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STABILITY OF VARIATIONAL EIGENVALUES
FOR THE FRACTIONAL p—LAPLACIAN

LORENZO BRASCO, ENEA PARINI, AND MARCO SQUASSINA

ABSTRACT. By virtue of I'—convergence arguments, we investigate the stability of variational
eigenvalues associated with a given topological index for the fractional p—Laplacian operator,
in the singular limit as the nonlocal operator converges to the p—Laplacian. We also obtain the
convergence of the corresponding normalized eigenfunctions in a suitable fractional norm.
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1. INTRODUCTION

1.1. Overview. Let 1 < p < oo, s € (0,1) and let © C RY be a bounded domain with
Lipschitz boundary 9€2. Recently, the following nonlocal nonlinear operator was considered
[7,9,20,24-26,29], namely

Ju(@) — u(y)[P~? (u(z) —u(y))
|z — y|N+sp

(1.1) (—Ap)°u(z) :=2 lim dy, r e RV,

eNO0 JRrN \Be(z)

For p = 2, this definition coincides (up to a normalization constant depending on N and s,
see [8]) with the linear fractional Laplacian (—A)*, defined by

(A =F 1t oMoF,
where F is the Fourier transform operator and M is the multiplication by [£|?%.
2010 Mathematics Subject Classification. 35P30, 49J35, 49J45.
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2 BRASCO, PARINI, AND SQUASSINA

Many efforts have been devoted to the study of problems involving the fractional p—Laplacian
operator, among which we mention eigenvalue problems [7,20,24,29], regularity theory [14,20,25,
27,28] and existence of solutions within the framework of Morse theory [26]. For the motivations
that lead to the study of such operators, we refer the reader to the contribution [9] of Caffarelli.

In this paper, we are concerned with Dirichlet eigenvalues of (—A,)® on the set . These are
the real (positive) numbers A\ admitting nontrivial solutions to the following problem

{(—Ap)su = Au[P~2u, in Q,

1.2
(1.2) u =0, in RV \ Q.

It is known that it is possible to construct an infinite sequence of such eigenvalues diverging to
400. This is done by means of variational methods similar to the so-called Courant minimaz
principle, that we briefly recall below. Then our main concern is the study of the singular limit
of these variational eigenvalues as s /* 1, in which case the limiting problem of (1.2) is formally
given by

(13) —Apu = X|ulP?u, inQ,
u =0, on 01},

where Apu = div(|Vu[P~2 Vu) is the familiar p—Laplace operator.

In order to neatly present the subject, we first need some definitions. The natural setting for
equations involving the operator (—A,)® is the space W;* (RY), defined as the completion of
C5°(RY) with respect to the standard Gagliardo semi-norm

(1.4) )iy = </RN /RN ) ’Nﬂ)ppd dy>117.

Furthermore, in order to take the Dirichlet condition u = 0 in R \ © into account, we consider
the space

Wg’p(ﬂ) = {u RV SR : [ulysp@yy < +oo and u =0 in RN\ Q},

endowed with (1.4). Since Q is Lipschitz, the latter coincides with the space used in [6,7] and
defined as the completion of C§°(£2) with respect to [ |y s.p@n~). Then equation (1.2) has to be
intended in the following weak sense:

/ / Ju(x) — u(@)P~? (u(x) — u(y)) (p(z) — ()
RN JRN

|z — y|N+sp

dx dy = )\/ |ulP~2 u o de,
Q

for every ¢ € WS P(€Q). Let us introduce

Sop() = {u € WP (Q) : lull ooy =1} and  S1,(R) = {u € We™(9) : Jull o) = 1}
The m—th (variational) eigenvalues of (1.2) and (1.3) can be obtained as

s — : p
(15) )\m,p(Q) = Kel/l\}%fp(ﬂ) Iglea})(( [U]Ws,p(RN)v

and

1 R : p
Amp(§Y) i= Kevl;;ﬂfp (o IVullpnq)-

In the previous formulas, we noted for 0 < s <1

Wi p(Q) = {K C S ,(Q) : K symmetric and compact, i(K) > m},



STABILITY OF EIGENVALUES FOR THE FRACTIONAL p—LAPLACIAN 3

and i(K) denotes the Krasnosel’skii genus of K. We recall that for every nonempty and sym-
metric subset A C X of a Banach space, its Krasnosel’skii genus is defined by

(1.6) i(A) = inf {k € N : 3 a continuous odd map f: A — Skil} ,

with the convention that i(A) = +o0, if no such an integer k exists. For completeness, we also
mention that for m = 1 and m = 2 the previous definitions coincide with

Alp(Q) = uegi,izfl(ﬂ)[u]ng’p(RN)’ global minimum,
and
A5 p(€2) = inf max [U]I;VS,,,(RN), mountain pass level,

’Yer(ulv_ul) uE’Y([Ovl])
where u is a minimizer associated with A{ ,(€2) and I'(u1, —u1) is the set of continuous paths
on Ss () connecting u; and —u (see [11] for the local case, [7] for the nonlocal one).

Remark 1.1. For the limit problem (1.3), the continuity with respect to p of the (variational)
eigenvalues A}, has been first studied by Lindqvist [30] and Huang [23] in the case of the
first and second eigenvalue, respectively. Then the problem has been tackled in more generality
in [10,31,34]. We also cite the recent paper [13] where some generalizations (presence of a weight
function, unbounded set ) have been considered.

1.2. Main result. In order to motivate the investigation pursued in the present paper, it is
useful to observe that based upon the results by Bourgain, Brezis and Mironescu [3,4], we have
that if W, (Q)

(1.7) sy (1= ) [y ) = K0 V) [V 0

(see Proposition 2.2 below). The constant K (p, N) is given by
1

(1.8) K(p, N) = / (o, )P dHN (o), eSSV
p Jsn-1

It is not difficult to see that, due to symmetry reasons, the definition of K(p, N) is indeed
independent of the direction e € SV~1.

Formula (1.7) naturally leads to argue that the nonlocal variational eigenvalues A7, , could
converge (once properly renormalized) to the local ones )\}n,p. This is the content of the main
result of the paper. Observe that we can also assure convergence of the eigenfunctions in suitable
(fractional) Sobolev norms.

Theorem 1.2. Let Q ¢ RY be an open and bounded Lipschitz set. For any 1 < p < oo and
m € N\ {0}

Moreover, if us is an eigenfunction of (1.2) corresponding to the variational eigenvalue A3, ,(€2)
and such that ||us||r(q) = 1, then there exists a sequence {us, fren C {us}se(o,1) such that

lim [us, — U]Wt,q(RN) =0, for every p < g < oo and every 0 < t < B,
k—ro0 q
where w is an eigenfunction of (1.3) corresponding to the variational eigenvalue X}, (Q), such

that HuHLp(Q) =1.



4 BRASCO, PARINI, AND SQUASSINA

Remark 1.3 (The case p = 2). To the best of our knowledge this result is new already in the
linear case p = 2, namely for the fractional Laplacian operator (—A)®. In the theory of stochastic
partial differential equations this corresponds to the case of a stable Lévy process. The kernel
corresponding to (—A)® determines the probability distribution of jumps in the value of the
stock price, assigning less probability to big jumps as s increases to 1. Therefore, since the
parameter s has to be determined through empirical data, the stability of the spectrum with
respect to s allows for more reliable models of random jump-diffusions, see [2] for more details.

It is also useful to recall that for p = 2, problems (1.2) and (1.3) admit only a discrete set
of eigenvalues, whose associated eigenfunctions give an Hilbertian basis of L?(£2) (once properly
renormalized). Then we have that these eigenvalues coincide with those defined by (1.5), see
Theorem A.2 below.

As one of the main ingredients of the proof of Theorem 1.2, we need a I'—convergence result
for Gagliardo semi-norms, proven in Theorem 3.1 below. Namely, by defining the family of
functionals &% : LP(Q) — [0, 00] as

1 _ —
8, (1) i= {(1 — 8)? [ulwspmny, if u e Wyr(Q),

400 otherwise,

and &1 : LP(Q) — [0, 00] by

1 .
) i A KON [Vulln@), i we WeP(Q),
* +00 otherwise.

we prove that for s, 1 we have
(1.9) E1pu) = (r ~ lim gk,,) (u),  forall u e LP(Q),

where I' — lim denotes the I'—limit of functionals, with respect to the norm topology of LP(£2).
We refer to [12] for the relevant definitions and facts needed about I'—convergence.

Remark 1.4. We point out that a related I'—convergence result can be found in the literature,
see [35, Theorem 8] by A. Ponce. While his result is for the semi-norms (1 — s) [ Jyys»(q) on
a bounded set (2, ours is for the semi-norms (1 — s) [ |y sp@n~) on the whole RN. Moreover,
the techniques used in the proofs are slightly different, indeed for the I' — liminf inequality
we follow the one used in [1] for the s—perimeter functional. Such a proof exploits a blow-
up technique, introduced by Fonseca and Miiller in the context of lower-semicontinuity for
quasi-convex functionals, see [19]. As a byproduct of the method, we obtain a variational
characterization of the constant K(p, N) appearing in the limit (see Lemma 3.8 below), which
is quite typical of the blow-up procedure.

Remark 1.5. In Theorem 1.2 the variational eigenvalues are defined by means of the Kras-
nosel’skii genus, but the same result still holds by replacing it with a general index ¢ having the
following properties:

(i) i(K) € N\ {0} is defined whenever K # () is a compact and symmetric subset of a
topological vector space, such that 0 € K

(ii) if X is a topological vector space and ) # K C X \ {0} is compact and symmetric, then
there exists U C X \ {0} open set such that K C U and i(K) < i(K) for any compact,
symmetric and nonempty K CcCU;
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(iii) if X,Y are two topological vector spaces, ) # K C X \ {0} is compact and symmetric
and 7 : K — Y \ {0} is continuous and odd, then i(7(K)) > i(K).

Apart from the Krasnosel’skil genus, other examples are the Zo—cohomological indez [17] and
the Ljusternik-Schnirelman Category [36, Chapter 2].

1.3. Plan of the paper. In Section 2, we collect various preliminary results, such as sharp
functional inequalities and convergence properties in the singular limit s 1. We point out
that even if most of the results of this section are well-known, we need to prove them in order to
carefully trace the sharp dependence on the parameter s in all the estimates. In Section 3, we
prove the I'—convergence (1.9). For completeness, we also include a convergence result for dual
norms, in the spirit of Bourgain-Brezis-Mironescu’s result. Then the main result Theorem 1.2 is
proven in Section 4. An Appendix on the case p = 2 closes the paper and contributes to make
it self-contained.

Acknowledgements. We thank Guido De Philippis and Sunra Mosconi for some useful biblio-
graphical comments and Matias Reivesle for a discussion on Poincaré inequalities. The research
was partially supported by Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro
Applicazioni (INdAM). Part of this paper was written during a visit of L. B. and E. P. in Verona
and of M. S. in Marseille, as well as during the XXV Italian Workshop on Calculus of Varia-
tions held in Levico Terme, in February 2015. Hosting institutions and organizers are gratefully
acknowledged.

2. PRELIMINARIES

2.1. From nonlocal to local. We will systematically use the following result from [3].

Theorem 2.1. Let 1 < p < 0o and let @ C RN be an open bounded set with Lipschitz boundary.
Then, for every u € WHP(Q), we have

(2.1) B (L= ) [y = K.V [Vl g,

where K(p, N) is defined in (1.8).
More precisely, we will need the following extension of Theorem 2.1.

Proposition 2.2. Let 1 < p < oo and let @ C RN be an open bounded set with Lipschitz
boundary. Assume that u € Wol’p(Q), then we have

22) By (1~ 8) [l ) = K N) 90l
where K(p, N) > 0 is defined in (1.8).

Proof. Let u € Wol’p(Q), we observe that u € WJ"P(RY) for all s € (0,1) thanks to Corollary 2.4
below. Furthermore, since (2 is a bounded set, by virtue of Theorem 2.1 we have

tsn(1 = 5) o) = K N) [Vl ooy
Let us first prove that (2.2) holds for u € C§°(£2). Recalling that u = 0 outside 2, we have

p _
(1 — 3) [U]Ws,p(RN) = (1 ) [ ]Wg 2 () + 2 / /RN\Q ’[E — ’N+Sp dx dy
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This yields
- P
y/‘n%(l—s) [u]wsyp(RN) K(p,N / \Vu|pdx+2hm (1—s / /RN\Q \x—y\N+SP dy dx.

Since u € C§°(Q2), we have dist(0K, 0Q) > 0 where K is the support of u. It follows that

u(z)[P / 1
VI g ) da < | —
/Q(/RN\Q |z — y|[Ntsp Y H HLP rV\Q Ok (y) VTP Y

where we set dx(y) = dist (y, 0K). Hence, there exists a constant C = C(N,p) > 0, such that
if R = dist(RY \ Q,0K) > 0, then we have

1 1 C
@g/ ——_dy=ZRer,
/]RN\Q O (y)Ntsp RM\B(0,R) Y|V TP s

: |u(z) P
hml—s/ / ————dy | de =0,
8/1( ) Q ( rV\Q [T —y[N TP Y

and the claim is proved for u € C§°(2).

It follows that

Assume now that u € T/VO1 P(Q). Then there exists a sequence {¢;}jen C C§(R2) such that
l¢j — ullwrp@ny — 0 as j — oo. In turn, by inequality (2.13) below we have
(1- 5) (9 — Wlwsr@ny < C V(6 —u)llLr()s

with C' independent of s and j. Thus for every € > 0, there exists jo € N independent of s such
that

(2.3) IV ullin@) = 196l ooy < V65 = Vulliaey < ¢

and consequently
1 1
(1- 3) [¢J]W5P(RN) (1—s)? [U]Wsm(RN)‘ <(1-s)rlp;— U]WSJ’(RN) <Ceg,
for every j > jo. Then for every j > jo

1
(1-s)7 [Pjlwer@ny —€ < (1= 8)7 [ulpsp@mny < (1 - 5)v [Pjlwen@ny + &,
for every j > jo. By using the first part of the proof we thus get for every j > jp

1 , 1 1
K(p, N)? [[Vo;llpriq) — € < glffq(l —8)7 [ulwspmyy < K(p, N)? [Vjllo) + €

If we now use (2.3) and exploit the arbitrariness of ¢ > 0, we get (2.2) for a general u €
Wo(Q O
0" ().

2.2. Some functional inequalities. At first, we present an interpolation inequality.

Proposition 2.3 (Interpolation inequality). For everyt € (0,1) and 1 <p < q <r < +oo, we

set
r —
w4
q'r—p

Then, for every u € C(C]’O(RN) and every 0 < s < a, we have

1

1
1 Q@ (1-0) 1 2 (1-0)
20 s udeagen <€ (25 ) " Mol Tl oy (0= 0% B

o — S
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where C = C(N,p,q) >0 and 0 = 0(p,q,r) € [0,1) is defined by'

(2.5) hg=—1°L
r—=p 4
In the limit case t = 1, the previous holds in the form
1
1 a (1-0) 2 (1-6)
26 st ey <€ (525) T Tl Bl 190 )

Proof. We first consider the case ¢ € (0, 1) Let u € C°(RY), then we have

lu(x + h) x)|? / / u(x 4+ h) — u(x)|?
» dz dh + dz dh.
Uyeagen) /{|h|>1} /RN \h|N+Sq (hl<1} JRN |h|N+Sq

The first integral is estimated by

|u(z 4+ h) — u(x)|? _1/ / dh
< 94 q q _ar
/{h>1} /RN L dadh < o (L (juta+ W7 + u(@)|?) da v

dh
— 9 @ a4
/{|h|>1} |h|N+sa </RN fu x)

NwN2 a(1-6)
H HLP RN H HLr RN

where 6 € [0, 1) is determined by scaling invariance and is given precisely by (2.5). In conclusion,

\uac—i—h —u( )’q NLUNQ q(1-6)
en [ e dedn < T ) el

For the other term, for every ¢ > s we have

lu(z + h) — u(z / </ u(z + h) —u(z)|? > dh
d dh = dx
/{|h|<1} /RN |h|NFsa (n<1}y \Jr~ |h|td |h|N+(s=0)q

jue+h) —u(@)p "7
AM<H<AQ = )

<
0
, 4 dh
We choose
14 . pr—q
2. _— = .e. = — =
(2.8) 0 t, ie. / i a,
and use [6, Lemma A.1], i.e
lu(z +h) — u(x)[?
(2.9) (éN e < C =0 g,

for some C'= C(N,p) > 0. On the other hand, we have

(s ) s ([ )

or r = 400, o and 6 are defined accordingly by a = t§ and 0 = %.

3|
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Thus we get
(2.10)
q(1-0)

IL‘ + h ( )| C 0 1
dx dh < q — wt N
/{|h|<1} /]RN |h!N+Sq h< a — 2 o HL”" (RN) ((1 t)? [ul P(R )) ’

where C' = C(N,p, q ) > 0. By combining (2.7) and (2.10), we get

q(1-9)

9) C 1
Il 22 gy + = 2 gy (=003 flnam) "

[u]%[/s,q(RN —=

possibly with a dlfferent C = C(N,p,q) > 0. We now use the previous inequality with u,(z) =
u(z x~'/9) and optimize in x > 0. We get

a—s (1-0)
X [u](‘zj[/s,q(RN) || H%p ]RN || ||Lr RN
(2.11) C’ 1 q(1-9)
< —— |l an) (1=07 [wer@y)

still for some constant C' = C(N,p, q) > 0. Observe that by hypothesis on s we have o — s > 0.
The left-hand side of (2.11) is maximal for

_|a—ss [u ](I]/VS‘I(RN)
XO=\ 7o ¢, a0
el 5y lel97 @y
Thus we get
a—s a2
a—ss\ ° s [U]Wssq(RN) C 1 q(1-9)
(“22) " s e < o 2 ey (= 0% Bilrena)) "
* ullf RN) - ullg
that is
C o \¢ (1-6) 0 1 o (1=6)
v < (5 22 ) Bl Tl (1= 05 Bilwesgen)

with C' = C(N,p,q) > 0.

In order to prove (2.6), it is sufficient to repeat the previous proof, this time replacing the choice
(2.8) by

- l
EZBT q’ so that —— =1,
qr—op 1-46

_ p
TR
RN |h[P RN

in place of (2.9), which follows from basic calculus and invariance by translations of the LP
norm. O

and then using that

Corollary 2.4. Let 1 <p < oo and s € (0,1). Then, for every u € C(RY), we have
(1
(2.12) 5 (1= 8) [l ey < Cllull S [VUll32 vy

for some constant C = C(N,p) > 0. In particular, if @ C RN is an open bounded set with
Lipschitz boundary, then we have Wol’p(Q) C WSP(RY) and

s—1
(213) s 8) [y, < C M@ [Vull, g we We(9),
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where C = C(N,p) > 0.

Proof. In order to prove (2.12), it is sufficient to use (2.6) with ¢ = p and observe that in this
case « = 1 and 6 = 0.

For u € C§°(Q2), by inequality (2.12) we get

C (1-s) s
[U]gvs,p(RN) < ﬂ H“HLp(Q)p ||VUHL]Z(Q)'

If we now apply the Poincaré inequality for I/VO1 P(Q2) on the right-hand side, we obtain inequality
(2.13) for functions in C§°(Q2). By using density of C§°(f2) in the space Wol’p(Q), we get the
desired conclusion. O

We also recall the following result by Maz’ya and Shaponishkova, see [33, Theorem 1].

Theorem 2.5 (Sobolev inequality). Let 1 < p < oo and s € (0,1) be such that sp < N. Then
for the sharp Sobolev constant we have

N
(2.14) Tnps:=  sup (/ |u N—op dz)
uEWSP(RN) RN

for some T =T (N,p) > 0.

Theorem 2.6 (Hardy inequality for convex sets). Let 1 < p < oo and s € (0,1) with sp > 1.
Then for any conver domain Q C RN and every u € C§°(Q) we have

—1\P P
(2.15) (Spp > Crp

with dq(x) = dist(x, 0?) and Cn, a costant depending on N and p only.

N—sp

s ulwsrwyy = 1} <Ts(l-s),

u
s
59

<(1-s) [“P;Vs,p(g)-
Lr(Q)

Proof. For a proof of Hardy inequality without sharp constant we refer to [15, Theorem 1.1].
The sharp constant for convex sets was obtained in [32, Theorem 1.2], where it is proven

u lIP

5 <=5yl

p
Wen (@)
LP(Q)

DN,p,s

The optimal constant Dy, s is given by

We claim that

(216) DN,p,s > <

sp—1\? Cnyp
P 1—s

Indeed, by concavity of the map 7 — 7(67~1/P we have

sp—1 —1
LZSP

1—r» (1—r), r > 0.
p

Thus we get

1(1—Tspp_1)p Sp—l p 1 Sp—l p 1
/ — g dr > () / (1—r)P 18P dr = < > i
o (I—mr)ttsp p 0 p p(l—ys)
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On the other hand, from the definition of I" we also have

1 1 o pe 1 _
F( +sp)2/ P e _/ tpTle_tdt::cl(p)>O,
2 0 0
+oo _
F<N+Sp>§/t2 fdt+/ =
2 0 1

By using these estimates, we get (2.16). U

and also

(p) > 0.

The next result is a Poincaré inequality for Gagliardo semi-norms. This is classical, but as
always we have to carefully trace the sharp dependence on s of the constants concerned.

Proposition 2.7 (Poincaré inequalities). Let s € (0,1) and 1 < p < co. Let @ C RN be an
open and bounded set. Then

(2.17) [ull} ) < C diam(2)*7 (1= 8) [l vy, € CE(9),

for a constant C = C(N,p) > 0. Moreover, if Q2 is convex and sp > 1, then

(2.18) [ wll7, diam(Q)*P (1 — s) [ul? u e Cy (),

< C
Q) = (sp — 1)[) Wep(Q)

possibly with a different constant C = C(N,p) > 0, still independent of s.

Proof. Since Q is bounded, we have Q C Bgr(xg), with 2 R = diam(Q) and zo € Q. Let h € RV
be such that |h| > 2 R, so that

r+heRV\Q, for every x € .

Then for every u € C§°(£2) we have
/\u \pdx—/|ux+h _—_ )|de</ lu(z + h) — u(z)? do

_ p
_Wsp/ lu(z + h) — u(x)| da
RN |h|sP

< |hPPCNyp (1 = 5) [U]IP;VS»P(IR{N)’

where in the last estimate we used [6, Lemma A.1]. By taking the infimum on the admissible
h, we get (2.17).

Let us now suppose that € is convex and sp > 1. In order to prove (2.18), we proceed as in
the proof of [6, Proposition B.1]. For every u € C§°(£2) we have

p —
[U]WS’P(RN) - WSP + 2 / /]RN\Q |IE _ |N+sp dx dy.

In order to estimate the last term, we first observe that, if dq(z) = dist(z, 0Q2), we get

1
dmdyﬁ/ / —————dy | |u(z)Pdx
/ /]RN\Q |z — |N+Sp Q ( RN\ Bs, (2) (%) |z — y‘NJrSp [ul=)]

oo —1-sp p |u|p
= Nuwy 0 do | |u(x)|Pdx < Nwy 57 dz,
Q \Jéq(z) Q YQ
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where we also used that sp > 1. We can now use Hardy inequality (2.15) , so to obtain

p
D 1—s
<N b .
//RN\Q |z — \N+sp dvdy < Nwy <sp—1> Cnyp [eliwr oy

By also using that 1 — s < 1, we finally get

p
p p 1 p
i < [+ 28 (7] 2] iy

By combining this, (2.17) and observing that p/(sp — 1) > 1, we get (2.18). O

Remark 2.8. Observe that the constant in (2.18) degenerates as sp goes to 1. This is in
accordance with the fact that for sp < 1 a Poincaré inequality like (2.18) is not possible (see [7,
Remark 2.7]).

2.3. Dual spaces. Let Q C RY be as always an open and bounded set with Lipschitz boundary.
Let 1 < p < oo and s € (0,1], we set p’ = p/(p — 1) and

WP (Q) = {F : Wg’p(Q) — R : F linear and continuous} :
The following is the dual version of (2.13).

Lemma 2.9. Let F' € W™*P(Q2), then we have

1
I3 s—1

C s—1
(2.19) Fhy-sen < (57=55) " Ohal®) 7 ¥l
Proof. By (2.13) we have

1
C P s—1 .
s < (55) OL@®) T 1Vulle. v GF@),

thus for every u € C§°(2) \ {0} we have

() 2(3(1—3))11(&17(9))1; ()

[u]ys.0 (mV) C [Vl Lr ()

By taking the supremum over u, the conclusion follows from the definition of dual norm. ([

If F € W= (Q), by a simple homogeneity argument (i.e. replacing v by tu and then
optimizing in t) we have

N 1 (Pl o))"
max  {(Fu) — (1—s) [’ :() L (WFlwere ™
ueWS*’(Q>{< )= (0 W ) p) ¥ ( (1—s)7

where (-, -) here denotes the relevant duality product. In particular we get

1
P’

[

”FHWfs,p’(Q)

(2'2()) - 1 — p; <_p/ I~nin {(1 - 3) [u]];vs,p(RN) - <F7 u>}>

(1—s)r ueWeP (Q)
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2.4. A bit of regularity. We conclude this section with a regularity result. Once again, our
main concern is the dependence on s of the constants entering in the relevant estimates.

L* bound for eigenfunctions. Let 1 < p < oo and s € (0,1) be such that sp # N. If
u € WiP(Q) is an eigenfunction of (—Ap)* with eigenvalue N, then we have:

e ifsp< N
2
(2.21) lullzeoy < [C5 (1= ) A] 7 llull oo,
for a constant C = C'(N,p) > 0;
o ifsp>N
0 s—I N
(2:22) [u(2) — u(y)| < [C (1= 5)A]" Jullpoy l2 = "7, @,y eRY.
and in particular
1
: .
(2:23) lulleq) < [ (1= ) A]” llull oo diamm (©)° 7,

still for a constant C = C(N,p) > 0.

Proof. In the subconformal case sp < N, it is sufficient to use the Maz’ya-Shaposhnikova result
(2.14) in conjunction with [6, Theorem 3.3 & Remark 3.4] and [7, Remark 3.2].

For sp > N, we already know that Wg’p(ﬂ) < C05=N/P_but of course we need to estimate the
embedding costant in terms of s. We take 7o € RY and R > 0. We consider the ball Br(x)
having radius R centered at xg, then we have

P
/ u —][ udz| dx < / ][ lu(x) — u(z)|P dz dz
Br(zo) Br(zo) Br(z0) / Br(zo)

We now observe that

/ ][ lu(z) —u(z)P dzdx < / (f lu(z) — u(z)P dz) dx
Br(zo) Y Br(zo) Br(zo) B r(2)
= / (f lu(z) —u(z + h)|P dh) dz,
Br(zo) B2 r(0)

so that by exchanging the order of integration in the last integral

P
/ U — ][ udz
Br(zo) Br(zo)

for C = C(N) > 0. If we now divide by R" and use once again [6, Lemma A.1], we get

][ U —][ udz
Br(zo) Br(zo)

By arbitrariness of R and zg, we obtain that u is in C%*~/?(RY) by Campanato’s Theorem
(see [21, Theorem 2.9]), with the estimate

— p
de < C (2 R)sp sup / |U($U) UEZL‘ + h)| dz,
0<|h|<2 R J Br(zo) |h|sP

1
N
p

dm)p <C@2R 7 (1-s)

3=

[U]Ws,p (RN)Y-

(2.24) () — uly)| < C (1= 8)7 [ulyenmm o — 97,
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where C = C(N,p) > 0. The last estimate is true for every u € Wos’p(ﬂ). On the other hand, if
u € W5P(Q) is an eigenfunction with eigenvalue A, then we also have

1
[u]ysp@mny = AP ||ul[Lo().-

By inserting this estimate in (2.24), we get (2.22). Finally, the estimate (2.23) follows from

(2.22) by taking y € RV \ Q. O

Remark 2.10. Though we will not need it here, for the conformal case sp = N a global L*
estimate can be found in [6, Theorem 3.3].

3. A I'-CONVERGENCE RESULT

In this section we will prove the following result.

Theorem 3.1 (I'—convergence). Let 1 < p < 0o and Q C RN be an open and bounded set, with
Lipschitz boundary. We consider {sk}nen a sequence of strictly increasing positive number, such
that s, goes to 1 as h goes to co. Then

(3.1) E1p(u) = (r — lim (gg,w,,) (W),  for allu € LP(Q).

This I'—convergence result will follow from Propositions 3.10 and 3.3 below. Before proceeding
further with the proof of this result, let us highlight that by combining Theorem 3.1 and [12,
Proposition 6.25], we get the following.

Corollary 3.2. Under the assumptions of Theorem 3.1, we also consider a sequence of functions
{Fs, }ken C LP(Q) weakly converging in LP' (Q) to F. If we introduce the functionals defined on
LP(9) by

(3.2) Fsp(u) 1= &, p(u)?P +/QFS’“ udz and Fipu) ==& p(u)?P + /QFud:n,

then we also have

Fiplu) = (F — lim ffsk,p> (u), for all u € LP(Q).

h—o00

3.1. The I' — limsup inequality.

Proposition 3.3 (I' — limsup inequality). Let uw € LP(Q) and let {si}ren be a sequence of
strictly increasing positive numbers, such that si converges to 1 as k goes to co. Then there
exists a sequence {uytren C Wi (Q) such that
lim sup &4, (ur)? < &1y (w)”.
k—o0
Proof. If u ¢ Wol’p(Q), there is nothing to prove, thus let us take u € Wol’p(Q). If we take the

constant sequence ur = u and then apply the modification of Bourgain-Brezis-Mironescu result
of Proposition 2.2, we obtain

fimsup(1 — 51) [0y gy = K. ) [ [Val?do

h—o0

concluding the proof. O
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In order to prove the I' — lim inf inequality, we need to find a different characterization of the
constant K (p, N'). The rest of this subsection is devoted to this issue.

In what follows, we note by @ = (—1/2,1/2)" the N—dimensional cube of side length 1.
Given a € RV, we define the linear function ¥,(x) = (a, ). For every a € S¥~!, we define the
constant

(3-3) L(p, N:a) := inf {lirsn/i{lf(l —8) [us]fang) ¢ Us = Vo in LP(Q)} .

On such a constant, a few remarks are in order.
Remark 3.4. If a € RY with |a| # 0, then we have
. .. . a
(3.4) inf {hgn/}{lf(l ) [US]];VS,p(Q) tug = e in LP(Q)} = |a|PT <p, N; W) .
Remark 3.5. For every 1 < p < co and every a € SV~! we have
(3.5) I'(p, N;a) < K(p,N),
where K (p, N) is the constant defined in (1.8). Indeed, by definition of I'(p, N;a), if we take
the constant sequence us = ¥, and use the Bourgain-Brezis-Mironescu result, we get
['(p,N;a) < lign/ilnf(l —5) [\Pa]gvsm(Q) = K(p,N) /Q VU, |Pdx.

This proves (3.5), since V¥, has unit norm in LP(Q).

We are going to prove that indeed K (p, N) =I'(p, N;a) for every a € S¥~1. To this aim, we
first need a couple of technical results. In what follows, by W;*(Q) we note the completion of
C3°(Q) with respect to the semi-norm

o= ([, o)

SNfl

Lemma 3.6. For every 1 < p < oo and every a € we have

(3.6) I'(p,N;a)=inf {lirsnfi?f(l —s) [vs]gvs,p@) s — Wy in LP(Q), vs — ¥, € Wg’p(Q)} .

Proof. Of course, we already know that

I'(p,N;a) < inf {lilsn/i{lf(l —s) [vs]’évsyp(Q) cvs — Uy in LP(Q), vs — ¥, € WOSW(Q)} :

In order to prove the reverse inequality, let us take a sequence {si}ren such that 0 < s < 1
and s 1. Then we take {vy}ren such that

(1 — Sk) [’Ukj]WSk’p(Q) < 400 and k:linc}o Hvk - \IfaHLp(Q) =0.

Without loss of generality, we can assume that s p > 1, so that for the space W7*?(€) we have
the Poincaré inequality (2.18). We introduce a smooth cut-off function 0 < 7 < 1 such that

n=1, on 7Q, n =0 on 0Q, |V17|§1 ,
-7

for a parameter 0 < 7 < 1. Then we define the sequence {wy }ren by

wg =N+ Yo (1 —n).
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We observe that by construction we have wy, — ¥, € Wi (Q). Moreover we have

/ |wg, — WulP do = / NP v, — WulP do < / log — Vo lP du,
Q Q Q

thus wy, still converges in LP(Q) to ¥,. We now have to estimate the Gagliardo semi-norm of
wg. To this aim, we first observe that

oe() 1(2) + (@) (1 = () = (ve(y) n(y) + aly)
(3.7) =mm@mm—w<0 (1 Mw( o(@) = Wa(y)
+ (@) = n®)) (k) — Taly))-

Let us set

Vie.y) = m>7“*?ﬁf Gz ) = (1~ n(2))
r—=y°r

2(o.9) = "= (u49) - wa).

o —y|»

Then by definition of wg, (3.7) and Minkowski inequality we have

and

[wilwser@) = IV +11+ Z| r0x0) < IVIIzr@@xq) + I zr@@xq) + 121l 2r@x @)

- (/Q Q |U\];(:Ii) ;‘ Nvi(i/i'p n(x)? dx dy) z
! </Q /Q Nj\c;(gi) y}fi‘;i?"’ (1 —n(2)) dx dy) g

([ T o)~ el d )

Qlq lz—
By using the properties of 7, we have obtained

1
‘\Ija(‘r) — \I/a(y)’p !
[wk]WSkJ’(Q) < ['Uk]WSkaP(Q) + </Q /Q\TQ o — [N o dx dy

+1f7<A(mey$¥ww>wm”‘%@W@O;

We have to estimate the last two integrals. By recalling that W,(z) = (a,z), we have?

W, (2) = Wa(y)|? 1 C
//‘r @)M@NM@<// e Y <
QJavwrq lw—yltrer QJa\rq o —y|trmrmr 1-

2We use that

1 1 1 C
s = [ s [ dy =,
/Q e N Ay B

(3.8)

—le\ral

with C' = C(N,p) > 0



16 BRASCO, PARINI, AND SQUASSINA

For the other integral, we have

1
) k() - Ta()Pdz ) < ——— vk — Tal o),
([ ([ yivemsss ) 1) = watpae ) T e Tl

with C'= C(N, p) > 0. By collecting all these estimates and using them in (3.8), we get

1 .. 1
li]cn_l)ggf(l - Sk)P [wk]WSk’P(Q) < h]?_l}g%f(l - Sk)l’ [Uk]WSkvP(Q)

c .
+1_ hkrgngvk—\I/aHLp(Q)+C|Q\7Q|

= liminf(1 — s3)? [vp]wsrr (@) + C1Q\ T Q.

k—o0
By arbitrariness of 0 < 7 < 1, this finally proves the desired result. O

Lemma 3.7. Let a € SN~! and let ¥, (x) = {(a,z). For every 1 < p < co and s € (0,1) such
that sp > 1, we define ug as the unique solution of

3.9 i (o) f v — T e WEP(Q)}.
(3.9) e {[vwer@) 1 v Ya € Wo(Q)]

Then, us converges to W, in LP(Q2) as s goes to 1. Moreover, we have

P
Wep(Q)

1 . P
(3.10) K(p.N) = lim(1 = 5) [Walfy0 g

= lim(1 - ) u]

Proof. Since we are interested in the limit as s goes to 1, without loss of generality we can
further assume that s > (p — 1)/p as well, i.e.

1 p—-1
s>max{,p}.
p P

The existence of a (unique by strict convexity) solution us follows by the Direct Methods, since
coercivity of the functional u — [u]ysp(@) can be inferred thanks to Poincaré inequality (2.18)
(here we use the assumption sp > 1). Let ¢ € W;P(Q), by minimality of us, there holds

us(r) —u P=2(ug(z) — usg

|z — y|Nsp

By minimality of us, we also get

(3.12) [uslwer@) < [Yalwer(q),

since V¥, is admissible for the variational problem. On the other hand, the linear function ¥, is
“almost” a solution of problem (3.9). To see this, we first observe that

"l’a(‘r) B ‘Ila(y)|p_1
//N p— Y drdy < +o0,
oJrvvg |z — Y

provided that s > (p — 1)/p, thus for every ¢ € C5°(Q) the double integral

/ / ‘\I}a(x) — \Ila(y)‘p72 (lI/a(m) — \I}a(y))

|z — y|[Ntep

(p(x) — »(y)) dz dy,
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is well-defined and absolutely convergent (remember we are assuming s > (p — 1)/p). Most
importantly, by symmetry reasons

x) — U, (y)|P~2 (T, (x) — T,
/RN /RNNJa( = |(g)—| |1\§ip( )= Tuly) (p(x) —p(y)) de dy
a,r —y)|P 2(a. 1 —
Q/RN /RN - _\y|N<+sp W () de dy

co [ ot ([ 1 1 g

This implies

/ / el |:c )_|P |21§iaz§$) —Laly) (p(z) — ¢(y)) dz dy
- ‘/ I “fﬂpﬁéff,@ = L)) (0) - p(y)) dudy
I, - |x ﬂpyﬁ%x) = LoD (4 () — (y)) du dy
- /Q/ (el aff)_'pyfﬁf,fm) — e (0) dw ay,
for every ¢ € C5°(€2). Thus we obtain
’/ / b |x)_|py|21v(iap(x) — W) (o0) - p(y) do dy‘

p(2)|
<2 dedy <2 dr d
// !x—y!N+s” pr1 T //RN\Ba J(@) |7 —y|NFspptd v

where as before we set dg(z) = dist(x, 0Q). Hence,

‘/ / W, (x |x)_’py|2]§fj£$)_%(y))(w(x)—go(y))dxdy'

+o00 1
SQNwN/ / ———dp | |p(x)|dx
Q( sqla) O°T°P7P 2

_ 2Nwy ¢l da
- 14+sp— 14+sp—p
p—p Q5

p—1 1
p - D P
o _2Ney m (/5pls ) <o [ g
1+sp—p QéQ

Since we are assuming s > 1/p, we can apply Hardy inequality (2.15) to the last term and obtain

w(x) —u(y)P~2 (u(z) —u
(3.13) // lu yx_’y|N(+£p) WD) (p(a) - o)) dwdy < spC_1 [Plw=r (@),
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for some constant C' = C(N,p) > 0 (observe that we used that 1 —s < 1). From (3.11) and
(3.13) we finally obtain for every ¢ € C§°(Q)
(3.14)
U, ( P=2(y, (z) — T, — us(x) — us(y)|P~2(us(z) — ug
/ / | (W) P~= (Va(z) () — lus () — us(y) [P~ (us (z) (y))((p(aj) ~ o(y) da dy

|z — y|N+sp

Clelwsr(q)

By density, the previous estimate is still true for every ¢ € Wi?(Q), thus we can use (3.14)
with ¢ = ¥, — us. We distinguish two cases.

Case p > 2. We use the basic inequality (|s|P~2s— [t[P~2t)(s—t) > 227P|s —¢t|P in order to obtain
from (3.14)

[\Pa - uS]%/s,p(Q) <C [\Ija - us]WSvP(Q)v
for a constant C' = C'(N,p) > 0. This implies

P o B
(3.15) lim(1 ) [Wa = uslhye i) = 0-

Case 1 < p < 2. We use the inequality
— 2
(P25 — 120 (s — 1) = (1)1
(IsI* + [t*) =
which gives
ya
P 1 2 p—2 p—2 50 222D
st < (=7 ) [0l 120 = )] (sl 4 11%) 25,
We set for notational simplicity Us(x,y) = us(z) — us(y) and U(z,y) = Yo(x) — ¥o(y). Then,

p

// [(!U\HU—|US|P*2US><U—US)}%(1U\2+\Usm%"g

|z — y|N+op

(M|

1
_ p S
[\I/a US]Ws,p(Q) < (p — 1) dx dy

<) (L)

e+t .\
// |z —yNtep de dy

5 2

< C ([To — uslwsn(@) ® <[“S]ww(@> +[¥a ]WSP(Q)> ’

where we used Holder inequality with exponents 2/p and 2/(2 — p), relation (3.14) and the
subadditivity of the function ¢ +— t?/2. The previous estimate and (3.12) imply

(]S
(S]]

2—p

(W — us]%/sp( Q) <C[¥ ]Wsp(Q)
that is

2—p
(1 5) [0, - @)

Ulanig) < C (1= 9" (1= s) (W}
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Since 2 —p < 1 and (1 —s) [\I/a}gvsyp(Q) is uniformly bounded as s goes to 1 (thanks to Theorem
2.1), it thus follows that

1
1 li 1—38)7 [Wq — uslys, — Y
(3.16) 51/m1( s)7 | uslwer(@) =0

for 1 < p < 2 as well. Observe that as a byproduct of (3.15) and (3.16), we also get
1 1 1
lin (1= s)7 [Walwsnq) — (1= )7 [uslwsr(q)| < ﬁffq(l —8)7 [Wa — uslwsn(q) = 0.
This shows that

1 . 1
(1 = 9)? [Vawer(@) = (1 = )7 [ulwer @),

thus (3.10) is proved.

Finally, since us — u € WS P (Q), @ is a convex set and we are assuming sp > 1, we can use
Poincaré inequality (2.18) in conjuction with (3.15) or (3.16). In both cases we have

. _ p .
fig s = o) < lim 55

where C' = C(N,p) > 0. This concludes the proof. O

p -
(1—s)us— u]WSJ,(Q) =0,

Finally, we can prove an equivalent characterization of K(p, N).
Lemma 3.8. Let 1 < p < 0o and a € SN™1, then we have
K(p,N) =T(p,N;a).
In particular, T'(p, N;a) does not depend on the direction a.

Proof. By (3.5) we know that K(p, N) > I'(p, N;a). In order to prove the reverse inequality, we
define the linear function ¥,(z) = (a,x). Let vy € W*P(Q) be a sequence converging to ¥, in
LP(Q) and such that vy — ¥, € WP (Q). By using the definition (3.9) of us and (3.10) we thus
get

.. _ p
lll’sn/%{lf(l S) [US]WSJ’(Q)

By appealing to the equivalent definition (3.6) of I'(p, N;a), we get I'(p, N;a) = K(p, N). O

> liminf(1 — s) [us]

s /1 wen(g) = KB, N).

3.2. The I' — lim inf inequality. At first, we need a technical result which will be used various
times.

Lemma 3.9. Let 1 < p < o0 and sp € (0,1). Let Q C RN be an open and bounded set with
Lipschitz boundary. For every family of functions {us}se(s,1) such that us € Wyt () and

(317> (1 - S) [US]?;Vs,p(RN) S L7

there exist an increasing sequence {si}ren C (s0,1) converging to 1 and a function u € Wol’p(Q)
such that

Jim |us, —ullrra) = 0.
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Proof. By Poincaré inequality (2.17), the estimate (3.17) implies
(3.18) usllzr @) < C1, for every sop < s <1,

for some C; = Ci(N, p,diam(2), L) > 0. Moreover, again by [6, Lemma A.1] and (3.17) there
exists a constant Cy = Cy(N,p, L) > 0 such that

_ P
(3.19) sup / Jus(z + f)s us(2)| dx < Oy, for every sp < s < 1.
0<[¢|<1 JRN |£| P
Since s > sg, from the previous estimate, we can also infer
_ p
(3.20) sup / [us(z +€) 5 us(2)| dx < Cy, for every sp < s < 1.
0<|¢|<1 JRN 1|2

Estimates (3.18) and (3.20) and the fact that us = 0 in RY \ Q enables us to use the Riesz-
Fréchet-Kolmogorov Compactness Theorem for LP. Thus, there exists a sequence {us, }ren and
u € LP(RY) such that

dim lus, —ul[zr @) = 0.
In order to conclude, we need to prove that u € T/VO1 P(Q2). Up to a subsequence, we can suppose

that us, converges almost everywhere. This implies that u = 0 in RY \ Q. Moreover, thanks to
Fatou Lemma we can pass to the limit in (3.19) and obtain

_ p
sup / [u(z + &) — u(z)| de < Cy.
0<l¢|<1 JRN 1€

This implies that the distributional gradient of u is in LP(RY). Thus v € WHP(RY) and it
vanishes almost everywhere in R\ Q. Since Q is Lipschitz, this finally implies that u € T/VO1 P(Q)
by [5, Propostion IX.18]. O

The following result will complete the proof of Theorem 3.1.

Proposition 3.10 (I —liminf inequality). Given {si}ren C R an increasing sequence converg-
ing to 1 and {ug}ren C LP(Q2) converging to u in LP(S2), we have

(3.21) &1 p(u)? < li’ggféask’p(uk)p.

Proof. The proof follows [1, Lemma 7]. We start observing that if

hkn_lgjl;)lf(l — Sk) [uk]g[/sk,p(RN) = +o0,

there is nothing to prove. Thus, let us suppose that

h]glogf(l - Sk’) [uk]%skvp(RN) < +00,
this implies that for k sufficiently large we have
ug € WSM(Q) and (1 — Sk) [uk]gvskvp(]RN) < L,

for some uniform constant L > 0. By Lemma 3.9, we get that u € Wol’p(Q).

We now continue the proof of (3.21). For every measurable set A C 2 we define the absolutely
continuous measure

p(A) = /A |Vul? dy,
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and we observe that, by Lebesgue’s Theorem

plz+rQ)

(3.22) TliI(I)l+ N = TliI(I)l+ N o [VulP dy = |Vu(z)P for a.e. z € Q.
For a Borel set I C €2 we define
ar(E) = (1 — sg) [uk]gvsk,p(E) and a(E) = likn_lilgf ar(E).

For z € Q, set Cy(z) := x + r Q. We claim that
e o(Cr(x)
3.23 liminf —— > K(p, N), for py —a.e. x € Q.
(3.23) Py = PN /
In order to prove (3.23), for every measurable function v, we introduce the notation

oralt) = v(ry + ? - U(fﬁ)’ yeao.

We will prove (3.23) at any point x € € such that
(3.24) ll\il(l) tre = Wallzr(g) = 0, where a = Vu(z),

and such that (3.22) holds. We recall that (3.24) is true at almost every x € Q by [16, Theorem
2, page 230]. Therefore we need to show that

r—0

lim inf oz(CrT]\Sa?)) > K(p,N) |Vu(x)|P.

To this aim, let r; — 0 be a sequence such that

C,. .
lim 7a( ]]V(a:)) = lim inf 706(01\5:6)).
Jj—00 7"]. r—0 r

For any j € N we can choose k = k(j) so large that
i) ak(j)(c""j (z)) < O‘(er (z)) + TJN—H?
ii) TP
i) rj—N—P [ u||§p(crj($)) <1/j.

Then, by using i), the definitions of aj, and (ug)r, and i) we have

e NNmsGP p , P
G,y (@) k() (Cry () (L= sk(p) r; [(ukm)w] WGP (Q)
N = N = N i
T'j T'j Tj

p

1
(1 - j) (1= sk() {<u’f(j))”’x] W@

On the other hand by iii) we have

v

1
< -,
@) 7

H (Uk())re = Urj 0

and

Jim [t o« = Wallzr(g) = 0.
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Thus we get that (uy(;))r, .« converges to ¥, in LP(Q) with a = Vu(x). This implies

. a(Cry() 1 p
i Ty 2 lim inf [(1 - j> (1 = s1(5)) [(“k(j))rw} W@ 7’;}

- Vu(x) b » B
>T <p, N; ]Vu(x)\) |Vu(z)[? = K(p, N) |Vu(x), for p—a.e. x € Q,

thanks to the definition (3.3) of I'(p, N;a), property (3.4) and Lemma 3.8. This proves (3.23).

The conclusion is exactly as in [1, Lemma 7]. Let us consider for £ > 0 the following family
of closed cubes

Fi= {mc Q:(1+e)a (m) > K<p,N>H(m) }.
By observing that
o (C@) =aCr@)  and  pu(Cr@)) = u(Cila)),

and using (3.23), we get that F is a fine Morse cover (see [18, Definition 1.142]) of y—almost all
of Q, then we can apply a suitable version of Besicovitch Covering Theorem (see [18, Corollary
1.149]) and extract a countable subfamily of disjoint cubes {C;}icr such that pu(2\ U;erCi) = 0.
This yields

K(p,N)/QIVUIpdeZK(p,N)u<UCi> = K(N,p) Y u(Ci) < (142) ) a(Cy)

el el el
. . i . . p
< (1 €) a3 ou(C3) < (1-+2) Hninf(1 = 50) [T e
1€
By the arbitrariness of € we get
p ‘i _ p
K(p7 N) A ‘VU| dr < llkﬂ_l>£f(1 Sk) [uk]wsk,p(RN)'

This concludes the proof. O

3.3. A comment on dual norms. By using Theorem 3.1, we can prove a dual version of
the Bourgain-Brezis-Mironescu result. The result of this section is not needed for the proof of
Theorem 1.2 and is placed here for completeness.

Proposition 3.11. Let 1 < p < oo, for every F € LP (Q) we have
_1 _1
(3.25) (1= )3 [ Flly o0y = KN 1y

Proof. We are going to use the variational characterization (2.20) for dual norms. By Corollary
3.2, the family of functionals

(3.26) Esp(u)? — /Fudm, u € LP(Q),
I'—converges to
Ep(u / Fudez, u e LP(Q).

We now observe that the functionals (3.26) are equi-coercive on LP(Q). Indeed, if

(3.27) Esp(u)f — /Fuda; < M,
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this of course implies that u € Wg P(Q2). Moreover, by Young inequality and (2.19) we have

M > (1= 8) [l o, — (Fr)
1 (1Flyone))” 15
_ p I B S S I P
Z (1 S) [U’]WS,P(RN) p/ ( (1 B S)% P [U’]Ws,p(RN)
1
>~ (1-s) [u]];{/s,p(RN) -C HFHW*LP’(Qy

Q=

(N, p, ) > 0 independent of s. Thus from (3.27) we get
(1—-s) [u]%/s,p(RN) <Mp +Cp HFHW*LP'(Q)‘

The desired equicoercivity in LP(€2) now follows from Lemma 3.9. In conclusion, from (2.20)
and the I'—convergence we get

for a constant C =

T , v v
1. 7’21. - _/ . g — - _/ . g
iy St (i 000)” =0 (i i)
_ IFllw-re@
K(p,N)»
as desired. O

Remark 3.12. We recall the following dual characterization of || - ||W_S,p/(m from [6, Section §]

IE Ny s () = weLp,%]flemN) {H@HLP’(RMRN) D RS p(p) = F in Q},

where R}, is the adjoint of the linear and continuous operator R, : WP(€) — LP(RY x RN)
defined by

R p(u)(z,y) = Lx(y) for every u € Wg’p(Q).
o —y[ v
This is the nonlocal analog of the well-known duality formula
1F ooy =, _min {IVll o) + —divV = Fin Q.

Then we end this section with the following curious convergence result.

Corollary 3.13. Let 1 < p < oo and F € LV (), then we have

1
lim (1 — )7 ' { / FRaple) = Q}
sl/‘ml( ) weLp’IéllgzngN) ol o v sy = s pl(0) "

_1 ) ) .
=K(p,N) » vermm {IIVIILp/(Q;RN) : —divV =F in Q}

4. PROOF OF THEOREM 1.2
4.1. Convergence of the variational eigenvalues. By Theorem 3.1, we already know that
E1p(u) = (r ~ lim gsh,p)(u), for all u € LP(S).
h—o0
For every 1 < p < o0, let us define the functional g, : LP(2) — [0, 00) by

gp(u) = HUHLP(Q)-
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We now observe that for every increasing sequence h,, and for any sequence {uy,}neny C LP(2)
such that

M :=sup &, p(un) < +o0,
neN

there exists a subsequence {uy, }jen such that

lim gp(unj) = gp(u)-

J—00

Indeed, this is a consequence of Lemma 3.9. Then the functionals &, and g, satisfy all the
assumptions in [13, Corollary 4.4], which implies

41 I inf &, —  inf & (w),
) 0 (il 200 ) = 0 0 1000

where
K p(2) = {K C {ue LP(Q) : gp(u) =1} : K compact and symmetric, i(K) > m}

In order to conclude, we only need to show that the minimax values with respect to the
Wy'P(£2)—topology are equal to those with respect to the weaker topology LP(). Observe
now that, for every b € R, the restriction of g, to {u € LP(Q) : & p(u) < b} is continuous (for
the strong L? topology) by Lemma 3.9. Whence, [13, Corollary 3.3] yields

4.2 inf  sup & ,(u) = inf sup &1, (u),
( ) KeKm,p(Q) uek ,p( ) KeWs, (@) uek ,p( )
4.3 inf  sup &, p(u) = inf sup &8s, p(u).
43) KeKm,p(Q) uek wnp() KeWh,(Q) ueK onp ()

By using (4.2) and (4.3) in (4.1), the assertion follows by definition of A3, ,(Q) and A}, ,(€2).

4.2. Convergence of the eigenfunctions. For every s € (0,1), let ugs € Wg’p(Q) be an
eigenfunction corresponding to the variational eigenvalue A7, (£2), normalized by ||usl|rrq) = 1.
Then it verifies

(L= 8) sl oy = (1= ) X3 (2.
Convergence of the eigenvalues implies that

(4.4) (1= ) [l vy < K0 N) M) 4+ 1,

up to choosing 1 — s sufficiently small. By appealing again to Lemma 3.9, this in turn implies
that there exists a sequence {s }reny with s * 1 such that the corresponding sequence of eigen-
functions {us, }ren converges strongly in L to a function u € VVO1 P(Q)). By strong convergence,
we still have [ulzr) = 1.

In order to prove that u is an eigenfunction of the local problem, let us notice that each wus,
weakly solves

(—Ap)*u =Nk () Jug, [P % ug,, nQ,  w=0, nRV\Q

Thus it is the unique minimizer of the following strictly convex problem

Uerg}i)r(lﬂ) {(oﬁshp(v)p +p /QFSk vdx} , where Fy, = —(1 — s) Ak () s, [P us, € LF(Q).

Observe that the sequence {Fj, }ren converges strongly in L () to the function
(4.5) F=-K(p,N)A,, Q) uf?u,
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thanks to the strong convergence of {us, }ren and to the first part of the proof. By appealing to
the I'—convergence result of Corollary 3.2, we thus get that u is a solution (indeed the unique,
again by strict convexity) of the limit problem

' & P Fvd
i (A7 4 [P}

with F' € L” () defined in (4.5). As a solution of this problem, u has to satisfy the relevant
Fuler-Lagrange equation, i.e. u weakly solves

—Apu = )\}nm(Q) |ulP~2u, in Q, u=0, onJN.
This proves that the renormalized eigenfunctions {us, }ren converges strongly in LP(£2) to an
eigenfunction u corresponding to A,ln’p(Q) having unit norm.

In order to improve the convergence in W44(Q) for every p < ¢ < oo and every t < p/q,
it is now sufficient to use the interpolation inequality of Proposition 2.3 with r = 400 so that
a = s p/q. Observe that since s is converging to 1, if ¢ < p/q we can always suppose that

t < s 2,
q
up to choosing k large enough. This yields for a constant C' = C(N, p,q) > 0 which varies from

a line to another
o e () ()
kggo [USk - U]W’faq(RN) > kl_{go HUSk - UHLp(Q) ||u3k - uHLoo(Q)
1 QSL 1—-4
x (1= 58)7 [, = wlwoenam) )" ™ (=)

P02

D q t
: q
<C klglolo Husk - UHLP(RN)

letse e ey + lall o) (% 5)

1 + (-3)
x (1= 50)? [ Jwornn) + (1= s1) [Wwornn) .
If we use (2.21) (if p < N) or (2.23) (if p > N) to bound the L* norms, (4.4) and Proposition
2.2 to bound the Gagliardo semi-norm, we finally get
030 _

1 . “
im0 fug, —ulyraeyy < C I flug, —ullf )

bS]

hSAS)

)

as desired.

Remark 4.1 (Pushing the convergence further). In the previous result, we used that the initial
convergence in LP norm can be “boosted” by combining suitable interpolation inequalities and
regularity estimates exhibiting the correct scaling in s. Thus, should one obtain that eigenfunc-
tions are more regular with good a priori estimates, the previous convergence result could still
be improved. Though it is known that eigenfunctions are continuous for every 1 < p < oo and
0 < s <1 (see [25,27]), unfortunately the above mentioned results do not provide estimates
with an explicit dependence on s and thus we can not directly use them.

In the linear case p = 2, regularity estimates of this type can be found in [8, Lemma 4.4] for
bounded solutions of the equation in the whole space

(—A)’u = f(u) in RV,

where f is a (smooth) nonlinearity. For such an equation, the authors prove Schauder-type
estimates for the solutions, with constant independent of s (provided s > sy > 0).
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APPENDIX A. COURANT VS. LJUSTERNIK-SCHNIRELMANN

Here we prove that for p = 2 the variational eigenvalues defined by the Ljusternik-Schnirelman
procedure (1.5) coincide with the usual eigenvalues coming from Spectral Theory (see Theorem
A.2 below). Thus in particular for p = 2 definition (1.5) give all the eigenvalues. This fact
seems to belong to the folklore of Nonlinear Analysis, but since we have not been able to find a
reference in the literature, we decided to include this Appendix.

Let Hi C Hs be two separable infinite dimensional Hilbert spaces, endowed with scalar
products (-, )y, and norms

On the space H; is defined a symmetric bilinear form Q : H; x H; — R. We assume the
following;:

1. the inclusion Z : H; — Hj is a continuous and compact linear operator;

2. Q is continuous and coercive, i.e. for C' > 1
1
ol |y, < Qlu,ul, Qlu,v] < Cllullg, [vllz,  u,v€ Hy.

Thus Q defines a scalar product on Hj, whose associated norm is equivalent to || - ||,
We set
S={ueH : ||ul|lg =1}
Then the restriction of the functional u — Qlu,u] to S has countably many critical values

0< A <A< <Ay <00 400, with associated a sequence of critical points {¢p tneny € S
defining a Hilbertian basis of Hy.?> The critical point ¢; satisfies

Qlpi, u] = X (@i, u) iy, for every ¢ € Hy,
so in particular
Qlwi, wj] = i dij, i,j € N\ {0}.
These critical points have a variational characterization: indeed, if we introduce for every m €

N\ {0}
En ={F C Hy : E vector space with dim(E) > m},
and
Fm={FCS: F=EnNS for some E € &,},

then we have
Am = min max Qlu, u).

FeF, ueF
A minimizer for the previous problem is given by
(A1) F,, = Span{cpl,...,gom}.

3These are indeed the inverses of the eigenvalues of the resolvent operator R : Ho — H2 defined by:
for f € Ha, R(f) € Hi C H> is the unique solution of
OIR(f),u] = {f, u) &, for every u € Hj.

The hypotheses above guarantee that R is a well-defined compact, positive and self-adjoint linear operator. Then
discreteness of the spectrum follows from the Spectral Theorem, see for example [22, Theorem 1.2.1].
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Lemma A.1. Let m € N\ {0}, we define

Wy, ={K C S : K compact and symmetric, i(K) > m},
where i is the Krasnosel’skii genus, see definition (1.6). Then for every K € W,, we have
(A.2) KNE: | #0.

Proof. We proceed by contradiction. Let us assume that there exists K € W,, such that (A.2)
is not true, this implies that

m—1
(A.3) (u, ;) H2 # 0, for every u € K.
7=1

We can now define the following map ® : K — S™~2 by

[NIE

m—1 m—1
u o= > e (ui, | Y (k|
j=1 J=1

where e; is the j—th versor of the canonical basis. Thanks to (A.3), the previous map is well-
defined, continuous and odd. This contradicts the fact that K has genus greater or equal than
m and thus (A.2) holds true. O

Theorem A.2. For every m € N\ {0}, we have

(A4) Am = inf max Qlu, u].
KeWm ueK

Proof. The inequality

Am > inf max Qfu, ul,
KeWnm ueK

easily follows the fact that F,,, C W,, (see [36, Chapter 2, Proposition 5.2]).

In order to prove the reverse inequality, for every € > 0 let K. € W,,, be such that

max Qu,u] < inf max Qlu,u] +e.
uek. KeWnm uek

By Lemma A.1, K. is such that K. N F%,l # (). In particular, there exists v € K. such that

o oo
v:Zajgpj, with Za?zl.
j=m Jj=m
We have
max Qfu, u] > Qv,v] = Za)\>)\

ue K,

This in turn implies

Am < inf  max Qfu,u] + &,
KeWnm ueK

and by the arbitrariness of € we get the conclusion. (]
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