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Abstract

This paper deals with the mechanical characterisation of elastomeric materials. An original
method is proposed to identity the material parameters. It consists of performing only one
heterogeneous mechanical test, measuring the displacement/strain field using suitable Digital
Image Correlation software and applying an inverse method, namely the Virtual Fields
Method, to process the resulting displacement/strain maps. For this purpose, a new apparatus
is designed to be adapted to a conventional tensile machine. This apparatus enables us to
obtain simultaneously uniaxial tension, pure shear and equibiaxial tension, using only one
sample. The heterogeneity of the kinematic fields induced by the test is first discussed in
relation to two criteria. The main features of the identification method are then presented, and
results provided by a test performed on an elastomeric material are discussed in the context of

hyperelasticity.
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1-Introduction

The behaviour of rubber-like materials is generally modelled in the framework of
hyperelasticity. Numerous constitutive relations are available in the literature and have
recently been compared in the work of Marckmann et al [1]. However, the identification of
the material parameters that govern the constitutive equations is still a difficult task.
Classically, three homogeneous tests are considered to identify constitutive parameters,
namely uniaxial tensile (UT), pure shear (PS) and equibiaxial tensile (ET) [2, 3, 4]. In
practice, the constitutive parameters that are identified with these three types of test differ
from one test to another. A trade-off between these three sets of values has to be found to
obtain parameters which can be considered as intrinsic. This approach derives from the strong
assumption of homogeneity of the kinematic fields induced by each test. Moreover, the

sample geometry is different for each homogeneous test.

In the present work, a new approach is developed. It consists of performing only one
heterogeneous test, which simultaneously generates the three types of strain states mentioned
above as well as the intermediary states. With regard to a recent study by the authors [5], the
challenge here resides in using a conventional uniaxial tensile machine to generate a
heterogeneous strain state. For this purpose, the sample geometry and loading conditions are
defined beforehand by numerical investigations. To generate UT, PS and ET, a new apparatus
is designed to be adapted to the uniaxial testing machine. Two specific criteria are defined to
discuss the heterogeneity induced by the test. From an experimental point of view, kinematic
fields are provided by a Digital Image Correlation (DIC) code suitable for large strains:
CORRELI"MT [6]. Finally, the constitutive parameters are identified using an inverse method,

namely the Virtual Fields Method, which is extended to the case of finite deformations.



2-Choice of sample geometry and loading conditions

As mentioned above, the aim of the present work is to perform a heterogeneous test that
combines UT, PS and ET using a conventional tensile machine. For this purpose, a numerical
approach is used to choose the sample geometry and loading conditions, in order to generate
sufficient heterogeneity of the kinematic fields. First, criteria used to estimate Test-Induced
Heterogeneity (TIH) are defined, and then the kinematic fields obtained from the chosen

sample geometry and the applied loading conditions are presented.

2-1 Test-Induced Heterogeneity

The heterogeneity induced by the test is analysed using the diagram in Fig. 1. This diagram
allows us to determine the loading condition applied at each material point of the kinematic
field from the corresponding values of I; and I,. 1; and I, are the first and second invariants of

the right Cauchy-Green tensor C [7]:

e :a

where, 4,4, and 4sare the eigenvalues of the deformation gradient tensor F.

Here, three curves corresponding to UT, PS, and ET are plotted. Note that all the loading
paths are located between UT and ET [2]. The localisation of any point in this diagram
indicates the corresponding loading condition: it can be either one of the three previous

loadings or a combination of two of them.
In the present work, we propose to characterize TIH in relation to two criteria:

o Criterion 1: the test has to generate the three homogeneous loading conditions, namely

UT,PSand ET ;



o Criterion 2: for each loading condition, i.e. UT, PS and ET, a relative distribution of
the maximum principal stretch ratio (defined as the ratio between actual and initial
lengths) must be observed. This relative distribution must be sufficiently wide,
considering the chosen constitutive equations and their fields of validity. This criterion
is discussed in relation to two diagrams which are deduced from that of Fig. 1. They

are more precisely detailed in Section 2-2.

In the following, these criteria are used to choose both sample geometry and loading

conditions.

2-2 Sample geometry and loading conditions

The TIH depends on both the sample geometry and the loading conditions. As a uniaxial
testing machine is used in the present study, a change in geometry (for instance by adding
notches [8]) could be considered to generate heterogeneity in the kinematic fields. However,
contrary to most materials, the strain state obtained in an elastomer under large deformations
tends to be homogeneous, i.e. UT, whatever the sample geometry. Even if PS and UT can be
easily obtained by adding holes or notches, biaxial loading conditions are necessary to
generate ET. For this purpose, numerical investigations are carried out to choose both sample
geometry and biaxial loading conditions that generate a high heterogeneity level. Fig. 2
presents the sample geometry chosen and the loading conditions applied. The sample
geometry, which corresponds to a three-branch sample, is 2 mm thick and 60 mm high, and
the branches are 20 mm in width. The bottom branch is clamped; the loading is carried out by

applying prescribed displacement along the axis of the two other perpendicular branches.

A Finite Element Analysis is first performed using the Ansys 10.0 package to investigate the
TIH. To ensure the assumption of incompressibility, element type Planel182 is used. The mesh
is composed of 640 elements. This number of elements is close to the number of measurement

points obtained experimentally with a camera observing the sample surface. Further



information about experimental considerations is given in section 5. Material behaviour is
assumed to be modelled in the framework of hyperelasticity using the strain energy density

proposed by Mooney [9], written as:

W= C1(|1—3) + C2(|2—3) (2)

where C; and C, are the material parameters. Their values are chosen as equal to 0.4 MPa and
0.04 MPa, respectively, which are typical values for carbon black filled natural rubber. The
results of the numerical simulations of the mechanical test are discussed in relation to the
abovementioned multi-criteria analysis. Fig. 3(a) presents the TIH in the (I;-1;) plane. The
localisation (Fig. 3(b)) and the corresponding maximum principal elongation (Fig. 3(c)) of
each loading case at the sample surface are deduced from Fig. 3(a). Global stretch ratios
(defined as the ratio between actual and initial sample lengths) of 1.71 and 1.42 are chosen for

the horizontal and the vertical axes, respectively.

As shown in these figures, each of the three homogeneous tests, i.e. UT, PS and ET are
satisfactorily represented and distributed. Here, the equivalent maximum stretch ratio is
higher for UT than for PS and ET. This is explained by the fact that PS and ET are obtained
by the extension of the branches. Fig. 3(b) and Fig. 3(c) are obtained from Fig. 3(a) and from
the sample mesh. Fig. 3(b) shows the localisation of each loading case. As expected, UT (red)
is located in the branches, ET (blue) is located at the sample centre and PS(green) is located
between the other loading cases (criterion 1). Fig. 3(c) presents the maximum principal stretch
ratio at each Finite Element. Here, each loading case is satisfactorily represented in terms of
distribution of the maximum principal stretch ratio (criterion 2). It is to be noted that the
colour scale is obtained for each case from the results presented in Fig. 3(a). For instance, the
colour of a point located between two curves is obtained by a weighted average of the two
colour scales, the weights being inversely proportional to the distances between this point and

the two curves.



With regard to the previous analysis, TIH satisfies the two criteria presented above.

3-Experimental set-up

In the previous section, the sample geometry and the loading conditions applied were
numerically validated in terms of TIH. Here, this configuration is used to perform the test
with a conventional uniaxial testing machine. To impose a biaxial loading condition, a new

apparatus is designed. It is presented below.

3-1 Modification of the conventional uniaxial testing machine

The tests are carried out with a MTS 858 Elastomer Test System testing machine. This testing
machine is presented in Fig. 4. Its loading capacity is 15 kN and the loading cell is 1 kN. In
order to apply biaxial loading, i.e. to generate ET at the sample centre, a new tensile apparatus
is designed to be adapted to the uniaxial tensile machine. As shown in the figure, it is
mounted on the left testing machine column. Fig. 5 presents a photo (Fig. 5(a)) and a

schematic view (Fig. 5(b)) of the apparatus. It is composed of four parts:

(i) part A allows the apparatus to be fixed to one of the two columns;

(it) part B is a grip in which the horizontal branch of the sample is fixed;

(iii) part C corresponds to a helical slide which ensures that the horizontal branch of the
sample is stretched,;

(iv) part D is a ruler used to measure the horizontal displacement of the grip.

In practise, the two vertical branches of the sample are fastened to the grips of the
conventional testing machine, then the branch perpendicular to the previous ones is fastened

to the apparatus grip.

3-2 Measurement of the displacement fields



Digital Image Correlation (DIC) is used to measure the displacement field on the sample
surface [10]. DIC is a full-field measurement technique developed at the beginning of the
1980s [11, 12]. This method consists of matching, before and after displacement, the brindled
pattern in a physical part of the observed surface of the specimen, called Region Of Interest

(ROI). For this purpose, images are shot with a cooled 12-bit dynamic CCD camera with

1376 x 1040 square pixels, and CORRELI"MT software is used. To determine the
displacement field of a given image with respect to a reference image, one considers a set of
sub-images (i.e., a square region that contains N x N pixels). This set is referred to as “Zone
of Interest” (ZOI). A suitable correlation function is used to calculate the displacement of the

centre of a given ZOI between two images captured at different stages of an experiment. A

LMT software to evaluate

fast Fourier transform (FFT) approach is implemented in CORRELI
the cross-correlation function. To improve image contrast, white paint is sprayed on the
sample surface before testing. Fig. 6 presents a histogram of the grey levels of the sample

surface. The Gaussian-shaped distribution obtained allows us to perform the image correlation

satisfactorily.

The DIC technique is well-suited for measuring large strains [13] and has already been used

in the case of elastomeric materials [4, 14]. For this purpose, a multi-scale algorithm is used

in CORRELI"MT

software to improve the spatial resolution (i.e. to decrease the ZOI size), yet
allowing for a large displacement between two consecutive images [15]. In the present work,
special attention is paid to the choice of the size of the sub-images or ZOls that define the

ROI. Here, the size of the ZOI (N) is equal to 16 pixels with a shift (BIP) of 16 pixels. This

parameter characterises the “measurement grid”.
4-ldentification of the material parameters

This section presents the method used to identify the material parameters of a given model

from one heterogeneous test. It must be emphasised that no closed-form solution generally



exists for such a problem, thereby meaning that no simple relation between local
measurements, load, specimen geometry and unknown parameters is available. Extracting
constitutive parameters in this case is a major issue which must be tackled using relevant
tools. Various methods have been proposed in the literature in the recent past to solve this
type of problem [16]. Among these methods, the so-called Virtual Fields Method (VFM) [17,
18] has recently shown strong promise for characterising elastomeric materials within the
context of large deformations. Full details can be found in Ref. [5], so only the main steps of

the VFM are recalled here.

The VFM relies on the Principle of Virtual Work (PVW), which can be regarded as the global
equilibrium of the specimen under study or the weak form of the local equilibrium equations
[19]. In the case of large deformations, assuming a plane state of stress and neglecting body

forces such as weight, the PVW can be written as follows [7]:

X A (g

= =

where II is the first Piola-Kirchhoff stress tensor (PK1), the X.s are the Lagrangian
coordinates, U* is a kinematically admissible virtual field, Sy is the surface of the specimen in

the initial configuration, @Sois the boundary of Sy and n is the unit vector perpendicular to
this boundary. In is worth noting that Equation (3) is valid for any kinematically virtual field
[18]. This important property is the foundation of the VFM, which comprises two main

stages.

Stage 1: The first stage consists of expressing the stress components as functions of actual
strain components or any other suitable kinematic quantity. In the present case of
hyperelasticity, invariants 1; and I, of the right Cauchy-Green tensor C are the relevant

guantities (see Section 2.1 above). This leads to the following equation:



where A and B are quantities depending on the components of the deformation gradient tensor
F (see appendix A). The right-hand side of this equation is the virtual work of the external
load. This is generally known since both the applied load and the virtual field U* are known,
as explained in more detail below. Interestingly, the above equation is linear with respect to
the unknown parameters C; and C,. Consequently, if the integrands on the right-hand side of
Equation (4) are assumed to be known, one obtains a linear equation where C; and C, are the

unknowns. In the integrands above, there are two types of term: A and B on the one hand, and

*

ouU
X on the other. A and B are directly deduced from the full-field measurements, whereas

*

ouU
X is derived from the virtual field U*. This remark directly leads to the second stage of

the procedure.

Stage 2: The second stage consists of choosing two different kinematically admissible virtual
fields and writing Equation (4) with each of these two fields. This is valid since the PVW is
valid for any kinematically admissible virtual field, as recalled above. Since actual strain
fields are heterogeneous, this leads to two independent equations where C; and C, are
unknown. Note that heterogeneity is here a requirement whereas it is considered as a
drawback in the classical identification procedures based on the homogeneity of strain fields.

Finally, these two unknowns are obtained simply by inverting the linear system.

Choosing the two virtual fields is a key issue in the method. It is performed using relevant
numerical tools in the case of small deformations and elasticity [20]. In the present case of
large deformations and hyperelasticity, it was decided to use the following heuristic method.
A large number of virtual fields is first randomly generated (3000 in practice, this number

being a trade-off between computing time, memory size and the quality of the results



obtained). The set of two virtual fields that leads to the best conditioning of the linear system
(assessed with the condition number) is finally chosen for identification purposes. The reason
is that these virtual fields provide parameters which are less sensitive to noisy data. Finally, it
must be pointed out that the virtual fields are defined here piecewise [21] because of the
particular shape of the specimen. Four sub-regions are used to mesh the specimen because of
this particular shape. The virtual displacement defined in each of the four sub-regions is
described by polynomial shape functions multiplied by the virtual displacement of the nodes
defining the corners of the sub-regions. These shape functions are similar to those employed

in the Finite Element method [22].

Fig. 7 presents an example of optimised initial fields used for identifying C; and C, at the

maximum global stretch ratios.

5-Results

5-1 Experimental kinematic fields

The biaxial tensile test is carried out by applying a 25 mm displacement along both the x- and
y- directions shown in Figure 2. The corresponding global stretch ratios are respectively 1.71
and 1.42. In order to avoid the well-known phenomenon of stress accommodation [23,24,25]
over the first mechanical cycles, three cycles are first carried out with the same stretch ratio,
thereby partially stabilising the mechanical response of the specimen. Images are stored for
every 1 mm of prescribed displacement in both directions. The material considered here is
carbon black filled natural rubber. Its composition and some of its mechanical properties are

givenin Tab. 1.

Fig. 8(a) and Fig. 8(b) present a typical view of the horizontal and vertical displacement fields
obtained for the maximum prescribed global stretch ratios. Then the four components of the

gradient displacement involved in Equation 4 are obtained by spatially differentiating the



displacement fields. A centred finite difference scheme is used for this purpose. It is to be
noted that for the Finite Element simulation, gradient displacements are directly given by
Ansys software. In the present case, 740 experimental points are processed. This number is
close to the number of elements used for numerical simulations and makes it easier to
compare numerical and experimental TIH visualisations (see Fig. 3 and Fig. 9). Fig. 9(a)
shows the distribution of loading cases in the I1-l; plane. As forecast by the numerical
investigations, the strain states of the three homogeneous tests (UT, PS and ET) are
represented and the equivalent maximum stretch ratio is higher for UT than for PS and ET.
Fig. 9(b) and Fig. 9(c) present the localisation of each loading case and the maximum
principal stretch ratio for each ZOlI, respectively. As expected, UT (red) is located in the
branches, ET (blue) is located at the sample centre and PS (green) is located between the two
other loading cases. Here, each loading case is satisfactorily represented in terms of maximum
stretch ratio distribution. With regard to the previous analysis and numerical prediction, the
TIH satisfies the two criteria used to define a sufficient level of heterogeneity. However, some
points in Fig. 9(a) are more scattered than in Fig. 3(a). These points, circled in Fig. 9(a),
correspond to the zones circled in Fig. 9(b) and Fig. 9(c). As shown in these figures, they
correspond to points located at the border of the sample, i.e. in zones for which there are

insufficient measurement points to obtain an efficient image correlation.

To summarize, these experimental results are in close agreement with the numerical

prediction in terms of TIH.

5-2 Identification results

Identification results are presented in Fig. 10 for each step of the loading. This step is equal to
1 mm along both the x- and y- directions. The ZOls that are considered as not being valid in
terms of measurement quality (see comment in Section 5-1- above) are not taken into account

by the identification procedure. C; and C, are calculated at each loading step. The horizontal



axis in Fig. 10 corresponds to the global stretch ratio imposed along the y- direction. Apart
from stretch ratios inferior to 1.05, both C; and C, remain approximately constant while the
global stretch ratio increases, thereby showing that the Mooney model used here correctly
describes the actual mechanical response of the specimen. The mean values of C; and C,
deduced from these curves are 0.509 MPa and 0.012 MPa, respectively. These values are
acceptable with regard to thermodynamic considerations (see Ref. [26]). It should be noted
that only the loading steps corresponding to a global stretch ratio along the y- direction
ranging between 1.05 and 1.42 are considered here. In fact, identifying C; and C; in the low
stretch ratio domain leads to unreliable results. This is clearly highlighted by plotting the
reduced nominal stress as defined in Ref. [9] vs. the stretch ratio for UT, PS and ET loading
cases. In this diagram, the value of C; and C, can only be identified from the linear part of the
curve. For low stretch ratios, the relationship between the reduced nominal stress and the

stretch ratio does not change linearly and the values of C; and C, are not correct.

Conclusion

The aim of the present paper is to propose an alternative to the classic method for identifying
the constitutive parameters of rubber. For this purpose, only one heterogeneous test is
performed. Sample geometry and loading conditions are chosen using numerical simulations
in order to involve UT, PS and ET at the sample surface. The test-induced heterogeneity is
discussed in relation to two criteria. To perform the heterogeneous test, a new apparatus is
designed and is adapted to a conventional tensile machine. Displacement fields are measured
on the specimen surface using the DIC technique. Unknown constitutive parameters are then
deduced from these fields using a suitable identification procedure: the Virtual Fields Method
extended to hyperelasticity. An interesting perspective would be to identify parameters

governing more complicated constitutive models. For instance, it could be interesting to take



into account the significant change in volume observed under extension in such a material

[27].
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Appendix A

The Aj; components are defined as follows:

AT A (A -DEE- R
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with R HE

The B;jj components are defined as follows:
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P is the transition matrix between the Cauchy stress tensor expressed in any 1-2 basis and its

eigenbasis.
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Figure captions:

Fig. 1: Three basic loading cases

Fig. 2: Sample geometry and loading conditions

Fig. 3: Numerical TIH visualisation (a) Loading cases in the (l;-1,) plane (b) Localisation of
loading cases (¢) Maximum value of the principal stretch ratio

Fig. 4: Experimental set-up

Fig. 5: Proposed apparatus (a) Four main components (b) Schematic view (dimensions in
mm)

Fig. 6: Histogram of grey levels

Fig. 7: Example of two optimised virtual fields (dotted line) used for identifying C; and C..
The virtually deformed fields are superimposed on the undeformed virtual mesh (solid line).
Fig. 8: Displacement fields (a) Displacement field U (b) Displacement field V

Fig. 9: Experimental TIH visualisation (a) Loading cases in the (l;-1,) plane (b) Localisation
of the loading cases (c) Maximum value of the principal stretch ratio

Fig. 10: Identification of the material parameters (a) C; (b) C,
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Figure 8 : Displacement fields (a) Displacement field U (b)

Displacement field V



0

a0t

a0 H

60

T0E-

a0 -

90

1 i ; i i I
3 38 4 45 5 58 100

()

()
Figure 9 : Experimental TIH visualisation (a) Loading cases in the (I;-

I,) plane ; (b) Localisation of the loading cases ; (c) Maximum value

of the principal stretch ratio
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Figure 10 : Identification of the material parameters (a) C, . (b) C,



Table captions:

Tab. 1: Material formulation (phr) and mechanical properties

Components NR
Rubber 100
Zinc oxide 9.85
Oil 3
Carbon black 34
Sulphur 3
Stearic acid 3
Antioxidant 2
Accelerators 4
Density 1.13
Shore A hardness 58
Stress at break (MPa) 22.9
Elongation at failure % 635

Tab. 1 : Material formulation (parts per hundred

properties

rubber) and mechanical



