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A CHARACTERIZATION OF CLASS GROUPS VIA SETS OF LENGTHS

ALFRED GEROLDINGER AND WOLFGANG A. SCHMID

ABSTRACT. Let H be a Krull monoid with class group G such that every class contains a prime divisor.
Then every nonunit a € H can be written as a finite product of irreducible elements. If a = uy - ... ug,
with irreducibles u1,...u; € H, then k is called the length of the factorization and the set L(a) of all
possible k is called the set of lengths of a. It is well-known that the system L(H) = {L(a) | a € H}
depends only on the class group G. In the present paper we study the inverse question asking whether
or not the system L£(H) is characteristic for the class group. Consider a further Krull monoid H’ with
class group G’ such that every class contains a prime divisor and suppose that £(H) = L(H'). We show
that, if one of the groups G and G’ is finite and has rank at most two, then G and G’ are isomorphic
(apart from two well-known pairings).

1. INTRODUCTION

Let H be a cancelative semigroup with unit element. If an element a € H can be written as a product
of k irreducible elements, say a = uj - ... - ug, then k is called the length of the factorization. The set
L(a) of all possible factorization lengths is the set of lengths of a, and L(H) = {L(a) | a € H} is called
the system of sets of lengths of H. Clearly, if H is factorial, then |L(a)| = 1 for each a € H. Suppose
there is some a € H with |L(a)| > 1, say k,l € L(a) with k < [. Then, for every m € N, we observe that
L(a™) D {km+v(l—k) | v € [0,m]} which shows that sets of lengths can become arbitrarily large. Under
mild conditions on the ideal theory of H every nonunit of H has a factorization into irreducibles and all
sets of lengths are finite.

Sets of lengths (together with parameters controlling their structure) are the most investigated invari-
ants in factorization theory, in settings ranging from numerical monoids, noetherian domains, monoids of
modules to maximal orders in central simple algebras. The focus of the present paper is on Krull monoids
with finite class group such that every class contains a prime divisor. Rings of integers in algebraic number
fields are such Krull monoids, and classical philosophy in algebraic number theory (dating back to the
19th century) states that the class group determines the arithmetic. This idea has been formalized and
justified. In the 1970s Narkiewicz posed the inverse question whether or not arithmetical phenomena (in
other words, phenomena describing the non-uniqueness of factorizations) characterize the class group ([36,
Problem 32; page 469]). Very quickly first affirmative answers were given by Halter-Koch, Kaczorowski,
and Rush ([32, 28, 39]). Indeed, it is not too difficult to show that the system of sets of factorizations
determines the class group ([18, Sections 7.1 and 7.2]).

All these answers are not really satisfactory because the given characterizations are based on rather
abstract arithmetical properties which are designed to do the characterization and which play only a
little role in other parts of factorization theory. Since on the other hand sets of lengths are of central
interest in factorization theory it has been natural to ask whether their structure is rich enough to do
characterizations.
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2 ALFRED GEROLDINGER AND WOLFGANG A. SCHMID

Let H be a commutative Krull monoid with finite class group G and suppose that every class contains
a prime divisor. Tt is classical that H is factorial if and only if |G| = 1, and by a result due to Carlitz in
1960 we know that all sets of lengths are singletons (i.e., |L| = 1 for all L € £(H)) if and only if |G| < 2.
Let us suppose now that |G| > 3. Then the monoid B(G) of zero-sum sequences over G is again a Krull
monoid with class group isomorphic to G, every class contains a prime divisors, and the systems of sets of
lengths of H and that of B(G) coincide. Thus L(H) = L(B(G)), and it is usual to set L(G) := L(B(G)).
The Characterization Problem can be formulated as follows ([18, Section 7.3], [22, page 42], [43]).

Given two finite abelian groups G and G’ such that £L(G) = L(G"). Does it follow that G = G'?

The system of sets of lengths £(G) for finite abelian groups is studied with methods from Additive
Combinatorics (it has been written down explicitly only for a handful small groups, see Proposition 4.2).
Zero-sum theoretical invariants, such as the Davenport constant, play a central role. Recall that, although
the precise value of the Davenport constant is well-known for p-groups and for groups of rank at most two
since the 1960s (see Proposition 2.3), the precise value is unknown in general (even for groups of the form
G = C3). Thus it is not surprising that all answers to the Characterization Problem so far are restricted
to very special groups including cyclic groups, elementary 2-groups, and groups of the form C, & C,.
Apart from two well-known pairings (see Proposition 4.2) the answer is always positive.

The goal of the present paper is to settle the Characterization Problem for groups of rank at most two.
Here is our main result.

Theorem 1.1. Let G be an abelian group such that L(G) = L(Cp, & Cy,) where ny,na € N with ny | ny
and ny +ng > 4. Then G = C,, ®C,p,.

Theorem 1.1 does not only apply to Krull monoids with class group G but also to certain maximal
orders in central simple algebras and to certain seminormal orders in algebraic number fields. This will
be outlined in Section 2 (see Proposition 2.1 and 2.2). The proof of Theorem 1.1 is based substantially on

e Prior work on this problem (as summarized in Propositions 6.1 and 6.2), in particular on the recent
paper [7].

e The structure theorem for sets of lengths (see Proposition 3.2) and an associated inverse result
([18, Proposition 9.4.9]; see the start of the proof of Proposition 6.5).

e The characterization of minimal zero-sum sequences of maximal length over groups of rank two
(Lemma 5.2) which is crucial also for the above mentioned paper [7].

The difficulty of the Characterization Problem stems from the fact that most sets of lengths over any
finite abelian group are arithmetical progressions with difference 1 (see Proposition 3.2.4, or [18, Theorem
9.4.11] for a density result of this flavor). Moreover, G and G’ are finite abelian groups with G C G/,
then clearly £(G) C L£(G’). Thus in order to characterize a group G, we first have to find distinctive sets
of lengths for G (i.e., sets of lengths which do occur in £(G), but in no other or only in a small number
of further groups), and second we will have to show that certain sets are not sets of lengths in £(G).
These distinctive sets of lengths for rank two groups are identified in Proposition 6.5 which is the core of
our whole approach, and Proposition 5.1 provides sets which do not occur as sets of lengths for rank two
groups. In order to pull this through we proceed as follows. After gathering some background material
in Section 2, we summarize key results on the structure of sets of lengths in Propositions 3.2. 3.3, and
3.4. Furthermore, we provide some explicit constructions which will turn out to be crucial (Propositions
3.4 — 3.8). In Section 4 we characterize groups whose sets of lengths have a very special structure (e.g.,
arithmetical progressions) which allows us to settle the Characterization Problem for small groups (see
Theorem 4.1). After that we are well-prepared for the main parts given in Sections 5 and 6.
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2. THE ARITHMETIC OF KRULL MONOIDS: BACKGROUND

In this section we gather the required tools from the algebraic and arithmetic theory of Krull monoids.
Our notation and terminology are consistent with the monographs [18, 22, 27].

Let N denote the set of positive integers, P C N the set of prime numbers and put Ngo = NU {0}. For
real numbers a, b € R, we set [a,b] = {z € Z | a <z < b}. Let A, B C Z be subsets of the integers. We
denote by A+ B={a+b|a€ A be B} their sumset, and by A(A) the set of (successive) distances of
A (that is, d € A(A) if and only if d = b — a with a,b € A distinct and [a,b] N A = {a,b}). For k € N, we
denote by k- A = {ka | a € A} the dilation of A by k. If A C N, then

m sup A
p(A) :Sup{z |m,n€A} = InilI)lA EQ21U{OO}

is the elasticity of A, and we set p({0}) = 1.

Monoids and Factorizations. By a monoid, we always mean a commutative semigroup with identity
which satisfies the cancelation law (that is, if a,b, ¢ are elements of the monoid with ab = ac, then b = ¢
follows). The multiplicative semigroup of non-zero elements of an integral domain is a monoid. Let H be
a monoid. We denote by H* the set of invertible elements of H, by A(H) the set of atoms (irreducible
elements) of H, and by Hyeq = H/H* = {aH* | a € H} the associated reduced monoid of H.

A monoid F is free abelian, with basis P C F', and we write ' = F(P) if every a € F has a unique
representation of the form

a= H p»( @ where wv,(a) € Ny with v,(a) =0 for almost all p € P,
peP

and we call
la|p = |a] = Z vp(a) the length of a.
peP
The monoid Z(H) = F (.A(Hred)) is called the factorization monoid of H, and the unique homomorphism
7w: Z(H) — Hyoq satisfying w(u) =u for each u € A(Hyea)

is the factorization homomorphism of H. For a € H,

Zy(a) =Z(a) = 7 Y(aH*) C Z(H) isthe set of factorizations of a, and

Lr(a) =L(a) = {|z| | z€Z(a)} C Ny isthe set of lengths of a.
Thus H is factorial if and only if Hiyeq is free abelian (equivalently, |Z(a)| = 1 for all a € H). The monoid
H is called atomic if Z(a) # () for all @ € H (equivalently, every nonunit can be written as a finite product

of irreducible elements). From now on we suppose that H is atomic. Note that, L(a) = {0} if and only if
a € H*, and L(a) = {1} if and only if a € A(H). We denote by

L(H)={L(a)|a€ H} the system of sets of lengths of H, and by
A(H) = U A(L) CN the set of distances of H .
Lel(H)
For k € N, we set pi(H) =k if H=H*, and
pr(H) =sup{supL | L€ L(H),ke L} e NU{oo}, if H#H".
Then
() = supfp(r) | L € () = tim P e o)

is the elasticity of H. The monoid H is said to be

o half-factorial if A(H) = () (equivalently, p(H) = 1). If H is not half-factorial, then min A(H) =
gcd A(H).
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e decomposable if there exist submonoids Hy, Hy with H; ¢ H* for i € [1,2] such that H = Hy X Hs
(and H is called indecomposable else).

For a free abelian monoid F(P), we introduce a distance function d: F(P) x F(P) — Ny, by setting
a ‘ ’ b
ged(a,b) I lged(a, b)
and we note that d(a,b) = 0 if and only if a = b. For a subset  C F(P), we define the catenary degree
c(2) as the smallest N € Ny U {oo} with the following property: for each a,b € Q, there are elements
ag,...ar € Q such that a = ag,ar = b, and d(a;—1,a;) < N for all i € [1,k]. Note that c(2) = 0 if and
only if | < 1. For an element a € H, we call cy(a) = c(a) := c(Zg(a)) the catenary degree of a, and

c(H) =sup{c(a) |a € H} € Ng U {oo}

d(a,b):max{’ ‘}ENO for a,b e F(P),

is the catenary degree of H. The monoid H is factorial if and only if ¢(H) = 0, and if H is not factorial,
then 2 + sup A(H) < c(H).

Krull monoids and transfer homomorphisms. A monoid homomorphism ¢: H — F' is said to be a
divisor homomorphism if ¢(a)|@(b) in F' implies that a|b in H for all a,b € H. A monoid H is said to
be a Krull monoid if one of the following equivalent properties is satisfied ([18, Theorem 2.4.8] or [30]):

(a) H is completely integrally closed and satisfies the ascending chain condition on divisorial ideals.

(b) H has a divisor homomorphism into a free abelian monoid.

(¢) H has a divisor theory: this is a divisor homomorphism ¢: H — F' = F(P) into a free abelian
monoid such that for each p € P there is a finite set £ C H with p = ged (¢(E)).

Suppose that H is a Krull monoid. Then a divisor theory ¢: H — F = F(P) is essentially unique. The
class group C(H) = q(F)/a(¢(H)) depends only on H and it is isomorphic to the v-class group C,(H).
For a € q(F), we denote by [a] = aq(p(H)) € C(H) the class containing a. Thus every class g € C(H) is
considered as a subset of q(F') and P N g is the set of prime divisors lying in g. We use additive notation
for the class group.

An integral domain R is a Krull domain if and only if its multiplicative monoid R\ {0} is a Krull monoid
(this generalizes to Marot rings: indeed, a Marot ring is a Krull ring if and only if the monoid of regular
elements is a Krull monoid, [21]). Property (a) shows that a noetherian domain is Krull if and only if it is
integrally closed. Rings of integers, holomorphy rings in algebraic function fields, and regular congruence
monoids in these domains are Krull monoids with finite class group such that every class contains a prime
divisor ([18, Section 2.11]). Monoid domains and power series domains that are Krull are discussed in
[26, 34, 35]. For monoids of modules which are Krull we refer the reader to [6, 3, 11].

Much of the arithmetic of a Krull monoid can be studied in an associated monoid of zero-sum sequences.
This is a Krull monoid again which can be studied with methods from Additive Combinatorics. To
introduce the necessary concepts, let G be an additively written abelian group, Gy C G a subset, and
let F(Gp) be the free abelian monoid with basis Gy. In Combinatorial Number Theory, the elements of
F(Gp) are called sequences over Go. If S =gy ... g1 € F(Go), where | € Ny and g1, ..., g € Go, then
o(S)=g1+ ...+ g is called the sum of S, and the monoid

B(Go) = {S € F(Go) | o(S) = 0} C F(Go)

is called the monoid of zero-sum sequences over Gy. Since the embedding B(Go) — F(Go) is a divisor
homomorphism, Property (b) shows that B(Gp) is a Krull monoid. The monoid B(G) is factorial if and
only if |G| < 2. If |G| # 2, then B(G) is a Krull monoid with class group isomorphic to G and every
class contains precisely one prime divisor. This is well-known and will also follow from a more general
result given in Proposition 2.5. For every arithmetical invariant *(H) defined for a monoid H, it is
usual to write *(Gp) instead of x(B(Gp)) (although this is an abuse of language, there will be no danger
of confusion). In particular, we set A(Go) = A(B(Go)) and L(Gy) = L(B(Gp)). Similarly, arithmetical
properties of B(Gy) are attributed to Go. Thus, G is said to be
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e (in)decomposable if B(Gy) is (in)decomposable,
e (non-) half-factorial if B(Gyp) is (non-)half-factorial.
A monoid homomorphism 6: H — B is called a transfer homomorphism if if it has the following
properties:
(T1) B=6(H)B* and 0~1(B*)=H*.
(T2) Ifue H, b,ce B and 6(u) = be, then there exist v, w € H such that u =vw, #(v) ~b and
O(w) ~ c.

Transfer homomorphisms preserve sets of lengths and further arithmetical properties. We formulate the
relevant results in the settings we need.

Proposition 2.1. Let H be a Krull monoid with divisor theory ¢: H — F(P), class group G, and
suppose that that each class contains a prime divisor. Let B: F(P) — F(G) be the homomorphism
defined by B(p) = [p] € G for each p € P. Then the homomorphism (3 = Bop: H— B(G) is a transfer
homomorphism. In particular, we have

1. Lu(a) = Lgg)(B(a)) for each a € H and L(H) = L(G).
2. If |G| > 3, then c(H) = C(B(G)) (i.e., the catenary degrees of H and of B(G) coincide).

Proof. See [18, Section 3.4]. O

There are recent deep results showing that there are non-Krull monoids which allow transfer homo-
morphisms to monoids of zero-sum sequences.

Proposition 2.2.

1. Let O be a holomorphy ring in a global field K, A a central simple algebra over K, and H a classical
mazimal O-order of A such that every stably free left R-ideal is free. Then L(H) = L(G), where

G is a ray class group of O and hence finite abelian.

2. Let H be a seminormal Qrder in a holomorphy ring of a global field with prmgipal order H suAch
that the natural map X(H) — X(H) is bijective and there is an isomorphism O: C,(H) — C,(H)
between the v-class groups. Then L(H) = L(G), where G = C,(H) is finite abelian.

Proof. 1. See [48, Theorem 1.1}, and [5] for related results of this flavor. Note that H is a non-commutative
Dedekind prime ring.

2. See [19, Theorem 5.8] for a more general result in the setting of weakly Krull monoids. Note, if
H # ﬁ, then H is not a Krull domain. O

Thus, beyond the Krull monoids occurring in Proposition 2.1, there are classes of objects H, where sets
of lengths depend only on an abelian group G and where L(H) = £(G) holds. Hence all characterization
results, such as Theorem 1.1, applies to them. To provide an example where the opposite phenomenon
holds, consider the class of numerical monoids. There we can find (infinitely many) non-isomorphic
numerical monoids H and H' with £(H) = L(H') ([1]).

Zero-Sum Theory. Let G be an additive abelian group, Gy C G a subset, and G§ = G \ {0}. Then
[Go] C G denotes the subsemigroup and (Gp) C G the subgroup generated by Gy. For a sequence

S=gi-..oq= ] 9% € F(Gy),
g€Go
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we set ©(S) = ¢(g1) - ... p(g) for any homomorphism ¢: G — G’, and in particular, we have —S =
(—=g1) - .- (—gq1). We call
supp(S) = {g € G | v4(S) > 0} C G the support of S, v4(S) the multiplicity of g in S,

1
S| =1= ng(S) € Np the length of S, k(S)= Z ——— € Q the cross number of S,
ord(g)
geG eG
l
o(S) = Zgi the sum of S, and X(S) = {z:gZ |0 #£1C [l,l]} the set of subsequence sums of S.
i=1 il

The sequence S is said to be

o zero-sum free if 0 ¢ X(S),

e a zero-sum sequence if o(S) =0,

e a minimal zero-sum sequence if it is a nontrivial zero-sum sequence and every proper subsequence

is zero-sum free.

Clearly, if S is zero-sum free, then (—c(5))S is a minimal zero-sum sequence, and the minimal zero-sum
sequences over G are precisely the atoms of the monoid B(Gp). Their study is basic for all arithmetical
investigations of Krull monoids. The three invariants,

e the (small) Davenport constant d(Go) = sup{|S| | S € F(Gy) is zero-sum free} € Ny U {oc},

e the (large) Davenport constant D(Go) = sup{|U| | U € A(Go)} € Ng U {oc}, and

e the cross number K(Go) =sup{k(U) | U € A(Go)} € QU {0}
are classical tools describing minimal zero-sum sequences (all three of them are finite for finite subsets
Go). For n € N, let C,, denote a cyclic group with n elements. Suppose that G is finite. A tuple (e;)iers
is called a basis of G if all elements are nonzero and G = ®;e;{e;). For p € P, let r,(G) denote the p-rank
of G, r(G) = max{r,(G) | p € P} denote the rank of G, and let r*(G) = >_ prp(G) be the total rank of
G. If |G| > 1, then

G=Cp @®...8C,,., andweset d*(G) :Z(nif 1),

i=1

where r,n1,...,n, € Nwith 1 <nq |...|n,, r =r(G), and n, = exp(G) is the exponent of G. Similarly,
we have
1 “gi—1
G=C .ec d t K(G) = ——— E
q1 S S5 qs and we se ( ) eXp(G) + p q'L )

where s = r*(G) and ¢i,...,¢s are prime powers. If |G| = 1, then r(G) = r*(G) = 0, exp(G) = 1, and
d*(G) = 0. We will use the following well-known results without further mention.

Proposition 2.3. Let G be a finite abelian group.
1. 1+d*(G) <1+4d(G) =D(GQ) < |G|. If G is a p-group or r(G) < 2, then d(G) = d*(G).
2. K*(G) <K(G) < % + log |G|, and the left inequality is an equality if G is a p-group or r*(G) < 2.
Proof. See [18, Chapter 5]. O
There are more groups G with d*(G) = d(G) but we do not have equality in general. On the other
hand there is known no group G with K*(G) < K(G). We refer to [8, 20, 47, 46, 10, 31, 33] for recent

progress. We will make substantial use of the following result, which highlights the role of the Davenport
constant for the arithmetic of Krull monoids.

Proposition 2.4. Let H be a Krull monoid with finite class group G where |G| > 3 and every class
contains a prime dwisor. Then c(H) € [3,D(G)], and we have
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1. ¢(H) = D(G) if and only if G is either cyclic or an elementary 2-group.

2. ¢(H) = D(G) —1 if and only if G is isomorphic either to Cy ' @ Cy for some r > 2 or to Co @ Cy,
for some n > 2.

Proof. See [18, Theorem 6.4.7] and [24, Theorem 1.1]. O
We gather some simple facts on sets of lengths which will be used without further mention. Let
A € B(Gyp) and d = min{|U| | U € A(Gy)}. If A= BC with B,C € B(Gy), then
L(B) +L(C) Cc L(A).
IfA:UlUk:‘/lVl with Ul,...,Uk,Vl,...,‘/l EA(G()) andk<l, then

l k
<) V| =14 =) |U,| < kD(Go),
v=1 v=1
and hence
A A
D|(G|0) <minL(4) <maxL(A4) < % .
For sequences over cyclic groups the g-norm plays a similar role as the length does for sequences over
arbitrary groups. Let g € G with ord(g) = n > 2. For a sequence S = (n1g) - ... (nig) € F({g)), where
l €Ny and ny,...,n; € [1,n], we define
ny+...+n
ISlg = ——-

n

Note that ¢(S) = 0 implies that ny +... +n; =0 mod n whence ||S||; € No. Thus, || - ||;: B({(g9)) = No
is a homomorphism, and ||S||; = 0 if and only if S = 1. If S € A(Gy), then ||S]|y € [1,n — 1], and if
[|S]lg = 1, then S € A(Gy). Arguing as above we obtain that

% <minL(A) <maxL(A4) < |A4|,.

n —

We will need the concept of relative block monoids (as introduced by F. Halter-Koch in [29], and
recently studied by N. Baeth et al. in [4]). Let G be an abelian group. For a subgroup K C G let
Br(G) = {5 € F(G) | o(5) € K} C F(G),
and let Dg (G) denote the smallest [ € NU {oo} with the following property:

e Every sequence S € F(G) of length |S| > [ has a subsequence T' with o(T') € K.
Clearly, Bk (G) C F(G) is a submonoid with

B(G) = By (G) € Bx(G) € Bo(G) = F(G)

and Dyoy(G) = D(G). The following result is well-known ([4, Theorem 2.2]). Since there seems to be no
proof in the literature and we make substantial use of it, we provide the simple arguments.

Proposition 2.5. Let G be an abelian group and K C G a subgroup.

1. Bx(G) is a Krull monoid. If |G| =2 and K = {0}, then Bx(G) = B(G) is factorial. In all other
cases the embedding Bi (G) — F(G) is a dwisor theory with class group isomorphic to G/K and
every class contains precisely | K| prime divisors.

2. The monoid homomorphism 0: B (G) — B(G/K), defined by 0(g1-...-91) = (1 + K)-...- (i + K)
is a transfer homomorphism. If |G/K| > 3, then c(Bk(G)) = ¢(B(G/K)).

3. Dk (G) =sup{|U| | U is an atom of Bx(G)} = D(G/K).
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Proof. 1. It |G| = 1, then B(G) = F(G) is factorial, the class group is trivial, and there is precisely one
prime divisor. If |G| = |K| = 2, then Bk (G) = F(G) is factorial, the class group is trivial, and there
are precisely two prime divisors. If |G| = 2 and |K| = 1, then Bx(G) = B(G) is factorial, and hence a
Krull monoid with trivial class group. Suppose that |G| > 3. Clearly, the embedding By (G) — F(G) is
a divisor homomorphism. To verify that it is a divisor theory, let g € G be given. If ord(g) = n > 3, then
g= gcd(g",g(fg)). If ord(g) = 2, then there is an element h € G \ {0,¢} and g = gcd(gQ,gh(g — h)) It
ord(g) = oo, then g = ged((—9)g,9(29)(—39)).

The map ¢: F(G) — G/K, defined by ¢(S) = 0(S)+ K for every S € F(G), is a monoid epimorphism.
If 5,8 € F(G), then o(S) + K = o(8) + K if and only if 8" € [S] = Sq(Bxk(G)). Thus ¢ induces
a group isomorphism ®: q(F(G))/q(Bk(G)) — G/K, defined by ®([S]) = o(S) + K, and we have
[S]NG = o(S) + K. Thus the class [S] contains precisely | K| prime divisors.

2. If |G| < 2, then 0 is the identity map. If |G| > 3, then this follows from 1. and from Proposition
2.1.

3. Since a sequence S € F(G) is an atom of Bx(G) if and only if S # 1, 0(S) € K and o(T) ¢ K for
all proper subsequences T of S, it follows that Di(G) = sup{|U| | U is an atom of Bx(G)}. Since 0 is
a transfer homomorphism, we get §(A(Bk(G))) = A(G/K) and 0~ (A(G/K)) = A(Bk(G)). Therefore
|U| = 16(U)| for all U € Bk (G), and it follows that

sup{|U| | U € A(Bk(G))} = sup{|[V] |V € A(G/K)} = D(G/K). A

3. STRUCTURAL RESULTS ON L(G) AND FIRST BASIC CONSTRUCTIONS

Let G be an abelian group. Recall that all sets of lengths L € £(G) are finite (indeed, max L(A) < |A]
for all A € B(G)) and that G is half-factorial (i.e., |L| = 1 for each L € £(G)) if and only if |G| < 2. If
G is infinite, then every finite subset L C N> is contained in £(G) ([18, Theorem 7.4.1]). If G is finite
with |G| > 2, then sets of lengths have a well-studied structure which is the basis for all characterizations
of class groups. First we repeat the results needed in the sequel and then we start with some basic
constructions which will be used in all forthcoming sections.

Definition 3.1. Let d € N, [, M € Ny and {0,d} C D C [0,d]. A subset L C Z is called an

e arithmetical multiprogression (AMP for short) with difference d, period D and length 1, if
L is an interval of min L 4+ D + dZ (this means that L is finite nonempty and L = (min L + D +
dZ) N [min L,max L]), and [ is maximal such that min L +1d € L.

e almost arithmetical multiprogression (AAMP for short) with difference d, period D, length 1
and bound M, if
L=y+(L'UL*UL") C y+D+dZ
where L* is an AMP with difference d (whence L* # (), period D and length [ such that
minL* =0, L' C[-M,—-1], L” CmaxL*+[1,M] and y € Z.
e almost arithmetical progression (AAP for short) with difference d, bound M and length [, if
it is an AAMP with difference d, period {0,d}, bound M and length I.

The subset A*(G) of A(G), defined as
A*(G) = {min A(Go) | Go C G with A(Gy) # 0} C A(G),

plays a crucial role throughout this paper.

Proposition 3.2 (Structural results on £(G)).
Let G be a finite abelian group with |G| > 3.
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1. There exists some M € Ny such that every set of lengths L € L(G) is an AAMP with some
difference d € A*(G) and bound M.

2. For every M € Ny and every finite nonempty set A* C N, there is a finite abelian group G* such
that the following holds: for every AAMP L with difference d € A* and bound M there is some
yr € N such that

y+LeL(G") foral y>yy.

3. Let Gy C G be a subset. Then there exist a bound M € Ny and some A* € B(Gy) such that for all
A € A*B(Gy) the set of lengths L(A) is an AAP with difference min A(Go) and bound M.

4. If A € B(G) such that supp(A) U {0} is a subgroup of G, then L(A) is an arithmetical progression
with difference 1.

Proof. The first statement gives the Structure Theorem for Sets of Lengths ([18, Theorem 4.4.11]), which
is sharp by the second statement proved in [44]. The third and the fourth statements show that sets of
lengths are extremely smooth provided that the associated zero-sum sequence contains all elements of its
support sufficiently often ([18, Theorems 4.3.6 and 7.6.8]). O

Proposition 3.3 (Structural results on A(G) and on A*(G)).
Let G=Cyp, @...®C,, wherer,ny,...,n, € Nwithr =r(G), L <ni|...|n,, and |G| > 3.
1. A(G) is an interval with
@
[1, max{exp(G) — 2, k — 1}] C A(G) C [1,D(G) — 2] where k= Z LéJ .
i=1
2. 1€ A*(GQ) C A(G), [1,r(G) — 1] C A*(G), and max A*(G) = max{exp(G) — 2,r(G) — 1}.
3. If G is cyclic of order |G| =n > 4, then max (A*(G)\ {n—2}) = [2] — 1.

Proof. The statement on max A*(G) follows from [25]. For all remaining statements see [18, Section 6.8].
A more detailed analysis of A*(G) in case of cyclic groups can be found in [37]. O

Proposition 3.4 (Results on p,(G) and on p(Q)).
Let G be a finite abelian group with |G| > 3, and let k € N.
1. pos(G) = kD(G).
2. 1+ EkD(G) < par+1(G) < kD(G) + D(G)/2. If G is cyclic, then equality holds on the left side.
3. p(G) =D(G)/2.
Proof. See [18, Chapter 6.3], [15, Theorem 5.3.1], and [17] for recent progress. O

In the next propositions we provide examples of sets of lengths over cyclic groups, over groups of
rank two, and over groups of the form Cj 1@ C, with r,n € N>g. All examples will have difference
d = max A*(G) and period D with {0,d} ¢ D C [0,d] and |D| = 3, and we write them down in a
form used in Definition 3.1 in order to highlight their periods. It will be crucial for our approach (see
Proposition 6.5) that the sets given in Proposition 3.5.2 do not occur over cyclic groups (Proposition
3.6). It is well-known that sets of lengths over cyclic groups and over elementary 2-groups have many
features in common, and this carries over to rank two groups and groups of the form Cf L@ C, (see
Propositions 3.5.2, 3.7.2, and 6.5). Let G be an abelian group and L € £(G). Then there is a B € B(G)
such that L = L(B) and hence m + L = L(0™B) € L(G) for all m € Ny. Therefore the interesting sets
of lengths L € £(G) are those which do not stem from such a shift. These are those sets L € £(G) with
—m+ L ¢ L(G) for every m € N.

Proposition 3.5. Let G = Cy,, ® C,,, where ni,na € N with 2 < ny |ng, and let d € [3,n;].
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1. For each k € N we have
(2k +2) +{0,d — 2,n9 — 2} + {v(na —2) |v € [0,k — 1]} U {(kn +2) + (d — 2)} =
(2k+2)+{0,d =2} + {v(n2 — 2) | v € [0,k]} € L(G).
2. For each k € N we have
((% +3)+{0,n1 — 2,m0 — 2} + {v(ne —2) | v € |0, k]}) U {(an £3) 4 (n1 —2) + (n — 2)} € L(G).
Proof. Let (e1,e2) be a basis of G with ord(e;) = n; for ¢ € [1,2], and let k € N. For i € [1,2], we set
Ui=e;" and V; = (—e;)e;. Then
(~U)FUF = (—U)kYUF V™ forall v e [0,k],

and hence
L((-=U)*UF) = 2k + {v(ni — 2) | v € [0,k]} .

1. We set h = (d — 1)er, Wi = (—e1)?~1h, and Wy = "~ “"Vh. Then Z(UyW1) = {U1 W1, V=1 W5}
and L(U3W1) = {2, d}. Therefore

L((-=U2)*UF U W1) = L((—U2)FUS) + L(U W)
={2k+v(ne—2)|ve(0,k]}+{2,d}
= (2k+2) +{v(ny —2) | v € [0,k]} + {0,d — 2} .
2. We define
Wy = el leb2 e ten), Wa = (—e1)es* H(ertea), Wa = i1 (—ez)(e1+es), Wi = (—e1)(—ea)(e1+e2),
and
By, = Wy (=Uy)(~Ux)US (~Us)¥ .
Then any factorization of By is divisible by precisely one of W1, ..., Wy, and we obtain that
By = Wi(=Up)(=U2)U3 (=Us)" = Wa V" (=U3)Us (=U2)"*
= Wa(=U) V521 US (—Us)* = WaV{" V21U (—Up)"
Thus it follows that
L(Bk) = {3,n1 + L2 + 1,ny +no — 1} + L(US (= U2)")
=(2k+3)+{v(ne—2)|velok]} U
(2k +3) + (n1 —2) + {v(na —2) | v € [0,k]} U
(2k+3)4+ (n2 —2) +{v(ne —2) | v €[0,k]} U
2k+3)+ (1 —2)+ (n2 —2)+{r(na —2) | v € [0,k]}.
Thus max L(By) = (knz +3) + (n1 — 2) + (n2 — 2) and

L(Br) = (2K +3) + {0,m1 — 2,nz = 2} + {v(n2 — 2) | v € [0, K]} ) U {maxL(By)}. 0

Proposition 3.6. Let G be a cyclic group of order |G| =n >4, and let d € [3,n — 1].
1. For each k € Ny, we have

(2k +2)+{0,d -2} + {v(n—2) | v € [0,k]} € L(G).
2. For each k € Ny, we set
Ly = ((2k+3)+{0,d72,n72}+{u(n72)|y€ [O,k]})U{(kzn+3)+(d—2)+(n72)}.
Then for each k € Ng and each m € Ny, we have —m + Ly ¢ L(G).
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Proof. Let k € Ny.
1. Let g € G with ord(g) =n, U = g™, V = (—g)g, W1 = ((d— 1)g)(—g)d71, Wy = ((d— 1)g)g"’(d71),
and
By = ()0 'Uw; .

Then Z(UWy) = {UW1, WoV4=1} and L(UW;) = {2,d}. Since every factorization of By, is divisible either
by W1 or by Wa, it follows that

L(Bk) = L((-U)*U*) + L(UW)
={2k+v(n—2)|vel0,k]}+{2,d}
=2k+2)+{v(n—2)|vel0,k]}+{0,d—2}.
2. Note that max Ly = (kn+3)+ (d—2)+ (n —2) = (k+ 1)n+ (d — 1). Assume to the contrary that
there is a By € B(G) such that L(By) = Li. Then minL(By) = 2k + 3 and, by Proposition 3.4,
(k+1)n+(d—1)=maxL(By) < por+3(G) = (k+1)n+1,

a contradiction. If m € Ng and By, ;, € B(G) such that L(By, ) = —m+Ly, then L(0™ B, ) = Li € L(G).
Thus —m + L ¢ L£(G) for any m € Ny. O

Proposition 3.7. Let G = Cg_l @ Cp, where r,n € N>y and n is even.
1. For each k € Ny we have
Ly=02k+2)+{0,n—2,n+r—-3t+{v(n—2)|ve|0,k]} € L(G).
If r > 2, then Ly, ¢ L(C,,).
2. For each k € Ny, we have
((2k+3)+{0,r—1,n—2}+{y(n—2) lve [O,k]}) U{(kzn—i—3)+(r—1)+(n—2)} € L(G).
Proof. Let (e1,...,e,—1,¢er) be a basis of G with ord(e;) = ... = ord(e,—1) = 2 and ord(e,) = n. We set
eo=el+...+e_1,U; = e?rd(e") for each i € [1,7], Uy = (eo + €,)(e0 — €r), V. = (—e)er,
V=e-...-e,_1(eg+e.)(—e,), and W =ej-...-e,_1(eq+e.)er 1 .
Let k € Ny.
1. Obviously, L((-W)W) = {2,n,n+r — 1} and
LW (=U)*UF) = L((=W)W) + L((=U,)"T7)
={2nn+r—1}+{2k+v(n—-2)|vel0k}
=(2k+2)+{0,n—2,n+7r—3}+{v(n—2)|v [0k}
Since min Ly = 2k + 2, max Ly = (k + 1)n +r — 1, and paor4+2(Cy) = (k + 1)n by Proposition 3.4, r > 2
implies that L, ¢ L(C),).
2. Let L denote the set in the statement. We define
By =UoU; - ... - Up_1(=U,)FUrt!

and assert that L(By) = Ly. Let z be a factorization of By. We distinguish two cases.
CASE 1: U ]=.

Then UgUs -. .. U,—1 | z which implies that z = UUs -. . .-U,—1 (= U,)Uy)
and hence |z] € r+ (2k+2) + {v(n—2) | v € [0,k + 1]}.
CASE 2: Uy 1z.

k+1_VVT”" for some v € [0, k+1]
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Then either V |z or W|z. If V|z, then z = (—V)V‘/;”_l((—UT)UT)k_VVT”” for some v € [0, k] and
hence |z] € (n+1)+2k+{v(n—2) | v € [0,k]}. If W |z, then z = (—W)WVT((—UT)UT)k_VVT”" for some
v € [0,k] and hence |z| € 3+ 2k + {v(n —2) | v € [0, k]}.

Putting all together the assertion follows. 0

Proposition 3.8. Let G be a finite abelian group, g € G with ord(g) =n > 5, and B € B(G) such that
((—g)g)2n | B. Suppose L(B) is an AAMP with period {0,d,n — 2} for some d € [1,n — 3]\ {(n —2)/2}.
1. If S € A(B(y)(G)) with S| B, then o(S) € {0,9,—g,(d+ 1)g,—(d + 1)g}.
2. If 51,5, € A(B@(G)) with S152 | B, then o(S;) € {0,¢9,—g} for at least one i € [1,2].
Proof. By definition, there is a y € Z such that
L(B) Cy+{0,d,n—2}+ (n—2)Z.
We set U = ¢g" and V = (—g)g.

1. Let S € A(B(y)(G)) with S| B and set 0(S) = kg with k € [0,n —1]. If k € {0,1,n — 1}, then we
are done. Suppose that k € [2,n—2]. Since S is an atom in By, (G), it follows that Wi = S(—g)* € A(G)
and W] = Sg"* € A(G). We consider a factorization z € Z(B) with UW; |z, say z = UW;y. Then
2/ = W{Vky is a factorization of B of length |2/| = |z| + k — 1. Since L(B) is an AAMP with period
{0,d,n — 2} for some d € [1,n — 3]\ {(n — 2)/2} it follows that k — 1 € {d,n — 2 — d}.

2. Let 1,55 € A(Bey(G)) with S152| B, and assume to the contrary o(S;) = k;e with k; € [2,n — 2]
for each 7 € [1,2]. As in 1. it follows that

Wi =Si(=g)", Wi =81g""", Wa=S5(=g)", and W;=8g"""
are in A(G). We consider a factorization z € Z(B) with UW,UWs |z, say z = UW,UWay. Then
21 = WiVF=1UW,yy € Z(B) with |z1| = |z| + k1 — 1 and hence k; — 1 € {d,n — 2 — d}. Similarly,
29 = UW W3Vk2=1y € Z(B), hence ky — 1 € {d,n — 2 — d}, and furthermore it follows that k; = ko. Now
23 = W]VR=1WiVk2—1y € Z(B) is a factorization of length |z3| = |2|+ky +ko—2. Thus, if k; —1 = d, then
2d € {n—2,n—2+d}, a contradiction, and if k; —1 = n—2—d, then 2(n—2—d) € {n—2,n—2+(n—2—d)},
a contradiction. O

4. CHARACTERIZATIONS OF EXTREMAL CASES

Let G be a finite abelian group. By the Structure Theorem for Sets of Lengths (Proposition 3.2.1),
all sets of lengths are AAMPs (with difference in A*(G) and some universal bound). By definition, the
concept of an AAMP comprises arithmetical progressions, AAPs, and AMPs. The goal of this section is to
characterize those groups where all sets of lengths are not only AAMPs, but have one of these more special
forms. As a consequence we establish characterizations of all involved class groups. Since £(C7) = L(C3)
and L(C3) = L(Cy @ Cs) (see Proposition 4.2 below), small groups require special attention in the study
of the Characterization Problem. All results of this section are gathered in the following Theorem 4.1.

Theorem 4.1. Let G be a finite abelian group.

1. The following statements are equivalent:
(a) All sets of lengths in L(G) are arithmetical progressions with difference in A*(G).

(b) All sets of lengths in L(G) are arithmetical progressions.
(c) G is cyclic of order |G| < 4 or isomorphic to a subgroup of C3 or isomorphic to a subgroup of
C3.
2. The following statements are equivalent:
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(a) There is a constant M € N such that all sets of lengths in L(G) are AAPs with bound M.
(b) G is isomorphic to a subgroup of C3 or isomorphic to a subgroup of C3.

3. The following statements are equivalent:

(a) All sets of lengths in L(G) are AMPs with difference in A*(G).

(b) G is cyclic with |G| <5 or isomorphic to a subgroup of Ci or isomorphic to a subgroup of C3.
4. Suppose that D(G) > 4 and that L(G) satisfies the property in 1., 2., or 3. If G’ is a finite abelian

group such that L(G) = L(G"), then G = G'.

We proceed in a series of lemmas. The proof of Theorem 4.1 will be given at the end of this section.

Proposition 4.2.

1. L(Cy) = L(Cs) = {{m} | m € No}.
2. L(Cs) = L(C2® Ca) = {y+2k+[0,k] | y, k€ No}.
3. LICy) ={y+k+1+[0,k] | y, keNo} U {y+2k+2-[0,k] | y, k€ No}.
4. £(C3) ={y+ (k+1)+[0,k] | y €No, k€ [0,2]}
U{y+k+[0k] | yeNo, k>3}U{y+2k+2-[0,k] | y, k € No}.
5. L(C3) = {[2k,1] | k € No,1 € [2k,5k]}

U{[2k+1,0] | k € N,l € 2k + 1,5k + 2]} U {{1}}.

Proof. 1. This is straightforward and well-known. A proof of 2.,3., and 4. can be found in [18, Theorem
7.3.2]. For 5. we refer to [23, Proposition 3.12]. O

Lemma 4.3. Let G be a cyclic group of order |G| =n > 7, g € G with ord(g) =n, k € N, and

A 9" (—g)"* (29)" if n is even,
k= . 2 L
gnk(*g)nk(@g)(" 1)/29) if n is odd.

Then there is a bound M € N such that, for all k > n — 1, the sets L(Ay) are AAPs with difference 1 and
bound M, but they are not arithmetical progressions with difference 1.

Proof. We set Go = {g,—g,2g}, Uy = (—g)g, Us = (—g)*(2g) and, if n is odd, then Vi = (2¢)"+t1/2(—g).
Furthermore, for j € [0,n/2], we define W; = (29)7¢g" 2. Then, together with —Wy = (—g)", these are
all minimal zero-sum sequences which divide Ay for k € N. Note that

[ =Wollg =n—1, |U2lly = [Villg = 2, and [[U]lg = [[Wjllg =1 forall j €[0,n/2].

It is sufficient to prove the following two assertions.
A1l. There is a bound M € Ny such that L(A4y) is an AAP with difference 1 and bound M for all
k>n—1.
A2. For each k € N, L(A4y) is not an arithmetical progression with difference 1.

Proof of A1. By Proposition 3.2.1 there is a bound M’ € Ny such that, for each k € N, L(A) is an
AAMP with difference d, € A*(G) C [1,n — 2] and bound M’. Suppose that k& > n— 1. Then (WoUsz)" !
divides Aj. Since WoUs = W1 U12, it follows that

(WolUs)" ™t = (WoU)" 1= (W1 UE)” forall ve[0,n—1]

and hence L((WoUz)"™!) D [2n—2,3n —3]. Thus L(Ay) contains an arithmetical progression of difference
1 and length n — 1. Therefore there is a bound M € Ny such that L(A) is an AAP with difference 1 and
bound M for all K > n — 1.
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Proof of A2. Let k € N. Observe that
B {W({C(—WO)]“Wj/2 if n is even,
Wéc(fWO)k(W(n_l)/Q)Q if n is odd,
and it can be seen that min L(Ay) = 2k + 2. We assert that 2k + 3 ¢ L(Ag). If n is even, then
WoW,, )2 = W;W,,jo_; for each j€[0,n/2],
and similarly, for odd n we have
WoWn—1y/2 = WiW_1yj2—; foreach je[0,(n—1)/2].

In both cases, all factorizations of Ay of length 2k 4 2 contain only atoms with g-norm 1 and with g-norm
n — 1. Let 2’ be any factorization of Ay containing only atoms with g-norm 1 and with g-norm n — 1.
Then |2’| — |#| is a multiple of n — 2 whence if |2’| > |z], then |2/| — [z] > n —2 > 1.

Next we consider a factorization 2z’ of Ay containing at least one atom with g-norm 2, say z’ has r
atoms with g-norm n — 1, s > 1 atoms with g-norm 2, and ¢ atoms with g-norm 1. Then k > r,

[Akllg =k(n—=1)+ (k+2)=r(n—1)+2s+1,
and we study
12| = 2| =7+ s+t~ (2k+2)
=r+s+kn—1)+k+2)—r(n—1)—2s— (2k+2)
=(k-r)n—2)—s.
Note that s < vog(Ar) < n. Thus, if K —r > 2, then
(k—r)(n—2)—s>2m—4—s>n—4>1.
Suppose that k —r = 1. Then we cancel (—W;)*~!, and consider a relation where —Wj occurs precisely

once. Suppose that all s atoms of g-norm 2 are equal to Us. Since v_,4(Usz) = 2, it follows that s <
v_g(—=Wy)/2 = n/2 whence

(k—r)n—-2)—s>n—-2—-n/2=n/2—-2>1.

Suppose that V; occurs among the s atoms with g-norm 2. Then n is odd, V7 occurs precisely once, and

n+1 n+1 n—3
1< gy (Ap) — =(n—1)- =
5 =1 < vae(Ai) 5 (n—1) 5 5
whence ) )
(k= r)(n—2)— s> (n—2) - " :"; 91, 0

Lemma 4.4. Let G be a cyclic group of order |G| = 6, g € G with ord(g) = 6 and, for each k € N,
Ay = g% (—9)%%(49)(—g)*(39)g>. Then there is a bound M € N such that, for all k € N, the sets L(Ay)
are AAPs with difference 1 and bound M, but they are not arithmetical progressions with difference 1.

Proof. We set U = ¢% Wi = (4g)(—g)*, and Wy = (3g)g®. Then, for each k € N, we have A, =
U*(—U)k¥W,W,. By Proposition 3.3, we obtain that A*(G) = {1,2,4}. By Proposition 3.2.1, there is a
bound M’ € N such that, for every k € N, L(Ay) is an AAMP with difference dj, € A*(G) and bound M’.
We show that 2k + 4,2k + 5,2k 4+ 6,2k + 7 € L(Ay) which implies that there is a bound M € N such that,
for every k € N, L(Ay) is an AAP with difference 1 and bound M.

Let k € N. We set V = (—g)g, W3 = (49)(39)(—g), W4 = (4g)g?, and obtain that

Ay, = UM (U)W Wy = UR(-U)F W3 V3
= UM () WaWa Ve = UFH (U)W WRYe = U (=0) W (- Wa) VT
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and hence {2k + 2,2k + 4,2k + 5,2k + 6,2k + 7} C L(Ax). Furthermore, minL(Ay) = 2k + 2, and
z = UF(~U)*W, Wy is the only factorization of Ay of length 2k + 2. From this we see that there is no
factorization of length 2k + 3, and hence L(Ay) is not an arithmetical progression with difference 1. O

Lemma 4.5. Let G be a cyclic group of order |G| = 5. Then every L € L(G) has one of the following
forms:

e L is an arithmetical progression with difference 1.
e L is an arithmetical progression with difference 3.

e L is an AMP with period {0,2,3} or with period {0,1,3}.

Proof. By Proposition 3.3 we obtain that A*(G) = {1,3}. Let A’ € B(G). If A’ = 0™A with m € Ny
and A € B(G*®), then L(A") = m + L(A). Thus it is sufficient to prove the assertion for L(A). If
|supp(A)| = 1, then |[L(A)] = 1. If | supp(A4)| = 4, then L(A) is an arithmetical progression with difference
1 by Proposition 3.2.4. Suppose that |supp(A)| = 2. Then there is a g € G* such that supp(A) = {g, 29}
or supp(A4) = {g,4g}. If supp(A) = {g,2¢g}, then L(A) is an arithmetical progression with difference 1 (this
can be checked directly by arguing with the g-norm). If supp(A) = {g,4g}, then L(A) is an arithmetical
progression with difference 3.

Thus it remains to consider the case | supp(A4)| = 3. We set Gy = supp(A). Then there is an element
g € Gy such that —g € Gy. Thus either Gy = {g,2¢9,—g} or Go = {g,39,—¢g}. Since {g,39,—¢g} =
{—9,2(—9g),—(—g)}, we may suppose without restriction that Gy = {g,2g,—g}.

If A(L(A)) C {1}, then L(A) is an arithmetical progression with difference 1. If 3 € A(L(A)), then
A(L(A)) = {3} by [9, Theorem 3.2], which means that L(A) is an arithmetical progression with difference 3.
Thus it remains to consider the case where 2 € A(L(A)) C [1,2]. We show that L(A) is an AMP with period
{0,2,3} or with period {0,1,3}. Since 2 € A(L(A)), there exist k € N, Ay,..., Ag, B1,..., Brta € A(Go)
such that

A:Al-...-Ak:Bl-...-B;H_Q, and k+1¢L(A)
For convenience we list the elements of A(Gy), and we order them by their lengths:
95’ (_g)5a (29)57
9°(29), (29)°(~9),
9(29)%, (29)(=9)*,
9(=9)-
Clearly, {||S|ly | S € A(Go)} = {1,2,4}, and (—g)® is the only atom having g-norm 4. We distinguish two
cases.
CASE 1: (—g)° ¢ {Ay,..., A}

Then { A1, ..., A} must contain atoms with g-norm 2. These are the atoms (29)°, (29)(—g)?, (29)3(—g).
If ¢° or ¢3(2g) occurs in {Aj,..., A}, then k + 1 € L(A), a contradiction. Thus none of the elements
(—9)%,¢°, and ¢g3(2¢) lies in {41, ..., Ax}, and hence

{A1,.. Ak} € {(29)°,(29)%(—9), 9(29)%, (29)(—9)% 9(—9)} .

Now we set h = 2¢g and obtain that
{A1,- o, A} € {(29)°(29)*(—9),9(29)°, (29)(—9)%, 9(=9)} = {P°, h*(2h), h*(3R), h(2h)?, (2h)(3h)} .

Since the h-norm of all these elements equals 1, it follows that max L(A4) = k, a contradiction.

CASE 2: (—g)° € {Ay,..., A},
If (29)°, or g(29)%, or (2¢9)%(—g) occurs in {Ai,..., A}, then k + 1 € L(A), a contradiction. Since
A({—g,9}) = {3}, it follows that

Q={A1,..., A} N {g*(29), 29)(—9)*} # 0.
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Since (93(29)) ((2g)(—g)2) = ((—9)9)2(9(29)2) and k+1 ¢ L(A), it follows that || = 1. We distinguish

two cases.
CASE 2.1: {Ay,..., A} C {g°,(=9)",9(=9), 29)(-9)*}.
We set h = —g, and observe that
{A1,.. Ar} € {g%, (=9)" 9(~9), (29)(—9)*} = {A°, (=1)*, h(~h), K*(3N)} .
Since (—h)® is the only element with h-norm greater than 1, it follows that (—h)®> € {4;,..., Ax}. Since
2
A({h,—h}) = {3}, it follows that h2(3h) € {Ai, ..., Ay}. Since ((—h)5) (h2(3h)) - (h(—h)) ((Sh)(—h)s),
we obtain that k + 1 € L(A), a contradiction.
CASE 2.2: {Ala SRR Ak} C {g57 (7‘9)579(79)793(29)}
2 2
Since (93(29)) ((_9)5) - (95) (g(_g)) ((29)(—9)2) and k +1 ¢ L(A), it follows that

i€ LK | Ai=g°(29)} = 1,

and hence va,(A) = 1. Thus every factorization z of A has the form

z=((29)9°)z1 or 2= ((29)(—9)%)22,

where z1, zo are factorizations of elements By, By € B({—g,¢}). Since L(B;) and L(Bs) are arithmetical
progressions of difference 3, L(A) is a union of two shifted arithmetical progression of difference 3. We set

A= ()" (=9 ((~9)9)™ (29)9°) .

where m; € Ny, ma € N, and mgs € [0,4]. Suppose that m; > 1. Note that

3 5
A" = (9°)((=9)°) (29)°) = ((-9)9) (29)(=9)*) (¢°) = ((-9)9)" ((29)9") ,
and hence L(A) = {3,5,6}. We set A = A’A” with A” € B({g,—g¢}). The above argument on the
structure of the factorizations of A implies that L(A) is the sumset of L(A’) and L(A”) whence

L(A) = L(A") +L(A") =3+{0,2,3} + L(A").

Since L(A”) is an arithmetical progression with difference 3, L(A) is an AMP with period {0, 2, 3}. Suppose
that m; = 0. If mg € [2,4], then L(A) = {ma + m3, ma + m3 + 1, ma + m3z + 3} is an AMP with period
{0,1,3}. If mg =1, then L(A) = {mao + 2,ma + 4}. If m3 =0, then L(A) = {ma + 1, ms + 3}. |

Lemma 4.6. Let G = C,, ® Cp, where ny,n2 € N with 4 < ny|na, (e1,e3) be a basis of G with
ord(e;) = n; fori € [1,2], and set W = €'~ el2 " (e1 + e). Then there is a bound M € N such that, for
all sufficiently large k, the sets L(Wk(fW)k) are AAPs with difference 1 and bound M, but they are not
arithmetical progressions with difference 1.

Proof. We set eg = e1 + €2, Go = {e,,—e, | v € [0,2]}, U, = egrd®) and v, = (—ev)e, for v € [0,2].
For k € N we set Ay = W*(—=W)* and Ly = L(Ag). Since gcd A(Gy) | ged({ny — 2,ny — 2,|W| — 2 =
ny + ng — 3}) = 1, it follows that min A(Gy) = 1. Thus, by Proposition 3.2.3, there are M, ko € N such
that for all k& > kg, the set L is an AAP with difference 1 and bound M.

Let k € N. We assert that 1 4+ min Ly ¢ L. This implies that Ly is not an arithmetical progression

with difference 1. Since |W| = | — W| = D(G), it follows that min Ly = 2k, and clearly W*(—W)* is the
only factorization of A having length 2k. If S = (—e;1)ef? '(e; + e2), then W(=W) = S(—=S)V;"* 2,
2k +mny — 2 € Ly, and this is the second shortest factorization length of Ay. O
Lemma 4.7. Let G = C3, (e1,e2,e3,e4) be a basis of G, eg = e1 + ... +eq, Uy =eg- ... eq, U3 =

erezes(er + ex + e3), and Uy = erez(er + e2).
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1. There is a bound M € N such that, for all sufficiently large k, the sets L((U3U4)2k) are AAPs with
difference 1 and bound M, but they are not arithmetical progressions with difference 1.

2. For each k € N, we have
L{UU) = (2k +1) +{0,1,3} +3- [0,k — 1].

Proof. 1. Weset Go = supp(UsU,), Ay = U2XUZ* and Ly, = L(Ay,) for each k € N. Since ged A(Gy) | ged{|Us|—
2 =2,|U4| — 2 = 3}, it follows that min A(Go) = 1. Thus, by Proposition 3.2.3, there are M, ky € N such
that for all k& > kg, the set L is an AAP with difference 1 and bound M.

Let k € N. Then min L, = 4k, and we assert that 1 + 4k ¢ L. For v € [0,4], we set V,, = e
and Vs = (e1 + ea + e3)?. Since Z(U3) = {UZ, ViVaVsVs}, Z(UZ) = {U2, ViVaVaViVo}, and Z(UsU,) =
{UsUys, V1 Vo VW } where W = (e1 + ez + e3)epey, it follows that min(Ly \ {4k}) = 4k + 2.

2. Setting W = (e1 + e2)eseseq we infer that UZUs = Us(e?)(e3)W = Ux(ed) - ... (e?) and hence
L(U2U3) = {3,4,6}. Thus for each k € N we obtain that
LUF*02) = ({1} + L") U (LUF) + LULU))
— (2k+1+43-[0,K]) U (2k—2+3-[0,k— 1]+ {3,4,6})
=(2k+143-[0,k])U(2k+2+3-[0,k—1]) U (2k+4+3-[0,k—1])
= (2k+1)+{0,1,3}+3-[0,k—1]. O

Lemma 4.8. Let G = C} withr € [3,4], (e1,...,¢e,) a basis of G, eg = e1+...+e,, and U = (e1-. . .-e,)%ep.
1. If r = 3, then there is a bound M € N such that, for all k € N, the sets L(UGk“(—U)) are AAPs

with difference 1 and bound M, but they are not arithmetical progressions with difference 1.
2. If r =4 and Vi = e3e3(e1 + ea), then for each k € N we have

LU Vi) = (3k + 1) + {0,1,3} +3-[0,2k — 1]
Proof. 1. Let r =3 and k € N. We set Ay, = US*T1(—U) and L = L(Ay). For v € [0,3], we set U, = €3,
V., = (—ey)e,, and we define X = 6%616263.
First, consider L(U%¥). We observe that Z(U?) = {U2 U UUsX} and Z(U?) = {U3, UU,U3U3 X
UoU2U2U2}. Furthermore, min L(U%*) = 6k, max L(U%) = 14k, A({eo,...,es} = {2}, and hence
L(US%) = 6k +2- [0, 4k] .
Next, consider L((—~U)U). For subsets I, J C [1,3] with [1,3] = I & J, we set
Wr =eg He? H(—ej) .
el jeJ
Since
Z(U(-U)) = {%vagvg?} " {W,(—W,) [IVil1.JcL3] with[1,3] =1 J} :
JjeJ
it follows that
L~y = {7} & {24171 | 1,7 € [1,3] with [1,3] = TwJ} = {2,3,4,5,7}.
This implies that
6k + 2,14k + 5] U {14k + 7} = L((-U)U) + L(U®*) C L(Ay) C [6k + 2,14k + 7],

and we claim that [6k + 2,14k + 5] U {14k + 7} = L(Ak). Then the assertion of the lemma follows.
To prove this, we consider the unique factorization z € Z(Ay) of length |z| = 14k + 7 which has the
form

= (UUFUZUZ)* (Vo VEVE V) .
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Assume to the contrary that there is a factorization z’ € Z(Ay) of length |2/| = 14k + 6. If V; |2/, then
VoV2VEVZ |2 and 2/ = VoVEVEVix with @ € Z(U%F), whence |z| € L(U%F) and |2/| € 7 + L(U%F),
a contradiction. Suppose that Vy { z’. Then there are I,J C [1,3] with [1,3] = I & J such that
Wi(=Wr)[l;c; Vjlz" and hence 2’ = WI(—WI)(HJEJ Vj)x with z € Z(US*). Thus |2/| € [2, 5]+ L(U%),
a contradiction.
2. Let r =4 and k € N. We have L(U?) = {2,5} and L(U3*) = 3k + 3 - [0,2k]. We define
Vo= (e1 + eg)elegegeieo, Vi=(e1 + 62)63646(2), and W=e;-...- 646(2),
and observe that
UVi = UVa(e})(e3) = UVs(ef)?(e3)*(e3) (€3)
whence L(U3V;) = {4,5,7,8}. Clearly, each factorization of U3*V; contains exactly one of the atoms
V1, Vo, V3, and it contains it exactly once. Therefore we obtain that

LU V1) = ({1} + L(U?%)) U (L(U3W) + L(U3F3))
= ((3k+1) +3-[0,2k]) U ({4,5,7,8} + (3k — 3) + 3 - [0, 2k — 2])
= ((3k+1)+3-[0,2k]) U ((3k + 1) + {0,1,3,4} + 3 - [0, 2k — 2])
=Bk+1)+{0,1,3} +3-[0,2k —1]. O

Proof of Theorem 4.1. 1. (¢) = (a) Proposition 4.2 shows that, for all groups mentioned, all sets of
lengths are arithmetical progressions. Proposition 3.3 shows that all differences lie in A*(G).

(a) = (b) Obvious.

(b) = (c¢) Suppose that exp(G) = n, and that G is not isomorphic to any of the groups listed in (c).
We have to show that there is an L € £(G) which is not an arithmetical progression. We distinguish four
cases.

CASE 1: n > 5.
Then Proposition 3.6.1 provides examples of sets of lengths which are not arithmetical progressions.
CASE 2: n=4.

Since G is not cyclic, it has a subgroup isomorphic to Cy @ Cy. Then [18, Theorem 6.6.5] shows that
{2,4,5} € L(Cy ® Cy} C L(G).

CASE 3: n=23.
Then G is isomorphic to C§ with » > 3, and Lemma 4.8.1 provides examples of sets of lengths which
are not arithmetical progressions.

CASE 4: n=2.
Then G is isomorphic to C§ with » > 4, and Lemma 4.7.1 provides examples of sets of lengths which
are not arithmetical progressions.

2. (b) = (a) Suppose that G is a subgroup of C§ or a subgroup of C3. Then Proposition 3.3.2 implies
that A*(G) C {1,2}, and hence Proposition 3.2.1 implies the assertion.

(a) = (b) Suppose that (b) does not hold. Then G has a subgroup isomorphic to a cyclic group of
order n > 5, or isomorphic to C3, or isomorphic to C4. We show that in none of these cases (a) holds.

If G has a subgroup isomorphic to C,, for some n > 5, then Proposition 3.6.1 shows that (a) does not
hold. If G has a subgroup isomorphic to Cj, then Lemma 4.7.2 shows that (a) does not hold. If G has a
subgroup isomorphic to C§, then Lemma 4.8.2 shows that (a) does not hold.

3. Suppose that G is cyclic. If |G| < 4, then all sets of lengths are arithmetical progressions with
difference in A*(G) by 1. and hence they are AMPs with difference in A*(G). If |G| > 5, then the
assertion follows from the Lemmas 4.3, 4.4, and 4.5.
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Suppose that G has rank r > 2 and exp(G) € [2,5],say G = Cp, ... D Cy, with 1 < ny|...|n,.
If ny > 4, then Lemma 4.6 shows that there are sets of lengths which are not AMPs with difference
in A*(G). Thus it suffices to consider the cases where G is isomorphic to one of the following groups:
C3,Cy @ Cy, Cy.

If G = O3~ @ Cy, then L(G) contains (arbitrarily long) AAPs with difference 2 which are not arith-
metical progressions and hence no AMPs ([15, Example 3.2.1]).

Suppose that G = C5. If r < 3, then the assertion follows from 1. If » > 4, then the assertion follows
from Lemma 4.7.1.

Suppose that G = C5. If » < 2, then the assertion follows from 1. If r > 3, then the assertion follows
from Lemma 4.8.1.

4. Let G’ be a finite abelian group such that £(G) = L(G’). Then, by Proposition 3.4, D(G) = p2(G) =
p2(G’) = D(G"), and L(G) satisfies one of the properties 1., 2., or 3. if and only if the same is true for
L(G"). We distinguish three cases.

CASE 1: L(G) satisfies the property in 1.

By 1., G is cyclic of order |G| < 4 or isomorphic to a subgroup of C3 or isomorphic to a subgroup of

C3, and the same is true for G’. Since D(G) > 4, the assertion follows from Proposition 4.2.

CASE 2: L(G) satisfies the property in 2.

By CASE 1, we may suppose that £(G) and £(G’) do not satisfy the property in 1. Then by 2., G and
G', are isomorphic to one of the following groups: C3, Cy @ Cy, C3 & Cy, C2 & C3, C3, or C3. Since C3
and C? are the only non-isomorphic groups having the same Davenport constant, it remains to show that
L(C3) # L(C?). Since max A(C%) = 3 (by [24, Lemma 3.3]) and max A(C3) = 2 (by [16, Proposition
5.5]), the assertion follows.

CASE 3: L(Q) satisfies the property in 3.

By CASE 1, we may suppose that G and G’ do not satisfy the property in 1. But then 3. implies that

G and G’ are both cyclic of order five. O

5. A SET OF LENGTHS NOT CONTAINED IN L(C,, ® C,,)

The aim of this section is to prove the following proposition.

Proposition 5.1. Let G = C,,, ® C,,, where ny,ng € N with nqy |ng and 6 < ny < no.
Then {2,n2,n1 +ne — 2} ¢ L(G).

Let G be a finite abelian group. Sets of lengths L € L(G) with {2,D(G)} C L have been studied
frequently in the literature (e.g., [18, Chapter 6.6], [7]). Let G = C,,, ® Cy,, where ny,n2 € N with ny | na.
We show that {2,n2,n1 +n2 —2 = D(G) — 1} ¢ L(G) under the parameter restrictions that 6 < n; < ng
because this is precisely what is needed for our results in Section 6. If 6 < n; < ns does not hold, then
{2,n2,m1 + na — 2} may or may not be a set of lengths (e.g., if 2 = n; < ng, then {2,n2} € L(G)). By
Proposition 3.7, {2,n9,n1 + ny — 2} € L(Cy* ™2 @ C,,), and we will use Proposition 5.1 to show that
L(Cny ® Cny) # L(C5 2 @ Cyy).

The proof of Proposition 5.1 is based on the characterization of all minimal zero-sum sequences of
maximal length over groups of rank two. This characterization is due to Gao, Grynkiewicz, Reiher, and
the present authors ([12, 13, 45, 38]). We use the formulation given in [7, Theorem 3.1].

Lemma 5.2. Let G = Cy, ® C,, where ny,ng € N with 1 < nq|na. A sequence U over G of length
D(G) = n1 + ne — 1 is a minimal zero-sum sequence if and only if it has one of the following two forms:
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ord(e;)
U= e?rd(ej)71 H (zpe; + €;)
v=1
where
(a) {i,7} ={1,2} and (e, e2) is a basis of G with ord(e1) = ny and ord(ez) = na,
(b) 21,...,Tord(e;) € [0,0rd(ej) — 1] and x1 + ... + Zopq(e;) =1 mod ord(ey).
In this case, we say that U is of type I with respect to basis (e;,e;).

np—e€

U= (61 + ye2)s7n—1€7212*sn1+6 H (—$u€1 + (_-Tyy + 1)62),

v=1

(a) (e1,e2) is a basis of G with ord(e1) = n1 and ord(ez) = na,

(b) y€[0,na—1], e€[l,ny —1], and s € [1,n2/ny — 1],

() 1,y Zpy—c € [I,ny — 1 with x1 + ...+ Tpy—c =1 — 1,

(d) niyes # 0, and
)
t

e) either s =1 or njyes = nies.
In this case, we say that U is of type 11 with respect to basis (e1,e2).

We continue with a simple corollary, and provide two lemmas before we start the actual proof of
Proposition 5.1.

Corollary 5.3. Let G = C,, ® C,, where ny,ny € N with ny |n2 and 6 < ny < na, and let U € A(G)
with [U| =D(G) =ny +nz — 1.

1. If h(U) = ny — 1, then U is of type I with respect to a basis (e1,e2) with ord(e1) = ny and
ord(es) = na, that is

ord(er)
U= egrd(e”*l H (zpea +eq)
v=1
where T1,...,%n, € [0,n2 — 1] with x1 + ... 4+ 2,, =1 mod ns.

2. If h(U) =ng —2, then
U=(e1+ yeg)"rle’;?_% —zer + (—zy+ ez) (— (1 —1—x)er + (—(ng — 1 — )y + 1)e2) ,
where (e1,e2) is a basis with ord(e1) = nq, ord(e2) = no, y € [0,n2 — 1], and x € [1,(n1 — 1)/2].
3. If h(U) =ng — 3, then

3
U= (e + yeg)”l_le;”_?’ H(—:I:Vel + (—2py + 1)ea),

v=1

where (e1,€2) is a basis with ord(e1) = ny, ord(ez) = no, y € [0,n2 — 1], and x1,x2,23 € [1,n1 — 1]
with €1+ x2 + 23 =n1 — 1 mod ny (if y #0, then x1 + x2 + 23 =n1 — 1).

4. There is at most one element g € G with vg(U) > ng — 3. In particular, if N(U) > na — 3, then
there is precisely one element g € G with vg(U) = h(U).

Proof. We use all notation as in Lemma 5.2.
1. If U is of type II with respect to basis (e1,e2), then s =1, e =ny — 1, and
U=(e1+ yeg)"lflegrl(el + (=1 + Dy + 1)62) ,

which shows that U is also of type I with respect to basis (e1,ez). If U is of type I with respect to the
basis (ez,e1) then h(U) = ny — 1 implies that U is also of type I with respect to the basis (eq, es).
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2. Suppose that U is of type I with respect to basis (f2, f1). Then U has the form
U= f""Haifi + fo)" 2(zafi + f2) (w3 f1 + f2).

Thus U has the asserted form with y = 0, e; = f1, and with es = x1 f1 + f2. In this case we only have two
summands the congruence condition modulo ns, and hence we obtain an equality in the integers. Suppose
that U is of type IT with respect to basis (e1,e2). Then s = 1, e = n; — 2, and thus the assertion follows.

3. Suppose that U is of type I with respect to basis (f1, f2). Then U has the form

U= "N fi + f2)" (@ fr + fo) (w3 fi + fo) (wafr + f2).-
Thus U has the asserted form with y = 0, e; = f1, and with es = 21 f1 + fo.
Suppose that U is of type II with respect to basis (e1,e2). Then s = 1, ¢ = n; — 3, and thus the
assertion follows.
4. Assume to the contrary that there are two distinct elements g1, g2 € G with v,, (U) > ng — 3 and
Vg, (U) > ng — 3. Then
(ne—3)+ (n2 —3) <vg (U)+ vy, (U) <|Ul=n1+n2—1,
which implies that no < nj; + 5. Hence 2n; < ny <nj; + 5 and ny < 5, a contradiction. O

The argument used in the proof of Lemma 5.4 occurs frequently in [16].

Lemma 5.4. Let G be a finite abelian group and let S € F(G) be a zero-sum free sequence.
If Tyesupps) (I +Vg(S)) > |G|, then there is an A € A(G) with |A] > 3 such that (—A)A [ (=5)S.

Proof. We observe that
{T € F(G)| T is a subsequence of S}| =[] (1+vy(9)).

g€supp(S)
Thus, if [, cqupps)(1 +Vg(S)) > |G|, then there exist distinct sequences T7,T; € F(G) such that 17 | S,
75| S, and o(Ty) = o(Ty). We set T = T'Ty and Ty = TT» where T = ged(T],T5) and T1,T> € F(G).
Then o(T}) = o(T%) and (—T1)T5 is a zero-sum subsequence of (—S)S. Let A € A(G) with A | (=T1)T5.
Assume to the contrary that |A] = 2. Then A = (—g)g for some g € G. Since S is zero-sum free, we
infer (after renumbering if necessary) that (—g) | (=71) and g | T, a contradiction to ged(Ty,T) = 1.
Therefore we obtain that |A| > 3, which implies that |ged(A, (—g)g)] < 1 for each g € G, and thus

(—A)A | (—-9)S. O
The next lemma is a minor modification of [16, Lemma 5.3].
Lemma 5.5. Lett € N and o, a1, .., 04,00, ...,0, ERwithag > ... > a; >0, 0} > ... >} >0,

o < ay for each i € [1,t], and 25:1 ap > o> 22:1 af. Then
t

H(l + ) is minimal

v=1
over all (z1,...,2¢) € RY with o} < z; < «a; for each i € [1,t] and 25:1 T, =, if

x; = for each i € [1,s] and wz; =al for eachi € [s + 2,1]

where s € [0,t] is mazimal with Y _;_, a; < av.
Proof. Since continuous functions attain minima on compact sets, the above function has a minimum
at some point (my,...,m¢) € R". Suppose there are i,j € [1,t] such that i < j and m; < m;. Then

a;- <o <m; <mj < a; <, and thus we can exchange m; and m;. Therefore, after renumbering if
necessary, we may suppose that mq > -+ > my. Since for x > y > 0 and § > 0 we have

(+z+0)(1+y—0)=0+z)(1+y) —d(x—y) -6 < (1+z)(1+y)
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it follows that all but at most one of the m; is equal to «; or «}. It remains to show that there is an
s € [1,¢] such that m; = «; for i € [1,s] and m; = o} for each i € [s + 2,¢]. Assume to the contrary
that this is not the case. Then there are 4, j € [1,t] with i < j such that m; < a; and o < m;. Using
again the just mentioned inequality and that m; > m;, we obtain a contradiction to the minimum being
attained at (mq,..., my). O

Proof of Proposition 5.1. Assume to the contrary that there is an A € B(G) such that L(A) = {2, n2,n1 +
ny — 2}. Then there are U,V € A(G) with |U| > |V| such that A = UV. We set

U=SU" and V =(-9)V',
where U', V' € F(G), and S = ged(U, —V). Since
2(n1+ne—2) <|Al = |U|+ |V]| <2D(G) =2(n1 +ng — 1),
there are the following three cases:

(I) |A] = 2(nq1 + ng — 2). Then, a factorization of A of length nq + ny — 2 must contain only minimal
zero-sum sequences of length 2 and thus U’ =V’ = 1.

(IT) |A] = 2(n1 +ne—2)+ 1. Then, a factorization of A of length 11 + ne — 2 must contain one minimal
zero-sum of length 3 and otherwise only minimal zero-sum sequences of length 2, thus U’ = g19
and V' = (—g; — g2) for some g1,g2 € S.

(IIT) |A| = 2(n1 + ng2 — 1). Then a factorization of A of length ni + ne — 2 must contain either one
minimal zero-sum subsequence of length 4 and otherwise minimal zero-sum sequences of length 2,
or two minimal zero-sum sequences of length 3 and otherwise only minimal zero-sum sequences of
length 2. Thus, there are the following two subcases.

— U’ = g192, V' = hihy where g1, g2, h1, ha € G such that gig2h1ha € A(G).
— U' = g192(—h1 — ha) and V' = hyha(—g1 — g2) where g1, g2, h1, h2 € G.

We start with the following two assertions.
Al. Let W € A(G) with [W| < |U| and W |(—=S)S. Then |[W]| € {2,n1}.
A2. Let Wy, W5 € .A(G) such that Wl(*Wl)WQ(*WQ) | S(*S) Then {|W1|, |W2|} 7é {nl}
Proof of Al. Suppose |W| > 2. Then (W)W |(—=S)S and we set (—=5)S = (-W)WT(-T) with
T € F(G) and obtain that
UV = (-W)WT(-T)U'V").
Let z be a factorization of U'V’. Then |z| € [0,2]. If T = 1, then UV has a factorization of length
2 + |z] € {2,n2,n1 + ny — 2} which implies |z| = 0 and hence |W| = |U], a contradiction. Thus T # 1.
Since T'(—T) has a factorization of length |T'| = |S| — |W|, the above decomposition gives rise to a
factorization of UV of length ¢ where

3<t=24|T|+|z| =24 |S| = |[W|+ |z| € {n2,n1 + na — 2}.

We distinguish four cases.

Suppose that U’ = V' = 1. Then z =1, |2| =0, and |S| = |U| = n1+ng —2. Thus t = ny +ng — |W| €
{na,n1 + ny — 2}, and the assertion follows.

Suppose that U’ = g1g2 and V' = (—g1 — g2) for some g1, g2 € S. Then |z| =1 and |S| = ny + ny — 3.
Thus t = ny + ne — [W| € {nz2,n1 + na — 2}, and the assertion follows.

Suppose that U’ = g1g2, V' = hihy where g1, g2, h1, ha € G such that g1ga2hi1he € A(G). Then |z| =1
and |S| =ny +no — 3. Thus t = ny + no — |W/| € {na,n1 + ny — 2}, and the assertion follows.

Suppose that U’ = g1g2(—h1 — he) and V' = hiho(—g1 — g2) where g1, g2, h1, ha € G. Then |z| = 2 and
|S] =n1 +ng — 4. Thus t = nq +ng — W] € {ng,n1 + n2 — 2}, and the assertion follows. O(A1)
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Proof of A2. Assume to the contrary that |[Wi| = |Wa| = ny. Then there are Ws,..., Wy € A(G)
such that

UV = Wi (— W) Wa(—Wo)Ws -... Wi,
where k € L(UV) = {2,n2,n1 + n2 — 2} and hence k = ng. Since
[Ws ... - Wi| =|UV| —4ny <2(ny +na—1) —4ny =2(ngy —ny — 1),
it follows that
k—4<maxL(Ws-... - Wi) < |Ws-... - Wil/2<no—ny —1<ny—4,
a contradiction. d(A2)
We distinguish two cases depending on the size of h(.S).
CASE 1: h(S) > na/2.
We set S = g¥S” where g € G, v =h(S5), and 5" € F(G). Then
Uy = (—g)""S'U" € B(G), Vi = g™ "(=S5")V' € B(G).
Clearly, we have
(U)101 = (—g)™ "8 = —((V)"'WA).
We will often use that if some W € A(GQ) divides (U')~1Uy, then (—=W) divides (V')~1V; and hence
(=)W [(=5)S.
Now we choose a factorization z1 € Z(Uy) and a factorization y; € Z(V1). Note that |x1| < ng — v and

ly1] < ma — v as each minimal zero-sum sequence in z7 and y; contains (—g) and g, respectively. Then

UV =U1Vi((—g)9)

2v—no

has a factorization of length ¢ where
24 20 —n92) <t=lx1|+ |y1] + (2v —n2) < 2(nz —v) + (20 — nz) =na2.

Assume to the contrary that t = 2. Then v = ny/2 and both, U = ¢"2/25'U’ and U’ = (—g)"2/2S'U’,
are minimal zero-sum sequences, a contradiction, as SU" ¢ A, (G) as its length is greater than n;. Thus
t =na, |21 = |y1] = n2 — v, and hence L(Uy) = L(V4) = {n2 —v}. W € A(G) with [W| =2 and W | Uy,
then W = (—g)g. Similarly, if W’ € A(G) with |[W'| =2 and W' |V;, then W = (—g)g. By definition of
v, not both U; and V; are divisible by an atom of length 2. Now we distinguish four cases depending on
the form of U’ and V', which we determined above.
CASE 1.1: U'=V'=1.

Then Vi = Uy, say Vi = Wy - ... - Wy,—,. Since none of the W; has length 2, it follows that
[Wi| = ... =|Wy,—v| = n1 and hence

2(n2 +n1 —2) =2|V| =220 — na) + 2|V4| = 2(20 — n2) + 2n1(n2 — v),

which implies that v = ny — 1. Consequently |S| = n; — 1 and S € A, (G). This implies that (use an
elementary direct argument or [15, Theorem 5.1.8]),

7’7,171
S = (2e1 + ares) H (e1 + ayea),
v=2
where (e1, e3) is a basis of G. Let r € [0,n2 — 1] such that r = —a; 4+ a2 + a3 mod ny. Then

W1 == (2614’(1162)(7617&262)(7617&362)65 and W2 == (2814’(1162)(7817(1262)(7817&362)(782)”277‘

are minimal zero-sum sequences dividing (—=V)V. Since [Wi| =3+, |[Wa| =3 + ny —r, and |W Ws| =
ns + 6 > 2nq, at least one of them does not have length ny, a contradiction.

CASE 1.2: U’ = g1g2 and V' = (—g1 — g2) for some g1,g2 € S.
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We set
1 =X1-...-Xp,—y and y1=Y1-...- Y,y
where all X;,Y; € A(G), g1g2 | X1 X2 (or even g1g2 | X1), and (—g1—g2) | Y1. We distinguish three subcases.

CASE 1.2.1: v=mn9 — 1.
By Corollary 5.3, with all notations as introduced there, we get

1
U= 632_1 ]:[(61 + SCVGQ) .
v=1

Thus g = e; and U’ | [[1,(e1 + z,e2), whence after renumbering if necessary we have g; = z;e1 + e for
each i € [1,2]. Therefore we have

V= ( —2e; — (21 + xg)eg)(—eg)"2_1 H(—e1 —xye2) = (—g1 — 92)(=95) .
v=3

Assume to the contrary that there are i,j € [3,nq] distinct with x; # x;. If ¢ € [1,ne — 1] with
q = —(x; —x;) mod ng, then
Wi = (e1 + @iea)(—e1 — zjez)es and Wi = (e1 + ziea)(—e1 — xjea)(—ez)"? 74
are atoms dividing (—5).5, both have length greater than two but not both have length ny, a contradiction
to A1l. Therefore we have 3 = ... = z,,. Since z1 + ...+ z,, =1 mod ny, it follows that 1 # x3 or
X9 # w3, say X2 # x3. Therefore there is an r € [1,ng — 1] with » = 29 — 23 such that
Wi = ( — ($1 + .T2)€2 — 261)(1‘162 + 61)(1‘362 + 61)65 S A(G)
and
Wy = (.T2€2 + 61)(—$3€2 — 61)(—62)T S A(G) .
Thus it follows that

ni

UV =W Wy H ((ZL'UGQ + 61)(*56,,62 — 61)) ((762)62)7127177“

v=4

has a factorization of length

24 (n1—=3)+na—1—=r)=n1+ny—2—1r¢€{2,n2,n1 +ns — 2},
and hence r = n; — 2. Now we define

Wll = ( — (1‘1 + 1‘2)62 — 261)(1‘162 + 61)(1‘362 + 61)(762)”2_7‘
and
Wy = (z2e2 + e1)(—z3e2 — e1)en? " € A(G).
Thus it follows that
/ / L r—1
Uv =W/W; H ((zyeg +er)(—x e — el)) ((762)62)
v=4

has a factorization of length

24 (n—=3)+(r=1)=n1—24+r=2n,—4¢ {2,n9,n1 +nay — 2},
a contradiction.

CASE 1.2.2: v=mn9 — 2.
Since V' | Y7 it follows that Y3 | (—S)S and we thus may assume that Xy = —Y5. Furthermore, |Y3]
cannot have length 2, since —g 1 S’. Hence A1 gives that |Y3| has length ny. It follows that |Y7| = 2 and
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|X1| = 3. This implies that —g1 — g2 = —g whence v_4(V) = ng — 1 and v,(U) = ny — 2. By Corollary
5.3, with all notations as introduced there, we obtain that
U=(e1 + yeg)"171632_2( —zey + (—ay+1)ez) (—(n—1—2z)er + (—(n1 — 1 —2)y + 1)es) .
Since g1 + g2 = g = eq, it follows that x = 1 and that
V= (—(e1 +ye2))" "2 (—e2)" (1 — 2)er + (1 — 2)y + L)ea).
Then W = (e1 + ye2)?((n1 — 2)er + ((n1 — 2)y + 1)ea)(—ea)", where r € [0,n5 — 1] such that r = nyy + 1
mod ng, is a minimal zero-sum sequence. Since r =1 mod ny, it follows that r € [1,n2 — ny + 1]. Thus,
W | (—=S)S, hence |W| = ny, and thus r = n; — 3. We consider W’ = (e +ye2)?((n1 —2)e1 + ((n1 — 2)y +
1eg)en?™ ™) Again, W | (=S)S. Yet [W’'| =3+ (ny — (n1 — 3)) = na — ny + 6, a contradiction.
CASE 1.2.3: v<ng—3.
Then Y2Y3 | (V') =1V, and since |Ya| # 2 # |Y3], we infer that |Ya| = |Y3| = ny. Thus (—Y2)(=Y3) | (U")~1U;
and Ya(—Y2)Y3(=Y3)|S(—S), a contradiction to A2.
CASE 1.3: U’ = g1g92, V' = hihy where g1, g2, h1, ha € G such that g1goh1he € A(G).
We set
1 =X1-...-Xp,—p and y1=Y1-...- Y,y
where all X;,Y; € A(G), g192| X1X2 (or even g1g2 | X1 ), and hqho | V1Y (or even hihe|Y7). We distin-
guish four cases.
CASE 1.3.1: v=mn9 — 1.
By Corollary 5.3, we have

ny
U=ep? H(€1 +z,e0)
v=1

ny
na—1 / /
—V =eb? ]:[(e1 +aleq),
v=1

where (e1,e2) and (e}, e2) are both bases with ord(ez) = no and z;,2; € [0,n2 — 1] for each i € [1,n4].
Since |S| = |U| — 2, it follows that, after renumbering if necessary, [['1;(e1 + z,e2) | (—V) and hence,
after a further renumbering if necessary, e1 + z;e2 = €} + x}eq for each ¢ € [3,n4]. Thus, if we write =V
with respect to the basis (e1, ea), it still has the above structure. Therefore we may assume that e; = e}
and x; = z for each i € [3,n1]. Therefore

gi =e1+xies and h; = —e; —ales for eachi € [1,2].

Since g1 + g2 = —hy — he, it follows that 1 + o = —2} — 2, mod ny and hence z; — 7} = z) — x2
mod ng. Let r € [0,n9 — 1 such that r = 23 — 2{ mod na. Then

Wi = gihi(—e2)", Wi = gihie5>™ ", Wa = gahges, and Wj = gaha(—ez)"* ™"

are minimal zero-sum sequences which give rise to the factorizations

Uuv = W1W2((—€2)62)n2_T_1 H ((61 + $V€2)(—€1 — $V€2))
v=3
- W{Wé((—eg)eg)T_l H ((61 +ze2)(—er — $V€2)) )
v=3

These factorizations have length 2+ (ne—r—1)+(n1—2) = n1+nas—2—(r—1) and 2+ (r—1)+(n1—2) =
ny + r — 1. Since not both of them can be in {2,n2,n; + ny — 2}, we have arrived at a contradiction.
CASE 1.3.2: v=mn9 — 2.

Assume to the contrary that h(U) = h(V) = ng — 1. Since, by Corollary 5.3.3, the elements ¢, ¢” € G
with vy (U) = ng — 1 and vy (V) = ny — 1 are uniquely determined, it follows that ¢ = ¢’ = —¢” and
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hence v = h(S) = ny — 1, a contradiction. Thus, after exchanging U and V if necessary, we may assume
that h(U) = n2 — 2 and it remains to consider the two cases h(V) =ng — 1 and h(V) = ny — 2.

CASE 1.3.2.1: h(U)=ny—2and h(V) =ng — 1.
By Corollary 5.3, we infer that

U=(e1+ yeg)"l_le’g?_Q( —zer + (—azy+1es) (= (m —1—2)er + (—(n1 — 1 — )y + 1)es),

ny
_ nog—1 !
-V =e; H(q + xpe9),
v=1

where (eq, e3) and (€], e2) are bases and all parameters are as in Corollary 5.3. Since |S| = |U|—2, it follows
that (e; + yea)™ 3| (V) and hence, after renumbering if necessary, €| + z1e2 = ... = €| + T, _3e2 =
e1+yes. Thus, if we write —V with respect to the basis (eq, e3), it still has the above structure. Therefore
we may assume that e; = e} and y = ;1 = ... = 2, 3. Thus we obtain that
ny
—V =€ ey + yey) 3 H (e1 + ze9).
v=ni—2

Note that e € {7h1, 7h,2}, €9 ¢ {gl,gg}, say 7h1 = €2 and 7h2 = 61+1‘n162, and g1 +92 = 7(h1+h2) =
e1 + (zn, + 1)ea. This condition on the sum shows that

{91,92} = {—we1 + (—ay + 1)ez, —(n1 — 1 —@)er + (—(n1 — 1 —x)y + L)ea}.
This implies that (e; + ye2)™ ~! | (=V) and hence, after renumbering if necessary,
—V =el2 e +yea) ey 4z, e2).
Since g1 + g2 = —(n1 — 1)e; — (y(n1 — 1) — 2)eq, it follows that the sequence
Wi = g1g2(—e1 —yea)(—e2)",

where r € [0,n2 — 1] and r = —yny + 2 mod na, is a minimal zero-sum sequence. Since r = 2 mod ny,
we infer that r € [2,ne — 2] and that W1 |UV. Since g1 + g2 = —(h1 + h2), we obtain that

Wy = h1h2(61 + yeg)eg S B(G) R L(WQ) = {2} and Ws | Uuv.
Therefore it follows that
ng—2—r ny—2
UV = W1W2((—62)62) 2 ((61 +yes)(—ey — yeg)) U
and hence ny +no — 1 —r € L(UV) = {2,na,n1 + n2 — 2}, a contradiction, since » =2 mod n;.
CASE 1.3.2.2: h(U) = h(V) = na — 2.
By Corollary 5.3, we infer that
U= (e + yeg)"1_1632_2U”
—V = (e +ylen) ey (V)
where (e1,e2) and (e}, e2) are bases, U”, V" € F(G) with |[U"| = [V"| = 2, and y,y" € [0,n2 — 1]. Since
|S| = |U| — 2, it follows that (¢} + y'e2)™ 3| U and hence €} + y'ea = e1 + yea. Thus, if we write —V
with respect to the basis (e, e2), it still has the above structure. Therefore we may assume that e; = ¢
and y = y’. Therefore it follows that

U= (e + yeg)"17163272glgg and V = (—e; — yeg)”lfl(—eg)mdhlhg,
and hence g; + g2 = —(n1 — 1)e; — (y(n1 — 1) — 2)es. Thus
Wi = gi1g2(—e1 — yez)(—e2)",

where r € [0,n9 — 1] and 7 = —yn; + 2 mod no, is a minimal zero-sum sequence. Since r = 2 mod nq,
we infer that r € [2,ng — 2] and that Wy |UV. Since g1 + g2 = —(h1 + h2), we obtain that

Wy = h1h2(61 + yeg)eg S A(G) and Wy | Uuv.
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Therefore it follows that

7’7,172

Uv = W1W2((*€2)€2)n2724((€1 + yez)(—e1 — yes)) )
and hence ny +ng — 2 —1r € L({UV) = {2,na,n1 + n2 — 2}, a contradiction, since » =2 mod n;.
CASE 1.3.3: v=mn9 — 3.
Then X3 | (U')~1U; and hence | X3| = n. Since
| X1 XoXs|=|Uy|=U|—v+(ng—v)=n1+5,

it follows that | X7 X5| = 5, and hence X; or X5 has length two. Similarly, we obtain that Y7 or Y5 has
length two, a contradiction to the earlier mentioned fact that not both, U; and V; are divisible by an
atom of length two.

CASE 1.3.4: v<ng—4.
Then Y3Y; | (V/)~1V1, and since | Y3| # 2 # |Ya|, we infer that |Y3]| = |Y4| = ny. Thus (=Y3)(—=Yy) | (U')~1U,
and Y3(—Y3)Yy(=Yy) | S(—S), a contradiction to A2.

CASE 1.4: U/ = glgg(fhl - hg) and V/ = hth(,gl — 92) where g1, 92, hl, hQ e G.
We set
1 =X1-...-Xp,—p and y1=Y1-...- Y,y
where all X;,Y; € A(G), g192(—h1 —h2) | X1 X2 X3 (or even g1 ga(—h1 —ha) | X1 X2 or g1g2(—h1 —h2) | X1)
, and hihao(—g1 — g2) | Y1Y2Y5 (or even hiha(—g1 — g2) | Y1Ya2 or hiha(—g1 — g2) | Y1).

CASE 1.4.1: v=mnq — 1.
By Corollary 5.3 we have

ny
U=ep? H(€1 +zye2)
v=1

ni
na—1 / /
—V = e}? H(q +zes),
v=1

where (e, ez2) and (€}, es) are both bases with ord(es) = ng and z,, 2!, € [0,ny — 1] for each v € [1,n,].
Since |S| = |U| — 3, it follows that, after renumbering if necessary, [[~,(e1 + ze2) | (—V) and hence,
after a further renumbering if necessary, e; + x,es = €} + x,es for each v € [4,n1]. Thus, if we write —V
with respect to the basis (ej, ea), it still has the above structure. Therefore we may assume that e; = e}
and z, = 2}, for each v € [4,n;]. Furthermore, we obtain that
g1 =e1+x1€2, g2 = €1+ x2e2, —h1 —hy=e1+ 2362

hi = —e1 — ajea, he = —eq — xheo, and — g1 — go = —e1 — Thea,
a contradiction, since ord(e;) =n; >3
CASE 1.4.2: v=mnq — 2.

Arguing as at the beginning of CASE 1.3.2 we may assume h(U) = ny —2 and it is sufficient to consider
the two subcases h(V) =ng — 1 and h(V) =ny — 2.

CASE 1.4.2.1: h(U)=ny—2and h(V) =ng — 1.
By Corollary 5.3, we infer that

U=(e1+ yeg)"l_legz_Q( —zer 4+ (—azy+1es) (= (m —1—2)er + (—(n1 — 1 —z)y + 1)es),
n
—V =€t H(e’l +x,e9),
v=1

where (eq, e3) and (€], e2) are bases and all parameters are as in Corollary 5.3. Since |S| = |U|—3, it follows
that (e + yea)™ =% | (=V) and hence, after renumbering if necessary, e} + z1e2 = ... = €| + T, _4e2 =
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e1+yes. Thus, if we write —V with respect to the basis (eq, e2), it still has the above structure. Therefore

we may assume that e; = e} and y = 25 = ... = ,,. Thus we obtain that
4
—V =€ ey + yea)m 4 H(61 +x,e9).
v=1
Since

gcd (( —ze; + (—ay + 1)62) ( —(m—1-2)er+(—(n1—1—2)y+ 1)62), —V) =1,

it follows that

g192(—h1 — he) = (e1 + yeg)( —xzer + (—zy + 1)62) ( —(m—1—x)er +(—(n1 —1—2a)y+ 1)62) .
Thus Ve, +ye, (S) = n1 — 2 and hence, after renumbering if necessary,

—V =el* " e1 +yea)™ 2(e1 + m1e2)(e1 + T2€2).

We observe that

(—zer+ (—zy+1ez) + (— (1 — L —x)er + (—(n1 — 1 — 2)y + 1)ea) = e1 + (—(n1 — 1)y + 2)ez,

(—e1 —x1e2) + (—e1 — wae2) = (n1 — 2)(e1 +ye2) + (n2 — 1)ea = —2e1 + ((n1 — 2)y — L)es.
Consequently, there are 7,7 € [0,ny — 1] such that
W, = ( —xey + (—xy + 1)62)( —(n—1—x)e; +(—(n1 —1—2)y + 1)62)(—61 —yes)(—ea)" € A(G),and
Wy = (—e1 — x1e2)(—e1 — zae2)(e1 + yeg)Qeg/ e AG),
(note that y ¢ {—x1, —xz2}), and clearly we have
r=2-n1y modny, and ' =1-—ny modny.

This implies that =2 mod n; and ' = r — 1. Therefore, we obtain that

ng—r—1

n1—3
UV = WiWa((e1 4+ yes)(—e1 —yez)) "~ ((—ez)ez) :
and thus ny +no — 2 —r € L(UV) = {2,n2,n1 + na — 2}, a contradiction, since » =2 mod n;.
CASE 1.4.2.2: h(U) = h(V) = ny — 2.
By Corollary 5.3, we infer that
U = (eq +yex)™ Les2 20"
—V = (e} +yler) ey (V)
where (e1,e2) and (e}, e2) are bases, U”, V" € F(G) with |[U"| = [V"| = 2, and y,y" € [0,n2 — 1]. Since
|S| = |U| — 3, it follows that (e} +y'ea)™ =4 | U. If ny > 6, it follows that €} + v'es = e + yeq. If ny = 6,
so ny even, then
U'=(—zer+ (—ay+1)e2) (—(n1—1—xz)er + (—(nm1 — 1 —2)y + 1)e2)

is not a square whence (e} + y’e2)? # U” and it follows again that e} + y'ea = e1 + yea. Thus, if we
write —V with respect to the basis (e1,e2), it still has the above structure. Therefore we may assume
that e; = €} and y = y’. Therefore it follows that

U=(e; + ye2)n171€;712—2U// and V= (—eq — yeo)™ L(—ex)2 2V,

a contradiction to |S| = |U| — 3.
CASE 1.4.3: v=mng — 3.
Note that

|X1X2X3|:|U1|:|U|—U+(n2—v):n1+n2—1+n2—(2n2—6):n1—|—5.
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Suppose that U’ divides a product of two of the X1, Xs, X3, say U’| X1 X5. Then X3 |(U’)~1U; and
hence |X3| = n1. Thus |X;Xs| = 5 and either X; or X, has length two. Since X3 divides (U’)~1Uj,
it follows that — X3 divides V3 (V')~1. After considering a new factorization of V; if necessary we may
suppose without restriction that Y3 = —Xj3. Arguing as above we infer that Y7 or Y5 has length two, a
contradiction to the earlier mentioned fact that not both, U; and V; are divisible by an atom of length
two.

Thus from now on we may assume that for every X € A(G) dividing U; we have | ged(X,U’)| = 1, and
similarly for every Y € A(G) dividing V5 we have | ged(Y,V’)| = 1.

Arguing as at the beginning of CASE 1.3.2 we obtain that h(U) = ny — 3 or h(V) = ny — 3, say
h(U) = ng — 3. By Corollary 5.3.3, we infer that

3
U = (e +yep)™ teh2™3 H(—xiel + (—z,y+ 1)ea),

v=1
with all parameters as described there. Since |S| = |U| — 3, it follows that (e; + ye2)™ ~* | (=V) and thus
V = (—e; —yea)" " (—e2)"3V"”  where V'’ € F(G) with [V"| =6.

Since
3

Up = (—e2)*(er +yea)™ H(*zuel + (—2vy + ez) = X1 Xo X5,

v=1
it follows that (—ez)| X, for each v € [1,3]. Since (e; + yea)™ ~!(—e2)? is zero-sum free, each of the X,
is divisible by at least one of the elements from Hizl(—xl,el + (—2,y + 1)ea). Thus, after renumbering
if necessary, it follows that for each v € [1, 3]
X, = (—e2)(—xper + (—zy + Dea)(e1 + yea)™ .
This implies that x1 + z2 + x3 = n1 — 1. Since |ged(X,,U’)] = 1 for each v € [1,3], it follows that
U = Hi:1(*zu€1 + (—z,y + 1)ez), and hence
V = (—ey —yea)" " H—ex)"2 3V,
Since
Vi =e3(—e1 —yex)" 'V =Y1YoY5,
it follows that ey | Y,, for each v € [1, 3]. Since (—e; —ye2)™ ~1e3 is zero-sum free, each of the Y, is divisible
by at least one of the elements from V’. Setting hz = —g1 — g2 and renumbering if necessary, it follows
that for each v € [1, 3]
YI/ = e2hv(*el - y€2)y” )
where y1, Y2, y3 € Ng with y1 + 42+ y3 = ny — 1. For each v € [1, 3] it follows that h, = y,e1 + (yy, — 1)ea.
Therefore we obtain that

O0=g1+92+hs= ( —z1e1 + (—1y + 1)62) + ( —xoe1 + (—zoy + 1)62) + (ysel + (yys — 1)62)

= ( —z1 — 22+ y3)61 + ((—:61 — T2 +y3)y + 1)62 ;
a contradiction, as not both —zy — 29 + y3 and (—21 — 22 + y3)y + 1 can be 0 modulo n;.

CASE 1.4.4: v=mnqg — 4.
Then X4 | (U’)~!U; and hence | X4| = ny. Since
|X1X2X3X4| == |U1| = |U| — v+ (7’L2 - ’U) =ni+ 7,
it follows that | X1 X2X3| =7, and hence X7, Xo, or X3 has length two. Similarly, we obtain that Y7, Ya,

or Y3 has length two, a contradiction to the earlier mentioned fact that not both, U; and V; are divisible
by an atom of length two.

CASE 1.4.5: v <ng —5.
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Then Y;Y5 | (V/)71V1, and since |Yy| # 2 # |V5], we infer that |Yy]| = |Y5| = ny. Thus (=Y,)(=Y5) [ (U') "t
and Y3 (=Y4)Y5(=Y5) | S(—S), a contradiction to A2.

CASE 2: h(S) < ng/2.
We distinguish two subcases, depending on the parity of ns.

CASE 2.1: no is odd.

Since ny is odd, we have 3n; < ny and ny > 7. We write S = Hff:l agv with a1,...,ar € G pairwise

distinct and a3 > ... > ap > 1. Since |S| = 2521 a, >n2+n; —4 and ay < (ng —1)/2, it follows that
k> 3.
We define T = S(ajazas)™! and set 77 = Hizl bfi with by,...,b; € G pairwise distinct and [, >
> B >1. Since f1 < < (na—1)/2, 3 Bi=1S|-3>na+n; —7,and ng — 1 < ny +ny — 7,
it follows that [ > 3. Applying Lemma 5.5 (with parameters t = I, « = |T1], &f = ... = a; = 0 and
a1 =...=ay = (n2 — 1)/2; note that we have s + 1 = 3) we infer that

l 2
[T0+602 (142252 ) (4 (7 - (2 - 1)

v=1
2 2
-1 2 1
z(1+"22 )(Hl)zwﬁlm_

Thus Lemma 5.4 implies that there is a W € A(G) with |[Wp| > 3 such that (—=W1)W; | (=T1)T1. Since
|[W1| < |UJ, A1 implies that W7 = n;. We write Wy = W{(=W7’) with W{W/" | T;.
We define T = S(W{W{")~! and note that (—=5)S = W1 (—=W1)T2(—T%). Furthermore,

|To| =S| —n1 >ne—4 and |supp(Tz)| > 3.

We set To =[], ¢} with ¢1, ..., ¢y € G pairwise distinct and 41 > ... > 7, > 1. Applying Lemma 5.5
(with parameters t =m, a =Tz, o) =...=aoht =1, o) =...=a, =0and oy =... = a; = (ng — 1)/2;

note that we have s + 1 = 3) we infer that

- ng — 1 ng — 1
[Tz (14 7252) (Leiml - (50 +1) ) as
v=1
lne—7. 1
:n22—|— n22 2:§(n§—6n2—7)>n1n2.

Thus Lemma 5.4 implies that there is a Wy € A(G) with |Wa3| > 3 such that (—W3)Ws | (=T3)T5.

Since |W3| < |U|, A1l implies that W5 = n;. Therefore we obtain that Wy (=W7p)Wa(=W3) | (=5)S, a
contradiction to A2.

CASE 2.2: ns is even.

We distinguish three cases; the first one is that |U] = |V| = ny + na — 2 and the two others deal with
the case |U| = ny 4+ ny — 2, further distinguishing based on the structural description recalled in Lemma
5.2.

First we handle the case no > 12. The special case ny = 12 will follow by the same strategy but the
details will be different.

We write S = HIZ:1 a%v with a; > ... > . Since 25:1 ay =ngo+n1 —2and a1 < (ng —2)/2, it
follows that k > 3.

We define T} = Hix:l bf" with 81 > ... > (; to be a subsequence of S of length no, — 2 such that
B2 < n2/2 — 3 and such that T, 1S contains at least 4 distinct elements or 3 elements with multiplicity
at least 2. Applying Lemma 5.5 (with parameters t = I, « = |T1| = n2 — 2, o) = ... = o} = 0, and
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a1 = (n2—2)/2, ag = ... = ay = (n2 — 6)/2; note that we have s + 1 = 3) we infer that
!
-2 —6 2
H(l+ﬂ,,)2 <1+”22 > <1+n22 )(1+2)3<%n2) > ning,
v=1

where the last inequality holds because ny > 12. Thus Lemma 5.4 implies that there is a W7 € A(G)
with |[Wi| > 3 such that (—=W7)W; | (=T1)T1. Since |[Wi| < |U|, A2 implies that |W;| = ny. We write
Wy = Wl (—W}') with W{W/' | T,.

We define Tp = S(W{W/)~ =[], ¢l» with v1 > ... > 7,,. We note that 7, 'S | Ty, (—5)S =

v=1

Wi (=W1)To(—Ts), and |Ts| = ng — 2. By construction of 7, 'S, we obtain that either (y3 > 2) or (y3 > 1
and v4 > 1). Applying Lemma 5.5 (with parameters t = m, a = |Ts|, a1 = ... = @z = (n2 — 2)/2, and
either (o) =...=a4=2,a)=...=a,=0)or (af =...=a), =1, af =... = a;, = 0) we infer that
either
i n ne (n
[T+ 2 (1+2 1) 0+ - (2 -1)-2)0+2) = 2 (F -2)3> mn,
v=1
or
i n n ng (n
[T+ = (1+72—1) (1+|T2|— (72—1) —2))(1—}—1)(1—1—1):72(72—2)4>n1n2.
v=1

Thus Lemma 5.4 implies that there is a Wy € A(G) with [W3| > 3 such that (=Wa)Ws | (—T%)T5.
Since |Wa| < |UJ, A1 implies that |[Wa| = ny. Therefore we obtain that Wi (—W7)Wa(—Wa)|(=S)S, a
contradiction to A2.

Now suppose that ny = 12. Then n; = 6 and |S| = 16. Again we set S = H];:1 a%v withaqg > ... > ay.
Since h(S) < 5, we infer that k > 4. We define T, = S(ajagagas)™! and set Ty = [ _, b% with
51 . > Bi. Observe that 8; < 4. Applying Lemma 5.5 (with parameters t = [, a = |Ty| = 12,
af=...=a,=0,and a1 = ... = a; = 4) we infer that

!
[[a+8.) = (1 +4)7°>nns.
v=1
Thus Lemma 5.4 implies that there is a W € A(G) with |[Wp| > 3 such that (—=W1)W; | (=T1)T1. Since
|[W1| < |U|, A1 implies that |[Wi| = ny = 6. We write Wy = W{(=W7’) with W{W/" | T1.
We define 7o = S(W{W{)~' = [/, ¢}» with v1 > ... > 7,,. We note that |T2| = ny — 2 = 10

v

and m > 4. Applying Lemma 5.5 (with parameters t = m, a = |To| = 10, o = ... = o} = 1,
ay=...=a;=0,and a; = ... = a; = 5) we infer that

[T +%) = A 4+5)A+3)1+1)(1+1) > ning,

v=1

and we obtain a contradiction as above.
CASE 2.2.2: U is of type I, as given in Lemma 5.2.
Then n
72 —1>h(S) > h(U) — 3> ord(e;) — 4,
which implies that ord(e;) = n1 so j = 1. We assert that
Ve, (UV) +v_e, (UV) > nq + 1.

If this holds, then Lemma 5.2 in [16] implies that L(UV) N [3,n1] # 0, a contradiction. Since v_, (V) >
V_e, (—8) > v, (U) — 3, we obtain that

Ve, OV)+v_e, UV)>(n1—1)4+(n1 —1)—3=2n1 —5>n; + 1.
CASE 2.2.3: U is of type 11, as given in Lemma 5.2.
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We observe that

%—12h(8’) > h(U) — 3 =max{sn; — 1,ny — sn; + €} — 3.

This implies that s = 22, hence v,,(U) = 2 +¢. Thus € € [1,2] and ™ |U”.

2ny? - 2

Assume to the contrary that U’ = gi1ga(—h1 — he) = €3. Then V' = (—2e3)h1ha, |V| = D(G), and
Veo, (V) >V, (—S) = v, (S) = ve, (U) — 3 > % te—3.

Thus v_e, (V) > 1, which implies that V* = (—2e2)"!(—e2)?V € A(G), but [V*| = |V|+1=D(G)+ 1, a
contradiction.
Since € = 2 implies that U’ = €3, we obtain that € = 1, v, (U’') = 2, v_, (V') = 0, and
n2

V—ez(V) :V—ez(_s) :Vez(S) :Vez(U) —2= o L.

We consider

U= ey P (Cen)=2MU  and Vi = (—ep) VeVt Dy

Neither U; nor V; is divisible by an atom of length 2, and since [Vi| = |V]|+ 2 > D(G), Vi ¢ A(G).
Therefore we obtain that

2 2n9 — 2
2 <maxL(U;) +maxL(V;) < MJrM: UV < ot ens
3 3 3 3
a contradiction. O

<TL2,

6. CHARACTERIZATION OF THE SYSTEM L(C,, ® Cp,)

In this section we finally provide the proof of Theorem 1.1. We start with two propositions which gather
various special cases which have been settled before. The first groups, for which the Characterization
Problem has been solved, are cyclic groups and elementary 2-groups ([14]) for which we now have a
variety of proofs. We use the characterization of groups C,, @ C), ([42]) and [7]. The core of this section
is Proposition 6.5, whose proof covers almost the whole section.

Proposition 6.1. Let G be an abelian group such that L(G) = L(Cp, ® Cy,) where n1,n2 € N with
ny|ng and nq 4+ no > 4. Then G is finite, and we have

1. d(G) =d(Cp, @ Cp,) = n1 +na — 2 and exp(G) = na.
2. If ng = ng, then G = C,, & Cp,.
Proof. 1. The finiteness of G and the equality of the Davenport constants follows from [18, Proposition
7.3.1]. The statement on the exponents follows from [46, Proposition 5.2] or from [7, Proposition 5.4].
2. This follows from [42, Theorem 4.1]. O

Proposition 6.2. Let n1,ne € N with nq|ny and ny +ne >4, and let G = H ® C,,, where H C G is a
subgroup with exp(H) | ne. Suppose that L(G) = L(Cyp, & Ch,).

1. d(H) <ny —1, and d*(H) = ny — 1 implies that d(G) = d*(G).
2. If d(G) = d*(G), then G = Cp, @ Chy,.
3. If ny €[1,5], then G = C,, ® Cp,.
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Proof. 1. Proposition 6.1 implies that
ny+n2—2=d(G)>d(H)+ (n2 —1) and hence d(H)<mn;—1.
If d*(H) =ny — 1, then

2. This follows from [7, Theorem 5.6].

3. By 2., it is sufficient to show that d(G) = d*(G). Suppose that H is cyclic. Then r(G)
Proposition 2.3.1 implies that d(G) = d*(G). Suppose that H is noncyclic. Then 2 < r(H) <
ny — 1, and hence ny € [3,5].

Suppose that n; = 3. Then d(H) =2 and H =2 Cy & Cy. Thus d*(H) = 2 = n; — 1, and the assertion
follows from 1.

Suppose that n; = 4. Then d(H) € [2,3] and H is isomorphic to Cy & Cs or to C3. If H = C§, then
d*(H) = n1 — 1, and the assertion follows from 1. Suppose that H = Cy @ Cy and set ng = 2m. If m is
even, then d(G) = d*(G) by [15, Corollary 4.2.13]. If m is odd, then d(G) = d*(G) by [2] (in [46, Theorem
3.13] even the structure of all minimal zero-sum sequences of length D(G) has been determined).

Suppose that n; = 5. Then d(H) € [2,4] and H is isomorphic to one of the following groups:
C2,C3,C3,0y @ Cy,C3 @ Cs. If H is isomorphic to one of the groups in {C4,Cy @ Cy,C3 @ C3}, then
d*(H) = ny — 1. If H = Oy ® Cy, then d(G) = d*(G) as outlined above. Suppose that H = C3.
Then G = C5 @ C,, and we set ng = 2m. If m is even, then again [15, Corollary 4.2.13] implies that
d(G) = d*(G). If m is odd, then this follows from [2]. O

We need the following characterization of decomposable subsets.

Lemma 6.3. Let G be a finite abelian group and Gy C G a subset.

1. The following statements are equivalent :
(a) Go is decomposable.
(b) There are nonempty subsets G1,Go C Go such that Gy = G1WGs and B(Go) = B(G1)xB(G2).
(¢) There are nonempty subsets G1,Ga C Gy such that Gy = G1WGy and A(Gy) = A(G1)WA(G2).
(d) There are nonempty subsets G1,Ga C Gy such that (Go) = (G1) & (Ga).

2. There exist uniquely determined t € N and (up to order) uniquely determined nonempty indecom-
posable sets Gy, ...,Gy C Gy such that

t t
Go=W G, and (Go)=ED(G.).
v=1 v=1
Proof. 1. See [40, Lemma 3.7] and [3, Lemma 3.2].
2. See [40, Proposition 3.10]. O

We need the invariant

m(G) = max{min A(Gy) | Gy C G is a non-half-factorial subset with k(A) > 1 for all A € A(Gy)}.

Lemma 6.4. Let G be a finite abelian group, Go C G a subset with min A(Gy) = max A*(G), and let
Gy = UZ:1 G, be the decomposition into indecomposable components. If exp(G) > m(G) + 2, then each
component G, is either half-factorial or equal to {—g.,g,} for some g, € G with ord(g,) = exp(G), and
there exists at least one non-half-factorial component.

Proof. See [41, Corollary 5.2]. O
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Proposition 6.5. Let ny,no € N with nq |ny and 6 < ny < ng, and let G be a finite abelian group with
exp(G) = ny and d(G) = ny + na — 2. Suppose that, for all k € N, the sets

Ly = {(kzng—l—3)+(n1 —2)+(n2—2)}u ((2k+3)—|—{0,n1—2,n2—2}+{u(n2—2) lve [O,k]}) € L(G).
Then G is isomorphic to one of the following groups
Ch, ®Chy, C5®Ch, withs € {ny1—2,n,—1},CP @ CLHC,,, Co®Chpy 1B Chy with2|(ng—1)|ny.

Proof. We set G = H @ C,,, where H C G is a subgroup with exp(H) |nq2. If H is cyclic, then d(G) =
|H|+ na — 2 whence |H| =ny and G 2 C,, ® Cy,. From now on we suppose that H is non-cyclic. Since
d(H) +n2 — 1 < d(G) = ny + ny — 2, it follows that d(H) < n; — 1, and hence exp(H) < D(H) < ny.
Since exp(H) = ny would imply that H is cyclic of order nq, it follows that exp(H) < n; — 1. We have
r(H) <d(H) <ny —1. If r(H) =ny — 1, then H = Cy" " and hence G = Cy* ' @ C,,,. Thus from now
on we suppose that r(H) € [2,n; — 2].
We start with the following two assertions.
Al. exp(G) > m(G) + 2.
A2. Let Gy C G with min A(Gy) = ny — 2. Then Gy = {g, —g} U G1 where ord(g) = na, G1 C G is
half-factorial, and (G1) N (g) = {0}.

Proof of A1l. Assume to the contrary that no < m(G) + 2, and hence m(G) > ny — 2. By [42,
Proposition 3.6], we have
m(G) < max{r*(G) — 1,K(G) — 1}.
We have r*(G) < log, |G|, K(G) < % +1og|G| < 3 + log, |G| by Proposition 2.3, and hence

1
m(G) < ) + log, |G].
IftH=Chp, ®...8Ch., where s,mq,...,ms € Nwith s=r(H) >2and 1 <mq| ... |ms|ne, then

logy |H| = logym; <Y (m; —1) =d*(H) < d(H).
1=1 1=1

Therefore we obtain that

1 1 1
ny—2<m(G) < -3 + log, |G| = —3 + logy na + log, |H| < 3 + logy no + d(H)

3 3 ng
§—§+10g2n2+n1 §—§+10g2n2+—

2
and hence
no 1
> < logyna + 3
a contradiction to ny > 7. O(Proof of A1)

Proof of A2. By Lemma 6.3, Gy has a decomposition into indecomposable subsets, say Go = U,_,G,,.
Proposition 3.3.2 implies that max A*(G) = nas — 2 = min A(Gp). By Al and Lemma 6.4, the sets G,
have the following structure: there is an s € [1,¢] such that G, = {—g,, g, } with ord(g,) = ns for each
v € [1,s], and Gs41,. .., Gy are half-factorial. Since, by Lemma 6.3.2,

t
(Go) =Gy CG=H®C,, and exp(H)<na,
v=1

it follows that s = 1. O(Proof of A2)

By assumption, for every k € N the sets Ly =
{kns +3) + (m = 2) + (n2 = 2) } U (2K +3) + {0,01 — 2,05 — 2} + {vl(n2 — 2) | v € [0.K]}) € £(G).
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Clearly, these sets are AAMPs with difference ng — 2 and period {0,n1 — 2,19 — 2} and, for all sufficiently
large k € N, Ly, is not an AAMP with some difference d which is not a multiple of ny — 2 ([18, Theorem
4.2.7]). Let k € N be sufficiently large. In the course of the proof we will meet certain bounds and will
assume that k exceeds all of them.

We choose By, € B(G) such that L(By) = Li. By [18, Proposition 9.4.9], there exist an M; € N
(not depending on k) such that By = Vi.Sk, where Vi, and Sy are zero-sum sequences with the following
properties:

minA(supp(Vk)) =ngs—2 and |Sk| < My,
(indeed in the terminology of Proposition 9.4.9, we have Vi, € V [V] and Sk € B(G)[U, V] for a given full
almost generating set U; but we do not need these additional properties). By A2, we obtain that

supp(Vi) = {—9k, 95} U A, where ord(gx) = na and Ay C G is half-factorial with (gx) N (Ax) = {0}.

Since for each two elements g, ¢’ € G with ord(g) = ord(g’) = na, there is a group automorphism ¢: G — G
with ¢(g) = ¢', and since L(B) = L(p(B)) for all B € B(G), we may assume without restriction that
there is a g € G such that g = gr. Applying a further automorphism if necessary we may suppose that
G =H o (g).
We continue with the assertion
A3. There exist a constant My € N (not depending on k), Cx, € B(supp(V%)) and Dy, € B(G*®) with the
following properties:

e By =CyDy,
o |Dy| < Mo,
e For any factorization z = Wy -...- W, € Z(By) with Wy,...,W, € A(G) there are I, J such
that [1,7] = I J, [T,c; Wi = Cp and [T,, W = Dy
Proof of A3. Let z = Xq-...- X,Y1-...-Yp be a factorization of By, where Xq,...,X,,Y1,...,Ys are
atoms, and Y7, ..., Yp are precisely those atoms which contain some element from S;. Then 8 < |Si| < M,
and X -...- X, divides V}; (in B(G)). For any element a € supp(Vy) let m,(z) € No be maximal such
that ¢®*4(®)™a(2) divides X; -...- X,. Since 8 < M, there is a constant M3(z) € N (not depending on k)

such that v, (Bg) — ord(a)m,(z) < M3(z). Now we define, for each a € supp(Vy),
me = min{m,(z) | z € Z(Bk)},

Cr = H a*d@ma and Dy = Ck_lBk.
aesupp(Vi)
Since there is a constant Ms € N (not depending on k) such that v,(Bj) — ord(a)m, < Mj for all
a € supp(Vy), there is a constant My € N (not depending on k) such that

[Di| = |Bx| — |Ck| < M>. O(Proof of A3)

Since Cj € B(supp(Vi)), L(Ck) is an arithmetical progression with difference ny — 2, and by A3 we
have
L(Bi) =L(Cx) +L(Dx) = | (m+L(C)).
meL(Dy)
Assume to the contrary that L(Dg) = {m}. Then —m + L, = —m + L(Bx) = L(Cx) € L(C,,), a
contradiction to Proposition 3.6.2. This implies that |[L(Dy)| > 1. Since supp(Cy) C supp(Vi) C {—g,9}U
Ay, where Ay, is half-factorial and (g) N (Ax) = {0}, it follows that Cy, = C,C}/, with C}, € B({g,—g}),
CYl € B(Ag), L(Cy) = L(C},) + L(CY) and |L(CY)| = 1. Thus, if L(C}) = {m4}, then
L(Cy) = L(CLO™) and L(By) = L(CyDy) = L(CLO™ Dy).
Therefore, after changing notation if necessary, we suppose from now on that

By, = Cy Dy, L(By) = L(Ck) + L(Dy), where supp(C) C {0,g,—g} and Dy, € B(G) with |Dy| < M.
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We continue with the assertion
A4. e Let T € F(G) with T'| Dy. If T' € A(B4)(G)), then o(T) € {0,9, —g, (n1 — 1)g, —(n1 — 1)g}.

elfz=T-...- T, € Zp , (c)(Dx) with T1,..., T, € A(B(y)(G)), then at most one of the
elements o(11),...,0(T,) does not lie in {0, g, —g}.
Proof of A4. This follows from Proposition 3.8. O(Proof of A4)
We shall use the following notation. If z =T} -...- T is as above, then we set

o(z) =o(Th)-...-o(Ty) € F({g)),
and we continue with the assertion
AS5.
Loy Br) = U Loy (Cro(2),
ZEZB<9>(G)(Dk)
and the union on the right hand side consists of at least two distinct sets which are not contained
in each other.

Proof of A5. Assume to the contrary that all sets of lengths on the right hand side are contained in
one fixed set L1 = Lg((g))(Cro(z*)) with z* € Zp,, (G)(Dk). Then L(By) € L(Cy,), a contradiction to
Proposition 3.6.

To show that the set on the left side is in the union on the right side, we choose a factorization
2 =Wy-...-W, € Zga)(Bx), where Wy, ..., W, € A(G). For each v € [1,7], we set W, = X,)Y,, where
X,,Y, € F(G) such that

Cpr=X1-...- Xy and Dp=Yi-...-Y,.
For each v € [1,7], we have o(W,) = 0 € G, hence o(Y,,) = —0(X,) € (g), Y, € By (G), and we choose
a factorization z, € Zp,, (G)(Y,). Then

Z=21"..." 2y € ZB<9>(G)(D1€)-

Then, for each v € [1,7], W) = X,0(2,) € A({g)) and W] -...- W] = Cio(z) € F({g)). Therefore
Z' = Wll ot W’/Y S ZB(<9>)(CkU(Z)) and

|2*] =~ = |2'| € Lpg)) (Cro(2)).

Conversely, let z =51 -...- S € Zg , (¢)(Dk) and 2" = Wi -...- W] € Zp((g)) (Cro(2)) be given, where
S1,..,9 € A(Bigy (G)), Wi,..., W € A({g)), and we write
o(z)=s1-...-sg, where s1 =0 (51),...,83 =0(53).

Note that sy, ..., sg satisfy the properties given in A4. We continue with the following

Assertion: We can find a renumbering such that
W =s,T, with T, € F({—g,g}) forallvell,j].
Proof of the Assertion. We proceed in three steps.

First, we may assume without restriction that s1 = ... =ss =0and 0 ¢ {ss41,...,53}. Then at least 6
of the W7i,..., W, are equal to 0. After renumbering if necessary, we may suppose that Wi = ... = Wy =0,
andweset Ty =...=Ts =1¢€ F({—g,9}).

Second, suppose thereis a v € [§+1, ] such that s, € {(n1—1)g,n2—(n1—1)g}, say v = 6+1. Then s541
divides (in F(G)) one element of {Wy, ..., W, }, say Wy, ;. Then weset Ts1 = sgjlwgﬂ € F({—g,9})-
To handle the last step, we observe that, by A4, all remaining s, lie in {—g, g}. Since § < |Dg| < My
and the multiplicities of g and of —¢g in C}, are growing with k, and k is sufficiently large, for each v < 3
the product [[}_, W{ is divisible by g and by —g. Thus we can pick a suitable W, and the assertion
follows. O
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Now we define

WI/ —

v

S, T, for each vell,p],
W) foreach ve[g+1,7].
Then, by construction, we have
By=W{ ... -W/.
Let v € [1,]. Since W, € A((g)), it follows that T}, € F((g)) is zero-sum free. Since S, € A(B,(G)),
it follows that W € A(G). Thus WY',..., W5 € A(G), and we have constructed a factorization of By of
length v = |2/ O(Proof of A5)

A6. Let
z=Ty-...-T, € ZB<g>(G)(Dk and 2 = Tll o -T,IY/ S ZB<g>(G)(Dk)7

)
where 7,7 € N, T, ..., T, T7,..., T}, € A(B(y5(G)), and z # 2. Furthermore, let
F=Cro(Ty)-...-0(Ty) € B({g)) and F'=Cro(Ty)-...-o(T}) € B((g)),
and define
F =SF and F' = SF,, where S, Fy,Fy € F((g)) and S = gedz (g (F, F').
Then one of the following statements holds:
(i) d(z,2") > ny — 1.
(il) {F1, Fo} = {((—g)g)", 0"} with v € N.
Proof of A6. Note that gcd(Fy, Fz) =1, o(Fy) = o(F2) = —0a(5), Cx | S, and
(%) dz(s,,, () (2,2") = dr(g) (F, F') = drg)) (F1, F2) = max{|Fi], | F»|} .
Since |F| = |Cy|+ |z], [F1] +|S| = |Ck| +[2], [F2| +[S] = [Ck| 4 |2'|, we obtain that [F3| — |Fi| = [2/| 2]
and
() d(z,2) 2 [l2| = [2']| + 2 = || Fy| = | P2 | + 2.

Using (%) and (#x) we observe that max{|F1|,|Fz|} > ni; — 1 as well as ‘|F1| — |F2|‘ > ny — 3 implies (i).
To simplify the discussion we suppose that max{|Fi|,|Fa|} < ni —1 (of course we could also assume that
max{|F1|, |F2|} < ni — 2; the slightly weaker assumption allows us to give a more complete description
of (F1, F») without additional efforts). Based on the structural description of o(z) and o(z’) given in A4
we distinguish four cases.

CASE 1: o(z)o(2') € F({0,9,—g}).

We set
S = (9")" ((=9)™)" ((=9)9)" (39)" 0",
where § € {—1,1}, k1,...,ks € Ng and ks < ny. We distinguish two cases.
CASE 1.1: Fi=1lor Fy =1,say Fy, =1.
Then o(S) =0, o(F1) =0, and k4 = 0. We have F; = OVU(Fl)((—g)g)Vg(Fl) and |Fy| > 0. Then
min L(SF;) = minL(S) = ki+ka+ks+ks and minL(SFy) = k1+ko+ks+ks+vo(Fi)+vg(F1)—e(ne—2)
where
)0 R34 vy(Fr) <na
|1 otherwise '
Thus vo (F1)+v,(F) is congruent to min L(SF; ) —min L(SF>) modulo ny —2 and hence congruent either to
0 or to nq —2 or to (ng —2)—(n1 —2) = ne —ny modulo ny —2. Since 0 < |Fy| = vo(F1)+2vy(F1) < nj—1,
it follows that (vo(F1),vge(F1)) € {(n1 —2,0),{n1 —3,1)}, hence |Fi| — |F2| = |Fi| > n1 — 2, and thus (i)
holds.
CASE 1.2: I} # 1 and F; # 1.
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By symmetry we may suppose that 0t Fy. Then g | Fy or (—g) | F1, and by symmetry we may suppose
that g | Fy. We distinguish two cases.

CASE 1.2.1: (—g)| F1.

Then Fy = 0"(F2) and hence o(S) = 0 = o(F}). This implies ks = 0 and Fy = ((—g)g)"""™. Then
min L(SFQ) =ki + ko + k3 +V0(F2) + ks and min L(SFl) =ki+ ko + ks + Vg(Fl) — 6(712 — 2) + ks
where € € {0,1}. Thus vo(Fz) — vy (F1) is congruent to min L(SFy) — min L(SF;) modulo ng — 2 and hence

congruent either to 0 or to n; — 2 or to ne — ny modulo ny — 2. This implies that either
Vo(FQ):Vg(Fl) or Vo(FQ):Vg(F1)+TL172 or Vg(Fl):Vo(F2)+TL172

If vo(F2) = vy (F1) + n1 — 2, then v (F71) > 1 implies that |Fy| > vo(F2) > nq — 1, and hence (i) holds.

If vy (F1) = vo(F2) +n1 — 2, then vo(Fz) > 1 implies that vg(Fy) > ng — 1 whence |Fi| = 2vy(Fy) >
2(n1 — 1) > ny, a contradiction.

If vo(F») = v4(F1), then (ii) holds.

CASE 1.2.2: (—g)1 I}.

Then F} = ¢"sU") and Fy = (—g)'-s(2)0v () Note that v, (Fy) 4+ v_,(F2) > 0, v4(
0,71 — 1], and ny > 2ny. However, o(F1) = o(F») implies that v,(Fi) + v_ (Fg) =
contradiction.

CASE 2: o(2)o(2') € ((n1 — 1)9) F({0,—g,9}) or o(2)a(2) € (= (n1 —1)g)F({0, —g,}).

After applying the group automorphism which sends each h € G onto its negative if necessary, we may

suppose that o(2)o(z’) € ((n1—1)g) F({0,—g,g}). After exchanging z and 2’ if necessary we may suppose

that o(z) € F({0,—g,9}) and o(z’) € ((m — 1)9)]:({0, —3g,9}).

We set . . . .
S=(9")" ((=9)")" ((~9)9) " (9g)"" 0%,

where § € {—1,1}, k1,...,ks € Ny and k3 < ng. If o(Fy) = 0, then o(F») = 0 and hence |F3| > nq, a
contradiction. Thus it follows that o(Fy) # 0, and hence there are the following three cases.
CASE 2.1: g|Fy and (—g) | F1.

Then Fp, = ((n1 — 1)g)OVO(F2) and hence o(Fy) = (ny — 1)g = o(F1) = (vg(Fl) — v_g(Fl))g, a
contradiction to |Fy| < n; — 1.
CASE 2.2: g|Fy and (—g) 1 F1.

Then Fy = g¥s(Fw(f) B, = ((m — 1)g)(—g)"l_l_"g(Fl)O""(FZ), and we can write SF; and SF, as
follows:

Fr),v_y(F2) €
0 mod ns, a

SFL = (9")" ((=9)")" ((—g)g) 0t ol

SF, = (gnz)ll ((_g)nz)IZ ((_g)g)ls—Vg(Fl)Ol4+va(Fz)(((nl _ 1)9)(_g)n1—1)

where l1,...,ls € No, Iy = vo(5), and I3 > v4(F1) (the last inequality holds because k is large enough).
Therefore
my =1l +1la+1l3+1s+vo(F1) € Ly,
and
mo =11 +1la+13 —Vg(Fl) + Uy +VO(F2) +1€ Ly

which implies that m1 — ma = vo(F1) + vg(F1) — vo(F>) — 1 is congruent to either 0 or to n; — 2 or to
ny — nq1 modulo ny — 2. We distinguish three cases.
CASE 2.2.1: Vo(Fl) +Vg(F1) = VQ(FQ) +1 mod ng — 2.

Since |F1| < nq and |Fa| < nq, it follows that vo(F1) + vg(F1) = vo(F) + 1. Since

|F2| = Vo(FQ) + 1 —|— (n1 -1 Vg(Fl))
= Vo(Fl) +Vg(F1) + (n1 —1- Vg(Fl)) =Ny — 1 +V0(F1),

it follows that |F»| > ny — 1 and hence (i) holds.
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CASE 2.2.2: Vo(Fl) +V9(F1) = Vo(FQ) +ny — 1 mod ng — 2.
Similarly, we obtain that vo(F1) + vg(F1) = vo(F2) +n1 — 1. Thus |Fy| > ny — 1 and hence (i) holds.
CASE 2.2.3: vo(F1) 4+ vy(F1) =na —nqy +vo(F2) +1 mod ng — 2.
We obtain that vo(F1) + vg(F1) = —(n1 — 3) + vo(F2) which implies that vo(F») > ni — 3. Therefore
|F2| = VQ(FQ) + 1 + ny — 1-— Vg(Fl) =N + VQ(Fl) + (n1 — 3) — VQ(FQ) + Vo(FQ)
= 2711 — 3+V0(F1) 2 ny,
a contradiction.

CASE 2.3: gt F; and (—g) | F1.
Then
= (_g)Vfg(Fl)OVO(Fl) and Fy = ((711 _ 1)g)gn2—("1—1)—V—9(F1)0V0(F2) )
We can write SF; and S5 as

SFy (nz) ( g)m)lz((79)9)13014+V“(F1) and

l
=(¢")"((~

SFE, — no l _\n2 l _ l3_V79(F1)0l4+v0(F2) na—(ni1—1) 1

b= (9")" ((=9)") " ((—9)9) g ((n1 —1)g)
where l4,...,14 € No, Iy = vo(5), and I3 > v_4(F7) (the last inequality holds because k is large enough).
Therefore

my =l + 1o+ 13+ 14 +vo(F1) € Ly
and
me =11+ 1o+ 13— V,g(Fl) + 1y +V0(F2) +1€ L.

which implies that m; — me = vo(F1) + v_g(F1) — vo(F2) — 1 is congruent to either 0 or to n; — 2 or to
ng — nq1 modulo ny — 2. We distinguish three cases.
CASE 2.3.1: Vo(Fl) +V_g(F1) = VQ(FQ) +1 mod nog — 2.

We obtain that vo(F1) + v_g(F1) = vo(F2) + 1 and hence

|F2| =1 —+ Vo(FQ) —+ Nng — (n1 — 1) — V,g(Fl) = Vo(Fl) —+ ng — (n1 — 1) Z ni,

a contradiction.
CASE 2.3.2: Vo(Fl) +V_g(F1) = VQ(FQ) +ny — 1 mod nNg — 2.

We obtain that vo(F1) + v_g(F1) = vo(F2) + n1 — 1. Therefore |Fy| > ny — 1 and hence (i) holds.
CASE 2.3.3: V()(Fl) +V79(F1) =nNg — N1 +V0(F2) + 1 mod ng — 2.

We obtain that vo(F1) + v_g(F1) = vo(F2) — n1 + 3 and therefore

|F2| = Vo(FQ) + 1 + no — (n1 — 1) — V_g(Fl) = Vo(Fl) + ny — 3 + 1 + no — (7’Ll — 1)
=vo(F1) —14+ny >nq,

a contradiction.

2 2
CASE 3: o(2)o(2') € ((n1 —1)g) " F({0,~g.9}) or o(z)o(z') € (— (n1 —1)g)" F({0, ~g,g}).
After applying the group automorphism which sends each h € G onto its negative if necessary, we

may suppose that o(z)o(z') € ((m — 1)9)2.7({0, —g,9}), whence o(z) € ((m — l)g)]-'({O, —g,9}) and
a(2') € ((n1 — 1)g) F({0, ~g, g}).

We set . . . .

S =((n1=1)9)(g")" ((=9)")" ((—9)9) " (5g)"*0*,
where § € {—1,1}, k1,..., ks € Ng and ks < ny. We distinguish two cases.
CASE 3.1: Fi=1lor F, =1,say F, =1.

Since Fy = 1, it follows that L(S) C Ly. Let I3 € L(Fy). Then {3 + L(S) C Li and hence [y is congruent
either to 0 or to ny —2 or to ng —nq modulo ny —2. Since I; > 0, it follows that |Fy|—|Fy| = |F1| > n1 — 2,
and hence (i) holds.

CASE 3.2: F1 75 1 and F2 75 1.



40 ALFRED GEROLDINGER AND WOLFGANG A. SCHMID

We have 0t Fy or 01 Fy, say 01 Fy. Then g| Fy or (—g) | F1. We distinguish three cases.
CASE 3.2.1: ¢g|Fy and (—g) 1 Fi.
Then Fy = ¢%") and Fy = (—g)¥-sU2)0v0 (). Since o(F)) = o(F), it follows that vy (F))+v_,(Fy) =

0 mod ne, and hence
n2

max{vy(F1),v_4(F2)} > > >ni,

a contradiction.
CASE 3.2.2: g|F, and (—g) | F1.
Then (—g)g | F1 whence Fy = 0Y0(F2), This implies that 0 = o(Fy) = o(F;) and thus F; = ((fg)g)Vg(Fl).
As above it follows that v, (F1) —vo(F3) is congruent either to 0 or to n; — 2 or to ng —n; modulo ny — 2.
If vy (Fy) = vo(F3), then (ii) holds.
If vy (Fy) = vo(F2) + n1 — 2, then |Fy| = 2vy(F1) > 2nq — 4 > nq, a contradiction.
Suppose that vy (F1) — vo(F2) = na —n1 mod ng — 2. Then |F1| < ng implies that vy (Fy) — vo(Fr) =
—n1 + 2. Since v, (F1) > 1, it follows that |Fa| > vo(F2) > ny — 1, and hence (i) holds.
CASE 3.2.3: gt Fy and (—g) | F}.
Then Fy = (—g)"-20") and Fy = ¢¥s(2)0v0(F2). Since o(F}) = o (F), it follows that v_,(Fy)+v,(Fy) =

0 mod ne, and hence
n2

max{v_y(F1),vy(F2)} > > >ny,

a contradiction.
CASE 4: o(2)o(2') € ((n1 — 1)g)( — (n1 — 1)g)f({0, —g,9}).

After exchanging z and 2’ if necessary we may suppose that o(z) € ((ny — 1)g)F({0,—g,g}) and
o(z') e ( —(ny — 1)g).7:({0, —9,9}). We set

SFL = (6")" ((-9)™) " ((9(=9))" ((m — )g(—g)™ 1ol
and , ,

SEy = (975 ((—9)™) " ((9(~9))" (( —(m — 1)9)9”1‘1)Ol4+v°(F2>
where Iy,05,...,13,1,14 € Np.

Since
Fr = ((n1 = 1)g)g" " (=g) 20l and = (= (n1 —1)g) ") (—g)¥-2Fove ),
it follows that
(n1 =1+ vg(F1) —v_g(F1))g = 0(F1) = 0(F2) = (=1 + 1+ vy (F2) = v_y(F2))g
and hence
2n1 — 2 = (vg(F2) — vg(F1)) + (vog(F1) = v_g(F2)) mod ns.

We distinguish four cases.

CASE 4.1: g|F; and (—g) | Fi.
Then vy (F>) = 0 = v_,4(F>) and hence

2n1 — 2= —vy(F1) +v_y(F1) mod ng.
If ng > 3ng, then |Fi| > ng, a contradiction. Thus ny = 2ny, v_g(F1) + 2 = v4(F1) mod ne, and so
V_g(F1) +2 = vy(F1). Therefore we obtain that

no\l1 no l2 l3—v Fl)_(nl_l) no n|— V )
SEy = (g")" ((—9)™)" ((9(~9)) "™ (-9) (( — (m —1)g)g 1)0"‘+ o(F2)
Therefore
mi =y +12+l3+l4+1+V0(F1) € Ly
and
mo =11 +lo+ 13+ 14 — (Vg(F1)+7’Ll —1)+2+V0(F2) € Ly
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which implies that m1 — mga = vo(F1) — vo(F2) + vg(F1) + n1 — 2 is congruent to either 0 or to ny — 2 or
to ne —n1 modulo ny — 2. We distinguish three cases.
CASE 4.1.1: V()(Fl) —+ Vg(Fl) +ny = V()(FQ) +2 mod ny — 2.

The left and the right hand side cannot be equal, since v, (F1) > 2 would imply that |Fa| > vo(Fh) > n;.
Therefore we have

Vo (F1) +vg(F1) + ny = vo(F) + ne
and thus |F1| > vo(F1) + vg(F1) > ne — ny = nq, a contradiction.
CASE 4.1.2: vo(F1) 4+ vg(F1) + ni = vo(F) +n1 mod ng — 2.

This implies that vo(F1) + vy (F1) = vo(F2) whence vo(F) > vy (F1) > 2, vo(Fy) = 0, and vy (Fy) =
vo(F2). Therefore we obtain Fy = ((ny —1)g)g*oF2) (—g)*(F2)=2 and 5 = (— (n; —1)g)0*#2). Now con-
sider a factorization z; of SFy which is divisible by the atom X = ((n;—1)g)g™ ™ and by (g(fg))vo(FQ)ﬁ.
It gives rise to a factorization

2= aX " (g(—g) P (( —(m - 1)9)9"1_1)0V°(F2) € Z(SF)

of length |29| = |21| — (1 + vo(F) — 2) + 1 + vo(F2) = |21] + 2. Since ny > 5 and min A(Ly) = min{n; —
2,n9 —n1} > 3, L cannot contain the lengths |z1] and |z1| 4+ 2 = |22|, a contradiction.
CASE 4.1.3: Vo(Fl) +Vg(F1) = VQ(FQ) +2 mod nog — 2.

This implies that vo(F1) 4 vg(F1) = vo(F2) + 2. Since v, (F1) > 3, it follows that vo(F>) > 0 and hence
vo(F1) = 0. Therefore we obtain Fy = ((ny —1)g)g"0F»)+2(—g)* () and F, = (— (ny —1)g)0"° ). Now
consider a factorization 2 of SF» which is divisible by the atom X = (— (ny — 1)g)(—g)™ ™. It gives
rise to a factorization

2] = ZQXfl()*V“(FZ) ((Th — 1)9(79)71171) ((*Q)Q)VO(FZHQ
of length |z1]| = |22| + 2, a contradiction.
CASE 4.2: g|Fy and (—g) 1 F1.
Then vy (F>) = 0 = v_,4(F1), hence
N9 72n1+25vg(F1)+v,g(F2) mod no
and thus no — 2n1 + 2 = vy(F1) + v_4(F>). Furthermore, we obtain that
ng —2ny + 2
max{vgy(F1),v_g(F2)} > % )
and hence ny € {2n1,3n2}. We obtain that

SFy = (9")" ((—g)™) " ((g(—g)) "= (g)ne (( —(m1 — 1)9)9"1*1)01‘*”‘)(&)

Therefore
mi :ll+12+13+l4+1+V0(F1) e Ly
and
mo =11 +lo+ 13+ 14 — (Vg(Fl) +ny — 1)+2+V0(F2) € Ly

which implies that mi — ma = vo(F1) — vo(F2) + vg(F1) + n1 — 2 is congruent to either 0 or to ny — 2 or
to ne —n1 modulo ny — 2. We distinguish three cases.
CASE 4.2.1: vo(F1) 4+ vg(F1) +n1 = vo(Fa) +2 mod ng — 2.

The left and the right hand side cannot be equal, because otherwise we would have |Fy| > vo(F)+1 >
n1. Therefore we have

V()(Fl) + Vg(Fl) +ny = Vo(FQ) —+ no
and thus |F1| > vo(F1) + vg(F1) > ne — ny > nq, a contradiction.
CASE 4.2.2: Vo(Fl) + Vg(Fl) +n = Vo(Fg) +nq mod no — 2.
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This implies that vo(F1) + vg(F1) = vo(F2) whence vo(Fz) > vg(F1) > 1, vo(F1) = 0, and vy(Fy) =
vo(F»). Therefore we obtain Fy = ((m — 1)g)g"°(F2) and Fh = (— (ny — 1)g)(—g)"2_2"1+2_V°(F2)0"°(F2)
and hence |Fz| = 1 4 ng — 2ny + 2 which implies that ne = 2n;y and |Fs| = 3. Thus vo(F2) € {1,2}.

Suppose that vo(Fz) = 1. Then vy(Fy) =1, F1 = ((n1—1)g)g, and F» = (— (n1—1)g)(—¢)0. Consider
a factorization z; of SFy divisible by X = ((m — 1)g)g”1+1. This gives rise to a factorization

29 =21 X"'0((—9)g) (( —(m — 1)9)9"1_1)
of length |z = |z1| + 2, a contradiction.
Suppose that vo(F2) = 2. Then vy(Fy) =2, F; = ((n1 — 1)g)¢% and F> = ( — (n; —1)g)0%. Consider
a factorization z; of SF; divisible by X = ((m — 1)g)g”1+1. This gives rise to a factorization

29 = lefl()Q(( —(n1 — 1)g)g”171)
of length |z2| = |21| + 2, a contradiction.
CASE 4.2.3: Vo(Fl) +V9(F1) = Vo(Fg) “+ no — 2TL1 +2 mod ng — 2.

Suppose that ne = 3n1. Then vo(Fy) +vy(F1) = vo(F2) +n1+2 mod ne — 2, and equality cannot hold
because |Fy| > vo(F1) + vg(F1). This implies that (ng —2) 4+ vo(F1) + vy (F1) = vo(F2) + n1 + 2 and hence
2n1 — 4+ vo(F1) + vy (F1) = vo(F3), a contradiction to vo(Fz) < |Fa| < nq — 1.

This implies that no = 2ny and vo(F1) + vg(F1) = vo(F2) + 2. Since 2 = vy (F1) + v_4(F3), we infer
that vy (F1) € [1,2].

Suppose vy(Fi) = 2. Then v_y(F2) = 0 and vo(Fy) = vo(F2) = 0, and we have Fy = ((n; —1)g)g* and
= (— (n1— 1)g). Consider a factorization 2z, of SFh containing the atom X = (— (ny — 1)g)(—g)”1+1.
This gives rise to a factorization

2 = ng‘l(((m — 1)9)(—9)’“_1) ((—=9)9)

of length |z1| = |22] + 2, a contradiction.
Suppose vy(Fy) = 1. Then v_y(F2) = 1, vo(F1) = 1, vo(F2) = 0, and we have F; = ((n1 — 1)g)g0

and F, = (— (n1 — l)g) (—g). Consider a factorization z; of SF, containing the atom X = ( — (ny —

2

1)g)(—g)™*'. This gives rise to a factorization

21 = 2X (= 1)9)(=9)™ ") ((~9)9)0
of length |z1]| = |22| + 2, a contradiction.

CASE 4.3: gt Fy and (—g) | F1.
Then vy (Fy) = 0 and v_,(F>) = 0 and hence

2n1 — 2 =vy(Fr) +v_g(F1) mod ny.
This implies that vy (F») = v_g(F1) = ny — 1 and hence |Fi| > n; and |F»| > nq, a contradiction.
CASE 4.4: g+t Fy and (—g) 1 F1.
Then vy (F1) = 0= v_,4(F1) and hence
2n1 —2 = vy (Fr) —v_4(F2) mod ng.

If ny > 3nq, then |F3| > nq, a contradiction. Thus ne = 2ny and hence vy (Fs) = v_,(F3) — 2. Therefore
we obtain that

na\l1 no\l2 latvg (F2)—(n1—-1 no ny— Vv 2
SFy = (g")" ((—9)™)" ((9(~9)) 7M7Y (gyme ((—ma + 1)g)gmH)oltvolF)
Therefore

mi =y +12+l3+l4+1+V0(F1) € Ly
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and
mg=l1+lg+lg+l4+vg(F2)—(n1—1)+2+V0(F2) € Ly

which implies that m1 —ma = vo(F1) —vo(F2) —vg(F2) + (n1 — 1) — 1 is congruent to either 0 or to n; —2
or to no — ny modulo ny — 2. We distinguish three cases.

CASE 4.4.1: Vo(FQ) +Vg(F2) = VQ(Fl) +ny — 2 mod nNg — 2.
This implies that vo(Fs) + vy (F2) = vo(F1) + n1 — 2, and hence |[Fa| > v_g(Fs) > vy(F2) +2 > nq, a
contradiction.

CASE 4.4.2: vo(F2) 4+ vy(F2) + (n1 —2) = vo(F1) +n1 —2 mod ng — 2.

This implies that vo(F2) 4+ vq(F2) = vo(F1) and hence vo(Fz) = 0. Therefore we obtain that Fy =
((n1 — 1)g)0 ) and F = (— (ng — 1)g)g"oU")(—g)F)+2. Now consider a factorization z; of SF}
containing the atom X = ((ny — 1)g)g™ ™. This gives rise to a factorization

2= 2 X7 (= (m = 1)g)g™ ") (—g)g)™" P00

of length |z = |z1| + 2, a contradiction.
CASE 4.4.3: vo(F2) 4+ vg(F2) + (n2 —n1) = vo(F1) +np —2 mod ng — 2.

Since ng = 2n4, the congruence simplifies to vo(Fs) + v4(Fz) + 2 = vo(F1) mod ng — 2 which im-
plies that vo(F2) 4+ vy(F2) + 2 = vo(Fy). Thus vo(Fz) = 0, F} = ((n1 — 1)g)OVU(F1), and Fr = (—
(n1 — 1)g) g0 =2(—g)* () Now consider a factorization 21 of SF; containing the atom X = ((n; —
1)g)(—g)™~'. This gives rise to a factorization

29 = Z1X_1 (( —(ng — 1)9) (*g)nﬁ_l) ((*Q)Q)VO(FI)_2O_V°(F1)

of length |z2| = |21] — 2, a contradiction. O(Proof of A6)

We state the final assertion
AT. ny — 1 S CB<Q>(G) (Dk)
Proof of A7. By A5, we have
Lec)(Bk) = U Ls((gy) (Cro(2)) ,
2€Z5 4 (@) (Dk)

and the union on the right hand side consists of at least two distinct sets which are not contained in each
other. Assume to the contrary that cs , (q) (Dr) < ny — 2 and choose a factorization zy € Zlg(g)(G)(Dk).

We assert that for each 2 € Z () (Dx) there exists an l(z) € Z such that o(z) = 0(29)0~42) ((fg)g)l(z).
Let z € Zp,,, (c)(Dy) be given, and let 2o, ..., 2y = z be an (n1 — 2)-chain of factorizations concatenating
zo and z. Since d(z;—1, z;) < n1 —1, it follows that the pair (z;_1, 2;) is of type (ii) in A6 for each ¢ € [1, k].
Therefore o(z;) = o(2;_1)07k ((fg)g)li for some l; € Z and each i € [1, k], and hence the assertion follows
with I(z) =11 + ...+ .

We choose a factorization z* € ZB<Q>(G)(Dk) such that

I(z") =max{l(z) | z € Z5,,(G) (Di)},
and assert that
Li((g))(Cro(2)) C Lp((g))(Cro(2")) foreach z€Zp , (a)(Dk).

Let z € Zp,,, (@)(Dy) be given. Then o(z*) = a(z)O_(l(Z*)_l(z))((—g)g)l(z*)_l(z). If

V€ Zay (Cro(2)),  then 0~ (D7) (=g)g) ™ € Zg ) (Cro ("))
is a factorization of length |y[, and hence Lg((4y)(Cro(2)) C Lg((gy)(Cro(z¥)).
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Therefore we obtain that

Lec)(Be) = U Lo (Cro(2)) = L(Cra(z")),
ZGZB<g>(G)(Dk)

a contradiction to the fact that this union consists of least two distinct sets which are not contained in
each other. O(Proof of A7)

Using A7 and Proposition 2.5.2, we infer that
m —1<cp, () (Dr) < (B (G)) = c(B(G/{g))) <D(G/{g)) = D(H) <ni.

We distinguish two cases.
CASE 1: c¢(B(G/{g))) = ni1.

Then D(G/(g)) = n1, Proposition 2.4.1 implies that G/(g) is either cyclic of order n; or an elementary
2-group of rank n; — 1. Since H = G/{g), it follows that G = C,,, ® C,,, or G = Cy ' @ Cp,.
CASE 2: c¢(B(G/{g))) =n1— 1.

We distinguish two cases.

CASE 2.1: D(G/(g)) = n1.

Then Proposition 2.4.2 implies that G/(g) is isomorphic either to Co & C),, 1, where ny — 1 is even, or
to C;“_‘l @ Cy. Since H = G/{g), it follows that G = Cy ® C,,, -1 ® C),, or G = 031_4 e CyL Ch,.
CASE 2.2: D(G/{g)) =n1 — 1.

Then c(B(G/{g))) = D(G/(g)) = n1 — 1, and (again by Proposition 2.4.1) G/(g) is cyclic of order
ny — 1 or an elementary 2-group of rank n; — 2. If G/(g) is cyclic, then G has rank two and d(G) =
d(G/{g)) +d({(g)) =n1 —2+n2 —1 <ny +n2 —2 =d(G), a contradiction. Thus G/(g) is an elementary
2-group and G = C3' "2 @ Cp,. O

Finally we are able to prove the main result of this paper.

Proof of Theorem 1.1. Let G be an abelian group such that £(G) = L(Cy,, ® Cy,) where ny,ne € N with
ny |n2 and ny + ng > 4.

Proposition 6.1 implies that G is finite with exp(G) = n2 and d(G) = d(Cy, ® Cp,) = n1 + ng — 2.
If n1 = ng, then G = C),, & C),, by Proposition 6.1.2. Thus we may suppose that ny < ny, and we set
G = H @ Cy,, where H C G is a subgroup with exp(H) | na. If nq € [1,5], then the assertion follows from
Proposition 6.2.3, and hence we suppose that n; > 6. Since L(G) = L(C,,, ®C,,), Proposition 3.5 implies
that, for each k € N, the sets

Lig = {(kna +3) + (m = 2) + (2 = 2) b U (2K +3) + {0,m1 = 2,m0 = 2} + {v(n2 — 2) | v € [0, 4]})
are in £(G). Therefore Proposition 6.5 implies that G is isomorphic to one of the following groups
Cp, ®Chy, C5®C,, with s € {nj—2,n,—1},C* @ CLdC,,, Co®Chy_1®Chy with 2] (ny1—1)|ny.
Since

d(CH 0L ®Chy) =11 +1n2 —2=d(G) and d*(Co @ Cpy—1 @ Cpy) =n1 +ns — 2 =d(G),

Proposition 6.2.2 implies that G cannot be isomorphic to any of these two groups. Proposition 3.7 (with
k=0, n=ng, and r =ng — 1) implies that

{2,n9,m1 +n2 —2} € LICP 2D C,,) CLICT @ Chy).

However, Proposition 5.1 shows that {2,n2,n1 +ns — 2} ¢ L(Cy, ® Cp,) = L(G). Therefore it follows
that G = Cy,, @ Ch,. O
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