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Abstract

The aim of this paper is to establish a global asymptotic equivalence between
the experiments generated by the discrete (high frequency) or continuous ob-
servation of a path of a Lévy process and a Gaussian white noise experiment
observed up to a time 7', with 7" tending to co. These approximations are
given in the sense of the Le Cam distance, under some smoothness condi-
tions on the unknown Lévy density. All the asymptotic equivalences are
established by constructing explicit Markov kernels that can be used to re-
produce one experiment from the other.

Keywords: Nonparametric experiments, Le Cam distance, asymptotic
equivalence, Lévy processes.
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1. Introduction

Lévy processes are a fundamental tool in modelling situations, like the
dynamics of asset prices and weather measurements, where sudden changes
in values may happen. For that reason they are widely employed, among
many other fields, in mathematical finance. To name a simple example, the
price of a commodity at time ¢ is commonly given as an exponential function
of a Lévy process. In general, exponential Lévy models are proposed for their
ability to take into account several empirical features observed in the returns
of assets such as heavy tails, high-kurtosis and asymmetry (see [15] for an
introduction to financial applications).

From a mathematical point of view, Lévy processes are a natural exten-
sion of the Brownian motion which preserves the tractable statistical prop-
erties of its increments, while relaxing the continuity of paths. The jump
dynamics of a Lévy process is dictated by its Lévy density, say f. If f is
continuous, its value at a point xy determines how frequent jumps of size



close to z( are to occur per unit time. Concretely, if X is a pure jump Lévy
process with Lévy density f, then the function f is such that

1
dr = -E TA(AXS)],
[ s =15 Cnaax.)
s<t
for any Borel set A and t > 0. Here, AX, = X, — X,- denotes the magnitude
of the jump of X at time s and I4 is the characteristic function. Thus, the
Lévy measure

V() = /A f(x)de,

is the average number of jumps (per unit time) whose magnitudes fall in the
set A. Understanding the jumps behavior, therefore requires to estimate the
Lévy measure. Several recent works have treated this problem, see e.g. [2]
for an overview.

When the available data consists of the whole trajectory of the process
during a time interval [0, 7], the problem of estimating f may be reduced
to estimating the intensity function of an inhomogeneous Poisson process
(see, e.g. [23, 42]). However, a continuous-time sampling is never available
in practice and thus the relevant problem is that of estimating f based on
discrete sample data X, ..., X;, during a time interval [0, 7,,]. In that case,
the jumps are latent (unobservable) variables and that clearly adds to the
difficulty of the problem. From now on we will place ourselves in a high-
frequency setting, that is we assume that the sampling interval A,, = ¢, —t;_1
tends to zero as n goes to infinity. Such a high-frequency based statistical
approach has played a central role in the recent literature on nonparametric
estimation for Lévy processes (see e.g. [22, 13, 14, 1, 19]). Moreover, in order
to make consistent estimation possible, we will also ask the observation time
T, to tend to infinity in order to allow the identification of the jump part in
the limit.

Our aim is to prove that, under suitable hypotheses, estimating the Lévy
density f is equivalent to estimating the drift of an adequate Gaussian white
noise model. In general, asymptotic equivalence results for statistical exper-
iments provide a deeper understanding of statistical problems and allow to
single out their main features. The idea is to pass via asymptotic equivalence
to another experiment which is easier to analyze. By definition, two sequences
of experiments &, ,, and &, defined on possibly different sample spaces,
but with the same parameter set, are asymptotically equivalent if the Le
Cam distance A(A ,,, P5,,) tends to zero. For &; = (Z;, %, (PM RS @)),
i =1,2, A(H, P) is the symmetrization of the deficiency §( 22, P5) where

5(4@1, 4@2) = lgl(leelg HKPL@ - P279HTV'
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Here the infimum is taken over all randomizations from (Z27, .2 ) to (22, <)
and || - [[rv denotes the total variation distance. Roughly speaking, the Le
Cam distance quantifies how much one fails to reconstruct (with the help of a
randomization) a model from the other one and vice versa. Therefore, we say
that A(Z, P5) = 0 can be interpreted as “the models &, and &2, contain
the same amount of information about the parameter .” The general defi-
nition of randomization is quite involved but, in the most frequent examples
(namely when the sample spaces are Polish and the experiments dominated),
it reduces to that of a Markov kernel. One of the most important feature of
the Le Cam distance is that it can be also interpreted in terms of statistical
decision theory (see [32, 33|; a short review is presented in the Appendix).
As a consequence, saying that two statistical models are equivalent means
that any statistical inference procedure can be transferred from one model to
the other in such a way that the asymptotic risk remains the same, at least
for bounded loss functions. Also, as soon as two models, & ,, and &, ,,, that
share the same parameter space © are proved to be asymptotically equiv-
alent, the same result automatically holds for the restrictions of both 4,
and &, ,, to a smaller subclass of ©.

Historically, the first results of asymptotic equivalence in a nonparametric
context date from 1996 and are due to [5] and [39]. The first two authors
have shown the asymptotic equivalence of nonparametric regression and a
Gaussian white noise model while the third one those of density estimation
and white noise. Over the years many generalizations of these results have
been proposed such as [3, 28, 43, 11, 10, 40, 12, 37, 46| for nonparametric
regression or [9, 31, 4] for nonparametric density estimation models. Another
very active field of study is that of diffusion experiments. The first result
of equivalence between diffusion models and Euler scheme was established
in 1998, see [38]. In later papers generalizations of this result have been
considered (see [24, 35]). Among others we can also cite equivalence results
for generalized linear models [27], time series [29, 38], diffusion models [18, 25,
16, 17], GARCH model [7], functional linear regression [36], spectral density
estimation [26] and volatility estimation [41]. Negative results are somewhat
harder to come by; the most notable among them are [20, 6, 48]. There is
however a lack of equivalence results concerning processes with jumps. A first
result in this sense is [34] in which global asymptotic equivalences between the
experiments generated by the discrete or continuous observation of a path of
a Lévy process and a Gaussian white noise experiment are established. More
precisely, in that paper, we have shown that estimating the drift function
h from a continuously or discretely (high frequency) time inhomogeneous



jump-diffusion process:

Ny

X, = /th(s)ds + /ta(s)dWS + ZYZ" t € [0,7,], (1)

i=1
is asymptotically equivalent to estimate h in the Gaussian model:
dy; = h(t)dt + o(t)dW,, te[0,T,].

Here we try to push the analysis further and we focus on the case in
which the considered parameter is the Lévy density and X = (X)) is a
pure jump Lévy process (see [8] for the interest of such a class of processes
when modelling asset returns). More in details, we consider the problem of
estimating the Lévy density (with respect to a fixed, possibly infinite, Lévy
measure vy concentrated on I C R) f := j—y’; : I — R from a continuously
or discretely observed pure jump Lévy process X with possibly infinite Lévy
measure. Here I C R denotes a possibly infinite interval and 14 is supposed
to be absolutely continuous with respect to Lebesgue with a strictly positive

density ¢ := -0 In the case where v is of finite variation one may write:

dLeb "
Xi= ) AX, (2)

0<s<t

or, equivalently, X has a characteristic function given by:

E[e™*!] = exp ( - t(/j(l — ")y (dy)>)

We suppose that the function f belongs to some a priori set %, non-
parametric in general. The discrete observations are of the form X, , where
t, = Tn%, 1=0,...,nwith T,, = nA,, — oo and A,, — 0 as n goes to infinity.
We will denote by &7/ the statistical model associated with the continuous
observation of a trajectory of X until time 7, (which is supposed to go to
infinity as n goes to infinity) and by 2% the one associated with the obser-
vation of the discrete data (X;,)! ,. The aim of this paper is to prove that,
under adequate hypotheses on % (for example, f must be bounded away
from zero and infinity; see Section 2.1 for a complete definition), the models
P and 210 are both asymptotically equivalent to a sequence of Gaussian
white noise models of the form:

dw,
=/f dt+2\/_\/_ tel



As a corollary, we then get the asymptotic equivalence between Z2° and
2r0. The main results are precisely stated as Theorems 2.5 and 2.6. A par-
ticular case of special interest arises when X is a compound Poisson process,

vy = Leb([0,1]) and .7 C 9{%&&]\4) where, for fixed v € (0,1] and K, k, M
strictly positive constants, ﬁ\{% K0 1S @ class of continuously differentiable

functions on [ defined as follows:

Flainny = {115 < J@) <M, (@) = )] < Kle =y, Yoy € 1},
3)

In this case, the statistical models &0 and 2!° are both equivalent to the
Gaussian white noise model:

1
dy, = \/F(t)dt + W te [0, 1].

See Example 3.1 for more details. By a theorem of Brown and Low in [5],
we obtain, a posteriori, an asymptotic equivalence with the regression model

Y = f(Tin) + ﬁg &~ N(0,1), i=1,.. [T,
Note that a similar form of a Gaussian shift was found to be asymptotically
equivalent to a nonparametric density estimation experiment, see [39]. Let
us mention that we also treat some explicit examples where v is neither
finite nor compactly-supported (see Examples 3.2 and 3.3).

Without entering into any detail, we remark here that the methods are
very different from those in [34]. In particular, since f belongs to the discon-
tinuous part of a Lévy process, rather then its continuous part, the Girsanov-
type changes of measure are irrelevant here. We thus need new instruments,
like the Esscher changes of measure.

Our proof is based on the construction, for any given Lévy measure v,
of two adequate approximations 7, and 7, of v: the idea of discretizing
the Lévy density already appeared in an earlier work with P. Etoré and
S. Louhichi, [21]. The present work is also inspired by the papers [9] (for
a multinomial approximation), [4] (for passing from independent Poisson
variables to independent normal random variables) and [34] (for a Bernoulli
approximation). This method allows us to construct explicit Markov kernels
that lead from one model to the other; these may be applied in practice to
transfer minimax estimators.

The paper is organized as follows: Sections 2.1 and 2.2 are devoted to
make the parameter space and the considered statistical experiments precise.
The main results are given in Section 2.3, followed by Section 3 in which some



examples can be found. The proofs are postponed to Section 4. The paper
includes an Appendix recalling the definition and some useful properties of
the Le Cam distance as well as of Lévy processes.

2. Assumptions and main results

2.1. The parameter space

Consider a (possibly infinite) Lévy measure vy concentrated on a possibly
infinite interval I C R, admitting a density g > 0 with respect to Lebesgue.
The parameter space of the experiments we are concerned with is a class of
functions .% = .#"! defined on I that form a class of Lévy densities with
respect to vy: For each f € % let v (resp. 1y,) be the Lévy measure havmg
f (resp. fm) as a density Wlth respect to vy where, for every f € 7 fm( )
is defined as follows.

Suppose first z > 0. Given a positive integer depending on n, m = m,,,
let J; := (vj_1, v;] where v; = &,, > 0 and v; are chosen in such a way that

V()((I\ [O,gm]) N R+)

Vi=2,....,m. 4
m—l ) J ) , ()

M i= VO(‘]j) =

In the sequel, for the sake of brevity, we will only write m without making

fJ_ zvo(da)
explicit the dependence on n. Define z; == and introduce a sequence
of functions 0 < V; < #, j = 2,...,m supported on [z} ;, 2% ,] if j =

3,...,m—1,0n [g,,z} if j =2 and on (I'\ [0,z _,]) "Ry if j = m. The
V;’s are defined recursively in the following way.

e V5 is equal to ;% on the interval (g,,, 3] and on the interval (z3, x}]

it is chosen so that it is continuous (in particular, Va(z}) = /%m),
S22 Vaymo(dy) = =022 and Vi () = 0.

e For j = 3,...,m — 1 define V; as the function ﬁ — Vj_1 on the in-

terval [z5 ), x7]. On [z}, 27,,]

L2 Viywoldy) = U2 and Vi (a,,) = 0.

choose V; continuous and such that

e Finally, let V,,, be the function supported on (I \ [0, 2}, ,]) "R, such

that
1 *
Vin(@) = = = Vinoaa), - for @ € [0, 07,
1
V() = ,u_’ for z € (I\[0,2;,]) NRy.



(It is immediate to check that such a choice is always possible). Observe
that, by construction,

S Vilam =1, Vo€ (10,50, and / Vi(y)ol(dy) = 1.

(\[0,em])NR -

Analogously, define u = ((1\[75%10])011{_) and J_,,,...,J_o such that

vo(J—j) = py,, for all j. Then, for x < 0, 27 ; is defined as x} by using J_; and
I, instead of J; and p,, and the V_;’s are deﬁned with the same procedure
as the V}’s, starting from V_, and proceeding by induction.

Define

m

Fl@) = Ty ooz +Z( ) [ Sml) + V- Pl ).

()

The definitions of the V;’s above are modeled on the following example:

J—j

Example 2.1. Let vy be the Lebesgue measure on [0, 1] and ¢,, = 0. Then
v; = L= and Ty = 22731 32, j =2,...,m. The standard choice for V; (based on
the construetion by [9]) is given by the piecewise linear functions interpolating

the values in the points 7} specified above:

Vs

Vin

m— 1 m—1

0 x5 x3 1 0 a; o7 xj, 1 0
Remark 2.2. The function fm has been defined in such a way that the
rate of convergence of the Ly norm between the restriction of f and f,, on
I'\ [—&m,&m] is compatible with the rate of convergence of the other quanti-
ties appearing in the statements of Theorems 2.5 and 2.6. For that reason,
as in [9], we have not chosen a piecewise constant approximation of f but
an approximation that is, at least in the simplest cases, a piecewise linear
approximation of f. Such a choice allows us to gain an order of magnitude
on the convergence rate of || f — fou|| La(vo|I\[—em.cm]) &t least when # is a class
of sufficiently smooth functions.

We now explain the assumptions we will need to make on the parameter
f € F = 7! The superscripts vy and I will be suppressed whenever this
can lead to no confusion. We require that:
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(H1) There exist constants k, M > 0 such that k < f(y) < M, forally € I
and f € Z.

—

For every integer m = m,,, we can consider \/f,, the approximation of \/f

o~

constructed as f,, above, i.e. /f, (x) = I, e (@) + Z V}(x)/ V [ (y)v(dy),

j=—m...m Jj

j#-1,0,1.
and introduce the quantities:

—

A= | Ly (VI 7)) vo(dy).

B= > ( / | %w(d@/) - u(Jj>)2,

j#—1,0,1.

(1) = / (VD — 1) wd).

Em

The conditions defining the parameter space .% are expressed by asking that
the quantities introduced above converge quickly enough to zero. To state
the assumptions of Theorem 2.5 precisely, we will assume the existence of
sequences of discretizations m = m,, — oo, of positive numbers ¢, = ¢,,,, —
0 and of functions Vj}, j = £2,...,+m, such that:

(C1) lim nA, sup /1\(—5 ] )(f(x) — fm(a:)>21/0(dx) =0.

n—o0 ny

(C2) lim nA, sup (A,Qn(f) + B2 (f) + C’fn(f)) = 0.

n—o0 f€3‘\

Remark in particular that Condition (C2) implies the following:

(H2) sup / (VF@) - 1Dwldy) < L,

fez

where L = supycz [ (\/f(x)=1)2(da) + (VM +1)%v0(I\ (—€m, €m)), for
any choice of m such that the quantity in the limit appearing in Condition
(C2) is finite.

Theorem 2.6 has slightly stronger hypotheses, defining possibly smaller
parameter spaces: We will assume the existence of sequences my, €, and V,
Jj==2,...,+m (possibly different from the ones above) such that Condition
(C1) is verified and the following stronger version of Condition (C2) holds:

(C2) lim nA, sup (A2,(f) + BZ(f) +nC2(f)) = 0.



Finally, some of our results have a more explicit statement under the
hypothesis of finite variation which we state as:

(FV) [.(J] A Dwo(dz) < .

Remark 2.3. The Condition (C1) and those involving the quantities A,,(f)
and B,,(f) all concern similar but slightly different approximations of f.
In concrete examples, they may all be expected to have the same rate of
convergence but to keep the greatest generality we preferred to state them
separately. On the other hand, conditions on the quantity C,,(f) are purely
local around zero, requiring the parameters f to converge quickly enough to
1.

Examples 2.4. To get a grasp on Conditions (C1), (C2) we analyze here
three different examples according to the different behavior of vy near 0 € 1.
In all of these cases the parameter space .% ! will be a subclass of ﬂ({y’ Ko, M)
defined as in (3). Recall that the conditions (C1), (C2) and (C2’) depend
on the choice of sequences m,,, €, and functions V;. For the first two of the
three examples, where I = [0,1], we will make the standard choice for V;
of triangular and trapezoidal functions, similarly to those in Example 2.1.
Namely, for j = 3,...,m — 1 we have

the two extremal functions V, and V,,, are chosen so that V5 = #i on (&, 3]

and V,, = #—L on (z¥,1]. In the second example, where 14 is infinite, one
is forced to take €,, > 0 and to keep in mind that the z} are not uniformly
distributed on [e,,,1]. Proofs of all the statements here can be found in
Section 5.2.

1. The finite case: vy = Leb(][0, 1]).

Leb,[0,1] __ [0,1]
FLOO = F 0 ey

is finite, there is no need to single out the first interval J; = [0, &,,], so that
Cyn(f) does not enter in the proofs and the definitions of A,,(f) and B,,(f)
involve integrals on the whole of [0,1]. Also, the choice of the V}’s as in (6)
guarantees that f Vj(z)dz = 1. Then, the quantities || f — finll Lo(o.11)s Am (f)
and B,,(f) all have the same rate of convergence, which is given by:

In this case we are free to choose Indeed, as 1

2
\// Fn(@)) 0(d) + An(F) + Bu(f) = O(m™ " +m~3),
uniformly on f. See Section 5.2 for a proof.

9



2. The finite variation case: 22 (1) = 27 ')y (z).

dLeb
In this case, the parameter space .Z 1 is a proper subset of ﬁ([gjg& M-
Indeed, as we are obliged to choose ¢, > 0, we also need to impose that

Cn(f) = 0(%), with uniform constants with respect to f, that is, that

VA,
all f € .F converge to 1 quickly enough as © — 0. Choosing ,, = m~'7¢,
—1 m=j .
a > 0 we have that u,, = %, v;=¢m | and x} = (Uju+l) In particular,
max; [vj_1 — vj| = |V, — V1| = O(%) Also in this case one can prove

that the standard choice of V; described above leads to f;m Vj(x)df = 1.

Again, the quantities || f — fm||L2(,,0|1\[075m]), An(f) and B,,(f) have the same
rate of convergence given by:

\//; (f) - fm(x)>2y0(da:)+Am(f)+Bm(f) _ o(<h“_7’”)'Hl m(%l))

m

(7)
uniformly on f. The condition on C,,(f) depends on the behavior of f near
0. For example, it is ensured if one considers a parametric family of the form
f(z) = e* with a bounded A > 0. See Section 5.2 for a proof.

3. The infinite variation, non-compactly supported case: di”eob () =
%Ik, ().

This example involves significantly more computations than the preceding
ones, since the classical triangular choice for the functions V; would not have
integral equal to 1 (with respect to 14), and the support is not compact.
The parameter space .#[%>) can still be chosen as a proper subclass of
ﬁ([S:?)m ary> @gain by imposing that Cyn(f) converges to zero quickly enough
(more details about this condition are discussed in Example 3.3). We divide
the interval [0, 00) in m intervals J; = [v;_1,v;) with:

0 em(m —1) 1
vo=U; V1 =&p; V=5 Up =00 Up=_—— -

0 ! I m—j a em(m—1)

To deal with the non-compactness problem, we choose some “horizon” H(m)
that goes to infinity slowly enough as m goes to infinity and we bound the

L, distance between f and f,, for z > H (m) by 2 sup L@ YWe have:

; H(m)* f(x)?
2 2 2 —
Hf - meLg(uo\I\[O,am]) + Am(f) + Bm(f) - O<<€mm>2+gfy + z;;%)m) H(m) :

In the general case where the best estimate for sup f(x)? is simply given by
x>H(m)

10



M? an optimal choice for H(m) is y/g,,m, that gives a rate of convergence:

N 1
If — fm||%2(you\[o,sm]) + A2 (f)+ BL(f) = O<\/5m—m)’

independently of 7. See Section 5.2 for a proof.

2.2. Definition of the experiments

Let (z¢)t>0 be the canonical process on the Skorokhod space (D, Z) and
denote by P®%) the law induced on (D, 2) by a Lévy process with charac-
teristic triplet (b,0,r). We will write Pt(b’o’y) for the restriction of P®%") to
the o-algebra 2; generated by {zs: 0 < s <t} (see Appendix A.2 for the
precise definitions). Let ng,o,u) be the marginal law at time ¢ of a Lévy pro-
cess with characteristic triplet (b, 0,v). In the case where f|y‘<1 ly|lv(dy) < oo
we introduce the notation 7 := f|y|<1 yv(dy); then, Condition (H2) guaran-
tees the finiteness of 477" (see Remark 33.3 in [44] for more details).

Recall that we introduced the discretization t; = 7T, n% of [0, 7,] and denote
by QSU—UO’O’”) the laws of the n + 1 marginals of (z;);>0 at times t;, i =
0,...,n. We will consider the following statistical models, depending on
a fixed, possibly infinite, Lévy measure vy concentrated on I (clearly, the
models with the subscript F'V are meaningful only under the assumption

(FV)):

Vo d
‘@Z?FV = (Dangv{PY(“Z o) : f = _V € ﬁug,]})7

20, = (R"“,%(R"“), {fo’o’”) WP ﬁ”ﬂ»f}),

dVO

v—u d
P = (D, Dr,, {PF}Z 0.0v) f= @ € yuo,l})7

N dVO

v = (R"+1,%(R”+1)7 {Q;WV*VO,OW) cf = d_V e 91/0,1}).

dl/()
Finally, let us introduce the Gaussian white noise model that will appear in
the statement of our main results. For that, let us denote by (C(I), %) the
space of continuous mappings from I into R endowed with its standard fil-
tration, by g the density of vy with respect to the Lebesgue measure. We will
require g > 0 and let W/ be the law induced on (C(I), %) by the stochastic
process satisfying:

AW,
dy; = \/f(t)dt—f-m, tel, (8)

11



where (W,);er denotes a Brownian motion on R with Wy = 0. Then we set:
W — (0(1),%, (W fe 9”0’1}).

Observe that when vy is a finite Lévy measure, then #,° is equivalent to

the statistical model associated with the continuous observation of a process
(9t)ter defined by:

- aw;
dy; = \/ f(t)g(t)dt + ﬁ7 tel.

2.8. Main results

Using the notation introduced in Section 2.1, we now state our main
results. For brevity of notation, we will denote by H(f, fu) (resp. La(f, fm))
the Hellinger distance (resp. the Lo distance) between the Lévy measures v
and 0, restricted to I\ [—&n, €, 1.€.:

B )= [ (VT @) )
Bl o= [ ()~ Falw) ol

Observe that Condition (H1) implies (see Lemma 5.1)

1

(fa fm)2 < H2(f7 fm) < R[Q(f? fm)2

1

e
Theorem 2.5. Let vy be a known Lévy measure concentrated on a (possibly
infinite) interval I C R and having strictly positive density with respect to
the Lebesque measure. Let us choose a parameter space F*! such that there
exist a sequence m = m, of integers, functions V;, j = £2,...,£m and a
sequence £, — 0 as m — oo such that Conditions (H1), (C1), (C2) are
satisfied for F = Fv 1. Then, for n big enough we have:

A7) = 0(Vissup (Anh) + Bull) + Cul1)

feF
+O<\/nAn sup Lo(f, fm) + = <L+L>> 9)
fez 7 nAn Hm Hoy,

Theorem 2.6. Let vy be a known Lévy measure concentrated on a (possibly
infinite) interval I C R and having strictly positive density with respect to
the Lebesque measure. Let us choose a parameter space F*! such that there

12



exist a sequence m = m, of integers, functions V;, j = £2,...,£m and a
sequence €, — 0 as m — oo such that Conditions (H1), (C1), (C2’) are
satisfied for F = Fv1. Then, for n big enough we have:

1
INCARZOE O(VO (1 [emo el ) V& =2 4 /B Cm(f)>

+O(ViBysup (4n(0) + BuD +H L)) (0)

feF

Corollary 2.7. Let vy be as above and let us choose a parameter space 0!
so that there exist sequences m;,, e, Vi and my, &, V] such that:

e Conditions (H1), (C1) and (C2) hold for m!, e V! and

m/
m’ 37 nAn,

1
(7 +
%) tends to zero.

m’

e Conditions (H1), (C1) and (C2°) hold for my, ., V', and vy ([\
[—5mu,5mu]> /nA2 + % tends to zero.

Then the statistical models 2210 and 21° are asymptotically equivalent:

lim A(22°, 2°) =0,
n— o0
If, in addition, the Lévy measures have finite variation, i.e. if we assume
(FV), then the same results hold replacing &0 and 2;° by &%, and
2,%py, respectively (see Lemma Appendix A.14).

3. Examples

We will now analyze three different examples, underlining the different
behaviors of the Lévy measure vy (respectively, finite, infinite with finite vari-
ation and infinite with infinite variation). The three chosen Lévy measures
are Ijo 1) (z)dz, Tjp1)(2)% and Ig, (z)%. In all three cases we assume the pa-
rameter f to be uniformly bounded and with uniformly ~-Holder derivatives:
We will describe adequate subclasses .#"! C ﬁ({y K ar) defined as in (3). It
seems very likely that the same results that are highlighted in these exam-
ples hold true for more general Lévy measures; however, we limit ourselves
to these examples in order to be able to explicitly compute the quantities
involved (vj, 3, etc.) and hence estimate the distance between f and fm as
in Examples 2.4.
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In the first of the three examples, where 1 is the Lebesgue measure
on I = [0,1], we are considering the statistical models associated with the
discrete and continuous observation of a compound Poisson process with Lévy
density f. Observe that #,* reduces to the statistical model associated with
the continuous observation of a trajectory from:

1

In this case we have:

Example 3.1. (Finite Lévy measure). Let vy be the Lebesgue measure on
I =10,1] and let .F = .F0U be any subclass of ﬁ([g’gn ur) for some strictly
positive constants K, x, M and v € (0,1]. Then:

lm A(Z Ry, #,°) =0 and  lim A(27%,, #,-") = 0.

n—oo n—o0

More precisely,

@) (nAn)_ﬁ> if ve (0,3],

A <@Leb 7WnLeb —
A P (ndn)~H) it € (4,1],

In the case where A, = n=7%, % < [ < 1, an upper bound for the rate of

convergence of A(Zp%Dy,, #,") is

@) n_%lnn> if 76(0,%) and%§5<l,
@, n%_ﬁlnn) if v€(0,3)andi<p< %,
@) n’%lnn> if 76[%,1] and%§5<1,

@) n%_ﬁlnn) if ve [%,1} and%<5<%.

A2y W) =

\

See Section 5.3 for a proof.

Example 3.2. (Infinite Lévy measure with finite variation). Let X be a
truncated Gamma process with (infinite) Lévy measure of the form:

Xz

V(A):/Ae_ Cdr, Ae 2(0,1)).

Here .#"0! is a 1-dimensional parametric family in A, assuming that there
exists a known constant Ay such that 0 < A\ < Ay < oo, f(t) = e and

dvo(z) = Ldz. In particular, the f are Lipschitz, i.e. #":01 C 9(551,1(,,{,1\4)-

14



The discrete or continuous observation (up to time 7,,) of X are asymptoti-
cally equivalent to #,°, the statistical model associated with the observation
of a trajectory of the process (y;):

tdw,
dy, = /f(t)dt + \[\/Tt’ te[0,1].
1

More precisely, in the case where A, = n=7, 3
the rate of convergence of A(Z} py, #,°) is

< f < 1, an upper bound for

O(n%_ﬂlnn) ifi<p<
O(n 1+ﬂlnn) 1f ;<B<1

A(QZ?FV7 %yo) = {
Concerning the continuous setting we have:
AP #70) = O(n'F (nn) ) = O(Ta " (W T,) ).

See Section 5.4 for a proof.

Example 3.3. (Infinite Lévy measure, infinite variation). Let X be a pure
jump Lévy process with infinite Lévy measure of the form:

1,3
V(A):/%LQCM, A€ BRY).
A T
Again, we are considering a parametric family in A > 0, assuming that
the parameter stays bounded below a known constant \,. Here, f(t) =
2 —e M hence 1 < f(t ) <2, for all t >0, and f is Lipschitz, i.e. F*0&+ C
ﬁgﬁ L1 k- The discrete or continuous observations (up to time 7,,) of X
are asymptotically equivalent to the statistical model associated with the

observation of a trajectory of the process (y;):

tdW,
dy; =/ f)dt + —=, t>0.

More precisely, in the case where A, = n~", 0 < 3 < 1, an upper bound for
the rate of convergence of A(2X, #,1°) is

O(n>=3°) if 3 <p<i2

A(20, ) — f
(22, 7%) {O(nﬁ'*lﬁs(lnn)g) if 2<p<1.

In the continuous setting, we have

[SIE]

AZe W) =0(n e (lnn)%) =O0(Tn 34(lnT )

)-

See Section 5.5 for a proof.
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4. Proofs of the main results

In order to simplify notations, the proofs will be presented in the case
I C R*. Nevertheless, this allows us to present all the main difficulties,
since they can only appear near 0. To prove Theorems 2.5 and 2.6 we need
to introduce several intermediate statistical models. In that regard, let us
denote by Q{ the law of a Poisson random variable with mean T,,v(.J;) (see
(4) for the definition of J;). We will denote by %, the statistical model
associated with the family of probabilities { ®;”:2 Qf feF }:

L (lemel {@Qf feZ }) (11)

By Nf we mean the law of a Gaussian random variable A7 (2,/T,v(J;), 1)
and by JV the statistical model associated with the family of probabilities

{®?=2Nfif€$};
Ny = (le,@maml {®Nf e }) )

For each f € 7, let v, be the measure having fm as a density with
respect to vy where, for every f € %, f,, is defined as follows.

_ 1 if x € Jy,
m = v ; . . 13
fm(2) {VO((‘]jj)) ifeecJ, j=2...,m (13)
Furthermore, define
= Ym=v0 0,7 dv 'm
PO = (D, Ir,, {Pé7 °07m) € ﬁ}) (14)
" dig

4.1. Proof of Theorem 2.5

We begin by a series of lemmas that will be needed in the proof. Before
doing so, let us underline the scheme of the proof. We recall that the goal
is to prove that estimating f = j—;; from the continuous observation of a
Lévy process (Xi)icp,r,,] without Gaussian part and having Lévy measure v
is asymptotically equivalent to estimating f from the Gaussian white noise
model:

1
dy, =/ f(t)dt + ———==dW, =—— tel.

16



Also, recall the definition of 7, given in (5) and read & PEN Py as P,
is asymptotically equivalent to &Z,. Then, we can outline the proof in the
following way.

e Step 1: P "0 S p 0,

e Step 2: P%Zﬁm*uo’o’ﬁm) EN Q-, Z(Tnv(J;)) (Poisson approximation).

Here @’_, #(T,v(J;)) represents a statistical model associated with
the observation of m—1 independent Poisson r.v. of parameters T,,v(J;);

o Step 3: Q_, P2 (Tnr(J))) EN QL N (2y/Tov(J;),1) (Gaussian ap-

proximation);
m A
o Step 41 QL, A (2y/Tnr (), 1) <= (Yt)ier-
Lemmas 4.1-4.3, below, are the key ingredients of Step 2.

Lemma 4.1. Let 2% and £, be the statistical models defined in (14) and
(11), respectively. Under the Assumption (H2) we have:

AP0, %,) =0, for all m.
Proof. Denote by N = NU {oo} and consider the statistics S : (D, Zr,) —
(Nm=1 P(N™1)) defined by
S(z) = (N;if, o N;i;m> with N7 =) "1, (Ax,). (15)
r<T,

An application of Theorem Appendix A.12 to P}Zﬁmﬂo’o’ﬂm) and P}S’O’VO) ,
yields

dP(ZDm—VO,O,f/m) m V(Jj) . )
ZP%O’”O) (x) = exp (; (ln (V0<Jj)>)NT;L -7, /I(fm(y)—l)l/o(dy)).

Hence, by means of the Fisher factorization theorem, we conclude that S is

a sufficient statistics for 2220, Furthermore, under Pgﬂm_yo’o’l—'m), the random
variables N7 have Poisson distributions Qj-c with means T,,v(.J;). Then, by
means of Property Appendix A.7, we get A(P0, %) =0, for allm. O

Let us denote by Qf the law of a Poisson random variable with mean
T. |, Fm()vo(dy) and let %, be the statistical model associated with the

family of probabilities {&Q)]_, Q; cfegzy.
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Lemma 4.2.

AL, ) < sup\/ /\[0 (f(y) = () “vo(dy).

fez

Proof. By means of Facts Appendix A.2-Appendix A.4, we get:

AL, L) < supﬂ(@z)@ ®Qf>

fer

< supJZQPP Q Qf)

fez

?‘;BWJZ(“XP B[ fwmian [ somian] )

By making use of the fact that 1 — e ™ < z for all z > 0 and the equality
Va— Vb= f+ \[ combined with the lower bound f > k (that also implies

fm > k) and finally the Cauchy-Schwarz inequality, we obtain:

1o (- [\/ | Fmta) - \/ [ somian) )
< [\/ ] Jwman - \/ / Fopotan)|

7, (1,000 = Futatan) )
< "
- 2 ko (J;)
< Z—Z/J (F() = Fn(®)) v0(dy).

J

Hence,

((X)Q ®Qf S\/%/I\[O ](f(y)—fm(y))zv()(dy)-

]

Lemma 4.3. Let 0, and vy, the Lévy measures defined as in (5) and (13),
respectively. For every f € F, there exists a Markov kernel K such that

KP(P}/Dm —vo 70717771) _ P(Fy[’m o 7071/)771)
Tn T :

18



Proof. By construction, v, and #, coincide on [0,¢,,]. Let us denote by
res

Vy,o and 277 the restriction on [ \ [0,em] of 7, and 7, respectively, then

it is enough to prove: K P(7 ,0.775) P:(szm SO0 First of all, let us

observe that the kernel M:

MG A) = Y1) [ Vil v e 1\ Dl A€ BN D00)
j=2 A

is defined in such a way that M7'® = pr. Indeed, for all A € B(I\ [0,e,.]),

MV;S%A):f; M(sc,AMsS(dx):i - [ (vt Jorzia
=i( [ Vit )u) / Fulw)aldy) = 72°(4). (1)

res

Observe that (y"m =% 0, 7") and (y"m ~*0,0, 0') are Lévy triplets asso-
ciated with compound P01sson processes since v° and U, are finite Lévy
measures. The Markov kernel K interchanging the laws of the Lévy pro-
cesses is constructed explicitly in the case of compound Poisson processes.
Indeed if X is the compound Poisson process having Lévy measure 7', then

= "M Y}, where N, is a Poisson process of intensity ¢, := 7:(1 \ [0 Em))
and the Y are i.i.d. random variables with probability law —1/1”es Moreover,

7~ res

given a trajectory of X, both the trajectory (ny)sefo,r,) of the Poisson process
(Nt)te[O,Tn] and the realizations y; of Y;, ¢ = 1,... ,np are uniquely deter-

n

mined. This allows us to construct ng, i.i.d. random variables f/z as follows:
For every realization g; of Y;, we define the realization g; of Y; by throwing
it according to the probability law M (7;,-). Hence, thanks to (16), (Y;);
are i.i.d. random variables with probability law 2. The desired Markov
kernel K (defined on the Skorokhod space) is then glven by:

Ny
K : (Xt)tE[O,Tn] — (Xt = ZYz) .
(0,T%]

i=1

Finally, observe that, since

" m()ro(dy) = dy) = o (y)vo(dy),
. /1 \[o,sm]f (y)vo(dy) /I \[o,sm}f(y)m( y) /1 o Fon () v0(dy)

(Xt)te[o 7, is a compound Poisson process with Lévy measure 2. O

Let us now state two lemmas needed to understand Step 4.
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Lemma 4.4. Denote by #.# the statistical model associated with the contin-
uous observation of a trajectory from the Gaussian white noise:

1
dy, =/ f(t)dt + SNiVO)

Then, according with the notation introduced in Section 2.1 and at the begin-
ning of Section 4, we have

AN, W) < 29/Ty sup (A(f) + Bu(f)).

feF

AWy, teI\][0,en)]

Proof. As a preliminary remark observe that #,# is equivalent to the model
that observes a trajectory from:

QV\/(_)th, t e I\[0,eml.

Let us denote by Y; the increments of the process (7;) over the intervals J;,
j=2,....m,ie.

D

and denote by .4, the statistical model associated with the distributions of
these increments. As an intermediate result, we will prove that

A( Ay, Npy) < 24/ T, sup By, (f), for all m. (17)
fesz

To that aim, remark that the experiment .4;, is equivalent to observing m—1
independent Gaussian random variables of means 2Ty f 7, v f(W)vo(dy),

v/ vo(Jj5)

j = 2,...,m and variances identically 1, name this last experiment .4/ 7.
Hence, using also Property Appendix A.1, Facts Appendix A.2 and Ap-
pendix A.5 we get:

m

A( Ny Ni) < A( M, V) < Z(\/r/ VW) ve(dy) —2,/TV(J))2.

Since it is clear that §(#,#,.4;,) = 0, in order to bound A(A,, ##) it
is enough to bound §(A,, #,7#). Using similar ideas as in [9] Section 8.2, we
define a new stochastic process as:

V=30 [ Vi) + 5 S VMBD. e\ 0z




where the (B;(t)) are independent centered Gaussian processes independent
of (W;) and with variances

2

var(B,0) = [ vitwwatan — ([ Vtotas))

These processes can be constructed from a standard Brownian bridge { B(s), s €
[0,1]}, independent of (W,), via

50 = 5 / Vit ).

By construction, (Y;*) is a Gaussian process with mean and variance given
by, respectively:

B = B [ Vi =3 ([ Viwman) [ v,
Var[Y;"] = ZVar[Y]] (/ Vj(y)yo(dy)) + T ZVO(JJ)Var(BJ (1))
- ﬁ 2 vo(J;)Vj(y)vo(dy) = ﬁ /am vo(dy) = VO(Z’: dl

One can compute in the same way the covariance of (Y,*) finding that

[Em, 5])

Cov(Y{,Yy) = VO(4T Vst

We can then deduce that
t —— t
. V9(8) o
Y, = /6m VI (@)vo(dy) + . ﬁdWSa t e I\[0,em],
where (W) is a standard Brownian motion and

—

VEn(e) = i (/ | V() )Vito).

Applying Fact Appendix A.6, we get that the total variation distance
between the process (Y;*)icn\[0,e,,] cOnstructed from the random variables Y;,

J =2,...,m and the Gaussian process (;)cr\[0,c,,] i bounded by
e 2
\/4Tn /\[ | (VFm =V 1IW) moldy),
I\[0,em,
which gives the term in A,,(f). O
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Lemma 4.5. In accordance with the notation of Lemma 4.4, we have:

AHFE W) = Sup\/ / V) —1) l/o(dt)). (18)

fe,/

Proof. Clearly §(#>°, #,#) = 0. To show that §(## #,") — 0, let us
consider a Markov kernel K #. from C(I'\ [0,&,,]) to C(I) defined as follows:
Introduce a Gaussian process, (B}")ic[o.c,,] With mean equal to ¢ and covari-
ance

1

LI dz.
T,9(5) 0 Jno.4 (2)dz

t
1
Var(B]") = ds
(B) /0 AT, 9(s)

Consider it as a process on the whole of I by defining Bi* = BI* Vt > ¢,,.
Let w; be a trajectory in C'(I'\ [0, &,,,]), which again we constantly extend to a
trajectory on the whole of I. Then, we define K# by sending the trajectory
w; to the trajectory w; + B/ If we define W, as the law induced on C'(I) by

Cov(B™, BI") = /
0

In particular,

o 1 tG[Ogm]
m7 tel, h(t)= {\/_t te I\ [0,

then K#W/|njoz,. = W,,, where W/ is defined as in (8). By means of Fact
Appendix A.6 we deduce (18). O

Proof of Theorem 2.5. The proof of the theorem follows by combining the
previous lemmas together:

e Step 1: Let us denote by @gom the statistical model associated with the

family of probabilities (Pfﬂﬁm*uo 00m) o Z). Thanks to Property
Appendix A.1, Fact Appendix A.2 and Theorem Appendix A.13 we
have that

AP, 20 ) < \/% sup H(f, fm).

feF

e Step 2: On the one hand, thanks to Lemma 4.1, one has that the sta-

P T0,0,0m)

tistical model associated with the family of probability (P(

dv
dl/o

AL, ZLy). On the other hand it is easy to see that 5(,@5%,
Indeed, it is enough to consider the statistics

S:x»—)(ZHhAxT ZHJmAxT)

r<Thp r<Thp

€ .Z) is equivalent to .Z,. By means of Lemma 4.2 we can bound
Zn) = 0.

22



since the law of the random variable > . 1, (Axz,) under Py (77m720,0,6m)

is Poisson of parameter T, ij fm(y)uo(dy) for all 7 = 2,...,m. Finally,

Lemmas 4.1 and 4.3 allows us to conclude that 6(.%,, @Zom) = 0. Col-
lecting all the pieces together, we get

A(@Z“m, ) < sup \/ /\[o — funly ))2V0(d?/)-

fez

e Step 3: Applying Theorem Appendix A.9 and Fact Appendix A.3 we
can pass from the Poisson approximation given by .%,, to a Gaussian
one obtaining

A(L, Nn) = Csup

feF

e Step 4: Finally, Lemmas 4.4 and 4.5 allow us to conclude that:

NN (\/_sup f)+ B (f)+0m))

fez

+O \/ sup\// fm Vody 1/ )
feF I\[0,em] n,um

4.2. Proof of Theorem 2.6

Again, before stating some technical lemmas, let us highlight the main
ideas of the proof. We recall that the goal is to prove that estimating f = duo
from the discrete observations (X,)I, of a Lévy process without Gaussian
component and having Lévy measure v is asymptotically equivalent to esti-
mating f from the Gaussian white noise model

1 dVO
dy, =/ f(t)dt + ———==d =—F, tel.

O

Reading &, PEN Py as Y is asymptotically equivalent to &5, we have:

e Step 1. Clearly (Xy,), ERN (Xy, — Xt,_,)™,. Moreover, (X; —

X, )i N (eiYi) where (¢;) are i.i.d Bernoulli r.v. with parameter
a = L ApemtmAn = f]\[Oam]f I/O(dy) and (Y;); are iid. r.v.

independent of (el) ' and of dens1ty - with respect to voy,,
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e Step 2. (&Y;); VEN M(n; (v)7L,), where M(n; (75)7%,) is a multino-
mial distribution with v; =1 —a and v; := av(J;) i = 2,...,m;
e Step 3. Gaussian approximation: M(n; (71, ... 7m)) <= ey A (24/Tur(J5), 1);

o Step 4. @7y A (2¢/Tr (7)), 1) <2 (y)ier.

Lemma 4.6. Let v;, © = 1,2, be Lévy measures such that vy < vy and
by — by = f‘y|<1 y(v1 — 1n)(dy) < co. Then, for all 0 < t < oo, we have:

Hngl,o,m) _ Q (b2,0,u2) \/7H (1, 13).

Proof. For all given t, let K; be the Markov kernel defined as K;(w,A) :=
Ia(we), VAe B(R),Ywe D. Then we have:

HQ%bl’O’ljl) . (b2,0,v2)

t HTV - HKtPt(bLOM) o KtPt(b%OM)”Tv

S Hpt(bl,o,lll) - Pt(bz,o,l/2)

t
S \/;H(Vlal/Q)a

where we have used that Markov kernels reduce the total variation distance
and Theorem Appendix A.13. O

Iy

Lemma 4.7. Let (P;)_,, (Y;)", and (€)1, be samples of, respectively, Pois-
son random variables 2 ()\;), random variables wzth common distribution and
Bernoulli random variables of parameters \;e™, which are all independent.
Let us denote by Qe p) (resp. Qvie,)) the law of Zf;le (resp., €Y;).
Then:

H Q) Qury) — Q) Qe
=1 i=1

The proof of this Lemma can be found in [34], Section 2.1.

<2 A2, 19
LS 2N (19)

Lemma 4.8. Let fI be the truncated function defined as follows:
. 1 if v € 10,6
fir(e) = 0 enl
f(x)  otherwise

res

and let vF (resp. v5®) be the Lévy measure having fYr (resp. f|njozn]) @S
a density with respect to vg. Denote by 20 the statzstzcal model associ-

ated with the family of probabilities <®?:1 ﬁ”jt’: ;0 Ovm) . i o ) and by
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Qreso the model associated with the family of probabilities <®l 1 Qtzf’; luo )
df’?s € ﬂ) Then:
V0

A(gqtlr,y()’ Q;‘Les,z/o) — 0

Proof. Let us start by proving that 0(Z20 2re0) = (). For that, let us
consider two independent Lévy processes, X and X°, of Lévy triplets given
by (7”3*”0, 0, V:::VO) and (O, 0, V0|[075m]), respectively. Then it is clear (using
the Lévy-Khintchine formula) that the random variable X" — X} is a ran-
domization of X* (since the law of X? does not depend on v) having law

prm ﬁo’o’”’r’?s), for all ¢ > 0. Similarly, one can prove that 0(2resv0, Qo) =
0. ]

Proof of Theorem 2.6. As a preliminary remark, observe that the model 24
is equivalent to the one that observes the increments of ((a:'t), P}ZV_VO’O’V)),

that is, the model QZO associated with the family of probabilities ( (i Q . 7T00)

7tz 1
ﬂeﬁ).

dvg

e Step 1: Facts Appendix A.2-Appendix A.3 and Lemma 4.6 allow us

to write
\/ n\| —- H (v, vtr)

(@ Gas

n\/g\//ogm (VF() — 1) woldy).

Using this bound together with Lemma 4.8 and the notation therein, we

get A(LQro, Qreso) < \/m /52 supsez H(f, f). Observe that v/ is a

vres res
. , 0, . .
finite Lévy measure, hence <(a:t), PT(Z "oSm )) is a compound Poisson

process with intensity equal to ¢, = [ N\0m] f(y)vo(dy) and jumps
size density M for all x € I'\ [0,€,,,] (recall that we are assuming
that vy has a den51ty g with respect to Lebesgue). In particular, this
means that Q) (05 can be seen as the law of the random variable
Z i1 Y; where R- is a Poisson variable of mean ¢,,A,,, independent from

(Y2)i>0, a sequence of i.i.d. random variables with dens1ty HI\[O em]
with respect to Lebesgue. Remark also that ¢,, is conﬁned "hetween

K1 (I\ [O,em]) and My, (I\ [0, em])
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Let (€)i>0 be a sequence of i.i.d. Bernoulli variables, independent of
(Y;)is0, with mean ¢,,A,e~%». For i = 1,...,n, denote by Qg’f the
law of the variable ¢;Y; and by 2¢ the statistical model associated with
the observations of the vector (e1Y1,...,€,Y,), i.e.

2¢ = (I”,,%’(I”), { é@;ﬂ‘ fe ﬁ})
i=1

Furthermore, denote by Qf the law of Zle Y;. Then an application
of Lemma 4.7 yields:

n n
| Qe -@a
i=1 i=1

Hence, we get:

A2, 9°) = O (VO([ \ [0, £m]) \/nAi) . (20)

Here the O depends only on M.

< 20 /nAZ < 2Mug (I [0,65]) /A2,

‘TV

Step 2: Let us introduce the following random variables:

Zyv =) Loy(eV;): Zi=) L(eY)), i=2,....m.
j=1 Jj=1

Observe that the law of the vector (71, ..., Z,,) is multinomial M (n; v, ...

where
Y=1— 1 Ape mBn g = Ane"mA”I/(Ji), i=2,...,m.

Let us denote by M,, the statistical model associated with the observa-
tion of (71, ..., Zy). Clearly (25, M,,) = 0. Indeed, M,, is the image
experiment by the random variable S : I" — {1,...,n}"™ defined as

S(x1,...,Tp) = (#{j:xj:O};#{j:xj € Jg};...;#{j:xj € Jm}>,

where # A denotes the cardinal of the set A.

We shall now prove that 6(M,, Z;) < sup;cs \/nAnHQ(f, fm). We
start by defining a discrete random variable X* concentrated at the
points 0, z7, @ = 2,...,m:

PX* = y) = vi fy=zf 1=1,...,m,
= 0  otherwise,

26
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with the convention z7 = 0. It is easy to see that M,, is equivalent to
the statistical model associated with n independent copies of X*. Let
us introduce the Markov kernel

Kt A) = {]IA(O) if i =1,

J4 Vi(@)vo(dx)  otherwise.

Denote by P* the law of the random variable X* and by @ “/ the
law of a random variable ¢;Y; where ¢; is Bernoulli independent of YZ,
with mean ¢,,A,e”""*" and Y has a density & Imay I\[0,,,] With respect to
Lebesgue. The same computations as in Lemma 4.3 prove that K P* =
Qf-’f . Hence, thanks to Remark Appendix A.8, we get the equivalence
between M,, and the statistical model associated with the observations
of n independent copies of ¢Y;. In order to bound (M, 2¢) it is
enough to bound the total variation distance between the probabilities
R, QY and (e Q. Alternatively, we can bound the Hellinger

distance between each of the Qf’f and fo , thanks to Facts Appendix
A.2 and Appendix A.3, which is:

n
E:f _ ® Q:vf
i=1 TV

IN

\ S H(Q Q)
=1

= S ER f) < \fn ().

\&

It follows that

8( M, 23) < V/nly sup H(f, fn).

fez

Step 3: Let us denote by N the statistical model associated with
the observation of m independent Gaussian variables A (ny;, ny;), i =
1,...,m. Very similar computations to those in [9] yield

AM, N = o(m;“ﬁm).

In order to prove the asymptotic equivalence between M,, and N, de-
fined as in (12) we need to introduce some auxiliary statistical models.
Let us denote by A,, the experiment obtained from N}, by disregarding
the first component and by V,, the statistical model associated with the
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multivariate normal distribution with the same means and covariances
as a multinomial distribution M(n,~,...,7%y,). Furthermore, let us
denote by N# the experiment associated with the observation of m —1
independent Gaussian variables 4(,/n7;, 411)7 i = 2,...,m. Clearly
AV, Ay) = 0 for all m: In one direction one only has to consider
the projection disregarding the first component; in the other direction,
it is enough to remark that V,, is the image experiment of A, by the

random variable S : (zo,...,2,) = (n(1 — #),x% ey Xpm). More-
over, using two results contained in [9], see Sections 7.1 and 7.2, one
has that

A(Ap, N*) = o(\/?), A(Ay, N#) = o(%).

Finally, using Facts Appendix A.2 and Appendix A.5 we can write

A(Nm#v-/\/m) < QZ <\/TnV(Ji> - \/TnV(Ji> eXp(_LmAn))Q

< VITAZE, < \/2083 M3 (v (1 [0, 2]))".

minm 3 :
To sum up, A(M,,, N,,) = O(% + \/TLA;’L(V()([\ [O,em])) ), with
the O depending only on x and M.

e Step 4: An application of Lemmas 4.4 and 4.5 yield
AW, #7°) < 2V T 50p (A (f) + Bun(f) + Cn(£).-

feF

5. Proofs of the examples

The purpose of this section is to give detailed proofs of Examples 2.4 and
Examples 3.1-3.3. As in Section 4 we suppose I C R,. We start by giving
some bounds for the quantities A,,(f), Bn(f) and La(f, fin), the Lo-distance
between the restriction of f and f,, on I'\ [0, &,,).

5.1. Bounds for Ap(f), Bm(f), La(f, fm) when f, is piecewise linear.

In this section we suppose f to be in ﬂ(I% K mary defined as in (3). We are
going to assume that the V; are given by triangular/trapezoidal functions as
in (6). In particular, in this case f,, is piecewise linear.
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Lemma 5.1. Let 0 < Kk < M be two constants and let f;, i = 1,2 be functions
defined on an interval J and such that k < f; < M, i =1,2. Then, for any
measure vy, we have:

ﬁ/](fl(x)—f2($) vo(dx) /(\/fl \/fz ) vo(dx)

< 1 [ (h@) = @) nds).

Proof. This simply comes from the following inequalities:

file) = folz)
V(@) ++/ fa(x)

1
< m(fl(x) — fa(z)).

(filz) = falz)) < fi(x) =/ fa(z)

1
2vM

]

Recall that z} is chosen so that [, (z — z})vp(dz) = 0. Consider the
following Taylor expansions for x € J;:

f(x) = f(@7) + f @)@ = af) + Ri(w); fula) = fula]) + fru(a]) (2 — 7).
where f,(z7) =

whether © < 2} or x > xf (as f,, is piecewise linear, no rest is involved in its
Taylor expansion).

,Z)(({}‘,)) and f’ (x7) is the left or right derivative in z depending

Lemma 5.2. The following estimates hold:

|Ri(z)| < K& — ai["[x — 27];
@) = fu@)] S N Rl fori=2,...,m = 1;

|f(:B)—f 2| < 2||Ri||Loo(uo)+K|$i —m|"’|x—x;k| ifred, i=3,...,m
- C‘.’L’ - Ti’ Zf.ﬁE S Ji, 1€ {Z,m}

for some constant C' and points & € J;, n; € Ji_1 U J; U Jipq, v € JoU Js3
and Ty € Jp_1 U Jpn.

Proof. By definition of R;, we have

Ri@)] = |(£(€) = F@D) @ — 27| < Kl — 2o — 23],

29



for some point &; € J;. For the second inequality,

*—Ax’»‘zl ) — f(x))v(dx
() = el = s ] [ e p@nmtas)
1
= ol /J Ri(x)vo(dz)| < || Rill Loo (vo)

where in the first inequality we have used the defining property of 7. For the
third inequality, let us start by proving that for all 2 < i < m — 1, f’ (z) =
1/ (x;) for some x; € J; U J;11 (here, we are considering right derivatives; for
left ones, this would be J;_; U J;). To see that, take € J; N [z}, 2}, ] and

introduce the function h(z) := f(z) — l(z) where

*
JT—ZL‘Z N N

l([)?) - —*(fm(‘r:—i-l) - fm('r:)) + fm(x;k)

*
L1 — &

Then, using the fact that [ (z—a7)vo(dz) = 0 joint with [, (z—a7,,)v(dz) =

(20 — 23 tm, W gt

/J | h(z)wo(da) = 0 = / h(z)vo(d).

Jit1

In particular, by means of the mean theorem, one can conclude that there
exist two points p; € J; and p;41 € J; 1 such that

[y haw(dz) [, h(@)w(d)

h(pl) - VO(Ji> - VO(Ji+1)

= h(pz'+1)‘

As a consequence, we can deduce that there exists x; € [p;, pit1] € J; U Jiiq
such that 2/(y;) = 0, hence f'(x;) = U'(xs) = f,(x}). When 2 <i < m —1,
the two Taylor expansions joint with the fact that f/n(x:‘) = f'(x;) for some
Xi € Ji U Jiyq, give

1f(2) = fnl(@)| < |f(2]) = ful@))| + |Ri(2)| + K|z} — x| |z — ]|
< 2| Rill ooy + K27 — xa| |2 — 27|

whenever z € J; and x > ] (the case x < x} is handled similarly using the
left derivative of fm and & € J;_1UJ;). For the remaining cases, consider for
example ¢ = 2. Then fm(w) is bounded by the minimum and the maximum
of f on J,UJs, hence f,,(z) = f(r) for some 7 € JoUJs. Since f is bounded
by C' = 2M + K, one has |f(x) — fm(z)| < Clz — 7). O
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Lemma 5.3. With the same notations as in Lemma 5.2, the estimates for

A2 (), B2(f) and Lo(f, fin)? are as follows:

2 1 - . L0\ 2
Lo(f, fu)? < 4—(2 / (2Rt + Kl =k = af]) wold)
lz — 7ovo(dx) + / |z — Tm|2vo(d:v)).

J2 Im

= L(VI T —O(szfm)>
(Z )@V + )2HRiH%w(W>)-

Proof. The Lo-bound is now a straightforward application of Lemmas 5.1
and 5.2. The one on A,,(f) follows, since if f € ?(I%K%M) then \/f €

1 2 . . .
9(%%,ﬁ,m)‘ In order to bound By (f) write it as:

S I vV FW)vo(dy) v(J; 2 m 2
:Z;VO(Jj)( J eh _ VO((J],))) ::Z;VO(J)E

By the triangular inequality, let us bound E; by F; + G; where:

ﬂ:‘\/%_\/@ and GF‘\/@—&\/ET(@)

Using the same trick as in the proof of Lemma 5.1, we can bound:

fJ ( (2 ))Vo(df)
Vo(Jj)

+02<

F; <2vVM <2V M| Ry Lo (v -

On the other hand,

Gj = L‘/ (\/@— M)Vo(dy)‘
s

which has the same magnitude as || R;]| . ()-

>)VO<dy>\ <Rl
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Remark 5.4. Observe that when 1y is finite, there is no need for a special
definition of fm near 0, and all the estimates in Lemma 5.2 hold true replacing
every occurrence of 1 = 2 by ¢ = 1.

Remark 5.5. The same computations as in Lemmas 5.2 and 5.3 can be
adapted to the general case where the V}’s (and hence fm) are not piece-
wise linear. In the general case, the Taylor expansion of fm in 27 involves a
rest as well, say R;, and one needs to bound this, as well.

5.2. Proofs of Examples 2.4

In the following, we collect the details of the proofs of Examples 2.4.

1. The finite case: vy = Leb([0, 1]).

Remark that in the case where 1 if finite there are no convergence prob-
lems near zero and so we can consider the easier approximation of f:

mb, ifx e [O,xﬂ,
fm() = P[0 (x — 2F) + 0;(a5,, — )] fxe(alar,] j=1....m—1
mb, if v € (2F,,1]
where
25— 1 j—1 / .
* , J.:(—7_i|7 0: d, :17..., .
‘IJ 2m J m m J 7 f(l’) €z J m

In this case we take ¢,, = 0 and Conditions (C2) and (C?2') coincide:

lim nA,, sup (Afn(f) + B,%ﬂ(f)) = 0.

n—eo fes

Applying Lemma 5.3, we get
sup (Ls(f, fn) + An(F) + Bu(f)) = O(m™% +m~177);

e
(actually, each of the three terms on the left hand side has the same rate of
convergence).
2. The finite variation case: 2 (1) =z~ I ().

To prove that the standard choice of V; described at the beginning of
1
d
Examples 2.4 leads to / Vi(z) @ _ 1, it is enough to prove that this integral
Em x

1 m
d
is independent of j, since in general / E V](x)—x =m — 1. To that aim
T
Em j=9
observe that, for j =3,...,m — 1,

! ox—axt_,d Tt — 1 d
o [ ViCoptdn) = [7 ZZEELEE [P Em IR
Em x X

ol * o —ax
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Let us show that the first addendum does not depend on j. We have

x* * x* * *
j dx Ti_ i dx Tk Ti_
_ _ Jj—1 . J—1 7—1
/ Tt —xk =1 and Tt — 1k / r  xt - 1n<x* '
o, T - : i1 Je k - k

J J J J J

m—j

and v; =&,

Vi Y-t

Since x =

_do

not depend on j. The second addendum and the trapezmdal functlons Vs
and V,, are handled similarly. Thus, fm can be chosen of the form

¥ —x

(1 if z € [0,

A /(2 if 7 € (£, 73],

)= e [P ) 4 A wﬂ if 2 € (af,05,] J=2,
\% if v € (x,,1].

A straightforward application of Lemmas 5.2 and 5.3 gives

\/ [ (1600 futo)) ittt anpy Bty = 0 () vinier)

as announced.
3. The infinite variation, non-compactly supported case: di”eob (x) =
2 ?Ig, (x). Recall that we want to prove that

H(m)* f(x)® ) ’

+ sup
(Emm)® 2> p(m) H(m)

Lo(f, fm)? + A2 (f) + B2(f) = o(

for any given sequence H(m) going to infinity as m — oc.
Let us start by addressing the problem that the triangular/trapezoidal
JAN

choice for Vj} is not doable. Introduce the following notation: V; =V, + A;,
AN
Jj = 2,...,m, where the V,’s are triangular/trapezoidal function similar to

A
those in (6). The difference is that here, since x}, is not defined, V,,_; is
a trapezoid, linear between x;, _, and z; _; and constantly equal to # on

A
[xF, 1, Um_1] and V,, is supported on [v,,_1,00), where it is constantly equal
to ;% Each A, is chosen so that:

L. It is supported on [2}_;, 7} ,,] (unless j =2, j = m—1or j = m; in the
first case the support is [z5, 23], in the second one it is [z, _,, x5 1],
and A, = 0);
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2. A coincides with —A;_y on [#5_, 23], j = 3,...,m—1 (so that 3V} =
1

o ) and its first derivative is bounded (in absolute value) by 0
i 7%

(so that Vj} is non-negative and bounded by n),

3. Aj vanishes, along with its first derivatives, on z7_;, 7 and 2},

We claim that these conditions are sufficient to assure that fm converges to
f quickly enough. First of all, by Remark 5.5, we observe that, to have a
good bound on Ly(f, fm) the crucial property of fm is that its first right

(resp. left) derivative has to be equal to L — (resp. ————) and

Nm(ijrl x]‘) Mm(ftj xjil)
its second derivative has to be small enough (for example, so that the rest
R; is as small as the rest R; of f already appearing in Lemma 5.2).

The (say) left derivatives in z7 of f,,, are given by

Faala) = (V@) +45) ()~ pm))s - Fale) = AL () v s)).

Then, in order to bound | f,’,/l(x;‘ﬂ it is enough to bound |A7(x})| because:

R d d
| < 1@ [ @S- [ r@G] < 1Al @l

where /; is the Lebesgue measure of J;.

We are thus left to show that we can choose the A;’s satisfying points
1-3, with a small enough second derivative, and such that I3 Vil )dx =1. To
make computations easier, we will make the following explicit choice:

Aj(x) =bj(z — x;)z(:n — )? Vo€ [ohy, 1),

Tj—1,T;

for some b; depending only on j and m (the definitions on [7},7},,) are
uniquely determined by the condition A; + A, = 0 there).

Define jmax as the index such that H(m) € J; . ; it is straightforward to
check that

e e = S = e log (144, b= m 2

One may compute the following Taylor expansions:

*

Tm—k A 1 1 5 1
. dv) = = — — =)
/x:n“ Voos(@h(da) =5 = g7+ 53 + O (35 )
Trn kil A 1 1 1
/x:nk Vslrvolde) =5+ G+ gage O(E)‘
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In particular for m > 0 and m — k < juax, so that also & > 0, all the
integrals f 1 V( Jvo(dx) are bigger than 1 (it is immediate to see that the

same is true for VQ, as well). From now on we will fix a k& > % and let
j=m—k.
Summing together the conditions [, Vi(z)ry(dx) = 1 Vi > j and noticing

that the function ZZ] V; is constantly equal to Him on [z}, 00) we have:

*

; . Lot ooy — {7 S oy (d
[ At =m—j+1- Zus00) - [ Gwoml

* *
j—1 j—1

:Hl_m_%*é”)(%)_ﬂ O(%)

Our choice of A; allows us to compute this integral explicitly:

[ wta = = = et = 1) (G4 0(35)):

. 2

In particular one gets that asymptotically

1 3,1 O\’
bj~v ————— k'~ [ — ) .
(em(m—1))32 4k Em M
This immediately allows us to bound the first order derivative of A; as asked
in point 2: Indeed, it is bounded above by 2bJ€J . where /;_; is again the

length of J;_;, namely ¢; = sm((]:ll)l ) st It follows that for m big enough:
1 1 ko’
sup | 45(0)| < 35 € et~ ()
zel fm (T — T _y) EmMm

The second order derivative of A;(x) can be easily computed to be bounded
by 4bj€j2-. Also remark that the conditions that |f| is bounded by M and that
fis Holder, say |f'(z) — f'(y)| < K|z — y|?, together give a uniform L,
bound of |f’| by 2M + K. Summing up, we obtain:

1
k3€mm

(@) S b3btm

(here and in the following we use the symbol < to stress that we work up to
constants and to higher order terms). The leading term of the rest R; of the
Taylor expansion of f,, near zj is

EmM

frap)le = 25 ~ |l ~ 22
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Using Lemmas 5.2 and 5.3 (taking into consideration Remark 5.5) we
obtain

Jmax

10 = Fawintan) $ 3 [ 156~ fuelutdn) + [ 150 = fulo)Punta)
S (Emm)**®  (emm)? 1 2
5 k:ZT;m Mm( k4+4’y + k14 ) + H(m) x;}_l[?m) f(fL’)

(21)

H(m)3+4fy H(m)13 1
S 2vay T o) T :
(Emm)*+27  (em) H(m)
It is easy to see that, since 0 < v < 1, as soon as the first term converges, it
does so more slowly than the second one. Thus, an optimal choice for H(m)
is given by \/g,,m, that gives a rate of convergence:

- 1
Lo(f, fm)* S N

This directly gives a bound on H (f, fm) Also, the bound on the term A,,(f),

which is Lo(v/f,+/f,,)?, follows as well, since f € ﬁé’K’mM) implies \/f €

O-\I . 2 . .
Z, Ay Finally, the term B? (f) contributes with the same rates as

those in (21): Using Lemma 5.3,

[m— clm=1)

B, (f) < vo(J) [R5 1L + vo([H(m), 00))

S w

~ ’m

>

j=2
m EmM\ 2+27 1
> () H(m)

_em(m—1)

344
- H (m)> n 1 ‘
™ (emm)**® - H(m)
5.8. Proof of Example 3.1
In this case, since €,, = 0, the proofs of Theorems 2.5 and 2.6 simplify
and give better estimates near zero, namely:

AL #2) < C(VT s (Anlh) + Bal) + Lalf f) + )
fez i

mlnm

NG

AL, W) < 02( nA7 + + V/Tsup (An(f)+ Bulf) + H(S, fm))),
(22)
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where C, C5 depend only on x, M and

_ \//01 </\/\?m(y) - f(y)>2dy, Bu(f) = i (\/E/J VI - \/Q_j)2'

Jj=1

As a consequence we get:

ALy #%) < O( VI om0 4 /ar T

To get the bounds in the statement of Example 3.1 the optimal choices are

my, = T2+” when v < 5 and m,, = T ; otherwise. Concerning the discrete
model, we have:

sve) 1 5
A(gﬁeﬁv’ 7)< O( nAj + m\/n_m +v/nA,(m™7 + le)).
n

There are four possible scenarios: If v > % and A, = n? with % < B < %
(resp. 3> 3) then the optimal choice is m,, = n'~* (resp. m,, = n¥)

If v > % and A, = n? with % < B < % (resp. B > 227) then the

3+2 3+2y
. . . 2-8 _
optimal choice is m,, = n#27 (resp. m, = n'=?).

5.4. Proof of Example 3.2

As in Examples 2.4, we let ¢, = m~ and consider the standard trian-
gular/trapezoidal V;’s. In particular, fm will be piecewise linear. Condition
(C2’) is satisfied and we have C,,,(f) = O(g,,). This bound, combined with
the one obtained in (7), allows us to conclude that an upper bound for the
rate of convergence of A(Z2,%,#,") is given by:

-1
A2y W) < C (\/ VBt (P >)2+mj%m+\/mz 1n<e;£>) ,

where C' is a constant only depending on the bound on A\ > 0.

The sequences ¢, and m can be chosen arbitrarily to optimize the rate
of convergence. It is clear from the expression above that, if we take ¢, =
m~1"% with a > 0, bigger values of a reduce the first term \/v/n2A,&,,
while changing the other terms only by constants. It can be seen that taking
a > 15 is enough to make the first term negligeable with respect to the others.
In that Case and under the assumption A, = n~?, the optimal choice for m
is m =n® with § = %= 45 In that case, the global rate of convergence is

-«

A( nFV? WVO) -

O(n%’ﬁlnn) if 1 <fB<+5
O(n = lnn) 1f G <B <1l
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In the same way one can find

" 5 Inm m?
A(‘@n?FV’%O):O(VnA < - > In(e!)+ nA, (o)

As above, we can freely choose ¢, and m (in a possibly different way from

+ nAnem) .

above). Again, as soon as &, = m’l’o‘ with @ > 1 the third term plays no
role, so that we can choose ¢, = . Letting A, =n?, 0< B < 1, and
m = n’, an optimal choice is § = 22, giving

APy W) = O(ns" (m)g) = o1 f (nT)?).

5.5. Proof of Example 3.3

Using the computations in (21), combined with (f(y)—fm(y))2 < 4exp(—2X\y?) <
4exp(—2XoH (m)?3) for all y > H(m), we obtain:

00 . 9 (m)7
[ 1)~ Pt 5 Z0 [ () = ) Panta)

- (m)7 72)\0H(m)3
~ )t H(m)

As in Example 2.4, this bounds directly H2(f, f,,) and A2 (f). Again, the
first part of the integral appearing in B2 (f) is asymptotically smaller than
the one appearing above:

By, (f) = (M/ ﬁuo—\//f l/gdx>

S e R
S <sn(;;>1 ;gn))

As above, for the last inequality we have bounded f in each J,,_, k < 6'?;';),

with exp(—XoH(m)3). Thus the global rate of convergence of Lo(f, fm)? +
A H(m)?
A%(F) + B(S) s 0 +
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2 —1)2
Concerning C,,(f), we have C%(f) = [-" WDV gy < g2, To write

0 x2
the global rate of convergence of the Le Cam distance in the discrete setting

we make the choice H(m) = &/ )\10 Inm, for some constant 1, and obtain:

(SIS

Vvnd,  mlnm (Inm)s  m~
A(QV0 po) = A VALASIA B
(200, ) o( - ”((smm)2+m>+ N

Letting A, = n™?, ¢,, = n™ and m = n°, optimal choices give o = g and

o= % + 1%. We can also take 7 = 2 to get a final rate of convergence:

O(n%— ?) if3<p<i

A2y, W) = 1§ r
(2.0, 7°) {O(n_6+l‘;<1nn)6) if 2<pg<1.

In the continuous setting, we have

7 _n
6 2

+ o teh) + il
VIn m " nA, )

[\

AP0 W) = O(Jn_An(““m)

(emm)

Using 1,, = nl,, ¢, = T7% and m = T,‘f, optimal choices are given by
o= %, 0= %; choosing any n > 3 we get the rate of convergence

).

SR

A(P W) = O(T, (InTy,)

Appendix A. Background

Appendiz A.1. Le Cam theory of statistical experiments

A statistical model or experiment is a triplet &; = (2, @;, {P;0;0 € O})
where {P;¢;60 € ©} is a family of probability distributions all defined on
the same o-field 7 over the sample space Z; and © is the parameter
space. The deficiency 6( Py, Po) of P with respect to Hy quantifies “how
much information we lose” by using &7 instead of &, and it is defined as
(P, Py) = inf g supgee || K P o — Papl|rv, where TV stands for “total vari-
ation” and the infimum is taken over all “transitions” K (see [32], page 18).
The general definition of transition is quite involved but, for our purposes, it
is enough to know that Markov kernels are special cases of transitions. By
K P, y we mean the image measure of P, g via the Markov kernel K, that is

KPuo(A) = [ Kz, A)Py(dz), VA o,
21
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The experiment K2, = (22, 9%, {KP,4;60 € ©}) is called a randomization
of & by the Markov kernel K. When the kernel K is deterministic, that is
K(xz,A) = [45(z) for some random variable S : (21, 94) — (22, %), the
experiment K &7 is called the image experiment by the random variable S.
The Le Cam distance is defined as the symmetrization of ¢ and it defines
a pseudometric. When A(Z, &5) = 0 the two statistical models are said
to be equivalent. Two sequences of statistical models (2} )nen and (228 )nen
are called asymptotically equivalent if A(277, Z3) tends to zero as n goes to
infinity. A very interesting feature of the Le Cam distance is that it can be
also translated in terms of statistical decision theory. Let Z be any (measur-
able) decision space and let L : © X Z + [0,00) denote a loss function. Let
| L]] = supg .)coxs L(0, 2). Let m; denote a (randomized) decision procedure
in the i-th experiment. Denote by R;(m;, L, #) the risk from using procedure
m; when L is the loss function and 6 is the true value of the parameter. Then,
an equivalent definition of the deficiency is:

(P, P5) = infsupsup sup |R1(7T1,L,9)—R2(7T2,L,9)|.

T my 0€O L:|L|=1

Thus A(Z;, P5) < € means that for every procedure 7; in problem i there is
a procedure 7; in problem j, {7, j} = {1, 2}, with risks differing by at most
¢, uniformly over all bounded L and 6 € ©. In particular, when minimax
rates of convergence in a nonparametric estimation problem are obtained
in one experiment, the same rates automatically hold in any asymptotically
equivalent experiment. There is more: When explicit transformations from
one experiment to another are obtained, statistical procedures can be carried
over from one experiment to the other one.

There are various techniques to bound the Le Cam distance. We report
below only the properties that are useful for our purposes. For the proofs
see, e.g., (32, 47].

Property Appendix A.l. Let &; = (2, o/, {P;p;0 € O}), j = 1,2, be
two statistical models having the same sample space and define No( Py, Pa) =
Supeeg ||P179 — PQ’QHTV. Then, A(@l, <@2) S Ao(@l, gg)

In particular, Property Appendix A.1 allows us to bound the Le Cam
distance between statistical models sharing the same sample space by means
of classical bounds for the total variation distance. To that aim, we collect
below some useful results.

Fact Appendix A.2. Let P and P, be two probability measures on 2,
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dominated by a common measure &, with densities g; = djgi, it =1,2. Define

Li(PyFy) = /% 1) — go() € (d),

nepy = ([ (Vo - va) dan)

Then,

1
||P1_P2||TV:§L1(P17P2) < H(Py, P). (A1)

Fact Appendix A.3. Let P and Q) be two product measures defined on the
same sample space: P = Q! P, Q = ®} ,Q;. Then

HA(P,Q) < 3 HA(P, Q) (A.2)

Fact Appendix A.4. Let P;,, i = 1,2, be the law of a Poisson random
variable with mean \;. Then

1 2
H2<P1,P2):1—6Xp(—§(\/)\1—\/)\2) )
Fact Appendix A.5. Let Qy ~ A (j1,0%) and Qo ~ N (p12,03). Then

o\ (p1 — p2)?
Q1 — Qaflrv < 2(1——%) +
05 20’2

Fact Appendix A.6. Fori=1,2, let Q;, i = 1,2, be the law on (C,¥) of
two Gaussian processes of the form

t t
X! :/ hi(s)ds +/ o(s)dWs, t €1[0,T]
0 0

where h; € Ly(R) and 0 € Rg. Then:

L1(Q1,Q2) < \//o (hl(y)gz_(j;(y)) ds.

Property Appendix A.7. Let &, = (%, %, {P,p,0 € ©}), i = 1,2, be
two statistical models. Let S : Z7 — 25 be a sufficient statistics such that
the distribution of S under Py g is equal to Pyg. Then A(Py, Py) = 0.
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Remark Appendix A.8. Let P; be a probability measure on (E;, &) and K;
a Markov kernel on (G;,G;). One can then define a Markov kernel K on
(IT—, E:, ®,G;) in the following way:

K(zy,. . an; Ay x - x Ay) o= [ [ Ki(wi, &), Vai € By, VA; € G,
=1
Clearly K @}, P, = @} K, P,.

Finally, we recall the following result that allows us to bound the Le Cam
distance between Poisson and Gaussian variables.

Theorem Appendix A.9. (See [{/, Theorem 4) Let Py be the law of a
Poisson random variable X with mean A. Furthermore, let Py be the law of
a random variable Z5 with Gaussian distribution N (2VX, 1), and let U be a

uniform variable on [— %, %) independent of X\. Define

ZA:2sgn()~(A+U) ‘XA—FU'} (A3)
Then, denoting by Py the law of Zy,
H?*(Py, P5) =0(\).

Remark Appendix A.10. Thanks to Theorem Appendix A.9, denoting by
A a subset of Ry, by & (resp. &7*) the statistical model associated with
the family of probabilities {Py : A € A} (resp. {Py : A € A}), we have

A(@, 9*) < sup%,

A€A

for some constant C'. Indeed, the correspondence associating 7y to X, defines
a Markov kernel; conversely, associating to Z) the closest integer to its square,
defines a Markov kernel going in the other direction.

Appendiz A.2. Lévy processes

Definition Appendix A.11. A stochastic process {X; : t > 0} on R de-
fined on a probability space (2, .27, P) is called a Lévy process if the following
conditions are satisfied.

1. Xg =0 P-as.

2. For any choice of n > 1 and 0 < ty, < t; < ... < t,, random variables
Xty Xy — X4y, ..., Xy, — Xy, ,are independent.
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3. The distribution of X,,;, — X, does not depend on s.

4. There is Qg € & with P(Qg) = 1 such that, for every w € Qy, X;(w) is
right-continuous in ¢t > 0 and has left limits in ¢ > 0.

5. It is stochastically continuous.
Thanks to the Lévy-Khintchine formula, the characteristic function of
any Lévy process {X;} can be expressed, for all u in R, as:

2 2

E[e“‘xt] = exp ( — t(iub _1e

~ /R@ et iuyﬂ|y|<1)”(dy>>)’

where b,0 € R and v is a measure on R satisfying

v({0}) =0 and /R(|y]2 A Dv(dy) < .

In the sequel we shall refer to (b,0?,v) as the characteristic triplet of the
process {X;} and v will be called the Lévy measure. This data characterizes
uniquely the law of the process {X;}.

Let D = D([0,00),R) be the space of mappings w from [0, c0) into R that
are right-continuous with left limits. Define the canonical process x : D — D
by

Ywe D, xiw)=uw, Vt>D0.

Let 2, and Z be the o-algebras generated by {zs : 0 < s < t} and
{zs: 0 < s < oo}, respectively (here, we use the same notations as in [44]).

By the condition (4) above, any Lévy process on R induces a probability
measure P on (D,Z). Thus {X;} on the probability space (D, 2, P) is
identical in law with the original Lévy process. By saying that ({z;}, P)
is a Lévy process, we mean that {z; : t > 0} is a Lévy process under the
probability measure P on (D, %). For all ¢ > 0 we will denote P, for the
restriction of P to ;. In the case where f‘y|<1 ly|lv(dy) < oo, we set v¥ =
fly\ < yv(dy). Note that, if v is a finite Lévy measure, then the process having
characteristic triplet (7,0, r) is a compound Poisson process.

Here and in the sequel we will denote by Az, the jump of process {z;}
at the time r:

Az, =z, — lim x,.
str

For the proof of Theorems 2.5, 2.6 we also need some results on the equiv-

alence of measures for Lévy processes. By the notation < we will mean “is
absolutely continuous with respect to”.
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Theorem Appendix A.12 (See [44], Theorems 33.1-33.2 and [45] Corol-
lary 3.18, Remark 3.19). Let P! (resp. P?) be the law induced on (D, 2) by
a Lévy process of characteristic triplet (n,0,11) (resp. (0,0, vs)), where

0= /| v =) (A4)

is supposed to be finite. Then P! < P? for allt > 0 if and only if v1 < vy
and the density Z—Z; satisfies

(im- 1)2u2<dy> <o (A.5)

Remark that the finiteness in (A.5) implies that in (A.4). When P! < P?,

the density is
dpP}
d—Ptg(x) = exp(Ui(z)),
t

with

dl/l dVl
) =1 § j1 A Az, > t{ ——(y)—1 |wa(dy) ), POO¥2-
g%( n——(Az)ljaz, > /y|>s (dUQ(y) )Vz( y)), a.s

(A.6)
The convergence in (A.6) is uniform in t on any bounded interval, p0.0w2)
a.s. Besides, {Uy(2)} defined by (A.6) is a Lévy process satisfying E p.o.) [Vt ®)] =
1, vVt > 0.

Finally, let us consider the following result giving an explicit bound for the
Ly and the Hellinger distances between two Lévy processes of characteristic
triplets of the form (b;,0,1;), i = 1,2 with by — by = f‘y|<1 y(v1 — vo)(dy).

Theorem Appendix A.13 (See [30]). For any 0 < T < oo, let Pk be the
probability measure induced on (D, Zr) by a Lévy process of characteristic
triplet (b;,0,1v;), i = 1,2 and suppose that v; <K vs.

If H* (1, 10) := [ (/9 (y) — 1)2y2(dy) < 00, then

dvs
2 1 2 T 2
H (PT7PT) < EH (V17V2>‘

We conclude the Appendix with a technical statement about the Le Cam
distance for finite variation models.

Lemma Appendix A.14.
A(P, ?ZOFV) 0.
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Proof. Consider the Markov kernels 7y, m defined as follows
7Tl(£7A) :HA(‘Td>7 7T2(x7A> :]IA(x_"YVO)a Va € DvAE -@7

where we have denoted by z¢ the discontinuous part of the trajectory z, i.e.
Az, = x, —limgy, x4, xf = ngt Ax, and by x — "0 the trajectory z; —tyryp,
t € [0,T,]. On the one hand we have:

7_‘_1P(,y1/71/0,[),ll) (A) — /

D
= PO or(4),

i, AP0 () = [ Ta(@) PO 0 )
D

where in the last equality we have used the fact that, under PO"":0%) {241

is a Lévy process with characteristic triplet (7,0, v) (see [44], Theorem 19.3).
On the other hand:

WQP(VV’O’V)(A) = /

D
_ P(,YD7VO’O7V) (A),

7T2(:L‘, A)P(v”o,(),u)(dl,) — / ]IA(ZL‘ _ .,}/VO)P(,YV’()’V)(d:L‘)
D

since, by definition, v* — " is equal to v*~*°. The conclusion follows by the
definition of the Le Cam distance. O
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