By = 77_16200. [ |

We next derive from the previous lemma a similar asymptotic expansion for the function L (y,0)
that is connected to the diameter of y-stable normalized trees.

Lemma 4.7 Let v€ (1,2]. Let ¥(\) =\, AeR.. Recall from (49) the definition of L;(y, 0) and recall
from (63) the definition of Cy. Then, there exist ys € (0,00), and two real valued sequences (Vp)n>2,
(O )n>2 such that

(164) ’)/2:%’)/(’}/—1)6200, 52:—%(7 +1)e2%  and Z (n|yn] + [0,])e™ 2 <oo
n>2
and
(165) Vy € [y2,00), Li(y,0) =D (nyny + 6n)e ™ .
n>2

Proof. Recall that ¢(y) =w(y)—1. Then (49) and an elementary computation entails

Li(0) = o(y) = =[(1+6) —1](1+6(y)) + Ty [(1+6(y)) 1]’
(166) = (- DyeW)* K (6(v)) — 3(v + De)*M((y))
(u+1)7=1)° (u+ 1)+ —1—(y+ Du

where for all ue[—1,00), K(u)= and M (u)=

1

(yu)? 3y (v + 1)u?

Recall that H (y) =exp(Cy + G(y)) and recall from (160) that for all y € [yg, 00), ¢(y) = e "W H (o (y)).
This, combined with (166), entails that

(167) L1(y,0) = v(y—1)e" Yy H ((y) 2K ($(y)) — 5 (v + e 2 H(p(y))* M (6(y)) -

Recall from (163), the definition of f and that of (3,),>1. Note that there exists x; € (0, z) such that
for all z €0, z1],

(168) Y(y=LH(f(2)*K(f(z)) = Y ya" and - 3(v+ DH(f(2))’M(f(x)) = &a",
n>0 n>0

(169) withyy=v(y=1)e*®,  o=—3(v+1)e*® and Y (Iyh] +16,) 2% < oo,
n>0

since K (0)=M(0)=1 and since H(0)%=¢2“0. Next by (161) in Lemma 4.6, we have ¢(y) = f(e~Y),
for all y € [y1,00). Then, we set yo :=y1V (—% log 1), and for all n>2, v, :=n"1v _, and 6,:=0/_,.
We then see that (169) implies (164) and that (168) and (167) imply (165), which completes the proof of
the lemma. [ |
4.2 Proof of Theorem 1.5.

We first set

(170) Vo€ (0,00), fr(x)=ca TN (D>2 7).

Then, Proposition 1.3, (46), (47) and (49) imply for all A € (0, o),

(171) EA(fp):/OOEZ:c e ML (1) =Ly (0, 1) = ATL1 (0,077 ) =27 (w(A'T ) =1) = A7 (A T ),
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"/_—1
where we recall from (157) that ¢(y) =w(y)—1. We next use Lemma 4.6: let A; be such that A, " =1y;;
then the sequence (f,,),>1 satisfies

11 At
(172)  YAEPLoo), > IBuATe ™ T <oo and Ly(fr) =Y Budre AT

n>1 n>1
Recall from Lemma 4.4 the definition of the functions @, h* and h~. Then for all integer n > 1, and all
reR,, we set
441 o+l y+1

On(z)=n""10(n" lem) ht(z)=n""=Th"(n 7~ 1m) and h;(az):n—ﬁh_(n_ﬁm).

Lemma 4.4 implies that A", h,, are Lebesgue integrable, nonnegative and continuous. Moreover, 0,, =

ht—h, . Consequently, 0,, is also nonnegative continuous and Lebesgue integrable, and (56) entails that
y—1

Lx(0,) = AT e ImA T . Thus, by (172)

(173) VA€M, 00),  La(fr) = Bulr(bn

n>1

We next prove that the assumptions (a), (b), (¢) of Lemma 4.1 hold true with
f=Jr f;_::hzv fn_3:h;7 and ¢,:=0, .

To that end, we first observe that by an easy change of variable and by (151) in Lemma 4.4, we get
1 [ =L

VA€ (0,00), Vn > 1, Ly(hF) and Ly(h,) < (y—=1)n 771 Wd,ue_w_ a

nv=T)\
Thus, by Lemma 4. 5 for all A€ (0, c0) and for all sufficiently large n, £y (h;}) and £ (h,, ) are bounded
by ANS exp(—fyn)\ g ), where A is a positive constant. Thus,

—1

(174) YAEA,00), > 1Bal(La(hl) + La(hy) <2AZ|ﬁn|)\ve ™ oo

n>1 n>1

the last inequality being a consequence of (172).
Next, deduce from (153) in Lemma 4.4 that for all fixed = € (0, co) and for all sufficiently large n,

sup A and sup h, < Bniz~ = exp (— (7_1)7—171%;—(«/—1))’

y€[0,a] y€[0,a]
where ¢ = g(w_ri’; 7“ and where B is a positive constant only depending on ~. Since v>1, n7 >n;
this combined with (172) entails that for all z€ R,
(175) > 1Bal( sup i + sup k) <
n>1 y€[0,7] y€[0,z]

By (173), (174) and (175), Lemma 4.1 applies and we get

Ve e Ry, fr(x)= c,yx_l_%Nnr(F>a:_WT_l) = Zﬁnﬁn(x)

n>1

This proves

(176) Vr € (0,00), e Nu(T>1) = B, (nr) 5 10((nr) 77),



which implies (61). Note that (175) and (161) with z; =e~"Y! in Lemma 4.6 imply (60) in Theorem 1.5.
+1
It remains to prove the asymptotic expansion (62). To that end, recall that £(r) = r_%Q(r_ﬁ),

for all r€R . Then (58) in Proposition 1.4 easily entails that for any integer N >1, as r — o0,

(177) Ly E(r(v=1)" =

Cik ) 1+ ZVT'n’Y‘FON(_N’Y)’

1<n<N

1 1
where Cf := (27?)_% (v— 1)5+77% and where the sequence (V},),>1 is recursively defined by (57) in
Proposition 1.4. This first implies that there exist A, € (0, co) that only depend on  such that

(178) Vr € (r1,00), Vn > 2, ‘g(nr(fy 1)~ )‘ < ApltEem2 i

Recall from Proposition 1.4 that there exists 1 € (0, 00) such that anl |Bn| 2] < co. Without loss of
generality, we can choose 71 such that exp(—27"17]) <z;. Then (176) and (178) imply that

—1
No; (F>r(fy—1)_v7) = c;lﬁl 5(7“(7—1)_77) + O, (r1+%e_sz), as r — 0o,

and (177) implies (62) since C1 = ¢! $1C}, where we recall from (41) that ¢ ' =T, (VT) and where
we recall from Lemma 4.6 that 51 =exp(C)p). This completes the proof of Theorem 1.5.

4.3 Proof of Theorem 1.7.

We first set

(179) vz € (0,00), fp(x)=cyx TN (D>22 7).

Then, Proposition 1.3, (46) and (47) imply for all A€ (0, c0),

(180) L:(fp) :/ dw e fp(z) = Ly(1,0) = A7Ly (A7 ,0) .

0
-1

=2
We next use Lemma 4.7: let A2 be such that \,” =1ys; then the sequences (7y,),>2 and (0, ),>2 satisfy

—1

VA E[Ng, 00), Z(nh/n\)\ v +\<5 ‘))\76 AT < o0

n>2
=1
(181) and Ly)(fp) = any )\e_'mA . +Z<5 )\76_“’”)‘ T
n>2 n>2

Recall from (55) in Proposition 1.4 the definition of § and recall Proposition 1.6 that provides properties
of the derivative 8’7 of the density s, given by (53). For all n>2, and all z € (0, 00), we set

2y y+1 ~

On(z) =n -1 s;(n 7= 1:3) and 0,(x) :n_viﬁ(n 1z).

Then, Proposition 1.6 and Proposition 1.4 imply that 6,, and @, are continuous and Lebesgue integrable,
and that

—1 —1

VAER,, L\(0,) = )\e_WA 7 and  Ly(0,) = Ave AT

Thus,

VAERy, La(fp) =D LA(nYnbn + 6n6n).
n>2
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We argue as in the proof of Theorem 1.5 using Lemma 4.1 to deduce that

Ve e Ry, fp(x) :ca,x_l_%Nnr(D>2x_% Zn’yn () + 0p0,(x)
n>2

the sum of functions being normally convergent on every compact subset of R . This easily entails that

_ a1 A+1 ol

(182) Vr e (0,00), Ny (D >2r) Z’yn (nr) = 13’7((717“)_#) + 0y (nr) =10((nr) 1),
n>2

which is (69). Note that (68) is an easy consequence of the estimate (66) in Proposition 1.6, of (58) in
Proposition 1.4 and of Lemma 4.7 with o =e~7¥2. Recall from (67) and (59) the following notation,

= — + . o+l .
Vr e Ry, Er)=r"71s,(r"7 1) and &(r)=r 710(r 7T).
Note that (69) implies
(183) e Nur (D >7) = 728 (r) + 626(r) + Y yn&(n1/2) + 626 (n/2) .
n>3

Then, recall from (177) the asymptotic expansion of £ and deduce from (66) in Proposition 1.6 that

(184) S TE -0 = 1k Y T Oy (V)
! 1<n<N

1

1,1
where C7 = (2m) 2 (y— 1)5+77% and where the sequence (T5,),>; is recursively defined by (65)
in Proposition 1.6. We easily deduce from the asymptotic expansions (177) and (184) that there exists
B, r9€ (0, 00) such that for all € (9, c0) and for all n >3,

_ —1 —1 —lo-—

(185) |¢ (%nr(’y—l)_%)‘ and |¢ (%nr(’y—l)_%)‘ < BrlitFems iz

This combined with (183) implies that

N -1 1 = _a-1 _1 -1 1427 —n(3/2)7r7
nr(D>r("}/—1) ¥ ):C’Y ’}/26(7‘("}/—1) Y )—i—C,y 526(7’(’}/—1) Y )+Ofy(7' 2 e )7

as r — oo. Then (177) and (184) imply

—1
Nur(D>r(y=1)""7 ) =¢; 'y Cir't 7 e

(186) + Y GO (T + GV )r T T T O, (r VTR )
1<n<N

Recall from (164) in Lemma 4.7 that 5 = $y(y—1)e?“0 and 0, = — 4 (7 4 1)e2“°. This implies (70) with
_ * [
Co=c;'Clro and Vn>1, Up=Ty+ 2V 1 =T, %Vn_l .

This completes the proof of Theorem 1.7.

5 Proof of Theorem 1.8.

In this section, we fix v € (1,2). Recall that 1 /¢, =~T(1— %) We set

(187) Vr € (0,00), gp(r)::cﬂ,r_%Nnr(Fgr_wT_l) and VA€eR, p()\)::/ e Mgp(r) dr .
0
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Note that the Laplace transform p is decreasing and that p(\) < oo for all A€ (0, c0). We next set:

o0

(188)  Acr:=sup {)\ER : p(—)\):/ eNgr(r) dr<oo} and H:={z€C:Re(2)>N\a} .

0
Clearly A\, > 0. We shall actually prove that A, € (0,00) and that fooo e()‘cr_’\)’”TQgp(r) dr ~ AXNT2,
for a certain A € (0,00), as A — 0. However, Karamata’s theorem seems to be ineffective to derive
asymptotics on e*"r2gr (1) because this function has no clear monotony properties. Thus, we proceed
more carefully and we shall use a variant of Ikehara-Ingham Tauberian Theorem to prove Theorem
1.8. This requires analytic continuation of p. More precisely, standard results on Laplace transform
(see for instance Widder [37], Chapter 1) imply that p can be analytically extended to H by p(z) =
fo e *"gr(r)dr, for all z€ H. We first prove the following lemma.

Lemma 5.1 There exists a real number €\ € (0,00) and a decreasing analytic function q: (—&g, 00) —
(0, 00) such that

189 We(anoe), [t ad (=)= [ Mot
a() 47— A 0

which implies that \.; > €.

Proof. Recall from (112) the definition of w)(y). For all A € [0, 00), we set g(\) := wy(1) = N[1—
e **1(r<1y]. Then, g is clearly decreasing and C' on [0, 00). By (113), ¢ satisfies

< du

()\)’Lﬂ - A

(190) VAE[0,00), / 1.
q

Recall that N(C € dr) =c,r '~ dr. Thus, by (42), we get
/ e Vgr(r)dr= / N(CEdr) re ™ Ny (r’7 T < 1) =N[Ce X1 poyy] =¢' (M) .
0 0
By (190) we get (189) for all A€ [0, 00) and it is also easy to see that ¢(0)=N(I'>1)=(y— 1)_7%1.

Next observe that g(\) > N[1—e 7] = )\%, which implies Ag(A\)~7 < 1, for all A € [0,00). The
change of variable v:=u"7 in (190) and the expansion (1—\v)~!= Y n>0(Av)™ imply the following.

9Ny de 1 Ag(X\)=7)"
191 1== :_E N ”_?d =g\~ E A VAN
(oh ’Y/o / vy n+l-3

nGN neN

This easily implies that for all A € [0, c0),

(192) M) T=AG-DTT (14 3D T e )
n>1
First note that there is 1 € (0, 00) such that the function H (z):=(y—1) 7T (1+> 1 W}l)_lx”)_%

has an absolutely convergent power expansion for all € (—e1, 1) and next observe that (192) implies
that Ag(A\) ™Y =AH (Ag(\)~7) in a right neighbourhood of 0. Lagrange inversion (as recalled in Theorem
B.1) implies that there is €2 € (0, 00) such that A\ — Ag(\)~7 extends analytically on (—¢2,e2). This
implies that there exists a sequence of real numbers (a,,),cn and a real number £( € (0, 00) such that the
following power expansion

(193) g\ =" a ", Ae(—ep,50)
neN
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is absolutely convergent and such that —A\g(—\)"7 = —AH(—Aq(—\)"7), for all A € [0,£¢). This
equality easily implies that (191) holds true with —\ instead of A\, namely:
< du

(_A)zﬂ —i—)\:

(194) VA€(0,¢e0), /
q

Since ¢'(A) = [~ e~ *gp(r) dr, for all A € [0,00), (193) and standard results on the Laplace transform
(see for instance Widder [37], Chapter 1) imply that

1 [ee]
VneN, E/ r"gr(r)dr=(=1)"(n+ 1)ap+1 -
"Jo

Since ) oy |(n 4 1)an 1 A" < oo, for all A€ (—&g, £0), this implies that
)\TL [e.9] OO)\
VA€[0,80), ¢'(=N)=D (=1)"(n+1Dap X" =) F/ " gr(r) dT:/ eVgr(r)dr .
neN neN /0 0
This, combined with (194), completes the proof of (189). |

We next set D_:={z € C : Re(z) <0 and Im(z) =0}, the negative axis of the complex plane. For
any be C, we use the following notation

(195) VzeC\D_, 2z":=exp(blogz),

where log is the usual determination of the logarithm in C\D_. Standard results in complex analysis
assert that z— 2” is analytic in the domain C\ D_. The following lemma concerns the analytic continua-
tion of ¢ introduced in Lemma 5.1. Recall from (188) the definition of )., and that of the right half-plane
H.

Lemma 5.2 There exists a connected open subset U containing H\{~\¢; } such that the function q (in-
troduced in Lemma 5.1) has an analytic continuation to U that is C? on H and such that ¢/ (z) =
fooo e *"gr(r)dr, for all z€ H. Moreover, q satisfies the following properties.

(i) Let Uy denote the open strip {— Aoy <Re(z) <0}. Then q satisfies

(196) VzelUy, q(2)eC\D_ and z2q'(z)= —V,Y;lq(z)“’ + %q(z) + %Z .
(ii) q(—Aer) =0 and as z— 0 with Re(z) >0,
3 _ (=1 L, @ -1D)(v-1)
A7) ¥ (At 2) = S 17 = gt (1),
=D -2 5, =)0 +2) -
(198)  ¢W (A +2) = A Aer s 29712, Aol

(iii) —Aer is the only singular point of q in U and ey = (Sin727/r %) )71,

Remark 5.1 The statement in Lemma 5.2 is not valid for v = 2. Indeed, if v = 2, for all A € (0, c0),

q(\) = VAcothv/X and ¢(—)\) = v/ Acot vA. Therefore, ¢ is analytic on (—72,00). But note that
/v

(St

the elementary fact that 0 is a singular point for z+— 27 when v € (1, 2). It is not the case when y=2. [

)ﬁ =72 /4 when = 2. The reason for the distinct behaviour of ¢ when ~ = 2 boils down to
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Proof of Lemma 5.2. Let \ € (0, 00). By the change of variable v:=Au"7, we get

_1
/°° du :l)\_%l/oov Tdv .7T/’)/ E
o WY +A 7 o l+w sin(7/7)

Here, we use E. Schlafli’s identity [;“v™%/(1 + v) dv =7/ sin(ms), that is valid for all s € C such that
0<Re(s) <1 (see for instance I. Gradshteyn & 1. Ryzhik [21], Chapter 17, Section 43, p. 1131, Table of
Mellin transform, formula 6). We then set

I * d
A= (LM) "' that satisfies / -
sin(7 /%) 0 w4+ A\

Therefore, there exists a strictly decreasing continuous function 7: [0, A;]— [0, ¢(0)] that satisfies

> du

()\)’Ufy + A

(199) YAE[0, A1], / ~1.

Note that r(0) =¢(0) = (v — 1)_7%1, that (A1) =0. By Lemma 5.1, g < A\ and r(\) = g(—A), for all
A€0,g0). An easy linear change of variable in (199) entails

=1 e

— dv Ieyy =1y —1 v  1y-1 y—1
M _/A—#Tmm and thus — —7/(A) =247 ()7 = 2AT () + 22, A€ (0,0

Thus, we have proved that g can be extended uniquely on [—A1, 00) in such a way that fqo(i) du/(u'=\)=
1 for all A€ [—A1,00) and we have

VAe(—A1,0), q'()\) = F()\,q()\)) ,
where we have set
(2000 V(z,0)€V, F(zv)i==22""0" + 127w+ 22 where Vi=(C\{0})x (C\D-)

Note that V' is an open subset of C? and we recall the convention specified by (195) for the power of
complex numbers. Recall that D(zy,r) stands for the open disk in C with centre zy € C and radius
r € (0, 00); to simplify notation we identify R with the set of complex numbers whose imaginary part is
null. We next use Proposition B.2 (see Appendix, Section B). First, we easily check that F' is analytic in
the two variables z and v on V. Then, for all A € (—A1,0), since (A, g(\)) € V, Proposition B.2 implies
that there exists 7 € (0, 00) and an analytic function fy : D(A,r\) — C\D_ such that f) is the unique
solution of

VzeD(A\ry), fi(z)eV, f;\(z):F(z,f,\(z)) and  fr(A)=q(N) .

The restriction of f) on the real interval (A — 7, A + 7)) clearly satisfies the same (real time parameter)
ordinary differential equation as ¢; since this ODE is locally Lipschitz, uniqueness in the Picard-Lindelof
Theorem (also known as Cauchy-Lipschitz Theorem) implies that f) and ¢ coincide on the real interval
(A=rx, A+ 7)). Let \, N €(—A1,0) be such that W:=D(\, 7)) N D(N,ry)# (; since W is connected
and since f) and f) are equal to ¢ on the real interval W NI, the principle of isolated zeroes for analytic
functions implies that fy and f)/ coincide on W. This implies that ¢ can be extended uniquely on the
open subset Uy :=J,¢(_», o) P(A; ), that ¢ : Uy — C\D_ is analytic and that ¢ satisfies the complex
differential equation:

(201) VzeUs, q(z)eV, ¢'(2)=F(z4q(z)).
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Since (—Ap,0) C Uy, this implies that the restriction of ¢ on (—\;, c0) is analytic. We next prove that it
entails that

(202) A >A1 and VYAE[—Ap, 00), q’()\):/ e Mgp(r) dr .
0

Indeed, suppose that \.; < A;. By standard results on Laplace transform A +— foooe_)""gp(r) dr is
analytic on (—A¢,00). Lemma 5.1 implies that it coincides with ¢’ on (—gg,00). Since ¢’ is also
analytic on the interval (—\.;, 00) (supposedly included in (—A1, 00)), the principle of isolated zeroes
for analytic functions entails that ¢'(\) = [;° e gr(r)dr, for all X € (—A,00). Standard results
on Laplace transform also imply that for all n € N, [ e " r"gp(r) dr = (=1)"g D (N), for all X €
(—=Aer, 0). By continuity of ¢("*+1) and the monotone convergence theorem, we get JoZ e rgp(r) dr=
(—1)"q("+l) (—Acr). Since A1 > Aoy, ¢’ is analytic at A\, and there exists € € (0, A — A¢;) such that

/ Cert)rgr (r) dr = Z / Aerttgn(r)dr =y (e n!) ¢ () = ¢ (—Aa—e) < 00,

neN

which contradicts the definition (188) of A.,. Thus A\; <A, and (202) holds true.

We set H; := {z € C : Re(z) > —\1} and we next prove that ¢ can be extended analytically on
H, that ¢ is continuous on H; and that Re(q(z)) > 0 for all z € ﬁl\{ A1}, Indeed, (202) implies
that ¢’ can be extended analytically on H; and that ¢'( fo e *Tg dr for all z € H;. Thus, ¢
can be extended analytically on H; and we easily get q( )= fo gp r~1(e=*" —1)dr, for all
z€Hj. Since A\ g(\) decreases to g(—A1)=0as A\ =\, monotone convergence theorem implies that
Jo° gr(r)r='(eM"—1) dr=q(0) < co. It thus implies that

o

(203) VzeH;, q(2) :/ drgp(r)r_l(eA”—e_”),
0

and ¢ is continuous on Hy. For all A€ [—\1, 00) and all ¢ € R, we also get

[e.9]

Re(g(\ + it)):/o dr gr(r)yr—te " (e()‘1+)‘)r—cos(tr)) :

If t#0 or A% —\q, then 7 — g (r)r—'e=*" (e M7 —cos(#r)) is nonnegative and strictly positive on a
non-empty interval. Thus, Re(g(z))>0, for all z€ Hy\{—X;}.
We denote by Us denote the open strip { —\; <Re(z) <0}. We next prove that

(204) Vzelsz, q'(2)=F(24q(2)),

where we recall from (200) the definition of the open set V' and the function F': V — C\ D_. We then fix
A€ (—A1,0) and we consider y : I — C\ D_, the maximal solution of the (real time parameter) ordinary
differential equation

(205) vtel, (t)=iF(\+it,y(t)) and y(0)=q(N).

Here, I is the maximal (open) interval of definition for (205). Existence and uniqueness of such a
maximal solution is a consequence of Picard-Lindelof Theorem. Recall (201) and recall that by definition
(=\1,0) C Uy. Thus, there exists € > 0 such that (—e,e) C I and y(t) = q(\ + it), for all t € (—¢, ).
Next, observe that (A + is,y(s)) € V for all s € I; then by Proposition B.2, there exist 1, € (0, c0) and
an analytic function hg: D(\ + is,ns) — C\D_ such that 1 (z)=F(z, hs(2)), for all z€ D(\ + is,7s)
and hs(\ + is) =y(s). Thus t € (s—ns, s + ns) — hs(X + it) satisfies the same (real time parameter)
ODE as y and thus hg(A + it) = y(t), for all t € (s—ns,s + ns). Let s,s’ € I be such that W :=
D(\ + is,ms) N D(X + is’,ny) # 0; since W is connected and since hg and hy are equal to y on
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WnN(A+iR) (with an obvious notation), the principle of isolated zeroes for analytic functions implies that
hs and h coincide on V. Thus, there is an analytic function w from the open set O :=J,.; D(A+is, ;)
to C\D_ such that w'(z) = F(z,w(z)) and such that w(X + it) = y(¢), for all ¢ € I. Note that O is
connected and that O C Hy; since w(A+it) =y(t) =q(A+it), for all £ € (—¢, ), the principle of isolated
zeroes for analytic functions implies that ¢ and w coincide on O. This proves that ¢'(z) = F'(z, q(z)) for
all z€ O and that g(A+it)=y(t), for all t € I. If we prove that / =R, then the previous arguments entail
g\ +it)=y(t) for t e R, and ¢/ (A + it) = F(\ +it,q(\ + it)), t € R, which implies (204) since A is
arbitrarily chosen in (—\1,0).

Let us prove that ] = R. We argue by contradiction: assume first that I has a bounded right end
denoted by a, namely IN[0, c0) = [0, a). By continuity of ¢, lim;_,,— y(t) =g(A+1ia); since Re(g(z)) >
0, for all z€ Hy\{—\1}, we get (\ + ia, q(\ + ia)) €V and by Proposition B.2, there exist 7 € (0, c0)
and an analytic function h: D (X + ia,n) — C\D_ such that 1/ (z) = F(z, h(z)), for all z€ D(\ + ia,n)
and h(A +ia)=q(A +ia) =y(a—). Then set z(t) =y(t), t € I and z(t)=h(\ +it) forall t € [a,a +n);
we observe that x satisfies the same (real time parameter) ODE as y and that it strictly extends y, which
contradicts the definition of /. Thus [ is unbounded from the right. We argue in the same way to prove
that I is unbounded from the left, which proves that I =R and (204) as already mentioned.

We thus have proved that ¢ can be extended analytically on Hy, that ¢ is continuous on H; and that
q satisfies (204). Recall that g(—\1) =0, which implies by (204) that ¢'(—\; + z) tends to F'(—\1,0) =
(y—1)/v as z— 0 with Re(z) > 0. We then set ¢'(—\;) := (y—1)/7; (203) and monotone convergence
entail [;°eM"gr(r)dr =limy,_», ¢(\) = (y—1)/v. This also proves that ¢’ is continuous on Hj.
Therefore ¢ is C'* on H;. We also derive from (204) that

(206) Vaels, —2¢"(2)=(1=3+ (y=1)a(z)"")q'(2) + 3-1.

Thus, ¢ (=) + z) tends to ¢""(-\1) :== —(y — 1)/(M\17?) as z — 0 with Re(z) > 0 and monotone
convergence entails that Jo reM T gr(r) dr=—q"(=\1), which implies that ¢’ is C, and therefore that g
is C% on H;. We next observe that for all z € C such that Re(z) >0, we get

=M +2) = 2q (M) + 522 (A1) + 2 /dt/ds "M+ s2)—q" (M)

v—1 v—1
207 = z— 224+ o(z
(207 o 2X172 (=

as z— 0. A similar argument entails that

y—1 1 ~-1 I v—1
208 —A d —A =— 1
(208) ¢ +2) = 5 72)\1z+o(z), and  q"'(-\1 + 2) 72)\1—#0( ),
as z— 0 with Re(z) > 0. We next derive from (206) that for all z € Us,
(209) —24(2) = (v=1)a(z) 7"+ 2=1)0"(2) + (7=1)¢'(2)%¢(=) ™ and

2 (2)=((1=Da(=) 7+ 3-1)a (2) + 36-1 ()0 ()a(:) " (=D (=D () e

This entails that limy_y, q® (\) = 0o and thus —\; is a singular point of g. Consequently A\; = A;.
Moreover, (209) combined with (207) and (208) entails (197) and (198).

It remains to prove that ¢ can be extended on an open subset containing H\{—\ }. To that end, we
recall that for any ¢ € R\{0}, Re(q(-A¢er +it)) > 0. Thus, (—Acr +it, g(~Aer +it)) € V and Proposition B.2
implies that there exists p; € (0, 00) and a unique analytic function k; : D (—A¢e+it, pr) — C\ D_ such that
kt(Aer +it) =q(-Aer +it) and kj(2) = F (2, k¢ (2)), for all z € D (A +1it, p;). Since g satisfies the same
differential equation on H N D (=, + it, p;), we see that the function € [FAcr,~Aer + pr) = q(x + it)
and the function = € [FAcr,~Acr + pr) — ki(x + it) satisfy the same (real time parameter) ODE, with
the same initial condition. Since this ODE is locally Lipschitz in space, uniqueness of the solution in
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Picard-Lindelof Theorem entails that k;(z + it) = q(x + it), for all z € FAcr,~Aer + p¢)- Since k; and ¢
are analytic on the connected open set HN D (—\.; + it, p¢), the principle of isolated zeroes for analytic
functions entails that k; and ¢ coincide on H N D(~A., + it, p;) and thus on H N D(=\¢; + it, p;). Let
t,t" € R\{0} be such that W := D(=\¢; + it, p;) N D(=Aer + it’, py) is non-empty. Since k; and ky
are analytic on the connected open set WW and since they coincide with ¢ on the non-empty connected
set WNH, the principle of isolated zeroes for analytic functions entails that k; and kp coincide on W.
We now set U :=H U ;e 0} D(-Aer + i1, pt). The previous arguments show that ¢ can be extended

analytically on U and obviously U contains H\{-\.; }, which completes the proof of Lemma 5.2. |

Proof of (74) in Theorem 1.8. Next we want to apply lkehara-Ingham Theorem that is recalled in
Theorem B.3 in Appendix. To that end, we next prove the following lemma.

Lemma 5.3 For all z € C such that 0 < Re(z) < ¢y, we set

¢ (A + 2) _ (y-1)*2 12

(210) G(z):= JY— 27
Then, for all 6 € (0, 00),
0
211) AH/ |G2A +it)—G(A +it)|dt —— 0.
—9 A0+

Proof. We fix A€ (0, A\ex/2), 8 €(0,00) and t € (—6, ). Observe that

2
G@2X +it) -G\ +it) = /du G’ (u+it)
A

/ du (q(4> R tutit) ¢OQatutit) (-1)(-2)
A Acr—u—it (Acr_u_it)2 ’Y’Y)\gr

(u+ it)7_3).

By (197) and (198) there are C', C'a, 0 € (0, 00) such that for all v € (0,29) and all ¢ € (-6, 0)

@ (—Xer +u+it —1)7+2(y—2
212) ‘q ()\ _u_uit ¢ )_ (/Y ’)Y,y)\g(/y )(u + it)’y—S < 01|U 4 Z't"Y—Q’
) (= it
(213) and ‘q (FAer Futd )‘ < Oylu+it]2,

(Aer —u—it)?

Next observe that

2 5/7 5/2 5/2
du ds _9
[ Y Y R X R LR
A u At it]* AT +ZS\ 0(1+s2)2 0

where C3=257"1/(y—1). This implies
§
(214) VAE(0,8), A / G(2A + i) — (A + it)|dE< C(Cy + Co)A2
-6
If 6 €(0,9), then it implies (211). Suppose that § > §. By Lemma 5.2, ¢ is analytic on an open subset U

that contains H\{~\., }. Thus, G as defined in (210) is analytic on {z€ C : Re(2) €[0,9); § <|Im(2)| <
0} and so is G'. Then, we can set Cy :=max{|G’(u + it)|; u€]0,d), 6 <|t| <O} and by (214), we get

6 4
AH/ |G@A+it) -G\ +it)|dt < AH/ |G(2A + it) —G(A + it)|dt + 2(0—0)Cy N>
-0 —0
< (C3(C1+ Co) +2(0—0)Ca) N>,
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which implies (211). [ |

We apply the variant of Ikehara-Ingham Theorem as recalled from Hu & Shi [24] in Theorem B.3 (see
Appendix). Here we take (1(dr):=1(g o) (r)r?gr(r) dr, which is a finite measure since [ r2gp(r) dr =
¢®(0). More generally observe that for all A € (0, \e;), s eNr2gp(r) dr = ¢®) (=\) < co. With the
notation of Theorem B.3, a:= )., and F/(z) =¢®)(—2) for all z € C such that 0 < Re(z) < \; and G is

as in (210) in Lemma 5.3, with b:=2—+~ and c:= (y—1)7*2 /(A2,~?). Thus Theorem B.3 implies that

OO2 1=y = Acrr 7_1)74_2
@15) A(r),:/Tugp(u)du o Far e where K= i

—1
We next set ¢(u) := cy Ny (I' < u_WT), for all w € (0,00) so that A(r) := Tmu2_%¢(u) du by the
definition (187) of gr. Note that ¢ is decreasing, thus, for all r, s € (0, o), we get

r4s 1

o(r+s) /TCEU%% < A(r)—A(r+s) < o(r) / dun® 7 |

To simplify notation we set a:= y—1 and the previous inequalities implies that

r+s
(r 4 5)% ) p(r + 5) / duu® 7 < (14 s/r)%srdam A(r) — (r + )% TT) A(r + 5)
r+s
and et () / duu? 7 > T A(r) — (1 + s/r) "% w5 (1 + 5)% T A(r 4 5)

T

. du ’U,Q_% ~ 37‘2_% and the right members of the previous inequalities
respectively tend to K (e**—1) and K (1—e~ %) by (215). This implies that for all s € (0, c0),

As s is fixed and r — o0, fr+s

1 1
Kyst (1 — e_)‘“s) <liminf Pty e)‘c”"qﬁ(r) <limsup Pty eA“’"qﬁ(r) <Kps! (e)‘crs - 1) .

r—=00 r—00

This proves lim, o, 7~“e "¢ (1) = K1 A, by letting s go to 0+. Namely,

1
_ 1 9.~ _
CWIJnr(FST v ) ~ Kider? Te AcrT )

r—00

which immediately implies (74) in Theorem 1.8.
Proof of (75) in Theorem 1.8. The proof of (75) is quite similar to that of (74). We set
-1
Vre(0,00), gp(r):= cw—%Nnr (D < QT'_WT) .
First note that gp () <gr(r) for all r € (0, c0), since D <2I'. Thus,
[e.e] [e.e]
(216) VA€ [—Aar, 0), / e Mgp(r) drS/ e Mgr(r)dr=¢'(=\) <o .
0 0
Next, we deduce from (44) that
A 1l = A
(217) YA€ (0,00), / e Mgp(r)dr = / cyr T oare” 7“Nmp(r v DSZ):N[@_ Cl{DQ}] .
0 0
On the other hand, (121) asserts that for all A€ (0, c0),

Ne 1 psoy] =La(1,0)=¢(}) AT - (@) =N)d(N) -
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Combining this with the fact that N[1—e~*¢] =AY/, we get for all A € (0, 00),
N[1-e 1 {pegy] =a(N) = (a(N) =1)d' (V).

By differentiating this equality, we deduce from (217) that

o0

VA€ (0,00), /0 e_)""gp(r)dr:Q()\) where Q()\)::2q'()\)—fyq(A)V_lq’()\)Q—(q()\)V—A)q"(A).

By (216) the Laplace transform of gp can be extended analytically on H and is continuous on H. By
Lemma 5 2, this is also the case of (). The principle of isolated zeroes for analytic function then implies
that Q(z fo r) dr for all z € H. Moreover, by Lemma 5.2, ) can be extended analytically
onU and —Aer 18 the only smgular point of () in U. Thus, for all z€ H we get

/Oog_zrrgp(r)drz—Q’(Z)27(7—1)q( )72 (2)* +3(va(2) ¢ (2)-1)q" (2) + (a(2)"—2)¢?) (2).

For all z € C such that 0 <Re(z) < A¢;, we set

o] o +2
F(Z):—Ql(—z):/o€Zr7“gD(7“)d7“ and G( ) Q)(\ )\_crzj‘ Z) . 2(/}:}/“/)1\)7 z’y—2

Thanks to (197) and (198) in Lemma 5.2, the same arguments as in Lemma 5.3 imply that
[%
Pl / |G2A +it)—G(A +it)|dt — 0.
_p MO+

We leave the details to the reader (the computations are long but straightforward). Then, the variant of
Ikehara-Ingham Theorem recalled in Theorem B.3 implies that

> . 2(y—1)7*2
218 du ~ Kor'™e ™" where Kpi=—»' 2
(218) /TugD(u) u ~ Kore where 9 T
We next argue as in the proof of (74) to derive (75) from (218). |

A Proof of Lemma 2.2.
We first recall the following notation from Introduction: let h € C(R,, R, ). For any a € [0, h(0)], set
(219) £o(h) = inf{teR; : h(t)=h(0)—a} and re(h) = inf{t€(0,00) : h(0)—a > h(t)} A,

with the convention that inf () = co. Standard results on stopping times assert that ¢, (h) and r,(h) are
[0, oo]-valued Borel measurable functions of h: see for instance Revuz & Yor [33], Chapter I, Proposition
4.5 and Proposition 4.6, p. 43. Moreover, it is easy to check that for a fixed h, a — £,(h) is left
continuous and that a — 7,(h) is right continuous. By standard arguments, (a,h) — (€4 (h),rq(h)) is
Borel measurable on the set A:={(a,h) e Ry x C(Ry,Ry) : a<h(0)}. We next recall the following
notation: for all (a, h) € A, we set

VseRy, &s(h,a):=h((la(h) + s)Arq(h)) —h(0) +a,
with the convention that £(h, a) is the null function O if /,(h)=oco. The previous arguments entail that
(220) (a,h)e A E(h,a) e C(R4, Ry ) is Borel measurable.

Recall from (78) the definition of Exc. Recall that py : [0,({y] — 7m stands for the canonical
projection and recall from (6) that the mass measure mys is the pushforward measure of the Lebesgue
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measure on [0, (s} by pr. Suppose that there exist 7, s € (0,(x) such that » < s and such that H is
constant on (r,s). Thus py((r,s)) = {pg(r)} and mg({pg(r)}) > s—r > 0, which contradicts the
fact that my is diffuse. Recall from (5) the definition of the set of leaves Lf(7x) of 7. Suppose
there exist 7, s € (0, (x) such that < s and such that H is strictly monotone on (r,s). It easily im-
plies that py((r,s)) C Ty \Lf(Tx), but my (pg((r,s))) > s—r > 0, which contradicts the fact that
my (Ti\L£ (7)) =0. Thus, we have proved the following.

(*) Let H €Exc. Letr,s€(0,(n) be such that r <s. Then on (r,s), H is not monotone.

Let ¢ € (0, 00) and H €Exc be such that (7 >t. Recall the following notation
VseRy, Hg = Hy_g,, Hf = Hyy, e — E(H ,a) and He = E(HT,a),

for all a € [0, H;]. Note that H, = H; = H;. We also recall the following notation

(221) Mos(H) = D 6, 570 Fio

a€Jo,t

where Jo; :={a € [0, Hy] : either £, (H ) <rq(H ) or {e(H")<r,(H™)}, which is countable. Then,
the definitions (219) and (x) entail that

(222) Vte (0,00), VH €Exc such that (i >, the closure of Jo; is [0, Hy].

We next introduce the compact set Cy := {s € [0,(y —t] : Hyys = inf,cf 444 Hy}, whose Lebesgue
measure is denoted by |Cy|. We easily check that pg (Cy) C {p, pr (t)}U éTH\Lf(TH)). Since my is
diffuse and supported by the set of leaves of Ty, we get 0 = mpy (pu (Ct)) > |Cy|, which implies that
|Ct|=0. Then note that for all a € [0, Hy],

[0, £,(HT)\Cy € {s€[0, Lo (HT)] ;HHS?Ei[?fgr} C {J (GHT),rp(HT)) [0, 4a(H)].
’ beJo,:N[0,a)

Since |C}| =0, this entails,

Va € [0,Hy), La(HY) = > o) (r(HY)—LHT)) = > 14 (0)Cq, -
beJo,+ beJo,+

Similar arguments imply that

(223) Va € [0>Ht]v EG(H+) = Z 1[0,a)(b)<ﬁbv lo(H™) = Z 1[0,a)(b)<ﬁba

beJo,¢ beJo,¢
ra(HY) = Y 10q®)Cas ra(H7) = > 1q(b)is,.
beJo,¢ beJo,¢

Moreover, since H is continuous with compact support, we immediately get
(224) Ve,ne(0,00), #{acg: T(HVI(HY)>n or (e V(g >e} <o

Recall from Remark 1.1 that Tﬁa can be identified with a subtree of Tj; therefore, up to this identifica-
tion, the set of leaves of Tﬁa is contained in the set of leaves of Tz and m, is the restriction of mp to

Tﬁa. This implies that m, is diffuse and supported by the set of leaves of Tﬁa. Namely, ﬁ“ €Exc. A
similar argument show that E“ € Exc. This fact combined with (222) and (224) implies the following:
(225) Vte (0,00), VH €Exc such that (g >t, Mo (H) € A (E) ,
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where .#,(E) is as in Definition 2.2. Moreover (220) easily implies that (a,t, H) E ﬁ
Borel-measurable, which immediately implies Lemma 2.2 ().

Let us prove Lemma 2.2 (i7). Recall from Definition 2.2 the definition of the sigma field G on
Mt (E). We next fix t € (0,00) and H € Exc such that (i > t. First note that (223) implies that
0o (HT) and r,(H™) are B(Ry)®G-measurable functions of (a, Mg (H)), where Z(R) stands for
the Borel sigma field on R;.. We then fix s € R and we set a(s) = inf{a € Ry : 7,(H") > s}, with
the convention that inf () = co. The previous argument and the fact that a+ 7, (H ™) is right continuous
entail that a(s) can be viewed as a G-measurable function of M ;(H ). Note that if a(s) < oo, then

(226) Hyvy = HY = Hy — afs) + H®) (s (H)) .

Next, for all a € Ry, set Ny =), Jos L(a,00) (D) 1g¢ >0} Recall that we previously proved that the
closure of the set {b € Jo¢ : lpy(H) <rp(HT)} is [0, Hy]. Thus H, =sup{a € Ry : N, > 0}, which
proves that H; is a G-measurable function of M ¢(H). Moreover (a, Mg (H)) — ﬁ is (R4 )®G-
measurable. Consequently, (226) implies that H_ is a G-measurable function of M (H). Since the
Borel sigma field on C(R,,R ) is generated by coordinate applications, this implies that H is a G-
measurable function of Mg (H ). A similar argument shows that H~ is also a G-measurable function of
Mo+ (H ), which easily completes the proof of Lemma 2.2 (i1). [ |

B Various results in complex analysis used in the proofs.

In this section we briefly recall several results of complex analysis, without proof. Let U be a non-empty
open subset of C (or of R); a function f: U — C is called analytic if it is locally given by a power serie
expansion. We refer to the following result as to the principle of isolated zeroes.

Let U be a non-empty connected open subset of C (or of R) and let f: U — C be analytic; if f is
not identically null, then {z€ U : f(z)=0} is discrete (namely it has no limit points).

We use several times the following statement known as the Lagrange inversion formula and whose
proof can be found for instance in Dieudonné [10], Chapter VIII, (7.3). Let 2o € C and r € [0, 00). We
denote by D(zg,7)={2€C : |z—29| <7} and by D(zp,7)={2€C : |2— 20| <7} respectively the open
and the closed disks with centre zy and radius .

Proposition B.1 Let r € (0,00). Let U be a non-empty open subset of C that contains a closed disk
D(0,7). Let H: U — C be analytic. We set m := max, 5, |H (x)|. Then, for all z € D(0,r/m),
the equation x = zH (x) has a unique solution x =: f(z) in D(0,r). Moreover f: D(0,7/m)— C is
analytic and in a neighbourhood of O the following power expansion holds true:

fe) = 3 2 (e

n>1 [o=0

Let V be a non-empty open subset of C2. A function F': V — C is called analytic in two variables
if for any (zq,vp) € V there exists ¢ € (0, 00) and an array of complex numbers (@, ,)m neN such that
for all z,v € D(0,¢), (20 + 2,00 +v) € V and F(20 + 2,00 + v) = >, 1 eN Gmpn2 0", the sum
being absolutely convergent. We shall also use a standard result for existence and uniqueness of solution
to ordinary differential equation in a complex domain that is recalled as follows (for a proof, see for
instance in Hille [23] Theorem 2.2.1).

Proposition B.2 Let V be a non-empty open subset of C? and let F : 'V — C be analytic in its two
variables. Let (29, vo) € V. Then, there exist r € (0,00) and a unique analytic function q: D(zy,7)—C
such that

VzeD(z0,7), (2,9(2))€V, ¢(2)=F(z,q(z)) and q(z0)=vp .
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In the proof of Theorem 1.8, we shall use a variant of Ikehara-Ingham Theorem as stated in Hu &
Shi [24] and whose proof closely follows the main steps of that of Theorem 11, page 234, in Tenenbaum
[35]. We recall this result here. To that end, we use the following notations: we set D_ :={z € C :
Re(z) <0 and Im(z) =0}, the negative axis of the complex plane. For any b € C, we use the following
notation 2% := exp(blog z), for all z € C\D_, where log is the usual determination of the logarithm in
C\D_. Standard results in complex analysis assert that z+ 2° is analytic in the domain C\D_.

Theorem B.3 Let a,b,c€ (0,00). Let i be a finite measure on R. Assume that fR+e)‘Tu(dr) < oo for
all \<a. For all z € C such that 0<Re(z) < a, we set

Fla—
F(z)::/e”u(dr) and G(z)::M—cz_b .
Ry a—=z
We next assume that
0
(227) Vo€ (0,00), n(\0):= )\b‘lf |GA+it) -G\ +it)|dt — 0.
_0 A0+

Then, there exist two constants K1, Ky € (0,00) such that K, only depends on a, Ko only depends on
a, b, ¢ and such that for all sufficiently large r € (0, 00)

(228)

(00 = | < Ko B (40O +00)) 0.

r—00
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